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Abstract /Résumé

Abstract. We consider the evolution, for a time-dependent Schrédinger equation, of the so-called
Dirac comb. We show how this evolution allows us to recover explicitly (indeed optically) the values
of the quadratic generalized Gauss sums. Moreover we use the phenomenon of superoscillatory
sequences to prove that such Gauss sums can be asymptotically recovered from the values of the
spectrum of any sufficiently regular function compactly supported on R. The fundamental tool we
use is the so called Galilean transform that was introduced and studied in the context on non-linear
time dependent Schriodinger equations. Furthermore, we utilize this tool to understand in detail
the evolution of an exponential e in the case of a Schrédinger equation with time-independent
periodic potential.

Résumé. On étudie comment évolue le peigne de Dirac suivant I’équation de Schrodinger chrono-
logique. On en déduit un procédé explicite permettant de calculer (de fait optiquement) les
valeurs des sommes de Gauss quadratiques généralisées. On s’appuie ensuite sur le phénomene
d’approximation par des suites superoscillantes pour montrer que pareilles sommes (de nature
arithmétique) s’expriment asymptotiquement en termes des valeurs du spectre d’une fonction ar-
bitraire suffisamment réguliere et & support compact sur R (convenablement normalisée). On fait
appel essentiellement pour cela a une transformation dite Galiléenne introduite et étudiée jusque
la dans le contexte de 1’équation de Schrodinger chronologique non-linéaire. Pareil outil permet
également de décrire I’évolution du caractere z — €' sous 1’équation de Schrédinger chronologique
en présence cette fois d’un potentiel régulier périodique = — V' (z) indépendant du temps.

Keywords: Superoscillating functions, Schrodinger equation, Gauss sums, Talbot carpet, entire
functions with growth conditions.
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1. Introduction

An intriguing phenomenon, which was first discovered in [1] in the context of weak values in quantum
mechanics, goes under the name of superoscillations, and is now well understood mathematically
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[6]. To describe such phenomenon in a few words, we begin by noticing that the sequence of entire
functions in z € C

o= 5 (1) () ()

v=0

converges in A;(C) = {F € H(C); |F(z)| < AePI*l for some A, B > 0} towards ', As a conse-
quence, (see [6, §5] or also [3, 7, 17]) this implies that if we denote by ¢*(¢, ) the solution to the
time-dependent Schrodinger equation

(i% + aa—;)(q’))(tw) —0, (1.1)

with initial value ¢(0,x) = €%, then the sequence of distributions

S () () () e, wew

v=0

converges to the solution ¢“ (¢, z) in the space of Schwartz distributions 2’ (R;” x R, C) (for evident
reasons related to the localization of the spectra with respect to the variable z, there cannot be of
course convergence in the corresponding space of tempered distributions .#/ (R} x R,, C)). Looking
at the sequence of the restrictions to R of the functions Fiy (z,w), we have exactly the superoscillation
phenomenon: each entry in such a sequence (therefore called superoscillating) has frequencies that
lie in [—1,1] x Q while the value of w € R can be taken anywhere, and in particular outside
[—1,1]; note moreover that if « denotes the real variable corresponding to the restriction of z to
R, the convergence of {Fx(z,w)}ny>1 towards €™ is uniform on any compact subset of R, hence
holds in particular in 2'(R,C) (but not of course in .#’(R,C)). Such a superoscillating sequence
evolves according to the time-dependent Schrodinger equation (1.1) as an approximating sequence
in 2'(R} x R,,C) for ¢, which is the reason why, with respect to the parabolic equation (1.1),
the family

v

{(N) i (1 —;w)N—u(l_Tw)v¢1_2r/N(t,x); w e R} c LR xR,,C)

v=

realizes what is called a supershift in the sense of 2'(R} xR, , C) for the family {¢*; w € R} [6, 17].

A case of special interest occurs when, given M > 0, one consider as initial value for the
Schrodinger euqtion the so called the Dirac comb

uM(m):2M7r26<x—2kﬁﬂ) :Ze’M’”’ (1.2)

kEeZ keZ

in which case the solution to the initial value problem can be easily computed as we show in §3
(the Poisson summation formula provides the equality in (1.2)). The reason why the Dirac comb is
particularly interesting as initial datum for the time-dependent Schrédinger equation comes from
optics. It is indeed well known that Fresnel diffraction in the so-called near-field Fresnel zone beyond
the (vertical) reception plane tOx (where the t-axis figures the horizontal direction orthogonal to



the reception plane, t > 0 being interpreted to the distance to this plane) can be described from
the mathematical point of view by the Fresnel integral

r
/e“’ dy.
0

More precisely, if the variable ¢ denotes the distance to the reception plane in the near-field Fresnel
zone beyond the incidence and wuys () is the Dirac comb that models a periodic grating along the
vertical axis 'Oz in the reception plane, then what we observe beyond the shadow zone at a
distance t > 0 from the reception plane (when one remains in the near-field Fresnel zone) is the
distribution ¢.,, =,y e~ iMR*tiMEr - Gince it is easily seen that this is indeed a distribution
of order 0 with respect to the variable ¢, one can naturally restrict it to each line {(7,z); z € R}
for any 7 > 0. When 7 = t)/,,, is exactly a rational fraction ((2m)/M?) x p/q of 27 /M?, where
p,q € N*, p € {0,...,qg — 1} coprime with ¢, such a restriction is in fact a positive measure equal to

q—1
G a2y, =30t = tara) @ (X Gepmna) (57 Soo(o = 57 = 370))). (13)
k=0 keZ

where G(—p, k, q) is the quadratic generalized Gauss sum defined as

—

G(—p,k,q) = G(—p, K, q) = Y e2imp4r0/q, (1.4)

Q

~
I
o

An intriguing discovery appears here : as we will recall it in §3, quadratic generalized Gauss sums
(1.4) are quantities of arithmetic nature, which an optical device (namely the diffraction through a
periodic grating as pattern) allows to recover optically. In particular, the vanishing of G(—p, &, q)
when ¢ = 2¢’, ¢ — K = 1 modulo 2 (see the incoming discussion in §3, in particular (3.10)) is
illustrated experimentally by the observation of the so-called Talbot carpet ([10, 11, 21, 18], se also
[23] for an updated presentation and references).

The goal of this paper was therefore to connect these peculiar phenomena. Instead of recovering
explicitly (optically) the quadratic generalized Gauss sums through (1.3) (observe that the spectra
of the Dirac combs involved are equal to full lattices in R, thus involving arbitrary large frequencies),
we will show (in Theorem 3.1) that, given any sufficiently regular (¢ is sufficient) ¢ on R, with
compact support in [—1, 1] and such ¢(0) = 1, any quadratic generalized Gauss sum G(—p, &, q)
can be asymptotically recovered from the values of the spectrum @ of ¢ on [—m,7]. One should
also refer to [15] and [20] to point out the intimate connection between diffraction in the near-field
Fresnel zone and superoscillations, as already observed in the pioneering works of G. Toraldo di
Francia [22] in the fifties.

The main tool we introduce here was extensively used in [18] in the context of the non-linear time
dependent Schrédinger equation on the unit sphere, where it was called Galilean transform. The
goal of [18] was to analyze the phenomenon leading to the Talbot carpet (previously mentioned)
in a non-linear setting. In the (much simpler) linear setting where we remain in this paper, such a
Galilean transform consists in an elementary twisting operator between sets of solutions of Cauchy
problems (in 2'([0, T[;xR;),C), T €]0, +00]) for time-dependent Schrédinger equations of the form

2

(12 +a ) @)t ) = V(t,2) 9(t,2) (1.5)



where V' : Ry Xx R, — R is a ¥ real potential and o € R*. We will present in §2 such a
tool and use it in §3 in the very particular case where V' = 0 and a = 1, in relation with the
asymptotic computation of Gauss sums from the low-band spectrum of a smooth function with
compact support. We will explain in §4 how such Galilean transform can be also exploited in
order to compute the evolution in .7/(R;” x R,) of x + [e*?], w € R, under the time-independent

Schrodinger equation
2

(i + 0 ) (O)t2) = V() 6(1,2) (1.6

where V : R — R is a € periodic potential and o« = +1. We formulate in Theorem 4.1 a
closed formula for the evolution ¢** of [e?] in .7/ (R;” x R,, C) according to the time-dependent
Schrodinger equation (1.6). We deduce from such a formulation in Theorem 4.2 an approximated
version of the fact that the family

{(t,x) € R xR, — (f) i\f: (1 ;W>N7V<1_Tw)y¢a,1—27/zv(t’x) Lwe R}
=0

realizes a supershift for the family {¢®“ ; w € R} in the sense of distributions on R} x R,.

2. Twisting solutions of time-dependent Schrédinger equations

We begin by giving the formal definitions of the objects that we will be using throughout this
paper, and by clarifying what we mean when we talk about solutions of the Schrodinger equation.

By Z/(R} x R,,C) we denote the C-vector space of complex valued distributions on R;f x R,
(that is on R; x R, with support in R} x R,) which are tempered with respect to the variable x.
It will be useful to interpret this notion as follows : if S = {w € R?;||w|| = 1} ~ R/(27Z) and
m : (t,w) € RT x (SP\ {(0,1)}) > (t,m(w)) = (t,7) € R denotes the stereographic projection, a
complex valued distribution ¢ on R;" x R, is tempered with respect to the variable z if and only if
the pushforward distribution (7 =1).(¢) on R x (S'\ {(0,1)}) extends as a distribution on R* x S*.

Let u € %' (R,,C). It can be easily checked that
~ 1 i§x
U g € S (Re € (o) p(a)) = (3 6 5 [ wl@)e )
T JR
evolves in R x R, (in a unique way) as a solution (¢,z) +— ¢,(¢,7) (in R x R,) of the time-

dependent Schrodinger equation

(i% + %)(qﬁu)(t,x) = 0. (2.1)

This solution ¢, belongs to .7/(R;” x R,,C) and is given as follows. For any 6 € 2(R;,C) and any
v € (R, C), then

(Gult o), 0) © p() = ((€), € — 5= [ b0 ele)e ™ e drar).  (22)

2 R2

More precisely : the distribution ¢,, which action on test functions is defined by (2.1) satisfies (2.2)
in the sense of distributions on R} x R, and one has for all ¢ € .7(R,,C) that

1. u t7 T
Jim, (Pult,2)



whenever p € € (R;",R) with Supp p C [0, 1] and f[o 1 p(t)dt = 1.

Let T €]0,+o0], (t,z) € [0,T[XR — V(¢,z) be a real C*° function in [0,7[xR and «a be a
non-zero real constant. Let Py o ([0, T[; xR, C) be the subspace of

2'([0, T[;xR,C) = {¢p € Z'(] — 00, T[1 xRy, C); Supp ¢ C [0, T[xR}

which elements are the distributions ¢ € 2’([0, T'[; xRy, C) which satisfy in [0, T[; xR, (in the sense
of distributions in [0, T[;xR,) the time-dependent Schrédinger linear equation

(i% + a%)(gﬁ) = V(t,2)¢(t, ). (2.3)

Definition 2.1. Let V, « as above and u € 2'(R,C). The distribution u is said to evolve as
¢ € Dvo([0,T[ixR,,C) if and only if

Vi € D(R,,0), lim (8(t,2), pe(t) pl)) = (ule), 9(x)) (2.4

for any approximation (p:(t))e>0 = (p(t/€)/€)es0 of dp in 2'([0,T[;,RT) (p € 2([0,T[;,RT) with
1

Jo 0(t)dt =1).

The following immediate lemma reflects the effect of a change of scaling along the z-direction.

Lemma 2.1. Let a = +72 with v > 0. Then
e .@"/,a([O,T[thx,(C) — ((t,x) — ¢>(t,px)) (2.5)

realizes a continuous isomorphism between 7y, ([0, T[; xRy, C) and 2y, ([0, T[; xRy, C), where
V,(t,x) = V(t,yx). Moreover, ifu € 9'(Ry,C) evolves as ¢ € Dy, ([0, T[t xR, C), then x — u(pzx)
evolves as (t,x) — ¢(t,vx) in 9\//7,1[1([(),71[15 xR, C).

Proof. Let ¢ € Py, ([0, T[t xR, C). Then ¢(t, ) = ¢(t,vz)(t, 2/v). Substituting in (2.3), one
gets immediately that (¢,2) = ¢(t,7z) € 2y, 4([0, T[i xRy, C). O

Given w € R, let e~wP

itself which acts as

e P 19 € P'([0,T[ixRy, C) — =P (g) : (t,2) = (t, 7 — tw). (2:6)

= be the continuous invertible shift-operator from 2'([0, T[;xR,,C) into

Let also M, be the continuous invertible modulation-operator from 2'([0, T[;xR;,C) into itself
which acts as A
M, :¢€ 2'([0,T[;xR,,C) — My, (¢) : (t,7) > "o (t,x). (2.7)

Proposition 2.1. Let a = +1 and w € R. The operator

GU{} _ <€7thw ° Mw ° efthw> (28)
\@(/Yil([o,T[t XRz,C)

realizes a continuous isomorphism between Dy,o([0, T[1 xRy, C) and Dy ([0, T[xR, C), where
Ve (t, z) = V(t,x — 2tw). (2.9)

One has (G$)~! = G Moreover, if u € 2'(Ry,C) evolves as ¢ in 7y, ([0, T[xR,C), then the
modulated distribution e** u € 9'(R,,C) evolves as G, (¢) in Zyu ([0, T[xR,C).



Remark 2.1. The introduction of the operator G}, together with its inverse, as twisting operators
between 7y, ([0, T[; xR, C) and Zy.. ([0, Tt xR, C), is motivated by the essential role it plays in
the mathematical formalisation of Talbot effect (see §3) in the linear as well as in the non-linear
settings [18].

Proof. Take av = —1 (the proof being the same when o = —1). Let ¢ € 7 ([0,T[;xR,C). Let
gZ;(t,x) = ¢(t,x — tw), that is ¢(t,x) = q?)(t,a: + tw). Then (2.3) implies that, in the sense of
distributions on [0, T'[; xRy,

0 0 9%\, -~ b
(i(5; —w5;) + 57) @(t.2) = VEw —tw) d(t.2). (2.10)
Let now ¢ : (t,z) — €“%¢, that is ¢(t, ) = e "“%(t,x), so that, substituting in (2.10), one gets
0 0 9% - .
(i(5 —w 57) + 502) D) (t.2) = Vit — ) d(t,2). (2.11)

Let finally ¢ : (t,2) — ¢(t,x — wt), that is ¢(t, ) = ¢(t, 2 + tw). Then (2.11) implies that

2
( 8875 + aa—)(gb)(t,x +iw) =V(t,x —tw) qoﬁ(t,x + tw),
that is
0 0? o s /
(ZE + W) (9)(t,z) = V(t, 2 — 2tw) ¢(t,2) <= ¢ € D] v ([0, T[xR,C).

The invertibility of G{, together with the inversion formula (G¢)~! = G,%, follows as an immediate

consequence of these computations. The last assertion follows from the definition of the operator
G%. O

Proposition 2.1 admits the following immediate consequence.

Corollary 2.1. Let V, a,w as in Proposition 2.1. If the distribution [1] evolves as ¢ in the space
Dy o([0,T[e xRy, C), then the modulated distribution [e“*] evolves as ¢* = GY,_., (¢) in the space
@Vﬁ([o T xR,,C).

Proof. One just needs to apply Proposition 2.1 with V'~ instead of V. O

3. The case V = 0, Talbot carpet and Gauss sums
Let M be a strictly positive number.

Proposition 3.1. The 2w /M -periodic Dirac comb

xE€R— up(x 25( Zkﬁ)

kGZ

evolves as
(t, ) — Pu,yy, (t, ) Ze‘Z(Mk) teiMhe (3.1)
kEZ

in 7 1(R{ x R,,C).



Proof. Our reasoning here was originally inspired from the methods introduced in [18, §3], except
that, in order to make it shorter, we suggest from the beginning the closed expression (3.1) for
the evolution of uy in 7§ (R x R,,C). Observe that the evolution (t,z) ~— ¢y, (t,2) which is
suggested in (3.1) is well defined as a distribution with order 0 in ¢ and at most 2 in x since for any
continuous function 6 : [0, T[;— C with compact support Supp @ C [0,ty] and any ¢ € Z(R,,C),

PESTEN)

kez (0,7

< ol ([ (el + ghzale ) ).

For any 7 > 0, it is therefore possible to restrict (¢,2) — ¢ar(t, ) to the horizontal line {7} x R,
thus obtaining a distribution @ +— ¢ (7,2) (with order less or equal to 2) in 2'({7} x R,,C). One
can check immediately that (t,z) — ¢ar(t, z) satisfies in the sense of distributions on R x R, the
Schrédinger equation (2.3), where V =0 and a = 1. One can also restrict (¢, ) — ¢ar(t,x) to the
horizontal line {0} x R, and obtain then

Gup (0,2) = ZeiM}m =upm(x),

keZ

[{on(t,2), 6() ® ()] o(t) e~ i (MRt dt’

A

where the second equality is just Poisson summation formula. The assertion in the proposition
follows then from the principle of unicity in the Schrédinger Cauchy problem with V' = 0 and
a = 1, namely that, given ¢ € 2/'([0, T[xR, C),

((i% + %)(w =0, 9(0,2)= [0]) — = 0. (3.2)

O

Corollary 3.1. Let ¢ € C%(R,C) with compact support. The regularized truncated Dirac comb

x> (uprxp)(z) = [ZeikM” * @] = [ZeikMxQ(kM) (3.3)
keZ kEZ

evolves to (t,x) — ¢u,, (t, ) * () in .@671(]1%?' x Ry, C), where ¢y,, is defined in (3.1).

Proof. The representation (3.2) for z — (upr * ¢)(z) follows from Poisson summation formula.
Since the convolution operation commutes with the action of differential operators, the regularized
distribution (£, 2) + ¢y, (t, z)*@(z) satisfies in the sense of distributions in R, xR,, the Schrodinger
equation (2.3) with V' =0 and o = 1. One has also (¢u,, (¢,2) * ©(x))i=0 = I(t) @ ((urr * ©)(x))
and the assertion of the corollary follows once again from the unicity principle such as formulated
in (2.4). O

Remark 3.1. Let, for K € N*, rjr x € 2'(R,, C) be the distribution

reR— Z MR S(EM) = Z (MR 5 o) ().
|k|>K |k|>K



As in Corollary 3.1, it evolves in Z}; (Rf x R,,C) towards

(t,z) € RY x R+—s ( Z e—i(Mk)2tez'Mkm) * o(x) = { Z o~ i(ME)?t iMkz S(kM)]
|k|>K |k|>K

with the uniform control with respect to (¢,z) € RT x R

‘ Z —z(Mk)Zt iMkzx f(k‘M)‘ <2 ||<PK||1 (34)
|k|>K

Proposition 3.2. Let ¢ € N*, p € {0,...,q — 1} coprime with q and tar, 4 = 2m/M? x p/q. Then
the following equality holds in 2'({tpq} X R,C) :

( Z o—i(ME)*t 6iMk:1:>
H{tar,p,q} XR

keZ
=0t —trmpq) ® (ZG —p, K, q) (M 2(5( —%ﬁﬂ—%))), (3.5)
€z

where G(—p, k,q) denotes the generalized quadratic Gauss sum
qg—1
2
—p, K, q 262171- —pl +n€)/q. (36)
£=0

Proof. Since tar, 4 = 27/M? x p/q, one has, after organizing the indexes k in the sum on the right-
hand side of (3.1) with respect to their classes in Z/¢Z and using once more the Poisson summation
formula, that

>Q
,_.

PR , ,
(Puri)jt=tnrpg = Ot —trpyq) ( 20 (K a+£)%p/q)+iM (gk +Z)w)
(=0 k'€Z
qg—1
2 . ) ,
= S(t—trpg) ® ( o—2im?p/q+iM b Z iMak ;c)
£=0 k'ez
27 5(t t )® (q . 27,71'@217/q+1Mlz( Z 5( 271']{3’)))
= 5. — UM,p, e T —
Maq " =0 qM
27 q—1 pint? Simkt 271_]{/,/
= (=t @ (Y e (57 (- ST )
q =0 k' €Z q
2 =& i ; o2nk"” 27k
= ﬁé(t —tMpg) ® ( Z (Zze—ZLﬂ'ZQp/q—i-Qlﬂ'Kf/qé(l_ -2 - ﬁ))))
4 k"€Z =0 k=0 q
2m S 2rk 27wk
= Vq‘s(t*tl\/ﬂp,q)@( G(—p,k,q) Z5(xfﬁfm>)

K

0 kEZ

as expected. O



Corollary 3.2. Let M,p,q,trp.q as in Proposition 3.2. Let also ¢ € €*(R,C) with ¢(0) =1 and
such that Supp ¢ C [—1,1]. Then

G(—p,k,q) = % <¢uM (tMopgsT) s @(%(m — ?\Z—:))> (k=0,..,q—1). (3.7)

Proof. The intersection of the support of the test function

4 21 Mg

(contained in 27k /(Mgq) + [-2n7/(Mq), 2m/(Mgq)] ) with the support of & — ¢y, (trrp,q, ©) consists
in the single point 27x/(Mgq) ; the mass of the atomic measure & — ¢y, (trr,p,q, ) at this precise
point equals 27 G(—p, k,q)/(Mq) by Proposition 3.2. Since ¢(0) = 1, the assertion (3.5) then
follows. O

Remark 3.2. If one specifies the choice of M as M = 27 (which is always possible thanks to a
rescaling of the z axis), in which case uy is the 1-periodic Dirac comb u(z) =}, o, 6(z — k), then
(3.6) becomes

G(=p, K, q) = 4{D(tp/q:7) , plaz — K)) = 4 (Btp/g, ) * 0q(2))(0) (K =0,.;.g—1),  (3.8)

where ¢ := ¢ and t,/, := (27) "'p/q and @ (x) = p(—qz — k).
Generalized quadratic Gauss sums G(—p, K, q), when ¢ € N* and p, k € {0, ...,q— 1} with p coprime
with ¢, are indeed quantities of arithmetic nature. They are deduced from the so-called normal
quadratic Gauss sums G(a,0,¢) (a,c € N* coprime) computed by Gauss thanks to the multiplicative
formula

G(a,b,cd) = G(ac, b,d) G(ad, b, c)
provided that ¢ and d are coprime. We recall that, for a,c € N* coprime, the normal quadratic
Gauss sums are given by

\/E(g) (1+€7/2) if ¢ = 0 mod. 4
c—1 a . _
Gl(a,0.¢) = Zezimﬁ/c _ Ve (E) if c=1mod. 4
=0 0 if c=0 mod. 4
Ve (2)i it e=3mod. 4,
where ((p/ q) denotes the Jacobi symbol (1 if p is a square modulo g and —1 otherwise). As for the
values of the generalized Gauss sums G(—p, k, q), a summary is proposed in [18, Appendix A], see

also [9]. Here are a few partial results which illustrate the arithmetic nature of such generalized
quadratic Gauss sums.

1. When ¢ is even and u € {0, ...,¢ — 1} is such that pu = 1 modulo ¢, then

q—1 q—1
G(_p7 K, q) — 62i7rn2u2/q Z e—2i7rp(€—nu)2/q _ eQiTr}ﬁ‘/zuZ/q Z e—2iﬂ'(£/)2/q
ZZO ZI:O
27J7rn2u2/q (8) 1if q = 1 mod. 4
¢ XV X 3.9
q va —i if ¢ = 3 mod. 4. (3.9)



2. Suppose ¢ = 2¢’, in which case p is even. According to [10] or also [21, §3], one has
¢ —k=1mod. 2= G(-p,k,q) =0

. 3.10

¢ —k=0mod. 2= G(—p,k,q) = \/2q e (3:10)
As we already mentioned in the introduction The vanishing of some generalized quadratic Gauss
forms (see (3.10)) is the mathematical justification for so called Talbot effect in optics [10, 11, 21, 18].

As we have just seen, quadratic generalized Gauss sums G(—p, k, q) are true arithmetic objects that
surprizingly can be explicitly computed exactly through an optical device, namely the diffraction
pattern, or Talbot carpet, generated by a periodic grating. In such an optical device, the initial
datum wuyy is from the mathematical point of view a Dirac comb @ — >, ., €™ with arbitrary
large frequencies. A natural question then arises : given an arbitrary sufficiently regular function
¢ with support localized in [—1, 1] such ¢(0) = 1, can one recover asymptotically the quadratic
generalized Gauss sums G(—p, k, q) from the values of the spectrum of ¢ on the companion frequency
domain [—7, 7] 7 The mathematical justification for the phenomenom of superoscillations which is
present in optics [22, 10, 20] ensures in fact that the answer is yes. This is the goal of our next
Theorem 3.1.

Prior to state the result, let us introduce some notations. Given N, N’ € N* v € {0,...., N — 1},
v €{0,..,N' —1} and k € N, let

W () = exp(—%r(%—%) (m—i— (%—]”V—/,))) (3.11)

Theorem 3.1. Let (Nk)gx>1 and (Nj)x>1 be two sequences of strictly positive integers such that

. logNg . logNj
KIAHEOO K o Kng T = too (312)

Then, for any q € N*, for any k € {0,...,q — 1}, for any p € {1,...,q — 1} coprime with q, for any
¢ € C?(R,C) with compact support in [—1,1] such that ¢(0) = 1,
G(_pa K7Q) = Kgliloo
K Nk N}( ’ ’ ’
1 ]f N—v 1 k vl N'—v 1 v N.N' ~ 1 14
LG G o) ) s s )
ZZZ(2+q) (2 q) (2 p 5 Thp) wo W)2(2m(5 -
k=—K v=01/=0
(3.13)

Proof. Let ¢q.(x) = &(—qz — ) and t,/, = (27)"'p/q. As we observed in Remark 3.2, one has
G(=p,k,q) = (p(tp/q,T) * ©q,,)(0). It follows from Remark 3.1 (in particular from the uniform
estimates (3.4)) that one has also

G(-p,k,q) =q lim (( zK: e*i(%k)zte%’”) * goqﬁ(x)> (0). (3.14)

K—+
=K

If follows from Proposition 2.1 that for any k € [~K, K], the distribution [e?™*%] evolves in
261 (R x R;,C) as

(t, .’K) — |:efi(27rk)2te2ilcw} _ (ef2k7rtDw o M2k7r o 672k7rtD1)([1]) _ (672k7rtDw ° MQkTr)([l])
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For any N, N’ € N* and t € RT, let for z,w € C,

e =3 (V) G+ )7 (-2 e a3 - o)

v (3.15)
N\ /1 N'—v' ] v 1 v\ 2mqt
ﬁww%>=§:(w)(2‘“ﬁ (z+0) ew(=(G-5)7 )
It follows from [17, Lemma 2.4] (see also [16, §3]) that for any z,w € C, for any ¢t € RT,
. 2 |(2rk/q)? — 1
Mz, k) — ot < 2 ICTIDZZ T g oy (14 mane((2h /], 1)) =)
‘Tt (w, k) — —2rrktw| < EM (@‘ |>2 ((1+ (|kp| 1)) @| |> (310
v (w, e <3 I » w|) exp max(|kp|, ) wl ).

Specify now the value of t as (1/(27)) x p/q. For any N, N’ € N*  for any v € {0,...,N — 1},
v €{0,..., N’ — 1}, one has

(o0 (= (3= 57) ) oo (2 (5= ) 0o 10D = 222 0) [ (2in (5 - ) )]

We have then

(o (- (5 25) 2ot (3~ 2) s} )
= wl],\j,’f,vl(O) (eXp (2@'71' (% — %) q:c) * fq’ﬁ(m)) (0)

NN oy & 1 v Wf/\,];ﬁ]'\[/(’f) R 1 v
=i 0 (2r(5 - )o) === (5 - ) 61D

The first inequality in (3.16) applied when k € [— K, K| shows that the sequence of entire func-
tions (z € C — Mn(z,k))n>1 converges towards z +— e?7%% in A;(C,). The family {z
Mn(z,k)} n>1 is then a bounded family in A;(C,) = Exp(C,) ; more precisely one has |[My(z, k)| <
ap,K? exp(by K |2|) for any z € C, k € [-K, K] and N € N* for some positive constants a4, b, 4-
Therefore, each such function z — My (z, k) can be interpreted as the Fourier-Borel transform of
some analytic functional Y, that is My (2, k) = (Y (w),e%?) for any z € C. Moreover, a carrier
for such a functional can be chosen as [—b, (K — ¢,b, (K + ] for € > 0 arbitrary small. Then, for
any k € [-K, K],

e 2trals (My (2, k) = e /0= (M (2, k) = (e 1Y (w), €7).

The second inequality in (3.16), applied with ¢ = ¢, ,(27)"'p/q, shows that the sequence of entire
functions (w — T]t\}’,’q (w, k)) Nv>1 converges towards w + e~*P®/in A;(C,,), in particular uniformly
on any compact subset of C,. The family {w — T (w, k)} N’>0 is then a bounded family in
A1(C,); more precisely, one has [T (w, k)| < al, JK? exp(b), ,K|wl|) for any w € C, k € [-K, K]
and N € N* for some positive constants a;,,q, b;’q. For any z € C, the sequence of functions
(w T;‘,";q(w, k)e™?) ni>o converges towards w +— e~kPW/9e# in H(C,,), uniformly when z is in a

11



compact of C,. Moreover the second inequality in (3.16) provides an explicit estimate of the error
when k € [-K, K| and z belongs to a compact subset of C. Therefore the bi-indexed sequence of
functions

2 (T (w) Y (w),e®?)  (N,N' >1)

converges uniformly on any compact of z towards the function z ~ (e=*PP=/40 My, )(1)(z) when N
and N’ tend to infinity with error estimates provided by the inequalities (3.16) when k € [—- K, K].
As a consequence of these considerations,

i (5 (e <553 (8 G4 G )

k=—K v=0v'=0

(o (- (3~ 30 2) o (2in (3 - 5 ) a0)) ) ) st =0. (019

If one substitutes (3.17) in the evaluation of the right-hand side of (3.18) at « = 0, one gets the
approximation formula (3.13) from (3.14). O

4. Time dependent Schrédinger equation with periodic potential

Let V : R — R be a smooth 27-periodic function, with Fourier development

V()= cre™, (4.1)

keZ

where the sequence of Fourier coefficients (cg)gez is rapidly decreasing on R.

Given w € R, the effect of replacing V by V¢ defined by (¢,2) — V=¥ (t,z) = V(t,z + 2wt) is to
modulate with respect to the variable ¢ with the frequency w the discrete spectrum of V', since

V7™t z) = chegik“’t e*  ((t,x) € RT x R).
kEZ

Lemma 4.1. Let « = 1, T > 0 and w € R. A distribution ¢ € Z.([0,T[t xRy, C) which is

2m-periodic in the second variable x belongs to Zy,_., Q(Rj x R,) if and only its Fourier coefficients

er(pt) € 2'([0,T[;, C) with respect to x are such that the distributions 1y (t,x) = € te(h,1)
satisfy the homogeneous linear system of equations

z% =Y e eRitteinth-tty o (k€ Z). (4.2)
=

Proof. Since the distribution (¢,x) — ¢(¢, ) is periodic in z, one can consider it as an element of
2'([0,T[;xR/(27Z) and thus define its Fourier coeflicients éx(¢,t) € 2'([0,T[¢, C) for k € Z) by

(e(ot), 0(1)) = (d(t, ), (1) @ e~ ™)
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for all test-function 6 € 2(] — 00, T'[;, C). For any such test function 6, the fact that ¢ belongs to

Y",,wya(Rj x R,, C) implies that, for any k € Z,

(T2 ) o)

~ilen(0,0),0/0)) = i{ () (@)(t,2), 6(6) )

- —a<(%)(¢)(t,x) L0t @ e )+ (ot ), 0(t) @ e~V (1, 0))
= « k‘2<ék(¢, t), 9(t)> + Z Cy <€2iw£t Cr—e(0, 1), 9(t)>

LeZ

Such conditions are in fact necessary and sufficient. The lemma follows from the definition of the
distributions . O

For any ¢ € Z, let A, ¢(t) be the infinite matrix A, = (a2t )iy ez.roez Which is defined as

KRi1,K2
Anolt) = 2" - Diagley 27200 | € 7],

where Z is the matrix of the shift (vx)kez — (Yk—1)kez. If one denotes as as t — W(t) the (infinite)
column matrix-valued function with entries the ¢ — (t), then the (infinite) differential system
(4.2) can be formulated as

(1) = —i(Zem“ Amg(t)) CU(t) = —iAC(E) - U (t), (4.3)
LEL

where A%(t) = >,y et A o(t).

If |A%| denotes the matrix indexed by Z? which entries are the absolute values of the entries of AY
then one has for any t € Rt that

A loo = ll(cr)rezlloo

n n— (4.4)
1A OD™ < 1AG O ool (cr)rezllF ™ ¥n > 1.
For any M € N*| let
+ M
BM(t) = / ( > e2iweTAa’g(T)> dr (4.5)
0 “y=—m

(understood here as the Bochner integral of a £2°(Z?)-valued function). For any M,n € N*, consider

n times
M M

B;”M(t)x~-~><ng>M(t):/ S >0 R AL (1) X e X Aay, (Ta)dT (4.6
O p——m =M

One has

M M
oo > JAan () X x g, (7)) < (I(er)rezlln)” ¥M €N, Vn e N7,
b=—M  l,=—M
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Then, for any ¢t € R", one has that

n times

) Bw M . Bw M "
My]%[lglJﬂ)Q (Id + Z ] = exp / AL ( dT

where the convergence is here a normal convergence in the Banach space (2°(Z?), with

n times

N w,M w, M
BEM (1)) x -+ x | BoM (¢
1+Z\a ()\Xn'X|a (t)]

< exp([|(cx)rezl1t)- (4.7)

One can now formulate the following lemma.
Lemma 4.2. The distribution

(t,z) € RY x R — O*¥(t, z) Z ’ak2t<(exp (/Ot A% (7) dT))((so(/{))HeZ)keikw (4.8)
ke

which is in LR} x Ry, C) belongs to 75, ., (RS x Ry, C) and realizes an evolution of the dis-
tribution [1] € 2'(R) from t = 0. Such evolution is the unique one which remains 2m-periodic in
x.

Proof. As we have observed above, the function
t
t e R —s exp (/ A% (7) dT) € (2 (22)
0

is well defined and dominated by ¢ — exp(||(ck)rez||1 t) on RT. The coordinates (t — 1y (t))rez of
the image of (dg(k))rez satisfy the differential system (4.1) and are such that ¢ (0) =1if k=0, 0
otherwise, which concludes the proof of the lemma. Unicity follows from the construction itself. [

Remark 4.1. The conclusion of Lemma 4.2 subsists when V is just supposed to be in €?(R, C),
in which case its spectrum (cy)xez belongs to £1(Z), which is sufficient to ensure the validity of the
lemma.

We are now in situation to profit from the twisting concept which has been introduced in §2.

Theorem 4.1. Let V be a real potential on R of class €°°. The distribution [e*“*] € ' (R,,C)
evolves in a unique way as an element in . (R} x R,,C) N LZn (R} x R,) which is given by

o (t0) = Y e H((exp ( / A2 () dr) ) Go(R)uez) e te 2t (4.9)
kez 0

Proof. 1t follows from Corollary 2.1 that (t,z) — (G%,_..)(¢™*“)(t,z) (which leads precisely to the
expression (4.9)) is a possible evolution for [¢**] in 7y, ,(Rf x R,,C). Since the potential V' is
real, hence the corresponding multiplication operator is self-adjoint, such an evolution is unique,
which concludes the proof of the lemma. O
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Remark 4.2. The conclusion of Theorem 4.1 subsists when V is just supposed to be in (R, C),
in which case its spectrum (ci)rez belongs to ¢1(Z), which is sufficient to ensure the validity of
Lemma 4.2, hence of Theorem 4.1.

Thanks to the closed formula for the evolution of [¢®?] which is provided by Theorem 4.1, we
may also state a result in view of the supershift context. Let us define, for any K, M, N € N* the
following truncated version of ¢®*.

PKMN =
n times
K N ‘pw.M w, M
—iak? Bo/’ 4 X.'.XBO[’ 3 —iw?t  —2iwt i w)T
S emiertt((ra Yo B B ) ) ettt (410
k=—K n=1 :

where the functions t € RT +— B<M(¢) have been introduced in (4.5). We can then state the
following result.

Theorem 4.2. Let a = £1 and V be a real smooth potential x — V(x). For any w € R, let ¢™¥
be the evolution of [e™*] in 7! (R} x R,,C)N 9{,7(1(}1{? x Ry) as explicited in (4.9) and truncated
in (4.10). Then, the two following assertions hold for any w € R.
e one has
li W — HOHW
K, M,N—00 l(gch of them) OkMN =9

in (R} x Ry, C), that is when considered as distributions on R x St ;

e one has also

N’ ’

lim Z N’ (1+W>N7U(1_w)y a,172V/N': a,w

N’ =400 o \V 2 2 K.MN K,MN
v=

in 2'(Rf x Ry, C) for any K, M, N in N*.

Proof. The first assertion follows from the estimates (4.7). The second assertion follows from the
fact that for each k € [ K, K], an expression such as

n times

((Id n iv: BEM (1) x .- x B&M(¢) ) (50(5))n62>k o iw?t  —2iwt iz
n=1

n!

W

can be interpreted as the action on €*“* of a differential operator (with coefficients depending on ¢
but uniformly controlled when ¢ belongs to a compact subset of R*) which symbol lies in Az(C).
This follows from the explicit expression for

n times

BeM (1) x -+ x B2 (1)
n!
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given in (4.6). Such an operator acts continuously from A;(C) into itself (see [7, 8, 17]) and then
propagates the fact that the sequence of entire functions

N/ !
N\ T+ w\N'=v 1 —wy\» i(1—27/N")z
ZH[;)(V)( 2 ) 2 )¢

converges towards z — ¢* in A;(C) when N’ tends to +oc. O

Remark 4.3. It is impossible because of trivial spectral considerations already mentioned that,
given w € R, the sequence

N’

S () ()™ () e

v=0

converges towards ¢®¢ in .7/ (R;” x R,). As for the convergence of this sequence towards ¢ in
2'(R; x R,, C), it seems unlikely that it could be true. The symbol of the operator that should
be involved (instead of a differential operator with symbol in A3(C) as we use here) should be in
A, where x(z) = exp(|z|), since a double exponentiation occurs in the construction. One may
probably be able to formulate a convergence within the frame of hyperfunctions or, more probably,
ultradistributions. The question remains open, and we will return to it in a future paper.
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