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Abstract

The LOCA scenario involves strong and sudden depressurization
of hot liquid water, which generates strong pressure waves propa-
gating through the primary circuit devices. Due to these severe con-
ditions, the induced vaporization of the liquid water occurs under
thermodynamical conditions that may be far from the thermody-
namical equilibrium. The accurate numerical prediction of this kind
of accidental scenarii, and of their potential consequences, then re-
quires numerical tools that are able to deal with non-equilibrium
two-phase thermodynamics. A specific module is being developed
by EDF Lab Chatou in the framework of Code Saturne in order to
assess such severe accidental situations involving liquid-vapor flows.
The aim of this paper is to present the model and the numerical
schemes that have been developed. Some numerical results are also
compared to the experimental measurements obtained thanks to the
SUPERCANON facility, which allowed to reproduce the first stage
of a LOCA scenario.
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1 Introduction

Some accidental scenarii studied in the framework of the nuclear safety analysis
involve liquids undergoing strong pressure drops at high temperature (as the
LOCA scenario for instance). In order to perform realistic simulations of such
situations, a code based on a model that can handle both the thermodynami-
cal disequilibrium between liquid and vapor and complex equations of state is
required.

We present here a code based on a homogeneous model which allows to
handle non-equilibrium two-phase flows [1, 2, 3, 4]. The latter is built on the
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basis of the Euler system of equations and complemented by a mixture pressure
law. This mixture pressure is defined in accordance with the Gibbs relation on
the basis of the phasic pressures which are defined through a look-up table [4]
based on the IAPWS-97 formulation [5].

The overall numerical scheme relies on a fractional step approach [6] and uses
a Lie-Trotter spliting. It thus treats separately the convection terms and the
source terms, which account for the return to the thermodynamical equilibrium.
Due to the complex equation of state furnished by the look-up tables described
in section 3, a relaxation scheme [7] has been chosen for the computation of the
numerical convective fluxes. In [4], it appears to be a very good compromise
between accuracy and stability. Thanks to the linearity of the source terms,
their discretization can be performed through a simple Euler implicit scheme.

At last, a simple test case of vaporization of hot pressurized liquid is pro-
posed. This test case is based on the results of the SUPERCANON facility[8]
which has been designed in order to be representative of a LOCA in the primary
circuit of a PWR nuclear reactor.

2 The homogeneous non-equilibrium model

In this section, the considered model is only briefly presented. The whole build-
ing approach is available for instance in [1, 2, 3, 4]. Thermodynamically, each
phase k = l, v (liquid or vapor) is described by its own complete equation of
state, expressed as a specific entropy sk(τk, ek) (JK−1kg−1) as a function of τk
the specific volume (m3kg−1) and ek the specific energy (Jkg−1) and satisfying
the Gibbs relation:

Tkdsk = dek + Pkdτk, (1)

where the thermodynamical pressure Pk and the temperature Tk are then de-
fined as derivatives of the specific entropy:

1

Tk
=
∂sk
∂ek

∣∣∣∣
τk

;
Pk
Tk

=
∂sk
∂τk

∣∣∣∣
ek

. (2)

Let us introduce the volume fraction αk, the mass fraction yk and the energy
fraction zk of phase k:

Yk = (αk, yk, zk). (3)

These fractions satisfy the following conservation relations:

1 = αl + αv ; 1 = yl + yv ; 1 = zl + zv, (4)

and vary in accordance with the second principle of thermodynamics. Thanks
to these fractions, phasic quantities can be expressed from the mixture specific
volume τ and from the mixture specific energy e:

τk =
αk
yk
τ ; ek =

zk
yk
e. (5)
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Moreover, thanks to the constraints (4) which states that Yl + Yv = (1, 1, 1),
the model will be defined on the sole basis of the liquid fractions (or vapor
fractions). We thus set here Y = Yl for convenience. The mixture entropy s is
then defined as a function of Y , e, and τ :

s(Y, τ, e) = ylsl(τl, el) + yvsv(τv, ev). (6)

A Gibbs relation can be written for the mixture entropy s by deriving (6):

ds =
∂s

∂e |Y,τ
de+

∂s

∂τ |Y,e
dτ +∇Y |e,τ (s) · dY.

By identifying the different terms, this allows to define a temperature law and
a pressure law for the mixture:

P

T
(Y, τ, e) =

∂s

∂τ |Y,e
;

1

T
(Y, τ, e) =

∂s

∂e |Y,τ
. (7)

Then, using the definitions (2) and (5), the thermodynamical mixture quantities
can be written on the basis of the phasic ones:

P (Y, τ, e) =
αl

Pl
Tl

+ αv
Pv
Tv

zl
Tl

+ zv
Tv

;
1

T
(Y, τ, e) =

zl
Tl

+
zv
Tv
. (8)

Thanks to the definition of these quantities, the thermodynamical behavior
of the two-phase mixture is completely defined. In order to account for the
dynamical aspect of the flows, the velocity equilibrium is assumed. The following
set of partial differential equations can thus be proposed on the basis of the
classical Euler set of equations:

∂

∂t
(ρY ) +

∂

∂x
(ρUY ) = ρΓ,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x

(
ρU2 + P

)
= 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P )) = 0.

(9)

We recall that Y is a vector of [0, 1]3 and hence the source term Γ is a vector of
R3. It reads:

Γ =

(
ᾱl − αl
λ

,
ȳl − yl
λ

,
z̄l − zl
λ

)
,

where (ᾱl, ȳl, z̄l) are the equilibrium fractions which maximize the mixture en-
tropy for a given (τ, e). In system (9), U stands for the velocity of the mixture
(velocity are assumed to be equal for the two phases), ρ for its density, and E
denotes the total specific energy: E = e+U2/2. It can be proved that this choice
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of source terms agrees with the second law of thermodynamics (see [1, 2, 3, 4]
among others). The time scale λ > 0 rules the return to the thermodynamical
equilibrium. In other words, when λ → 0, the two phases are assumed to be
at thermodynamical equilibrium, which means that the phasic pressures, the
phasic temperature and the phasic Gibbs enthalpies are equal.

In this model, the user must specify one EOS for the specific entropies sk
(one for each phase) and the time-scale λ > 0 which can depend on the ther-
modynamical quantities.

3 Specification of the EOS by a look-up table

When dealing with water thermodynamics, it is important to specify accurate
EOS for the entropies sk. Unfortunately, the classical analytical EOS are often
not accurate enough in order to deal with situations where the thermodynamical
range of pressure and temperature are important, as in the LOCA scenario. The
IAPWS formulation [5] has thus been considered here and, to save computa-
tional time, a look-up table (named LuT in the following) has been implemented
[4]. We describe here how this LuT is built. Since the model deals with non-
equilibrium thermodynamics and since each phase has to possess its own EOS,
a LuT is built for each phase.

The (P, T )-plane is chosen as an entry of the LuT and the Gibbs free enthalpy
µk(P, T ) is given for each phase [9]. In order to remain consistent with the Gibbs
relation for each phase (1), all the other quantities have to be computed from
the derivatives of

µk(P, T ) = ek(P, T ) + Pτk(P, T )− Tsk(P, T ).

Indeed, by differentiating µk and by using the phasic Gibbs relation (1) we get:

dµk = τkdP − skdT,

so that the specific volume and the specific entropy are respectively defined as:

τk(P, T ) = ∂µk/∂P|T and sk(P, T ) = −∂µk/∂T|P .

The specific energy then follows ek(P, T ) = µk(P, T )− Pτk(P, T ) + Tsk(P, T ).
Remark. In order to fulfill the phasic Gibbs relation (1), the quantities τk,

sk and ek should not be tabulated independently.
As in [10], the thermodynamical plane (P, T ) is discretized using a Quadtree

approach which is balanced to get a regular discretization of the plane, enabling
a quick research through the look-up table in practical simulations. Some do-
mains of the (P, T )-plane are refined. This is actually the case: in the neigh-
borhood of the saturation curve, at low pressures, at low temperatures and at
high pressures on the saturation curve. The LuT used in the next sections has
been built for pressures from 0.1 bar to 219 bars, so that we avoid vicinity of
the critical point. The temperature range is [283.0 K; 1070.0 K].
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Figure 1 shows some visualizations of the quadtree mesh for different ranges
of pressures and temperatures. On each cell of the (P, T )-plane, the IAPWS-97
Gibbs enthalpy µk is interpolated using a polynomial spline in P and T . The
most important point is to preserve the Gibbs relations (1). It is required that
µk belongs to C1 on the whole domain. Therefore, cubic splines are used and
a specific treatment is applied to each cell connected to wider cells. For these
cells, at each node that is common with a wider cell, the values of µk and its
derivatives are not obtained from IAPWS-97. These values are replaced by the
values of µk and its derivatives computed from the interpolated spline of the
wider cell. Hence we ensure the continuity of the interpolated value µk and of its
derivatives with respect to P and T at the junction between the cells of different
sizes. For this purpose, the computation of the spline coefficients is then done
by decreasing order of the size of the cells. The final level of refinement of the
quadtree is chosen so as to get a relative error between the IAPWS values of
µk and the interpolated values less than a threshold. In the LuT used in the
next sections, this threshold has been chosen equal to 10−5, and the final mesh
contains more than 163000 cells.

The use of meshes based on quadtree techniques is a great advantage be-
cause it allows the local refinement of the description together with a reasonable
computational cost for the search of the cell in which the properties have to be
estimated. In fact, for a given (P 0, T 0), the cost of the search of the quadtree’s
cell containing (P 0, T 0) is proportional to the depth of this cell in the quadtree
structure (i.e. the smaller the target cell is, the more expensive its search is).

Figure 1: Mesh of the (P, T )-plane. The left figure shows the whole mesh, and
the log-like domain corresponds to the mesh refinement around the saturation
curve. The two figures on the right show zooms on the saturation curve zone.

We are dealing with compressible phenomena so that the model of section
2 has to be discretized in conservative form (numerical schemes are described
in section 4). Hence the “natural” variables for the conservative part of the
model are (τ, e). Since the LuT EOS is defined in the (P, T )-plane, and in
order to maintain the consistency of the thermodynamical description through
a complete LuT, we need to compute the change of variables (τk, ek) 7→ (Pk, Tk).
More precisely, for any value of the specific volume τ0k and specific energy e0k,

5



we have to find the pressure Pk and the temperature Tk that fulfill:{
ek(Pk, Tk) = e0k,
τk(Pk, Tk) = τ0k ,

(10)

where the functions (Pk, Tk) 7→ ek(Pk, Tk) and (Pk, Tk) 7→ τk(Pk, Tk) are ob-
tained from the LuT. From a numerical point of view, the computation of an
approximate solution of (10) through a Newton-type algorithm can be tricky
and it requires an accurate initial guess of the solution. For this purpose, a
second LuT has been built for each phase. This second LuT is based on a
non-balanced quadtree for the (τ, e)-plane. At each vertice (τ ik, e

i
k) of the mesh

corresponds a couple (P ik, T
i
k) such that ek(P ik, T

i
k) = eik and τk(P ik, T

i
k) = τ ik.

This second LuT is not used directly, but using bilinear interpolation, it rep-
resents a database to provide initial guesses to solve the general problem (10).
With the help of this second LuT, solving (10) requires less iterations and it is
more robust. For the sections below, this second LuT contains 166000 cells.

Remark. In practice, considering the Stiffened Gas EOS as a reference, the
order of magnitude of the computation costs is 700 times higher for the direct
IAPWS formulation and it is 8 times higher with the LuT EOS as depicted
above. Obviously, the gain in CPU time strongly depends on the test case and
on the LuT used (the local refinement and the depth of the quadtree are strongly
involved).

4 Numerical schemes

The overall numerical method is based on a fractional step method [6] using a
Lie-Trotter splitting. The initial condition problem associated with system of
equations (9) can be written:

∂

∂t
(W ) = − ∂

∂x
(F(W )) + G(W ), W (t = 0) = W 0, (11)

where F correspond to the convective flux and G to the source terms. A straight-
forward Lie-Trotter splitting has been chosen here. It consists in solving at time
t = tn the following two sub-systems during a time step ∆tn:

(i)
∂

∂t
(Wa) = − ∂

∂x
(F(Wa)) , Wa(tn) = Wn, (12)

which gives Wa(tn + ∆tn);

(ii)
∂

∂t
(Wb) = G(Wb), Wb(t = tn) = Wa(tn + ∆tn). (13)

Since this splitting is first order with respect to time, each sub-system is solved
using first order schemes.

The first sub-system takes into account the convective part. For that pur-
pose, first-order explicit and conservative finite volumes schemes are used. Their
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general form for a one-dimensional framework with cells Ωi is:

|Ωi|(Wn+1
i −Wn

i ) = −∆tn((F (Wn
i ,W

n
i+1)− F (Wn

i−1,W
n
i )), (14)

where Wn
i denotes the space-average value of W on the cell Ωi at time tn. The

time step ∆tn is computed from the variable Wn
i and from the mesh size |Ωi|

in order to fulfill stability constraint. The two-point numerical flux F depends
on the used scheme. In the following, the results obtained with the relaxation
scheme [7] are presented.

The second sub-system (13) corresponds to a system of ordinary derivative
equations. In this sub-system, the return to equilibrium is accounted for. Since
the time-step is computed to fulfill a stability constraint of the numerical scheme
used for the first sub-system, this second step is achieved using an Euler implicit
scheme. The latter becomes very easy to solve thanks to the linear source terms
Γ involved in the model.

The numerical schemes have been submitted to several verification test cases
based on Riemann problems (see [4]).

5 Comparisons with some SUPERCANON re-
sults

The present test case is associated to the experimental facility SUPERCANON
[8]. It was set up to measure the sudden depressurization of heated water from
150 bars to 1 bar, which is representative of a LOCA in the primary circuit of a
PWR. Figure 2 is a sketch of the facility. A tube (100 mm of inner diameter and
4.389 m long) is filled with water and closed with a cap. The water is heated
and when the operating conditions are reached (in pressure and temperature),
the cap is released by a system based on an exploding cordon and is supposed
to be almost instantaneous with respect to the fluid phenomena. The pressure
in the tube is measured at six different locations P1,..,6, and the vapor fraction
is measured at the point Pt (see figure 2). Three different initial temperatures
have been tested for the liquid water in the tube: 280◦C, 300◦C and 320◦C,
which respectively correspond to: the temperature at the inlet of the core, the
mean temperature in the core and the temperature at the outlet of the core.
Moreover, different breach diameters have been used at the outlet of the tube,
but we only focus here on the case with a fully opened tube. We also restrict
ourselves to the initial temperature of 300◦C.

The scenario of the experiment is the following [11]. When the cap is re-
leased, a “saturation” wave travels from the cap location to the end of the
tube. Due to this wave, the temperature in the pipe remains almost constant
and the pressure drops to the saturation pressure at the initial temperature:
P = Psat(573.15 K) = 86 105 Pa. Then, a vaporisation front travels into
the pipe and the vapor fraction starts to increase. The vaporisation front is a
two-phase phenomenon and it travels much slower than the “saturation” wave
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Figure 2: Sketch of the SUPERCANON configuration. The pressure is measured
at the points P1, ..., P6 and the vapor fraction is measured at the point Pt.
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Figure 3: Sketch of the time evolution of the pressure at the points P1. The
black curves represent experimental measurements for two different runs (for
the same conditions). The blue curve represents the pressure profile simulated
when considering the thermodynamical equilibrium.
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Figure 4: Definition of the function α ∈ [0, 1] 7→ f(α) used for the definition of
λ.
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which occurs in pure liquid water. Through the vaporisation front, the vapor
fraction increases and both the pressure and the temperature drop again. The
sketch of the time evolution of the pressure at points P1 is plotted on figure 3
for two different experimental runs based on the “same conditions”. The blue
curve represents the pressure profile at P1 when enforcing the thermodynami-
cal equilibrium in the simulations. For this experimental setting, the numerical
results obtained by considering the thermodynamical equilibrium seems not in
agreement with the experimental data?

Indeed, for this experiment, the two phases are likely to be out of the ther-
modynamical equilibrium [12]. As a consequence, the response of the model
should be sensitive to the choice of the time-scale λ. It is not easy to derive a
general law for λ on the basis of physical considerations, even if some attempts
have been done on the basis of the nucleation theory [4]. For this reason, we
propose here a law built following the observations reported in [13], on the ba-
sis of an experiment of a flashing (steady) flow in a divergent duct. This law
combines two terms: one term that diminishes the relaxation time-scale when
the flow is too far from equilibrium ; and one term that decreases the relaxation
time-scale when the steam fraction increases. This law is not built on mechani-
cal assumptions and it must be seen as a “toy law” whose parameters have been
chosen to fit the experiments. We follow here the same kind of form than the
one proposed in [14]:

λ = λ0 f(αv) e
−( |αv−αv|δα )

2

,

where the function α ∈ [0, 1] 7→ f(α) corresponds to 3 constant values with
cosine connections to get a smooth function, as defined on figure 4. The law
used to compute the results presented below has the following parameters :
λ0 = 10−2 s et δα = 2.9 10−3, a = 1, b = 0.05, c = 0, α1 = 0, α2 = 0.15,
α3 = 0.25, α4 = 0.65.

The numerical results have been obtained on a one-dimensional domain with
a length of 10 m. The domain 0 < x < 4.389 m is filled with pure water at
150 bars and 300◦C. Actually, the numerical model can not handle incondens-
able gases. Hence the domain 4.389 m < x < 10 m, which should be filled
with air at 1 bar and 20◦C, is filled with hot steam at 1 bar and 300◦C. The
left boundary condition at x = 0 is a wall and the right boundary condition at
x = 10 m is an outlet. Figures 5 show the pressure computed by the code at
point P1 with respect to time. Numerical approximations have been computed
for several meshes containing respectively 300, 1000, 3000 and 9000 uniform
cells on the whole domain. The parameters of the law for λ have been chosen
in order to fit the experiment for the finest mesh. One can nevertheless observe
a very good agreement between experiment and numerical simulations for all
the meshes. Moreover, it can be noticed that the difference between the numer-
ical results for 3000 and 9000 cells is small, which means that the results seem
almost converged for these finest meshes.
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6 Conclusion

The model described in section 2 seems very promising when coupled to a com-
plex and accurate EOS as the one presented in section 3. The comparison of
section 5 suggests that with an appropriate choice of the time scale λ, which
rules the return to the thermodynamical equilibrium, a very good agreement
could be obtained with experimental results of sudden depressurization of hot
liquid water. Obviously, the law proposed in section 5 is a toy law and it is
not satisfactory if one aims at building a predictive numerical tool. Some work
has thus been initiated in [4] in order to propose time scale laws based on the
classical nucleation theory.
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