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Abstract: The asymptotic behaviour of Linear Spectral Statistics (LSS)
of the smoothed periodogram estimator of the spectral coherency matrix
of a complex Gaussian high-dimensional time series (yn)ncz with inde-
pendent components is studied under the asymptotic regime where the
sample size N converges towards +oo while the dimension M of y and the
smoothing span of the estimator grow to infinity at the same rate in such
a way that % — 0. It is established that, at each frequency, the estimated
spectral coherency matrix is close from the sample covariance matrix of
an independent identically Nc(0,I5s) distributed sequence, and that its
empirical eigenvalue distribution converges towards the Marcenko-Pastur
distribution. This allows to conclude that each LSS has a deterministic be-
haviour that can be evaluated explicitly. Using concentration inequalities,
it is shown that the order of magnitude of the supremum over the frequen-
cies of the deviation of each LSS from its deterministic approximation is

of the order of ﬁ + —“NM + (%)3 where N is the sample size. Numerical
simulations supports our results.
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1. Introduction

1.1. The addressed problem and the results

We consider a M—variate zero-mean complex Gaussian stationary time series !

(Yn)nez and assume that the samples yq,...,yn are available. We introduce
the traditional frequency smoothed periodogram estimate S(v) of the spectral
density of y at frequency v defined by

B/2

S(v) = %H > g, <u+ Jz) & <1/—|— ;’,) (1.1)

b=—B/2

where B is an even integer, which represents the smoothing span, and

1 & ,
Ey(y) = ﬁ Z yne_mﬂ(n_l)y (1.2)
n=1

is the renormalized Fourier transform of (y,)n=1... ~n. The corresponding esti-
mated spectral coherency matrix is defined as:

1

C(v) = diag (S(u)) * §(v)diag (S(y)) o (1.3)

where diag(S(v)) = S(v) ® Ins, with © denoting the Hadamard product (ie.
entrywise product) and I,; is the M—dimensional identity matrix. Under the
hypothesis H, that the M components (Y1,n)nez; - -, (Yrn)nez of y are mutu-
ally uncorrelated, we evaluate the behaviour of certain Linear Spectral Statistics
(LSS) of the eigenvalues of C(v) in asymptotic regimes where N — 400 and
both M = M(N) and B = B(N) converge towards +oo in such a way that

M(N) = O(N®) for a € (1/2,1) and ey = MW 5 ¢ where ¢ € (0,1). We

denote by M;}P the Marcenko-Pastur distribution with parameter ¢ < 1 defined
by

VOr N0 =)
2mweA

du)p(N) = Taepoa gV AN, Ax = (14 e)?

and define the sequences (un)ny>1 and (vy)n>1 by

1 VB B\?
and ,
B/2 2
1 b
= — — ] . 1.
W= T 2 <N> (15)
b=—B/2

Lany finite linear combination x of the components of (yn)nez is a complex Gaussian
random variable, i.e. Re(z) and Im(z) are independent zero-mean Gaussian random variables
having the same variance
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‘We notice that

1 B B\*

and vy = O ((£)?), as well as W= 0if a>2/3and ¥ = fooif o <
2/3. Then, if (Sm)m=1,...,m represent the spectral densities of the scalar time
series ((Ym,n)nez)m=1,...m, for each function f defined on R and C*> in a
neighbourhood of the support [A_;Ay] of ug\f[)P, it holds that for each € > 0,
there exist a y(e) := v > 0 such that for each N large enough:

EIS

%Tr (f(C(u))) — /R+ Fauley) —rn(v) dn(f) vy 1,52/3

> Nun] <exp—N" (1.7)

P | sup
ve(0,1]

where 7 (v) is defined by
Moo 2
o= (57 2 240) as

and where ¢n(f) is a deterministic O(1) term which coincides with the
action of function f on a certain compactly supported distribution Dy (to be

precised later) depending on the Marcenko-Pastur distribution ug\?}). In other

words, under Hg, uniformly w.r.t. the frequency v, ﬁTr (f(é(y))) behaves

as fR fdug\?}). If « < 2/3, with high probability, the order of magnitude of
the corresponding error is not larger than uy = % = O(Ni) If o > 2/3,

+Tr (f(é(y))> - fRfd,ug\?}) behaves as the deterministic O(£)? term
ryv(v) ¢n(f) vy, and the rate of convergence towards 0 of the corrected

statistics - Tr (f(é(y))) — Jas fdug\%) —7rn(V) on(f) vN 1as2/3 appears to
be uy which verifies ZT]:,] — 0.

Our approach is based on the observation that in the above asymptotic
regime, S(I/) can be interpreted as the sample covariance matrix of the large
vectors (&, (v + %))b:,B/Q ,,,,, B/2- Classical time series analysis results sug-
gest that the vectors (£, (v + %))b:_3/27.__,3/2 appear as "nearly” i.i.d. zero
mean complex random vectors with covariance matrix S(v) where S(v) =
diag (s1(v), ..., s (v)). C(v) can be interpreted as the sample autocorrelation
matrix of the above vectors. As it is well-known that the empirical eigenvalue
distribution of the sample autocorrelation matrix of i.i.d. large random vectors
converges towards the Marcenko-Pastur distribution (see e.g. [21]), it is not sur-

prising that - Tr (f(é(u))) behaves as [, f dug\f[]}). Our main results are thus

obtained using tools borrowed from large random matrix theory (see e.g. [30],
[1]) and from frequency domain time series analysis techniques (see e.g. [4]).
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1.2. Motivation

This paper is motivated by the problem of testing whether the components of
y are uncorrelated or not when the dimension M of y is large and the number
of observations N is significantly larger than M. For this, a possible way would
be to estimate the spectral coherency matrix, equal to I, at each frequency v
under Ho, by the standard estimate C(v) defined by (1.3) for a relevant choice
of B, and to compare, for example, the supremum over v of the spectral norm
|C(v) —I]| to a threshold. To understand the conditions under which such an
approach should provide satisfying results, we mention that under some mild
extra assumptions, it can be shown that
sup [S(v) = S(v)[| === 0
v N—+o00
as well as
sup [|C(v) — Ta|| —=2—0
v N—+o00

in asymptotic regimes where N, B, M converge towards +oco in such a way that
% — 0 and % — 0. Therefore, C(V) is likely to be close from I,; for each v if
both % and % are small enough. However, if M is large and that the number
of available samples N is not arbitrarily large w.r.t. M, it may be impossible

to choose the smoothing span B in such a way that % < 1 and % < 1. In

such a context, the predictions provided by the asymptotic regime % — 0 and
% — 0 will not be accurate, and any test comparing C(V) to I for each v

will provide poor results. To solve this issue, we propose to choose B of the
same order of magnitude as M. In this case, C(V) has of course no reason to
be close from I,; for each v. If %7 or equivalently if % is small enough, the
asymptotic regime where both M and B converge towards 4+co at the same rate
appears relevant to understand the behaviour of C(U) We mention in particular
that the condition « > 1/2 implies that the rate of convergence of % towards
0 is moderate, which is in accordance with practical situations in which the
sample size is not arbitrarily large. Our asymptotic results thus suggest that if
% is small enough and if B is chosen of the same order of magnitude as M,
then it seems reasonable to test that the components of y are uncorrelated by
comparing

o sup [ (HCW) — [ £~ i) on () o Lasarg

uN e, | M R+

to a well chosen threshold, where 7y (v) represents an estimate of ry(v) accu-
rate enough to keep equal to uy the convergence rate towards 0 of the modified
statistics. We notice that our results just characterize the order of magnitude of
the above statistics under Hg, and that we do not provide asymptotic approxi-
mation of its distribution. While the derivation of such an approximation would
be quite useful to design a well defined statistical test and to study and compare
its performance with existing approaches, our results represent a first necessary



P. Loubaton and A. Rosuel/Coherency matrices of high-dimensional time series 6

step that has its own interest. We notice that we consider the supremum on
the whole frequency interval [0, 1] because, compared to a solution where the
maximum is over a low number of fixed frequencies, this allows to increase the
power of the test in contexts of alternatives for which, under H1,

o )J\I/IT (1€D) = [ i) =in) on(h) vx Lasaa| (19

exhibits narrow peaks that would not be visible on a low density frequency
grid. We also mention that other statistics could also be considered, e.g. the in-
tegral on the frequency domain of function (1.9) or of this function to the square.

We finally remark that the most usual asymptotic regime considered in the
context of large random matrices is M — +o0o, N — +00 in such a way that
% converges towards a non zero constant. In this regime, it is still possible to
develop large random matrix-based approaches testing that the components of
y are uncorrelated or not, see e.g. the contribution [29] to be presented below
which, under the extra assumption that the components of y share the same
spectral density, is based on a Gaussian approximation of linear spectral statis-
tics of the empirical covariance matrix Ry defined by

N
~ 1 N
Ry = v ;ynyn (1.10)

under Hy. However, when the ratio % is small enough, the asymptotic regime

considered in the present paper seems more relevant than the standard large
random matrix regime M — 400, N — 400, and test statistics that depend
on the estimated spectral coherency matrix C(V) should provide better perfor-
mance than functionals of the matrix Ry.

1.3. On the literature

The problem of testing whether various jointly stationary and jointly Gaus-
sian time series are uncorrelated is an important problem that was exten-
sively addressed in the past. Apart from a few works that will be discussed
later, almost all the previous contributions addressed the case where the num-
ber M of available time series remains finite when the sample size increases.
Two classes of methods were mainly studied. The first class uses lag domain
approaches based on the observation that M jointly stationary time series
(Y1,n)nez, - - -+ (YM,n)nez are mutually uncorrelated if and only if for each in-

teger L, the covariance matrix of the M L dimensional vector yﬁf) defined by

L T
7(1 ) = (yl,nv s Yint D15 s YMny - - - 7yM,n+L71)

is block diagonal. The lag domain approach was in particular used in [17] for
M =2, and extended and developed in [24], [25], [19], [20], [8] and [12].
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The second approach is based on the observation that the M jointly
stationary time series (Y1,n)nez,---,(Ymn)nez are uncorrelated if and only
the spectral density matrix S(v) of y,, = (Y1.n,---,Ynm.n)’ is diagonal for each
frequency v, or equivalently, if its spectral coherence matrix C(v) is reduced
to Ins for each v. [35] is one of the first related contribution. This work was
followed by [10], [33], as well as [11].

We now review the existing works devoted to the case where the number
M of time series converges towards +o0o. The particular context where the
observations y1,...,yy are i.i.d. and where the ratio % converges towards a
constant d € (0,1) is the most popular. In contrast with the asymptotic regime
considered in the present paper, M and N are of the same order of magnitude.
This is because, in this context, the time series are mutually uncorrelated if and
only the covariance matrix E[y,y}] is diagonal. Therefore, it is reasonable to
consider test statistics that are functionals of the sample covariance matrix f{N
defined by (1.10). In particular, when the observations are Gaussian random
vectors, the generalized likelihood ratio test (GLRT) consists in comparing the
test statistics logdet(CN) to a threshold, where Cn represents the sample
autocorrelation matrix. [21] proved that under Hg, the empirical eigenvalue

distribution of Cy converges almost surely towards the Marcenko-Pastur distri-
bution ug\(f[)P and therefore, that ﬁTr ( f (C N)) converges towards [ fd/ig\il[)P for

each bounded continuous function f. In the Gaussian case, [23] also established
a central limit theorem (CLT) for logdet(Cy) under Ho using the moment

. \N/2
method. In the real Gaussian case, [7] remarked that (detC N) is the prod-

uct of independent beta distributed random variables. Therefore, log det (Cy)
appears as the sum of independent random variables, thus deducing the CLT.
More recently, in [28] is established a CLT on LSS of Cy in the Gaussian case
using large random matrix techniques when the covariance matrix E[y,y]
is not necessarily diagonal. This allows studying the asymptotic performance
of the GLRT under a certain class of alternatives. We also mention that
[22] studied the behaviour of max; ; |(Cy)i ;| under Ho, and established that
max; ; \(C N)ijl, after recentering and appropriate normalization, converges in
distribution towards a Gumble distribution, which, of course, allows to test the
hypothesis Hg. This first contribution was extended later in several works, in
particular in [6] who considered the case where the samples yi,...,yn have
some specific correlation pattern. Still, in the asymptotic regime % — d, [29]
proposed to test hypothesis Hy when the components of y share the same
spectral density. In this case, the rows of the M x N matrix (y1,...,yn) are
independent and identically distributed under Hy. [29] established a central
limit theorem for linear spectral statistics of the empirical covariance matrix
Ry defined by (1.10), and deduced from this test statistics to check whether H,
holds or not. We notice that the results of [29] are valid in the non-Gaussian case.

In our knowledge, no existing work studied the behaviour of linear spectral
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statistics of matrix C(V) in the asymptotic regime defined in the present paper.
However, we mention that this regime was considered in [3] in order to solve a
completely different problem, i.e. the use of shrinkage in the frequency domain
in order to enhance the performance of the spectral density estimate (1.1) when
the components of y are not uncorrelated. We notice that %/2 is supposed to
converge towards 0 in [3]. When B = O(N®), this condition is equivalent to o <
2/3, while we rather study situations where o > 1/2. We finally mention that
our works [27] and [31] also consider the present asymptotic regime and study
respectively the behaviour of sup,; ,eg, |Cij(v)| (Gn is the set (kB kK =
0,..., BLH}) and the largest eigenvalues of C(v) in the presence of an extra
signal, independent from y, and having a low-rank spectral density matrix.

1.4. General approach

In order to simplify the notations, we denote by ¥ (f, ) the statistics defined
by

Un(fv) = 2T ( / FApE) — () on(f) vx Tasags (L11)

In order to be able to study the behaviour of sup,, [¥n (f, V)|, we establish expo-
nential concentration inequalities that allow to evaluate P(|¢n (f,v)| > Nun)
for each v as well as P(sup,cy, [¥n(f, )| > Nuy) for some relevant finite
discrete grid Vy of the interval [0,1]. (1.7) is then obtained by using Lipschitz
properties of function v — ¥y (f,v).

In order to evaluate P(|¢n(f,v)| > Nuy) for each v, we use the following
approach:

e We first study the behaviour of the modified sample spectral coherency
matrix C(v) defined by

[V

C(v) = diag (S(v)) " * S(v)diag (S(v))

We notice that é(u) is obtained from C(V) by replacing the estimated
diagonal matrix diag (s(u)> by its true value diag (S(v)). Using classical

(1.12)

results of [4], we establish that for each v, C(r) can be represented as

= X@)X*(v) | A
Cv)=——""+A 1.13
== 1 Aw) (113
where X(v) is a M x (B + 1) random matrix with Nc(0,1) i.i.d. entries,
and A(v) is another matrix such that, for any € > 0, there exists v > 0,
independent from v, such that for each large enough N € N:

. B
JAG)| > N | < exp-N7.
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We deduce from (1.13) that C(v) can be written as

A X(v)X*(v)

C(v) = Bl + A(v) (1.14)

where A(v) verifies the concentration inequality

1
Pllawi>ne (o4 5)| <o
for each € > 0, where 7 does not depend on v. Using (1.13) and (1.14), we
establish that the eigenvalues of C(v) and C(v) are localized with high

probability in a neighbourhood of the support of the Marcenko-Pastur
distribution /‘551)1»

C(v) appears as a useful intermediate matrix because the study of
ﬁTr (f(C ) — Jas fdu(cN) is based on the evaluation of each term

of the following decomposition:

3 (o) = [ s %%”*Tr( )*%Tr( (©w))+
7™ (1600) ~€ [y (1600) | +

e [y (rew) ;f ( XBH >)}+

o))
(1.15)

Using the above-mentioned results related to the localization of the eigen-
values of C(v) and C(v), we also argue that it is sufficient to do so when
f is compactly supported.

The term 7;Tr (f(C(y))) -4 Tr (f(é(y))) is studied using the Helffer-
Sjostrand formula which allows, in a certain sense, to be back to the study
of 37 Tr (Q(z) - Q(z)) for z € C*, where Q(z) and Q(z) represent the
resolvents of matrices C(v) and C(v) (see below for a formal definition).
Using (1.13) and (1.14), we express 7 Tr (Q(z) - Q(z)) in terms of the

resolvent Q(z) of matrix %XI(V). As matrix X(v) is Gaussian, it is

possible to use standard Gaussian tools (Poincaré-Nash inequality and
the integration by part formula) to have a good understanding of the
behaviour of Q(z), and to prove that for each € > 0, it exists v independent
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from v such that
P (‘J\ZTr (f(é(u))) - %Tr (f(C(V))) -
1 L)\ -
<2M mz::l sm(u)> ON(f) vn Lasays

where ¢y (f) is a deterministic term defined as the action of f on a com-
pactly supported distribution Dy depending on NE\ZNP).

Using a standard Gaussian concentration inequality as well as the struc-
ture of matrix C(V), we obtain that for each € > 0, it exists v independent

from v such that

> NEuN> < exp—N"

P (|7 (reon) —e [ (s€wn)| [ > 35 ] < e -n0

(1.16)
for each N large enough.
We still analyse the deterministic term
E [%Tr (f(é(z/))) - LTr (ﬂ%))} using the Helffer-Sjostrand

formula. We first show that for each z € CT, E [ﬁTr(Q(z) - Q(z))] is a

O(£)? term, a non obvious result because the evaluation (1.13) just leads
to the conclusion that the above term is (’)(%). Moreover, using long and
very tedious Gaussian calculations, we obtain that if o > %, it holds that

"

M
e | 3@ - Q)| = - (2}4 > Sm(”) P (=) vw+

m=1 Sm (V)

1 & (v) ’ B\*
(M Z Sm(y)) pN(Z) oy + O (N)
m=1 """
where py and py are the Stieltjes transforms of the compactly supported

distributions Dy and Dy introduced previously. This immediately implies
that if o < 2, then

e |4 (r€wy) - g (fEEHD)]
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while if o > %, then,

because (£)3 < uy if 2/3 < a < 4/5 and (£)3 is equivalent to uy if
a>4/5.
e Finally, classical results imply that

[l ()] [ o= )

Gathering the above evaluations and using the Lipschitz properties of function
v — Y(f,v), we eventually obtain (1.7).

We also indicate how the use of lag window estimators of the spectral densities
(Sm)m=1,....m allows to design an estimator 7y (v) of ry(v) defined by (1.8) for
which the rate of convergence towards 0 of the statistics ¥y (f, ) obtained by
replacing ry (v) by 7 (v) in Eq. (1.11) is still uy. In particular, we establish that
for each e > 0, P (supy [N (f,v)| > NeuN) converges towards 0 exponentially.

1.5. Assumptions and general notations

Assumption 1.1. For each m > 1, (Ymn)nez i a zero mean stationary com-
plex Gaussian time series, ie.

1. E[Ym,n] =0 for any m > 1 and anyn € Z

2. every finite linear combination x of the random Uariables (Ym,n)nez 1S a
Nc(0,02) distributed random variable for some o2, i.e. Re(z) and Im(z)
are independent and N(0,0?%/2) distributed.

Assumption 1.2. If my # ma, then the scalar time series (Ym, n)nez and
(Yma,n)nez are independent.

We now formulate the following assumptions on the growth rate of the quan-
tities N, M, B:

Assumption 1.3.

=CN, ON L cCE€ (0,1).

o 1
B7M—O(N)where§<a<1, Bl o

As M = M(N) converges towards +00, we assume that an infinite sequence
(Y1.n)nez, W2.n)nezy - - - (Ykn)nez, - - - of mutually independent zero mean com-
plex Gaussian time series is given.
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We denote by (sm)m>1 the corresponding sequence of spectral densities (i.e.
Sm coincides with the spectral density of the times series (Ym,n)nez). For each
m > 1, we denote by 7, = (rm,u)uez the autocovariance sequence of (Y, n)nez,
i.e. "mu = E[Ymntuls,.n]- We formulate the following assumptions on (s.,)m>1
and (Tm)mzl:

Assumption 1.4. The time series ((Ym.n)nez)m>1 are such that:

inf inf |s,, >0 1.17
Jnf Inf lsm (V) (1.17)
and
sup Z(l + [u) | 0| < 400 (1.18)
leuGZ

where vy > 3. Assumption (1.18) of course implies that the spectral densities
(8m)m>1 are C* and that

sup sup |s') ()] < 400 (1.19)
m>1ve[0,1]

fori=0,1,2,3 (55,? represents the derivative of order i of s,,,). We notice that
(1.18) holds as soon as we have

C

sup ‘Tm,u| S |U|1+’YO+6

m>1

for each u # 0 as well as sup,;,>1 [rmo| < o0 (C > 0 and J > 0 represent
constants). If z represents the backward shift operator, a simple example of
time series verifying Assumption 1.4 is to consider ARMA time series generated
as

Ym,n = [hm (Z)] €m,n

where ((€m,n)nez)m>1 are mutually independent i.i.d. Nc(0,1) sequences, and
by (2)
QAm, (z) ’ .
in the closed unit disk D. Moreover, sup,,,~; max(deg(a, ), deg(bn,)) < +0o0, and
if (2k,m)k=1,....deg(bn) AN (Dk,m)k=1,...,deg(a,) are the zeros of by, and a,,, then
we should have

where h,,(z) = @, and b, being 2 polynomials having no pole nor zero

inf inf dist(zg m,D) > 0, inf inf dist(pg,m,D) >0
m>1"k m>1 k

SUp Sup | 2k,m| < 00, sup sup |pgm| < +oo.
m>1 k m>1 k

Tt is easy to check that (1.18) holds for each vy > 0, and that (1.17) is verified
as well.

Notations. A zero mean complex valued random vector y is said to be
Nc(0,X) distributed if E(yy*) = ¥ and if each linear combination x of the
entries of y is a complex Gaussian random variable, i.e. Re(z) and Im(z) are
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independent Gaussian random variables sharing the same variance. If z is a
random variable, we denote by z° the random variable defined by

x° =z — E[z]. (1.20)

If Aisa P x @ matrix, |A|| and ||A|r denote its spectral norm and Frobe-
nius norm respectively. If P = @ and A is Hermitian, A;(A) > ... > Ap(A) are
the eigenvalues of A. The spectrum of A, which is here the set of its eigenvalues
(A(A))k=1,....p, is denoted by o(A). For A and B square Hermitian matrices,
if all the eigenvalues of A — B are non negative, we write A > B. We define
ReA = (A + A%)/2 and ImnA = (A — A*)/2 where A* is the conjugate
transpose of matrix A.

CP represents the set of all real-valued functions defined on R whose p
first derivatives exist and are continuous, and C? is the set of all compactly
supported functions of CP.

We recall that S(v) represents the M x M diagonal matrix
S(v) = diag(s1(v),...,sm(v)). We notice that S depends on M, thus on
N (through M := M(N)), but we often omit to mention the corresponding
dependency in order to simplify the notations. In the following, we will denote
by ym the N-dimensional vector y,, = (Ym.1,- - Ym.nN)" -

A nice constant is a positive a constant that does not depend on the
frequency v, the time series index m, the complex variable z of the various
resolvents and Stieltjes transforms used throughout the paper, as well as
on the dimensions B, M and N. A nice polynomial is a polynomial whose
degree and coefficients are nice constants. If z € CT and if P, and P, are two
nice polynomials, terms such as Pi(z)P:(;;) play an important role in the
following. C' and C(z) will represent a generic notation for respectively a nice
constant and a term Py(z)P2(52;), and the values of C' and C(z) may change
from one line to the other.

If (an)n>1 and (by)n>1 are two sequences of positive real numbers, we
write ay << by if ‘;—g — 0 when N — +o0.

We also recall how a function can be applied to Hermitian matrices. For a
M x M Hermitian matrix A with spectral decomposition UAU* where A =
diag(Am,m = 1,...,M) and the (Ay,)m=1,...m are the real eigenvalues of A,
then for any function f defined on R, we define f(A) as:

f(A)
f(A)=U U*
fFOwr)

C™T is the upper half-plane of C, i.e. the set of all complex numbers z for
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which Im z > 0.

For 11 a probability measure, its Stieltjes transform s, is the function defined

on C\ Supp u as
\ Supp N
su(z) = /7)\‘ . (1.21)

We recall that 1
|su(2)] < — (1.22)

“ Imz
for each z € CT. Moreover, if u is carried by R, then for any a > 0, function

—m is also the Stieljes transform of a probability distribution carried

by R, a property which implies that

1 ||
—_— — 1.23
’ 1+asu(z)| ~ Imz (1.23)
for each z € C* (see [15], Proposition 5-1, item 4).
If A\1,..., Ay denote the eigenvalues of an Hermitian matrix A and if p :=

ﬁ Zf\il 0y, denotes the empirical eigenvalue distribution of A, then we have
the following relation:

5u(2) = 7 Qa2)

where Qa (z) represents the resolvent of A defined by
Qa(z) = (A —zIy) " (1.24)

We finally mention the following useful control for the norm Qa. For each
z € CT, we have
1
1Qall < — (1.25)

“Imz’
1.6. Overview of the paper

We first recall in Section 2 useful technical tools: in Paragraph 2.1, the concept
of stochastic domination adapted from [13] which allows to considerably simplify
the exposition of the following results, in Paragraph 2.2 some useful properties
of the extreme eigenvalues and of the resolvent of large Wishart matrices, two
well-known Gaussian concentration inequalities expressed using the stochastic
domination framework in Paragraphs 2.3 and 2.4, and the Helffer-Sjostrand for-
mula in Paragraph 2.5. We establish in Section 3 the stochastic representations
(1.13) and (1.14) of C(v) and C(v). In Section 4, we prove for each v the con-
centration of [y (f,v)| defined by (1.11), and indicate how it is possible to
estimate the term ry(v) in order to keep equal to uy the rate of convergence
of the statistics ¢ (f, ) obtained by replacing rn(v) by #x(v) in (1.11). In
Section 5, we establish Lipschitz properties for the functions v — ¥ (f,v) and
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v — n(f,v) that allow to establish the concentration of sup, [¢n (f, )| and
sup, |¥n (f,v)|. We finally provide in Section 6 some numerical simulations that
support our results.

2. Useful technical tools
2.1. Stochastic domination

We now present the concept of stochastic domination introduced in [13]. A nice
introduction to this tool can also be found in the lecture notes [2].

Definition 2.1. Stochastic Domination. Let
X=XMw):NeNueUM), v=0MNM@w):NecNueUM)

be two families of nonnegative random variables, where UN) is a set that may
possibly depend on N. We say that X is stochastically dominated by Y if for all
(small) € > 0, there exists some v > 0 (which of course depends on €) such that:

p {X(N)(u) > N€Y<N>(u)} < exp—N"

for each w € UN) and for each large enough N > Ny(€), where Ny(€) is inde-
pendent of u, or equivalently

sup P [X(N) (u) > N°YW) (u)} <exp—N". (2.1)
ueU )

for each large enough N > Ny(e€). If X is stochastically dominated by Y we

use the notation XN (u) < YN)(u). To simplify the notations, we will very

often denote X(N) < YN) or X <Y when the context will be clear enough.

Moreover, if for some complex valued family X we have | X| <Y we also write

Finally, we say that a family of events = = E(N)(u) holds with exponentially
high (small) probability if there exist No and v > 0 such that for N > Ny,
P[En(u)] > 1 —exp—N" (P[Ex(u)] < exp —N7) for each u € UN).

Remark 2.1. Suppose (Xn)nen @8 a sequence of positive random variables,
satisfying Xy < anN€¢ for any € > 0 for some positive real numbers sequence
(an)nNen- It turns out that this precisely means that Xy < an. Indeed, consider
an arbitrary € > 0. By the stochastic domination property of X, one can take
€ such that 0 < € < € and write

P XN>aN><N€'}§P Xy >an x NSx N°~¢| <P[Xy > ay x N¢
>1

which goes to zero exponentially since Xy < anN€ for the € chosen. This argu-
ment will be used in the proof of Lemma 4.2.
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Lemma 2.1. Take four families of non negative random wvariables X1, Xa, Yy
and Yy defined as in Definition 2.1. Then the following holds:

X1 <Y and Xo <Yy — X7 +Xo <Y1 +Y5 and X1 X5 < Y1Y5.

We omit the proof of this lemma.

Remark 2.2. Note that Definition 2.1 is slightly different from the original one
[13] which states that the left hand side of (2.1) should be bounded by a quantity
of order NP for any finite D > 0. In the present paper, all the random variables
are Gaussian, and exponential concentration rates can be achieved.

2.2. Properties of the eigenvalues and of the resolvent of large
Wishart matrices

In this paper we will at multiple occasion use properties of the eigenvalues of

matrices Xg va where X is a M x (B+1) complex Gaussian matrix with i.i.d.
Nc(0,1) entries when M = M(N) and B = B(N) follow Assumption 1.3.

2.2.1. Concentration of the largest and the smallest eigenvalues

We first recall concentration results of the largest and smallest eigenvalue of
XXX due to [14]. We have for any € > 0

B+1
P {)\M (’;me <(1—vo?— e} < (B41)exp—C(B+ 1) (2.2)
PP1<§ff?>>(1+¢a?+% < (B+1)exp—C(B+1)e* (2.3)

for some nice constant C.
Consider for € > 0, the e-expansion of the support of the Marchenko-Pastur

distribution ug\ff)P:

Supp 7 + €= [(1 = V&) — €, (1 +ve)? + €]

and the event:

X v X5 .
Ane= {0 <B—|—iv) - Supp,ugw)P + e} . (2.4)

It is clear that using (2.2) and (2.3), An. holds with exponentially high
probability for any € > 0. This will be of high importance in the following since

it will enable us to work on events of exponentially high probability where the
Xy X%

BT and the norm of its inverse are bounded.

norm of
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Eventually, the following (weaker) statement is a simple consequence of the
equations (2.2) and (2.3), which will sometimes be enough in the following:

X v X5 1
A ( N) + — < L (2.5)
B+1 s (Xgﬁw)

We finally notice that if we consider a family Xy (u) € CM*(B+1) with i.i.d.
Nc(0,1) entries, u € UN) | where UY) is a certain set possibly depending on
N, then (2.2) and (2.3) hold for each u € U™) because the constant C in (2.2)
and (2.3) is universal. This implies that the stochastic domination (2.5) is still
verified by the family Xy (u), u € UN). Moreover, the family of events Ay . (u)
defined by (2.4) when X is replaced by Xy (u) still holds with exponentially
high probability.

Xy X%
BF1

2.2.2. Asymptotic behaviour of the resolvent of

We next review known results related to the asymptotic behaviour of the resol-
vent Qn (z) of matrix ngg" that can be deduced from standard Gaussian tools.
The Poincaré-Nash inequality (see e.g. [30, Proposition 2.1.6] in the Gaussian
real case and Eq. (18) in [16] in the complex Gaussian case) implies immediately

that the following Lemma holds.

Lemma 2.2. Consider deterministic M x M and (B + 1) x (B + 1) matrices
A and A. Then, it holds that

1 i Clz) 1 N
Var Mtr AQy(z) < e Mtr AA (2.6)
1 XAX* Clz) 1 -
il i < * .
Vathr < Brl QN(Z)> < S B+1tr AA (2.7)

fori=1,2

We recall that C(z) represents a generic notation for Py (z)Ps(y4;) where Py
and P, are nice polynomials.

The integration by parts formula states that if h(X,X*) is a C! function of
the entries of X and X* with polynomially bounded first derivatives, then, it
holds that

Oh } . (2.8)

E(X,;;h(X,X*)) = E|X,;|°E {(X,X*)
3Xij
(2.8), in conjunction with the Poincaré-Nash inequality, allows to evaluate easily
the asymptotic behaviour of the entries of E(Qn(2)) (see e.g. [30]). We first
notice that properties of the distribution of matrix X immediately imply that
E(Qn(2)) is reduced to Bn(z)Ip where Sy (2) coincides with E(Qun m(2)) for
each m. Then, it holds that

Bn(z) =tn(z) + en(2) (2.9)
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C(2)
M2

Stieltjes transform of the Marcenko-Pastur distribution ME\ZNP)' In other words,
tn(z) is the unique Stieltjes transform satisfying the equation

tn(z) = ;1 (2.10)

—Z+ 1+cNtN(Z)

where the error term ey(z) verifies |en(z)] < and where ty(z) is the

It is also convenient to define #(z) by

t = — 2.11

ME) = T enin () 211)
so that tx(2) is also given by

tn(z) = L (2.12)

21 +in(2)

It is well-known that fx(z) is the Stieltjes transform of the probability
distribution chﬁ\cﬁ) + (1 —cn)dp.

We finally mention that E(Q'y(2)) = E(Q%(2)) = By (2)Ia (where ’ stands
for the derivative w.r.t. z), and that €y (z) = By (z) — ty(2) still satisfies

ey (2)] < C;\;). (2.13)

2.3. Concentration of functionals of Gaussian entries

It is well-known (see e.g. [34, Th. 2.1.12]) that for any 1-Lipschitz real val-
ued function f defined on RM and any N-dimensional random variable X ~
N(0,Iy), there exists a universal constant C' such that:

P[lf(X) = Ef(X)| > t] < Cexp—Ct>. (2.14)

This inequality is still valid when X ~ N¢(0,Iy): in this context, f(X) is re-
placed by a real-valued function f(X,X*) depending on the entries of X and
X*. f(X,X*) can of course be written as f(X,X*) = f(v2Re(X), v2Im(X))
for some function f defined on R?N. As (v2Re(X),v2Im(X)) is N (0, Iox)
distributed, the concentration inequality is still valid for f(X,X*) =
f(v2Re(X), v2Im(X)). We just finally mention that f, considered as a func-

tion of (X,X*), and f have Lipschitz constants that are of the same order of

magnitude. More precisely, if we define the differential operators % and % by

9_0 9 9_09 .0
dz Ox 0y 0z Oz Oy
we can verify immediately that

Y (] of of
> (%

p oX;

| I”.

¥

2
=[[(Vf)xx " =4V f
) I¢ f)( X") | ( f>(\/§Re(X),\/§Im(X))
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Within the stochastic domination framework, the concentration inequality
(2.14) implies that for a family Xy (u) ~ N (0,Iy) for u € UN):

[f(Xn(uw) —Ef(Xn(u)] <1
The proof is immediate: consider € > 0 and obtain that
P[lf(Xn () — Ef(Xn(u))| > N < Cexp ~CN*
for each u as expected. This result can easily be extended in the complex case,

ie. when Xy (u) ~ Nc(0,Ix).

2.4. Hanson-Wright inequality

The Hanson-Wright inequality [32] is useful to control deviations of a quadratic
form from its expectation. While it is proved in the real case in [32], it can
easily be understood that it can be extended in the complex case as follows: let
X ~ Nc(0,Ix) and A € CN*N, Then

2
P[[X*AX — EX*AX| > ] < 2exp —Cmin ( f 7t> . (2.15)
IAlE A

We now write (2.15) in the stochastic domination framework. Consider a

family of independent N¢(0,1) random variables (X, (u))n=1,.. n where u €

UWN) and a sequence of N x N matrices AN (u) that possibly depend on w.

Take € > 0 and t = N¢||Ax(u)||r. Since [|[Ax(u)| > 0, ||Ax(u)||F > 0, and
[AN(u)]| < [|An(u)]|F:

N £ (AWl o A
(|AN<u>||’||AN<u>|2F> (N TAn(l AN(u)II%>

> min(N¢, N%) = N°©.

Denote Xy (1) = (X1(u), ..., Xn(u)T. For any u € UM it holds that:

PIXN(u) Ay (u) Xy (u) — EXy (u) A (u)Xn (u)] > N Ax (u)]|F]
<2exp—-CN°. (2.16)

We can therefore rewrite (2.16) as the following stochastic domination:

[ XN (u) Ay (u) Xy (u) — EXR (u) An ()X (u)] < | A (w)]lF- (2.17)
2.5. Helffer-Sjostrand formula
If p is a probability measure, the Helffer-Sjostrand formula can be seen as an

alternative to the Stieltjes inversion formula that allows to express [ fdu in
terms of the Stieltjes transform s, (z) of 11 (see (1.21)) when f is a regular enough



P. Loubaton and A. Rosuel/Coherency matrices of high-dimensional time series 20

compactly supported function. In order to introduce this tool, we consider a
class C**1 compactly supported function f for a certain integer k, and denote
by @, (f) : C — C the function defined on C by

k

D (f)(x + iy) )p(y)

=0

where p : R — RT is smooth, compactly supported, with value 1 in a neighbour-
hood of 0. Function ®4(f) coincides with f on the real line and extends it to
the complex plane. Let 0 = J, + i0y. It is well-known that

i k
00 (1) (o + i) = UL 00 ) (2.18)

(a proof of this result can be found in [9] or [18]) if y belongs to the neighbour-
hood of 0 in which p is equal to 1. The Helffer-Sjostrand formula can be written
as

/fd,u = %Re /c+ 0P (f)(2)s,(2) dz dy. (2.19)

In order to understand why the integral at the right hand side of (2.19) is well
defined, we take, to fix the ideas, p € C* such that p(y) = 1 for |y| < 1 and
p(y) = 0 for |y| > 2, and denote by [a1, as] an interval containing the support
of f. Then, it appears that the integral on CT is in fact over the compact set
D= {z+iy:x € [a,a),y € [0,2]}. Moreover, as |s,(z)| < % if z € D (see
(1.22)), (2.18) for k = 1 leads to the conclusion that

0%k (f)(2)su(2)] < C

for z € {x + iy € D,y < 1}. Therefore, the right hand side of (2.19) is well
defined.

We finally mention that the Helffer-Sjostrand formula remains still valid for
any compactly supported distribution D (see e.g. [26], section 9). The Stieltjes
transform of D, denoted by sp(z), is deﬁned for each z € C* as the action of
function A — (2) =< D, & >, and verifies

1
A—z
s <€ (1+ 7=
sp(z —_
A= (Imz)mo
for each z € Ct where ng is related to the order of the distribution. We refer
the reader to [5] (Theorem 4.3) and the references therein for more details on

Stieltjes transforms of distributions. Then, if f is a C* function supported by
[a1,a2], < D, f > is given by

<D, f>= %Re/p 0%(f)(2)sp(z) dedy (2.20)

for k > ng. We also recall that an alternative expression for < D, f > is given
by the Stieltjes inversion formula, also valid for distributions, i.e.

<D,f>=— hm / FA) Imsp (A + dy) dA. (2.21)

T y—0
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3. Stochastic representations of C(v) and C(v)

The first step is to show that C(v) and C(v) can be approximated by the sample
covariance matrix of a sequence of i.i.d. Gaussian random vectors, and to control
the order of magnitude of the corresponding errors. This is the objective of the
following result.

Theorem 3.1. Under Assumptions 1.1, 1.2, 1.3 and 1.4, for any v € [0,1], it
exists a M x (B +1) random matriz X (v) with Nc(0,1) i.i.d. entries, and two
matrices (An(v), An(v)) such that:

vy = XXM A, jaxmil< 2 (3.1)
Cvr) = ZEE L Avw) JAv0II< 5+ 62

Remark 3.1. Therefore, up to small additive perturbations, Cn(v) and Cy(v)
appear as empirical covariance matrices of i.1.d. Nc(0,1p) random vectors. We
thus expect that Cn(v) and Cn (v) will satisfy a number of useful properties of
empirical covariance matrices of i.i.d. Nc(0,1) random vectors.

In particular, Theorem 3.1 allows to precise the location of the eigenvalues
of Cn(v) and Cy(v). In order to formulate the corresponding result, we define

some notations. We introduce the events Agye(u) and A%e(u) defined by

AS. () = {o(Cn(w)) C Suppullp + €} (3.3)
Agﬁ(y) = {U(CN(V)) C Supp NS\Z)P + €} (3.4)

Then, we establish in the following the Corollary:

Corollary 3.1. For each € > 0, the family of events Agye(y), N >1,ve|0,1]
and Ag,e(y), N > 1,v € [0,1] hold with exponential high probability.
Remark 3.2. In the following, we will often omit to mention that
the warious matrices under consideration depend on N and v. Ma-
trices Cn(v),Cn(v), Xn(V),AN(V),... will therefore be denoted by
C(v),C),X(v), A(v),... or C,C,X, A,.... We will also denote A%ye(l/) and
A%ye(u) by AC(v) or A€ and A?(V) or A?.

The proof of Theorem 3.1 will proceed in three steps: first we provide the
result for matrix C(v), then control the deviations between diag(S(v))~2 and

diag(S(v))~ 2, and eventually extend the stochastic representation of C(v) to
C(v).

3.1. Step 1: Stochastic representation of C

In order to establish (3.1), we prove the following Proposition.
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Proposition 3.1. Under Assumptions 1.1, 1.2, 1.3 and 1.4, for any v € [0, 1],
there exist a M x (B + 1) random matriz Xy (v) with Nc(0,1) i.i.d. entries,
and another matriz 'y (v) such that:

. Xy () +Tn () Xn () + Ty ()

C = .
~n() B+1 (3.5)
where the family of random variables %, v €10, 1] verifies
B+1 N2’ '
Proof. Denote by X the M x (B + 1) random matrix defined by
B B
Y= <£y(V—2]V),,£y(V+2]V)> (37)

where we recall that the normalized Fourier transform £ is defined in (1.2),

so that S defined in (1.1) is equal to £X*/(B + 1). Denote by w,, the m-th
row of X. In other words, w,, coincides with the (B + 1)-dimensional Gaussian
complex row vector defined by:

B B
Wy = <§ym(1/ ﬁ),...,gym(l/Jr 2N)) )

The covariance matrix E[w},w,,] of w is given by:

. bl § b2 B/2
Eivton] = ({6l + 60 )
1,bo=—B/2

By Lemma A.1 in Appendix, we have for b and by # bs:

o )]+ (2)
E {gym(u + bﬁl)*&;m(v + ?\2[)} =0 (Jif)

where the error is uniform over m > 1 and v € [0, 1]. Therefore one can write
that there exists some Hermitian matrix Y, (v) and some nice constant C' such
that:

Elw!, w,] = diag <sm (1/+ ]I\)[) :b=-B/2,.. .,B/2) +Y,,

where Y,, satisfies

=

sup <

m=>1,b1,b2

(‘rm)bl,bg
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Moreover, the regularity of the applications v +— s,,(v) specified in Assump-
tion 1.4 implies that there exists quantities ¢, such that:

b b 1, b b
sm(v + N) = sm(V) + 5, (V) N + 5 S (V) (N)z +em(v + N)

where:

b B\’
sup sup em(v+ =) <C <>
m>1 —B/2<b<B/2 fem N)| N

for some nice constant C'. Therefore, it holds that

diag <sm(l/—|— %) b= —B/2,...,B/2)
= $m(V)Ipy1 + s, (v) diag (Jl\’[ :b=—-B/2,.. .,B/Q) +
%s;;(y) diag ((;)2 :b=-B/2,.. .,B/2) +

diag <em(1/ + %) b= —B/2,.. .,B/2> .

If we define matrix ®,, as:

1 b
P, = — [Tm + diag (sm(u+ —)—sm(v): b= —B/2,...,B/2)]
Sm N
then E[wfnwm] = Sm (IB+1 —+ (I)m) Wlth
C CB
su b, < —, su P, < 3.8
.- (@)ool < szbK Jobl < — (3.8)
as well as s
1 18 (v) B 1
—tr &, = - O — — 3.9
Byl T e, )N T ((N) +N) (39)

where we recall that vy is defined by (1.5). The spectral norm of ®,, can be
roughly bounded by the following inequality:

B/2

B
swp @l <swp s S (@), <O
m>1 m>1-B/2<h<B/2) "5,
Moreover, it is easily checked that the Frobenius norm of g ) verifies
P, VB
— <C—=0 . 3.10
5] <o - 0w (3.10)

Using the Gaussianity of vector w,, and the expression (3.8), we obtain that
w,, can be represented as

Wi = /5 Xm T+ 8,02 % ~ Ne(0,Ip41) (3.11)
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where X,,, and X,,, are independent for m; # mgy. This comes from the mutual

independence of the time series ((Ym,n)nez)m=1,....m- It is clear that (I + <I>m)1/2

can be written as
I+@,)/ =1+, (3.12)

where matrix ¥, verifies

B
v |l<C—= 1
sup [ @] < O (3.13)
Therefore, it holds that:

Wm = VSmXm (I + ‘I’m) = \/%(Xm + Xm‘I’m)

We denote by X and I the M x (B + 1) matrices with rows (X, )m=1,....m, and
(Xm‘I’m)m:L...,M respectively. Then, it holds that

Y =diag (v/sm,m=1,...,M) (X +T) (3.14)

where we recall that X is defined by (3.7). We recall the definition of matrix C
given by

Cc = diag( sm,mzl,...,M)*l/QSdiag( sm,mzl,...,M)*1/2(3.15)

¥y
= diag( sm,mzl,...,M)_l/QTHdiag( Smom =1,...,M)"1/2,

The representation (3.14) implies that C can also be written as

s (X+ID)(X+TI)*
C= B+1

Equivalently, for each m1,ma, the entry (C)um, m, is given by

1 *
(C)ml,m2 = THXml (I + (I)ml)l/2 (I + (I)mz)l/zxmg' (316)

This completes the proof of (3.5). It remains to show (3.6). We denote by Z
the M x M matrix Z = %HFF*. As ||Z|| verifies

IZ]| < ||z — EZ|| + |[EZ]|

it is enough to prove the two following facts:

B2
IEZ|| < C 5 (3.17)
B2
1Z - EZ| < Nz (3.18)
We start with (3.17). The definition of T' leads to
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so that it is clear that E[Z] is the diagonal matrix with diagonal entries
(%Htr W, U, )m=1,.. M- By the estimation in equation (3.13), we easily have
(3.17).

It remains to prove (3.18). We use the observation that |Z — E[Z]|| =
max| =1 |h*(Z — E[Z])h[, and use a classical e-net argument that allows to de-
duce the behaviour of ||Z —E[Z]|| from the behaviour of any recentered quadratic
form g*Zg — Eg*Zg where g € CM is a deterministic unit norm vector. We thus
first concentrate g*Zg — Eg*Zg using the Hanson-Wright inequality (2.17). For
this, we need to express g*Zg as a quadratic form of a certain complex Gaussian
random vecto(r )With ii.d. entries. We denote by z the M—dimensional random

T*(v)g

vector z = =3 Its covariance matrix G = G(v) is equal to

.....

1 M
G(v) =Elzz’] = 5 D lem P (¥ (v) T (v).

Therefore, z can be written z = G'/?w for some w ~ N¢(0,I,7) random vector.
As a consequence, the quadratic form g*Zg — Eg*Zg can be written as

g"Zg — Eg*Zg = w'Gw — Ew"Gw.
The Hanson-Wright inequality (2.17) can now be applied:
[w'Gw — Ew*'Gw| < ||G| . (3.19)

Since Z%Zl lgm|? = 1, it is clear that |G| < BLHsupm:Lm’M 1%, (v)]2.
Therefore, (3.13) and the rough evaluation ||G|% < (B + 1)||G|? leads to

1 (BY° 1 /B\"
lcl=ogir(x) - lek=cg(3) 6

The substitution of (3.20) in equation (3.19) gives the following control of
g'Zg — Eg'Zg: ,
|lg*Z Eg*Zg| < 1 (B> (3.21)
g 4g g 48 VB \N .
Consider € > 0, and an e-net N, of CM | that is a set of CM unit norm vectors
{hy : k = 1,...,K} such that for each unit norm vector u € CM_ it exists a
vector h € N, for which |[ju — h| < e. It is well known that the cardinal of N,
is bounded by Cj (%)QM where Cj is a universal constant. Then, denote g, a
(random) unit norm vector such that |giZg, — EgZg,| = ||Z — EZ||, and define
h, € N, as the closest vector from g,. Therefore, we have

1z —E2Z| = g} (Z — EZ)g.|
— |(g - bl +h%)(Z — EZ)(g, — h, + h,)|
< |(g! — h2)(Z — EZ) (g, — hy)| + |(g] — h%)(Z — EZ)h,|
+ |bi(Z — EZ)(g, — hy)| + [}(Z — EZ)h,].
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It is clear that:
(g% —h})(Z — EZ)(gs — h,)| < €°||Z - EZ||
|(g" — h?)(Z — EZ)h,| < €||Z — EZ||

and
|Z — EZ| < |hi(Z — EZ)h,| + &2|Z — EZ| + 2¢|Z — EZ|

which leads to
(1 -2 — )12 — EZ| < |hi(Z — EZ)h,].

This implies that for each ¢ > 0,
{IZ - EZ|| > t} C Unen{

where C7 = (1 — 2¢ — €2). Using the union bound, we obtain that

h*(Z — EZ)h| > C1t}

PIZ—EZ|| >t < > P[h*(Z—EZ)h|>Cit]. (3.22)
heN.

Here, we would like to use equation (3.21) to conclude. By the definition of <,
(3.21) is valid uniformly on any set of vector with cardinality polynomial in N.
Here, the cardinal of the set N, is a O(e=2M) term and therefore exponential
in M. As a consequence, we have to accept to lose some speed when going from
the stochastic domination of |g*(Z — EZ)g| for a fixed g to the same stochastic
domination but uniformly over V..

More precisely, write again (3.21) but here without the notation < in order
to understand precisely how a change in speed affects the probability. Take ¢y a
sequence of positive number such that ¢y > B?/N2. Using the estimates (3.20)
of |G|l and ||G||%, and the fact that min(ai,as) > min(b1,bs) when a; > by
and ap > by, we obtain that there exist some nice constant C' > 0 such that:

2
(&) = ommn (v (5) (0 (5)
min | ——, >CBmin [ty (= | ,|in| =
(llGll IGII% B B
N2

Pllg* [Z —EZ)|g| > Citn] < 2 exp {CB(;/JJVV)?}

The Hanson-Wright inequality (2.15) provides:

for some nice constant C that depends on C;. Eventually, the union bound on
N, gives:

P(IZ-E(Z)| >ty] < Y P[h*(Z—EZ)h| > City]
heN,

tn 1
<2 —CB———+——= +2Mlog— ;. 2
< C’oexp{ C (B/N)2+ oge} (3.23)
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If we take ty = N¢ (B2/N?), then, it exists v > 0 such that

tn 1
—CB———=+2CMlog—; < —N7
exp{ C (B/N)2+ C oge}_exp

holds for each N large enough. (3.22) thus implies (3.18). This completes the
proof of (3.5). O

Corollary 3.2 is a rewriting of Proposition 3.1 in a more concise way. Define:

XTI +I'X* +I'T”

A = 3.24
B+1 ( )
Corollary 3.2. For any v € [0,1], C(v) can be written as
2o - XWXEW) X
where the family of random variable ||A(v)||, v € [0,1] verifies
~ B
A —. 3.26
1A= 2 (3.26)

Proof. Let v € [0,1]. By equation (3.6) from Theorem 3.1 and equation (2.5)
from Paragraph 2.2, we have the two following estimates:

il B Xl

<=, —— =<1
vB+1 N /B+1
The result is immediate using decomposition A from (3.24): O

We now take benefit of Corollary 3.2 to establish the first part of Corollary
3.1 and to analyse the location of the eigenvalues of matrices S. We denote by D
and D the matrices D = D(v) := diag(S(v))2 and D = D(v) := diag(S(v))z.
Denote by § and s the quantities such that:

s:= inf inf s,,(v), §:=sup sup sy, (v
m>1ve[0,1] m( ) m>1ve[0,1] m( )

which are by Assumption 1.4 in (0,400). We consider the event:
A?(V) = {U(S(V)) C Supp uS\Z)P X [s,5] + 6} (3.27)

where the notation Supp ,ug@)P X [s, 8] stands for [(1 — \/c)?s, (1 + 1/¢)?5]. Note
that in our settings, ¢ € (0, 1) so Supp uﬁp is bounded and away from zero. In

conjunction with Assumption 1.4, the same holds for Supp ,uS\CI)P X [s, 5]. We also

note that AGS(V) of course depends on N.

Corollary 3.3. For any € > 0, the families of events A?(u), v € [0,1] and
AS(v), v € [0,1] hold with exponentially high probability.
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Proof. Equation (3.25) implies that

XX* o . XX~
— ATy < € <
Br1 1A =Cs 5

+ | ATy

Therefore, the event {\;(C) > (1++/¢)? + ¢} is included in {)\1(%) +|A] >
(14 /c)? + €}, which is itself included into

{)\1(;(1(*1) > (14++e)? + 6/2} U {||A\| > e/z} .

Therefore,

XX
B+1

P[Al(é)>(1+ﬁ)2+e} gP[Al( )>(1+\/E)2+e/2]

+P [||A|| >e/2}.

Equations (2.3) and (3.26) imply that P [)\1(@) > (14 /) + e} converges to-
wards 0 exponentially. A similar evaluation of P [)\ m(C) < (1—+/c)? - e] leads

to the same conclusion. This, in turn, establishes that Aeé(v), v € [0,1] holds
with exponential high probability.

In order to establish that the same property holds for AES(I/), v € [0,1], we
just need to write (1.12) as S = DY/2CD'/2. Therefore, for each k =1,..., M,
the eigenvalues of S verify

s A (C) < M(S) < 50 (C).

This, of course, implies that AGS(I/), v € [0, 1] holds with exponential high prob-

ability (indeed, one can change € to ¢ such that (Supp ug\?P +€) x [s,8] C

Supp NS\?P X [s,3] + €.
O

Remark 3.3. Corollary 3.3 implies the following weaker property, which will
be useful: R
IS(@)] < 1. (3.28)

Before ending the section and proving Theorem 3.1, we need some stochastic
control on the diagonal elements of S in order to evaluate ® defined by

e.=C-C. (3.29)
Using the definition of C from (1.3) and C from (1.12), © can be written as

® = (D 2D Y3H)SD V2L D V/2§(DV/2 - D1/?), (3.30)
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Since we proved that ||S|| < 1, it remains to show that [|[D~'/2|| and |[D~1/2 —
D~ 1/2 || can also be stochastically dominated by some relevant quantity in order
to control ||@]|. Define

8m (V) == S (V) (3.31)

the diagonal elements of S(V) spectral density estimator (note that they coincide
with the traditional smoothed periodogram estimator of the spectral density
Sm). The aim of the following Paragraph 3.2 is to establish stochastic domination
results for §,,, [D~/2|| and |D~/2 — D~1/2|.

3.2. Step 2: Estimates for §,,(v)

We write s, (V) := sy, D(v) := D, in order to simplify the notations. Define as
in (3.27) the following quantity

AP(v) = {o(D(v)) C [s. 5] +¢}. (3.32)
Lemma 3.1. Let € > 0. The family of events AP(V),V € [0,1] holds with
exponentially high probability.
Proof. See Appendix A.2. O

Roughly speaking, this ensures that with exponentially high probability, §,,
stays bounded and away from zero. This result implies the following (weaker)
statement, but will still be enough for some proofs and reduces the complexity
of the arguments.

Lemma 3.2. The family of random variables (|5, (V)| + m)mzlw% v e

[0, 1], verifies
1
<|§m + > < 1.
|3

Proof. Immediate from Lemma 3.1. U

Lemma 3.3. The set of random variable (|3,,(v)" Y% — 83 () V2 )inz1, s
and (| smly) _ m=1,...m, v € [0,1], verifies

gwl(y)

e _ 1 B? Sm 1 B?

|Sml/278m1/2‘<ﬁ+m, ’\/;1'<\/§+]\72 (333)
Proof. See Appendix A.3 O

3.3. Step 3: Stochastic representation of C

We are now in position to prove the result concerning C of Theorem 3.1 and of
Corollary 3.1.
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Proof. We have first to control the operator norm of:

A-e XX _¢6 e XX

_ - A. .34
Btl Br1 °F (3.34)

The operator norm of || A|| has already been proved in Corollary 3.2 to satisfy

A < (£). Moreover, recall that © can be written as a function of D-1/2 —

D~'/2 in (3.30), so that one can use Lemma 3.2 and Lemma 3.3 to dominate
each term and get:

B2
(C) 3.35
0] < =+ 33 (335)

Summing the estimate of ® and the one of A, one get:
B
A

1Al < 2=+ 5

which is the desired result. O

As a consequence, we state here Corollary 3.4 about the localization of the
eigenvalues of C(v).

Corollary 3.4. For each € > 0, we define A?(V) as the event
W) = {o(C)) < Supp i + e} (3.36)

Then, the family of events A? (v),v € [0,1] holds with exponentially high prob-
ability.

Proof. We simply write:

XX - XX
—|A|Iy < C <L Al
S Al £ €5 2o+ Al
and use the same arguments as in the proof of Corollary 3.3. O

4. Stochastic domination of the family ¥n(f,v), N > 1,v € [0,1]

We have first to define the distribution Dy introduced in the definition (1.11)
of ¥ (f,v). For this, we consider the function py(z) defined by

en (ztn(2)tn(2))3
1—c(ztn(2)tn(2))?

where we recall that ¢y and fy are defined by (2.10) and (2.11). Then (see
Lemma 9.2 in [26]), pn is the Stieltjes transform of a distribution whose sup-

port is contained into the support Supp u(CN) (1= Ven)? (1 + ey)?] of

(CN)

pn(2) = — (4.1)

the Marcenko-Pastur distribution pu;, . This distribution is Dy introduced in
(1.11). In the following, we consider LSS for function f satisfying the following
assumptions.
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Assumption 4.1. f is defined on Ry and there exist some € > 0 such that its
restriction on Suppg\fI)P “+e is C*.

We now state the main result of this section.

Theorem 4.1. Let f be an application satisfying the conditions of Assumption
4.1. Then, under Assumptions 1.1, 1.2, 1.8 and 1.4, the family |Yn(f,v)|, N >
1,v € [0,1] verifies
[on (f, V)] < un. (4.2)
Before starting the proof of Theorem 4.1, we first mention that it is suffi-
cient to establish (4.2) when f is compactly supported by a neighbourhood of
Suppu . To justify this claim, we consider k > 0 and define xy : R — R as a
C> functlon such that:

{1 if A € Supp uS\Z)P +x

)\ =
X3 0  if A ¢ Supp uM)P + 2k.

(4.3)

We consider function f given by f = fxx. Then, as ¢y — ¢, for N large enough,

Supp u( ) is contained in Supp uﬁp + k. Therefore, f = f on Supp ug\fl’}) for

N large enough, and it holds that < Dy, f >=< Dy, f > and ffdug\jNP) =
ffduMP For each € > 0, we express P(|[tn(f,v)| > Nuy) as

P(low (f)] > Neun)
= P(low (f:0)] > Nun, A (W) + P(lon (f,v)] > Neun, (AT ())°)
< P(Yw (f.0)] > Nuw, ASW)) + P (A€ ())°)
P(lv (f )] > Neun) + P (AS(1))°)

where the last inequality follows from the observation that ﬁtr f(C) =
tr f(C) on AS(v). Moreover, the family of events A€ (v) holds with expo-
nential high probability, which implies that P ((AS (1/))“) converges towards 0
exponentially. Therefore, [y (f, )| < ux implies (4.2) as expected. From now
on, we thus assume that function f is supported by Supp ,u(c) + 2k

In order to establish (4.2), we evaluate the four terms of the righhandside of
(1.15).

4.1. Step 1: Evaluation of E [ﬁ’ﬂ' (f(%j_?"m )} Jos Fdppy (CN)

We evaluate this term using the Helffer-Sjostrand formula. We keep the nota-
tions of paragraphs 2.5 and 2.2: we assume that the support of f is included
into [a1,as] with a1 = (1 — /cy)? — 2k and a2 = (1 + /ey)? + 2k. More-

over, the resolvent of matrix ngf” is denoted Qu(z) (we omit to mention
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that the matrices depend on v), and By (z) represents E((Qn(2))mm) for each
m. We also denote by en(z) the error term defined by (2.9) which satisfies
len(2)] < 572 P1(|2]) P2(52;) on C* for some nice polynomials Py and Ps. Then,
for k > deg(Pg) it holds that

[ ()] - o

= ~Re [ 00(1)(:) ()~ t(2) dedy

where D is defined as in paragraph 2.5. [, |09« (f)(2)| Pi(|2])P2(52z) de dy is
finite, and by (2.9), the following bound holds:

el ()] [ i

C
MQ/ |(9(I>k |P1| |P2( )dIdy_B

for some nice constant C'. We have therefore established the following result.

Lemma 4.1. [t exists a nice constant C' such that, for each v,
1 X(I/ (C )
E|—T dpy,y

‘ {Mr<f( B+1 ﬂ /f

4.2. Step 2: Evaluation of ﬁ’I‘r (f(é(V))) —E [ﬁTY (f(é(’/))ﬂ

(4.4)

In order to evaluate the above term, we use the Gaussian concentration in-
equality introduced in Paragraph 2.3. We recall that C can be interpreted as a

function of (X,X*) (see (3.16))). Therefore, - Tr (f(é(z/))) can be written as

g9(X,X*) for some real valued function g. We establish in the following that g
is O(%)fLipschitz, which in turn, will imply that

3T (r€wn) | g (ron) || < 5 (45)
For this, we evaluate
IVg(X, X2 = Z (9?5,;' 2+ ‘axw Z“ . (46)

Using classic identities for the derivation of Hermitian matrices, we obtain

that ~
Towf©) 1 [, - 0C
M ox, M” (f ©3x,
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Straightforward calculations lead to

> lax;| -

2

B+1 22( x+r)(1+q>i)(x+r)*f'(é))

%

Using sup, ||T + ®;|| < C for some nice constant C' as well as C = X +

') (X + TI')*, we obtain immediately that

>

(2]

yerugl

dg
X,

2
<C1

As f € C* and is compactly supported, the function A — X f"2()\) is bounded
by some constant, and there exists a nice constant C such that

c

19906, X < 5.

This proves that g is O(4)-Lipschitz. Paragraph 2.3 thus leads to (4.5).

4.3. Step 3: Evaluation of ﬁTr (f(C(I/))) — ﬁTl‘ (f(é(’/)))

The goal of this paragraph is to establish the following Proposition.

Proposition 4.1. Let Dy the distribution supported by Supp(us\/[]},)) with Stielt-

jes transform

z z 7 z 2
bn(2) = (2t (2) = 5 _( ci]zvtfzv)(zj;ézv)()z))m (4.7)
Then, if we denote < Dy, f > by on(f), we have
‘Alé[Tr (f(é(y))) - %Tr (f((](y)))
Lk 5 4
— mmzl S (V) ON(f) vn Lasoss| <un. (4.8)

Remark 4.1. (4.8) implies that ‘ﬁTr (f(C(I/))) - LTr (f(C(u)))’ <+ if
a < 2/3. If a > 2/3, the dominant term of ﬁTr( (C(v ))) - &Tr (f(C(I/))>
is the deterministic O (%)2 term (ﬁ M :égzg) ~N(f

tion from 57 Tr (f(é(u))) - +Tr (f(é(u))) allows to retrieve a term stochas-
tically dominated by up .

) vn, and its substrac-
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Remark 4.2. We notice that (3.35) leads immediately to

1 1

St F(C) ) — At F(C)(v)

B, 1
N B

an evaluation which is considerably more pessimistic that (4.8). As seen below,
the derivation of (4.8) is rather demanding, and is based on subtle effects. In
order to understand why (4.9) can be improved, we consider the simple case
f(A) =log A. We thus have

(4.9)

e ! C)w) = - 3 1 log 8
17 FO)W) = 4tr F(C)w) = 57 D (logsm(v) —log3m(v))

m=1

which depends only on the estimators (8, (V))m=1,... .m. We just provide a brief
analysis of the above term. For this, we first remark that is possible to study

&= Z%:l (log spm (V) —log §,m (v)) on the event A?(I/) defined by (3.32). For each
m, we expand around s,, the logarithm up to the second order, and obtain that

1 & 1 01 &1 /5, —sm\°
- Gy — S)— 4+ — = (2 Em 4.1
7 2 8)3m+M22< o ) (4.10)

m=1 m=1

where for each m, 0,, is located between s,, and S,,. Lemma A.5 allows to
conclude that the second term of the right hand side of (4.10) is dominated by

% + (%)4 = O(uyn) term. In order to evaluate the first term of the r.h.s. of
(4.10), we remark that (A.9) leads to

M M 3

1 1 1 s B 1
ST EGn =) — =5 Y Pon+O0 | (=) + 5.
m:l( (S ’ ))Sm 2 m=1 Sm o i << ) ! )

As Bm _ X (I+ P )%,

Sm Bl we finally remark that

1 L 5, — E(3m)
P

Sm

can be interpreted as a recentered quadratic form of the M (B + 1)—dimensional

vector x = (xT,...,x3)T. The stochastic domination relation
M. A
i Sm — E(Sm) l
M Sm B
m=1

then follows from the Hanson- Wright inequality. Putting all the pieces together,
and using that % + O ((%)3 + %) = O(up) and that vy = o(un) if a < 2/3,
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we obtain that

1 X 1 & (v
i Z (log s (V) — log 8, (v)) + Y03 Z SL(V) N Loaso/3| < un.
m=1 m=1""

Comparing this result with (4.8), we deduce that < Dy, f >= —1. We just check
this formula directly. For this, we notice that function z — log z is holomorphic
inside a neighbourhood of the interval [ay, as]. We consider the expression (2.21)
of < Dy, f > and remark that if (OR.)_ denotes the negatively oriented contour

(OR)_ ={XLie, X € [ar,a2]} U{as +iy,y € [—€, €]} U{az +iy,y € [, —€]}

then, by (2.21), < Dy, f > can also be written as the contour integral

e—0 207

~ 1
<Dy, f>= lim—/ log zpn(2) dz.
(ORe) -
But, the above contour integral does not depend on €, so that for each €, we have

~ 1
<Dn,f>=— log z pn(2) dz.
2 (OR.) -

Using the expression of pn(z) and the integration by part trick, we get that

~ 1
0w (ORe)—

Taking the limit ¢ — 0, and using the Stieltjes inversion formula for the

Marcenko-Pastur distribution MS\ZNP), we eventually obtain that

- 1 az ¢
<Dy, f>=—=1lm [ Im(ty(\+ie))dr = —p'¥ (Jar, as]) = —1

T e—0 a

which is the expected result.

Proof. We now establish (4.8). In order to simplify the notations, we put

in(v) = 2}\4771_1 ‘Z:EZ% (4.11)
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4.3.1. Reduction to the study of ¢

We define

:/ dz dy B, (f)(2)— f:(zQ)' (”XmH% _1> (4.12)
D M o mm B + 1

where we recall that the row vectors (X, )m=1,.. m are the rows of the i.i.d.
matrix X. We establish in this paragraph that

[y (1)(e) (715 (@ Q) = i) () o Tamaya) = | <.
(4.13)

It turns out that by Lemma 4.2 and Lemma 4.4 in Paragraph 4.3.2 below, ¢
verifies the key properties :

1
<1~ ¢l + [EC| < .
(4.8) will then follow directly from (4.13).

Plugging in the integral expression of ¢, and using the expression (4.7), we
get:

/ 0k (f (tr {Q-Q} —in(v) P (2) vn 1a>2/3> dzdy — C‘

=| [ arcdoni >(tr Q- Q) — iy (etn(2) o Lasays

5 S (1))

m=1

We recall the definition of ® := C — C from (3.29). We will proceed in three
steps, which, in turn, will imply (4.13):

1.

[ asainne (fp1@- @+ o @) <uy @

— 1
/D dx dy 0% (f)(2) (M tr {Q?O}

B &QQ( 1/2D1/21)>‘<UN (4.15)

MB
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/mw%mmw
D

21t XX*
—tr
M B+1

Q2(I — f)_1/2D1/2) —7n (2tn(2)) vn 1os2/3—

1\ 13
1 m |2
jWEZQQmm(B+1—Q)
m=1
Step 1. Using the well-known identity A=! — B! =B~ 1(B — A)A™!, we
express Q — Q as:

<un (416)

Q-Q=-QeqQ. (4.17)

We claim that it is possible to approximate tr QO®Q by tr QO®Q. Indeed, we
have
ltr QOQ — tr QOQ)|

= tr QBQ — tr QOQ + tr QOQ — tr QOQ + tr QOQ — tr QOQ)

< |tr Q®Q - tr QOQ| + |tr QOQ — tr QOQ| + |tr QOQ — tr QOQ)

=T+ T + Ts.
The following rough bounds are enough to control T; (we used (1.25) to control
the norm of the resolvents):
—- e

Concerning Ty and T, we write similarly that Q — Q = —QAQ, and obtain
that

Ty = |tr QO(Q - Q)| = [tr Q©QOQ| < M|Q|*|Qll[I®]?* <

T, = |tr QO@Q - tr QOQ| < M||Q|*|Q[|A[®] < M|Allel

Im>z

T; = [tr QOQ — tr QOQ| < M(IQ[[QI*|A[©] < M|A[lel.

Im®z
Plugging these estimations into the left hand side of (4.14), we obtain that

/D dz dy 904 (f)(2) (Alfr {Q-Q} - %tr {Q2®}> ‘

_ 1
S/dedy|8<l>k(f)(z)|M (Th + T+ T3)
<C(|8|? +2(Al8]).

Moreover, the concentration results (3.35) for [|©| and (3.26) for |A[ from
Proposition 3.1, imply that

. 1 1 B B\?
249 Al<=+— =4 (2) =uyn.
1©[ + 2\ ||<B+\/§N+<N> un

This eventually establishes (4.14).
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Step 2. We claim that:

XX*+XX
B+1 B+1

H@-(@D—U%DU2—I) (DY/2D~1/2 )H-<uN. (4.18)

We recall that S can be ‘written using the definition (1.12) of C, and use the
decomposition (3.25) of C from Corollary 3.2. Using these results, we get that

N - XX*
S:D1/2CD1/2:D1/2 A D1/2.
Bri
Plugging this expression of S into (3.30), we obtain easily that

N XX* ~ .
e = D—1/2D1/2_I Ikt A Dl/QD—l/Z
( AV T

XX* ~ .
A Dl/QD—l/Q_I
+(B+1+ )( )

=01 + Os.
As A is a negligible quantity, one should expect that the leading quan-
tity in @1A and O, is respectively (D*1/2D1/2 _ I)%DlﬁD*l/? and
%(Dl/QDfl/Q —1I). To prove it, write:

XX

©. — (D-/2DV2 _1 D/2D-1/2
H 1= )B+1

_ H(f)71/2D1/2 _ I)AD1/2]A)71/2H
< DYDY 1| |A[|DYPD 2 (4.19)

A is controlled by (3.26) from Corollary 3.2, and D~1/2D1/2 _1 is controlled
by (3.33) from Lemma 3.3 (it is a diagonal matrix which elements are stochas-
tically dominated by Lemma 3.3). Moreover, from Lemma 3.3, it holds that
|DY/2D~1/2|| < 1. Combining these estimations into (4.19), one get:

XX 1 B?\ B
<\/§ + ]\[2) N = O(UN)
(4.20)
Using that |[D~1/2DY/2 1| < % + ﬁ—z as well as (2.5) from Paragraph 2.2

to control the norm of XX*/(B+1), one can further approximate (]f)_l/QDl/2 —
I))Jé—)fIDl/?D_l/2 by (D~/2D1/2 —I)%. In particular, it is easy to check that

H®1 o (ﬁ71/2D1/2 o I) D1/2D 1/2

- XX
e, - (D '/?D'2 12— : 4.21
= )| < uw (421)
Similarly for &5, one would obtain:
XX*
e DY/?D12 -1 . 4.22
T )| < (1.22)
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Combining (4.21) and (4.22), we obtain (4.18). To finish the proof of Step 2,
it remains to consider tr Q?® and prove (4.15). Remark that XX* /(B +1) and
its resolvent Q commutes.

. XX* XX* A
t 2 D71/2D1/2 -1 D1/2D71/2 .
rQ <( S Br1 T B )
XX* .
=2tr ———Q*(D/*DY? ~1 4.2
QY ) (423
Therefore, using (4.23):
1 2 Lo XX o na_1/2n1/2
—t ®-—-2—tr —— D D/ -1
’M rQ M B2 )
. XX* XX* A
< 2 _ —1/2141/2 _ 1/21-1/2 _ .
<1Ql*||® ((D D I)B+ T + Brl 1(D D I)) H (4.24)

so that the left hand side of (4.18) is recognised in the right hand side of (4.24).
We can eventually prove (4.15) by following the same idea as in Step 1:

5 1 201 op. XX" o 12172

/Ddxdyaq»k(f)(z) i <tr {Q?©}) — 2tr B+1Q (D~Y2D I)
. XX*  XX* .
< _ —-1/2 1/2_ Ikl it 1/2 —1/2_

_H@ ((D D I)B+1+B+1(D D 1))H

~ 1

< [ o) drdy.

D Im“z

<+oo

This proves (4.15) and ends Step 2.

Step 3. By definition of the resolvent, the following identity holds

(% - zIM) Q(z) = I, which leads to the so-called resolvent identity:

XX*

B+1Q:IM+2Q' (4.25)

Using (4.25) as well the identity Q’(z) = Q?(z) one can write:

Lo XX" 1/2¢9—1/2y _ L 1/23—1/2
MtrB—i—lQ (I-D*D )—Mtr I+2QQI-D"/*D )
1 U s
! m
= — E 1-— . 4.26
To handle 1 —, /3= we use the following Taylor expansion: define the appli-
cation h by h(u) =1 — ﬁ, with h'(u) = §—7 and h'"(u) = =3 —=. A Taylor
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expansion to the second order of h around 1 provides:

h <§Z> = h(1) + (z: - 1) (1) + % CZ - 1)2 B (0n)

1 1R"(0,,) .
= E(Sm - Sm) + 5 S(?n )(Sm - 5m)2

where 6,,, is some random quantity between §,, and s,,. Therefore (4.26) be-
comes

Lir (Q/@-DY2D1/2)

M
1 . 8m — S LR (00)(8m — 5m)?
= Mtr ((zQ) d1ag< . +3 2 cme{l,...,M} | ).

Lemma 3.1 implies that the set A]?(V) defined by (3.32) holds with exponentially

high probability. Therefore, it is sufficient to study the term ﬁ tr (2Q)'(I —

D'/2D~1/2) on the event AP (v). If AP(v) holds, 6,, belongs to [s, 5]+ € for each
m € {1,..., M}, and sup,,~1 |h"(0)| is bounded by a nice constant. Moreover,
as inf, inf,,>1 s (V) is bounded away from zero, there exists a nice constant C'
for which the inequality

’]\14 tr ((zQ)’diag (;h”wm)(jé: — 5m)’ :m e {1,. ,M}))’
M M
QN+ QU 7 D25 = 9m)* < CC) 37 3 = s

holds on A?(V), where we recall that C(z) can be written as P1(|z|)P2(ImZ)
for some nice polynomials P; and P5. Following again the same argument as in
Step 1, we obtain that

_ 1 i
[ asapne {5 o Q- DD

1 /o Sm — Sm
_Mtr (2Q)'diag <2sm.me{1,...,M}>H

1 B*
2
=< 75 + 7”4 = O(UN)
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We have thus shown that

= 1
[ asasom (1)) { 1o (- DD

]. Smfsm,
Zm — Om 1,....M
S w1, })}\

- (2Q)’diag (
< UpN-.
We denote by nn(z) the term defined by
M

Z (2Q)’ ( ~Sm (HXWH% _ 1))
mm Sm B+1

— 75 (2)(2tn(2)) vN1lasays  (4.27)

i\H

and define dy as
D

In order to establish (4.16), it is sufficient to prove that |dx| < uy. For this, we

first remark that §,, = sm% so that ny(z) can also be written as

M
1 X P X

() = 37 2 QT — NN () onLasays (4.28)
m=1

We express nn (z) as nn(z) = m1,n5(2) + 02,5 (2) + 03,5 (2) where (1;, N)i=1,2,3 are
defined by

M
1 X P X 1
— mo_ tr @,
1 & 1
na.n ( Z E[(2Q)..m] BT Lo D, — " (2tn(2) vNLas2)3
m=1
M 1

and denote by (0; n)i=1,2,3 the contributions of (1; n)i=1,2,3 to dn. We recall
the definition (1.20) of ((2Q)’,,,)°. In order to evaluate d; n, we remark that
1(2Q) | = |Qum + 2Q2,,,,] < C(z) and that

X, P X 1
< C . m m-m, _ t @
Im,n(2)] < C(z) P it Bm
Therefore, for k large enough, o1,N verifies |01,~5] <

X B X,

Csupy—y . m |50 > — Biltr @m’. The Hanson-Wright inequality as well
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as the evaluation (3.10) of the Frobenius norm of ®,, imply that |01 n| < un-.
We now evaluate d5 . For this, we notice that the results reviewed in Para-
graph 2.2.2 imply that E(2Q)},,., = (28n5(2)) = (2tn(2)) + (zen(z))’ where

[(zen (2))| < CA/(IZ) Therefore, using (3.9), we obtain that
L2
() =\ g7 2o o | GEin() on +ean(z) = v (2t (2) on Tasays
m=1""

=y (2tn(2)) vn La<z)s + €1,n(2)

where €1 ny(z) verifies |e1,n(2)] < C(z) un. We then deduce that |, n(2)] <
C(z)un because if a < 2/3, vy < uy. This implies that |02 x| = O(un). In
order to address d3 n, we interpret d3 y as a function g of (X, X*), and use the
Gaussian concentration inequality presented in Paragraph 2.3. In particular, we
verify that

vl < ¢ (fv’_)  ofuw).

As E(d3,5) = 0, this leads immediately to |03 x| < un. We just check that
2 4
1 /B
E <C=|=]) . 4.29
- B (N) (429)

0,J
For this, we express (2Q),,, as (2Q)",,,, = Qmm + 2Q?2,,,, and notice that

jm

dg
GXU

8(2727'7,771 _ 2 X" X* 2
aXij __(Q )mz(B+1Q)jm_sz<B+1Q jm-

Using the Jensen inequality, we obtain that
2 2
1
tr @ .
(B +1 ’”)

Summing over 4, j leads to the expected evaluation of (4.29) and to |03 n| < un-.
This, in turn, completes the proof of (4.16) and of (4.13).
Up to the Lemma 4.2 and Lemma 4.4, Theorem 4.1 is proved. O

2 1 M

< /D da dy[der(f)(=) 7= D

m=1

9(2Q)1m
0X;;

dg
6Xij

4.8.2. Proof of Lemma 4.2 and Lemma 4./

We now establish Lemma 4.2 and Lemma 4.4.

Lemma 4.2. The family of random variables ((v) — EC(v), v € [0,1] verifies
the following property:

€0) — ECW) < 5. (130)
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Proof. ¢ defined by (4.12) can be written as

(= [ drayTonne; 5 Qo ('Xm”g - 1) ;
D Mm:l B+1

[ dedyBon(n)) 5 S @ (Lol )
D M B+1

m=1

= (1 + Co.

In the following, we omit to evaluate |¢1(v) — E(¢1(v))]|, and just establish that
|¢2(v) — E((2(v))| < % using the Gaussian concentration inequality from Para-
graph 2.3.

Recall that [|x,,]|3 is a X%( p+1) random variable. Therefore it is clear that:

[xmll3 ’ 1

1< —.
B+1 VB

Knowing this, the idea is to show that, conditioned on the event where the

ll:m 13

random variables ( BrT

— 1) N are localized, which holds with expo-
m=1,...,

nentially high probability, (s is a O(5i—)-Lipschitz function of the entries of
matrix X for any € > 0. Let 0 < € < %, and define the family of events A,, .(v),
m=1,...,M, v €[0,1] given by

PUSTAI (T O | P

as well as A (v) = NM_ A, «(v). Tt is clear that the family of events A,, (),
m=1,...,M, v € [0,1] holds with exponentially high probability, and that the
same property holds for the family A.(v),v € [0,1]. We claim that it exists a
family of C*° functions (¢p,.)p>1 verifying

€

t—1 iftel— L 14 B
gB,e(t)_{ VB VB

. B¢ B¢
0 iftg[1-2L 1422

and
€

B
su ()] <C , suplgp. ()] <C 4.32
I (0] < 022, suplal (0] < (132)

for each B, where C' is a nice constant. Indeed consider h € C'° such that it
verifies |h(t)| < 2|t| for each ¢t and

t if t e [-1,1
np =1t Heerhl
0 if t ¢ [—2,2].
Then, it is easy to check that the family (¢gp ) p>1 defined by

9p.lt) = = (f (t - 1))
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satisfies the requirements (4.32).

We define 52,6 by

Coe = / Az dydBy (f) () — ]ZW:(ZQQ) I 3
2,e — > Yy k M mm 9B,e B+1

m=1

and notice that (2 and 52,5 coincide on the exponentially high probability event
Ac(v). We claim that if |(2.c — E(C2,e)| < 5=, then |2 —E({2)| < 1= Since €
is arbitrary and B¢ = O(N“¢), Remark 2.1 will imply that [¢; — E((2)| < §. To
justify this, we evaluate P (\52’6 — E(EQ’E)‘ > ﬁNé) for each 6 > 0. It holds
that

aet+o oet+o

) <P (16 - B> M5 A + P,

N
P (e - Elca)l >
As P(AS) converges towards zero exponentially, we have just to consider
Nae+6
P (e - B> “ 5 A.)

and write, since ¢, and (3 . coincide on A,

e+

~ aet+d
P (G - Bl > S5 4 ) =P (1o~ B > T4

ae+d

<P (52,6 —E(l20)| > —|E(G - 52,6)|,A6) :

We now prove that |[E((z — 5275)| converges towards 0 exponentially. For this,
we notice that as (» and (2 . coincide on A, then

B 2 1/2
< <E\<2—<z,e ) (P(42)"”.

o\ 1/2 o\ 1/2
) leads to (E‘Cg—(27€ ) < C

o\ 1/2
) (P(Ai))l/z, and thus

E(G — Gl = (G = Gadlag)

A rough evaluation of (E‘@ —(oc

for some nice constant C. Therefore, (E ‘Cg — 52,6

|[E(¢2 — 627€)|, converge towards 0 exponentially. For each N large enough, we
thus have
oet+od

P (1~ Gl > Y5 —IE(G - Gl )

Nae+5/2
)
Noce+5/2
)

<p (c _EGl) >

<p (c CEG) >
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We have therefore established that

,Ae) <p (|52,6 )] >

ae+d

Nae+6/2)

P (1 -E@l> T .

which eventually justifies that if [(2.c — E(C2,c)| < 25, then |¢2 — E((2)| < £

Therefore, it remains to prove that |627e — E(§2,€)| =< %. This is true by
Lemma 4.3 below. The stochastic domination relation |¢; — E(;| < % is proved
similarly. The completes the proof of Lemma 4.2. O

Lemma 4.3. .

|Ga,e — E(C2,e)] < i

5
Proof. In the following, we evaluate the norm square of the gradient of 52,5 w.I.t.
=2 =2
the variables X; j, X7, and just compute , ; ‘ggﬁu because _, ; ‘gg?;j is of
the same order of magnitude.
We recall that
0 2 mm 2 mi X* jim mi X* 2 jm
(@) __ (@)usXQyn | QX @)
0Xij B+1 B+1

Moreover it is clear that

0 me”% KXom,j ||XmH%
. = 0im J g . 4.34
X (93’ (B+1 B+178<\B+1 (4.34)

Collecting the derivatives (4.33) and (4.34) we get after some algebra that

o (&, %13 Xy o (X3 o
aX” (Z(Q )m7rLgB,E(B+1> _B+]_gB’€ (B+1) (Q )”

M
_;QB’6<B+1)< B+1 = B+1 ’ ) (4.35)

98s.c
1,5 | 0Xij;
the derivative with respect to X;; is applied only on the integrand as follows:

2 .
. From the integral representation of (s ,

It remains to control »

8 1 - 0 (5 e %13

m=1

Plugging in the derivative computed in (4.35) we get:

0Cre _ 1 = Xig o, (IxilBY o2
St = ap [aswninnes{ 5. (52) @

M
ZgB’E(BJrlQ)( Bil T Biil >}

m=1
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Using the bounds of gp. and gj . from inequalities (4.32), the observation
that gpp (1) =0 if [t — 1| > 2B , and that |z| is bounded on D, one can write:

Xij , (Ixl3Y 2
B+1gB,6(B+1 (Q )“

M 2
mellg (Q2)77Li(X*Q)j7rL Qmi(X*QQ)jm
_;QB’6<B+1>( B+1 TS )
2
lIx:]13 2B°
(5 -1=75)

M 2
Q)] 10X Q)0
2 e

~ 2
842,5
8XZ-]-

i [ drdn e

Xi’j 2y

B+1(Q )'LZ

+ & /d dy [9%,(f)(2) B\
Mz f, T YIOTE VB

Aiz/dxdypcbk )(2) ( )

C
M2

C
<M2/dxdy‘8<l>k ()‘2

2
Z |sz|| X Q2 Jm,|
B+1

T+ T + 1Y),

It remains to sum over i, j.

i,7=1
M 2
I 13 2Bf>
dz dy [0Py( 1
/D v dy [024( z:: <B+1
2o [EAE B | Xy |
< | dody|o®w(f (QYu*1 ( 12‘_ >
[ anlaonoe @l (| 5 > |
M
- 3 2 2||Xz||2 [Ix:ll3 _ 2B¢
- 1/Ddxdy\aq>k<f>< ) ;\(Q ol Ll <B+1 1| <22

C 2B°¢

M

IN

Since
M
1@l < MIQ*
i=1

it can be written that:

M

S < C—/dxdy[acbk NEI QI

,j=1
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Inspecting Ti(f), one can see that by Jensen’s inequality
2

M
<MY [(Q)ms] (X" Q)

m=1

i | 1(X*Q) jm

so summing over ¢ and j provides:

B%*M
Z T(2)
(B+1)3

7,7=1
M

/ dxdy‘@@k Z (Z’ Q2 mz > Z'(X*Q)Jmﬁ

M

S @)l < 1Q%12 < Q1"

Notice that since Zf\il ‘(Q2)mi|2 is the square euclidean norm of line m of Q2:
i=1

Moreover,
M M
D[ X Q) | = X" QQX
m=1 ]
= (B+)tr (I+2Q)Q") <MB+1)(IQ] +[2lQl%)
therefore

(2) 2¢ M ’ o 2 4 2
S 10 < 5 (55) [ aPeneriQiaal + e

i,7=1

3)

and similarly for T;;” one get:

M M 2 B )
S o1 <5 (Gh) [ avanomne) Q2GR + LlIQl)

t,j=1

Collecting the terms in 7", 7 and T( ). and since M/(B+1)=0(1) by

Assumption 1.3, we can er‘zje Y
2
8C € C € a 2
S 15| < apB [ dedy[aenE)l gl + 197+ 1Q0))
v 0Xij M D

As |Q|* + ||Q%|| + |2]|QE|| < C(2), we obtain that for k large enough,

B2e
o] o (%)

as expected. O

~ 2
842,6
8Xij




P. Loubaton and A. Rosuel/Coherency matrices of high-dimensional time series 48

It remains to study E[(], and establish the following Lemma.

=0 (;)

Proof. As in the proof of Lemma 4.2, we only consider

Lemma 4.4.

elal = | dxdyacbk(f)(z);iﬁ (@ (2 1))

as E[(1] is shown to be also O(%) with the same argument. As E {% - 1] =0,

we have

e (1@ (5202 - 1)] — & [ (@) — (@) (22 1) .

Apply now the Cauchy-Schwartz inequality:

\E[czns/Ddxdy@@k |*Z|Z\\/\W

2
||XmH2

(4.36)
l13m [13 2 1\ - : 2
o =uii 1‘ = O (%), it remains to control Var(Q?),,, =

Var(tr Q%e,,el) Where (em)m 1. is the canonical basis of CM. A direct
application of (2.6) for ¢ = 2 leads immediately to

Var(Q?) < O

for some nice constant C. Using (4.37) in (4.36), we get that for k large enough:
1 _
I < 5 [ dedy 00NV

<5 | s duBRnEI0+06) < O

As it is clear that E

(4.37)

This completes the proof of Lemma 4.4. O

Remark 4.3. We notice that, instead of using (1.15), an alternative approach
to study ﬁtr f(c C ffd,u(cN could have been based on the decomposition

) f e - il i (e
E[ } E{lTr ))_+
e 3T (f@ )= (Y )ﬁ

o)

E
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The first term of the r.h.s. of (4.38) can be addressed using the Gaussian con-
centration inequality. However, the calculations are more complicated than the

evaluation of 47 Tr (f(é(l/))) —E [ﬁTr (f(é(u)))] because, considered as a
function of (X,X*), +;Tr (f(C(V))) is not a Lipschitz function. Using tech-

nics similar to those developed to evaluate { — E(() (see Lemma 4.2), it could
however be shown that

L1 (s€w) - €[ g (reen)] | < 5 (4.39)

In order to evaluate the second term of the r.h.s. of (4.38), one should prove
that

e [ [ sy (8@k(f)(2)]\14tr (Q—Q}—in(v) pn(2) vn 1a>z/3) - 4}
— O(un) (4.40)

and E(¢) = O(%). The proof of (4.40) does not appear simpler than the proof
of (4.13): the 3 steps that allowed to establish (4.13) should still be used, ex-
cept that the stochastic domination properties should be replaced by properties
of the mathematical expectation of the various terms. However, proving stochas-
tic domination appears simpler than showing the desired properties of the above
mathematical expectations. In sum, while the use of decomposition (4.38) al-
lows to avoid Lemma 4.2, the justification of (4.39) needs to develop tools that
are similar to those of Lemma 4.2, and the proof of (4.40) tends to be more
complicated than the proof of (4.13). This explains why we have chosen to use
decomposition (1.15) rather than (4.38).

4.4. Step 4: evaluation of E [ﬁ’I‘r (f(é(y))) — ﬁ’I‘r (f(%i;(”)))}

The Helffer-Sjostrand formula implies that

E [AZTY (£Con) - %“ (ﬂw)ﬂ

1 _ 1 .
- Ire [ aeayonsoE [Mtr (@Qu(2) - QW))} |

Therefore, we are back to evaluate E [ﬁtr (Qn(z) — QN(Z))}

In order to simplify the exposition of the results of this paragraph, we
introduce the following notation. If (hn(2))n>1 is a sequence of complex-valued
functions defined on Ct and if (wn)n>1 1s a sequence of positive real numbers,
the notation hx(z) = O,(wy) means that it exists two nice polynomials Py
and P, such that |hy(2)| < wyPi(]z])P2(+2) for each z € CT.

Imz

In this paragraph, we establish the following Proposition.
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Proposition 4.2. E [ﬁtr (Qn(2) — QN(z))} can be written as

1 - 1 <~ Sy i
E [Mtr (Qn(z) — QN(Z))} = <M > Sm) pn(2) vn—

m=1

M " 3
(2]1\4 ;::1 j") pn(2)on + O ((ﬁ) + ;) . (4.41)

The Helffer-Sjostrand formula thus leads to the following Corollary:

Corollary 4.1. E [ﬁTr (f(é(l/))) - LTr (f(%fl(”)))} is given by

e |40 (reon) - 3y ()| -

B+1
1 M ;- 2 1 M A e
<Mm2_) ¢N<f)vN—<2Mm_ljm> ¢N(f>vN+o<(N) +N>.
(4.42)

Corollary 4.1 first implies that E [ﬁTr (f(é(y))) _ ﬁTr (f(X(v];)fI(v)))}

isa O (%) , a result which is not a priori obvious. In particular, the stochastic

representation (3.1) of matrix C can be shown to provide the more pessimistic

O(£) rate of convergence. The comparison of (4.42) with (4.8) also leads to

the conclusion that if o > 2/3, the dominant O (%)2 deterministic term of
g tr (f(C(v)) = f(C(r)) is cancelled by the secontherm of the righthandside of
(4.42), thus explaining the structure of the O (£)” deterministic correction of

atr (f(Cw)) — ffdusvc[%). In particular, establishing (4.41) (and thus (4.42))
will complete the proof of Theorem 4.1.

Proof. The proof of (4.41) is based on the Gaussian tools reviewed in Paragraph
2.2.2, and needs long and very tedious calculations. Therefore, we just provide

a sketch of proof. In particular, we justify that E | -tr (Qn(2) — QN(Z))} is a
O, (%)2 term, but do not establish its expression (4.41).

The starting point of the proof is to express Q-Qas

Q-Q=-QAQ=-QAQ+QAQAQ-Q AQAQAQ.
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Therefore, E [ﬁtr (Qn(z) — QN(Z)):| can be written as
E[IH«Q—Qﬂ:—E[lu«fAﬂ+E[1u«quAﬂ
M M M
_E L\Ztr (QAQAQA)} L (443)
It is clear that the moduli of the second and third terms of the right hand side of

(4.43) are controlled by C(2)E(||A]|?) and C(2)E(||A|]?) respectively. We now
state the following useful Lemma, proved in the Appendix, which implies that

these terms are O, (%)2 and O, (%)3 respectively.

Lemma 4.5. For each k > 1, it exist a nice constant C' depending on k such
tat E (JAIF) < C (B)"

In order to prove that E [ﬁtr (Qn(z) — QN(z))} =0, (%)2, we thus have

to check that )
E |-t Q*A| =0 B (4.44)
M T TP\N ) ‘

%tr QgA] as

1 9~ rX* Xr*
E[MtrQA] (t Q )+E<trQB+1)

T
E(—tr Q?
* (M Q B—|—1>

For this, we first express E

—

The third term of the right hand side is clearly O, ((£)?). We thus need to check
that the first two terms are also O ((£)?). We just verify this property for the

first term. For this, we evaluate E ( tr QB+1) using the Gaussian tools, and

take the derivative w.r.t. z to obtain the expression of E ( Lir Q2 BH)

In order to simplify the notations, we denote by W the matrix W = \/;(7“,
and denote by w; = \/EI—H,...,WM = \/’;‘ﬁ its M rows. In particular, the

row m of matrix 7571 coincides with w,,¥,, where we recall that matrix
W, is defined by (3.12). If (ey,...,e,,) represents the canonical basis of CM
( tr QB+1) can be written as

M
1 rx* 1 .

m=1

We now state the following Lemma whose proof is given in Appendix. We recall
that Sy (2) = E((QnN(2))mm for each m.
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Lemma 4.6. If A represents a (B+1) x (B+ 1) matriz, the following equality
holds

1+BcB+1

/Bc 1 * ¢ 1 ]
1+6CE{<B+1HWAW Q) B+1trQ] (4.45)

Using (1.23) in the case s,(z) = B(z) as well as (2.9), we easily obtain that
%ﬁc = ﬁ + €1(2) = —2t(2)(2) + €1(2) where €1(z) = O.(gz). Moreover, it
follows from (2.13) that €} (z) is also a O (3z). We now use (4.45) for A = ¥,
and differentiate (4.45) for A = ¥,,, w.r.t. z. Using the Schwartz inequality the

inequalities (2.6) and (2.7), and (3.13), we obtain immediately that

E(w,AW*Qe,,) = b L trAEKEH_l

tr WAW*Q> an’m} +

E (W W Qo) = — ((2)i(2) 5gtr W+ O (ﬁ) +0: (75%)

and that

M
1 rX* - v 1 1
E(—trQ? = — (2t(2)t — N T
<MtrQ B+1> ()1(2) g7t Mmz::1 m)
B\’ 1
+Oz T +Oz e
<N> <\/BN>
It is easily checked that
1 1
qlm:(1+q>m)1/2—1=§q>m—§<1>$n+5m

/N2
where ||E,,|| < C (%)3. It is easily seen that %ﬂtr P2 = (Z—m) on+O((R)%+
+). Using (3.9), we thus obtain that

. M s FURY

m=1

because
1

B\* 1
O, =) +0,. | —=—)+0.( =] =0.(un).
(%) o (73w) v () -0t
We have thus established that E (ﬁtr QZ%) isa O, (%)2 term, and have
evaluated the corresponding principal term. Using similar calculations, we

can obtain easily the expression of the O, (%)2 term of E (ﬁtr QQA). In
order to establish (4.42), it is necessary to evaluate the O, (%)2 term of

E (ﬁtr QAQAQ). This step needs very long calculations that are omit-
ted. O
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4.5. Estimation of rn (V)

The term sup, [¥n(f,v)| depends on the unknown true spectral densities
(Sm)m=1,..,m through the term ry(v) defined by (1.8). In order to be able
to use Theorem 4.1 in practice, it appears necessary to estimate ry(v) by an
accurate enough estimate 7y (v), and to replace ¥n (f,v) by ¥n(f,v) defined
by

dn(Fv) = 37T (FE0N) = [ 7 AUy =i ) on () on Tasaja (4:46)

7 (v) has to be chosen in such a way that [¢x (f,v)| < uy, a condition that will
be verified if |Fn (V) —rn (V)| < 32 if o > 2. A natural choice for 7y (1) would be
to replace the true spectral densities (S, )m=1,....p by their frequency smoothed
estimates (8, )m=1,... m defined by (3.31), and the derivatives (s},)m=1,...m by
(8, )m=1,...,m. However, &, is not an accurate estimate of s/, so that the corre-
sponding estimate of ry(v) does not verify [y (v) —rn(v)| < 32 if o > 2If
L < N is an integer, we introduce the lag window estimator ,, 1, of s, defined
by

1 L
b (v) = / €y GO Pwr (v — ) = 3 e 27 (4.47)
|l=—L

L %inly - . .
where wr (v) = Y,__; e~ %" is the Fourier transform of the rectangular win-

dow and 7, ; represents the biased estimate of the autocovariance coefficient
Tm,i of ym, at lag [ defined by

| Nl
TAmal = N nZ::l Ymn+1Ym,n (448)
and 7, = TA:n,l for [ > 0. Then, the following result holds.

Proposition 4.3. Assume that L = L(N) = (9(]\727;“), where vo > 3 is
defined by (1.18). Then, the estimate 7 (v) defined by

1 M ( ) 2
Fa(v) = (M Zl gZi@)) (449

verifies
N 1
‘T’N(V) — TN(V)| =< m (450)
N u .
i) —ry(v)] < ﬁ ifa>2 (4.51)
as well as

[N (f,)] < un. (4.52)
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Proof. We denote by dy(v) the N-dimensional vector defined by dy(v) =

(1,e=2mv . e 2 (N=DT YWe recall that y,, is the N-dimensional vector
Ym = (Ymis--,Ym.N)T. ¥m can be written as y,, = R,l,{zzm where R,,, =

E(ymy;,) and z,, is Nc(0, Iy) distributed. It is clear that §,, 1,(v) can be written
as
§TYL,L(V) = Z;R%2Q(V)R%2Zm
with .
Q) = N /dN(M)dN(M)*wL(V — p)dp
while 87,  (v) is equal to

8 (V) = 2, RV (V)R 2

with
—m = 2iml( )
/ o * —2iml(v—
@) = [vtdntr { 310 )
It is easy to check that |Q'(V)|r = O(%//z) and therefore that
||R}r{QQI(V) 7171/2” F= (9(%) The Hanson-Wright inequality leads immedi-

ately to |87, 1 (v) —E(8], ()] < %//22 Moreover, it is easy to check that (1.18)

implies that
. C
[E(n() = smW) < 7o

where C'is a nice constant. For L = L(N) in such a way that (’)(ﬂ) =

N1/2
1
i.e. L = O(N?20F1), we obtain that

1
Lyo—1»

1
~l !
80,2 (V) — s, (V)| < NG/

Moreover, a similar analysis leads to

1

[, (v) = sm (V)] < N0/(270+1)

from which we deduce that the estimate 7y (v) defined by (4.49) verifies (4.50).
It is then easily checked that if 79 > 3, then (4.51) holds, which implies that

[¥n (f,v)] < uy holds. -

5. Use of Lipschitz properties of functions v — ¥ (f, ) and

V_>1£N(fa’/)

In this section, we establish Lipschitz properties of v — ¢y (f,v) and v —
¥y (f,v), and deduce that the stochastic domination properties (4.2) and (4.52)

are still valid for sup,,co 1) [~ (f, V)| and sup,¢p 1) [N (f,v)| where ¥y (f,v) is
defined by (4.46, 4.49).



P. Loubaton and A. Rosuel/Coherency matrices of high-dimensional time series 55
5.1. Lipschitz properties

The goal of this paragraph is to prove the following Proposition.

Proposition 5.1. Functions v — {n(f,v) and v — iy (f,v) verify

Sup Sup ||’¢}N(fﬁl/>_wN<f7y+6)|| '<MN3/2 (51)
0#0 ve(0,1] |§|
sup sup ||¢N(fv V) _wN(f7V+5)|| = MN3/2 (52)
6#0 ve(0,1] |§|

In the following, we just establish (5.2). For this, we evaluate separately the
Lipschitz constants of v — 3:tr f(C(v)) and of v — Fy(v).

5.1.1. Lipschitz constant of v — F7tr f(CW))

To show that v — Ftr F(C(v)) is MN3/2-Lipschitz with overwhelming proba-
bility, we need to establish a number of intermediate properties.

Proposition 5.2. It holds that

wup sup 180 =S +3)|

< MN®/2, (5.3)
50 ve[0,1] |6

Proof. Let 6 € Rand v € [0,1]. As the random variables (Y n)m=1,... .M n=1,...N
are complex Gaussian and that sup,,>; Elymn[> < 400, the family
(Ym,n)m=1,....M,n=1,...,n verifies |y, n| < 1. Therefore, it holds that

J% > [Ymn| < VN. (5.4)

For the same reasons, the family &, (v),m =1,..., M, v € [0,1] satisfies.
[y, (V)] < 1. (5.5)
We also claim that
sup |€y,, (V)] < 1. (5.6)
ve(0,1]

In order to verify (5.6), we first observe that for any n > 1, we have the following

control:

—2iTny —2irrn(u+5)| < 2|

le —e sin mnd| < 27n|d|.
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(5.4) implies that
Ey (V) =&y, (v +9) ’

sup sup

0#0 v€(0,1] d
1 N e—2imny _ ,—2imn(v+9)
T TR |2 v ;
1N
< ZﬂNﬁ ; ‘ym,n|
< N3/2, (5.7)

We consider a frequency v, € [0,1] (depending on m) where [, (v)| is max-
imum, and have thus to establish that for each ¢ > 0, then it exists v > 0
depending only on € such that

P(&y,. (vs)] > N€) < exp—N"

for each N larger than a certain integer Ny(e). We introduce the discrete the
set

VP = {A];p k € {0,. ”1}} (5.8)

which cardinal is |VX,| = NP. We notice that (5.5) in conjunction with the union
bound implies that sup, cy» |€y,, (p)| < 1. We denote by v, the element of

VR, for which |v, — vp| is minimum, and notice that |v, — vy | < &7 Then, we
have the following inequality

Py . (v2)] > )
N¢ N¢
<P (160 0) = ) > ) +P (I > )

<P (lsymw 6 () > ];) P ( sup [, ()] > ﬁ)
vp VY
(5.9)

As sup, eyr |€y,, (vp)| < 1, the second term of the right hand side of (5.9)
converges exponentially towards 0. In order to evaluate the first term of the
r.h.s. of (5.9), we use (5.7), and obtain that

N6
P (160 0) = 60, o) > ) < ( Z‘ﬂmn' ” 3. _V*p|Ne>

1 s
Pl—= > —NPrerl )
B (W = >

We choose p so that p — 1 > 3/2, and use (5.4) to conclude that
P (|, (i) — &y (Vep)| > &) converges towards 0 exponentially. This
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establishes (5.6).

In order to complete the proof of Proposition 5.2, we consider an individual
entry §;;(v) of S(v) for ¢,j < M, and write that

|35 (V) — 845 (v + )]
B/2

1 b
=By 2 gi<u+N)§j<u+N>
b=—B/2
_§i<1/+5—|—;\)7> <u+5+ )
B/2 *
1 b b
per, %, (e w) (s (r) o (rem) )

b=—B/2

) _
+‘<§i <u+;) y (wﬂﬁ))@ <u+5+]bv)* .

Using the estimations (5.6) and (5.7), we get:

supsup sup

ij 640 ve[0,1] 4

ZOEEHAL e a0

and deduce (5.3) from the rough bound

sup [[S(v) —=S(v +6)| < sup SupZ|Sza —3i;(v +9)|
velo,1] velo,1] @

<M sup sup|3;;(v) — & (v +9)|.
velo,1] ¢,J

O

Combining the eigenvalue localisation result from Corollary 3.3 and the Lip-
schitz behaviour of S from Proposition 5.2, the following statement holds.

Corollary 5.1. (v uniform version of Corollary 3.5.) Denote for e > 0:

A§ = {Vl/ €[0,1]: o(S(v)) C Supp,ugw)P X [s,3] + e}

AD = {vye[o 1 : (b(y))c[g,gue}.

Then, AS and Ar3 hold with exponentially high probability.

Proof. As the proof for AD is strictly similar to the one of A , we will only write

the arguments for AS For any fixed v € [0, 1], Corollary 3.3 ensures that AS( )
holds with exponentially high probability. For p > 1, we still consider the set

V§, defined by (5.8) and denote by A the event defined by

A8, = {¥, € Vi 1 0(8()) C Supp i x [5,5] + ¢
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which is AES but where v runs only on the finite grid VX,. It is immediate (by the
union bound) that Agp holds with exponentially high probability for any fixed

p € N. Moreover, it is clear from the definitions of A§ and Asp that AES C Aip.
We now show the following inclusion:

(42) < (452)

U {31/ €[0,1] : [|S(v) — S(V;)H > €/2 where v, € argmin |v — Vp|} .
v VY,

(5.11)

Suppose that (Aes)C is realized, and denote by v* € [0, 1] a frequency such
that o(S)(v*) ¢ SuppEC[)P x[s, 5] + €. Denote also v, € argmin, cyr [vp — V7.
We just consider the case where A;(S(v*)) > 5(1 4+ 1/¢)? + ¢, since in the case
where A\ (S(v*)) < s(1 — /)2 — ¢, the proof is similar. Then, either:

1. [IS() — S(*)|| < ¢/2, which implies the following estimation for the

location of Ay (S(v})):

and in particular, )q(S(V;)) > 5(1+4+/c)?+¢/2. This means that <A§/2’p>
holds. )
2. [IS(vy) — S > €/2, which exactly means that

{EII/ €[0,1]: |IS(v) — S(V;)H > €/2 where v € argmin, cyr [V — l/p|}
is realized
(5.11) is now proved.

We already showed that (Aes/z p) holds with exponentially small probability,
and establish now that the set

vp VR,

{Ell/ €10,1]: ||S(1/;) —S()|| > €/2 where v, € argmin |v — l/p|}

has the same property. To justify this claim, we remark that Proposition 5.2
implies that for each x > 0, the probability

P Hﬂu, v €10,1], I8¢) =S| > N”’MN?’/QH

v —v|
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converges to 0 exponentially fast. As the following inclusion

S(v) - S(v*
Jv € [0,1], M > N®MN3/2, where v, € argmin [v — v|
v — vz VpeVy,

Q Q)
C {EIV,V’ €10,1], S(T) S,(|V il > N”MN3/2}
v—v

holds, we get that
P [{au € (0,1, 1S() = Sl > v — V;\N“MN?’/QH =0

exponentially fast. Moreover, as for each v, |v —vy| < we obtain that

NP7
Q Q. * 1 K 3/2
P Hau €[0.1], I8() =Sl > 7 N"MN / H -0

exponentially fast as well. For p large enough, NV ”ﬁM N3/2 will eventually
become smaller than ¢/2. This proves that

{EIV € [0,1], Hé(u;‘) S(v)|| > €/2 where v, € argmin |v — Vp|}

vp VY,

holds with exponentially small probability.

The same argument can be used in order to control A]?. This completes the
proof of Corollary 5.1. O

We deduce immediately from Corollary 5.1 the following result that can be
seen as a refinement of (3.28) and of Lemma 3.1.

Corollary 5.2. It holds that

sup [D(v)""?| <1, sup [S(v)|| < 1.
velo,1] vel0,1]

A useful consequence of this is the following Corollary, which states that the
Lipschitz result holds for C(v).

Corollary 5.3. It holds that

sup sup Clw) = ((;(1/ +9) < MN3/? (5.12)

540 ve[0,1]

Proof. For more clarity in the following argument, denote v1 = v and v2 = v+4.
Recall that D = diagS. Using the definition of C from equation (1.3), we write:

C(rz) = C(r1) = DV2(12)S(12)D ™2 (12) = D2 (11)S(11)D 2 (1)
= (D72(r2) =D72(11))S(v2) D™ (1)
+ D712 (1) (S(v2)D ™2 (12) = S(v1)D ™2 (1)),
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Moreover, we write that
S(v2)D™?(12) = S(1)D (1)
= (S(r2) = S(1))D™2(12) + S(1)(D ™2 (2) = D™2(1n)).
Therefore, applying the operator norm, we get by the triangle inequality:
IC(v2) = C)ll < D72 () = DV2(1) S (v2) || D™V2 (1)
+ D72 ) [18(v2) = S(wa) |ID ™2 (1)
+ D2 @) IS Il[D™2(v2) = D72 (1)

It is easy to check that

D_1/2(1/2) _ 15—1/2(V1)
1)

sup sup
6#0 |vo—v1|=68

‘<N3/2

holds. Therefore, Proposition 5.2 and Corollary 5.2 immediately imply (5.12).
O

Finally, we can write for the spectrum of C the same kind of result as in
Corollary 5.1.

Corollary 5.4. For each € > 0, we define A? as the event
A? = {VV €10,1] : o(C(v)) C Supp ug\/[)P + e}

Then, A(J holds with exponentially high probability.
Proof. The proof is similar to the proof of Corollary 5.1 and is thus omitted. [

We finally use the above results to prove that v — - a7 tr f -If du(cN
is M N3/2-Lipschitz with overwhelming probability. For this, we estabhsh the
following Proposition.

Proposition 5.3. It holds that

sup sup f(Cw)) - itr f(é(u+5))’ < MN?3/2, (5.13)

540 ve[0,1] |5| ‘M M
Proof. By Corollary 5.4, the event A? holds with exponentially high probability.
Therefore, it is sufficient to establish that

1,c sup sup f(C(v+9)) — itr f(é(v))’ < MN3/?

8740 ve[0,1] |5| ‘M M

We express 77tr F(Cw+6)) — 25 tr F(C)) as

1 - 1 - 1 . )
a7 f(CW+0)) — 7t F(CW)) = 7 Y FOn(CW +6)) = Fm(Cv)).
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As f is C* on a neighborhood of Suppg&)P, on the set AC, there exist some

random quantities (A, )1<m<as between A, (C(v)) and A, (C(v +6)) such that

M
% > FOm(C +9)) = FAm(C )
1

M
1 . . "
“w X (An(€W +8) = An(C()) /().
Using the following eigenvalue inequality for Hermitian matrices:
A€ +8) = An(C))| < 1C(v + ) - CW)

in conjunction with the fact that sup;<,,<y |f'(Am| is bounded by some nice

constant C' on the event A?, we obtain that

M
% 3 F ) A€ +8)) = An(C0))

P [sup sup
0#0 ve(0,1]

> 5| NS MN3/2, A?]

<P [sup sup C[|C(v + 0) — C(v)| > |§|N*MN3/2, A?]
0#£0 ve(0,1]

(5.12) eventually leads to (5.13).

O
5.1.2. Lipschitz constant of v — 7#n(v).
The function v — #x(v) verifies the following property:
Proposition 5.4.
1
sup sup — |Fy(v 4 0) — iy ()] < N3/ 20+, (5.14)
540 ve[0,1] 9]

We just provide the main steps the proof, and left the details to the reader.
We first prove that sup,cpg 2%21 #L(V) < 1 by verifying that the set
{Vv € [0,1],Vm = 1,...,M,3,,(v) € [s,5] + €} holds with exponentially
high probability. Then, we establish that v — §,, (v) and v — 3], [ (v) are
N?2/v+1) Lipschitz and N3/(27%+1 Lipschitz with overwhelming probability.
This leads immediately to (5.14).

As vy N3/ @0+l <« MN3/2 Propositions 5.3 and 5.4 lead to (5.2). This
completes the proof of Proposition 5.1.
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5.2. Stochastic domination of sup,co 1 [~ (f,v)| and
Sup,ejo,1] lon (f,v)l
We are now in position to establish the main result of this paper.

Theorem 5.1. sup,co 1) [¢n(f, V)] and sup, ¢ 1 [N (f, V)| verify the following
stochastic domination property:

sup [Yn(fv)] < un (5.15)
ve(0,1]
sup |1/3N(f,u)\ < upn. (5.16)
ve(0,1]

Proof. We just establish (5.16). We consider € > 0 and evaluate
P| sup @N(f,u)‘ > Nupy| .
ve(0,1]

We denote by v* € [0,1] an element where the supremum is achieved, and
consider v, the closest element of VR from v*, where we recall that V& is
defined by (5.8). Therefore, one can write:

P [ sup )Q;N(fa V)‘ > NGUN‘| <P |:"‘[JN(f7 V') = N (f, V;))) > 1N€UN:| +

velo,1] 2

P [intrmp)

1

(4.52) implies that P Hz@N(f, vy)| > %NeuN} converges exponentially towards

0. It thus remains to study P H@N(f, v*) — zﬁN(f, V;))’ > %NeuN] For this, we
of course use (5.2), Corollary 5.3, and write that

P Uz/?zv(f, V) = dnf. )| > ;NeuN}

i l n(fv) = dw(£.5)) | o1 NEUN]
vt — vk 2lv* — v

<P l ovth) Z et V;))| > 1NPN€uN] .
v =g 2

If we choose p large enough, MN3/? verifies MN3/? <« NPuy, and
p [ In (") —dn (fv3)

u*—u;
pected. This completes the proof of (5.16). O

> %N PN€upn | converges towards 0 exponentially as ex-
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6. Numerical simulations
In this section we examine the impact of the correction quantity rn (v)én (f)on

when o > 2 and see how it improves the estimation of the LSS 5;7tr f(C(v)).
More precisely, we start by examining the behaviour of the LSS

‘trf /fd MP

and the impact of the corrective term

| Mg ) 2 1 B/2 b 2
(ZSZ(V)> N 31 > (N> =rn(@)on(f)on

b=—B/2

Mo, 2 B/2 2
(;;jgﬁ,,;) o |51 2 ()] =v@extio

b=—B/2

under Hgy. We recall that ¢ (f) is the deterministic term defined as the action
of f on the compactly supported distribution Dy, whose Stieltjes transform is:

__en(etn(2)in(2))?
pv(z) = —1— en(ztn(2)En(2))?

Motivated by [28], we consider f(A) = (A — 1)? where it can be verified with a
bit of algebra and residue calculus that

/f )dple) (A) = e

and ¢n(f) = cn. Take y,, generated by the following simple model:

Ynt1 = Ayn + € (6.1)

where (€5, )nez is an independent sequence of N (0,1,,) distributed random vec-
tors, and where A is the diagonal matrix defined by A = 81, for 8 € C such that
|0] < 1. Under (6.1), each time series are independent AR(1) processes. In Figure
1 is represented on the left the values of the LSS associated to f(\) = (A — 1)?
for each v € (0,1) when (N, B, M, L) = (10119, 1600, 800,21) (so o = 0.8 and
¢ =1/2) and 6 = 0.4, where we recall that L represent the lag window size in
the estimation of #n(v).. We see that the correction term captures the major-
ity of the deviation of the LSS from zero. Moreover, the correction where the
spectral densities s, and s/, are estimated still provide a good approximation
of the (’)(%)2 term. On the right side is represented the LSS against ¥y (f,v)

and 7,ZAJN( f,v). We again observe that the majority of the deviation from zero
of the LSS is corrected by the (’)(%)2 terms. Around v = £0.1, the corrections
precision seems degraded. This can be understood since v = £0.1 corresponds
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—— LSS(f,v) ) —— LSS(f,v)
f'N(V)VNlPN(f) UA‘N(f. v)
0031 —— ry(V)vngn(f) — n(f,v)

~0.01

FiG 1. Linear Spectral Statistics vs the correction term. f(A\) = (A — 1)2, (N,B,M,L) =
(10119, 1600, 800, 21), and 6 = 0.4.

to peaks in s}, which leads to greater estimation errors for §,, at this frequency
than for the other ones.

We now check the derived speed of convergence towards zero in Theorem 5.1,
and more precisely that the following estimations hold true:

it / fduliy L)y to(B “1
sup |[—tr f — o — o
VG[OP” M Mg B 1/2<a<2/3 N >2/3
sup [¢(f,v)| = O(un
vel0,1]
and we abbreviate itr f(c - |z fd,u(CN by LSS(f,v). In the following
we take ¢ = BLH =1and a = 4/5 In this case we recall that uy = O(£)3.

On the left of Figure 2 is represented for M € {20,30,...,1500} the value of

SUPyeio,1] |LSS(f,v)| against SuPye(o,1] [v(f,v)| and SupVE[O,l W(f; v)|. On the
right of Figure 2 we rescale all quantities by (%)2 and observe, in accordance
with Theorem 4.1 that LSS(f,v) remains O(1) while the corrected quanti-
ties are o(1). Eventually, on Figure 3 are represented sup,cp 1) [¢(f,v)| and

SUD,c0,1] [ (f,v)| rescaled by (%), and observe that these quantities are now
O(1), again in accordance with Theorem 4.1.
Eventually on Figure 4 is represented 20000 realisations of the

LSS sup,cz, i artr f(C —f fdu ’ against its improved estimations

Sup,ery [ UN(f,v)| and sup,cx, lhn (f,v)]. We see that the oracle corrected
statistics ¥ (f, v) is more concentrated around 0, and that its estimated counter-
part 1[1( f,v) is close to ¥(f,v) but exhibits more spread due to the additional
estimation step of the §,,(v).

Appendix A: Appendix
A.1. Proof of Lemma A.1

Lemma A.1 is a slight variation of Theorem 4.3.2 [4].
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0.30 — mex |Lss(f’ V)l 2009 Z—;mgx ILSS(fr V)I
—— max |y(f,v
025 v lw(Fv)l 175 —— ’E‘,L:mslx lw(f,v)|
—— max |@(f, V)|
v 1.50 ——

& max |i(f, v)|

WW

0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400

M M

and

Fic 2. SUp,cxy ﬁtr F(CWw)) - J fdug\%’:,) against  sup,e gz, YN (fiv)

SUP, ey PN (f,v) as functions of M. On the right the quantities are rescaled by (%)2.
a=08,¢c=1/2,0=04

61
N3
—— gsMmax |w(f, v)|
N3 A
5 — gmax |y(f,v)|
4_
34
24
(‘) 2(‘)0 4(‘)() 6(‘)0 8(‘)() 10‘00 12‘0() 14‘00
M

FIG 3. sup,c 7\, ¥N(f;V) andsup, ¢ 7, P (f,v) rescaled by (%)3 as functions of M. a = 0.8,
c=1/2, 6 =04.

Lemma A.1. For any vi and ve in [0,1], such that there exists k €
{0,1,..., N — 1} satisfying vo — v1 = k/N, the following bound holds:

1

s €16, 01)60, 02)'] = 5000l =0 () (A
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250 sup |LSS(f, v)|
v

sup |gn(f, v)|
200 1 v

sup [n(f, V)|
v
150

100+

50

0.01 0.02 0.03 0.04 0.05

Fic 4. sup,cr, |ﬁtr f(Cw) - ffdu%ff}’ﬂ against  sup,cx, YN(f,v)| and
supy ey [On (f,)]. (N, B, M, L) = (4254,800,400, 16), 6 = 0.4.

Proof.

E &y, (11)&y,, (12)”

N
Z E[ym,my,’il,nz]e_%”("l_l)”l eQiW(ng—l)Dg

nl,n2:1

==

N
—2im(ny—1)v1+2im(na—1)ve
Tm,n1—na€

’I’Ll,’ngzl

2=

(N-1)

_ —2imniv1+2imngrs
=5 > Fma D, €T

u=—(N-1),n1,n2€0,....,N—1 niy—nz=u

| —

Splitting this expression for u = 0,4 > 0 and u < 0 provides

N-1
* 1 —2imng (re—v
E[&y,, (1), (12)"] = im0 > ezl

n1=0
1 (N-1) N—1—u ] )
+ N Z T Z 6—217r(u+n2)1/1€2wm21/2
u=1 no=0
1 —1 N-1 ) .
+ = Z T Z e—?zw(u+n2)ul e2z7rn21/2' (AQ)
N u=—(N-1) n2=—1u

The first term of the right hand side of (A.2) can be computed in the case
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Vy = Vg!
N-1
1 Yy _
—Tm.o E e 2imng (va—v1) = T'm0
N
n1:0

and in the case vy # vo,

1 N-1
—2inn, &
NTTTL,O § € N =0.

ny =0

Therefore, the first term of the right hand side of (A.2) is equal t0 7y, 000, =, -
Consider now the second term of (A.2) (where u > 0):

N—-1—-u

§ :’I" E e—227r(u+n2)1/1 2iTngva
m,u
N

nog = =0
N—-1-u

N-—
1 ) .
N E ,r,m,ue—2z7ru1/1 § 6—2z7rn2(1/2—1/1). (A.?))

TLQ:O

The right hand side of (A.3) can also be explicitly written in the case v1 = vy

N—-1—u

1 N-1
—2imur, —2imnga(ra—r1)
— T, u€ E e
N
u=1

no =0

=

2‘\| =
g

-1
rm’uef2i7ru1/1 (N o u)
1

i
S
Il

N —u
N

—2iTury

I
-
<
3
2
)

u=1

N-1
2 Tm u6727,7ru1/1 _ N § U Tm u€217ruu1

|U||7"m,u\ < 400, so we have:

By Assumption 1.4, sup,,>1 ),z

1| 1
2imuvy | __
sup — U T € =0(—.
7n>p1 Z e (N)
Therefore:
N-1 N—-1—u N—1 1
—2imur, —2imnas (va—v1) —2imury | __ .
sup Zrmue Z e — Zrm,ue —(’)( >
m2>1 N no=0 u=1 N
(A.4)
In the case where vy # vg, note that vy — vy = k/N with k # 0, therefore:
N-1 N-1
€—2i7rn2(1/2—u1) — Z e—Ziwng% = 0. (A5)

no=0 no=0
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Using (A.5), one can rewrite the right hand side of (A.3) as

1 N-1 N—-1—-u
—2imuy —2i1mng (Ve —v
N E T, u€ 1 E e 2(r2—v1)
u=1 no=0
1 N-—-1 N
_ —2imur, E —2imns(va—v1)
= |- T'm.uw€ (&
N ’
u=1 no=N—u
N-1
<+ 3 lullrma]
S U[|[Tm,u
N
u=1

which, again by Assumption 1.4, provides the bound:

N-1 N—-1—u

1 . .
—2iTuv —2imng(va—v
ﬁ § T, u€ 1 E e 2(v2—v1)
u=1

na =0

sup
m>1

o(L). e

Combining (A.4) and (A.6), the second term of the right hand side of (A.2)
can be estimated as follow:

(N-1) Nol-u N-1
1 —2iTury —2imns(va—v1) 5 —2imTury
sup |— Trmu€ e — Oy =1y Tmu€
m>1 N — — —
= u=1 no=0 u=1

o(3)

The term for v < 0 in equation (A.2) is similar. Gathering the three terms
of equation (A.2) leads to

N-1

* —2iTuyr 1
sup B0, 00060, 00)] = | 3 e @™ || =0 ()
= u=—(N-1)
A7)

Eventually, using again Assumption 1.4 we have:

> e < 5 3 fullrn()] = 0 ()

- N N

[u|>N |u|>N

Inserting this into equation (A.7), we obtain equation (A.1) O

A.2. Proof of Lemma 3.1

Proof. Consider the complement of the event A? (v) and notice that:

AP Cc{Ime{l,... .M} 4m>5+eU{Ime{l,..., M} :én <s—eh
(A.8)
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We start by proving that the first set of the right hand side of (A.8) holds
with is exponentially small probability, ie. for any € > 0, there exist v > 0 such
that:

PEme{l,...,M}:8,, >5+¢ <exp—N".

By Lemma A.2 (see below), |ES,, — s,,| = O(B?/N?) so for N large enough,
this biais term will be smaller than €/2. Moreover, for any m € {1,..., M},
Sm — 5 < 0. Therefore, one can write for large enough N:

PEme{l,...,M}: 38, >5+¢

=P sup (8, —ESn + B8 — s+ 8m —5) > €
me{l,....,M}

<P l sup |8 — By > 6/2]

which holds with exponentially high probability by Lemma A.3 (see below). The
proof for the lower bound is similar. O

It remains to prove Lemma A.2 and Lemma A.3. Concerning the proof of
Lemma A.2, we follow the same approach as the one used in Theorem 5.4.2 in
[4].

Lemma A.2. For any v € [0,1], the following results hold:

" (y 3
E3m () = sm(v) = 3"3( Vo +0 ((ﬁ) + }V) (A.9)

and

s [Esn() — ()] = O (ﬁ)z. (A.10)

Proof. Tt is clear that 5, () = Spm(¥) = $m(¥)C.m(v) can be written as

T (T4 @),

S$m (V) = sm(v) Bil (A.11)
Therefore, E(3,,(v)) = sm(v)(1 + %ﬂtr ®,,). (A.9) thus follows immediately
from (3.9). (A.10) is an immediate consequence of (A.9). O

Lemma A.3. The family of random wvariables sup,,_;  l8m(v) —
E[5:»(v)]|,v € [0, 1] verifies
1

su Sm — ElSn]| < —. A.12
m:l,?,M| [81m]l 75 (A.12)

Proof. (A.11) implies that §,, — E[$,,] can be written as §,, — E[§,] =
S (% - %HTY(I + @m)). It is clear that sup,, H(I%{;l’“)ﬂp < £ for
some nice constant C. Therefore, (A.12) leads immediately to (2.17) . O
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A.3. Proof of Lemma 3.3

Proof. These estimates can be proved in a compact way by using the calculus
rules available in the stochastic domination framework introduced in Definition
2.1 and proved in Lemma 2.1. Using Lemma 3.2 and Lemma A.4 (see below):

- /1 1
< ‘\/Sm —VSm| X 87 X 3 )
\ ~ , m m
O<(%+m) 0<(1) 0<(1)
1 B?
< —=+ —=.

The second inequality is similar to prove:

Sm_l‘: VSm — \/ﬂ‘
Sm
< sm = 8m| % L ‘
S$m(VSm + Sm)
O (L+E) o)
1 B?
< ==+ —=.

O

Lemma A.4. The family of random variables (sup,,—1 s [3m(V) — sm(v)|),
v € [0, 1] verifies
. 32
m:sll,lP,M |8m — Sml| < \/» Nz
Proof. Tt is sufficient to check that the family of random variables (|3, —
Sm|)m=1,..m,V € [0,1] verifies |§,, — sp| < ﬁ + f,—i. Using Lemma A.2 and
Lemma A.3, we obtain as expected that

. . . . . . . 32
[8m — Sm| = [$m — Edm 4 Edm — 8m| < |Sm — Edm| + |ESm — 8] < \F ek
o(£3) Ox(F5)

O

A.4. Proof of Lemma A.5

Lemma A.5. The set of random variable (Z%Zl |8m (V) — 8m(V)]?), v € [0,1]

verifies
M

> 18m —smlP <1+

m=1

BS
Nt
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Proof. Using Lemma A.4, we have

. , 1 B4
[$m — Sm|” < 5 + =z Ni
and summing over m = 1... M, one immediately get:

M
R B
Z|Sm75m|2<1+m

5

m=1

A.5. Proof of Lemma 4.5

. We express Aas A= B+1 4 B+1 ot B+1 Therefore, we have

ar <o (2| o+ s
vB+1 vB+1 B+1 '
Using the Schwartz inequality, we obtain that
1/2 e\ 1/2 &
. xx* ||* rr* T
E||A|* < E Ef|—— E(|——
Ial=c ( ‘B—i—l ) ( HB+1 ) * HB+1

It is well-known that E <H BT H > < C for some nice constant depending on k.

(o)

a property which will imply that E||AHk <C ( ) For this, we put Z= B—;l.

As (3.17) holds, it remains to verify that E(||Z—E(Z =0 (%) . For this, we
use the concentration inequality (3.23). We choose tN = w!/*(£)2, and obtain
that

Therefore, we establish that

T
B+1

Z—-E(Z
P % > w'/F| < 2Cgexp—CBw"/* — wy'") (A.13)
()
for some wg > 0. If we denote by zx the random variable zy = (%) ’
N

we have to establish that E(zy) = O(1). For this, we express E(zy) as
+oo wo +o0o
E(zn) = / Plzy > w)dw = / P(zy > w)dw —|—/ P(zy > w) dw.
0 0 wo

As P(zy > w) = P(z]l\,/k > w'/k), (A.13) immediately implies that E(zy) =
o).
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A.6. Proof of Lemma 4.6

We denote by n,, the term of interest, i.e. 7, = E(w,, AW*Qe,,). 7, can be
written as

Nm = Z Z E(Wm,ngwm’,nl Qm/,m)Anmnl

ni ng,m’
The integration by part formula (2.8) leads to

E(Wm,ngwm’ n Qm’ ,m) -

1 1
n—niE mm) — 5 . 1
B4+ 1 (Qn.m) B+1

Therefore, we obtain that

5m—m’6 E W’m’,nl (Qw)m’,ng Qm,m] .

Z E(Wm,nzwm’,m Qm”m)Anz,m

ng,m’
1 1
= —EQmm)An,n, — =——E[(W*'QWA),., 1, Qm.m
B+1 (Q ) ) 1,71 B+1 [( Q )17 IQ B ]
and that
1
m = E|Qmm| 5——tr A—E tr W QWA e
U Qmml g7t [<B+1r Q )Q]
BB+1trAﬂE<B+1trW QWA>
1 o
— _— * A ° . A.l4
E{(BJrltrW QW. ) Qm’m} ( )
In order to evaluate E (%ﬂtr W*QWA)7 we remark that
1 | M
E(-— * A =—
<MtrWQW) Mmzzjlnm
=0 L tr A —(8cE itrW*QWA —
- "B+1 M

1 °1
E * A — °
{(BJrltrWQW ) MtrQ]
from which we deduce that

1 . B 1

1 1 °1
- E "QWA ) —tr Q°|.
1+ fe KB+1trWQW> MtrQ}

Plugging this relation into (A.14) leads immediately to (4.45).
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