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Abstract: The asymptotic behaviour of Linear Spectral Statistics (LSS)
of the smoothed periodogram estimator of the spectral coherency matrix
of a complex Gaussian high-dimensional time series (yn)necz with indepen-
dent components is studied under the asymptotic regime where both the
dimension M of y and the smoothing span of the estimator grow to infinity
at the same rate. It is established that the estimated spectral coherency
matrix is close from the sample covariance matrix of an independent iden-
tically N¢(0,I,) distributed sequence, and that its empirical eigenvalue
distribution converges towards the Marcenko-Pastur distribution. This al-
lows to conclude that each LSS has a deterministic behaviour that can be
evaluated explicitely. Using concentration inequalities, it is shown that the
order of magnitude of the deviation of each LSS from its deterministic ap-
proximation is of the order of % where N is the sample size. Numerical
simulations suggest that these results can be used to test whether a large
number of time series are uncorrelated or not.
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1. Introduction

1.1. The addressed problem and the results

We consider a M-variate zero-mean complex Gaussian stationary time series !

(Yn)nez and assume that the samples yq,...,ynx are available. We introduce
the traditional frequency smoothed periodogram estimate S(v) of the spectral
density of y at frequency v defined by

Sw) = %H BZ/Z £, <y+ Jff) ¢, (u+ ]I\)[) (1.1)

b=—B/2

where B is an even integer, which represents the smoothing span, and

N
& (v) = % D ypemnm (1.2)
n=1

Lany finite linear combination = of the components of (yn)nez is a complex Gaussian
random variable, i.e. Re(x) and Im(x) are independent zero-mean Gaussian random variables
having the same variance
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is the renormalized Fourier transform of (y,)n=1... n. The corresponding esti-
mated spectral coherency matrix is defined as:

1

C(v) = diag (S(u))  §(v)diag (S(u)) o (1.3)

where diag(S(v)) = S(v) ® I, with ® denoting the Hadamard product (ie.
entrywise product) and I is the M—dimensional identity matrix. Under the
hypothesis Ho that the M components (Y1.n)nez; - - -» (Ysm.n)nez of y are mutu-
ally uncorrelated, we evaluate the behaviour of certain Linear Spectral Statistics
(LSS) of the eigenvalues of C(v) in asymptotic regimes where N — +oo and
both M = M(N) and B = B(N) converge towards 400 in such a way that

M(N) = O(N®) for o € (1/2,1) and ey = % — ¢ where ¢ € (0,1). It

is established that if ,uS\Z)P represents the Marcenko-Pastur distribution with
parameter ¢ < 1 defined by

VO N A)

dUS\SI)P()‘) = 9N

Liep_ag (VA Ax = (1£Ve)?

then, for each function f defined on R* with enough continuous derivatives in
a neighbourhood of the support [A_; Ay] of ,ug\f[)P, it holds that for each ¢ > 0,
there exist a y(€) := v > 0 such that:

i (CN)
Wt (1Cwn) = [ sran

In other words, under Hg, uniformly w.r.t. the frequency v, ﬁTr (f(C(V)))

P | sup
ve(0,1]

> N — ] < exp—N" (1.4)

behaves as fR fdu Afﬁg), and with high probability, the order of magnitude

of the corresponding error is not larger than % = (’)(ﬁ) Our approach

is based on the observation that in the above asymptotic regime, S(v) can
be interpreted as the sample covariance matrix of the large vectors (Sy(z/ +
b/N))y=—p/2,...,B/2- Classical time series analysis results suggest that the vec-
tors (Ey(1/—|—b/N))b:_B/27___7B/2 appear as "nearly” i.i.d. zero mean complex ran-
dom vectors with covariance matrix S(v) where S(v) = Diag (s1(v),...,sm(V))
and (Sy)m=1,...m represent the spectral densities of the scalar time series
((Ym.n)nez)m=1,...M- C(V) can be interpreted as the sample autocorrelation
matrix of the above vectors. As it is well known that the empirical eigenvalue
distribution of the sample autocorrelation matrix of i.i.d. large random vectors
converges towards the Marcenko-Pastur distribution (see e.g. [22]), it is not sur-

prising that - Tr (f(@(u))) behaves as [, f dugf;}). Our main results are thus

obtained using tools borrowed from large random matrix theory (see e.g. [27],
[1]) and from frequency domain time series analysis techniques (see e.g. [5]).
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1.2. Motivation

This paper is motivated by the problem of testing whether the components
of y are uncorrelated or not when the dimension M of y is large. For this, a
possible way would be to estimate the spectral coherency matrix, equal to I,
at each frequency v under o, by the standard estimate C(v) defined by (1.3)
for a relevant choice of B, and to compare, for example, the supremum over v
of the spectral norm [|C(rv) — Ip/|| to a threshold. In order to understand the
conditions under which such an approach should provide satisfying results, we
mention that under some mild extra assumptions, it can be shown that

sup [S(v) = S()| —=>—0

as well as
A~ _ I a.s.
Slil,p [C(v) Ml m 0

in asymptotic regimes where N, B, M converge towards +oco in such a way that

£ — 0and 4 — 0. Therefore, C(v) is likely to be close from I, for each v if

both % and % are small enough. However, if M is large and that the number

of available samples N is not arbitrarily large w.r.t. M, it may be impossible

to choose the smoothing span B in such a way that % < 1 and % < 1. In
B

such a context, the predictions provided by the asymptotic regime % — 0 and

2 — 0 will not be accurate, and any test comparing C(v) to I for each v will
provide poor results. In order to solve this issue, we propose to choose B of the
same order of magnitude than M. In this case, C(V) has of course no reason
to be close from I,; for each v. If %, or equivalently if % is small enough, the
asymptotic regime presented in Paragraph 1.1 appears relevant to understand
the behaviour of C(V) We mention in particular that the condition o > 1/2
implies that the rate of convergence of % towards 0 is moderate, which is in
accordance with practical situations in which the sample size is not arbitrarily
large. Our asymptotic results thus suggest that if % is small enough and if B
is chosen of the same order of magnitude than M, then it seems reasonable to
test that the components of y are uncorrelated by comparing

sup ’J\l/ITr (f(C(V)) - /R+ Faussy)

to a well chosen threshold for some smooth function f. We also notice that
the most usual asymptotic regime considered in the context of large random
matrices is M — 400, N — +00 in such a way that % converges towards a
non zero constant. This is because the quantity of interest of the corresponding

papers is very often the empirical covariance matrix

X 1 X
RN = N nzlyny:; (15)
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However, when the multivariate time series (y,)ncz is not supposed to be
i.i.d., the study of Ry is of course not sufficient in order to test that
(Y1,n)nezs - - - » (Ya,n)nez are uncorrelated or not. The construction of test statis-
tics that are functions of the spectral density and spectral coherency estimates
(1.1,1.3) appears much more relevant in this context. However, it is clear that
it would be hard to expect the derivation of positive results concerning the
asymptotic behaviour of functionals of these estimates when % does not con-
verge towards 0. We finally remark that our asymptotic regime is similar to the
regime studied in [4], devoted to the use of shrinkage methods to improve the
performance of the spectral density estimate (1.1) when M is large. We thus
refer the reader to [4] for other arguments motivating this regime.

1.3. On the literature

The problem of testing whether various jointly stationary and jointly Gaussian
time series are uncorrelated is an important problem that was extensively ad-
dressed in the past. Apart a few works that will be discussed later, almost all the
previous contributions addressed the case where the number M of available time
series remains finite when the sample size increases. We first review a few related
examples of previous works. Two classes of methods were mainly studied. The
first class use lag domain approaches based on the observation that M jointly
stationary time series (y1,n)nez; - - -, (YM,n)nez are mutually uncorrelated if and
only if for each integer L, the covariance matrix of the M L dimensional vector
( ) defined by

(L) —

T
Y (yl,'ru ey Yiln+L—1y---sYMny - - - 7yM,n+L71)

is block diagonal. The lag domain approach was in particular used in [17] in
conjunction with a prewithening of each time series. In this paper, M =
and the two time series are supposed to be ARMA series. The coefficients of
the ARMA models are estimated, as well as their corresponding innovation
sequences uy , and ug 5, for n =1,..., N, and the cross correlation coeflicients
between u; and ug at lags —(L — 1),...,(L — 1) where L is a fixed integer. If
71,2(1) represents the estimated cross correlation coefficient at lag I defined by

~ Ziv 1+1 IALl,t'LAL2,t7l
f12(l) = 1/2 N 1/2
(Zt 107 t) (Zt:l ﬂ%t)

where 4, ,, represents the estimator of u;,,, then [17] introduced the statistics

Q=N Z 7151

I=—(L-1)

and established that it is asymptotically chi-square distributed under Hy. This
idea has been extended and improved in the following decades, see e.g. [24],
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[25], [19]. [20] generalized the approach of [17] to non ARMA time series.
The main idea was to replace the estimated innovation processes by order
pn prediction errors where py converges towards oo at certain rate when
N — 400, and to replace the fixed integer L by a sequence (L(N))n>1
converging towards oo at a well chosen rate. The test statistics QJ; was also
modified by introducing a kernel, a deterministic recentering term, as well
as a well chosen renormalization. Duchesne and Roy [8] robustified Hong’s
statistics by applying the methodology of [25]. We finally mention the more
direct approach of [12], valid when the two time series are multivariate, and
that did not use any prewhitening of the various time series.

The second approach is based on the observation that the M jointly station-
ary time series (y1,n)nez, - - -, (Ym,n)nez are uncorrelated if and only the spectral
density matrix S(v) of y,, = (Y1,ny---,Ynmn)’ is diagonal for each frequency v,
or equivalently, if its spectral coherence matrix C(v) is reduced to I, for each
v. [31] studied hypothesis testing based on the nonparametric estimate C(v)
defined in equation (1.3) of C(v). Motivated by the generalized likelihood ratio
test (GLRT) in the case of Gaussian i.i.d. time series and the Hadamard in-
equality, [31] remarked that for each v, log det(C(v)) < 0 and the equality holds
if and only if C(v) = Ips. [31] thus considered the statistics

XP: log det (C(Vz))

where v1, ..., vp are fixed frequencies, and computed its asymptotic distribution
under Ho. When M = 2, [10] derived the asymptotic distribution of the statistics

under Hg, where C is a windowed frequency-smoothed periodogram estimate of
the corresponding spectral coherency matrix. [29] studied more general class of
test of the form

Ho : /0 K(S(v)dv =&

where K is a certain functional. [29] derived the asymptotic distribution of

fol K(S(v))dv — k where S(v) is a lag window estimator of S(v). These general
results were used to test that 2 time series are uncorrelated. In the same vein,
we also mention [11].

We finally review the very few existing works devoted to the case where
the number M of time series converges towards +oo. Apart [4] and [6] pre-
sented below, we are just aware of papers addressing the case where the obser-
vations yi,...,yn are i.i.d. and where the ratio % converges towards a constant
d € (0,1). In particular, in contrast with the asymptotic regime considered in the
present paper, M and NN are of the same order of magnitude. This is because, in
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this context, the time series are mutually uncorrelated if and only the covariance
matrix E(y,y:) is diagonal. Therefore, it is reasonable to consider test statis-
tics that are functionals of the sample covariance matrix Ry defined by (1.5).
In particular, when the observations are Gaussian random vectors, the gener-
alized likelihood ratio test consists in comparing the test statistics log det(é N)
to a threshold, where Cn represents the sample autocorrelation matrix. [22]
proved that under Hg, the empirical eigenvalue distribution of Cn converges al-
most surely towards the Marcenko-Pastur distribution /‘S\?P and therefore, that

ﬁTr ( f (C N)) converges towards f fd,u%)P for each bounded continuous func-

tion f. In the Gaussian case, [23] also established a central limit theorem (CLT)
for log det(Cy) under Hp using the moment method. In the real Gaussian case,

L \NJ2
[7] remarked that (detC N) is the product of independent beta distributed

random variables. Therefore, log det (C ~) appears as the sum of independent
random variables, thus deducing the CLT. More recently, in [26] is established a
CLT on LSS of Cy in the Gaussian case using large random matrix techniques
when the covariance matrix E(y,y};) is not necessarily diagonal. This allows to
study the asymptotic performance of the GLRT under certain class of alterna-
tives. We also mention that [21] studied the behaviour of max; ; |(Cy ), ;| under
Ho, and established that max; , \(C N )i jl, after recentering and appropriate nor-
malization, converges in distribution towards a Gumble distribution, which, of
course, allows to test the hypothesis Hg. This first contribution was extended
later in a number of works, in particular in [6] who considered the case where
the samples y1, ..., yn have some specific correlation pattern. We finally cite [4]
which proposed to use shrinkage in the frequency domain in order to enhance
the performance of the spectral density estimate (1.1) when the components
of y are not uncorrelated. While the topics addressed in [4] are different from
the main purpose of this paper, [4] introduced the asymptotic regime that we

consider here, except that %/2 is supposed to converge towards 0 in [4]. When
B = O(N®), this condition is equivalent to o < 2/3, while we rather study
situations where o > 1/2.

1.4. General approach

In order to establish (1.4), we use the following approach:

e We first study the behaviour of the modified sample spectral coherency
matrix C(v) defined by

C(v) = diag (S(v))~? S(v)diag (S(+))

[NIE

(1.6)

In other words, C(v) is obtained from C(v) by replacing the estimated
diagonal matrix diag (S(V)) by its true value diag (S(v)). Using classical
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results of [5], we establish that for each v, C(r) can be represented as

é X(v)X*(v)

W ==pF7 AW (1.7)

where X(v) is a M X (B + 1) random matrix with N¢(0,1) i.i.d. entries,

and A(v) is another matrix such that, for any e > 0, there exists v > 0,
independent from v, such that for each large enough N € N:

~ B
PIAG) > 5 F] <o

We deduce from this that for each € and each smooth enough function f,

||y (rcen) - 31 ()G ) |5 v F | <o

for each v € [0, 1]. Classical concentration results of LSS of M lead
immediately to

1 (en)
P HMT / fduyp

for each v. R
We next establish that for each v, C(v) can be written as

B
> NGN} <exp—-N" (1.8)

X)X (v)

Cl) = B+1

+A(v) (1.9)

where A(v) verifies the concentration inequality

Pllam) > v (2=

<exp—N"

7).

for each € > 0, where v does depend on e but not on v. If @ < 2/3, the
term % dominates %, and the estimation of the true spectral densities
(Sm)m=1,..,m has an impact on the spectral norm of the error matrix
A(v). However, due to some subtle effects, it eventually turns out that for
each v,

1 (ex)
P||=Tr N
i (sewn) - [ ran

still holds provided the function f is smooth enough.

We eventually show that with high probability, v — C(u) is Lipschitz with
constant O(N?) for some constant 3. Using this property in conjunction
with a discretization in the frequency domain, we eventually deduce (1.4)
from (1.10).

> N — ] <exp—N" (1.10)
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1.5. Assumptions and general notations

Assumption 1.1. For each m > 1, (Y n)nez i a zero mean stationary com-
plex Gaussian time series, ie.

1. Elymn] =0 for anym >1 and anyn € Z

2. every finite linear combination x of the random variables (Ym. n)nez S a
Nc(0,0?) distributed random variable for some o2, i.e. Re(x) and Im(x)
are independent and N(0,02/2) distributed.

Assumption 1.2. If m; # ma, then the scalar time series (Ym, n)nez and
(Ymay.n)nez are independent.

We now formulate the following assumptions on the growth rate of the quan-
tities N, M, B:

Assumption 1.3.

CN, CN ———CE (0,1)

1
«a
— — 1 P —
B,M—O(N)wher62<a< Byl ~

As M = M(N) converges towards +0o, we assume that an infinite sequence
(Y1,n)nezs Y2,0)nez, - - - » (Ykn)nez, - - - of mutually independent zero mean com-
plex Gaussian time series is given.

We denote by (sm)m>1 the corresponding sequence of spectral densities (i.e.
Sm coincides with the spectral density of the times series (ym.n)nez). For each
m > 1, we denote by ry, = (rm,u)uez the autocovariance sequence of (Ym n)nez,
i.e. " = ElYm,ntulim ). We formulate the following assumptions on (8.m)m>1
and (7p)m>1:

Assumption 1.4. The time series ((Ym,n)nez)m>1 are such that:

inf inf |s,, 0 1.11
Juf, dnf Jsm @) > (1.11)
and
sup > (1+ [u]*)|rm | < +00 (1.12)
m>1
=T u€ez

Assumption (1.12) of course implies that the spectral densities (s, )m>1 are
C? and that

sup sup |s')(v)] < 400 (1.13)
m2>1ve(0,1]

fori=0,1,2 (sg,) represents the derivative of order ¢ of s,,).

Notations. A zero mean complex valued random vector y is said to be
Nc(0,%) distributed if E(yy*) = ¥ and if each linear combination z of the
entries of y is a complex Gaussian random variable, i.e. Re(z) and Im(x) are
independent Gaussian random variables sharing the same variance.
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If Aisa P x Q matrix, ||A|| and ||A| r denote its spectral norm and Frobe-
nius norm respectively. If P = @ and A is Hermitian, A;(A) > ... > Ap(A) are
the eigenvalues of A. The spectrum of A, which is here the set of its eigenvalues
(Ae(A))k=1,....p, is denoted by o(A). For A and B square Hermitian matrices,
if all the eigenvalues of A — B are non negative, we write A > B. We define
ReA = (A + A*)/2 and ImA = (A — A*)/2 where A* is the conjugate
transpose of matrix A.

CP represents the set of all real-valued functions defined on R whose p first
derivatives exist and are continuous.

We recall that S(v) represents the M x M diagonal matrix
S(v) = Diag(s1(v),...,sm(v)). We notice that S depends on M, thus on
N (through M := M(N)), but we often omit to mention the corresponding
dependency in order to simplify the notations. In the following, we will denote
by ¥m the N—dimensional vector ym = (Ym.1s-- -, Ym.n)" -

A nice constant is positive a constant that does not depend on the frequency
v, on the time series index m, as well as on the dimensions B, M and N. C will
represent a generic notation for a nice constant, and the value of C' may change
from one line to the other.

If (an)n>1 and (by)n>1 are two sequences of positive real numbers, we
write ay << by if % — 0 when N — +o0.

We also recall how a function can be applied to Hermitian matrices. For a
M x M Hermitian matrix A with spectral decomposition UAU* where A =
diag(Apm,m = 1,..., M) and the (Ay;)m=1,...m are the real eigenvalues of A,
then for any function f defined on R, we define f(A) as:

f(M)
f(A)=U U*
J(Ar)

CT is the upper half plane of C, i.e. the set of all complex numbers z for
which Im z > 0.

For ;v a probability measure, its Stieltjes transform s, is the function defined
on C\ Supp i as
du(N)
su(z) = / 5 (1.14)

1

Im 2

We recall that

lsu(2)] < (1.15)

for each z € C+.
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If Ay,..., Aps denote the eigenvalues of an Hermitian matrix A and if p :=
ﬁ Zf\il 0y, denotes the so-called empirical eigenvalue distribution of A, then
we have the following relation:

1
3u(2) = 2717 Q(2)
where Q(z) represents the resolvent of A defined by
Q) = (A - 2Ly) ! (1.16)

We finally mention the following useful control for the norm Q:

1Qll < . (1.17)

“Imz

1.6. Overview of the paper

We first recall in Section 2 useful technical tools: the concept of stochastic domi-
nation adapted from [13] which allows to considerably simplify the exposition of
the following results, as well as known concentration inequalities expressed using
the stochastic domination framework. We establish in Section 3 the stochastic
representations (1.7) and (1.9) of C(v) and C(v). In Section 4, we finally prove
(1.10) and establish the Lipschitz properties that allow to deduce (1.4).

2. Useful technical tools
2.1. Stochastic domination

We now present the concept of stochastic domination introduced in [13]. A nice
introduction to this tool can also be found in the lecture notes [3].

Definition 2.1. Stochastic Domination. Let
X=XMw):NeNueU®™), v=M(w):NeNuecUM)

be two families of nonnegative random variables, where UN) is a set that may
possibly depend on N. We say that X is stochastically dominated by Y if for all
(small) € > 0, there ezists some v > 0 (which of course depends on €) such that:

P [X(N)(u) > NEY(N)(U)} <exp—N7

for each w € UN) and for each large enough N > Ny(€), where Ny(€) is inde-
pendent of u, or equivalently

sup P [X(N) () > NYW™ (u)] < exp—N7 (2.1)
ucUXN)
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for each large enough N > Ny(e€). If X is stochastically dominated by Y we
use the notation XN)(u) < YN)(u). In order to simplify the notations, we
will very often denote X(N) < YWN) or X <Y when the context will be clear
enough. Moreover, if for some complex family X we have |X| <Y we also
write X = O4(Y).

Finally, we say that a family of events = = E(N)(u) holds with exponentially
high (small) probability if there exist Ny and v > 0 such that for N > Ny,
PEn(u)] > 1—exp—N" (P[Ex(u)] < exp—N7) for each u € UN).

Lemma 2.1. Toke two families of non negative random variables X,Y defined
as in Definition 2.1. Then the following holds:
Xi<Yiand Xo <Yy, — X1 +Xo <Y1 4+Y5 and X1 X5 < Y1Ys

Proof. We consider € > 0 and introduce the quantities v; > 0 and 5 > 0 such
that
P[X; > NYy| <exp—N", P[X3 > N%Y;] < exp—N

for each N large enough. Then, there exists a v > 0 such that for N large
enough:
P[Xl + X9 > NE(Yl + sz)] < ]P[Xl > Neyl} + ]P[XQ > Neyvg}
<exp—N" +exp—N™
<exp—N"7
This proves the first assertion of Lemma 2.1.
Moreover, there exists another quantities 41, 72 and 4 such that for large
enough N:
PIX1 X > NViYa] < P[X1 X, > NYiYa, X1 < N/2Vi] + P[X; > N/2Y;]
< P[X, > N92Y,) + P[X; > N9/?Y))
<exp—N7"* + exp —N2
< exp—N7

which proves the second assertion. O

Remark 2.1. Note that Definition 2.1 is slightly different from the original one
[13] which states that the left hand side of (2.1) should be bounded by a quantity
of order NP for any finite D > 0. In the present paper, all the random variables
are Gaussian, and exponential concentration rates can be achieved.

2.2. Concentration of the smallest and largest eigenvalues of a
Gaussian random matric

In this paper we will at multiple occasion use the concentration of the smallest
and largest eigenvalues of empirical covariance matrix of iid N¢(0,I,s) random
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vectors. [14] proved that if M = M(N) and B = B(N) follow the Assumption
1.3, for any M x (B + 1) matrix Xy with iid N¢(0,1) entries, we have for any
e>0

P [/\M (éwa < (1_@2_6} < (B41)exp—C(B+ 1) (2.2)

P [)\1 ();Nfiv> > (1+ve)* + e} < (B+1)exp—C(B+1)e* (2.3)

for some universal constant C'.
Consider for € > 0, the e-expansion of the support of the Marchenko-Pastur
distribution:

Supp u7p + e = [(1 = Ve)? — ¢, (1+ V) + €]

and the event:

_ (X Xy (©)
AN75—{0< Bl > C Supp iy p +€ (2.4)

It is clear that using (2.2) and (2.3), An. holds with exponentially high
probability for any € > 0. This will be of high importance in the following since
it will enable us to work on events of exponentially high probability where the

Xy X o
NEN and the norm of its inverse are bounded.

norm of BT

Eventually, the following (weaker) statement is a simple consequence of the
equations (2.2) and (2.3), which will sometimes be enough in the following:

Xy X 1
A\ < N) + — =<1 (2.5)
B+1 s (nglzv)

Indeed, fix € > 0. There exist a Ny(¢€) large enough such that for any N > Np,
N¢> (1++/c)*+ NTE Therefore

Xy X% Xy X% , N¢
€ < -
P[A1<B+1>>N]P[A1<B+1>>(1+ﬁ) + 5

<(B+1)exp—C(B+1)N°

which decay in the order exp —C'N? for some v > 0. The proof for the three
other quantities are similar.

We finally notice that if we consider a family Xy (u) € CM*(B+D) with iid
Nc(0,1) entries, u € UWN) | where U™ is a certain set possibly depending on
N, then (2.2) and (2.3) hold for each u € UN) because the constant C' in (2.2)
and (2.3) is universal. This implies that the stochastic domination (2.5) is still
verified by the family Xy (u), u € UN). Moreover, the family of events Ay (u)
defined by (2.4) when X is replaced by Xy (u) still holds with exponentially
high probability.
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2.3. Concentration of functionals of Gaussian entries

It is well known (see e.g. [30, Th. 2.1.12]) that for any 1-Lipschitz real val-
ued function f defined on RY and any N-dimensional random variable X ~
N(0,1y), there exists a universal constant C' such that:

P(|If(X) —Ef(X)| > t] < Cexp—Ct? (2.6)

This inequality is still valid when X ~ Ng(0,Iy): in this context, f(X) is re-
placed by a real-valued function f(X,X*) depending on the entries of X and
X*. f(X,X*) can of course be written as f(X,X*) = f(v2Re(X), v2Im(X))
for some function f defined on R2N. As (v2Re(X), v2Im(X)) is N(0, Ioy)
distributed, the concentration inequality is still valid for f(X,X*) =
f(V/2Re(X), V2Im(X)). We just finally mention that f, considered as a func-
tion of (X,X*), and f have Lipschitz constants that are of the same order of
magnitude. More precisely, if we define the differential operators 8% and % by

o_0 0 o _0 .0
0z Ox 0y 0z Ox Oy

we can verify immediately that

N of
> (|

(2

2

of
X;

!

2
= LP=4 r 2
) 1D 2= 41 (VF) o]

Within the stochastic domination framework, the concentration inequality
(2.6) implies that for a family Xy (u) ~ N(0,1y) for u € UM):

[f(Xn(u) —Ef(Xy(u)] <1
The proof is immediate: consider € > 0 and obtain that
B[ f(Xn (u) — Ef(Xn ()] > N < Cexp—CN*
for each u as expected. This result can easily be extended in the complex case,

ie. when Xy (u) ~ Ng(0,Iy).

2.4. Hanson-Wright inequality

The Hanson-Wright inequality [28] is useful to control deviations of a quadratic
form from its expectation. While it is proved in the real case in [28], it can
easily be understood that it can be extended in the complex case as follows: let
X ~ Nc(0,Iy) and A € CN*N, Then

¢ ¢
PIX*AX — EX*AX]| > t] < 2exp —C min < , > (2.7)
A% 1A



High dimensional independence testing of Gaussian time series 15

We now write (2.7) in the stochastic domination framework. Consider a family
,,,,, ~ where u € UM and
a sequence of N x N matrices A y(u) that possibly depend on u. Take € > 0
and t = N¢||An(u)||p. Since [An(w)|| > 0, |[An(w)|lr > 0, and [|An(u)] <
[ AN ()] F:

L £\ i (e A @l o [AN @)
(v o) = (G )

> min(N¢, N%) = N°¢

Therefore, for any u € U™, it holds that

PIXN (w)An ()X y(u) — EXY () Ay (u) Xy (w)] > N Ay (u)|[r] < 2exp —CN*
(2.8)
Denoting Xy (u) = (X1(u), ..., Xn(u))T, we can rewrite (2.8) as the follow-
ing stochastic domination:

XN (AN (u) Xy (u) — EXY(u)An () Xy (u)| < [|An(u)||F (2.9)

3. Stochastic representations of C(v) and C(v)

The first step is to show that C(z/) and C(l/) can be approximated by the sample
covariance matrix of a sequence of iid Gaussian random vectors, and to control
the order of magnitude of the corresponding erros. This is the objective of the
following result.

Theorem 3.1. Under Assumptions 1.1, 1.2, 1.3 and 1.4, for any v € [0,1], it
exists a M x (B+1) random matriz X (v) with Nc(0,1) i.i.d. entries, and two
matrices An(v) An(v) such that:

ont) = XYL A, jaxml< 2 (3.1)
Cnlr) = ML ANe) IaNWI< =4y (32

Remark 3.1. Therefore, up to small additive perturbations, Cn(v) and Cy(v)
appear as empirical covariance matrices of iid N¢(0,1n) random vectors. We
thus expect that Cn(v) and Cx (v) will satisfy a number of useful properties of
empirical covariance matrices of iid Ng(0,1y) random vectors.

Remark 3.2. In the following, we will often omit to mention that
the warious matrices wunder consideration depend on N and v. Ma-
trices Cn(v),Cn(v),Xn(1),An(V),... will therefore be denoted by
C),Cv),X(v),A(v),... or C,C,X, A, ...

The proof of Theorem 3.1 will proceed in three steps: first we provide the
result for matrix C(v), then control the deviations between diag(S(»))~= and
diag(S(v))~2, and eventually extend the stochastic representation of C(v) to

C(v).
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3.1. Step 1: Stochastic representation of C

In order to establish (3.1), we prove the following Proposition.

Proposition 3.1. Under Assumptions 1.1, 1.2, 1.8 and 1.4, for any v € [0,1],
there exist a M x (B + 1) random matriz Xy (v) with Nc(0,1) i.i.d. entries,
and another matriz T n(v) such that:

. Xy () + T () Xy () + Ty ()"

C = .
N() B+1 (3.3)
where the family of random variables %, v € [0,1] verifies

r 2 p?

B+1 N2
Proof. Denote by ¥ the M x (B + 1) random matrix defined by

B B
2: <£y(V—2]V)7,£y(V+2JV)> (35)

where we recall that the normalized Fourier transform &, is defined in (1.2), so

that S = 3¥*/(B+1). Denote by w,, the m—th row of X. In other words, w,,
coincides with the (B + 1)-dimensional Gaussian complex row vector defined

by:
B B
Wm = <§ym(’/ - ﬁ)v &y (v 2N)>
The covariance matrix E[w} w,,] of w is given by:
[ (&, (v —B/2N)"

Blwpnwn] =E | (G =) G+ )
&y, (v + B/2N)*

—5[{e.w+ Byg.wr ) ]

N by,ba=—B/2

By Lemma A.1 in Appendix, we have for b and by # bo:

» <y + ;) 2] o)+ O G)

o 8]-o()

where the error is uniform over m > 1 and v € [0, 1]. Therefore one can write
that there exist some Hermitian matrix Y, (v) and some nice constant C' such
that:

E

Elw} w,,] = diag <sm (VJr ;\;) b= B/2,...,B/2> + Y,
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where Y,,, satisfies
sup <
m>1,by,ba

(T, b,

=l

Moreover, the regularity of the applications v + s,,(v) specified in Assump-
tion 1.4 implies that there exists quantities €, such that:

diag (sm(u—i— %) :b= —B/27...,B/2>
= sy (1) Ipy1 + diag (em(l/ + %) :b=-B/2,.. .,B/2>

where:

b
sup sup Jem(v+ )| <C

B
m>1—B/2<b<B/2 N N

for some nice constant C. Therefore, if we define matrix ®,, as:

1 b
P, = — {Tm + diag <em(u +—=):b=-B/2,.. .7B/2>}
Sm N
then the following relations hold:
* C
Elw),wm] = sm (Ip+1 + ®Pm), sup [Py, | < N (3.6)
mzl,bl,bg

The spectral norm of ®,, can be roughly bounded by the following inequality:

B/2 B
sup || @[ < sup sup > 1 ®m)y, 4| < Cy
m>1 m>1-B/2<bi<B/2, T,

Using the Gaussianity of vector w,, and the expression (3.6), we obtain that
w,, can be represented as

Wi = /Sm Xm (IT+ <I>m)1/2 s Xm ~Nc(0,Ip11) (3.7)

where x,,, and X,,, are independent for m; # mgo. This comes from the mutual
independence of the time series ((Ymn)nez)m=1,....m. Consider the eigenvalue /
eigenvector decomposition of Hermitian matrix ®,,, i.e.

®,, = U, A,, U,

where A,, is the diagonal matrix of the eigenvalues of matrix ®,,. It is clear
that the entries of A,, are O(B/N) terms, and that matrix (I + Am)l/2
written as:

can be

I+A ) =14+, ¥, =diag(¥ms:b=—B/2,...,B/2) (3.8)
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where ¥, , verifies

B
sup sup [Vmp| < C—
m>1b=—B/2,...,.B/2 N

Therefore, it holds that:
Wi = V/SmXm I+ U ¥, U ) = Vs (xm + %0 Un ¥, U

We denote by X and I' the M x (B + 1) matrices with rows (X,n)m=1,...M,
and (x,U,, ¥, U%) _, ,, respectively. Then, it holds that

Y =diag (v/sm,m=1,...,M) (X +T) (3.9)

where we recall that 3 is defined by (3.5). We recall the definition of matrix C
given by

C = diag( sm,mzl,...,M)*l/zgdiag( sm,mzl,...,M)*l/Q(&lO)

bID)
= diag( sm,mzl,...,M)_l/QTHdiag( Sym =1,..., M)™/?

The representation (3.9) implies that C can also be written as

= (X+ID)(X+TI)*
C= B+1

This completes the proof of (3.3). It remains to show (3.4). We denote by Z

the M x M matrix Z = %HFF*. As ||Z|| verifies

I1Z]| < [|Z — EZ| + [[EZ|
it is enough to prove the two following facts:
B2
IEZ| < Cm (3.11)
B2
|Z —EZ| < N2 (3.12)
We start with (3.11). Using the decomposition of the rows of T' we have:

!
- B+1

1 * * * K

1 * R TH K
= T—HE[tr XzUz‘I’zUl Uj‘I’jUij]

1 kT T* * *
= Tﬂtr (U]\I’]U]]E[X]XI]Ul\I'lUZ)

1 .
= (SijiB n ltl” ‘I’Z‘I’J

E[Z; ;] E[TT"]; ;
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so that it is clear that E[Z] is the diagonal matrix with diagonal entries
(ﬁ.l sz/iB/Q |Vm.b|*)m=1... a- By the estimation in equation (3.8), we eas-
ily have (3.11).

It remains to prove (3.12). We use the observation that ||Z — E[Z]|| =
max| (=1 |h*(Z — E[Z])h], and use a classical e-net argument that allows to de-
duce the behaviour of ||Z—E[Z]|| from the behaviour of any recentered quadratic
form g*Zg —Eg*Zg where g € CM is a deterministic unit norm vector. We thus
first concentrate g*Zg — Eg*Zg using the Hanson-Wright inequality (2.9). For
this, we need to express g*Zg as a quadratic form of a certain complex Gaussian
random vector with iid entries. We denote by z the M—dimensional random vec-

torz == éi)g Its covariance matrix G = G(v) is equal to (recall that W,,(v)

is real, so ¥, (V) ®,,(v)* = ¥,,(v)?)

5%

G(v) = Elzz ‘B+1§jmmﬂu ¥, (1) Uy ()

Therefore, z can be written z = G'/?w for some w ~ N¢(0, 1)) random vector.
As a consequence, the quadratic form g*Zg — Eg*Zg can be written as

g'Zg — Eg'Zg = w'Gw — Ew*Gw
The Hanson-Wright inequality (2.9) can now be applied:
lw*Gw — Ew*Gw| < |G| r (3.13)

Since Z%Zl lgm|? = 1, it is clear that [G]] <
7 WPt 0 SUPp—_p)o, g2V Therefore, (3.8) and the rough
evaluation ||GHF (B+1) \G||2 leads to

B\’ 1 /B\*
nGn<cB+1(N), HH%SCB+1<N> (3.14)

The substitution of (3.14) in equation (3.13) gives the following control of
g'Zg — Eg'Zg:

1 (B)’
Zg — Eg'Zg| < — | = 3.15
25 - Bzl < = () (3.15)
Consider € > 0, and an e-net N, of CM | that is a set of CM unit norm vectors
{h; : k = 1,...,K} such that for each unit norm vector u € CM, it exists a

vector h € N, for which |lu — h|| < e. It is well known that the cardinal of
N, is bounded by C (%)2M where C' is a universal constant. Then, denote g a
(random) unit norm vector such that |g¥Zg, —EgiZg,| = ||Z—EZ||, and define
h, € N, as the closest vector from g,. Therefore, we have
1Z - EZ| = |g3(Z — EZ)g;|
= (g5 —hg +h)(Z - EZ)(gs — hs +hy)|
< |(g; — h;)(Z — EZ)(gs — h,)| + (g7 — h)(Z — EZ)h,|
+ [hi(Z — EZ)(gs — hy)| + |h((Z — EZ)h,|



20 P. Loubaton and A. Rosuel

It is clear that:
|(g:—h%)(Z—-EZ)(g.—h,)| < €|Z-EZ|, |(gi—h:)(Z-EZ)h,| < ¢|Z-EZ|

and
|Z — EZ| < |bi(Z — EZ)b,| + ¢|Z — EZ]| + 2|Z — EZ|

which leads to
(1—2¢—€®)|Z —RZ|| < |h*(Z — EZ)h,|

This implies that for each ¢ > 0,
{IZ - EZ|| > t} C Unen{

h*(Z — EZ)h| > Ct}
for some nice constant C'. Using the union bound, we obtain that

P[|Z - EZ| >t < > P[h*(Z-EZ)h| > Ct| (3.16)
heN.

Here, we would like to use equation (3.15) to conclude. By the definition of
=, (3.15) is valid uniformly on any set of vector with cardinality polynomial
in N. Here the set N, is strictly bigger: it’s cardinal is O(e=2M) and therefore
exponential in M. As a consequence, we have to accept to loose some speed
when going from the stochastic domination of |g*(Z — EZ)g| for a fixed g to
the same stochastic domination but uniformly over N..

More precisely, write again (3.15) but here without the notation < in order
to understand precisely how a change in speed affects the probability. Take t a
sequence of positive number such that ¢y > B2?/N2. Using the estimates (3.14)
of |G| and ||G|%, and the fact that min(a,az) > min(by,by) when a; > by
and ap > by, we obtain that there exist some nice constant C' > 0 such that:

2 2
min | ——, >CBmin |ty | =] ,|t~v | = =CBiyn|—=
<|G|| G B B B

The Hanson-Wright inequality (2.7) provides:

Pllg* [Z — EZ)] g > tn] < 2 exp {—CBwf/JJVV)Q}

Eventually, the union bound on N, gives:

In
P[h*(Z — EZ)h <2 —CB———+-—= +2CMlog1
S PIN(Z B2 > Ch) < 2 exp{ OB +20M o1}

If we take ty = N¢ (B2/N?), then, it exists v > 0 such that

tN
— — Mlog1 < —N7
exp{ CB(B/N)2 + 2CM log /e} < exp

holds for each N large enough. (3.16) thus implies (3.12). This completes the
proof of (3.3). O
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Corollary 3.1 is a rewriting of Proposition 3.1 in a more concise way. Define:

Xr* +rx*+rr-

A= 3.17
B+1 ( )
Corollary 3.1. For any v € [0,1], C(v) can be written as
Sy - XWXEW) R
where the family of random variable ||A(v)||, v € [0,1] verifies
. B
A — 3.19
INPE (3.19)

Proof. Let v € [0,1]. By the definition (3.17) of A, we indeed have:

- (X+D)(X+I)* XX* ~
C= = A
B+1 B+1+

By equation (3.4) from Theorem 3.1 and equation (2.5) from Paragraph 2.2,
we have the two following estimates:

It B IXI_,
vB+1 N VB+1

The result is immediate using decomposition A from (3.17):

B B B
IAl=F+ 5+ 3z
0

We now take benefit of Corollary 3.1 to analyse the location of the eigenvalues
of matrices C and S. In order to formulate the corresponding result, we define
some notations. We introduce the event AC(v) defined by

AS(v) = {o(C(v)) C Supp up + €} (3.20)

We remark that AS(v) also depends on N, but again omit to mention this
in order to simplify the notations. We also denote by D and D the matrices
D = D(v) := diag(S(v))2 and D = D(v) := diag(S(v))2. Denote by 5 and s
the quantities such that:

s:= inf inf s,,(v), §:=sup sup s, (v
m2>1ve(0,1] m( ) m>1ve[0,1] m( )

which are by Assumption 1.4 in (0,400). We consider the event:

AS(v) = {U(S(V)) C Supp ,ugff)P x [s, 8] + 6} (3.21)
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where the notation Supp NE\?P X [s, 8] stands for [(1 — 1/c)?s, (1 + /c)?3]. Note

that in our settings, ¢ € (0,1) so Supp MEVCI)P is bounded and away from zero. In

conjunction with Assumption 1.4, the same holds for Supp /,Lg\f[)P X [s, 5]. We also

note that A?(V) of course depends on N.

Corollary 3.2. For any € > 0, the families of events A?(l/), v € [0,1] and
AS(v), v € [0,1] hold with exponentially high probability.

Proof. Equation (3.18) implies that

XX* . XX~
— ATy <C<
i1 A =C< 5o

+ | ATy

Therefore, the event {\;(C) > (1++/c)? + ¢} is included in {)\1(%) +|A| >
(14 +/c)? + €}, which is itself included into

{)\1(;(3_(*1) > (14 +ve)? + 6/2} U {||A|| > 6/2}

Therefore,

XX
B+1

P [/\1(@) > (1+0)? + e} <P [)\1( ) > (14 ve)? + 6/2} +P [||AH > 6/2}

Equations (2.3) and (3.19) imply that P [/\1(6) > (14 /e)? + e} converges to-
wards 0 exponentially. A similar evaluation of P [)\ m(C) < (1—4/c)? — e] leads

to the same conclusion. This, in turn, establishes that A€ (), € [0,1] holds
with exponential high probability.

In order to establish that the same property holds for AS(v),v € [0,1], we
just need to write (1.6) as:

§ = DY2GD?
Therefore, for each kK =1,..., M, the eigenvalues of S verify

s (C) < Me(S) <57 (C)

This, of course, implies that A?(V), v € [0, 1] holds with exponential high prob-

ability (indeed, one can change e to € such that (Supp M;}P +€) x [s,5] C

Supp pi7p  [s,5] + €

O

Remark 3.3. Corollary 3.2 implies the following weaker property, which will
be useful:

ISl <1 (3.22)
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Before ending the section and proving Theorem 3.1, we need some stochastic
control on the diagonal elements of S in order to evaluate ® defined by

®©=C-C (3.23)
Using the definition of C from (1.3) and C from (1.6), © can be written as
© = (D2 D VHSD Y2 L D V2§D~ /2 - D 1/?) (3.24)

Since we proved that ||S|| < 1, it remains to show that |[D~1/2| and |[D~1/2 —
D-1/2 || can also be stochastically dominated by some relevant quantity in order
to control ||®||. Define

<§m(V) = Sm,'fﬂ(l/)

the diagonal elements of g(u) spectral density estimator (note that they coincide
with the traditional smoothed periodogram estimator of the spectral density
Sm ). The aim of the following Paragraph 3.2 is to establish stochastic domination
results for &, [D~/2|| and |[D~1/2 — D~1/2|.

3.2. Step 2: Estimates for §,,(v)

For all this section, we write s,,(v) := s, D(v) := D, etc in order to simplify
the notations. Define as in (3.21) the following quantity

AP(v) = {o(D(v)) C [5,5] + €} (3.25)
Lemma 3.1. Let € > 0. The family of events A?(l/),y € [0,1] holds with
exponentially high probability.
Proof. See Appendix A.2. O

Roughly speaking, this ensure that with exponentially high probability, s,
stays bounded and away from zero. This result implies the following (weaker)
statement, but will still be enough for some proofs and reduces the complexity
of the arguments.

Lemma 3.2. The family of random variables (|3, (v)| + m)mzlw,M, ve

[0,1], verifies
1
<|§7n| + A> < 1
|3

Proof. Immediate from Lemma 3.1. O

Lemma 3.3. The set of random variable (|3,,(v)""% — 87 (V) V)=t

and ( sm(V) )m=1,...m, v € [0,1], verifies

évn(”)

e _ 1 B? [Sm 1 B?

|Sml/2—8ml/2|<ﬁ+ﬁ, ‘ §m—1‘_<\/E+JV2 (326)
Proof. See Appendix A.3 O
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3.3. Step 3: Stochastic representation of C

We are now in position to prove the result concerning C of Theorem 3.1.
Proof. We have to control the operator norm of:

a—c- XX ¢ eie-

=0+ A 2
B+1 Br1 °oF (3.27)

The operator norm of || A|| has already been proved in Corollary 3.1 to satisfy
|A| < (B/N). Moreover, recall that © can be written as a function of D~/2 —
D~1/2 in (3.24), so that one can use Lemma 3.2 and Lemma 3.3 to dominate

each term and get:

1 B?
© — + — 2
6]l < =+ 32 (328)

Summing the estimate of ® and the one of A, one get:

HA” =< L + 372 + E
VB N*'N
which is the desired result. O

As a consequence, we state here Corollary 3.3 about the localization of the
eigenvalues of C(v).

Corollary 3.3. For each € > 0, we define A?(V) as the event
AS(w) = {o(Cw))  Supp 'Yy + (3.29)
c W) o(C(v upp Hprp T € :

Then, the family of events A? (v),v € 10,1] holds with exponentially high prob-
ability.

Proof. We simply write:

XX* . XX*
— ATy < C<L Al
S Al £ €5 2o ATy
and use the same arguments as in the proof of Corollary 3.2. O

4. Control of Linear Spectral Statistics of C

In the following, we consider LSS for function f satisfying the following assump-
tions.

Assumption 4.1. f is defined on Ry and there exist some € > 0 such that its

restriction on Suppg\f[)P +¢ is CP where p is some integer p > 9.

We now state the main result, which controls with exponentially high prob-
ability the maximum deviation rate of any LSS of C(v).
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Theorem 4.1. Let f be an application satisfying the conditions of Assumption
4.1. Then, under Assumptions 1.1, 1.2, 1.8 and 1.4, we have:

sup %tr f(CWw)) - /fdugfﬁj %% (4.1)

vel0,1]

Remark 4.1. This theorem ensures that under Ho, 77 tr f(C(v)) and i fdu(cN

are O(1) terms, but their dominant behaviour is the same so that the left hand
side of (4.1) becomes of reduced order O(£). We expect that under some al-
ternative hypothesis, the order of magnitude of the Lh.s. of (4.1) will be larger,
typically of order 1.

Remark 4.2. We also notice that (4.1) is stronger than the property that the
,v € [0,1] verifies

family of random variables ‘—tr f(Cn()) — Je fd,ug\fﬁ,)

e i <2

Indeed, in (4.2), the stochastic domination holds for each v, but not uniformly
on v € [0,1]. More precisely, (4.2) is equivalent to for any €, there exist No(e)
and a > 0 such that for any N > Noy(e)

(4.2)

sup P Htr f(Cn(v /fdu(cN)

vel0,1]

B o
> NGN} <e N (4.3)

whereas (4.1) is equivalent to

B

P [ sup > NEN < e ONT (4.4)

velo,1]

1 ~ N
Tt f(Cn () - / £ dulcy)

which are not equivalent since the set [0,1] is not finite, so the union bound
cannot be applied directly.

Outline of the proof. We will first prove (4.2) using Gaussian concentration
inequalities. The extension to the supremum over any finite grid will then be
immediate since the concentration results rates are exponential. Eventually, we
will extend the supremum to the whole interval [0, 1] by a Lipschitz argument
on the application v — C(v).

4.1. Step 1: proof of (4.2)

The quantity of interest in equation (4.1) will be split into the three following
terms:

1

%tr FICWw)) — wtr f(C( ‘ ‘tr‘f e ))J‘lﬁrf<

L X(V)X*(V))‘

B+1

| e s (RO [ gy
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As we shall see, the evaluations of the second and third terms are rather easy,
but the first term is more demanding.

Proposition 4.1. The Sfamily of random variables
‘itr (XN(]';)JFXIN(V)) - fRfd,ug\Cﬁp) ,v € [0,1] verifies

e (S25) o

1 B 1
where we recall that 7 <<x because o > 5-

B
S <<w (4.5)

Proof. As usual, we omit the dependence with respect to v. Since f is well
defined on R, the quantity tr f(XX*/(B + 1)) is also well defined. First, we
need to localize the eigenvalues of % +I
compact. Let € > 0 and let xy : R — R be a C*° application such that:

1 ifxeSuppulds +e

46
0 if A ¢ Suppul?p + 2¢ (4.6)

and f : R — R defined by f = f x x. Note that f is compactly supported. We

write:
1 XX* (CN XX* 1 — [ XX*
e s () — Lo | < | f(BH)—trf(BH)\
XX* XX*
’t f(B+1> 7t f(B+1>’

'MIEt f(Xx*> /fd (e) ‘/fd /fd (ex)

For M, B large enough, (1 — /cy)? > (1 — /¢)? — € and (1 + /cn)?
(1++/c)? +¢ ie.

(4.7)

[(1 - /en)?, (14 en)?] C Supp MEV[)P +e
interval on which x is constant equal to 1. Therefore, for N large enough, f and

f coincide on [(1 — \/cN)?, (1 + y/en)?]. Therefore,

2 2

F1(ew) [TV (en) _ [TV (en) _ (ex)

fd:u‘MP = f(A)X()\) d/u'MP = f()‘) dNMP = fd/i
R (17‘/CN)2 (17‘/CN)2

so the last term in the right hand side of (4.7) vanishes.

In order to evaluate the third term of the right hand side of (4.7), we notice
that since Supp(f) is compact and f is CP for p > 9, Theorem 6.2 of [15] proves?
that the following results holds:

“o(3m)
M2

1, /XX (CN)
Pl ()] - L

2while Theorem 6.2 of [15] is stated with f € C°°, the proof actually only needs f € C8
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Recall the definition of A, from (2.4) which holds with exponentially high

probability. The first term in the right hand side of (4.7) can be handled as
follows: on the event A, tr f (B—_H> and tr f ( 5 +1) coincides. Therefore, we
have for any ¢ > 0

XX* 1. -/ XX*
— o ) o N—¢
s (75) -3 (55

<P Ht f @(1(1) - —tr f(Xfi)‘ > N—‘J’AE} +P[A9]
=P[A]

which decays to zero exponentially fast in N. Therefore, we showed that:

L (XX L (XX 2 L
M\ By1) Mt \ B+ N4

for any ¢ € N. Therefore, we obtain in particular that

—thX* LX) L
B+1) Mt \B+1 M

It remains to study the second term in the right hand side of (4.7). We will use
the concentration result for Lipschitz transformation of Gaussian entries from
Paragraph 2.3. We consider the real valued function ¢ defined by ¥(X,X*) =

tr f (B+1> and establish that it is O(1)-Lipschitz. For this, we evaluate

9

o
0X,

V(X XH)P =)

]

+\

(4.8)

Using classic identities for derivation of Hermitian matrices, the first term in
the sum is:

otr v o1 .o [ XX 1 X* [ XX*
GXM(X’X)_BH[Xf <B+1)Li_\/3+1L/B+1f <B+1)Li

and similarly:

otr ¥ o 1[4 XX* 1 o [ XX+ X
8X,»j(X’X)_B+1{f <B+1>XL_\/B+1[J£ (B—&-l)\/B—&—le
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Replacing these expressions in (4.8) gives:

2 *\ 1 X £ XX
”VWHXQ{%‘B+1;:H¢B+1f(B+1ﬂ¢

E: XX* X }
B+1 B+1 VB 1],

gl X (XX
B+1 VB+1 \B+1 B+1) VB+1
2 o [ XX\ XX~
T B+1 |f|@ﬂ4>3+1

__2M'iﬁ P XX*\ XX*
" B+ M B+1/ B+1

As feCP, p> 9, is compactly supported, so is the function A — A 17 (V2.
Therefore, A\ — A|f (A)|? is bounded, and there exists a nice constant C' such

that
1 L[ XX\ XX
_ — | <
MU(U|@HJ>B+J_O

for each X. Moreover, since the ratio B”—f:l = ¢y converges towards the finite
constant ¢, we obtain that

Vo2 < ¢ = 0(1)

for some nice constant C. This proves that ¢ is O(1)—Lipschitz and Paragraph
2.3 provides:
(X, X") = Ey(X, X7)[ < 1

Therefore, we have shown that

)

This completes the proof of ‘ﬁtr f <%jw> Je fd (cN)‘ <A

Proposition 4.2. The family of random variables
tr f(Cn(v)) — Htr f (W) , v € [0,1] verifies

‘trfé ]bmf<xigff0>W<ﬁ (4.10)
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Proof. Write, for € > 0,

P |57 7000 - e £ (KT | v
<P [ %tr FEW) — %tr ! (W)‘ > Ne%Ae nAS

We recall that A, and A? are the events defined by (2.4) and (3.20) respec-
tively. It has been proved in Paragraph 2.2 that A. holds with exponentially

high probability, and in Corollary 3.2 that A€ also holds with exponentially
high probability. Therefore, it remains to study:

1 XX* &
‘trf Mtrf(B+1>‘]l(AEﬂA€)

On the event A, N A , the eigenvalues of % BT +1 and C are localized in a

compact support. Using the representation (3.18) of C7 we get:

XX
B+1

~ ~ XX* ~
— ATy < C < Al
JAl < €5 20 + ALy
As in the context of the proof of Proposition 4.1, we replace f by the C? com-
pactly supported function f = fx where x is defined by (4.6). The derivative
of f is bounded by some nice constant C. Therefore, for any m € {1,..., M}
we have:

FO(©) = 10w (7 )| 108 0149)

- ’f()\m(é)) — O (XX>)’ 1(Ac N AS)

B+1
<C‘Am(é)—Am (gi{l)‘
<ClA|

It remains to use the concentration result on ||A|| from Theorem 3.1 and get
the following bound:
XX*
B+1

)[100.0a8) < cla) <

’trf —A14trf<

This completes the proof of Proposition 4.2. O

Now, we focus on proving the same kind of stochastic domination for the
following quantity:

St F€0) - e S(E0)
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Proposition 4.3. Under Assumption 4.1, the family of random wvariables
Ltr f(C)(v) — Ltr f(C)(v)|, v € [0,1] verifies

B

3t O - e 1O < § (411)

Remark 4.3. As we shall see below, the rate % in (4.11) is pessimistic, but

easier to establish than a tighter factor. However, we note that the factor B/N
in the statement of Theorem 4.1 cannot be improved since it appears in (4.10).
Therefore, it is not useful to improve the evaluation (4.11).

Remark 4.4. (4.11) seems at first surprising . Using the stochastic domination
result (3.28) for ©® , we can directly obtain:

B B n 1

N VB
where % is the limiting speed for a < 2/3. ﬁ comes from the error of estima-
tion of the spectral densities of the M scalar times series. Due to subtle effects,
it turns out that this error term eventually doesn’t contribute in the LSS (4.11).

This can be easily understood if f(A) =log\. In this case, the left hand side of
(4.11) is reduced to

1 - 1 ~
7t HE)W) = 1t FOW)

1 . 1 N .
o FO)W) = 4rtr FO)) = 57 Y (logsm(v) — log 5, (v))

m=1
which depends only on the estimators (8,,(V))m=1,...,m. It then easy to show that
(4.11) holds. We just provide a sketch of proof. For this, we first remark that is
possible to study - an\f:l (log s (V) — log 3, (v)) on the event AP (v) defined
by (3.25). For each m, we expand around s, the logarithm up to the second
order, and obtain that

M

1 1 < 11 L1 (8 =5\’
3 2 (08sm(w) ~logén() = ~ 3 mZ:1<§m—sm>f+ >3 (’”m)
(4.12)
where for each m, 0, is located between s,, and S,,. Lemma A.5 allows to
conclude that the second term of the right hand side of (4.12) is dominated by

% + (%)4. In order to evaluate the first term of the r.h.s. of (4.12), we first use
Lemma A.2 to obtain that

m

and finally remark that, by Eq. (A.13),

1 X 5 — E(5m)
X e
m=1

Sm
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can be interpreted as a recentered quadratic form of the M N dimensional vector
y =T, ...,yT)T. The stochastic domination relation

M
1 $m — E(5m)
L —" L
i > 5

m=1 m

1

B

then follows from the Hanson- Wright inequality. Putting all the pieces together,
and using that % << % because o > %, we eventually obtain (4.11) if f(\) =
log .

Proof. First, as in Proposition 4.1 and Proposition 4.2, it is possible to replace
f € CP(R) with the function f € CP(R) supported by Supp u$, p + 2k, for some
x > 0, defined by f = f x x where x is defined by (4.6). In order to simplify
the notations, we drop in the following the notation f and simply associate f
with its compactly supported version.

In order to prove Proposition 4.3, we use the so-called Helffer-Sjostrand for-
mula to express ﬁtr f(Cv)) — %tr f(C(v)) as a quantity depending on the
resolvent of C and the resolvent of C. In order to introduce this tool, we remark
that the compactly supported function f is of class C¥*1 for a certain integer k
verifying k + 1 > 9, and denote by ®(f) : C — C the function defined on C by

= (iy)!
Pi(f)w +iy) =Y = FO@)w)

=0

where p : R — R™ is smooth, compactly supported, with value 1 in a neigh-
bourhood of 0. Function ®(f) coincides with f on the real line and extends it
to the complex plane. Let 0 = 0, + i0,. It is well known that

i k
9 (1) (o + i9) = - 40 ) (1.13)

(a proof of this result can be found in [9] or [18]) if y belongs to the neighbour-
hood of 0 in which p is equal to 1. If x is a probability measure, with s,(2)
representing its Stieltjes transform (which definition is recalled in (1.14)), the
Helffer-Sjostrand formula can be written as

/ Fdu = %Re /@ 0B (sulz) dz (4.14)

In order to understand why the integral at the right hand side of (4.14) is well
defined, we take, to fix the ideas, p € C° such that p(y) = 1 for |y| < 1 and
p(y) = 0 for |y| > 2 throughout this paragraph. Using this with the fact that f
is compactly supported on the interval [ay, as], with a1 = (1 — 1/c)? — 2k and
a; = (1++/c)? + 2k, it first appears that the integral is in fact over the compact
set D ={x+iy:z € [a1,a2],y € [0,2]}. Moroever, as |s,(z)| < % if z € D (see
(1.15)), (4.13) for k = 1 leads to the conclusion that

0%k (£)(2)su(2)] < C
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for z € {& +iy € D,y < 1}. Therefore, the right hand side of (4.14) is well
defined.

At this point, we have to introduce some new notations. We denote by Q(z),

Q( ) and Q( ) the resolvents of matrices )é T C and C respectively, while

iiy and fi represent the empirical eigenvalue distributions of matrices Cand C.

The term 7 tr f(C) - 2 tr f(C) can be written as

1 ~ 1 ~ . N
ot f(C) — ot f(©) = /R Fdin — /R fdiiy

Applying (4.14) to the empirical eigenvalue distributions /iy and iy, we obtain
that

1 - 1 1 N -
St f(C) — r f(©) = —Re/ 02 90(1)(2) 17 (ir Q=) — r Q(2)) (415)

In the following, we will drop the notation Q(z), Q(2), Q(z) and use instead
Q. Q Q. Therefore, we can reformulate (4.11) as follows:

B?
R ——

Re/ 0D (f)(2)tr {Q — Q}dz ~

1 N 1
377 F€) - 370 1O < §

4.1.1. Reduction to the study of ‘
Jp 4z 00(N(2) Xl1(Q +2Q%) i (1 - L2

We define

M
_ 5 2 1% 13
(= /D dz09(f)(2) m§:1(Q +2Q%)mm (1 -~ B+1 ) (4.16)

where we recall that the row vectors (X,,)m=1...a are the rows of the ii.d.

matrix X. We establish in this paragraph that

.....

[ az0mnrr (@} - c] <2 (4.17)

It turns out that by Lemma 4.1 and Lemma 4.2 in Paragraph 4.1.2 below, (
verifies the key properties

ICIS\C—EC|+|E§|<%+1<1

As the condition « € (1/2,1) implies that 1 < %2, Lemma 4.1 and Lemma 4.2
lead to ¢ < BWZ. Proposition 4.3 will then follow directly from (4.17).
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Plugging in the integral expression of (, we get:

[ (@ Qyas - c]

JRELXOIE (tr {Q-Q} - > (Q+2Q")mm (1 - “gﬂ)) ‘

m=1

We will proceed in three steps:

_ R ~ B2
[aomine (ria-@ - w@e)) <5
2.
/Ddzgfl)k(f)(z) (tr {Q*O} —2tr %QQ(E*UQDUQ - I))‘ =< %2
(4.19)
3.
| az0m(7)(2)x
D
* M % |12 2
(2” - B IR (B 'gﬁ'f)) | <2
(4.20)

Step 1. Using the well known identity A~ —B~! = A=}(B — A)B~!, we
express Q — Q as: . y o
Q-Q=-QeQ (4.21)
where we recall that @ = C—C, as defined in (3.23). We claim that it is possible
to approximate tr QO®Q by tr QO®Q. Indeed, we have

tr QO@Q — tr QOQ)
= |tr QOQ — tr QOQ + tr QOQ — tr QOQ + tr QOQ — tr QOQ|
< |tr QOQ — tr QOQ| + |tr QOQ — tr QOQ| + |tr QOQ — tr QOQ)|
=T+ T+ T

The following rough bounds are enough to control T; (we used (1.17) to control
the norm of the resolvents):

U - = o s 1
T = |tr QO(Q - Q)| = [tr QBQOQ| < M| Q|*|Qlll®e]* < EMHGIF

Concerning Ty and T, we write similarly that Q — Q = —QAQ, and obtain
that

T; = [tr QOQ - tr QOQ| < M||Q|*|Q]|Ale] < M|Allel

Im3z
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T3 = [tr QOQ

Plugging these estimations into the left hand side of (4.18), we obtain that

[ @000 (i Q- - e (%0}
D

< /D d2[31.(f)(2)| (T} + Ts + Ts)

1
Im>z

< M(|e|* +2Alle]) /Dd2|5<1>k(f)(2)l

The use of (4.13) for k = 3 leads to the conclusion that

/dz@@k(f)(zﬂI 13 < +oo
D m°z

Moreover, the concentration results (3.27) for ||®| and (3.19) for ||A|| from
Proposition 3.1, as well as & > 1/2 imply that

1 B B\? B
2 JR—
I®[%+ 20| ||Al < = B TEN ( ) <<y

This eventually provides:

‘/ az00;(f)(2) (4 {Q - Q} — tx {QZG)})‘

which proves (4.18) and ends Step 1.

Step 2. We claim that:

. XX*  XX* B
_ —1/2101/2 _ 1/2-1/2 _
H@ ((D DY -T) 5= 4 5 (DD >H<N (4.22)

We recall that S can be written using the definition (1.6) of C, and use the
decomposition (3.18) of C from Corollary 3.1. Using these results, we get that

S_D1/2CD1/2_D1/2<XX +A> D1/2
B+1
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Plugging this expression of S into (3.24), we obtain that
© = (DY2 D V28D-V2 y D-1/2§(D-V2 _ D~ 1/2)

_H-1/2 _p-/npt/2 [ XX 1/273—1/2
(D DYDY (25 + A)DV’D

XX* ~ R
A D1/2 D—1/2_D—1/2
(Gt a) )

_ (15—1/2D1/2 —I) (;(fl =+ A) D1/2f)—1/2

XX* ~ R
A D1/2D71/2*I
H(Grira) )

= @1 -+ (")2
As A is a negligible quantity, one should expect that the leading quan-
tity in ®1A and @ is respectively (D~'/2DY? — I)ZX.D'/2D~/2 and
%(Dl/ZDfl/Q —1I). To prove it, write:

XX

H@l o (]A)fl/QDl/? o I) D1/2D 1/2

_ H(D—1/2D1/2 _ I)AD1/215—1/2H
< DTVDYVE —1|||AlDYPDT? (4.23)

A is controlled by (3.19) from Corollary 3.1, and D~1/2D1/2 _1 is controlled
by (3.26) from Lemma 3.3 (it is a diagonal matrix which elements are stochas-
tically dominated by Lemma 3.3). Moreover, from Lemma 3.3, it holds that
|D'/2D~%/2|| < 1. Combining these estimations into (4.23), one get:

XX* - 1 B?\ B B
® 1/2D1/2 D1/2D_1/2 - - - 4.924

H 1= ( )B 1 =< \/E + = N2 = ( )

Using (2.5) from Paragraph 2.2 to control the norm of XX*/(B+1), one can
further approximate (D~1/2D1/2 — I)’é—i_(;Dl/z]A)*l/2 by (D~1/2D1/2 — I)%.
To check this, we use Lemma 3.3 and write that

"(]j—l/QDl/Q o I) XX D1/2D 1/2 (]j—l/?Dl/2 o I) XX*
B+1 B+1
N XX* A
_ ' (D71/2D1/2 o I)B i (D1/2D71/2 o IM)H
- XX
< D71/2D1/2 -1 2 ||
<| =

1 B2\’
<(¢§+N2)

(4.25)

=2l
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Collecting (4.23), (4.24) and (4.25), we obtain the desired approximation of
@12

. XX* B
e, — (D V2DY2 1 = 4.2
o e (1.26)
Similarly for @5, one would obtain:
XX* B
0, - —— (DY?D 12 _1 = 4.2
ow - 31 )| <2 (4.27

Combining (4.26) and (4.27), we obtain (4.22). To finish the proof of Step 2,
it remains to consider tr Q?® and prove (4.19). Remark that XX*/(B+1) and
its resolvent Q commutes.

XX* XX* A
t 1/2D1/2 1 DI/QD—1/2_I
IQ(( 51t B )

. XX* XX*
=t 2 D—1/2D1/2 -1 tr 2 D—1/2D1/2
 Q X XX D
_ XX* 2M-1/21m1/2
=2t 2o QY D7D~ (4.28)

Therefore, using (4.28):

tr Q2 — 2r &QQ( 1/2D1/2_I)H

B+
XX XX* -
2 2 —-1/21y1/2 1/2vy-1/2
tr QO —tr Q <( D I)B+1+7B+1(D D I))H
- XX* XX* -
_ D71/2D1/2 -1 D1/2D71/2
© <( S Br1t B!

(4.29)

so that the left hand side of (4.22) is recognised in the right hand side of (4.29).
We can eventually prove (4.19) by following the same idea as in Step 1:

[ a0m0):) (1 (@20} — 2 QDD )

ay X.X* XX* a
< — —1/2p1/2 1/22-1/2 _
M HG) ((D D I 1 + 1(D D™ )) H

+
1
/ ‘8‘I)k 2 dz
z

<4

This proves (4.19) and ends Step 2.
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Step 3. By definition of the resolvent, the following identity holds
(g—ﬁ — ZIM) Q(z) = I, which leads to the so-called resolvent identity:

XX*

B+1

Q=1Iy+2Q (4.30)

Using (4.30) one can write:

XX

tr 5 n 1Q2(D1/2f)—1/2 ~I)=tr I+ 2:Q)Q(DY?D~V/2 _1)

=tr (Q+2Q*) (DD~ 1)

- EM: (Q+:Q%), ( om 1> (4.31)

5
m=1 m

To handle , /3= — 1 we use the following Taylor expansion: define the appli-
cation h by h(u) = ﬁ — 1, with A/ (u) = %# and h'(u) = %ﬁ A Taylor
expansion to the second order of h around 1 provides:

h (i:) — h(1) + (j: - 1) B(1) + % (2: - 1)2 B (0,0)

1, 10" (0n) . 5
= 7E(sm — Sm) + 3 2 (8m — Sm)

where 6, is some random quantity between §,, and s,,. Therefore (4.31) be-
comes

tr (Q +2Q%)(D/?D~/2 — 1)

— r (Q + 2Q?)diag (_ém s, LW (0n)(5on = 5m)°

28m 2 s2,

:mE{l,...,M})

Lemma 3.1 implies that the set AP(V) defined by (3.25) holds with ex-
ponentially high probability. Therefore, it is sufficient to study the term
tr 2X:Q*(DY/2D~1/2 — 1) on the event AP(v). If AP(v) holds, 6, belongs
to [s,5] + € for each m € {1,..., M}, and sup,,; |h"(6,,)| is bounded by a
nice constant. Moreover, as inf, inf,;,>1 s,, () is bounded away from zero, there

exists a nice constant C' for which the inequality

B (0m)(8m — Sm)?

2
Sm

tr (Q + 2Q?)diag (; tm € {1,...,M}>

M
<cQll +z1QlP) Y (Bm — sm)’

m=1
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holds on A]?(y). Following again the same argument as in Step 1, we obtain
that

[ a0 {ir @+ 2@ DD 1)
D

m:me{l,...,M}>}‘

N >2/dz|a<bk<f><z><1+ ] )
> P m m > Im 2 Im2z

on A?(l/). Lemma A.5 in Appendix implies that

—tr (Q + 2Q?)diag <—

M
B B
. 2
m ~ °m <1 7 = =
ﬂ;(s sm) <1+ JE <y

Moreover, as [, dz|00k(f)(2)|(5 + 25) < oo for k > 2, we obtain immedi-
ately that

[ 43016 {1 @ 22D D

Sm—Sm;mG{l""’M}>H

—tr (Q + 2Q?)diag < 55

B2
N

Therefore the dominant term that remains is the order one quantity from the
previous Taylor expansion:

/Ddzgq)k(f)(z)tr (Q + 2Q?)diag (mﬂ :m e {1,.. ,M})

We now claim (see the proof below) that the following holds:

Sm — 8m ||Xm||g B
_ (1l - == — 4.32
< B+1)|"N (432)

Sm

which since that:

tr (Q+ ZQQ)diag (Sm_ém _ % <1 . ”Bi(n_'z_”l%>)‘

25m
M Sm — § 1% I3
<M 2 Sm = Smo_ (4 _ [Xmll2
< peQp) s [t (o Bl
eventually proves (4.20). To show that (4.32) is indeed true, we recall equation
2
(3.7), and deduce that §,, = ”gz! can be written as
A X, (L + @)X _ ”XWH% X0 PmXm

Sm = Sm B+1 “Smpi1 T g
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where

1
sup sup |[(®,,)ii| =0 [ —
s s (8, = 0

This gives:

5 1% I3 X PrmXm
m — Sm) — Sm 1-———= = | m 5 4
(s Sm) — s ( Bl Sm=p 1

Since x,, ~ N¢(0,Ip41), and

—0 ((B+ 1)2(N(Bl+1))z) =0 <J\§2)

the complex Hanson-Wright inequality from Paragraph 2.4 can be applied, and
provides:

P 2

B,

x5 P,x x5 P, x 1 B
. m £ mam _E . m £ mam L D 4.
Sm T {s Bl ” ¥ <w (4.33)
Moreover, it is clear that
B+1
x5 DX D, )oe C’
E IE Xm 4.34
[ B+1 } Z [1Xmal”] B+1 SN (4:34)

Combining the variance estimation (4.33) and the bias estimation (4.34) of

Sm’%%w, (4.32) is indeed true.

Up to the Lemma 4.1 and Lemma 4.2, Proposition 4.3 is proved. O

4.1.2. Proof of Lemma 4.1 and Lemma 4.2

We now establish Lemma 4.1 and Lemma 4.2.

Lemma 4.1. The family of random variables ((v) — E((v), v € [0, 1] verifies

[C(v) —EC(v)| <1 (4.35)
Proof. ¢ defined by (4.16) can be written as

- dzaqm(f)(z)miQmm (”;‘I”f )
- [ amine iz@%m ('5“1”1% ‘1>

=—C0—C

In the following, we omit to evaluate |(; (v) — E((1(v))]|, and just establish that
|¢2(v) — E((2(v))| < 1 using the Gaussian concentration inequality from Para-
graph 2.3.
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Recall that ||x,,]3 is a X%(B+1) random variable. Therefore it is clear that:

1< —
B+1 VB

Knowing this, the idea is to show that, conditioned on the event where the

”xmﬂg
B+1

%mll3 ’ 1

random variables ( — 1) ) are localized, which holds with exponen-

tially high probability, (s is a O(1)-Lipschitz function of the entries of matrix
X. For € < %, we define the family of events A,,(v), m = 1,..., M, v € [0,1]

HR =N PR SUOR3 | S

as well as A(v) = NM_, A,,(v). Tt is clear that the family of events A,,(v),
m=1,...,M, v €]0,1] holds with exponentially high probability, and that the
same property holds for the family A(v),v € [0,1]. We claim that it exists a
family of C'*° functions (gp)p>1 verifying

. BE €
gB(t)z{t_l %fte{l_\/igzl—‘r@;f
0 it e ¢ [1-205 1+ 200]
and B
s ) <C , S )] <C 4.37
gp\gs()l_ 75 1;plgg()l_ (4.37)

for each B, where C' is a nice constant. Indeed consider h € C'° such that it
verifies |h(t)| < 2|t| for each t and

e iftel-1,1)
h(t)_{o if t ¢ [—2,2]

Then, it is easy to check that the family (gp)p>1 defined by

an(t) = 2 h(“E (t—l))

BE
satisfies the requirements (4.37).

We define 62 by

- - ZM %13 ZM
CQ = Re/D dzaq)k(f)(z) (ZQQ)mmgB (B:L_ f) ) (QQ)mm = kaka
m=1 k=1

and notice that (2 and 52 coincide on the exponentially high probability event
A. We claim that if |¢2 — E((2] < 1, then |(2 — E({2| < 1. To justify this, we
evaluate P (|¢2 — E((2)| > N°) for each § > 0. It holds that

P (I¢2 — E(G2)| > N°) < P (|2 —E(G2)| > N°, A) +P(A°)
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As P(A€) converges towards zero exponentially, we have just to consider
P (I¢2 — E(¢o)| > N?, A)
On A, ¢; and 52 coincide. Therefore, it holds that

P (G2 ~ E(G)| > N°, 4) <P (|G ~ B(G)| > N° — |E(G - &), A)

We now prove that |E({2 — (2)| converges towards 0 exponentially. For this, we
notice that as (o and (5 coincide on A, then

IE(C — ()| = ‘E((Q — G)lae)| < (E ’Cz - 52‘2> . (P(A%))"/?

9 1/2
A rough evaluation of (E ‘(2 — Cg‘ ) leads to
o\ 1/2
(E‘CQ_C2)> <CM

N 1/2
for some nice constant C. Therefore, (IE ‘Cg - Cg‘ ) (]P’(Ac))l/z, and thus

E(¢2 — 52)|, converge towards 0. For each N large enough, we thus have

F (‘52 ~E(G)| > N° — [E(¢ - 52)|’A> <P <|§2 —E(G)| > N6/2,A)

<P (|2~ E(G)| > N°/?)

Therefore, if |G — E((y)] < 1, there exist v > 0 such that
P(|¢2 —E(¢2)| > N°,A) < exp—N7. This implies that | — E(()| < 1
as expected.

It is thus enough to establish that |Ca — E(| < 1. In order to simplify the
notations, we drop the notation (, and write simply (s instead of (.
In the following, we evaluate the norm square of the gradient of (5 w.r.t. the

2 2
9¢2 9¢2 :
X because i )BXZ is of the

variables X ;, X7 ; and just compute }_, ; ‘
same order of magnitude.
We recall that Q = (% — zI)7 1, and its corresponding derivative with
respect to X;; is
ank _ -1
0X,;, B+l

Qmi(X*Q)jk
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Therefore, we have

a((22)171771 _ M 8(kaka)
oXi; ; 0Xi;
= ;{ka aXU +C?km, (9le }
2 mi X* im mi X 2 jm

Moreover it is clear that

0 ||Xm||% Xm,j ||Xm||%
= 0im : 4.39
0X,,; (gB(BJrl B+175\ B+1 (439)

Collecting the derivatives (4.38) and (4.39) we get:

9 - (02 X, ||2
0Xi; <Z(Q JmmdB (HB+H12>>

m=1

M
_ 3l A oy O (Il

M
_ [xml3 ((Q%)mi(X*Q)jm | Qmi(X*Q?)jm
_mz::l{_gB<B+12)< B+1 = B+1 ’ )

(4.40)

Xing o (1xml3Y o2

Xy o, (Ixl3 2
_B+1gB(B+1 (@i

_ i% (nxmn%> ((Q%m(x*cz)jm . Qmi<x*Q2>jm>

o

B+1 B+1 B+1
(4.41)
ocs |2
It remains to control ), il3 )g?_ . From the integral representation of (o, the
; i

derivative with respect to X;; is applied only on the integrand as follows:

¢ - 0 (< 112
e =Te [ 4B 55 (; Q) (';';))

=1
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43
Plugging in the derivative computed in (4.40) we get:

0% oo 0 X (B oo,
s = e [ @) {5t (52 ) @)
M
Pl (@)X Q| QuilX°Q)m
_mz_:lgB(BH)( Bl T Bil )}

Using the bounds of gg and g/ from inequalities (4.37), the observation that
gpt)=0if |t —1] > 2—]3;7 and that |z| is bounded on D, one can write

9Ca
8Xij

2
<c /D dz (004 () (2)|”

Xijg o (Ixl3Y 2
o (222) @)

+ f: 9B (||Xm|§> ((QQ)mi(X*Q)jm Qmi(X*QQ)jm>|2

B+1 B+1 + B+1

2
5 2 2 1% 13 2B°
<¢ [ @Gl | 2@ 1<B+1_1’§\/§>
2
+C/Ddz|5c1>k Z\F T;(le)Jm
B M g Qs (X*Q2) 2
—i—C/Ddz]a(bk Z B%

- ) (2) (3
=C(T; +T;; + 1)

so that seeing a matrix product in the expression of 7? and T(S), one can
rewrite them as follows:

B¢ (X* Qg)ji 2

18 =1 = [ ax[oe )
D
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It remains to sum over i, j.

M
Z 7»
ij

4,j=1

- [ @)
D

M 2

<3 13

1< 1<236)
B+1 -~ VB

M 2
i3 2B° Xij
<)y
B+1 VB ~IB+1
12 €
xill3 | 2B°
B+1 VB

i B+1(Q2)

1,j=

< [ a |3@k(f)(2)!2;|(Q2)ii2]1<
M

C 5 2)id 2
:Biﬂ/de‘aq)k(f)(z)le(Q )i 1|E|?+Hi (

i=1

M

C 2B¢ _ 2 o 1o
< Gt ) [azpenel Y@

=1

Since
M

> IQ%ul < M|Q|*
i=1
it can be written that'

S <o [ apodneriar
3,7=1
Similarly:

3 Ti(f):/DdZ@@k(f)(z)F (5%)2 i

i,j=1 i,j=1

_ BQE . 9 Q3
-5 [epanel| 55 )

B2 _ X*Q'Q”'X
_ /dz|3@k(f)(z)|2tr%

B XX*
=3 B+1/dz|8<1>k (z)|2tr (<B+1Q>Q2Q >

(X*Q%);: |
B+1

2

B2e o 3
=3 BLH dz |99 (f)(2)| r ((IM+ZQ)Q2Q*)
B2€
<2 Bﬂ/dz\a@k SIR(CTRRAFIE

M

ij=1 ” Collectlng the terms in T(l) 7% and T

ij g

and the same holds for >";

we can write:

Z 9 |?
2,7

M _
| <05 [ aEnmel 1alt+ 197+ 11Qt)
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1

Since |z| is bounded on D in conjunction with the bound [|Q|| < =,

obtain that

3 9

X
i3 0.5

we

1 1 1

+
Im*z  Im°z Im®:

2 M _ 2

> (4.42)

This integral at the right hand side of (4.42) is finite as soon as k > 3. Therefore,
we proved that:

i
(2 is thus a O(1) Lipschitz function of the entries of matrices X and X*. There-
fore, the results presented in Paragraph 2.3 imply that |(3 — E¢a| < 1. The
stochastic domination relation |¢; —E(i| < 1 is proved similarly. The completes
the proof of Lemma 4.1. O

2

< <C=0(1
_OB+1_O o)

9¢
aXij

It remains to study E[(], and establish the following Lemma.

Lemma 4.2.

E¢ = O(1)

Proof. In order to prove Lemma 4.2, we will need the following useful result
(Lemma 2.7 of [2]).

Lemma 4.3. For X = (Xi,...,X,)T a Nc(0,1,,) random vector, A an xn
matriz (with complex valued entries) we have for any q > 2

E/X*AX —tr A|? < C, ((]E\X1|4tr (AA*))Q/Q + E| X, [*tr (AA*)q/z)

for some constant Cy depending only on q.

As in the proof of Lemma 4.1, we only consider

M %, |12
= faants 3 @ (3 1)

m=1

As |z] is bounded on D, it is clear that is enough to show that for any m,

C
EB]l < 5 (4.43)

holds for some nice constant C' where (3, is defined by

o= [ o) (B2 1) (@?)mas

We notice that %(z) = —Q?(z). Therefore, 3, can be rewritten as

b= [ o(r)(e) (2Ll 1) 0oy o
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It is well known that
-1

QM) ol

Qmm(2) = (4.44)

where Q™) is defined as:

X (m)*xg (m) -1

Q"(z) = ( B+1

where X(™) is the matrix X without row m. In the following, we decouple in
the expression of (3,, the part of 8@7 which depends on x,, and the quantity
which does not.

. 2™«
IQmm 1 1 1 e
%z T2 xm QUM x + z XBSS’MX* (4.45)
L =g 2 =g )?
The derivative of the resolvent Q(™ with respect to z is given by
aQ(m) ~m
5 = Q™)
Therefore (4.45) can be expressed as:
anm o Q ( ) 2 XW(Q(m))zxjn
oz e mm B+1
We now express ., as B, = (1) + 6(2) where:
50 = [ aoune (B2 1) Laune)a: (4.40
m B+1 z
[[%m 3 > Xm(QU)xy,
Dy ( -1 ——— M q 4.4
/8 (B—i—l HommT (4.47)

Control of Eﬂﬁi)‘. The idea is to approximate the quadratic form

XmQ("”)X;ET by tr Q("”)7 and show that both the main term and the approx-
imation error are small enough.

3¢ 13
el (5 1) o

—-F (me”% . 1> _1_
Bl ) o4 Qi)

(Ll ) S
%, O(m)x* )
B+1 214 Xm Q) (14 A

bl )
B+1 2(1+ 4 Q“”))

B+1

+E
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~ 2
Since Q™) is independent of x,, and E% =1, the second term vanishes.
It remains to study the first term. The use of the Cauchy Schwartz leads to

(Il ) SR
B + 1 Z(l + me(m)x:n) Z(]. + tr Q(m))

B+1 B+1
2
2
lmll3 -
Bl 214 En ) o1+ ST
2
R P 1 R xnQUMxy, — tr QUM
m~(m) * (m)
vl Bl a1 2 grpingai + 250)

To control this term, it is enough to bound the three following quantities:

I
B+1
Elx,, Q™x%, —tr Q<m|
Xom (m _ T O (m) _
oo |+ 2 Yooz |+ @)

|xm |3 is a x2 random variable with 2(B + 1) degrees of freedom, therefore

it is clear that: )
1
=0(—= 4.48
(3) (4.49)

Then, note that z — (—2z(1 + %))’1 and z — (—2z(1 + trB(i(;n))) !
are Stieltjes transforms of probability measures (see e.g. item 4.b of Proposition
2.3 in [16]). Therefore, for each z € C*, we have:

el

E
B+1

1

r (m)
21+ U3

1 1

<
QU x> = )
(1_|_X %’-i-lx ) Im ~

(4.49)

T Imz

As x,,, and Q(m) are independent, Lemma 4.3 provides the following control:
”2 B + 1

E™x,,QMx* —tr QU < C(B+1)|Q™ (4.50)

where E(™ is the mathematical expectation operator w.r.t. X,,.
Collecting (4.48), (4.49) and (4.50), we get:

[xmllz -1 1
B +1 ! me< )x3 + tr Q(m)
(14 25 =)  2(1+ “55)

|| 1 B+1
z
- B—|—1 B—|-1 Im*z Tm?z

jE

(B )Im 2’

<



48 P. Loubaton and A. Rosuel

As |z| is bounded on D, we obtain that

c 1 = 1
WD)« = = = —
01 < 5 [ e =0 ()

because the integral is finite as soon as k > 3.

Control of ]Eﬁg). We use the same idea: approximation of the quadratic
forms by the trace, split out the x,,, dependent quantity, and use Lemma 4.3 to
control the remaining terms. We recall that

% l5 2 Xm(Q(m) m
Dy ( -1 —d
B /8 (B+1 #mm B+1

Equation (4.44) leads to:

. 1 1
mm T 92 T
T T )?
1 1 1 +L 1 1
-2 Xom (nz)x* r (m) r (m)
R e I AR o
57(3) can be written as
5 = [ 40w (1)(2) 2 e O
P (z(1+ *2p=))? (L + =55))?
% ( Q)25 (Il
B+1 B+1
= 1 Xm(Q(m )QX* ”Xm”z
-|-/ dz0Pk(f)(2) 2 e -1
D (2(1+ 2 27))2 B+1 B+1

_ p3(21) (2,2)

Control of E(ﬁ,(,%’l)). We remark that |z| is bounded on D, and first use twice
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the Cauchy Schwartz inequality to split the different quantities to evaluate.
EBSY)]

_ 1 1 X (QU)2x
< [ Fonee - — =
D (2(1 + ZnQxh))2 (2(1+ 25370))2 B+l

1% I3
Bmllz 13 1q
><(B+1 ‘

— 1 1 Xm(Q(m))QX?n
< [ Boun@l | e aa |
D (z(1+ = 5=))? U+ =5)
Ixmll3 |
E —1| d
X B—|—1 z
4\ 1
1 1

< /D Bo(1)(2)] | E

an~(m)x;L o tr Q(m)
(2(1+ X@xay)2 - (5(1 4 B3

~ N 4 2
X’m(Q(m))2xm
B+1

¢l
B+1
[ 13

2
_of L
w1 =0 (%)
We use (4.49) and the Cauchy Schwartz inequality, and obtain that:
4

dz x| E 1

By (4.48), we already have:

E -1

1 1

xm~(m)xjn a tr Q(m)
(2(1+ ==y (2(1 4 2p300))2

E

~ (m) A (m %
1+ 522 — (L + xm Srx,)

r O (m) ) (m) %
(2(1+ "3 ))2(2(1 + % By x3))?

. 2 - 2|4
ks tr QU Q™
|\ B XX

IN

|2°E

IN

IN
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Using again Lemma 4.3 with ¢ = 8, we get:

tr Q™) qm _[°

B+1 X”‘B+1Xm

< (g @@

1 1
<0 7
Im®z (B+1)
A (m) A (m) 8
In order to evaluate E ’2 4o B%—l xm%—ﬂx; , we remark that

tr Q(m) Q('rn)

E m m
B+l ™By1

2+

Qm |

Xmp

~ 8
tr Q(m)

<cli+E
= B

+E

As ‘B%Htr Q(m)‘ < |Q™) || and that Q(™ is the resolvent of a certain matrix,
we deduce from (1.17) that

1 ~ 1
tr Q| <
’B+1rQ ‘_Imz
Moreover, writing that
Qm
E\|xp——70
X B+1Xm
Qm 1 . 1 NN
< CE |xm, - tr QU™ E tr Q™)
C XB—i—lm B+1rQ +C B 1rQ
c
~ Im®z

for each z € CT, we obtain that

tr Q) qm _|°

T m m

9 . *
t g Ty,

E

1 C
<Cl|1l+ <
- ( Imsz) ~ Im®2

for each z € D. Using the same kind of arguments, it is easily checked that

C

= Im®z

- 4
Xm(Q(m))2X:n
B+1

E

for each z € C*. Putting all the pieces together, we finally get that

C — 1
\E(ﬁé%”)\siwﬂ)wg /D B04(1)| - d=
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Taking k + 1 > 9 leads to [, |5<I>k

|Imzdz < +oo and to
(2,1)
()| = o

EE)
(B¥1)1i/8 /)"

Control of 82, In order to evaluate IE(B( 2)) we write 82%) as

(2,2) _ ||Xm||27 3 1

)2
(@), i ((Q)2)
x B+1 B+l

Xm % O ! (Q(m))2
4 (”B—i—”ll) /Ddzaq)k(f)(z) (2 (1+th(m))) (B+1 )

Using the independence between x,,, and Q(™), we obtain that

EB(%2) = / dz0®(f)(2) 2
D

M)\ 24 Q(m))2
E ! Bald ) (xe@mps, (@)
((1+trQ("’))) B+1 B+1 B+1
The Schwartz inequality leads immediately to

C
E (2 2)
‘ m — B 4 1

as soon as k +1 > 4.

Since E[5,,] = E[5$)+5§3’1)+B,(73’2)], we obtain that E[(2] = 2 (Zi‘f:l E[ﬁmD

verifies |E[(z]| = O(1) provided k + 1 > 9. This completes the proof of Lemma
4.2,

O

We are now in position to complete the proof of (4.2). For this, we use
Proposition 4.1, Proposition 4.2, and Proposition 4.3, and write that

1 - 1 1 XX
< | = _ _
’Mtr f(Cv)) Mtr f(C ‘ ‘ tr f(C Mtr f <B+ 1)‘
1 XX* (CN)
gt s (555) - Lot
5,51
N M
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as expected.

4.2. Step 2: Lipschitz argument

The following lemma states that with overwhelming probability uniformly over
v € [0,1], the application v +— S(v) is O(M N?/?)-Lipschitz.

Proposition 4.4. It holds that

wup sup 150 =S+ 9)|

< MN?®/? (4.51)
570 v€(0,1] 6]

Proof. Let 6 € Rand v € [0, 1]. As the random variables (Y n)m=1,....M,n=1,...N
are complex Gaussian and that sup,,>; Elymal> < +oo, the family
(Ym,n)m=1,...,m verifies y,, n < 1. Therefore, it holds that

N
TIN Z |ym,n| = \/N (452)

For the same reasons, the family &, (v),m=1,...,M, v € [0,1] satisfies.
&y (v) <1 (4.53)
We also claim that
sup &y, (V)] <1 (4.54)
ve(0,1]

In order to verify (4.54), we first observe that for any n > 1 we have the following
control:

|exp —2imny — exp —2imn(v + )| < 2|sinmnd| < 27n|d]
(4.52) implies that
€y (V) = &y, (v +9) ‘

sup sup
870 ve[0,1] 9
N . .
1 e—2imny _ e—217rn(1/+5)
=Ssup Sup —— Ym,n
570 vel0,1] VN ; o
1 N
< 27N — ‘ym,n|
VD
< N3/2 (4.55)

We consider a frequency v, € [0,1] (depending on m) where [, (V)| is max-
imum, and have thus to establish that for each ¢ > 0, then it exists v > 0
depending only on € such that

P([€y,, ()] > N) < exp—N”
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for each N larger than a certain integer Np(e). We introduce the discrete the
set

vﬁ:{l\l/fp:ke{o,...,m—u} (4.56)

which cardinal is [V{ | = NP. We notice that (4.53) in conjunction with the union
bound implies that sup, cyr |€y,, (p)| < 1. We denote by vy the element of

VY, for which |v, — vp| is minimum, and notice that |v, — vy | < &7 Then, we
have the following inequality

P(I€y,, (v)] > N°)

N N¢
<P <|§ym(’/*) =&y (Vi p)| > 2) +P <|§ym(’/*,p)| > 2>

N¢ N¢
<P (160 0) ~ G0 > ) +F ( wp Iy, ()] > 2)
v EVR
(4.57)

As sup, cyr [y, (1p)| < 1, the second term of the right hand side of (4.57)
converges exponentially towards 0. In order to evaluate the first term of the
r.h.s. of (4.57), we use (4.55), and obtain that

]VE €
P (§ym(V*) = &y (Vp)| > 2) [ Z [Ym.n| 2 2|V* — Vs p|N ]
l Z\ymnI > N 11

We choose p so that p — 1 > 3/2, and use (4.52) to conclude that
P (|¢y., (vs) = &y, (v p)] > &) converges towards 0 exponentially. This
establishes (4.54).

In order to complete the proof of Proposition 4.4, we consider an individual
entry S;;(v) of S(v) for 4,j < M, and write that

Siy(1) = Sy (v +9)|
B/2 x
1 b b
=57 & fi(”ﬂv)fj(”ﬂv)
b=—B/2
—§i<u+6+§> (u+5+b>

B/2

1
“Fr, L

b b
&i <V N) (fj < N

b=—B/2
—|—‘(£Z <I/+]I\)/.) - & (V—|—5—|—Jl\)]>

b *
o))

b *
fj <V+5+N)

)
)
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Uing the estimations (4.54) and (4.55), we get:

supsup sup Siy(v) = ?ij(y +9) < N3/2 (4.58)

i,j 670 ve(0,1]

and deduce (4.51) from the rough bound

sup [[S(v) —S(v+6)| < sup sup » [S;(v) — Si;(v + )]
vel0,1] velo,1] @ J

< M sup sup|Si(v) — Si;(v +0)|
ve[0,1] i

O

Combining the eigenvalue localisation result from Corollary 3.2 and the Lip-
schitz behaviour of S from Proposition 4.4, the following statement holds.

Corollary 4.1. (v uniform version of Corollary 3.2.) Denote for e > 0:
AS = {vu € [0,1]: 5(8(v)) € Supp up x [s. 5] +€}
AP = {W € [0,1]: 0(DW)) C [s,5] + ¢}

Then, AES and AP hold with exponentially high probability.

Proof. As the proof for AP is strictly similar to the one of A?, we will only write

the arguments for AS. For any fixed v € [0, 1], Corollary 3.2 ensures that A?(l/)
holds with exponentially high probability. For p > 1, we still consider the set
VR defined by (4.56) and denote by Aes,p the event defined by

A8, = {¥, € V1 0(8(1y) € Supp iy x [5.5] + ¢}

which is Af’ but where v runs only on the finite grid V5. It is immediate (by the
union bound) that Aip holds with exponentially high probability for any fixed

p € N. Moreover, it is clear from the definitions of A§ and AES,p that AES C Agp.
We now show the following inclusion:

(42) < (45)

U {EIV e [0,1]: IS(v) — é(u;)H > €/2 where v, € argmin |v — up|}
v EVR

(4.59)

Suppose that (A?)C is realized, and denote by v* € [0,1] a frequency such
that o(S)(v*) ¢ Suppﬁp X[s,5] + €. Denote also v} € argmin, cyr |vp — 7]
We just consider the case where Ay (S(v*)) > 5(1 + 1/c)% + ¢, since in the case
where Ay (S(v*)) < s(1 — /€)% — ¢, the proof is similar. Then, either:
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1. HS(V;) — S(*)|| < €/2, which implies the following estimation for the
location of Al(S(V;)):

M(S(v) —

and in particular, )\1<S(V;)) > 5(1++/c)?+¢€/2. This means that (Aes/z,p)
holds. X
2. IS(v;) — Sl > €/2, which exactly means that

{EII/ €10,1] : |IS(v) — S(V;)H > €/2 where v € argmin, cyr [V — z/p|}
is realized
(4.59) is now proved.

We already showed that (Aes/Q?p) " holds with exponentially small probability,

and establish now that the set
{EII/ €[0,1]: ||§(1/p*) —S(w)|| > ¢/2 where v, € argmin |v — up|}
vp VY,

has the same property. To justify this claim, we remark that Proposition 4.4
implies that for each k > 0, the probability

S(v) —S(/
P E|V7 I/, c [O, 1}7 H (V) (V )H > NKMNB/Q
v —v|
converges to 0 exponentially fast. As the following inclusion
S(v) — S(v
M, > N*MN3/?, where v, € argmin |v — v,)|
|V - Vp| vV
IS(v) =S|

v —v|

{HV € [0,1],

C {au, v €10,1], > N”“MN?’/Q}

holds, we get that
P [{3y € [0,1], [IS(v) = Sl > v — y;|N~MN3/2}] =0

exponentially fast. Moreover, as for each v, |v — V;| < ﬁ7 we obtain that

p Hay e 0.1, I5(v) — 8(2)|| > NleﬂMNWH 0

exponentially fast as well. For p large enough, NV ”ﬁM N3/2 will eventually
become smaller than €/2. This proves that

{31/ € [0,1], HS(V;) —S()|| > €/2 where v, € argmin |v — up|}

v EVY
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holds with exponentially small probability.

The same argument can be used in order to control A]?. This completes the
proof of Corollary 4.1. O

We deduce immediately from Corollary 4.1 the following result that can be
seen as a refinement of (3.22) and of Lemma 3.1.

Corollary 4.2. It holds that

sup D)2 <1,  sup [|S(w)] <1
vel0,1] ve(o,1]

A useful consequence of this is the following corollary, which states that the
Lipschitz result holds for C(v).

Corollary 4.3. It holds that

C(v) - C(v+9) ,
5 < MN3/? (4.60)

sup sup
0#0 ve(0,1]

Proof. For more clarity in the following argument, denote v1 = v and v2 = v+9.
Recall that D = diagS. Using the definition of C from equation (1.3), we write:

C(rz) = C(11) = D™ 2(12)S(12)D ™2 (1) = D2 (11)S(11)D 2 (1)
= (D™2(r2) =D 72(11))S(v2) D~/ (1)
+ D72 (1)(S(v2)D ™2 (12) — S(11)D ™2 (1))

Moreover, we write that

S(v2)D™2(12) — S(1)D 2 (1)
= (S(r2) = S(11))D~"2(12) + S(1)(D™2(1y) = D2(1))

Therefore, applying the operator norm, we get by the triangle inequality:

+ D72 1S (v2) — S(w) [IID™H2 ()]

IC(v2) = C(n)|| < D™ 2(ws) = D21 S (v2) [|D ™ (1) |
1S (v
+ D72 IS l[D™2(vs) = D2 (1))
It is easy to check that

1571/2(1/2) _ 1571/2(1/1)
6

sup sup
0#0 |vo—v1|=68

|<N3/2

holds. Therefore, Proposition 4.4 and Corollary 4.2 immediately imply (4.60).
O
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Finally, we can write for the spectrum of C the same kind of result as in
Corollary 4.1.

Corollary 4.4. For each € > 0, we define A? as the event
A? = {VV €10,1] : o(C(v)) C Suppug\/[)P + e}

Then, A? holds with exponentially high probability.
Proof. The proof is similar to the proof of Corollary 4.1 and is thus omitted. [

4.3. Step 3: Extension to v € [0,1]

We are now in position to establish Theorem 4.1.

Proof. Proof of Theorem 4.1. We recall that (4.2) holds. We consider again
the set V}; defined by (4.56), and obtain from (4.2) that the following stochastic
domination property

sup (4.61)

B
vevr, N

1 c
TRl / Fauiy | <

holds.
It remains to extend this result to the supremum over v € [0, 1]. We consider
k> 0 and evaluate

a7t FOw) = [ fansiy

P | sup
vel0,1]

B
NF—
e

We denote by v* € [0,1] an element where the supremum is achieved, and
consider v the the closest element of V§, from v*. Therefore, one can write:

P Lzl[lo;,)l] 37t (G / Fplen) >N”ﬂ
SP:&Uﬂ@fﬂ—MUﬂ@%»
+‘A14tr f(C(u;)—/fd (ex) >N”B}
SP:&HﬂQWD—LHﬂ@%D>N”B}
+IP’{A1/[trf /fd (en) >N“2]]3V}
Pt F(C0p) — o fauliy| > No ] converges expo-

nentially towards 0 by (4.61). Tt thus remains to study
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P Hﬁtr FICw*)) — Lt f(C(V;))‘ > N“%} For this, we will of course
use Corollary 4.3, and write that

HMtr F(Cw) - %tr f(C(V;))‘ - NNQ?V}

B (|1 S F0m©0) — f0m©w)| > v E
=P |57 22 JOn(Cw) = 10m(G0)) 5N

By conditioning on the event A? which by Corollary 4.4 holds with exponen-
tially high probability, we get:

M

1 o ) B

P [M 3 0w (C07) = FOn( 07| > N5
1 M . . R ) . . .
<P [ = D FO(€W)) — FA(C;))| > N 2N 28| +2[(2%)]

(4.62)

AsP [(A?) } holds with exponentially low probability, it remains to study the

first term of the right-hand side of (4.62). Since f is differentiable on a neigh-

borhood of Suppg\f[)P, there exist some random quantities (7, )1<m<n between

v* and v, such that:

M;ﬂ (€)= FAm(C))| > N5, AS
=P ﬁ 3 f/(/\m(c(ﬁm)))"Am(é(u*))—)\m(é( ))’>NK2N AC

in conjunction with the fact that sup;<,,<n |/ (Am (C(7n)))] is bounded by

some nice constant C' on the event AC, we get:

1
P[M

m=1
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Recall that [v* —v;| < N7P. Therefore, we have:

P |C|C(v* ne B AS
CIE) - Gyl > N5, AC]
C(v*) - C(v* .
_p || S CW)) o L e B e
vr—uh lv* — vl 2N
C(w*) - C(v: .
<P M >C’NpN“£, AS
vt —up 2N

We choose p large enough such that M N3/2 <« NP %. Then, it is clear that

C() — Clry)

*
14 Vp

P

> CNPN” B Acl

C(v) - Clwy)

*
174 l/p

<P

> MN3/2N*, A?}

C() - C()

v—1

<P [HV, v e0,1],

> M N3/ QNH]

Corollary 4.3 thus implies that P |:CHC(I/ ) — C(1)|| > N* 2. AC} converges

towards 0 exponentially fast. This completes the proof of Theorem 4.1.
O

5. Applications and numerical simulation
5.1. Definition of the test statistics

In order to test the decorrelation of the signals (Y, )m=1,....m, we consider for
€ > 0 the statistics T, defined by

T Artr fi(e — Jr fdp (CN ’
e = Sup

veo,1] (B/N )
and compare T, to a certain threshold x > 0. Hypothesis H, is accepted if

T. < k and rejected otherwise. The test is consistent in the sense that under
Ho, Theorem 4.1 ensures that T, — 0 almost surely . Therefore,

(5.1)

Py, [Te > k] —— 0
N— oo

In the following numerical experiments, motivated by [26], we consider f(\) =
log A for which

/f A) dp(E () = N_llog(l—cN)+1

CN
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(see e.g. [1]) and f(A) = (A — 1)? where

)
/ SO ) = ex

We notice that f(\) = log A is not defined for A = 0, but the results of this
paper can still be used by defining tr log A = logdetA = —oco0 if A > 0 and
det A = 0.

5.2. Signal model for the alternative

We consider the following simple and flexible model:

Xnt+1 = Ax, + Be,

Yn+1 = Cx, + De, (52)

where (€)nez is an independent sequence of N¢(0,I,) distributed random
vectors, and where B = I;, C = I/, A is the bidiagonal lower triangular
matrix defined by

6 0 ... 0
g 6 0 ... 0
0o p 6 0 0
A:
: .. .. . 0
o ... ... 0 p @0
for 6 >0,3>0,0+ 3 <1, and D is the triangular matrix
M- AM=2 1
0 ML oM=2 Ly
0 0 yM-L AM=2 72
D=9 .
: . . . .y M=2
0 0 0 M1

for  >0and 0 <y < 1. As 8+ 8 < 1, for each frequency v € [0,1], matrix
e?™ ] — A is invertible, and its inverse (™I — A)~1! is the lower triangular
matrix given by

1 0 0
?2 [13 0 ... 0
' ) (m) oy 10 0
(eQ'LTrl/I_A)—l — 270 . .
eZﬂ'l/_
: , oo .0
M-—1
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Therefore, for each m = 1,..., M, the multivariate signal y,, is given by

€1,n

€2.n + |:e27‘,7r6u,91| €1,n

8 | s \M
€EM,n + [m] EM—-1n T ...+ |:(e2mu9) ] €1,n

M—-1

vy €int ...t EMun
7N1_162,n +...+ YEM,n
+4 :
YM=er

where if h(v) = 3,z e 2™ with 3, [hi|* < +00 and (up)nez is an iid.
sequence, the notation [h(v)]u, represents ), ., hxtn_k. After some calcula-
tions, we obtain that the entry (k,1), k >, of the spectral density S(v) of y is
given by:

S(W)k1 =

1 6 k—1 - ﬂ 2 N . B 2(1-1)
|62i7r1/ _ 0|2 e2imv _ @) e2imv _ @ T e2imv _ @)
k—1
1) 8 P
- ptM—-1—(k=1) ( __~
4>62i7r1/_92’y <62i7r1/_9>
p=0
k—1
5 3 P
p+M—1—(k—1)
+ e—2i7ru -0 + Z'}/ <€—2i7r1/ _ 0)

p=0
+ 62 AfHI=2 (1 +2 4.+ vz(M_’“))

It is clear that the signals yq, ...,y are independent if 5 =46 = 0.
We denote by r the ratio defined by

_ JlISy(v) — diagSy ()3 dv _ 3oicp IR() — diagR(D)|7
J ISy ()11 dv ez RO

where R(l) := E[y,1;y%] is the autocovariance matrix of y at lag . We will
choose 3, & and  such that this ratio is constant for different settings in the
simulation (e.g. various values of M or choice of f). Indeed, the "strength” of
the joint dependence of the observations y depends on the dimension M.

r:
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Figure 1 and Figure 2 represent the value of the maximum deviation over v of

tr f (C(v)) from Je f dug\ff}) for increasing values of N (the x-axis represents
B := B(N)). More precisely, if we define

1 A
v* = argmax |—tr f(C(v)) — / fdug\(/ﬁ,)
ve(0,1] R

then, the value of the test statistics -;tr F(C(v)) is shown for the frequency
v*. We compare this value under Hy (8 = 0 and 6 = 0, whereas 6 and v are
not precised), and under an alternative H; (with the same 6 as the one used
for Hp, but S # 0 and 6 # 0) such that » > 0. On the left of Figure 1 is shown
these values with f representing the Frobenius norm test, and on the right of
Figure 1 the log det test.

On Figure 1 we show that as r increases, the separation of the test statistics

from fRfdyg\Z’}’)) also increases. For r = 0, ie. under H,, we see that the

maximum deviation of i tr f (C) from Jx f dug\fl’}) seems to converge toward
zero, as stated in Theorem 4.1.

On Figure 2, we show the impact of the rate « (recall its definition from
Assumption 1.3). As « is close to 1, N becomes closer to B (the limit o = 1
corresponds to B, M and N of the same order), so intuitively, the sample
size is very limited. On the opposite, as « is close to 1/2, N is much larger
than B and M, which implies that the behaviour of C under H, should be
better approximated by the Marchenko-Pastur distribution. This is confirmed in
the simulations: as a grows, the separation between Hy and #; becomes smaller.

—— o —— o
—— Hy,r=0.05 —— Hy, r=0.05
Hy, r=0.20 My, 1=0.20
—— M3, r=0.41 —— Hy, =041
—— deterministic equivalent —— deterministic equivalent

1.0

trf(C(v*))

1
I
s o
5 =
?

°
=
—

AN e Sk s Nt
[ ! NM‘MWMW
Y v ¥

20 30 40 50 60 70 80 90 100 20 30 a0 50 60 70 80 90 100

B B

°

Fic 1. mazimum deviation of ﬁtr f(C) from f]R fd,ug\fflvp) for various alternatives, with o =
0.7 and ¢ = 0.5. Left is the Frobenius Norm Test and right is the Logdet test.

Figure 3 and Figure 4 represent numerical estimation of ROC curves : for
various settings of «,0,c and r, we simulate observations (y,)n=1,. ~ using
the state space model (5.2). The probability of false alarm and the probability
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-
6 —— My, r=0.80
— deterministic equivalent

2 —— Hy
<Q —~— 3, r=0.80
= —— deterministic equivalent
S
]
=

2 MMMWWWH

1 A .

purr— A A ek ek .
e——g
B B
—— 0 —— 1
6 —— 1, r=0.80 —— My, 1=0.80
—— deterministic equivalent — deterministic equivalent

5
4
2
=
=
T 3
]

1
I

1 Wwwm WWM

—— o ——
6 —— 1, r=0.80 —— My, r=0.80
—— deterministic equivalent — deterministic equivalent

IS

trf(C(v*))

1
m

Fic 2. mazimum deviation of ﬁtr f(C) from fRfdug\ZJ}’)) for ¢ = 0.8 and various values of

(from top to bottom) a = 0.5, a = 0.75, a = 0.95, and from left to right for the Frobenius
Norm Test and the Logdet test.

of detection are estimated via Monte Carlo with 10.000 repetitions. Note that
the axis scale is log-log.

On Figure 3 is shown the impact of the alternative factor r. As it increases,
the detection becomes easier. On Figure 4 the impact of the rate «a is shown.
As it is close to 1/2, N is much larger to M and B and the detection is easier.
On Figure 5, the parameter ¢ is fixed to 0, and the impact of 6 is shown.
When 6 = 0, each time series (Ym n)nez is 1.i.d. under the 2 hypotheses, or
equivalently, the observations y1,...,yy are i.i.d. In this rather simple context,
the performance of the test appears of course better than if 6 # 0. As 6
increases, the various time series become more dependent, and the performance
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decreases.
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probability of detection

102

= r=0.005
~e- r=0.028
—4— r=0.123

10°

probability of detection

= r=0.005
~— r=0.028
4 r=0.123

102

1072 10
false alarm probability level

100

102

Fi¢ 3. ROC for various r, with a = 0.6, ¢ = 0.8 and M

and right is Logdet test.

10 10°
false alarm probability level

= 33. Left is Frobenius Norm Test

probability of detection

= =050
—o- a=0.70
—— a=090

102

probability of detection

102

1072 10
false alarm probability level

102

107!
false alarm probability level

Fic 4. ROC for various o, with r = 0.06, ¢ = 0.8 and M = 33. Left is Frobenius Norm Test

and right is Logdet test.

We notice that the Frobenius test seems to outperform the log det test in all
our simulations. This is in accordance with the conclusions of [26] devoted to
the case where the observations yq, ...

,yn are i.i.d.
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2
2

probability of detection
probability of detection

107 107t
false alarm probability level false alarm probability level

Fic 5. ROC for various 8 with ¢ = 0.8, r = 0.09 and M = 33. Left is Frobenius Norm Test
and right is Logdet test.

Appendix A: Appendix
A.1. Proof of Lemma A.1

Lemma A.1 is a slight variation of Theorem 4.3.2 [5].

Lemma A.1. For any vi and ve in [0,1], such that there exists k €
{0,1,..., N — 1} satisfying vo — v1 = k/N, the following bound holds:

s [B16,,(1)65, ()]~ sm01)0sn =0 () (A

Proof.

~

E [gym (Vl)gym (V2 *]

1 N
§ * —2im(n1—1)v1 J2im(ne—1)v
= — E[ym7n1ym7n2]e ( 1 ) le ( 2 ) 2
N
ni,ne=1
1 N
— —2im(n1—1)v1+2im(na—1)va
— X7 T"m,n1—ns€
ni,na=1
(N-1)
= i § r E e*2i7rn11/1+2iﬂ'n2u2
N m,u
u=—(N-1),n1,n2€0,..., N—1 ni—n2=u

Splitting this expression for u = 0,4 > 0 and u < 0 provides
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N-1
* 1 —2imnq (ve—v
E[gym(’/l)fym(l/z) ] = N?"m’o Z e 2 1( 2 1)

YL1=0
(N 1) N—1—u
+ - § o § e—217r(u+n2 v eQzTrnzllg
no= =0
1 —1 N—-1
+ = E T E 672i7r(u+n2)1/1 e2i7rn21/2 (AQ)
N
u=—(N-1) na=-—u

The first term of the right hand side of (A.2) can be computed in the case
V1 = UVg:

1 N-1
Tmo Yy e T — g
N

’I‘Ll:O

and in the case vy # vs,

1 N—-1
Z —2imn, &
N?”m)o € IN =0

’I’L1:0

Therefore, the first term of the right hand side of (A.2) is equal to 7, 00, =u, -
Consider now the second term of (A.2) (where u > 0):

N—-1—u

1 N-1

. —2im(u+tng)ry 2imTngrs
E Tm,u E (& €

N
u=1

no =0

1 N— N—-1—u
N Z ,r,m’ue—2z7ru1/1 Z e—2wrn2(l/2—1/1) (A3)

TLQZO

The right hand side of (A.3) can also be explicitly written in the case 11 = v

1 N-1 N—-1—u
N § rm7ue—217ruu1 § e—22wn2(y2—u1)
u=1 no=0
1 N-1
_ r e—Qzﬂ'uul (N _ ’U,)
= § m,u
N
u=1
N-1
_ r —2iTur, N —u
= m,u
’ N
u=1
N-1 1 N-1
_ —2iTury 2imTur,
= Tm,u€ — N UTm.u€
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By Assumption 1.4, sup,,,>1 Y,z [U/[rm.u| < +00, so we have:

1
2imury 0=
Zwmue (%)
N—-1-u

1 N-1
sup N E Tm’ue—QzTruzll § —217rn2 (va—v1) E T ue—2z7ru1/1
u=1

mzl na =0

sup —
m>1 N

Therefore:

-0 (%)
(A.4)

In the case where vy # vg, note that v; — vy = k/N with k # 0, therefore:

N-1 N-1
2 : e—Qiﬂnz(Vz—Vl) — § 6_21'7{”2% =0 (A5)
no=0 no=0

Using (A.5), one can rewrite the right hand side of (A.3) as

1 N-1 N—-1-u
E :Tm)ue—2z7rul/1 E e—217rn2(1/2—y1)
u=1 no=0
1 N-1 N
_ - § T —2i7ru1/1 § e—2i7rn2(z/2—ul)
N
u=1 na=N—u
—1
1
u:l

which, again by Assumption 1.4, provides the bound:

N—-1—u

1 N-1
- E Tm7ue—217ruu1 § e—2zrrn2(yg—ul)
N

u=1

no =0

o) e

Combining (A.4) and (A.6), the second term of the right hand side of (A.2)
can be estimated as follow:

sup
m>1

(Nl) N—-1—u

. E —2iTur § —2imna(vo—v 2 —2iTur
sup Tm u€ ! & 2 2T 1) - 51/1 12 TWL u€ !

mzl ’ﬂz_o
1
-9 (N)

The term for v < 0 in equation (A.2) is similar. Gathering the three terms
of equation (A.2) leads to

N—-1
* —2iTury 1
sup (B[S, ()60, (2)] = S [ D0 T e (N>

m21 u=—(N—-1)
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Eventually, using again Assumption 1.4 we have:

S e < = 37 fullr ) :0@)

|u|>N |u|>N

Inserting this into equation (A.7), we obtain equation (A.1) O

A.2. Proof of Lemma 3.1

Proof. Consider the complement of the event AP (v) and notice that:

APy c{me{l,....M}: 5, >3+ U{Tme{l,...,M}:54, <s—e¢}
(A.8)
We start by proving that the first set of the right handside of (A.8) holds
with is exponentially small probability, ie. for any € > 0, there exist v > 0 such
that:

PAme{l,...,M}:8, >5+¢ <exp—N"

By Lemma A.2 (see below), [E3,, — s,,| = O(B?/N?) so for N large enough,
this biais term will be smaller than €/2. Moreover, for any m € {1,..., M},
Sm — § < 0. Therefore, one can write for large enough N:

PEme{l,....M}: 8, >5+¢€

=P sup  ($m —ES,, +ESpy — sp + 8 — 5) > €
me{l,...,M}

<P sup  |8m — ESdpn| > €/2
me{l,....M}

which holds with exponentially high probability by Lemma A.3 (see below). The
proof for the lower bound is similar. O

It remains to prove Lemma A.2 and Lemma A.3. Concerning the proof of
Lemma A.2, we follow the same approach as the one used in Theorem 5.4.2 in
[5].

Lemma A.2. For any v € [0, 1], the following bound holds:

sup  [Eém(v) — sm(@)| = O (B 2) (A.9)

m=1,....M N2
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Proof. Let v € [0,1]. Inserting s, (v + &) in (A.9), one can write:

[ESm (v) = sm (V)]
B/2 b 2
| Br1 Z {E Eym <V+ N) _Sm(y)}
b=—B/2
1 b\ |? b
=517 Z {IE Eym <V+N) — Sm, <u+N>
b=—B/2
o))
T b\ |2 b
Byl Z {IE §ym<1/+N) —sm<u+N>}
B/2

b=—B/2
it B 0 ) )

=—B/2

—_

B/2

IN

Lemma A.1 provides the following control for the first term of the right-hand

side:
Eynm (v + ;) T Sm (y + ;) } =0 <]1[> (A.10)

Moreover, by Assumption 1.4, a Taylor-Lagrange expansion of s,, around
v+ %, provides the existence of a quantity v} such that:

b b 1 b2
Sm, (1/ + N) = sm (V) + Ns;n(y) + iﬁs%(yb)

B/2

1,2 |

b=—B/2

where by Assumption 1.4, sup,,>; Sup,¢o 1] |5y, (¥)| < +00. Therefore, it holds
that: -

B/2

1 b
Br1 Z {sm (V+N>—sm(u)}
b=—B/2
B/2
1 b 1 b?
=[5t o e g}
b=—B/2
B/2 B/2
1 1 11 1
SN m(@)] Brl Z N2 | B+l Z b*sy, (vb)
b=—B/2 b=—B/2

_o (f;) (A.11)
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Combining the estimations (A.10) and (A.11), one get:

i) —sn) =0 (5 ) +0 (55)

which is the desired result since % < ﬁ—z in our asymptotic regime defined in
Assumption 1.3. O

Lemma A.3. The family of random wariables sup,,_q  al8m(v) —
E[$m(V)]], v € [0,1] verifies
1
sup |Sm — ElSml| < —= A12
m:l,?.,M| [ ” \/E ( )
Proof. Let m € {1,..., M} and matrix Iy defined as:

B/2

1 b b\"
HN:iB—i—l Z aN<1/+N)aN<I/+N>
b=—B/2
where ay = ﬁ[l, e2mv . e (N=DIT We also recall that y,, is defined by
Ym = Wm1s--¥YmN)T. & can be written in a convenient way we get as
S$m =yYr TANYm (A.13)

Note that (B + 1)IIy is an orthonormal projection matrix on a B + 1—
dimensional subspace. Its operator norm is therefore 1, which leads to the fol-
lowing equalities:

1 9 1
Oy||l=—=——, trlIy=-——
|| N” B+ 1’ r N (B + 1)

If R,, represents the covariance matrix of y,,, y,, can be written as
Ym = RY/?z,, with z,, ~ Nc(0,157). Therefore, 3, is given by §, =
zj‘nR:,{QHNR:n/sz. By Assumption 1.4, sup,,>; [|[Rm|| < 400, and using the
inequality tr (AB) < ||B||tr (A) for A a positive semi-definite matrix and B
Hermitian, it holds that:

su>p1 HR},{QHNRMQH% = su>p1 tr R;{QHNRmHNR}n/Q

= sup tr R,, JIyR,,IIx
m>1

sup ||Rm||2tr IINIIN
m>1

()

IA

The Hanson-Wright inequality (2.9) provides:

1
sup |8 — Eép| < —=

m>1 \/E
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A.3. Proof of Lemma 3.3

Proof. These estimates can be proved in a compact way by using the calculus
rules available in the stochastic domination framework introduced in Definition
2.1 and proved in Lemma 2.1. Using Lemma 3.2 and Lemma A.4 (see below):

/ 1
‘\/ —V8m 3 ‘
\ , m m
O« (F5+E7) 0<(1) 0«(1)
1 B?
< —=+ -

VB N

The second inequality is similar to prove:

Sm_ 4 ,/sm \/Sm
Sm
< | | x ! ‘
S —S = —
u sm(\/sm—ksm)
—_—
O«(Jgt+im)
0<(1)
1 B?
<=+ =

O

Lemma A.4. The family of random variables (sup,,—1 _ a[3m (V) — sm(v)|),
v € [0, 1] verifies
B2
m:sll,l.l.).,M [ — Sml| < \/» N2
Proof. Tt is sufficient to check that the family of random variables (|3, —
Sml)m=1,...m,V € [0,1] verifies |8, — 5| < ﬁ + f,—i. Using Lemma A.2 and
Lemma A.3, we obtain as expected that

. . . . . . . 32
[8m — Sm| = [$m — Eém + B — 8| < |8m — Eéi| + |ESp, — 8| < \F N2
o(£3) 0« (75)

O

A.4. Proof of Lemma A.5

Lemma A.5. The set of random variable (Zﬁf:l |8m (V) — 8m(V)]?), v € [0,1]
verifies
5

‘gm—8m|2-<1+m

1=

3
Il
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Proof. Using Lemma A.4, we have

Iém—sm|2<l+B—4
B NA

and summing over m = 1... M, one immediately get:

M
B5
A 2
O
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