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Abstract

We present a quasi-static constitutive model for particle-binder composites which accounts for finite-
deformation kinematics, non-linear elasto-plasticity without apparent yield, cyclic hysteresis and progres-
sive stress-softening before the attainment of stable cyclic response. The model is based on deformation
mechanisms experimentally observed during cyclic compression of Plastic-Bonded Explosives (PBX) at
large strain. An additive decomposition of strain energy into elastic and inelastic parts is assumed, where
the elastic response is modeled using Ogden hyperelasticity while the inelastic response is described us-
ing yield-surface-free endochronic plasticity based on the concepts of internal variables and of evolution
or rate equations. Stress-softening is modeled using two approaches; a discontinuous isotropic damage
model to appropriately describe the softening in the overall loading-unloading response, and a material
scale function to describe the progressive cyclic softening until cyclic stabilization. Finally, a nonlin-
ear multivariate optimization procedure is developed to estimate the elasto-plastic model parameters from
nominal stress-strain experimental cyclic compression data, and a sensitivity analysis is conducted to quan-
tify the influence of these parameters on the cyclic response.

Keywords: Elastic-plastic material (B), Constitutive behavior (B), Cyclic loading (B), Finite strain (B),
Yield condition (A)

1. Introduction

Particle-binder composite materials consist of a large concentration of hard particles, called fillers,
randomly dispersed in the matrix of a soft material. Generally, fillers are used to enhance the mechanical
properties of the soft material. For example, filled elastomers such as carbon black and silica filled rubbers
(Rattanasom et al., 2007; Omnès et al., 2008) have been shown to possess superior stiffness, strength and
damping properties over natural rubber, making them suitable for application in automotive parts such as
tires and bearing seals, and in structures providing vibration and shock isolation to mechanical systems.

Another class of particle-binder composites, called energetic composite materials or Plastic-Bonded
Explosives (PBX), consists of explosive crystals and, in some formulations, metal fuel powder, embed-
ded in a binder composed mainly of a soft polymer and a plasticizer. Since their initial development at
Los Alamos National Laboratory in 1947, PBXs have been commonly used as ammunition in defense
applications. Examples of explosives used include cyclotrimethylenetrinitramine (RDX) and cyclotetra-
minetetranitramine (HMX), while the binder composition includes polymers like hydroxyl-terminated
polybutadiene (HTPB) and Estane, and plasticizers like Dioctyl adipate (DOA) and isodecyl pelargonate
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(IDP), along with smaller concentrations of various additives (Akhavan, 2011). In PBX binder, the poly-
mer, apart from providing structural integrity to the explosive, reduces their impact and vibrational sensi-
tivity (Palmer et al., 1993; Rae et al., 2002; Rangaswamy et al., 2010), while the plasticizer improves their
mechanical properties and processability (Yılmaz et al., 2014). The metal fuel, usually aluminum, is used
to enhance the blast effects. Therefore, aluminized PBXs are typically used in naval weapons and missile
warheads (Kumar et al., 2010).

Energetic composites are commonly used in applications requiring high mechanical confinement or
compression (Wiegand, 2000; Wiegand & Reddingius, 2005). Additionally, these materials may be sub-
jected to diverse loading conditions, ranging from low to high strain-rate cyclic, vibrational and impact
loading during transport, storage and handling over their operational life. Since PBXs are designed to
detonate under specific external energy stimulus, such loading conditions may alter their mechanical re-
sponse, rendering them unpredictable and unsafe (Drodge & Williamson, 2016). Therefore, understanding
and predicting the mechanical response of PBX under different loading conditions is of particular interest
to the defense and propulsion community.

Earlier experimental studies on the mechanical behavior of PBX under uniaxial load have shown strong
dependence on strain rate and temperature (Idar et al., 2002; Thompson et al., 2002; Williamson et al.,
2008). Several constitutive models in the context of small and large deformation mechanics have been
developed to model their rate and temperature-dependent behavior. For instance, Bardenhagen et al. (1998)
proposed a large deformation viscoelastic model for PBX binder materials using Blatz-Ko hyperelasticity
formulation and a Maxwell element. Clements & Mas (2001) proposed a viscoelastic constitutive theory
for filled polymers using Boltzmann superposition principle, where the filler particles were modeled as
randomly positioned elastic ellipsoidal particles. Composite stress relaxation functions were developed
with their prony series coefficients dependent on filler concentration, ellipsoidal aspect ratio and polymer
moduli. The visco-elastic cracking constitutive model developed by Bennett et al. (1998) combined a linear
viscoelastic Maxwell’s model with an isotropic damage model by Addessio & Johnson (1990). It was based
on the mechanism of microcracking and derived from the statistical crack mechanics approach proposed
by Dienes (1996) for brittle materials. The model was developed to predict the nonlinear stress-strain
response of the material, as well as the strain-softening and nonlinearity observed due to extensive cracking
at larger deformations. The model has since been extensively implemented in finite element analyses and
used to predict the thermo-mechanical behavior of PBX and study hotspot generation (Rangaswamy et al.,
2010; Buechler & Luscher, 2014). In the context of PBX undergoing low-frequency vibrational loading,
nonlinear viscoelastic models for a mass-material system undergoing base excitation were proposed by
Paripovic & Davies (2013, 2016).

While most of the constitutive formulations proposed for PBX model the material as viscoelastic due
to the rubbery nature of the polymer binder, it has been shown that they can exhibit considerable plastic
deformation with increasing confinement. Uniaxial confined compression tests carried out on inert mock
sugar-based specimens for PBX 9501 (Wiegand, 2000; Wiegand & Reddingius, 2005) under different con-
fining pressures revealed increasing plastic deformation and strain hardening with increasing pressure.
Recently, Agarwal & Gonzalez (2020) conducted unconfined compression tests at room temperature and
low strain rate (10−3/s) on cylindrical specimens of three mock explosive formulations based on PBXN-109
(Lochert et al., 2002), with sugar as a substitute for the explosive HMX crystals. All three formulations
contained 85% w/w of solids (sugar and aluminum), but differed from each other by the amount of alu-
minum content in the solids-composition, namely 85-00 (0% Al in solids, 0% in total), 85-15 (15% Al in
solids, 12.75% in total) and 85-30 (30% additive in solids, 25.5% in total). The stress-strain response of the
85-00 specimens exhibited a quasi-brittle behavior (Pijaudier-Cabot et al., 1999), with an initial nonlinear
increase in stress until a peak stress level at around 10-11% strain, followed by strain-softening due to
evolution of microcracks into larger transgranular fracture leading to a loss of strength. Such behavior has
been recorded and studied extensively for many non-aluminized PBX formulations (Idar et al., 1998, 2002;
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Figure 1: (a) Aluminized mock sugar-based PBX specimen 85-15, and (b) the nominal stress-strain response under strain-
controlled unconfined uniaxial compressive cyclic loading of the specimen. The response until the attainment of stable cyclic
loop is shown in gray, while the stable cyclic loop is shown in black. Observable response attributes (labeled in the figure)
include: (1) highly nonlinear stress-strain response without a distinctive yield point, (2) hysteresis, and (3) cyclic stress softening
with eventual stabilization.

Rangaswamy et al., 2010). However, the aluminized specimens (i.e., 85-15 and 85-30 specimens) exhib-
ited a more ductile plastic flow behavior with strain hardening, indicating that the presence of aluminum
could cause the material to deform plastically even in the absence of confinement.

Additionally, plastic deformation and damage in PBX have been shown to be associated with hotspot
mechanisms (Trumel, H. et al., 2012; Keyhani et al., 2019), thus directly impacting their ignition character-
istics. Therefore, the development of a constitutive model capable of characterizing the plastic behavior of
explosives is extremely important for proper modeling and prediction of their mechanical behavior. Consti-
tutive models for PBX incorporating plasticity have been proposed for cyclic deformation (Le et al., 2010)
and mild impact (Yang et al., 2018). However, the models have been developed using small deformation
theory, and, therefore, are inapplicable to large deformation mechanical behavior of explosives.

Lastly, Agarwal & Gonzalez (2020) also conducted large deformation, unconfined cyclic compression
tests of cylindrical sugar-based mock PBX specimens at room temperature and low strain rate (10−3/s).
Figure 1b shows the cyclic response of the 85-15 formulation. The strain-controlled, cyclic compression
test was carried out by initially loading the specimen to 16% strain, and thereafter partially unloading-
reloading between 8% and 16% strain. Observable response attributes (indicated in the figure) include:
(1) a non-linear, continuous elasto-plastic response without apparent yield, (2) hysteresis, and (3) cyclic
stress-softening with eventual stabilization. It is also worth noting that the curvature of the initial loading
path is different from those of subsequent reloading paths. The former is convex and the latter are concave,
indicating irreversible changes in the material behavior during the initial loading itself. This behavior has
also been previously observed for cyclic compression of aluminized RDX-based PBX in HTPB binder
(Tang et al., 2016).

The mechanical response of filled elastomers and PBX specimens exhibit similar characteristics at large
deformations. Constitutive models of filled elastomers have been proposed adopting both phenomeno-
logical (see, e.g., Laiarinandrasana et al. (2003); Ayoub et al. (2014); Österlöf et al. (2016); Guo et al.
(2018a,b)) and micromechanical (see, e.g., Dargazany et al. (2014); Raghunath et al. (2016); Plagge &
Klüppel (2017)) frameworks. Ayoub et al. (2014) proposed a zener-type visco-hyperelastic constitutive
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model of rubber-like materials that accounts for Mullins effect (Mullins, 1948, 1969), continuous stress-
softening and permanent residual strains, utilizing the network alteration theory (Marckmann et al., 2002;
Chagnon et al., 2006). Raghunath et al. (2016) extended the micromechanical dynamic flocculation model
developed by Klüppel (2003) to include time-dependent effects typical of filled elastomers. The majority of
these models attribute the observed hysteresis, and other inelastic phenomena, to time-dependent viscous
overstress in the rubber matrix. In contrast, only a limited number of models consider these phenomena as
time-independent plastic deformation mechanisms. A case in point is the phenomenological elasto-plastic
constitutive model proposed by Kaliske & Rothert (1998) that captures the rate-independent process of
internal material friction due to irreversible polymer slippage on the filler surface and plastic deforma-
tion of the filler particles. This multi-yield-surface rheological model is comprised of a finite number of
elasto-plastic Prandtl elements arranged in parallel with an elastic member. More recently, yield-surface-
free endochronic plasticity (Valanis, 1970) was utilized by Netzker et al. (2010) to model the smooth and
hysteretic cyclic stress-strain response of carbon-black filled rubbers, with higher computational efficiency
and less parameters.

In this paper, we present an elasto-plastic constitutive formulation with isotropic damage capable of
modeling the cyclic response of mock energetic composite materials. Specifically, a Lagrangian finite-
deformation formulation based on additive decomposition of strain energy (Simo, 1987; Govindjee &
Simo, 1991; Holzapfel & Simo, 1996; Holzapfel, 1996, 2002) into elastic and plastic parts is adopted. The
formulation uses Ogden’s hyperelastic model (Ogden, 1972a,b) to predict the rubber-like nonlinear elastic
response of the polymeric binder, and a hereditary (path-dependent) yield-surface-free endochronic plas-
ticity theory (Valanis, 1970), based on the concept of internal state variables (Horstemeyer & Bammann,
2010), to account for irreversible deformations. A discontinuous isotropic damage model (Kachanov,
1986; Lemaitre et al., 1985) is utilized to model the stress-softening that occurs during unloading, and
an endochronic material scale function (Valanis, 1970; Wu & Yip, 1981; Yeh, 1995; Lin et al., 2007) is
utilized to model progressive cyclic stress softening and attainment of stable cyclic response. The number
of model parameters is a function of the number of active Ogden terms and endochronic branches, and
therefore a significant number of parameters may need to be identified. Therefore, we develop a parameter
identification method based on a nonlinear multivariate least-squares problem, which is expected to be
non-convex and affected by multiple local optima. The range of behavior predicted by the proposed model
is demonstrated by calibrating parameters for the 85-15 formulation under cyclic compression (Agarwal
& Gonzalez, 2020). Finally, to gain a better insight into the dependence of material response on model
parameters, the analysis is concluded by studying the sensitivity of the cyclic compressive response to
variations in the estimated values of endochronic and isotropic damage parameters.

The paper is organized as follows. The constitutive model is presented in Section 2, followed by
Section 3 which provides a discrete numerical procedure to solve for stresses along a loading path. Sec-
tion 4 presents the model parameter identification procedure and the calibrated material properties of the
85-15 mock PBX formulation. Section 5 shows a detailed sensitivity analysis of the yield-surface-free
endochronic plasticity and the isotropic damage model. Finally, a summary and concluding remarks are
presented in Section 6.

2. Constitutive model

2.1. General framework
The finite-deformation constitutive law is based on an additive decomposition of the Helmholtz free

energy density function (Simo, 1987; Govindjee & Simo, 1991; Holzapfel & Simo, 1996; Holzapfel, 1996,
2002) into elastic and plastic parts and it employs a local multiplicative decomposition of the deformation
gradient into isochoric and volumetric contributions. This approach is in contrast to the constitutive formu-
lations based on multiplicative elastic-plastic decomposition of the deformation gradient (Kröner, 1959;
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Lee & Liu, 1967; Lee, 1969; Gurtin & Anand, 2005) or additive decomposition of the rate of deformation
tensor (Hill, 1950, 1958; Prager, 1961). For an isothermal elasto-plastic deformation process, the free
energy density function Ψ is given by

Ψ(C, ζ1, . . . , ζN) = Ψe
vol(J) + Ψe

iso(C̄) +

N∑
j=1

Γi
j(C, ζ j) (1)

where Ψe
vol(J) and Ψe

iso(C̄) are the volumetric and isochoric elastic strain energy density functions, depen-
dent respectively on the Jacobian of the deformation J = det(F) and on the isochoric right Cauchy-Green
deformation tensor C̄ = F̄T F̄ (where F̄ = J−1/3F). The inelastic strain energy

∑N
j=1 Γi

j(C, ζ j) is a set of
configurational free energy functions Γi

j ( j = 1, . . . ,N) that characterizes the inelastic deformation be-
havior, namely irreversible slip at particle-particle and particle-binder contacts, plastic deformation and
fracture of particles, among other dissipative mechanisms typical of particle-binder composites. The path-
dependent dissipative potential dependents on the right Cauchy-Green deformation tensor C and a set of
inelastic strain-like second-order tensorial internal variables ζ j ( j = 1, . . . ,N) that represent the inelastic
deformation history of the material.

A discontinuous isotropic damage model is utilized to model the stress-softening that occurs during
the unloading of particle-binder composites. For rubber or other polymeric materials, this phenomenon is
known as Mullins effect (Mullins, 1948, 1969), and it has been phenomenologically described by applying
a reduction factor of (1 − D) to the stress of a hypothetical, undamaged material, where D ∈ (0, 1] is the
scalar damage variable (Kachanov, 1986; Lemaitre et al., 1985). Therefore, the second law of thermody-
namics, in the form of the Clausius-Duhem inequality for an isothermal process, is given by

Dint :=
1
2

S
1 − D

: Ċ − Ψ̇ =
1
2

[
S

1 − D
− 2

∂Ψ(C, ζ1, . . . , ζN)
∂C

]
: Ċ −

N∑
j=1

∂Γi
j(C, ζ j)

∂ζ j
: ζ̇ j ≥ 0 (2)

From standard arguments (Coleman & Noll, 1963; Coleman & Gurtin, 1967), the first term yields the
definition of the second Piola-Kirchhoff stress, that is

S = (1 − D) 2
∂Ψ(C, ζ1, . . . , ζN)

∂C
= (1 − D)

Se
vol + Se

iso +

N∑
j=1

Si
j

 (3)

The second term results in a condition for each Γi
j, that is

S̃i
j : ζ̇ j ≥ 0 (4)

where the volumetric elastic stress Se
vol, the isochoric elastic stress Se

iso, the inelastic stress
∑N

j=1 Si
j, and the

stress-like internal variables S̃i
j (thermodynamically conjugate to ζ j) are given by

Se
vol = J

dΨe
vol(J)
dJ

C−1 (5)

Se
iso = J−2/3DEV

2
∂Ψe

iso(C̄)

∂C̄

 (6)

N∑
j=1

Si
j = 2

N∑
j=1

∂Γi
j(C, ζ j)

∂C
(7)
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S̃i
j = −

∂Ψ

∂ζ j
= −

∂Γi
j(C, ζ j)

∂ζ j
( j = 1, . . . ,N) (8)

In the above equations, DEV{·} = {·} − (1/3)[{·} : C]C−1 provides the deviator of a tensor in the reference
configuration. It is worth noting that inequality (4) is satisfied by an evolution equation of the following
form

ζ̇ j = BBB j(C, ζ j) : S̃i
j (9)

where BBB j is a positive definite fourth tensor (Holzapfel, 1996).

2.2. Elastic strain energy
The nonlinear elastic constitutive behavior of rubber-like materials, such as the binder in the appli-

cation studied here, is commonly described through hyperelastic material models (see, e.g., the finite-
deformations formulation presented by Mooney (1940); Rivlin (1948); Ogden (1972a,b); Boyce & Arruda
(2000)). Ogden’s hyperelastic model (Ogden, 1972a,b) is one of the most extensively used models for
describing complex nonlinear responses, mainly due to its flexible series representation with the capability
to introduce several model parameters. Specifically, the isochoric elastic strain energy density Ψe

iso is given
by

Ψe
iso(C̄) =

M∑
k=1

µk

αk
(λ̄αk

1 + λ̄αk
2 + λ̄αk

3 − 3) (10)

where the isochoric principle stretches are given by λ̄a = J−1/3λa (a = 1, 2, 3) for principal stretches
λa (a = 1, 2, 3). Constants µk and αk (k = 1, . . . ,M) are material parameters that satisfy the following
inequality to enforce stability in the material response

µkαk > 0 ∀ k ∈ [1,M] , (11)

From consistency conditions with respect to linear elasticity at small-strain (Ogden, 1984), the reference
(ground-state) shear modulus of the material is given by

µ =

M∑
k=1

µkαk

2
(12)

2.3. Discontinuous isotropic damage
A discontinuous isotropic damage model (Kachanov, 1986; Lemaitre et al., 1985) is utilized to model

the stress-softening that occurs during unloading, i.e., Mullins effect (Mullins, 1948, 1969) for polymeric
materials, with scalar damage variable D ∈ (0, 1]. In the spirit of the damage function proposed by
Zúñiga & Beatty (2002) and pseudoelastic damage functions proposed by Ogden & Roxburgh (1999) and
Dorfmann & Ogden (2003), we specifically define the scalar damage variable as follows

D(C, φmax) = tanhp
(
φmax − φ(|C|)

m

)
(13)

where φ(|C|) is the measure of deformation proposed by Beatty and co-workers (Beatty & Krishnaswamy,
2000; Zúñiga & Beatty, 2002) given by

φ(|C|) = |C| =
√

C : C (14)

and where φmax is the maximum deformation level given by

φmax(t) = max
τ∈[−∞,t]

φ(|C(τ)|) (15)

The scalar damage variable is then a monotonic function of the deformation measure in the interval φ ∈
[
√

3, φmax], with positive damage parameters m and p.
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2.4. Yield-surface-free endochronic plasticity and evolution equation
As explained previously, particle-binder composites, specifically Plastic-Bonded Explosives (PBX),

exhibit a non-linear elasto-plastic response without apparent yield. Classical plasticity theories require a
yield surface and thus their applicability is limited for modeling these composites. In this study, we follow
the work of Holzapfel & Simo (1996) and assume a quadratic relationship between free energy functions
Γi

j(C, ζ j) and the internal variables ζ j, i.e.

∂Γi
j

∂ζ jζk
= 2µ jδ jkIII ( j not summed) (16)

where µ j are the reference (ground state) shear moduli related to j inelastic processes, δmn is the Kronecker
delta and III is the fourth-order identity tensor. Therefore, by integrating eq. (16) twice, the following
inelastic strain energy functions are obtained

Γi
j(C, ζ j) = µ j|ζ j|

2 + S∗j(C) : ζ j + Ψ∗j(C) ( j = 1, . . . ,N) (17)

where S∗(C) and Ψ∗(C) are unknown tensor and scalar-valued functions, respectively. Similarly, an evo-
lution or rate equation for the stress-like internal variables is obtained from eqs. (8), (9) and (17), and it is
given by

˙̃Si
j + 2µ j BBB j(C, ζ j) : S̃i

j = −Ṡ∗(C) ( j = 1, . . . ,N) (18)

The inelastic strain energy without apparent yield is realized by adopting the endochronic plasticity
theory developed by Valanis (1970). This theory is strain path-dependent in nature and it does not require
the definition of a yield surface. This theory has been applied successfully to develop both infinitesimal-
strain and finite-deformation plastic formulations to describe many metals and alloys (Wu & Yip, 1981;
Valanis & Lee, 1984; Guo et al., 2016), concrete (Valanis & Read, 1986), powder compaction (Bakhshiani
et al., 2002; Khoei et al., 2003; Khoei & Bakhshiani, 2004) and, more recently, filled elastomers (Netzker
et al., 2010; Chen et al., 2018). In this work, we specifically assume

BBB j(C, ζ j) =
ż(|Ċ|)
2µ jγ j

III ( j = 1, . . . ,N) (19)

where the intrinsic time scale z is a monotonically increasing measure of the deformation history, and the
memory kernel is given by a set of positive dimensionless material parameters γ j ( j = 1, . . . ,N) (see,
for reference, Hsu et al. (1991) and Khoei et al. (2003)) that defines the path-dependent behavior of the
formulation. It is worth noting that µ jγ j ≥ 0 for BBB j to be a positive definite tensor. In addition, we assume

S∗j(C) = −Se
iso, j(C) = −J−2/3DEV

2
∂Ψe

iso, j(C̄)

∂C̄

 ( j = 1, . . . ,N) (20)

where Ψe
iso, j are a set of isochoric elastic strain energy functions defined according to the Ogden’s model

as

Ψe
iso, j =

P∑
i=1

µi j

αi j
(λ̄αi j

1 + λ̄
αi j

2 + λ̄
αi j

3 − 3) ( j = 1, . . . ,N) (21)

with constants µi j and αi j such that µi jαi j > 0 (cf. eq. (11)). It is worth noting that after substituting BBB j and
S∗j according to eqs. (20) and (21) respectively, the evolution or rate equation (18) simplifies to

˙̃S
i

j +
ż(| ˙̄C|)
γ j

S̃i
j = Ṡe

iso, j ( j = 1, . . . ,N) (22)
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which can be regarded as the nonlinear extension of the one-dimensional isothermal evolution equation
for a standard linear solid proposed by Valanis (1972) (see section 6 of the reference). Furthermore, by
eliminating time dependence on both sides of differential equation and integrating with respect to the
intrinsic time scale z, the classical hereditary or convolution form is recovered, that is

S̃i
j = S̃i

j,0 +

∫ z

0
Ṡe

iso, j e−
z−z′
γ j dz′ ( j = 1, . . . ,N) (23)

with S̃i
j(z = 0) = S̃i

j,0. Finally, for completeness, we set Ψ∗j(C) = Ψe
iso, j(C̄) and, therefore, the reference

shear moduli µ j in (16) are given by

µ j =

P∑
i=1

µi jαi j

2
> 0 ( j = 1, . . . ,N) (24)

2.5. Intrinsic time scale and material scale function
The intrinsic time scale z, used in the evolution or rate equation (22) for internal variables S̃i

j, is defined
as

ż(|Ċ|) =
|Ċ|
f (z)

(25)

where f (z) is a material scale function that represents the transient cyclic behavior of the material until
attainment of a stable response. In its simplest form, f (z) is a monotonically increasing function for
cyclic hardening materials, and a monotonically decreasing function for cyclic softening materials, that is
asymptotic to a saturation value at steady state. A simple scale function proposed by Wu & Yip (1981) is
given by

f (z) = c − (c − 1)e−βcz (26)

where βc controls the rate of evolution, and the value at steady state is c > 1, for hardening materials, and
c < 1, for softening materials. Yeh (1995) and Lin et al. (2007) proposed the following improvements to
the scale function

f (z) =
c

s − (s − 1)e−βszref
−

(
c

s − (s − 1)e−βszref
− 1

)
e−βc(z−zref) (27)

In the above improved scale function, the additional parameter zref, defined as the value of z at which the
last reversal of the strain path occurred, adds the capability to model “fading memory” effects exhibited
by materials with memory (Coleman, 1964). In turn, the saturation value at steady state depends on the
reference time scale zref. It is equal to c for zref = 0, i.e., before the first reversal, and approaches c/s
for zref → ∞, i.e., at cyclic stabilization. It is worth noting that for c > s > 1, the initial saturation
value c is greater than the saturation value c/s at cyclic stabilization, i.e., the scale function describes the
progressive cyclic softening typically observed in particle-binder composites. Figure 2 shows a schematic
representation of the scale function proposed by Lin et al. (2007). It is evident from the figure that the
rate of evolution of the material scale function is controlled by βc, whereas the rate of evolution of the
saturation value is controlled by βs.

2.6. Inelastic stress
The inelastic stress Si

j is determined by using eq. (7) with the inelastic strain energy function defined
by eq. (17) and by expressing the internal variable ζ j in terms of its conjugate S̃i

j, i.e., using eq. (8). The
result of this mathematical manipulation is given by

Si
j = Se

iso, j −
1
µ j

∂Se
iso, j

∂C
:
(
Se

iso, j − S̃i
j

)
(28)

where the internal variable S̃i
j is determined using the evolution or rate equation (22).
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<latexit sha1_base64="lfGsyWY9d42GzpjYML9PAvI5WJ0=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfYqVuoeiW3SnIKvHmpAhz1LqFn04vZmnEFTJJjWl7boJ+RjUKJvk430kNTygb0j5vW6poxI2fTaOOyblVeiSMtR2FZKr+vchoZMwoCuxmRHFglr2J+K+HNEjHi4oYPi2lwfDaz4RKUuSKzcKEqSQYk0k3pCc0ZyhHllCmhf2HsAHVlKFtMG+L8pZrWSWNStlzy95dpVi9nFeWg1M4gwvw4AqqcAs1qAODPjzDK7w5L8678+F8zlbXnPnNCSzA+foFg2ycaQ==</latexit><latexit sha1_base64="lfGsyWY9d42GzpjYML9PAvI5WJ0=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfYqVuoeiW3SnIKvHmpAhz1LqFn04vZmnEFTJJjWl7boJ+RjUKJvk430kNTygb0j5vW6poxI2fTaOOyblVeiSMtR2FZKr+vchoZMwoCuxmRHFglr2J+K+HNEjHi4oYPi2lwfDaz4RKUuSKzcKEqSQYk0k3pCc0ZyhHllCmhf2HsAHVlKFtMG+L8pZrWSWNStlzy95dpVi9nFeWg1M4gwvw4AqqcAs1qAODPjzDK7w5L8678+F8zlbXnPnNCSzA+foFg2ycaQ==</latexit><latexit sha1_base64="lfGsyWY9d42GzpjYML9PAvI5WJ0=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfYqVuoeiW3SnIKvHmpAhz1LqFn04vZmnEFTJJjWl7boJ+RjUKJvk430kNTygb0j5vW6poxI2fTaOOyblVeiSMtR2FZKr+vchoZMwoCuxmRHFglr2J+K+HNEjHi4oYPi2lwfDaz4RKUuSKzcKEqSQYk0k3pCc0ZyhHllCmhf2HsAHVlKFtMG+L8pZrWSWNStlzy95dpVi9nFeWg1M4gwvw4AqqcAs1qAODPjzDK7w5L8678+F8zlbXnPnNCSzA+foFg2ycaQ==</latexit><latexit sha1_base64="lfGsyWY9d42GzpjYML9PAvI5WJ0=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfYqVuoeiW3SnIKvHmpAhz1LqFn04vZmnEFTJJjWl7boJ+RjUKJvk430kNTygb0j5vW6poxI2fTaOOyblVeiSMtR2FZKr+vchoZMwoCuxmRHFglr2J+K+HNEjHi4oYPi2lwfDaz4RKUuSKzcKEqSQYk0k3pCc0ZyhHllCmhf2HsAHVlKFtMG+L8pZrWSWNStlzy95dpVi9nFeWg1M4gwvw4AqqcAs1qAODPjzDK7w5L8678+F8zlbXnPnNCSzA+foFg2ycaQ==</latexit>

1
<latexit sha1_base64="8k22WtzdKV/EIu/6zBQTqIk3nsE=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRf8krdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULMGqcNw==</latexit><latexit sha1_base64="8k22WtzdKV/EIu/6zBQTqIk3nsE=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRf8krdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULMGqcNw==</latexit><latexit sha1_base64="8k22WtzdKV/EIu/6zBQTqIk3nsE=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRf8krdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULMGqcNw==</latexit><latexit sha1_base64="8k22WtzdKV/EIu/6zBQTqIk3nsE=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRf8krdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULMGqcNw==</latexit>

0
<latexit sha1_base64="uBQ9W1pWpL0T2zvpGVDzJxexNl4=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfckvdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULLsGcNg==</latexit><latexit sha1_base64="uBQ9W1pWpL0T2zvpGVDzJxexNl4=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfckvdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULLsGcNg==</latexit><latexit sha1_base64="uBQ9W1pWpL0T2zvpGVDzJxexNl4=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfckvdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULLsGcNg==</latexit><latexit sha1_base64="uBQ9W1pWpL0T2zvpGVDzJxexNl4=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMeAF48RzQOSJcxOZpMhs7PLTK8Ql3yC4En/xJt49Rf8Ec9OHgeTWNBQVHVDdQWJFAZd99tZW9/Y3NrO7eR39/YPDgtHxw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBm4jcfuTYiVg84Srgf0b4SoWAUrXRfckvdQtEtu1OQVeLNSRHmqHULP51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etlTRiBs/m0Ydk3Or9EgYazsKyVT9e5HRyJhRFNjNiOLALHsT8V8PaZCOFxUxfFpKg+G1nwmVpMgVm4UJU0kwJpNuSE9ozlCOLKFMC/sPYQOqKUPbYN4W5S3XskoalbLnlr27SrF6Oa8sB6dwBhfgwRVU4RZqUAcGfXiGV3hzXpx358P5nK2uOfObE1iA8/ULLsGcNg==</latexit>

f(z) = c � (c � 1)e��cz
<latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit><latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit><latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit><latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit>

(Wu & Yip, 1981)
<latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit><latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit><latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit><latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit>

z1
ref

<latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit><latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit><latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit><latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit>

z2
ref

<latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit><latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit><latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit><latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit>

z3
ref

<latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit><latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit><latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit><latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit>

c/s
<latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit><latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit><latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit><latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit>

...
<latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit> <latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit> <latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit> <latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit>

zQ
ref

<latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit><latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit><latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit><latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit>
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Figure 2: Schematic representation of the evolution of material scale function f (z).

3. Incremental solution procedure

The constitutive model presented in the previous section is integrated by using an incremental solution
procedure with time or loading intervals [n, n + 1]. We assume that the state of the material, Cn, S̃i

j,n, zn,
zref,n, φmax

n , is known at loading step n, and that Cn+1 at loading step n + 1 is given. The problem is then to
determine S̃i

j,n+1, zn+1, zref,n+1, φmax
n+1 at loading step n + 1, and the value of the second Piola-Kirchhoff stress

Sn+1 which is given by

Sn+1 = (1 − Dn+1)

Se
vol,n+1 + Se

iso,n+1 +

N∑
j=1

Se
iso, j,n+1 −

N∑
j=1

1
2µ j

C̄CC j,n+1 :
(
Se

iso, j,n+1 − S̃i
j,n+1

) (29)

where

C̄CC j,n+1 = 2
∂Se

iso, j

∂C


n+1

(30)

S̃i
j,n+1 =

(
1 − ∆z/2γ j

)
S̃i

j,n + Se
iso, j,n+1 − Se

iso, j,n(
1 + ∆z/2γ j

) (31)

In the above equations, all quantities other than Dn+1 and ∆z are either known or depend on the right
Cauchy-Green deformation tensor through equations (5), (6), and (20). The scalar damage variable Dn+1

is computed after updating φmax
n+1 using equation (15). The internal variable S̃i

j,n+1 defined by eq. (31) above
is obtained by using a midpoint rule to discretize the evolution or rate equation (22), i.e., from

S̃i
j,n+1 − S̃i

j,n +

(
∆z
γ j

) S̃i
j,n +

S̃i
j,n+1 − S̃i

j,n

2

 = Se
iso, j,n+1 − Se

iso, j,n (32)

The value of intrinsic time scale increment, ∆z, is obtained by using a midpoint rule to discretize (25)
together with (27), i.e., from

∆z
[

c
s − (s − 1)e−βszref,n+1

−

{
c

s − (s − 1)e−βszref,n+1
− 1

}
e−βc(zn+ ∆z

2 −zref,n+1)
]
− |C̄n+1 − C̄n| = 0 (33)
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with zn+1 = zn + ∆z and

zref,n+1 =

{
zn if (φn+1 − φn) · (φn − φn−1) < 0
zref,n otherwise (34)

The above nonlinear equation is solved numerically using a Newton-Raphson method.

4. Model parameter identification of mock PBX

The range of behavior predicted by the proposed constitutive model is demonstrated by calibrating
parameters for the 85-15 mock PBX formulation under cyclic compression (Agarwal & Gonzalez, 2020).
Therefore, section 4.1 presents the incremental procedure for uniaxial cyclic loading under unconfined lat-
eral conditions and incompressible material assumptions. Section 4.2 presents a parameter identification
procedure based on a nonlinear multivariate minimization problem and the least-squares principle. Fi-
nally, sections 4.3 and 4.4 show the results of the parameter identification and the validation of the model,
respectively.

4.1. Incremental procedure for uniaxial cyclic loading
The material is assumed to be incompressible, i.e., Jn = 1 and thus C̄n = Cn, due to the rubber-like

behavior of the particle-binder composite. The cylindrical mock PBX specimen is loading along its axial
direction which is coincidental with the e3 of a Cartesian coordinate system eI , with I = 1, 2, 3. Therefore,
the right Cauchy-Green deformation tensor has principle stretches λI are related by

λ1,n = λ2,n =
1√
λ3,n

(35)

and principal directions aligned with the Cartesian axes, i.e., Cn =
∑3

I=1 λ
2
I,neI⊗eI . The specimen is laterally

unconfined and the platens that apply the load are frictionless. Therefore, the only component of second
Piola-Kirchhoff stress that is different from zero is S 33,n.

The elastic strain energy functions involved in the formulation reduce to

Ψe(λ1, λ2, λ3) =

M∑
k=1

µk

αk
(λαk

1 + λαk
2 + λαk

3 − 3)

Ψe
j(λ1, λ2, λ3) =

P∑
i=1

µi j

αi j
(λαi j

1 + λ
αi j

2 + λ
αi j

3 − 3) ( j = 1, . . . ,N)

Ψe
vol(J) = −po(J − 1)

(36)

where the last term is used to augment the energy density and enforce the material internal or kinematic
constraint imposed by incompressibility, i.e., J = 1, with po being the hydrostatic pressure.

Following the incremental procedure presented in section 3, we assume that the state of the material,
Cn, S̃i

j,n, zn, zref,n, φmax
n , is known at loading step n, and that Cn+1 at loading step n+1 is given. The maximum

deformation level φmax
n+1 is determined from (14) and (15) using

φn+1 =

√
λ4

3,n+1 +
2

λ2
3,n+1

(37)

The intrinsic time scale increment ∆z is obtained using (33) with

|C̄n+1 − C̄n| =

√
2
(
λ−1

3,n+1 − λ
−1
3,n

)2
+

(
λ2

3,n+1 − λ
2
3,n

)2
(38)
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and zref,n+1 is updated using (34) and zn+1 = zn + ∆z. The stress components in (29) simplify to

S e
11,iso,n+1 = S e

22,iso,n+1 =

M∑
k=1

µkλ
1−αk/2
3,n+1 ; S e

33,iso,n+1 =

M∑
k=1

µkλ
αk−2
3,n+1

S e
11,vol,n+1 = S e

22,vol,n+1 = −po,n+1λ3,n+1 ; S e
33,vol,n+1 = −po,n+1λ

−2
3,n+1

S e
11,iso, j,n+1 = S e

22,iso, j,n+1 =

P∑
i=1

µi jλ
1−αi j/2
3,n+1 ; S e

33,iso, j,n+1 =

P∑
i=1

µi jλ
αi j−2
3,n+1

C̄1111, j,n+1 = C̄2222, j,n+1 =

P∑
i=1

µi j(αi j − 2)λ2−αi j/2
3,n+1 ; C̄3333, j,n+1 =

P∑
i=1

µi j(αi j − 2)λαi j−4
3,n+1

(39)

where the hydrostatic pressure po,n+1 is obtained from the traction free boundary condition, i.e., from
S 11,n+1 = S 22,n+1 = 0, using

po,n+1 =
1

λ3,n+1

S e
11,iso,n+1 +

N∑
j=1

S e
11,iso, j,n+1 −

N∑
j=1

1
2µ j

C̄1111, j,n+1 :
(
S e

11,iso, j,n+1 − S̃ i
11, j,n+1

) (40)

and the internal variable S̃i
j,n+1 is readily computed using eq. (31).

4.2. Parameter identification method
We have developed a parameter identification method based on a nonlinear multivariate minimization

problem. The proposed constitutive model has 2M + 2P × N + N + 6 material parameters, namely

• 2M parameters in the elastic branch: µk and αk (k = 1, . . . ,M).

• 2P × N elastic parameters in the yield-surface-free endochronic branches: µi j and αi j (i = 1, . . . , P;
j = 1, . . . ,N).

• N kernel parameters in the yield-surface-free endochronic branches: γ j ( j = 1, . . . ,N).

• 4 material scale function parameters: c, s, βc and βs.

• 2 isotropic damage parameters: m and p.

The method is based on the least-squares principle, for N experimental nominal stress values T exp
n and

corresponding model first Piola-Kirchhoff stress values λ3,nS 33,n, and it is given by

min
v∈R2M+2P×N+N+6,εo

1
N

N∑
n=1

[
T exp

n − λ3,nS 33,n

]2

subject to − µkαk ≤ 0 for k = 1, . . . ,M
− µi jαi j ≤ 0 for i = 1, . . . , P; j = 1, . . . ,N

s − c ≤ 0

v ∈ [vmin, vmax]

(41)

where the inequality constraints come from Ogden’s stability conditions (e.g., from equation (11) for the
elastic branch), and from the requirement of progressive cyclic softening. Since the nonlinear optimization
problem is expected to be non-convex and affected by multiple local optima, appropriate bounds are applied
on the set of material parameters v. Lastly, the experimental response of the mock PBX specimen suggests
that the initial loading response is affected by machine/specimen mismatch (Figure 1b). Therefore, the
initial part of the response is omitted from the parameter estimation by applying a strain offset εo to the
experimental data and setting stresses for the initial mismatch to be zero.
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(a) (b)

(c) (d)

Figure 3: Experimental data and estimated model response for cyclic compression of the 85-15-05 PBX mock specimen,
showing the (a) cyclic stress-strain curve, (b) evolution of apparent stiffness, and (c) cumulative energy dissipation with cyclic
loading, and (d) the experimental and predicted model response of the unloading of specimens 85-15-03 and 85-15-04 from a
strain level of 16%. The dashed-dotted line in (a) represents the value of machine/specimen mismatch offset εo.

4.3. Parameter identification of mock PBX
The nonlinear multivariate minimization problem presented above was solved in MATLABR©, Version

9.4.0 using the constrained optimization function fmincon with the default interior-point algorithm. The
resulting estimated stress-strain curve, compared with the experimentally obtained response for the 85-
15-05 specimen (ref. Agarwal & Gonzalez (2020) for the specific naming convention of the tested mock
PBX specimens) is presented in Figure 3a, along with the experimental and model-estimated values of the
apparent stiffness (Figure 3b) and of the cumulative energy dissipation (Figure 3c). The apparent stiffness
is calculated as the slope of the line connecting peak and valley stresses in each cycle, while the cyclic
energy dissipation is calculated as the difference between the energy supplied to the material (i.e., the area
under the loading path) and the energy recovered after a cycle (i.e., the area under the unloading path). It
is interesting to note that an excellent agreement between the experimental data and the model response is
achieved with M = 1, N = 3 and P = 1. Therefore, the 85-15 mock formulation is well characterized by a
total of 17 material parameters, listed in Table 1, with εo = 1.2%—shown in Figure 3a by a dashed-dotted
vertical line.
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Material properties of the 85-15 mock PBX formulation
Elastic branch (M = 1)

µ1 = 1.4474 MPa α1 = 10.4933

Initial (ground-state) shear modulus µe =
M∑

k=1
µkαk/2 = 7.5939 MPa

Yield-surface-free endochronic branch 1 (P = 1)
µ11 = 13.5898 MPa α11 = 1.0454 γ1 = 0.0018

Initial (ground-state) shear modulus µi
1 =

P∑
i=1
µi1αi1/2 = 7.1034 MPa

Yield-surface-free endochronic branch 2 (P = 1)
µ12 = 1.2238 MPa α12 = 1.2841 γ2 = 0.0541

Initial (ground-state) shear modulus µi
2 =

P∑
i=1
µi2αi2/2 = 0.7857 MPa

Yield-surface-free endochronic branch 3 (P = 1)
µ13 = 0.5774 MPa α13 = 1.1829 γ3 = 0.4634

Initial (ground-state) shear modulus µi
3 =

P∑
i=1
µi3αi3/2 = 0.3415 MPa

Material scale function
c = 11.1679 s = 1.8178 βc = 423.9661 βs = 5.5234

Isotropic damage
m = 0.0764 p = 0.6429

Table 1: Material properties of the 85-15 mock PBX formulation with three yield-surface-free endochronic branches (N = 3).

4.4. Validation
A simple validation of the calibrated constitutive law under axial loading is performed using the un-

loading experimental response from a strain level of 16% to a stress-free state. Figure 3d shows very
good agreement between the experimental unloading curves of specimens 85-15-03 and 85-15-04 (Agar-
wal & Gonzalez, 2020) and the model predictions. It is worth noting that while the unloading response
remains fairly consistent from specimen-to-specimen, the loading response from a virgin state could vary
considerably and, thus, it is not shown in the figure.

5. Sensitivity analysis of the yield-surface-free endochronic plasticity and the isotropic damage model

A sensitivity analysis of the cyclic stress-strain response to material properties of the yield-surface-free
endochronic and the isotropic damage models is presented in this section. Specifically, we investigate the
contribution of these material properties while keeping all other parameter values constant and equal to
those obtained for the 85-15-05 mock PBX specimen.

5.1. Yield-surface-free endochronic plasticity
Figure 4 presents the influence of initial or ground-state shear moduli, i.e., µ1 (Figure 4a), µ2 (Figure

4c) and µ3 (Figure 4e), and of kernel parameters, i.e., threshold strains γ1 (Figure 4b), γ2 (Figure 4d) and
γ3 (Figure 4f), on the stable cyclic response of the 85-15-05 mock PBX specimen. Solid curves correspond
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to the response calibrated to experimental data, dashed-dotted curves show the effect of reduction in the
parameter values, while dashed curves show the effect of increase in the parameter values. It is evident from
the figures that increase (decrease) in the shear moduli µ j significantly increases (decreases) the stiffness
of the stress-strain response, while increase (decrease) in the threshold strains γ j increases (decreases) the
cyclic hysteresis energy. Additionally, the dominant contribution to these effects is from the first yield-
surface-free endochronic branch, i.e., from parameters µ1 and γ1.

Figure 5 presents the influence of material scale function parameters c and s on the evolution of peak
stress with cyclic compression of the 85-15 mock PBX specimen. It is evident from Figure 5a that variation
in c results in almost proportional change in the magnitude of the peak stress of each cycle (see f (z) ≈ c
and f (z)→ c/s in figure 2). In contrast, variation in s does not change the peak stress for the first cycle but
it has an almost inverse proportional effect on the magnitude of the peak stress upon cyclic stabilization.
Similarly, figures 5b and 5c present the influence of material scale function parameters βc and βs on the
evolution of peak stress. The main effect of increase (decrease) in the value of βc is to increase (decrease)
the magnitude of the peak stress of each cycle in a nonlinear fashion. In contrast, the main effect of
increase (decrease) in the value of βs is to decrease (increase) the magnitude of the peak stress upon cyclic
stabilization in a nonlinear fashion. These nonlinearities result from the exponential term in equation (27).

5.2. Isotropic damage model
Figure 6 presents the influence of isotropic damage parameters m and p on the loading-unloading

stress-strain response of the 85-15 mock PBX specimen. Both parameters control the stress-softening be-
havior during unloading. Specifically, an increase (decrease) in the values of m and p results in decreasing
(increasing) softening. Specifically, the parameter m exerts a more significant influence on the amount
of softening at low strain levels, while p has greater control over the softening at moderate-to-high strain
levels.

6. Summary and discussion

We have presented a quasi-static constitutive model for particle-binder composites which accounts for
finite-deformation kinematics, non-linear elasto-plasticity without apparent yield, cyclic hysteresis and
progressive stress-softening before the attainment of stable cyclic response. The model is based on an ad-
ditive decomposition of strain energy into elastic and inelastic parts, where the elastic response is modeled
using Ogden hyperelasticity while the inelastic response is described using yield-surface free endochronic
plasticity based on the concepts of internal variables and of evolution or rate equations. Stress-softening
is modeled using two approaches; a discontinuous isotropic damage model to appropriately describe the
overall softening between loading and unloading responses, and a material scale function to describe the
progressive cyclic softening until attainment of stable response. The constitutive model is then based on
the deformation mechanisms experimentally observed during cyclic compression of PBX at large strain.

Furthermore, we have proposed a discrete numerical procedure to solve for stresses along a loading
path, and we have developed a parameter identification method, based on a nonlinear multivariate mini-
mization problem, to determine material properties from experimental cyclic compression data. Specifi-
cally, we have used cyclic data for 85-15 mock PBX (Agarwal & Gonzalez, 2020) to demonstrate the range
of behavior predicted by the proposed constitutive model and the effectiveness of the parameter identifi-
cation method. This is evident from the remarkable model calibration results and validation against the
unloading response from a strain level of 16% to a stress-free state. Finally, we have conducted a sensi-
tivity analysis of the cyclic stress-strain response to material properties of yield-surface-free endochronic
and the isotropic damage models.

We close by pointing out some limitations of our approach and possible directions for the future ex-
tension of our analysis. First, we have restricted our attention to quasi-static, i.e., low strain-rate behavior
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Stable cyclic response of the 85-15 mock PBX formulation for variations in yield-surface-free endochronic parameters
(a) µ1, (b) γ1, (c) µ2, (d) γ2, (e) µ3 and (f) γ3.
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(a) (b)

(c)

Figure 5: Cyclic peak stress of the 85-15 mock PBX formulation for variations in the material scale function parameters (a) c
and s, (b) βc and (c) βs.

of particle-binder composites, and thereby neglected any strain-rate dependent effects in the constitutive
model. However, it is well-known that viscous effects become dominant in these materials at moderate to
high strain rates. Second, the proposed constitutive model carries an assumption of elasto-plastic incom-
pressibility, which limits the analysis to particle-binder composites with moderate levels of compressibil-
ity. Therefore, the extension of the model to rate-dependent viscous effects and compressible behavior is a
worthwhile direction of future research.
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