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Summary. This paper addresses the problem of deriving the asymptotic distribution of the empirical
distribution function F), of the residuals in a general class of time series models, including conditional
mean and conditional heteroscedaticity, whose independent and identically distributed errors have
unknown distribution F'. We show that, for a large class of time series models (including the standard
ARMA-GARCH), the asymptotic distribution of \/ﬁ{ﬁn(-) — F(-)} is impacted by the estimation but
does not depend on the model parameters. It is thus neither asymptotically estimation free, as is the
case for purely linear models, nor asymptotically model dependent, as is the case for some nonlinear
models. The asymptotic stochastic equicontinuity is also established. We consider an application to

the estimation of the conditional Value-at-Risk.
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1. Introduction

For independent variables n1,...,n, with common distribution F', the celebrated Glivenko-Cantelli

theorem states the uniform almost sure convergence of the empirical distribution,

sup |Fp,(z) — F(x)] — 0, a.s.
T€R

where F,(z) = 137", Lfn,<zy for all x. The usual Central Limit Theorem (CLT) shows that
Vn{F,(z) — F(x)} is asymptotically N'(0, F'(z)(1 — F(z)) distributed without any further assump-
tion. Moreover, under the assumption that F' is continuous, the sequence {\/n[F,(-) — F(-)]} is
stochastically equicontinuous, in the sense that /n{F,(x,) — F(zy)} 5 N(0, F(x)(1 — F(x)) for
any sequence () converging to = in probability, for any x (see Billingsley (1968, Section 22) and
Andrews (1994)). The latter convergence in distribution has important statistical applications, for
instance the derivation of the asymptotic distribution of the empirical quantiles (see below).

Time series observations are rarely independent and identically distributed (iid), but time series
models often involve iid innovations. Modern time series analysis often relies on semi-parametric
models in which the distribution F' of the innovations 7; is not fully specified. Many such models
are of the location-scale form y; = my(60y) + 0¢(00)n:, where my and oy are functions of the past
observations y;—;,i > 0, and the sequence (1) is iid. Consistent estimation of the parameter 8, can
be achieved by several methods. In particular, the Quasi-Maximum Likelihood (QML) estimation
method generally relies on a Gaussian criterion - written as if the distribution F' was Gaussian -
but provides consistent estimators while remaining agnostic concerning the true distribution.

Even if no distributional assumption is made during the estimation phase, using semi-parametric
time series models may require information about the errors distribution F'. For instance, in the
location-scale model the conditional Value-at-Risk (VaR) at level a € (0,1) is equal to m; + 0:&,
where £, is the a-quantile of F'. Information about F' can be obtained via the empirical distribution
function of the residuals (e.d.fr.) F,. Consistent estimation of the parameters produce residuals
which are obviously not iid but converge to the innovations. One question of importance is whether
the previous properties on F;, apply to ﬁn, i.e. when innovations are replaced by residuals.

For many applications, the asymptotic distribution of the sequence {y/n[F,(-)—F(-)]} is required.
In the statistical literature, two kinds of results have been established. In some situations, the
asymptotic distribution is asymptotically estimation free (AEF), in the sense that, asymptotically,
VI{E,(-) — F(:)} 4 Vi{E,(-) — F(-)}. Such results go back to Boldin (1982), for the AR(p)
process, and have been generalized to linear processes by Kreiss (1991) and Bai (1994). On the
other hand, existing results for nonlinear processes show that the distribution of v/n{Fy,(-) — F(:)}

can be much more complicated. It can be asymptotically model dependent (AMD), in the sense
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that the asymptotic variance depends on both the law of the innovations F' and the parameter
0y. For different classes of conditionally heteroscedatic time series, the asymptotic distribution was
investigated by Boldin (1998), and Lee and Taniguchi (2005) among others, and for the squared
residuals by Horvath, Kokoszka and Teyssiére (2001) and Berkes and Horvath (2003). In all these
works, the distribution of the statistics involving the residuals is AMD. To overcome the AMD,
Koul and Ling (2006) proposed a modification of the Kolmogorov-Smirnov test based on residuals.
See Berkes and Horvath (2002) for a review of the asymptotic behaviour of e.d.fur.

The main contribution of this paper is to show that, for a large class of time series models (in-
cluding the standard ARMA-GARCH), the asymptotic distribution of \/ﬁ{ﬁn() — F(-)} is neither
AEF nor AMD. In some cases, which we are able to characterize, the distribution is asymptotically
model free (AMF), however it is impacted by the estimation, i.e. it is asymptotically estimation
dependent (AED), though only through the errors distribution. The AMF property simplifies dra-
matically the use of such asymptotic results in practical applications based on potentially complex
time series models. On the other hand, the AED property tells us that usual statistics available for
observed iid processes cannot be directly employed.

We start by considering volatility modelling and QML estimation, which constitutes the most
widely used framework for financial returns. The absence of a conditional mean and the choice of a
specific estimation method allows us to derive finer results. However, from an extended perspective,
we will also consider conditional location-scale models in which both first conditional moments are
involved, and more general estimation methods. We will also investigate an application to the VaR
estimation.

The rest of the paper is organized as follows. In the next section we introduce a general para-
metric volatility model and the main assumptions ensuring the consistency of the e.d.f.r. Next, we
state our first main result, establishing the asymptotic distribution of the e.d.f.r. Section 3 considers
the extension to conditional location-scale models. The application to VaR is developed in Section
4. In particular, we provide conditions for the strong consistency and asymptotic normality of the

residuals quantiles. Section 5 concludes. Most proofs are postponed to Section 6 or to an Appendix.
2. Empirical distribution of the residuals for volatility models
In this section, we focus on conditional scale models of the multiplicative form

€t = O, Ot = U(Et—h €t—2y- 3 90>7 (1)

where (1) is a sequence of iid random variables, E(n?) = 1, g is a vector of unknown coefficients

which belongs to a compact parameter set ® C R?% and ¢ is a positive function. Note that we do
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not assume that E(n;) = 0.
For instance, the standard GARCH(p, ¢) model writes

q P
€ = O, of = wo + Z aoi€;_; + Z Bojoij, (2)

i=1 j=1
where 6y = (wo, ao1, - - ., Bop)’ satisfies wy > 0, ag; > 0, Fo;j > 0. Under strict stationarity, invertibil-

ity of the polynomial B(z) =1 — E§:1 5ojzj holds and the volatility o? can indeed be written as a
linear function of the past values of €.

We start by considering the Gaussian QML estimation method for which explicit conditions for
Consistency and Asymptotic Normality (CAN) can be displayed. More general estimators will be
considered in Section 3. The setup can be described as follows. Given observations €y, ..., €,, and

using arbitrary initial values €; for ¢ < 0, we define for any 0 € O,
5‘,5(0) = O‘(Etfl, €t—2,...,€1, go, €,1, e ;0),

which will be used as a proxy of 0(0) = o(€1—1,€1—2,...,€1,€0,€6_1,...;0).

A Gaussian QML estimator (QMLE) of 6y is defined as

) Y ] € ~2
0, = arg oun ;&5(9)7 (:(0) = + log 5;(0). (3)

Let K > 0 be a generic constant or random variable measurable with respect to Fy, where F;
denotes the o-algebra generated by {ns,s <t}. Let p € (0,1). We shall assume the following.

A1l: (&) is a strictly stationary, non-anticipative (i.e. € € F;) and ergodic solution of Model (1).

Moreover, E|o|" < oo for some r > 0.

A2: For any real sequence (z;), the function @ — o(x1,x9,...;60) is continuous differentiable.
Almost surely, 0,(0) € (w, 00| for any 8 € ® and for some w > 0. Moreover, o.(0¢)/0+(6) =
1a.s. iff 0 =0,.

A3: supgeg |01(0) — 6:(0)] < Kp'.

A4: There exists a neighborhood V(6p) of 6y such that E<Sup9€V(90) C;tt((%))y < oo and
E supgey (g, |1 D¢(0)||" < 0o, where Dy(0) = 0, (8)004(6)/06.

Assumptions A1-A3 are a set of conditions ensuring the strong consistency of En (see Francq

and Zakoian (2004, 2015)). Assumption A4 is introduced to control the difference between the

innovations and the residuals. !

For the classical GARCH(p, ¢) model, under invertibility conditions on the lag polynomial Bg(z) = 1 —
>¥_, Bj2’ and assuming that the law of 77 is nondegenerate, A1-A4 reduce to the first part of A1.
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Let the residuals 7y = et/&t(an). We note that, at least for ¢ large enough, 6t(§n) > w by A2-

A3. We start by establishing a Glivenko-Cantelli result for the e.d.f.r. ﬁn(a:) = %Z?:l Lip<ay?
The following assumption is simply denoted A5 when it holds for all x € R.

A5(x): For x € R, the cdf F of n is Lipschitz continuous in a neighborhood of x.

THEOREM 1. Under A1-A4,

(a) If A5(x) holds for x € R, we have \ﬁn(x) — F(z)| =0 a.s.

(b) If A5 holds we have sup,cp |ﬁn(x) — F(z)| = 0 a.s.
Notice that the previous uniform convergence was established by Stute (2001) in the case of
ARCH(q) processes. It is known (see for instance Stute and Schumann (1980)) that in the case of a

stationary ergodic sequence, the Glivenko-Cantelli theorem is valid without any assumption on F.

The following example shows that A5 is required for the consistency of the e.d.f.r.

EXAMPLE 1 (GLIVENKO-CANTELLI IN FAILURE). Consider the scale model ¢ = on, 0 > 0,
where 1 is distributed over {—+/2,0,v/2} with P(n, = —/2) = P(y = /2) = 1/4. Let G, be a

consistent estimator of o. The residuals 1y = Z-1; have the e.d.f.r.

~ 1 1
Fn(:U) = <nzlet<0> ]lf\fi§$<0 + (nZIEtS()) ]10§$<\/£ + ]112\/%
t=1 t=1 ’ "

It follows that sup,cp \ﬁn(x) — F(z)| > |Fo(=V2) = F(=V2)| = 1/4 whenever o < Gy, which has
a non wvanishing probability for the QML. Indeed, we have G2 = %2?21 €, thus P(oc < 0,) =
PSS 129 > 1/2) = P(X, > n/2) where X, ~ B(n,1/2).

We now derive the e.d.f.r. asymptotic distribution under the following additional assumptions.

AG6: Og belongs to the interior of ©.

AT7: There exist no non-zero € R? such that x’aoéi(:‘ﬂ =0, a.s.
AS8: The function 8 — o(x1,2,...;0) has continuous second-order derivatives, and
e R
A9: There exists a neighborhood V' (8y) of 8¢ such that
B s { 1 90O || 1 0@  |oe(80)|" | | 0e(6) 4} .
ocv (0, | I|ot(0) 00 o (0) 9006 o1(0) a1(0o)

Moreover, k4 := E|n|*

2For the classical GARCH(p, ¢) model, Berkes and Horvath (2003) established a Glivenko-Cantelli theorem

< 00.

for the empirical cumulative distribution function (cdf) of the squared residuals.



A10: All the coordinates of 8057(090) are (strictly) positive.

A11: n; admits a density f which is continuous on R.

A12: For any 8 € O, for any ¢ > 0, and any sequence (x;), there exits 8. € © such that

co(x1,22,...;0) =o(x1,z2,...;0,).

Assumptions A6 is required for the asymptotic normal distribution of :9\”. Assumptions A7-A10
and A12 are satisfied for the standard GARCH (p,q) model, under the already mentioned reg-
ularity assumptions. Assumption A12 is a stability-by-scaling property, which seems a desirable
assumption for any volatility model (examples are provided in Francq and Zakoian (2015)).

We now state our first main result showing that the law of \/n (ﬁn — F) is AED but AMF.

THEOREM 2. Let A1-A4, A6-A11 hold. Then, for any sequence (x,) of random wvariables
converging i probability to x € R,

~

vn (Fn(xn) - F@”n)) = \/15 Z{]lm<x — F(x)} — zf(z)
t=1

2vn

QI (1 -n})Dy +op(1),
t=1

where Q@ = E(Dy), J = E(D:D)) with D; = D(0y).
If in addition A12 holds,

~ xf(x 2
Vit (Faten) = F)) 5 A (0.F@0 = P} + 0 0 1) 4 s
where o(x) = E(ily,<z) — F(x).

REMARK 1. A noticeable outcome of this theorem is that, under A12, the asymptotic distribution
of the e.d.f.r. only depends on the underlying distribution of the innovations. It is completely
independent of the model from which these residuals are derived. In the sense of Robinson (1987),
it means that the e.d.f.r. is adaptive to the unknown value of 8y, and even to the unknown form of
the function o. This does not mean that we retrieve the asymptotic distribution of F,, derived for
itd data. The usual asymptotic variance, F(z){1 — F(x)}, is only valid when xf(x) = 0. This is
the case when x = 0 because the innovations and residuals at a given date have the same sign. The
effect of estimation also vanishes when |x| increases to oo (under A9). Parameter estimation may

reduce or increase the asymptotic variance (see Appendiz).

REMARK 2. One practical interest of adaptiveness is that estimation of the asymptotic variance
reduces to estimation of characteristics of the innovations distribution. In particular, f(x) can be
estimated by a Kernel density estimator based on the residuals. Theorem 2.1 in Kulperger and Yu
(2005) shows that, in the standard GARCH case, the use of residuals instead of innovations has no

asymptotic impact on the estimation of the density.



Empirical distribution of residuals in conditional location scale models 7

3. Including a conditional mean

In ARMA-GARCH models, the conditional variance specification is completed by a linear model for
the conditional mean. In what follows, we consider a more general framework. We will not either

restrict our investigations to the QML estimator. Suppose the model writes

Yt =My + €, € = Oty (@)
my = m(yt—17 Yt—2y - - - ;00)7 ot = U(?/t—h Yt—24 .« -3 00)
under the same assumptions on (1), g and © as before. Model (4) includes the double-AR(p) of

Ling (2007) in which 8y = (¢o1, - - - , Pop, wo, A1, - - -, gp)’ € RP x (0, 00) x [0, 00)P and

p p
m(Ye-1,Ye-2,--300) = D Goiti—is oY1, Y2, --300) = |wo + D _ avi?,,
=1 i=1

but also more traditional ARMA-GARCH-type models, in which the volatility initially defined in
terms of the €;_;’s can be rewritten as a function of the y;_;’s.

Let, for arbitrary initial values ¢o,y_1,..., for any 8 € @, and for 1 <t < mn,
'ﬁlt(g) = m(ytflaytf% - YL, gOa g*lv cees 9)7 5t(0) = O-(ytfla Yt—2y ... 7y1>g0717717 cees 0)

As in the previous section we denote without "tilde", the functions m;(€) and o4(0) in which the
initial values are replaced by variables at times anterior to 0. In the following assumptions, r > 0

denotes a real number which can be chosen arbitrarily small.

B1: (y;) is a strictly stationary, non-anticipative and ergodic solution of Model (4). Moreover,

E|m|" < oo and Elo¢|" < o0.

B2: 0,, denotes any consistent estimator of 6. The functions 6 — my(0) and 8 — 04(0) are

continuously differentiable. Almost surely, 04(6) € (w, oo] for any 6 € © and for some w > 0.
B3: supgee(|m(0) — mi(0)| + |0:(0) — 64(0)]) < Kip' where Ky € Fy—1 and sup, E(K]) < oo.

B4: For any neighborhood V' (8y) of 6y, we have

om(0) "
E sup {H
0cV (0,) 00

+ me(B0) — m(O)]" + rth)r’”} <o

where

1 aO't(e)
o (0) 00

Note that the condition K € Fj in A3 has been weaken in B3, in particular to be able to handle
the ARMA-GARCH under standard conditions.

D.(0) =

We start by extending the Glivenko-Cantelli-type Theorem 1. Let the residuals 7y = {y: —
i (0)}/50(6).



THEOREM 3. Under B1-B4 (instead of A1-A4), the conclusions of Theorem 1 hold.

Hence, extending the framework of the previous section does not alter the consistency results. We
will now see that the same conclusion cannot be drawn concerning the asymptotic distribution of
Vn (ﬁn —F ), which will no longer be model-free in general. Another difference, which constitutes
a major difficulty, is that Assumption A10 can no longer be made when a conditional mean is

included.? We now assume that 5n admits a Bahadur representation.

B5: The following expansion holds
N 1 &
NG (en . 00) = =" A V() +op(1),
i

where V(-) is a measurable function, V' : R + R¥ for some positive integer k, and A is
a F;_i-measurable d x k matrix. The variables A; and V(1) belong to L? with EV (1) =
0, var{V(m)} = 7Y is nonsingular and EA; = A is full row rank.

Under this assumption, the CLT for stationary second-order martingale differences of Billingsley
(1961) can be applied. It follows that the asymptotic law of \/n <§n — 00) is a centered Gaussian
with variance ¥ := F(A;YA}). Assumption B5 has to be verified on a case by case basis, given

specific model and estimator.

REMARK 3. For the Gaussian QMLE En of By,

S , RS = {ye —me(6)}? 9
0,, = arg min Qn(0), Qn(0) = - ;z (6), 0,(6) 52(0) +log 62(0),
it can be shown that
~ 11 " 1 0mt(00) 2 1 80}(00)
0, —0y) =2J 1 — — 270 —1)= 1
Vi 00 =271 S dn ORI a1 SO0 L ont) 5)

where

862(90) 1 8mt(90) amt(ag)
=Bt =2Jpm+4J,, Jn=FE(=
d (aaae’ Jm +4Jo, J <ag 00 00’ )

and J, = ED(60)D}(0). The Bahadur expansion in B5 is thus satisfied, if E(n;) = 0, with k = 2
and

lamtwo) i@at(eo)
(o8 80 Ot 89

V(T/t) - (nta 77t2 - 1)/7 At—l = 2']_1 |: :| s A= 2J_l [Qm Qo‘] .

We also have Varas{\/ﬁ(anfeo)} =4J YT+ (ks — DI g+ p3(Jme + o)} 1 =3, where
Jmo' = E <iamt(90) Lat(oo)) and ,ud = Eﬁ?

T 90’
3For instance in the model y; = mq + 041 where 0? = w + a(y;_1 —m)?, the derivative of o, with respect

to m is not positive, and even not of constant sign.
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The assumptions of Section 2 have to be modified as follows.

B6: The function 8 — m(0) and @ — 04(6) have continuous second-order derivatives, and

80’,5(9) . (9@(0)

amt(e) 877%(9) n
— <K,
ey ‘ 20 Cr N [ S e o0 || =P
where K; is as in B3.
B7: There exists a neighborhood V' (6y) of 8y such that
1 om(0)* 1 0%mu(0) ]
E su —_— < 00.
GEV(I?%) { o¢(6o) 00 a1(6g) 06006

Let the additional assumption

B8: For n large enough, n > ng say, the conditional distribution of n; given b\n and F;_1 admits a

density which is a.s. bounded, uniformly in n > ng and ¢ < n — t(n) where t(n) = o(y/n).

Intuitively, the variables én and 7 should be asymptotically independent in most standard situa-
tions. For instance, consider the simple location model y; = 09 + ony, with Gaussian innovations
1. The conditional distribution of 7; given §n and F;_1, where é\n is the sample mean, is Gaussian
with variance 1 — {n — (¢ — 1)} ~!. Thus B8 is satisfied for ng > 1 and #(n) = 1, with bound 1//7.

The next theorem uses the notion of discrete estimator, which has been introduced by Le Cam

(1960) and used by many authors (e.g. Kreiss (1987)).

THEOREM 4. Under B1-B8 and A9, A11, if i) (x,) is a non-random sequence converging to
x € R; or i) x, is a discrete \/n-consistent estimator of x, then

~

Vit (Bulen) = F(zn)) 5 N (0. F@){1 = F(2)} + H'(2)SH(x) + 2H'(z) Ag())

where o(x) = E (1,2 V (10)) and H(z) = f(2)(Qm+29), ¥ = B (=27500)), @, = EDy(00).

O

Every sequence of \/n-consistent estimators can be truncated to get a discrete sequence. The
discretization can also be avoided, at the price of either reinforcing Assumption B8, or increasing
the speed of convergence of the sequence (x,) (see Appendix).

More explicit forms of the asymptotic variance can be derived for the QMLE under the following

extension of Assumption A12 which will be illustrated below.

A12*: For any @ € O, for any ¢ > 0, and any sequence (x;), there exits 8. € © such that

co(xy,22,...;0) =o(x1,z2,...;0,) and m(x1,x2,...;0) = m(xy,x2,...;0.).

The next result provides an explicit form for the asymptotic variance when the parameters of the

conditional mean and variance are independent and are estimated by QML.
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COROLLARY 1. Let 8 = (¢',9") and suppose that my = my(p), 0y = 04(9). Under the assump-
tions of Theorem 4, under A12* and using the QMLE of 0y, we have

Vargs {\/ﬁ (ﬁn(xn) - F(xn))}
= P~ F@) + of(@) {of @)™ + o) | + 50) L(0) + 26U com)
mt(¢o) my my - my
(G N E (G5 B

REMARK 4. The latter variance is obviously AMF if £ ( 1 8m5£f°)> = 0. This occurs in par-

ticular for conditionally homoscedastic ARMA models without intercept.* However, this property is

not general, as the following example shows. Let
Xt =¢olx, ;>0 +oom, ¢o€R, a9>0,

where, for simplicity, the iid process (n:) is endowed with a symmetric and continuous distribution
F. Then (Xy) is strictly stationary® ® and straightforward calculation shows that P(X; > 0) =
{3 —2F(po/0o0)} . Thus

b <;w> {E <alaamat§o%) angg())> } b <oloam5f0)> = = 2F T

For this model, the distribution of the e.d.f.r. is not AMF.

REMARK 5. When A12* does not hold, even when the conditional mean and variance parameters

are disentangled, the variance is AMD, as the following example shows. Consider the following

DAR(1) model
Xy = ¢oXp—1+4/1+ aoX M, >0, ¢ €R, 0= (¢,05),a

under the strict stationarity condition E log |po+/aon:| < 0 (see Ling , 2007). Then it can be shown
that the asymptotic variance of f( n(Tn) — F(mn)> depends on the value of Oy (see Appendiz).

“Let ®(L)y; = O(L)e; under standard assumptions on the lag polynomials ®(L) = 1 — 7| ¢o;L* and

o(L) =1~ Z?:I ‘90ij Then my = Y37, Giye—i — Z;J-:l j€;—j, from which we deduce 8’%%5}?’0) =y —
q: 90]4862)—'_1’ and m = _Z on% — €. We also have gf:; — @(L) IEt %, hence F ({k,) —0
and similarly £ (6“) = 0. We conclude that E ( 1 Bmtiffo))

5This can be shown by noting that (X;) is a Markov chain for which the ergodicity criterion of Feigin
and Tweedie (1985, Theorem 1) applies. Indeed, for V(z) = |z| + 1 and M > |po| + 0oE|n:|, we have

E{V(X:)|Xt-1} < |wo| + o0E|n:| +1 < (1 =)V () for |x| > M and ¢ sufficiently small.
6This can also be shown by noting that Z; := 1x,50 = a4 Z;—1 + be(1 — Z;_1) where a; = 1y 4+00n, >0, bt =

1,0n,>0. Thus Z; = by + Z;O:o Ct...C_pbi_p_1 a.s. where ¢; = a; — by, where the existence of the infinite

sum holds by absolute convergence of the partial sums.
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We now consider in details the case of the ARMA(P, Q)-GARCH(p, ¢) model estimated by Gaussian
QML, which constitutes the model and estimation method most widely used in empirical works.

Let

q p
(L)X, =O(L)es, & =0, of =w+ Y i+ Y Bioi, (6)
i—1 J=1

with w > 0,0;,6; > 0 and under standard assumptions on the lag polynomials ®(L) =
1-— Zil ¢ L' and U(L) = 1 — Z?:l ¥;L7. Note that this model does not satisfy the assump-
tions of Corollary 1 because the conditional variance function depends on the whole set of pa-
rameters. However, denoting by ¢ the ARMA parameters, Assumption A12* is satisfied, with

0. = (¢, 2w, Pay,...,c2ay, B1,. .., Bp), which entails a considerable simplification (see Appendix).

COROLLARY 2. For the ARMA-GARCH model (6) with symmetrically distributed innovations,
under the assumptions ensuring the CAN of the QMLE, under B8 and A11, and for the sequence
(zn) of Theorem 4, we have

~

Vit (Fulan) = Flea)

L

rJ\x 2
5w (0. p@ - P+ L 1) 4 B <68 - 1}).

In the symmetric ARMA-GARCH case, the asymptotic distribution of the empirical cdf of the
residuals is thus adaptive to the parametric specification contrary to the examples of Remarks 4
and 5. In particular, in the pure ARMA case, estimating the (constant) innovations variance suffices
to introduce estimation dependence in the asymptotic variance (compare to Bai (1994), Theorem 1).

We now exploit our stochastic equicontinuity results for estimating conditional quantiles.

4. Estimation of the conditional VaR

The conditional VaR of the process (e;) at risk level a € (0, 1), denoted by VaRy(«), is defined as
the opposite of the a-quantile of the conditional distribution of ;. Assuming that this distribution
is continuous, VaR(«) solves

Ptfl[ﬁt < —VaRt(Oé)] = q,

where P,_; denotes the historical distribution conditional on {e,,u < t}. When (&) is a non-

anticipative solution of Model (1), the conditional VaR at level « is then given by

VaRt(a) = —U(Gt—h €t—25-. .3 90)&“

where &, = inf{z : F(z) > a} is the a-quantile of the cdf F of n;.. A two-step estimator of

the conditional VaR at level « is thus \7a\Rt(a) = —&(et,l,et,%...;5,1)5”,&, where fm is the
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a-quantile of 71,...,7,, that is the [na]-th order statistics of the residuals, where [z] denotes
the smallest integer larger than x. For standard GARCH, Asymmetric Power GARCH and DAR
models, alternative estimators based on the quantile equivariance property and quantile regression
have been recently studied by Zheng, Zhu, Li and Xiao (2018), Wang, Zhu, Li and Li (2019), and
Zhu and Li (2019). For ARMA-GARCH models, estimators of &, based on extreme value theory
were investigated by Hoga (2019).

We start by establishing the strong consistency of the empirical quantiles of the residuals. We

make the following assumption.
A13: For a € (0,1), the cdf F of n satisfies: F(x) > a whenever z > &,.

Assumption A13 means that the quantile function F'~ of 7 is right-continuous at «.

COROLLARY 3. For Model (1) under A1-A5, A13, for o € (0,1) we have the strong convergence

En,a — & a.S.
Without Assumption A13, we have
[lim inf gn,a,lim sup EW] C [, &) aus., (7)

where £ = inf{x : F(x) > a}.

When the residuals 7; are replaced by innovations 7; (and g,w replaced by &, ) the inclusion in (7)
is in fact an equality (see Appendix). In particular, the empirical quantile &, o of the innovations,
and in general the empirical quantile EW of the residuals, do not converge when Assumption A13
is not satisfied.

To establish the asymptotic distribution of EW, we need the following assumption.

A14: the density f is strictly positive in a neighborhood of &,.

COROLLARY 4. For Model (1), under A1-A4, A6-A12 and A14, we have

1

—~ 1 n /J—l n
\/ﬁ(fn,a —&a) = _f(éa) % tzl(l{ana} —a) + €82 m tzl(l - 771:2)Dt +op(1).

Thus

(anme) & H(p ) st

Direct proof of this result would be quite complex, but with the help of Theorem 2 it is simplistic.
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Proof. Note that Assumptions A5 and A13 are satisfied under A11 and A14. Thus, by Corollary
3, En,a — &, a.s. The empirical cdf being a step function with jumps of size 1/n, we have ﬁn(fm) —

a < 1/n. It follows that, by Theorem 2,

N (a - F(@l,@t)) =n <F\n(gn,a) - F(gn,a)> +op(1)

1 = gaf(fa> -1 - 2
= — E 1 —F(&)}— ——="Q E 1—n)D 1).
\/ﬁ t:1{ Ne<Ea (5 )} 2\/,5 J t:1( nt) t +0P( )
By the delta method applied with the function F~! we conclude. O

Again, we emphasize the fact that the distribution of the empirical quantile of the residuals is
AMF, though not AEF (since the second and third terms in the asymptotic variance vanish when
the residuals are replaced by the innovations). Asymptotic confidence intervals for the conditional
VaR could be derived from the joint asymptotic distribution of én and Ema as in Theorem 4 of

Francq and Zakoian (2015).

5. Concluding remarks

The main contribution of this article is to show that the asymptotic distribution of the residuals
of conditional location-scale models can be model free. In the absence of a conditional mean, the
effect of estimation on the asymptotic variance is dependent of the error distribution but does not
depend on the parametric model. When the conditional mean is present in the model, we give
explicit characterizations of situations where this unexpected adaptiveness property holds, leading

to simple-to-implement tests on the error distribution.

We now point out several topics for future research. Multivariate extensions are far from trivial
because the quantile function does not have a natural extension (see Hallin, Paindaveine and Siman
(2010) for a new multivariate concept of quantile). However, when the innovations have a spherical
distribution, estimating the quantile of a linear combination reduces to estimating the cdf of any
component of the innovation vector. It would be interesting to extend the results of our paper in
this setting (in particular to handle applications involving the VaR of portfolios). Another area of
extension concerns nonstationary time series. Ling (1998) showed that the inclusion of a unit root in
autoregressive processes renders AMD the distribution of the e.d.f.r., unlike in the stationary case.
In the case of an explosive GARCH component, the intercept cannot be consistently estimated (see

Francq and Zakoian (2013b)) and the consistency of the cdf of the residuals is an open question.
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6. Proofs

This section contains the proofs of Theorems 1, 2, 4. More detailed proofs can be found in the

Appendix.

6.1. Proof of Theorem 1
Let n,(0) = €;/04(8) and 71(0) = €;/54(8), so that 1; = n:(6) and 7 = 7},(8,). By A2-A3,
sup [1:(6) — 7:(0)| < Kp'es].
6cO
Moreover, a Taylor expansion shows that
1(8) = — m(6)D}(8,) (8, — o) ®)

where 0; is between En and 0y. Under A1-A3, Bn tends to Oy a.s. (see Francq and Zakoian (2013a),

Theorem 1). Since 7 = 7:(05,), it follows that

~ o (0
-l <l s 70 iy |
0cv(6,) 0t(0) ocv (6,

0, — HUH + Kplle|

for n large enough. Thus, we have

an_GOH) |7t (9)

for n large enough, where u; € F;_; and, by Al, A2, A4, E(|u|"/?) < co. Without loss of

e —me] < K <Pt0t + ‘

generality, assume that K =1 in (9). Let a, = H@n — 6. Forallz e R, e >0, 5 >0and M >0,

we then have

IN

1<y = Lini<ar] Lao—(ptortan)uelne <me<a+(p'or-ran)udm|}

< laws T la>e + Lujp>m + lo>s,

with the event A;. s = {x — (ptS + 8) M <xz+ (ptS + 8) M} . For t large enough such
that p'S < e, we have Ay s C Apoe o with Ajeyr = {o—eM < <z +eM}. Assumption
A5(z) implies, for eM small enough, Flya, ,, = f_f]\]/vf dF (y) < 2KoeM where K is the Lipschitz
constant. For all k > 0, we thus have a small ¢ > 0 and large M > 0 and S > 0 such that
E {]‘At,Qs,J\/f + Lo > + 1Jt>s} < K. Recall that, under A1-A3, a, tends to zero almost surely,

and thus 1, > = 0 for n large enough. Since x can be chosen arbitrarily small, it follows that,

almost surely, by the ergodic theorem we have
1 o N
L ; sy = i o tz_; lig<ay =P <), VoeR

We have shown that |Fy,(z) — F(x)| — 0 a.s. and the uniform convergence follows from the fact

that, for any € > 0, any cdf has a finite number of jumps of size larger than e. a
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6.2. A Marcinkiewicz type law of large numbers
The following result, which will be used in the proof of Theorem 2 is of independent interest. Since
we have not been able to find this result in the literature, we provide a proof, which is adapted from

arguments kindly given to us by L. Horvath.

LEMMA 1. Let (X;, F{X) a strictly stationary martingale difference sequence, where F7X is a

filtration, such that EX}? < oo. Then, for any s > 0, nl/% Yoy Xt — 0a.s.
Proof. Let S, = >} ; X;. We have, using the martingale difference property,
ES? =nEX?. (10)
In view of Theorem 15.1 in Burkholder (1973), we have the Rosenthal’s type inequality
E max S2 < Kn. (11)

Letting ¢ > 0, using (10) and the Markov inequality, we have

ES? K| kS
s+1/2 [ %< L J _ K
P (’SWJ‘ > elk*] / ) S 2| ks |2(541/2) = 22| s |2s+1/2) T oe2|ks2s

which is summable provided ¢ > 1/2s. It follows, by the Borel-Cantelli lemma, that

Sks |
(Lks])s1/2

When n € [k, (k+ 1)°], we write S, = S|p<| + Z;;Lk(Hl X;. Using (11) and noting that the length
of the interval [k, (k + 1)] is less than ¢(k + 1)°~! when ¢ > 1, we have

— 0, a.s ask— oo wheng¢>1/2s.

J
K
X;| > Ee(s+1/2) | « %
ks J<i2 LG 1)e) ,_UCZ}H =€ = gzl

which is always summable. The result follows by

Sl [Speeyl . MAX k<G (b1)e) |2 e 1 X
nstL/2 = (|ks|)st1/2 1< (s+1/2) :

6.3. Proof of Theorem 2
Recall that F,(z) = + Y1 11, <, and let

eu(z) = Vn{Fp(z) = F(2)},  en(a) = Vi{Fu(@) = F(@)},  Xem = 6:(0n)/01(60),
Xtn = 04(02)/0:(60),  ha(z) = xf(x) {,’11 ZDQ(OO)} V(6 — 6y).
t=1
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We have e, (z)

Bl
]
e
&
=
<

1 & 1 &
= ﬁ z ]lmixxt,n - F(xXt,n) + + % Z 1), <25, — ]lmﬁétxt,n .
t=1 t=1

En,l(x) gn,2(x) a’h3(x)

Let, for a a vector of the same size as 0 (sufficiently small so that 6y + a/\/n € ©),

n O't(g() + Ln)
en1(z,a) Z m<ayin(a) = F (a:%m(a))} , Yn(a) = TO;F.
Write
1 n
en,1($7a> _en(x) = 72215,“(@',(1), (12)
Vin t=1
where

Zt’n(l‘, CI,) = ]lmgac'ytm,(a) - F (x’)/t,n(a’)) - {]lmﬁl“ - F (:E)} :

We will establish a number of auxiliary lemmas.
LEMMA 2. For any u > 0 and sufficiently large n,

1 n
P R
(\/ﬁtl

Z ztn(T,a)

K 2 2
> < — all“+1).
u) - nu4(ng H H )

Proof. By the Markov inequality

p<

We note that, for fixed n,z and a, (2, (2, a), Ft)1<t<n is a martingale difference sequence. Hence,

4
1 n
Zin(z,a)| > u) < EEE (Z ztm(x,a)) .

t=1

by Rosenthal’s inequality (see for instance Hall and Heyde (1980), Theorem 2.11)

n 4
E(Zzt,n(:z,a)> <K (ZE ztnxa]]-} 1) +ZEztnxa

t=1 t=1

Because |z, (x,a)| < 2, it suffices to show that

n 2
E (ZE(zin(x,a)\ft_1)> < nKz?||a|® (13)
t=1

Noting that the second-order conditional moment of z ,(z,a) is the variance of a Bernoulli distri-

bution, we have, using A11,

n

> Bl (@)l < 3 IF () - F@)l < £ 205
t=1 t=1 t=1

1 80t 0*

Ut
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where 07 is between 6y and 0y + a/\/n. It follows that

2
- Kz? & 1 00s(0%) 1 8Jt
E E[2? )y <— N E >
(S staamal) <50 57 g 0|20 o
and thus (13) holds. O

LEMMA 3. Let K a compact subset of R. We have  sup,cx ‘n*1/2 S Ztn(w,a)| = op(1).

Proof. Fix ¢ > 0 and let £ C {—%, %} with N = O(y/n). Define z; = % for j = —N,—N +

1,...,N —1,N. It follows that, by Lemma 2, for any u > 0, there exists K = K (u, a, &) such that

P ( max u) < £ (14)
~N<j<N Vn

1 n
7n Z Zn(Tj,a)| >
t=1

Noting that

n

\/15 Z Zin(x, @)

t=1

sup
zell

< max sup
—N<GSN—-1 e

[25,%;41]

<  max
“NSIEN=1 | 2efa; 79€;+1]

a>},

n
E (z,a) \fE Zin(xj,Q
=1

1 n
= Z zt,TL (.T],
Vi
it remains to show that

lim sup P { max

n—00 —N<j<N-1

>u} =0. (15)

xe[a:J,xJ+1
We have, for j =0,...,N —1,

sup

1 n
7 1, <uv, . (a) — F (@yen(a)) — Ly <zm, 0 (a) — F (25760 (a
;Be[xj,gcj“]\/ﬁ —1 Zayen(a) ( t ( )) {né iVtn (@) (] t ( ))}‘

1
< sup % Z by, <av, (@) = Ly<ajmin(a)
t—

z€[z;,T)41]

7 Z (L <o 7ent@) = F@it1vn(@)} = {1y <a,n(a) — F@ivn(a)) }

+2Wn (4, @),
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where W, (j,a) = n~ 23" {F (zj117n(a)) — F (zj7.(a))} . Therefore,

sup
z€[z),2;

1 n
ﬁ Z Ztn (xj—i-h a
t=1

where V,,(j) = n~1/2 ‘Z?:l {1y <20, — F(@jm)} — {1p<a, — F(x])}} . By Assumption A11 and
the mean-value theorem, F(xj11) — F(z;) < Me/\/n where M = sup,cg f(x). From (16) with

= Z ]l’ﬂtfx’%,n(a) - F (33%7”(11)) - {]lmﬁzcﬂt,n(a) - F (xjvt:n(a))}
t=1

(z5,a)| + Vo(j) +2Wa(4, a), (16)

a = 0, it follows that
sup

]f Z]lm<x_ )—{ﬂm<xj—F(fﬂj>}|
xTre $],$J+1

< Val )+2f{F($J+1) F(xj)} < Va(j) +2Me. (17)

Therefore, for 7 =0,..., N — 1, from (16)-(17),
n

1 < 1
\/ﬁ;Ztyn(x,a) — \/ﬁ;Zt7n($j,a

sup
z€[z;,T)41]

1 n
n Zzt,n(xjﬂ,a) +
t=1

n

1
Tn >zl a)
t=1

IN

+2W,(j,a) + 2V, (j) + 2Me,

SO

n

1 1 &
= zn(@a)— —=> znl(zj,a)
Vi~ Vi~

sup
0<3<N 1$€[$7,I7+1]
n
< malez (rj,a)|+2 max Wy,(j,a)+2 max V,(j)
T 0<SN /n p— Lt 0<j<N-1 0<j<N-1
+2Me. (18)

By the properties of the modulus of continuity of the empirical process (see Shorack and Wellner
(1986), p. 542), under Assumption A1l we have
0<Ijrg\>f< 1V w(7) = op(1). (19)

Now, using again the mean-value theorem,

n

1

< il oy
ErRUCRIEI S DICTEDRCE
Me & Me & 1 80t 0* ‘||a||)
< — nla) < — 1+
n Yen(a) n ;( o1(6p)
where 6} is between 8y and 6y + a//n. Thus
Me oi(0) 1 001(0)]| |lall
max W,(j,a) < — 1+ sup < sup
0<j<N-1 n ;( 0cv(0,) \0t(00) ) ocv(a,) lloe(8) 00 || V/n
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= exOp(1), (20)

by Assumption A9 and the ergodic theorem. Thus (14), (19) and (20) show that the right-hand
side of (18) is an op(1). It is clear that the same bound can be obtained when maxg<j<ny—_1 is

replaced by max_ny<j<_1. Thus (15) is established. ]

LEMMA 4. Let K be a compact subset of R. For any A >0 and A = [~ A, A]¢,
sup sup |ep1(z,a) — ep(x)| = op(1).
zelacA

Proof. In view of (12) will show that

sup X,(a) =op(1), where X,(a)=sup (21)

acA zell

1 n
— Z zen(T,a)
Vi

Let € > 0 such that N := 2A /¢ is an integer and define a(k) = —A+ke, for 1 <k < N. For any 1 <
ki, ko, ... kg < Nlet k= (ky,...,kq) and consider the grid of N points a(k) = (a(k1), ..., a(kq)).
Let also A(k) = {(a1,...,aq) € Ala(ki) — e < a; < a(k;)} and a*(k) = (a(k1) —¢,...,a(kq) — ).
We have, for j =1,...,d and a; < a(k;)

F(xzyn(ar,...,a-1,a(k)),ajt1,...,aq)) — F (zynlal, ... aj-1,a5,a541,...,aq))
a;*‘j
]_ 8at(00+ \/ﬁ>

= S {eanlain)} et —a) e e

where e; is the j-th element of the canonical basis of R?, and a;j is a point between the arguments
of 4t above. By A1l and E|n| < oo, we have sup, |z|f(x) < oco. The latter difference is thus
bounded, uniformly in z € R and a; € [a(k;) — €, a(k;)], by

e 1 OnlBe+t “jg)ej
y .
\/>Ut(00 + \f) 00
Therefore, for n large enough,
8at(0)
sup sup F (xvin — F (zyn(a(k < sup ,
%A()MZ\ vn(@)) = F (27n(a(k)))| ;%HO o

and thus, because 7 ,,(+) is an increasing function of its arguments by A10,

n

sup sup ztn(z,a) — 2en (7, a(k))
acA(k)zek |
£ v 1 0oy(6) H
< K— sup ||— + sup 1, <av, ., -1, <1, . (a
\/ﬁ —1 €V (60) Ot 00 ek Z M <z, (a(k)) e <xye,n(a*(k))
£ - 1 aat H
< 2K— sup sup Ztn x, (1 —|—Sup Ztn z.a (k))
\thleeV(eo Ot zek Z vek Z
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Note that
sup X, (a)
acA
< max sup sup— zin(x,a) — 2zt p(x,a(k))|| + max X,(a(k
ke{l,..., N}daeA(k vek \/>t [t ( ) t ( ( ))] ke{l,.. N} ( ( ))
1
n = 6cv(8,) |l Ot 30 ke{l,...N}d ke{l, N}

By the ergodic theorem and A9, the first term in the r.h.s. is almost surely less than a constant
times € when n is large. The two other terms tend to zero in probability because X, (a) = op(1)

by Lemma 3 and the maximas are over a finite number of points. Therefore (21) is established. O

LEMMA 5. Let IC be a compact subset of R. Then sup,ci |én2(x) — hn(z)| — 0 a.s.
Proof. A Taylor expansion yields, for 2} = z0¢(87)/0¢(6) with 87 between 8,, and 6,

\gn 2(1’) = hn(2)]

= | {Fen - e 25 )wn—eo)}‘
" 1 80}( ) 1 8at 00

it o]

IA
B
S
=1

Flai) - 55— @)

7

n 1/2
< lal (;me:)—f(m)r?) <7112 120 ) Nz
t=1 t=1
+|xf<x>;g o) L9 | @, - 6| 22)

by Cauchy-Schwarz inequality. We have, for any A > 0 and n large enough

n 2

1
S w7 - S@P LD s s

]l —~
0,—60o||>A"
— pek N s.)l6]|<A zek 16—80ll

The first term in the r.h.s. converges a.s. to

2

E sup sup
8:)18]|<A zek

which can be made arbitrarily small for A small enough by the dominated convergence theorem.
The last term in the r.h.s. is a.s. equal to zero for n large enough. It follows that the first term is
the r.h.s. of the inequality (22) tends to zero almost surely uniformly in x € K. The second term

is handled similarly. O

LEMMA 6. For any s > 0, we have n'/?=*

6, — HOH =o(1) a.s.
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Proof. This is a direct consequence of the Bahadur expansion

~ —_J 1
VinB, = 00) = 5= 3 (1 =) Di + op(1) (23)

t=1

and Lemma 1 with X; being any component of (1 —7?)D; (noting that EX? < co under A9). O

LEMMA 7. We have sup,cp |en3(x)| = op(1).

Proof. In view of A2-A3, we have

~ N 51(0,,) — o4(0
0®) — @,)] = 7O OO ) < Kt .
51(0n)ot(0n)
It follows that
by <ozen = Ingoxn| = 1600 = L@nse| S Lo kpoulnsn @) <ot Kpouind

< ]lac—K,of/3§m(a,L)Sac—i—Kp‘/3 + ]l‘nt|21/Pt/3 + ]lUtzl/Pt/S'

Now, by Markov’s inequality and A1l

1 « 1 «
E— > 1,>1/p0r:=—7=) P pPo; > 1) = O(n~Y/?).

Similarly it can be shown that n=1/2 31" | L 1>1/pt8 = Op(n~'/2). It remains to show that

1 n
sup 7o Zdtv”(x) = op(1), (%) = Dy, o K p /5 < Sxe et Kot/
zeR V1 —1

Let (a,) and (b,) be two sequences of real numbers, and let s > 0. Consider the events A, =

> a,}. We have supyeg n= /230" din(z) < 320, cim, with

{mini<icp<n [ — e

[n'/*]-1
1 1
Cln = sup—= Y din(x) < YT
1 = n1/4
C2n = SUup § Ly, o—Kbppn<ni<xenz+Kbop, LA,  Pn=p 3 ,
wER \/ﬁ t:]—nl/‘*]

C3,n

1 n
% Z ]IX"="Zb"']l\/ﬁ||§n,—90H§n5’ Can = \/Elﬁ“an_eo“an’ Cs,n = \/ﬁ]lA;‘
t=1

Note that ¢z, = 1/y/n when a,, > 2Kb,p,,. Now, for some 8, between én and 6y, we have

o 1 80'75(0,5) o
Xen =100 06 <9" 90)'

Using A9 and assuming b, > 1, it follows that

1< .
Besn = 3P (xen 2 bus Vill0 — 00l <)
t=1



22
1 n n2s
< — P | sup "
vn ; <0€V(90) vn(bn, — 1)

By Lemma 6, we have ¢4, = 0 a.s. for n large enough. Since f is bounded under A11, we have

1 3at(9)
ot(00) 80

ns1/2 > bn—1> <K

P(lm —na| < an) = / (/;M f(y)dy> f(z)dz < Kay,.

—a,
Therefore Ecsy, = nP(AS) < K (y)a, < Kn?t1/2q,,. By taking, for instance, a, = n3,
b, = v/n and s < 1/2, it can be checked that ¢;,, = op(1) for i = 1,...,5. We conclude that

" 1 ¢
€n,3(2)| < % Z 1Ly, <agen — Iny<ax, .| = op(1). U
t=1
LEMMA 8. Let KC be a compact subset of R. We have sup,ci |én(z) — en(z) — hp(x)| = op(1).
Proof. We have
en(z) —en(z) = hn(z)] < [eni(2) — en(2)] + [En2(x) — hn(2)] + [€n3(z)].
Note that €,1(z) = en1(x, \/ﬁ(an —6p)). Thus, any u, A >0 and A = [ A, A]%,

P (sup len1(x) —en(z)| > u) < P (sup sup len,1(z, a) — ey (z)| > u>
xekl ze acA

+P (ﬁ(@n —0y) ¢ A) .

By Lemma 4, the first term in the r.h.s. tends to zero, while the second term can be made arbitrarily
small by letting A — oo. Thus sup,cx |en1(x) — en(x)] = op(1). The conclusion follows using

Lemmas 5 and 7. O

The stochastic equicontinuity property stated in the following lemma follows from Billingsley

(1968) (see Appendix).

LEMMA 9. Ifz is a real number and (x,,) is a sequence of real random variables such that x,, — x

in probability, and if F' is continuous, then e,(x,) — en(x) = op(1).

Now we complete the proof of Theorem 2 establishing the asymptotic distribution of €,(x,). By
A11, hy(x,) — hy(x) = op(1). By Lemmas 8-9 and (23), it then follows that

en(zn) = en(xn) + hp(zn) +op(1)

- \/15 ;{ﬂntq: — F(z)} — S;f\;?Q’J_l ;(1 —n7)D¢ + op(1).

We conclude by using ©'J1Q = 1 under A12 (see Remark 3 in Francq and Zakoian, 2013a). O
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6.4. Proof of Theorem 4
By comparison with the proof of Theorem 2, the major difficulty comes from the non-monotonicity of
the conditional mean and variance with respect to the parameters (A 10 can no longer be assumed).
To solve this difficulty we will introduce a partition of the past, so that the mean and variance are
monotonous conditional on this partition.

We recall some notations and introduce new ones. Let

ee) = Vi{Fa(@) = F@)},  en@) = VA{Fa@) = F@)} Xun = g0,

= 0O) 5 e (0,,) — mi(60) o mi(0) — mi(6o)
v O_t(ao) ) ,n O't(eo) 9 s O't(eo) 9
1 00¢(60) /4 L 0m(6o) (4
* — 1 071 — 0 s )\* = e E— 07’), - 9 )
Xt + Ut(ao) 00’ < D) tm 0‘75(00) 00’ ( 0)

H,(z) = f(2) <x {i > 1 2ottl) } v {}Zz ja’gg@@}) Vi@, - 00)
t=1 t=1
We have

~ 1 ¢ * * 1 ¢ * *
€n(l‘) = % Z ]lntSfEX?,nJr)\Z,n B F(xXt,n + At,n) + ﬁ Z F(xXt,n + )‘t,n) - F(l’)
t=1 =1

€n,a(x)

1 n
7 Yoo ihe, — <o i - (24)
t=1

/6\7,,,6(3?)

Let, for a a vector of the same size as 0, sufficiently small so that 8y + a/\/n € ©,

N mt(00+%) —mt(90) 0'75(904‘ %)
ST e YT ey
1 - * *
enalz, @) = —= {lmgmzm(a)ﬂr,n(a) — F (277 n(a) + At,n(a))}7
t=1
1 amt(ao) a 1 80’t(00) a

A = — * =1 @
t,n(a) Ut(ao) 80/ \/ﬁ7 ’yt,n(a') + Ut(aﬂ) 60/ \/ﬁ

For a,b € R? let
z;fk,n(x: a, b) = ]lntgz'yt*y"(a)—i-)\;n(b) - F (mq/;n(a) + )‘;n(b)) - {]lmﬁf —F (.’L’)} .

Write -1 = (y4—1,Yt—2,...). Let S = {s1,..., 8924} the elements of {—1,1}*¢ taken in the lex-
icographical order (thus s = (—1,...,—1) and 84 = (1,...,1)). For any vector Z € R? let
s[Z] = (s1,...,82q) denote the element of S such that s; = sgn(Z;),i = 1,...,2d. Define {R;}icr
a partition of R, with I = {1,...,22?} such that, for i € I,

3mt aO't

’
2
Yt—1 € R, < s |:<80,(GO>7 89/(00)> :| = 8; = (Sgl),sz( ))
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Wheres E{ L1} 5 =1,2.

LEMMA 10. We have, for any u > 0 and sufficiently large n, for any sequences (a;)ic; and

(bi)ier
dl

Proof. We note that, for fixed n and =, (Z, F)1<t<n is a martingale difference sequence, where

1 &,
Z % Z Zt,n(xﬂ a‘ia b’i)]lyieRi
t=1

i€l

K
> u) < — {(xsup |a;|)? + sup ||b;||* + 1} )
nu i€l iel

Zt =) ier #in(7,ai, b)) 1y, er,. Hence, by the Markov and Rosenthal inequalities

4 2
1 Z" ~ 11 Z” ~ 3 Z” i
P (‘\/ﬁ Zt >U> S n2u4E< Zt) ~ n2u4 ( E Zt |ft ]_> + .EZ;1
t=1 t=1

t=1
We have

Zt |-7:t 1) ZE Ztn T, aq, ')‘]:tfl]]lygeRi
el

i€l

By A11, letting K = sup,, f(y) < oo,

|F (297 (i) + AL, (b)) — F(x)]

< zlKhin(ai) — 1 4 K[Af, (bi)]
K 1 8Ut(00) H 1 amt 00 ’ }
< =l ai| + |[—— ) g,
b | oy e el + | o)
The rest of the proof is similar to that of Lemma 2. O

LEMMA 11. Let K a compact subset of R. We have, for any sequence (a;)ic;r and (b;)icr such

that sup;cy ||a;l| + [|b;]| < oo,

Xn((ai)icr, (bi)ier) = sup | > — Zztn (@, ai,bi)1y,_,er,| = op(1).
e icl \/>
Proof. Using Lemma 10, the proof is similar to that of Lemma 3. See Appendix. |

LEMMA 12. Let K be a compact subset of R. We have, for any A >0 and A = [—A, A]?
sup sup |ep 4(z, @) — ep(x)| = op(1).
zeKacA

Proof. Note that e, 4(z,a) — e, (z) =n"V237 2 n(7,a,a). We will thus show that

Zztnxab

sup X, (a,b) =o0p(l), where X)(a,b)=sup
a,bc A zell

(25)
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Let € > 0 such that N := 2A4/¢ is an integer and define a(k) = —A + ke for 1 <k < N. For 1 <
ki, ko, ... kg < N,let k = (ky,...,kq) and consider the grid of N points a(k) = (a(k1), ..., a(kq)).
Let also A(k) = {(a1,...,aq) € Ala(k;) —e < a; < a(k;),j € {1,...,d}}. Define, for ¢ > 1, and
(5(1)7 352)) _ (5(1) CYINC)) (2))

Si =8 il o 5id 151 Sid

a,o(k) = (@ k), age(ka)),  ago(ky) = alky)lo_y +H{alk)) —etlo__y,
a (k) = (a0 (k). a.0(ka),  ayo(kj) =alk)leo__; +{alkj) —eplo_;.
We have, for j =1,...,d,

F (CL"yZn(a) + )\Zn(bl, ceey bjfl, a(k:j), bj+1, ... ,bd)) - F (:mzn(a) + )\Zn(b))

k:)—b; 0 0
= fovin(a@) + N (bej) ) o ]\}ﬁ ]Ut(100) ngé’ O)Qj’

where e; is the j-th element of the canonical basis of R?, and b ; is a point between the arguments

of \¢,, above. By A11, we have sup,, f(z) < co. The absolute value of the latter difference is thus

bounded, uniformly in v € R, a € A and be A(k), by K- ooy | 257 ey

Similarly, for j =1,...,d,

‘F (l‘/yzn(ala sy Qy—1, a(kj)v Aj+15- - CLd) + Az:n(b)) - F ($7£kn(a) + Ar,n(b))‘

ki) —a; 0o+ (0 0o+(0
af {av; p(ars) + M, (b) } o ]\)/ﬁ - O't(loo) 5‘(9’0) € K\/ﬁot(loo) 54(9’0)63'

uniformly in z € K, b € A and a € A(k). Therefore, for n large enough,

)

sup supz |F (2770 (@) + A (b)) = F (27, (a(k)) + A, (b(£)))]
acA(k)beA(L) z€K {5
]+

) i 1 80’,5(00)
Ki
o>

at(GQ) 80
It can be shown (see Appendix) that

1 8mt(00)
O't(ao) 89

‘ = K%Z@.

sup sup
acA(k),beA(L) zeK

< x.(@ mwmgx@pwma)+x ((ayo (k)ier (a0 (@)icr)

§j%nwab 2 (2, alk), a(0))

+2, (@ (R))ier, (@0 (O)ier ) + X (@0 (k))ier. (@ (€))ier) + 3K~ Z.
t=1
Note that

sup X (a,b)
a,bc A
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n

< sup sup Z[z;n(xv a, b) - Z;n(mv a(k)7 b(f))]

kﬂe{l, ,N} acA(k),beB(£) zeK T
n(a(k), a(f))

+ max X
kﬁe{l, LN}

3Ke
< ZZtJrS max X, ((a;)ier, (bi)ier) ,

a?)v b;)

where the last max is taken over all sequences of the form @ o (k) or a (k)¢ € {1,2} and

k. c{l,...,N}? The end of the proof of (25) is similar to that of (21) using Lemma 11. O

LEMMA 13. Let K be a compact subset of R. Then sup,cx |en5(x) — Hy(z)] = 0 a.s.

Proof. A Taylor expansion yields, for zj between z and zx;,, + A{,,,

Floxia+ Na) = Fa) = fap)- (a2500 4 25000 ) @, - 60)

Ot

It follows that

(Bus(2) — Hy(2) )}7 ( 001(00) , Om:(80)

90 o0 )(0 ~ 6o)

fZ{f xt
1 n 1/2
< <n2 ) - f(x)!2>
t=1

(s {[ ¥) -0l

by Cauchy-Schwarz inequality. We have, for any A > 0 and n large enough

1 aO't 00)

7

1 8mt(00
¢ 80

stuplf 2) — f(@)P

1 el
1 80t(00) 8mt(00)

n 2

1
— Z sup sup
N 5] 80:l186]|<A zEK

IN

LG, g,)>a

The first term in the r.h.s. converges a.s. to

f <az + ;t <xaaé(;,’°) + awgé?‘))> 69> — f(x)

2

E sup sup
do:||d6]| <A zEK

which can be made arbitrarily small for A small enough by the dominated convergence theorem.

The last term in the r.h.s. is a.s. equal to zero for n large enough. The conclusion follows. O
Write
1 n
en6(z Z N <TXt,n+ At 0 — Iy <oxinrn. T NG E :]lmﬁxxt,nwu,n - ]lméwxf,,ﬂrk?,n-
t=1

en_y(:p) ens(x)
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LEMMA 14. We have |ep6(xn)| = op(1).

Proof. We prove in the Appendix that sup,cg [€n,7(z)| = op(1). From Taylor expansions we get
[2Xtn + At = (X0 + M)

< 2 sup {\fc| &4(6) +‘ ‘}
= 01(00) gev (o)

0000’
where 6,0, and 0, are between 6y and En It follows that, for any A, > 0,

ant(B) 2

06000’

6, — 90H2 = 6¢() ‘

- 1
[eng(zn)| < 7 D Lot ) A < <aaxi AL A2 VL g (26)
t=1

Let A, = n* Y2, for some s > 0. The last term in (26) is equal to ¢4, = 0 for sufficiently large n.
Now, first suppose that the sequence () is non random, x,, — 2. Note that the sequence (d¢(xy))¢
is stationary, and integrable by Assumptions A9 and B7. Let f;, the conditional density of 7
introduced in Assumption B8, and let K its uniform upper bound. Then, by the law of iterated

expectations, the expectation of the first term in (26) is bounded, for n > ng, by

2/nA2KE{5)(z,)} + t(\/%) = o(1).

The conclusion follows in case i). Turning to case ii), using Lemma 4.4 in Kreiss (1987), we can

deduce that the conclusion also holds. O

LEMMA 15. Let K be a compact subset of R. We have sup,ci |én(z) — en(z) — Hp(x)| = op(1).

Proof. In view of (24), |€,(z) — en(z) — Hp(x)| < |ena(x) — en(x)] + |€ns(x) — Hpn(z)| + [€n6(2)].
Note that €,4(z) = epa(x, Vn(6, — 6y)). Thus, any u, A >0, A = [—A, A%,
P (sup lena(x) —en(z)| > u> < P <sup sup lena(z, @) — ey (z)| > u>
el zeLacA
4P (\/ﬁ(ﬁn —0y) ¢ A) .
The conclusion follows as in Lemma 8, using lemmas 12, 13 and 14. |

To complete the proof of Theorem 4, note that, by arguments used to prove Theorem 2, we have

E {1y, <o — F(z)} + f(= )(“;nﬂﬂﬁf)fl En A 1V (ne) +op(1). U
v
t=1
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Fig. 1. Failure of the Glivenko-Cantelli property for residuals when A5 does not hold (Example 1).
Appendix

A. lllustration of Example 1 and Remark 1

A graph illustrating the discrepancy between ﬁn(az) and F'(z) is displayed in Figure 1.
A graph illustrating the effect of the estimation on the asymptotic distribution of the e.d.f.r in
displayed in Figure 2.

B. Proof of Theorem 3

The proof requires the following changes in the proof of Theorem 1. Let 1,(0) = (y; — m(0))/0+(0)
and 7j¢(6) = (y: —11(0))/5+(8). We have supgce [17:(0) —71:(0)] < Kip'(1+ |y]). Thus, by a Taylor

expansion,

= ml < |8 = 80| @ + Kip! (1 + i) (27)

for n large enough, where

O't(eo) |mt(90) — mt(9)| 1 H 8mt(0) H
e =< |m¢| sup + sup sup ||D¢(08)|| + sup .
! {' t|eex/(90) oi(0)  eev(o,) o(0) GGV(BO)H (Ol ocv(6,) ot(0) || 00
(28)
In view of (27)-(28), we have
e = el < Koo' (1 [yel) + Cwrle] + v2) [0 = 0| (29)
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St(20) innovations St(4.5) innovations
Te]
N .
e 1N\
Lo
=
I o
N
o
n 9
‘5.
S c
8 G- 5
= o
> g 1 |
o 2 s
§ o 9
Q « 4 ok
Eo E 9]
> s 1
2 =]
< <
o
S A 0
o o 4
—— innovations o - -
— - residuals —— innovations
o o = = residuals
S 4 S 4
o T T T T T T T o T : T : . ; ;
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Fig. 2. Asymptotic variances of the empirical distribution for residuals (dotted red lines) and innovations

(full blue line), for standardized Gaussian, GED (Generalized Error Distribution) and Student distributions.

for n large enough, where us,v; € F;_1 and, by B4, E(|ut|’”/2) < oo and E(|vt|’”/2) < 00. The rest
of the proof of the Glivenko-Cantelli property is similar to that of Theorem 1, using the consistency

of 5n O

C. Complements to Theorem 4

The next two results avoid the discreteness of the estimator in Theorem 4. Instead, we first assume

faster convergence of the sequence (zy,).

PROPOSITION 1. Let x € R and let (x,,) a sequence of random variables such that \/n(x, —x) =
o(1) a.s. Then, under B1-B8 and A9, A11, the conclusions of Theorem 4 hold.

Proof. The proof is the same as that of Theorem 4, except for Lemma 14. Let ¢ > 0, z,, =

—-1/2 —-1/2

r—n g,and T, =x+n €. Then, by the law of iterated expectations, the expectation of the

first term in (26) is bounded, for n large enough, by
Vii(Ea — 2,) B ) + 2ViALK E{61 (2)} = 22 + o(1).
Because € can be chosen arbitrarily small, the conclusion follows. O

In our second result, discreteness is avoided at the price of reinforcing Assumption B8. For any

sequence (z,,) of random variables, let the assumption
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B8 (z,): For n large enough, n > ng say, the conditional distribution of 7; given (@n,mn,}}_l)

admits a density which is a.s. bounded, uniformly in n > ng and t < n — t(n) where t(n) =

o(v/n).

PROPOSITION 2. Let x € R and let (x,,) a sequence of random wvariables such that x, — x in

probability. Then, under B1-B7, B8(x,,) and A9, A11, the conclusions of Theorem 4 hold.
Proof. Again, we just change the proof of Lemma 14. Noting that, for n > ng and t < n — t(n)
E <]lxnxz,n+/\f,”f6t(:pn)Angmanxz,,ﬂn\fnﬂr&t(xn)Ai ‘ Hn, Tn, ft—l) = 2K5t(xn)A$u

the conclusion follows. O

Noting that there is no guarantee that v/, (a) be almost surely positive, we define

f)/tn h’tn ‘

Before showing Lemma 11, we need to slightly modify Lemma 10. Let

zt*;z(l'v a, b) = ]lmﬁxm*j,,(a)—k)\;n(b) - F (xfyt*,jz(a) + Af,n(b)) - {]lme - F (1:)} .

LEMMA 16. We have, for any uw > 0 and sufficiently large n, for any sequences (a;)ic; and

(bi)ier

Proof. Let z = >, ; ztn(ac a;,b; )]lyt .er,- Note that, for fixed n and =, (%, Ft)i1<i<n is also a

E \fE Ztnxala ) yt 1€ER;

el

K
> u) < {<msupuai||>2+sup“bi'2 ! 1}‘
nu iel iel

martingale difference sequence. Hence, we conclude by the arguments of the proof of Lemma 10

and
|F (zyi(ai) + A (b)) — F(2)| < JalK v (a:) = 1 + KIAL, (b))
< [l Ky (@) — 1 + K[AL, (i),
using the elementary inequality ||a| — |b|| < |a — |b]]. O

Proof of Lemma 11. With the notations of Lemma 3, Lemma 10 and Lemma 16 entail that for

any u > 0,

P max
—N<j<N

P max
—N<j<N

Z fzztn 'r%a’“b )]lyf 1€ER;

> < K
u l
= \/ﬁa

K

Z IZ% Tj, @i, bi)ly,_er, Jn

>u>§
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As argued in the proof of Lemma 3, using (30) it remains to show that

~N<j<N-1

max su
IG[IvaJJrl]

Z Z{Zt” z,ai,b;) — zf (25,05, b)) } 1, er,| = op(1).

ZEI

For all j, we have

with

and

1 ¢ ]
Z = Z {z;n(x’ a;, bl) - zt,n(xﬁ a;, bZ)} ]lyg'ERi = a’ﬂ(m) + bn(.%'),
(=

il

an(x Z f Z { NeSTYf (@) AL L (Bi) T F (x’y:,n(a'l) + )‘I,n(bl))

el

Ny <asvr (@) re ) T F (20 (ai) + /\Zn(bz‘))} 1, .er,

bn(ﬂj‘) :\/lﬁz {]lTltST - F(J?) - ]lerj + F(xJ)} :
t=1

By (17) and (19), max—N<j<N—1SUPges, z,,,] [bn(2)| = 0p(1). For j =0,...,N — 1,

IN

IN

sup |an ()|

z€[z;,T)41]

7n Z Z { <77 (@) (B) T ]lntﬁxnf,n(ai)H\i‘,n(bi)} L (an>0ly ier:

i€l t=1

ZZ{ <258 (@) (b:) T ]lmsﬂcﬁn:,,xai)uzn(m)}]lw,n<ai><o]‘ygem
1€It 1

31

Z Z {F Tj+17n(@i) + AL, (bs )) (%% n(@i) + A7 (bi ))} L (an>oly._.er,

zelt 1

ZZ{F (@) + A (00)) = F (25177 (i) + A1 (00)) } Lz (any<oly, e,

zGIt 1

1 n
NG Z Z {]lntﬁ%ﬂ%*.*n(ai)'f‘/\f,n(bi) - ]lﬁtﬁxﬂt*.’%(ai)'i‘)\f,n(bi)} ]lyQERi
el t=1
1 n
+ n Z Z {]17715—17.7"/{2(@11)-5')\}1”(bi) - ]lnt§—$j+1"/f},(at)+>\f,n(bi)} ]lygeRi

1 - ok * sk *
+ﬁ SN AF (mivin(@i) + X, (0) — F (25975 (as) + A, (00) } 1y, er,

+\/15 DD AF (Frpvina) + A1) = F (—zjyin(@) + A () } Ly,_er,

1 n
Z % Z zf;(ﬂ?jﬂa a;, bi)]lyQGR
t=1

i€l

E \/> E Ztn x]uala ; ]lyt 1ER;

el
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Z\/»ZZ’tn $j+1,az7b)]lyf 1ER;

el
+V, () +2W, (4, ai, bi),

Zfzz —zj,ai,b;)1y, e,

el

where

W:(]: a;, bl \F Z Z {F $]+17tn(a’l) + )‘t n(b )) - F (mj’ﬁ:#r{z(al) + )‘;fk,n(bl))

i€l t=1

+F (—zjvin(ai) + M, (6) = F (—zjavin(ai) + A5, (0:) } 1y, er,,
V’r;,k(.]) :n_1/2 Z {]lntSIj+1 - F(x]+1)} - {]lntng - F(x])}

+ {]lmf—i’?g - F(—$])} - {]lmé—acﬁl - F(—$]+1)}| .
Thus (32) is established using (31) and the arguments of the proof of Lemma 3. O
Detailed proof of Lemma 12. Note that e, 4(z,a) — en(z) = n~ V230 zin(7,a,a). We will
thus show that

sup X, (a,b) =o0p(1), where X)(a,b)=sup
a,be A el

Zztnxab

Let € > 0 such that N := 2A/¢ is an integer and define a(k) = —A+ ke for 1 <k < N. For 1 <
ki, ko, ... kg < N,let k= (ky,...,kq) and consider the grid of N points a(k) = (a(k1), ..., a(kq)).
Let also A(k) = {(a1,...,aq) € Ala(k;) —e < a; < a(k;),j € {1,...,d}}. Define, for ¢ > 1, and

s; = (3(1),352)) = (s(%), .. .,sgcll),sg), ... 3(2))

i % » 24d

(33)

a (k)= (@ (k). a0 (ka), ayokj) = alki)le_; +{alkj) —eflo__,,
a0 (k) = (a0 k), ag0(ka)),  ago(ky) = alkj)lo__) +{alky) —etl o,
We have, for j =1,...,d,

F (a:’yzn(a) + th,n(bh ey bj_l, a(k:j), bj_H, . ,bd)) - F (a:vzn(a) + /\Zn(b))

ki)—b; 1 Omy(6

where e; is the j-th element of the canonical basis of R?, and b; ; is a point between the arguments

of A\, above. By A11, we have sup, f(z) < co. The absolute value of the latter difference is thus

bounded, uniformly in x € R, @ € A and b € A(k), by K%at(leo) angé?")ej) .

Similarly, for j =1,...,d,

‘F (557;71(‘117 cosajo1,a(ky),ajpa, ... aq) + )\Z‘n(b)) - F (:Uyzn(a) + )\;n(b))‘
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a(kj)—a; 1 80}(00) 1 |9o:(60)
; D+ A (b I 1<K ;
.Tf {fot,n(a'tJ) + t,n( )} \/ﬁ Ut(eo) aa/ €; \/ﬁJt(eo) 80! €;

uniformly in z € K, b € A and a € A(k). Therefore, for n large enough,

)

sup SUPZ |F (277 n(a) + Af,. () — F (27/,(a(k)) + A, (b(£)))]
acA(k),be A(£) zeK T
£« 1 0o4(0p) ‘ ‘ £
< K= " — K= N7,

O‘t(ao) 00
For a € A(k) and b € A(£) we have, for ;1 € R; and x > 0,

1 Omt(Oo)
O‘t(ao) 00

x%;k,n(gsf) (k)) + )‘;‘in(gsgn (f)) < $72n<a) + )‘;n(b) < TV, n( s (k)) + )‘;n(asgl) (ﬁ)),
while, for x <0,
Y0 (@ (K) + Al n (@ (€) < 27, (a) + A, (B) < 27 (age () + A7 u (@ (£)).

It follows that,

sup sup
acA(k),be A(L) zeK

szxab e <k>,a<e>>‘

acA(k),be Al xe/cfz e <xy; , (a(k)+A; . (a(€)) ne<xvi . (a)+A7,, (b)

T up o Sap F (277 (a(k)) + A n(a())) — F (277, (a) + AL, (b

aeA(k),,eAme,CfZi F(@(k) + X1, (a(0)) — F (297 (@) + Af(0)]
<

222 % f Z { 1SV (@, @) (R)FALL (@ ) (6) T Ly <o (@ L2 (K ))+/\?,n(asgl>(€))} Iy, _ieridax0

- sup Z \f Z { 1Sy (@, ) (R)+A10 (@, 1) (€)) ™ ]lmﬁx’ﬁ,n(ﬁsgz) (k)+Ain(a (1)(5))} Iy,_,erilaco

= Ssup Z — Z {Z* (a;, 6552) (kﬁ),asgn (E)) - 2" (:IZ, ngz) (k), ngl) (f))} ]lyieRi ]lggzo
+sup ST Z { P90 @ (R)) + N (@0 (0) = (07 (@, (R)) + Nin(a, () } Ly, em,az0

+sup Yy —— 7 2 Z {Z z, a0 (k),a,0(8) — 2" (z, a0 (k), a0 (f))} 1, er laco

zell el

+ sup Z \/~ Z {F m%‘, n S5 (k)) + )‘:,n(asgl) (E))) F(‘I.’Yt n( s (k)) + )‘:,n(gsgl) (E)))} ]lyQERi P

zell ZEI

g
+Kntzlzt
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< An((@ye(k), (@ (6)) + Xn((aye (k)), (am(€)))

+X((@ye (k). (@0 (€) + Xol(@ (), (@, (0) + 3K Z.

Note that
1 n
sup X' (a,b) < sup sup [2f ,(x,a,b) — 2z, (x,a(k),b(L
abeA kee{l, ,N} acA(k),beB(£) €K \f P b in(> alk), b(E))
X (a(k J4
a8 (0
3Ke
< Zzt+5 e X, ((ay), (b)),
where the last max is taken over all sequences of the form @ (k) or a (k)¢ € {1,2} and
k,£c {1,..., N} The end of the proof of (33) is similar to that of (21) using Lemma 11. 0
Proof that sup,cp |[€,,7(z)| = op(1) in Lemma 14.
By n(0n) — 71 (0n)| < Kipt. It follows that
‘]lmg:cxt.ﬁit,n - ]lnéxxt,nﬂt,n‘ = ’]lﬁt(én)gx N ]lm(én)sr < ]lachtptgm(@n)SHKtp‘

<L g @0<atpre T K1

We have, by B3 and Markov inequality

Z ]lK,pt/2>1 \/» ZP Ktpt/2 > 1 Z KT tT/Q O(n*1/2)‘

3\

Letting
dt7n(.’1}') = ]I'JZ—Pt/2S77t(§n)§Z’+pt/2 = ]lXt,nm_Xt-,npt/z'i')‘t,nSntSxt,nx"'xt,npt/Q"r)‘t,n’
we have
n 5
1
SUP% E dt,n(m) < E Cin,
z€R t=1 i=1
with
[n'/*]—1
1 d ) < 1
Cl;n = SUp —= E t, 71 =
reR ‘V/Ai /
1 nl/4
Copn = SUp—= E ]le nT—by pr +Atn<7],<xfﬂx+bnpn+)\,n]lA y Pn=p 2,
reR \/F7

[n1/4]

Can = —F= Z b >0, e, —go<nes Cam = Vnl o6 _giisnes G = Vnlag,
v

where (a,) and (b,) are sequences of real numbers, 4,, = {minj<;cy<p |7 — ne| > an} and s > 0.

Note that ¢z, = 1/y/n when a,, > 2b,,p,,. Now, for some 6, between Bn and @y, we have

o 1 8Ut(0t) -~
Xt’”_Hat(eo) 00’ (9” 90)' (34)
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Using B7 and choosing for instance b, = v/n + 1, we obtain

1 <& .
EC3,n = % EP (Xt,n > by, \/’EHOn - 00” < ns)
t=1

1 n
— P sup
Vn tz_; <9€V(00)

1 80',5( )
O't(e()) 89

IN

sl/2>\/>>0(

By Lemma 1 and B5, we have almost surely ¢4, = 0 for n large enough. In the proof of Lemma 7,

we have seen that Ecs, = o(1) when, for instance, a, = n~3. Hence the lemma is established. O

Detailed proof of Lemma 14. From (34) and a similar expansion for X\, ,

|xXt,n + >\t,n - (xX;tk,n + A;n)’

_ 1 - 80’15(915) 80}(00) + Gmt(é’t) amt 00 _ 0
o 06’ 00’ 06’ 06’ 0
< {| | Haat et aO't 90 ‘ H@mt Bt Bmt 00 } _ BoH
< 2] %0y( Bt ) 82mt(Qt)<0 _ 6) ‘A H
= 9000 ¢ 0 0006 ' 70 "
0%04(0) 0%my(0) ~ 2 ~ 2
< ”_OH = (en—0] ,
= ot(OO) 9;&1(%0) {\wl 2000 | T || 9000’ 0 (@) 0
where 6,0, and 0, are between 6y and En It follows that, for any A, > 0,
. I
|en,8($n)| S % tzl ‘]lntsxnxt.n"")\t,n - ]lntSIWlX?,n—"_)‘r.n
1 n
< NG D Lo A A < S AL a2 VLG g (35)

t=1

Let A, = n*"Y/2 for some s > 0. The last term in (35) is equal to c4,n = 0 for sufficiently large n.
Now, first suppose that the sequence () is non random, x,, — z. Note that the sequence (§;(zy))¢
is stationary, and integrable by Assumptions A9 and B7. Let f;, the conditional density of 7
introduced in Assumption B8, and let K its uniform upper bound. Then, by the law of iterated

expectations, the expectation of the first term in (35) is bounded, for n > ng, by

2V/nA2KE{5)(z,)} + t(\/?g = o(1).

The conclusion follows in case i). Turning to case ii), using Lemma 4.4 in Kreiss (1987), we can

deduce that the conclusion also holds. O
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D. QMLE of the location scale model

D.1. Consequence of Assumption A12* for the QMLE
Consider the function g : ¢ — g(c) = Qn(ﬁw) =15, % +log{c*c%(0 n)} Because the

function g reaches its minimum for ¢ = 1, we must have 1o = 1 a.s.

Now we have

1 1~ 5, Ou2n(8o) 5
= — : n 1 )
ntz_;/rlt( Znt +0P ) nt:1 un + 89/ (0 00)+0P< )
where
1 " a/ﬁgn 00 —2 1 8mt 90) 1 8015(00)
n(0) = — 20 7:— — = -2Q/ 1).
(@) = S o), P~ Z {2 s 22 , +op(1)
Thus
1< ~
Vn(piz — 1) Z — 1) = 2Q,v/n(8,, — 6o) + op(1). (36)
VS
It follows from (36) and (5) that
- ~ 1 0my(6y)
Vs —1) = —4Q.J Z M mt 0)
— Ot
1 ¢ 2 e 9o (6o)
— —-1)|1-4Q, 1).
g 20t =) (1 a1 D2 ) ot (37)

Since, in (37), the asymptotic distribution of the Lh.s. is degenerate, we deduce that
0 = 16Q.J YT+ (ks — DT 5 + p3(Jimo + Tom) YT Q0 + (kg — 1)(1 — 8Q, T 7192,)
(T, + QT I). (38)

We retrieve the fact that in the absence of location m, J, = J/4 and thus Q. J,'Q, = 1. In the
Gaussian case we also get Q. J- 10, = 1 (with or without a location).

Finally, (38) writes

430, + (kg — 1)(1 = 8QLT1Q,) — 4uz(QL T 1Q,, + QT 1Q,) =

D.2. Proof of Corollary 1
Let 8 = (¢/,9"). We have

(Lm0 ) o L 901(%) )’ _g -
Qm_<E(Ut 5y 0), = (0E( =55 , Jme=4J.,, =0,

K o 0 0 2K 0 K! 0
0 0

) JU: s J = ) Y= )

0 L 0 4L 0 alp!
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where K = FE (é%ﬁ%ﬁ) ,L=F (U%Qaata(go)%) . Moreover, (38) entails

#(w5) =Grase)) = Go) -

The conclusion follows. O

D.3. Proof of Remark 5

We have
o E (X;j) o 0 J E (ﬁ—) 0 J 0 0
m 0 ) o E(‘);i%l) ) m 0 0 ) o 0 iE(Xfl
Hence
2 —1
S (X(;l) 0 S {E (X;;I)} 0
= 4 ) = 4 -1 ’
s 0 enE(E)
B X1
(X‘;t 0
-0 205 ) ac| )
xTr) = x Xf ; s = x2 s
mE( a2 ) 0 (%)

P
2H (z)'Ao(x) = 2f(ff){EE(l>

Finally, for this model,

Vargs { Vit (Fu(@n) = F(ea) )} = F(w){lF(m)}+f(:c){E((él)>}{f(w>+2E{1no<:mo}}

X2\ )2
+xf(m){2((;%)>} {xf(x)M; L + E{ly<.(nf — 1)}} .

which is clearly model-dependent. Note that if the distribution of 7; is symmetric we have

Tt

E (@) = 0 and thus the second term in the right-hand side vanishes. If, in addition, g — 0,

the asymptotic variance converges to

2 s
Pl)(1 = F(@)} + of @) o {af @™+ Bt cataf ~ 1)
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D.4. Proof of Corollary 2

Let 0 = (¢',¥'), where @ = (¢1,...,¢0p,Y1,...,%q), ¥ = (w,01,...,0q,B1,...,5), and my =
my(p), or = oi(ep,¥). We know that the asymptotic variance ¥ of the QMLE is block-diagonal
(see Francq and Zakoian (2019), Remark 7.4). Moreover, we have %ﬁf& = O(L)"'X;_; and

6m5712200) = —O(L) 'e—;. Hence E (U% %{E:’O)) = 0 using the fact that o is an even function of the
MNe—i, & > 0. Since améigpo) = 0 we thus have €,, = 0 and it can similarly be shown that €, is of the

form Q, = 3(0',w/,)’, where w, is a vector of dimension p + ¢ + 1. We also have

1 0mu(p,) Omi(ey) 1 00¢(60) 90:(60)
I = E (0? e o ) 0 J, = E (0? op 0¥ ) 0
0 0 0 1K

where K = F (é%%) . The block-diagonality of J, follows from the fact that (}E%
is an even function of the 7;_;,7 > 0, while %%‘(50) is an odd function. Hence, for some matrices

M and N which we do not need to make explicit,

M 0 N 0
J = , T =
0 K 0 (ky—1K!
Since Assumption A12* is satisfied, (38) holds and can be written w/ K 'w, = 1. We also have

H(z) = mT(x) (0',w")", hence

H(2)SH(z) = {« f(x)}Q’“T_l, H(z)'Ao(z) = xfz(:")E{lmq(ng ~1)}.

The conclusion follows. O

E. Proof of the stochastic equicontinuity property in Lemma 9

Noting that U; := F(n;) is uniformly distributed on [0, 1], we have

1 1 <
en(m) = % ; 1U,,§F(m) - F(l’) = Y?’L(F(x))? Yn(u) = % ; 1UtSU — U

Billingsley (1968) studied the modulus of continuity of {Y,(u),u € [0,1]} and showed in (22.13)
that, for each € > 0 and n > 0, there exists 7 € (0, 1] such that

Pl sup [Yp(u) =Ya(v)| =€) <n (39)
|lu—v|<T
for large n. For any € > 0 and 0 > 0, we have

P (len(zn) —en(z)] 2 ) < P <| sup | len(y) — en(2)| > 6) + P(lzn — 2 2 0).
y—z|[<
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Fig. 3. Example of cdf.

The last probability tends to zero because x,, — = in probability. Now, note that
P ( sup [en(y) —en(2)] = 6) =P ( sup [V (u) = Ya(v)| = 6) <7
ly—=|<d lu—v|<F(5)
when n is large enough to satisfy (39) with 7 > F(4). Since n can be taken arbitrarily small, the

result follows. O

F. Complements for Section 4

F.1.  Proof and complements to Corollary 3

The different items introduced in Corollary 3 and Lemma 17 are illustrated in Figure 3.

Proof of Corollary 3. The first convergence being a particular case of the second part of the
theorem — since under A13, &, = & — it will be sufficient to prove the latter. Let € > 0. By

definition of &, and & we have,
Flo—€)<a—05 and F(E+€)>a+9, (40)

for some § > 0. By Theorem 1, assume n large enough so that sup,cp |Fy(z) — F(z)] < 8 as. It
follows from (40) that

504 —e< gn,a < EI + €. (41)
Indeed, if &, — € > &na then F(&q — €) > F(éna) = F(éna) — Fu(€na) + Fu(éna) > @ — & which
contradicts the first inequality in (40). Moreover, if & +€ < gAn,a then F(&54€) < Fo(65 +€) 40 <
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a + 0 which contradicts the second inequality in (40). The strong convergence of En,a to the set

[a, T ] follows from (41). The conclusion follows. O

The asymptotic behaviour of the empirical quantile when the residuals are replaced by innova-
tions is given for the sake of comparison in the following lemma. Having been unable to find a
reference for this result, we provide a proof for completeness. Let &, . the empirical a-quantile of

the innovations 71, ..., 79n.

LEMMA 17. For the iid sequence (n;) and o € (0,1) we have:

(a) If & # &a, then liminf &, o = &, limsup&ua =&5, a.s.
Moreover, P(&na < &) =1—P(na > &) = 1/2 as n — co.
(b) If £ = & (Assumption A13), then &no — &a  a.s. Moreover, letting a— = P(n; < &) and

ap = P < &a):

(i) Ifa >a_: P

(éna < &) =0 asn— 0.
(i) Ifa < ay: P(pa <&)—1asn— .
( )
( )

i)

(i11) If o = a_: P(&na < &a
(i) If « = ay: o <&)—1/2 asn — oc.

—1/2 as n — oo.

g

Proof. The argument used in the proof of Corollary 3 shows that £, — € < &0 < &6 + €, noting
that the usual Glivenko-Cantelli lemma does not require assumption A5. Because there are no n;’s

in the interval (£,,&1), it follows that, for sufficiently large n,
fa —e< gn,a < éa or 5(—)‘2_ < gn,a < 5;_ + €. (42)

If & # &,, the last inequalities entail that {liminf &, o,limsup&, .} C {&a, &S}, a.s. Note that
bno > 2 if 23 1, .. < a. Moreover P(n, < &8) = P(n < &) = F(&) > a. Because
&5 > &,, we actually have F(£,) = a. Therefore

(gna>§a = ( Zln<§+<a):P(Zn<0),

where
77 <£+
N(0,1).
The conclusion follows in case 1.

Now, if £ = &,, the strong consistency of &, o follows from (42). To show the results in (a)-(d),

the previous arguments can be adapted: for instance we have

P(gn,azga = (IZ\/% \/%)
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Fig. 4. For o = 1/2, computations of &, . for two simulations of length 101 of a density which does not
satisfy A13.

from which (a) and (c) can be deduced. The arguments for (b) and (d) are similar, using the

characterization: &, o <z iff %2?21 1, <. > o O

The first part of this lemma shows that, for iid observations, (7) is replaced by

[liminf &, o, imsup &n.a] = [éa, &) a.s.

In particular, the empirical quantile does not converge when Assumption A13 is not satisfied, as
illustrated in Figure 4. The second part shows, in particular, that if o < a < oy then P(§,0 = &a)
tends to 1. On the other hand, when a_ = a4 (no mass at §,) then P(§,,o = &) tends to 0.
When A13 does not hold, not only &, , but also the sample quantile EW of the residuals may
not converge to &,. For instance, in the constant scale model, ¢; = o, we have 7, = Zn; where the

ratio converges to 1 and thus both &, , and EW = Z&n,a do not converge.
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