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Abstract

In this article we investigate entropic interpolations. These measure valued curves describe
the optimal solutions of the Schrodinger problem [Sch31], which is the problem of finding the
most likely evolution of a system of independent Brownian particles conditionally to observa-
tions. It is well known that in the short time limit entropic interpolations converge to the
McCann-geodesics of optimal transport. Here we focus on the long-time behaviour, proving in
particular asymptotic results for the entropic cost and establishing the convergence of entropic
interpolations towards the heat equation, which is the gradient flow of the entropy according
to the Otto calculus interpretation. Explicit rates are also given assuming the Bakry—Emery
curvature-dimension condition. In this respect, one of the main novelties of our work is that
we are able to control the long time behavior of entropic interpolations assuming the C'D(0,n)
condition only.

1 Introduction

In two seminal papers [Sch31, Sch32], E. Schrodinger asked the question of finding the most
likely evolution of a cloud of Brownian particles conditionally on the observation of its empirical
distribution at two different times ¢ = 0 and 7. In modern language, Schrodinger’s question
is translated into an entropy minimization problem under marginal constraints, known as the
Schrodinger problem. The discovery [Mik04] that the Monge-Kantorovich problem is recovered
as a short time (or small noise) limit of the Schrédinger problem has triggered an intense research
activity in the last decade. Among the reasons for this renewed interest are the fact that adding
an entropic penalty in the Monge-Kantorovich problem leads to major computational advantages
(see for instance [PC19]) and the fact that the behavior of optimal solutions, called Schrédinger
bridges or entropic interpolations, can be precisely quantified under a curvature condition. In
particular, a convexity principle akin to the celebrated displacement convexity of the entropy
[vS05] holds for Schrédinger bridges implying a novel class of functional inequalities and the
exponential convergence of entropic interpolations towards the equilibrium configuration as the
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time interval between observations grows larger. This last result generalizes the exponential
dissipation of the entropy along the heat flow [BE85] and, in view of the stochastic control
formulation of the Schrédinger problem, may be regarded as a turnpike theorem for Schrodinger
bridges. Indeed, the fact that optimal curves of dynamical control problems spend of their time
around equilibrium states, called turnpikes, is known in the optimal control literature as the
turnpike property [McK63, TZ15]. Motivated by these results, this article aims at improving
the understanding of long time behavior of entropic interpolations under a curvature-dimension
condition. In particular, we aim at quantifying the role played by the dimension, so we devote
a large share of our efforts to the setting C'D(0,n), covering in particular the case of Brownian
particles in R"™, which corresponds to the original Schrédinger problem [Sch31]. Since most of
the existing literature focuses on the short time regime when the Schrédinger problem converges
towards optimal transport, much less is known for large times: in particular no asymptotic result
for large times appear to be known under the C'D(0, n) condition. Leaving all precise statements
and definitions to the main body of the article, let us give an overview of our contributions:

e We prove at Theorem 4.6 sharp asymptotic bounds for the entropic cost Cr(u,r) under
CD(0,n) as well as for the associated energy Ep(u,v). In stark contrast with the results
obtained under C'D(p,o0), the cost may diverge when T goes to infinity, but not faster
than logT and the exponential decay of the energy does not hold, but only an algebraic
one sided estimate of the order 1/T" can be established:

2n
_ST(IU‘al/) < ?7 CT(IU'ay) Scl(u7 V)+2Tl10g(T)
The sharpness of these estimates can be seen by considering Brownian particles on R”,

i.e. the classical Schrodinger problem. Moreover, we also obtain the two-sided asymptotic
estimate |E7(p,v)| < Clog(T)/T.

e We show at Theorem 4.7, that on a fixed time window [0,¢], the entropic interpolation
(Schrédinger bridge) constructed over a growing time window [0, 7] converges to the gra-
dient flow (the law of a diffusion process) when 7" — +o00. We also establish a rate of
convergence of log T'/T, i.e. we prove that

logT

T
where 41} is the entropic interpolation, P;(u) the gradient flow and W (-, -) the Wasserstein
distance. The /logT /T rate may be suboptimal as in some concrete examples we find
a rate of convergence of 1/T. This result admits a natural interpretation in terms of
Schrodinger’s thought experiment. Indeed, by ergodicity of the underlying particle system,
its configurations at times ¢ and T are approximately independent. Therefore what an
external observer sees at time 7' has a small influence on the particle distribution at time
t and particles are expected to behave almost as if no observation was made, i.e. following
the gradient flow of the entropy.

Wa(ui, P(p) < C

e We show at Theorem 4.9 a dissipation estimate for the Fisher information Zy, along the
entropic interpolation (MtT)te[o,l]- This estimate tells that under C'D(0,7n) the Fisher in-
formation, calculated at time ¢ which is of the order of T', decays at least as fast as 1/7™:

*We refer to Theorem 4.9 and the main body of the article for a rigorous definition of all the objects appearing in
the equation below.
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It is worth noticing that the decay of the Fisher information at rate 1/7T" along the gradient
flow is a well known fundamental consequence of the CD(0,n) condition. The sharpness
of the dissipation rate we establish follows from the fact that it implies a similar estimate
along the gradient flow, which is known to be sharp. Besides being interesting in its
own right, one may view this result as a replacement for a turnpike theorem in a context
where a classical turnpike result cannot be proven. Indeed, assuming only C'D(0,n) is not
strong enough to ensure that the associated relative entropy functional admits a minimizer
among probability measures. This translates into the fact that there is no turnpike for
the stochastic control formulation of the Schrédinger problem. However, our estimate
guarantees that optimal trajectories stay in regions where the Fisher information is small.

Another contribution of this work is to provide alternative proofs of exponential turnpike
estimates and exponential decay of the conserved quantity under the C'D(p, c0) condition. These
results have already been obtained in [CT19] and [BVCGL20]. The proofs we make in this article
are done in close analogy with a toy model for entropic interpolations put forward [GLR20] and
are therefore simpler to read and amenable to generalizations beyond the frameowrk considered
in the above mentioned references.

Organization In Section 2 we introduce curvature-dimension conditions and recall basic
facts about the Schrodinger problem and state our main hypothesis. In section 3 we prove the
main results of the paper for a toy model introduced in [GLR20]. In Section 4 we lift our results
from the simple setting of the toy model to the general Schrédinger problem. Along the way, we
illustrate the sharpness (or not) of our results by means of examples. The case of the Euclidean
heat semigroup is studied in more detail at Section 4.4.

2 Setting of our work

Markov semigroups and the curvature-dimension condition C'D(p,n)

Let (N, g) be a smooth, complete and connected Riemannian manifold. We consider the gener-
ator L = A— VW -V where A is the Laplace-Beltrami operator, V is the gradient operator. V-
is the divergence operator (in order to have A = V-V) and W : N — R is a smooth function.
The carré du champ operator I' is defined for any smooth functions f, g by

O(7,9) = 3(L(fg) ~ FLg— gL).

Under the current hypothesis I'(f) = |V f|2, which is the length of V f with respect to the metric
g (for simplicity, we omit the dependence with respect to the metric). As usual, we adopt the
shorthand notation I'(f) for I'(f, f). The measure dx denotes the Riemannian volume measure.
Whenever Z = [ e Wdxr < 400 then we set dm = %dm, the corresponding probability
distribution, that is reversible for L. When Z = oo, then we set dm = e~"Wdx: m has infinite
mass and is still reversible for L. We denote by P(N) (resp. P2(N) and M(N)), the set of
probability measures on N (resp. probability measures admitting a second moment and the set
of positive measures). We assume that L is the infinitesimal generator of a Markov semigroup



in the sense proposed in [BGL14, Sec. 3.2], that is to say, (IV,I',m) is a full Markov triple. The
Markov semigroup is denoted (P;);>0, and is identified with the map (t,z) — P, f(z) solution
of the parabolic equation
{ owu = Lu
u(0,-) = f(),

for function f € L?(m). The Markov semigroup admits a Markov kernel p;(z,dy) with density
p¢(,y) against the invariant measure m, that is for all functions f € L?(m)

(1)

Pf(x) = / e, dy) = / F)pe(,y)dm(y).

We also introduce the dual semigroup (P;*);>0 acting on absolutely continuous probability mea-
sures u € P(N) as follows

Pr(u) :Pt<€WZ—Z>m=Pt<5_:@>mEM(N)‘ (2)

One finds that (¢, z) — % is a solution of the Fokker-Planck equation,

Oy =Ly = Ay + V- (VtVW) =V- (ytV(log vy + W))v (3)

starting from %.
Following the seminal work of Bakry—Emery [BE85], we say that the semigroup satisfies the
curvature-dimension condition C'D(p,n) with p € R and n € (0, o0] if for any smooth function

f defined on N,

1
Da(f) > o0() + - (LF) @
where T'o(f) = 1LT(f)—T(f, Lf) is the iterated carré du champ operator. Following again [BES],
the curvature-dimension condition CD(p,n) with p € R and n > d (where d € N* is the di-
mension of N) is equivalent to the following inequality on tensors

1
When n = d, then we need to impose W = 0 in the above. In particular, if Ricy > pg for
some p € R, then the Laplace-Beltrami operator A satisfies the C'D(p, d) condition. On R",
if W(z) = |x|?/2, then L satisfies CD(1,00), whereas if W = 0, L is the Euclidean Laplace
operator which satisfies CD(0, d).

Statement of the Schrodinger problem

In this section, we recall some basic facts about the Schrodinger problem following the pre-
sentation of [Lélda], see also [Fol88]. In order to do so, we need to introduce the relative
entropy functional, defined for any probability measure q and a positive measure r on the same
measurable space as follows

d
/log d—?dq € (—o0,+00], if q < r;

H(qlr) = ()

400 otherwise.



Since the measure r is only a positive measure, some additional assumptions for the measure q
are needed to ensure that the entropy exists, see [Lé14b, CT19]. For a given T > 0, let ) =
C([0,T7, N) be the set of continuous paths from [0,7] to N on which we define the probability
measure R, € P(Q) as the law of a Markov process with generator L, started at z. Finally we
define the positive measure R (-) by

RT() = /Rx(~)dm(az) e M(N).
For a given pair of probability measures p,v € P(IN), the Schrédinger problem is

SChT(:uv V) = 1nf{H(Q|RT)7 Q S P(Q)7 QO = M, QT = V}7 (6)

i.e. it is the problem of minimizing the relative entropy H(-|RT) among all path probability
measures @ € P(Q) with prescribed initial marginal ; and final marginal v, that is Xo#R? = u
and X7#RT = v. Also, notice that the Schrodinger problem admits a static formulation, that
is

SChT(:uvy) = inf {H(’”R(I;T)’ v E P(N X N))’YO =M, = V}a

where Rl = (Xo, X7)#RT is the joint measure of initial and final position of RT, see [Lé14al.

Fundamental results on the Schrodinger problem and usual hypothesis

In order to ensure the existence of an optimal solution we suppose throughout this article that
for any T > 0, there exist two non negative measurable functions A, B such that

(i) pr(z,y) = e~ A®=AW) yniformly in z,y € N;
(ii) [ e POBWpr(z,y)m(dz)m(dy) < oo;
(iii) [(A+ B)dp, [(A+ B)dv < oc;
(iv) —oo < H(pm), H(v|m) < oo.

Let us notice that hypothesis (i) and (ii) are satisfied for a large class of Markov semigroup,
in particular for the one studied in this paper, semigroup satisfies a C'D(p, o0) conditions with
p € R. For more details, we refer to [Lélda, GT18]. Under these assumptions, it is proven
at [Lél4a, Theorem 2.12] that the entropic cost Schr(u,v) is finite and has a unique minimizer
Q € P(2). Moreover the minimizer has the following product form

dQ

dRT = f(Xo)g(X71), (7)

for some measurable and positive functions f and g on N. The above formula implies that if
we denote by (MtT)te[o,T} the entropic interpolation

/L? = Qt € P(N)7 te [07T]7

then we have
ui = PifPr_igm. (8)

All of these results can be found for instance in the survey [Lél4a].



The Benamou-Brenier-Schrodinger minimization problem

In analogy with the Benamou-Brenier fluid dynamic formulation of optimal transport [BB00],
we can recast the Schrodinger problem as a minimization problem among absolutely continuous
curves on Po(N) with respect to the Wasserstein distance. We recall that the Wasserstein
distance is defined as follow, for every p,v € Py(N),

Wa(yu,v) = in \/ [[ dwvrante.w.

where the infimum is running over all 7 € P(N x N) with marginals u and v.
Following the presentation of [AGS08, Chap. 1], we recall that a path [0,1] 3 ¢ — p; € Pa(N)
is absolutely continuous if and only if

1%
| 1= Tim supY 22U Hs) ¢ p1pg ).
s—t |t_3|

Moreover, for any absolutely continuous path (u¢)e=0, there exists a unique vector field (¢, z) —
Vi(x) such that [|Vi|?duy < oo and |fu|* = [ |Vi|*dus (a-e. in [0,1]). The vector field V; is in
fact a limit in L?(uy) of gradient of compactly supported functions in N, as it is explained in
the section related to the Otto calculus, cf. page 7. For every t € [0, 1] we denote

/lt = ‘/t7 (9)

and we call fi; the velocity of the path (j1¢);c[0,1] at time ¢. Finally, the vector field V; is a weak
solution of the continuity equation

B + V- (Vy) = 0. (10)

For instance, in the case of the generalized Fokker-Planck equation (3), the velocity of the path
(Vt)t>0 is

d
b= -V <log d—’;f + W) . (11)

For every pu € P2(N) and any vector fields V and W in L?(u), we denote by (V, W), =
[ V-Wdp the natural scalar product of L?(p) and |V, the associated norm.

Definition 2.1 (Entropic cost function) For any measures u,v € P(N), let define

T
ol =int { [ [, + T ds p € 0.53), (12

where the infimum runs over all absolutely continuous paths (Ms)se[o,T} satisfying po = @ and
ur = v. Inthe above, for any probability measure p € P(N), Iy denotes the Fisher information,

Tw(p) = /F<log %)du = /F<log (Z—i) + W> dp € [0, 400, (13)

if quantities are well defined and +oo otherwise.



Through a simple change of variable, if we define

ArGu) =t { [ (s, + T2 s

where now the infimum is running over all paths (us)sejo,1) absolutely continuous with respect
to the Wasserstein distance, satisfying the condition ug = p and g1 = v, then we have

Ar(p,v) =TCr(p,v).

Let us notice that, for simplicity, the definition of the cost A7 differs by a factor 2 from the
one defined in [GLR20]. For any probability measure p € P(N) we define the relative entropy
functional

log (£ dp = Entyy Wdp,  if du < da,
f(u):{fog(dm>“ ntax(p) + [ Wep,  if dp < d ”

400, otherwise.

In the above formula, Ent g, (1) := [ log (g—g) dp is the entropy of p with respect to the Rieman-

nian measure. The following result relates precisely all the variational problems encountered so
far.

Theorem 2.2 (Benamou-Brenier-Schrédinger formulation) For any compactly supported
measures i, v € P(N)
AT wn, v 1 CT w, v 1
Sch (1) = 204 L (r) 4 F )y = LD Ly Fwy). )
4T 2 4 2
Versions of this result have been proven in different papers [CGP16, GLR17, GLR20, GT20].

Otto calculus, Hessian of 7 and Newton equation

Otto calculus, developed in the seminal papers [JKO98, Ott01, OV00], allows to formally view
the space P(N) as an infinite dimensional Riemannian manifold. This viewpoint has already
proven to be extremely useful as it provides an interpretation of a large class of dissipative
PDEs as gradient flows, greatly facilitating the task of obtaining entropy dissipation estimates
if the entropy under consideration is displacement convex. In this short section, we give a very
concise introduction to Otto calculus, explaining at the formal level why, although entropic
interpolations are not gradient flows, adopting such viewpoint still gives precious insights. Our
presentation is based on [GLR20], to which we refer for more details. In this article, we use Otto
calculus as an heuristic guideline. However, many of the following statement can be turned into
rigorous statements, see the monograph [Gigl2].
Heuristically, the tangent space at p € Py(IN) is identified with

T,Py(N) = Vo, g N> R, € Co(N)} W,

The Riemannian metric on 7,,P2(N) is then defined via the scalar product L?(u) that we
introduced before and denoted (-,-),. Such metric is often referred to the Otto metric and it
can be seen that the geodesics associated to the Otto metric are the displacement interpolations
of optimal transport. Using this, a straightforward computation implies that the gradient of
the entropy F at p is given by

dp
grad, F = Vlog <%> € T,P2(N).



Accordingly, we can rewrite the Fisher information functional Zyy as
Ty (1) = |grad, FI; =: T(F)(n),

where T'(F) can be interpreted as the carré du champ operator applied to the functional F. In
light of (11), we can now view the semigroup (P} )0 as the gradient flow of the function F,
that is to say

vy = —grad,, F.

Now, we turn our attention to the second order Otto calculus introducing covariant derivatives
and Hessians. A remarkable fact is that the Hessian of the entropy functional F can be expressed
in terms of the I'y operator. Indeed we have (see for instance [GLR20, Sec 3.3])

Vi€ Po(N), Vo, Vi € T,Po(N), Hess, F(Vip, Vi) / Ta(p, )du.

At this point we can see that the curvature-dimension condition CD(p,n) (p € R, n > 0) is
equivalent to the differential inequality

Vi € Po(N), Vo € T,P2(N), Hess, F(Ve, V) > |Vg0|i + %(gradu}", Vgo)i. (16)
From the work of [EKS15], we know that the infinitesimal generator L satisfies the curvature-
dimension condition (4) if and only if the functional F satisfies the differential equation (16).
A crucial fact about entropic interpolations, i.e. the optimizers of (12), is that they solve a
second order differential equation. In order to state the equation, we need to introduce the
notion of acceleration of a flow (u¢)iejo,r)- As in a finite dimensional Riemannian manifold,
the acceleration of a curve is defined as the covariant derivative of the velocity field along the
curve itself. Recalling the definition of velocity fi; we gave through (10), it turns out that the
acceleration, which we denote ji; is given by

" d 1
fir =V (E% + §|V90t|2> € T, P2(N), (17)
in the case where i} = V;. It has been noted in [Conl19, Theorem 1.2] (see also [GLR20,
Sec 3.3. and Proposition 3.5]) that the entropic interpolation (,u;f)t €[0,T] is a solution of the
following second order equation

. 1
pl = 5gradutTI‘(]:) = Hess“tT}'(grad“tT}") € TutTP2(N)' (18)

We call the above a Newton equation, in analogy with Newton’s law X = F(X), which
describes the evolution of a particle in a force field. In the rest of the paper, we shall heavily
exploits this analogy in order to obtain the main results.

3 The finite dimensional case

In this section we study a toy model introduced in [GLR20, Sec. 2]. Despite its simplicity, this
model already captures quite well the geometric structure of the Schrodinger problem. In fact,
we shall see in the next section that the results obtained for the toy model transfer with little
effort to the Schrodinger problem. Let F' : R®™ — R be a twice differentiable function with



d > 0. We note F' (resp. F") the gradient (resp. the Hessian) of F. For every T > 0 and
xz,y € R", the toy model is the following optimization problem

Cr(w,y) = inf {/OT sl + |F’(ws)|2]dt} , (19)

where the infimum taken over all smooth paths from [0,7] to R™ such that wy = 2 and wr =y
and Wy = %ws. A standard variational argument shows that any minimizer (X]) te[0.7] of (19)
satisfies Newton’s system

B} 1
RE = SUPPY(XE) = PO (X, 0)
Xg =, Xjrlj =Y,
and is called an F-interpolation between z and y. If (X )tef0,1] is an F-interpolation, then from
Newton’s equation (20) we get that the quantity
T2 2
Er(z,y) = |X{ | = [F'(XD)],

is conserved, i.e. it does not depend on t. Let (S;):>0 be the gradient flow semigroup of F' that
is for every x € R™, (Si(x))=0 is the only solution of

{ dSi(x) = —F'(Si(2)), t >0
So(z) = x.

Heuristically, the best way to minimize Cr(x,y) is to follow closely the gradient flow for most of
the time, and only when final time T is very close, depart from it to reach the target destination
y. In terms of Schrodinger’s thought experiment, this means that the effect of the observation
made at T affects only slightly the dynamics of the particle systems at time ¢, provided T — ¢ is
large. Using the language of control theory, what we are saying is that F-interpolation satisfy
the turnpike property [TZ15]. This leads to believe that, for ¢ > 0,
X' = Si(x).
T—o00

In Sections 3.2 and 3.3 we establish a quantitative form of this convergence results under two dif-
ferent types of convexity hypothesis on F', which are finite dimensional analogs of the C'D(p, +0)
and C'D(0,n) conditions. Indeed, inspired by (16), we say that F'is (p, n)-convex for some p € R
and n € (0, 00] if

1
F" > pld+ ~F ® F'.
n

Here, we only treat the case where F' is (p,00) or (0,n)-convex.

3.1 Two examples in finite dimension

To build intuition, we start working on two examples, which allow for explicit calculations. In
both cases, we provide precise estimates for the three quantities of interest (calculations are
detailed in Appendix A):

o the cost Cr(z,y);
e the conserved quantity Er(x,y);

e the distance between the F-interpolation and the gradient flow |XtT — St(a:)|.



3.1.1 A (1,00)-convex function
Let consider F(z) = |z|?/2, x € R™ Then F” = Id, that F is (1,00)-convex. We find that
e The gradient flow starting from x € R", is given by Sy(z) = e~ tx, t > 0.

e The F-interpolation (X between z and y is given by X! = S; (ar) + St—¢ (Br),
t ] t

te[0,T
T

—ye—T —we
for t € [0,T] where ar = % and Br = Z{_iifﬂ

e For all z,y € R™ and T > 0, the conserved quantity is given by Er(z,y) = —4e T arfr
and there exists a constant C' > 0 (depending on x,y) such that

Er(z,y)| < e TC, T>0.

e The cost function is given by Cp(z,y) = (1 - e_QT) (|ozT|2 + |ﬁT|2) ,x,y € R™ and there-
fore there exists a constant C' > 0 (depending only on x and y) such that for any T > 0,

Cr(z,y) <C.

e For all z,y € R", the distance between entropic interpolation and gradient flow is given
by
_ 2sinh(t

!XtT - St(m)| = ﬁ ‘y —ze e ™ T > 0.

As a conclusion in this example, the F-interpolation converges exponentially fast toward the
gradient flow.

3.1.2 A (0,1)-convex function

Let F(z) = —log(x), for any x > 0. Since F"” = (F')?, then F is a (0, 1)-convex function. All
computations are explained in Appendix A.1.

e The gradient flow from z > 0, is given by Si(x) = V2t + 22, t > 0.

22 /FATT?

e For all z > 0 and T' > 0 the conserved quantity is given by Ep(z,x) = 725

, and
there exists a constant C' > 0 (depending on x) such that

C
|Er(x, )| < T T > 0.

The cost function satisfies Cp(x, ) o 21og(T).

—00

e The F-interpolation between x and x is given by

vt e [0,T], X} = \/332 + t2Ep(z,7) + 2t\/1 + Er(x,x)z2.

There exists a constant C' > 0 (depending on z) such that

X7~ Sy(a) < &

—. t 1|, T .
T € [0,1], >0

10



3.2 The (p, c0)-convex case

In this section we are assuming that F' is a smooth and positive p-convex function for some
p > 0, that is
F" > pld. (21)
Since p > 0, there exists * € R" such that inf F' = F(z*).
Under this convexity condition, the cost is bounded, that is for all z,y € R and T' > 0

14 e AT

Cr(z,y) < QW

(F(x) + F(y) — 2F(7)) (22)

see [GLR20, Cor 2.13]. The above result can be reinforced as follows, with the same proof,

2 (@) = F@0) + 20— gy (F(y) = Fa™)

1 —2pt 1 —2p(T'—1)
Cr(z,y) < inf){Z T e T . (23)

Thus, the cost is bounded by a constant, depending only on = and y. To quantify how far the
F-interpolation (X} )ielo,7) 18 from the gradient flow we introduce the function

v = F'(X[)+ X[, t€0,T].
First we control the vector field (gotT)te[()’T}.

Proposition 3.1 For all z,y € R", T'> 0 and t € (0,T) we have

2p
o P <

S @[T =) -1 (Cr(z,y) +2F(y) — 2F(x)).

In particular,

of P < (P @)~ F@?) 4 e (Fly) — Fa™). (20)
ol = exp(2p(T —t)) —1\1 — e—2t 1200 VY .
Proof
< Newton equation (20) implies that 4T = F”(X])]. Combining with (21) we get

d

ler [ = 20l 2.

Therefore for all t < s < T we find |pL|? > exp(2p(s —t))|p! |2, and integrating this bound over
[t,T] we get

T
exp(o(T — 1) ~ 1
e e

Observing that ftT loT|2ds < Cr(z,y) + 2F(y) — 2F(x) and using (23) we obtain the desired
results. >

Theorem 3.2 (Convergence of the F-interpolation) For all x,y € R", T > 0 and t €
(0,7)

X7~ Sy(x)] < texp(—m\/ S e (Crle) + 2P ) ~ 27 @),

11



Furthermore there exists a constant C' > 0 depending only on x and y such that for everyt > 0

and T >t
texp(—pT)

\/exp —2pt) — exp(—2pT)’

X = Si(@)

Proof
< Let 0 <t <T —1. Whence by the Cauchy-Schwarz inequality and the Proposition 3.1 we
have

d | X[ = Si(@)|”

. - = (X[ + F'(Si(x)), X{ — Si(x))

= —(F'(X]) = F'(S¢(2)), X{" = Si(@)) + (X[ + F'(X]), X[ = Sy(x))
< ot [1X7 = Si(a)]-
The result follow from integration of this inequality and the Proposition 3.1. >
According to the example given in Section 3.1.1, Theorem 3.2 gives the optimal rate for the
convergence.
3.2.1 Turnpike property

Under the hypothesis that F' is p-convex with p > 0 as defined in (21), it is well known that the
gradient flow S; dissipates F' at exponential rate 2p. This mean that,

F(Sr(z)) — F(a*) < exp(~2pT)(F(x) — F(a*)).

The aim of this subsection is to show that a similar estimate holds replacing the gradient flow
with the F-interpolation. A fundamental ingredient needed for the proof of this result is the
following exponential upper bound for the conserved quantity Ep(z,y).

Proposition 3.3 Forallz,y e R", T >0

Brle.)] € cots—y/Cha) 4P (@) — F)? (25)

Proof
< Denoting by (-,-) the inner product in R", we obtain

|Er(z,y)| = |<XT/2 +F/(XT/2) XT/2 F/( T/2)>| < |XT/2 + F'( T/2)||XT/2 F (XT/2)|

It follows from Proposition 3.1 that

2p

W(CT($7 y) +2F(y) — 2F ().

| X7 yo + F (X7 )| < \/
Next, we observe that the time-reversal of (X )te[o 7] is optimal for the variational problem
obtained exchanging the labels z and y in (19) This implies that Cr(z,y) = Cr(y,z) and
thanks again to Proposition 3.1 that

‘XT/2 F/(XT/2)| < \/exp(jﬁ(cﬂm’y) +2F(z) — 2F (y)).

12



using these two bounds in the above expression gives (25). >

We are now ready to prove the announced result. The proof is based on the above proposition
and the finite-dimensional version of the logarithmic Sobolev inequality, which reads as

20(F(z) — F(z*)) < |F'(z)2, Vz € R™ (26)

Theorem 3.4 For all z,y >0, T >0 and t € (0,T) we have:

sinh(2pT) 4p
sinh(2pt) _ Er(z,y)

ET(x’ y)
sinh(2p(T —t)) <F(y) 4p

L FE) o)

+ F(a:*)) +
Moreover, for all fized 0 € (0,1) there exists a decreasing function b(-) such that

F(X1r) — +F(z*) < blp)(F(z) + F(y) — 2F(z*)) exp(—2pmin{#, 1 — 0}T). (28)
holds uniformly in T > 1.

Proof
<1 A standard calculation gives

d . 1 . .
SFOXT) = (P, XT) = L (F/(XT) + XT12 = 1P (XT) - XTPP)

From this expression we obtain, using Newton’s equation and p-convexity of F":

| =
]

(F'(xH + x[)? - |F (X)) - XTP) > §(|F,(XtT) + X7 P+ |F(x]) - xT1P)
= 2p|F'(X1)? + pEr(2,y).

QU

t

At this stage we can use the logarithmic Sobolev inequality (26) to obtain that
20|F"(X1))? + pBEr(x,y) > 4p” (F(X]) = F(z")) + pEr(z,y).
Summing up, we have obtained that the function t — F(X[') satisfies the differential inequality

LRXE) > 4 (PXE) - Pa')) + pPr(a.g).

The bound (28) is then obtained integrating this differential inequality, see [BVCGL20, Lemma
5.6] for details. The bound (28) follows by using (25) and the upper bound (24) in (27) after
some standard (though tedious) calculations. >

3.3 The (0,n)-convex case

Now we assume an other kind of convexity. We assume F' is (0,n)-convex that is

1
F'>-F ®F (29)
n

13



3.3.1 Costa type estimates under the (0,7n)-convexity

The (0, n)-convexity is related to Costa type convexity [Cos85] and produced many useful es-
timates. All estimates are related to the same trick. Let @ > 0,7 > 0 and ¢ : [0,7] — R a
smooth function satisfying

vt € [0, 7], %gp(t) > ap’(t). (30)

Let @ be an antiderivative of ¢, then the map [0,7] > t — e~2®M) ig a concave function on [0, T7].
In that case, one can deduce the following properties, coming from classical convex inequalities.

1. Forallt e (0,7),

1 1
— — <o) < ———. 31
at_SO()_a(T_t) (31)
2. We also have the following inequality
1 1
— ~log(1 — aT(0)) < B(T) - @(0) < - log(1 + aT(T)). (32)

In our case, this remark gives some important estimates for gradient flow or F-interpolation
where the proofs are elementary.

i. Costa’s convexity [Cos85]: for any x € R"™, the map

0,00) 5 £ > exp <—%F(St(m))> (33)

is concave.

ii. Ripani’s convexity [Rip19]: for any F-interpolation (X{);c(o 7, the map

[0,00) Dt + exp (—%F(Xf)) (34)

1S concave.

iii. Improved Ripani’s convexity: for any F-interpolation (X[ )te[o,T}> the map

[0,00) 3 £ -5 exp <—%[F(XtT) +/Ot |F'(XZ)|2dsD (35)

3.3.2 Convergence of the F-interpolation

We begin by proving that the derivative of the cost in T is precisely —FEr(z,y), as observed
in [CT19] for the classical Schrédinger problem.

Proposition 3.5 We have for all x,y € R™ and T > 0 that

2 Cr(a,y) = ~Br(z.v) (36)
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Proof
<! Here we need to introduce another formulation of the cost. For every z,y € R® and T' > 0
we define

1
Ar(z,y) = int / [l + T2 F (ws) 2] ds,
0

where the infimum runs over all paths from x to y. Then from the so called envelope theorem
(see e.g. [LBI1] for a formulation of the envelope in the context of dynamic control problems)
and recalling that Ap(z,y) = TCp(x,y) we obtain

d d (
dTA r(x,y) = d—TTCTa;y —ZT/ |F'(@s)|?ds,

where @ is the optimal path in Ap(z,y). Operating the change of variable Tt = s we get that

d T
FFTCrlay) =2 [ [PTPat

where X[ is the F interpolation between z and y. Adding and substracting | X7'|? in the integral
and observing that the definition of cost and conserved quantity we arrive at

d
ﬁTCT(:E y) CT(ZE, y) - TET(:Ev y)7

from which the desired conclusion follows. >

As in the p-convex case we introduce ] = XtT + F'(X[). Combining the latter with the
improved Ripani convexity yields some useful results.

Theorem 3.6 For any x,y € R" and T > 0 we have

2n

- ET(«T,y) < ?7 CT(‘T7y) < Cl(xay) + 2n10gT7 (37)

Moreover, for allt € (0,T) we have

2 < 2F(y) — 2F(x) + C (=, y)—|—2nlogT

|Sot T ¢

where ol == XI + F'(X]) for every T > 0 and t € [0,T] .

Proof
< For the first statement observe that by (35) and the trick we have
n
[F'(XG)I” + (Xg, F'(Xq)) < o,

and completing the squares we have that

1. 1
|F'(Xg)I” + (F'(Xg),Xg ) = |F’(X0 )~ §|X0T|2 = —5Er(z,y),

which gives the first bound —Erp(z,y) < %” Integrating this inequality between 1 and T" we

find the desired bound for the cost. Finally, for the last inequality we observe that, dt|g0 |2 =
F"(XE) (ol oF), hence the function ¢ + |¢] | is non decreasing, hence

15



T T
(T — )72 < / (T 2ds < / o7 ds
t 0
T . .
- / X1 4 2(F/(XT), XT) + |F/(XT) 2ds
0
= Cr(e.y) + 2F(y) — 2F ().

Using (37) we get the desired result. >

Note that since T|Ep(z,y)| < Cr(z,y) we also obtain the two-sided bound |Ep(z,y)| <
log(T)/T. As in the p-convex case, we can deduce the convergence of the F-interpolation
towards the gradient flow semigroup of F' from the estimate of ! |2. The proof is exactly the
same as in the p-convex case, using the previous estimate.

Theorem 3.7 (Distance between entropic interpolations and gradient flows) For all
z,y € R", T >2andt e (0,T) we have

X7~ Si(@)] < 2v/(2(F(y) = F@)) + Ci(,y) + 2n1og(T)) (VT VT — ¢).
In other words, for all a > 2, there exists a constant C' = 0 such that for all T > a and t € [0, al

nlog(T).

X7 = Si(@)| < 0y =5

(39)
In light of the example described in Section 3.1.2, the estimate (39) may not be optimal.

3.3.3 A turnpike estimate

We saw in section 3.2 that the fundamental exponential entropy dissipation estimate along the
heat flow can be generalized to F-interpolations under the C'D(p,00) condition. Under the
condition C'D(0,n) the following fundamental estimates for the Fisher information along the
heat flow is known to hold,

/ 2 n
F(Sua))P < o
To prove such inequality, is it enough to differentiate |F'(S;(x))|* in time and apply the (0, n)-
convexity property of F' to close a differential inequality. In the next result we generalize this
estimate to F-interpolations. It is worth noticing that Theorem 3.8 below yields meaningful
information at timescales that are O(1), i.e. when ¢ is fixed. On the contrary, the next result
yields a non trivial bound also at timescales that are of the order O(T).

| 2

Theorem 3.8 For any z,y € R", T >0 and t € (0,T) we have

n

FI(XH]? < n + — 4
iurthermore for every T>0and0 e (O, 1),
F’ XJT L L —
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Proof
<1 The proof consists in combining inequalities of Section 3.3.1 and time-reversal. We first
observe that from improved Ripani convexity (35) we have

n

[F(XD)P 4+ (F(X), XT) < :
Tt

(41)

Next, we remark that (Y;"),cj01] = (X7_,)te0,) is a F-interpolation between y and z, i.e. it

is optimal for the variational problem obtained from (19) inverting the roles of x and y. But
then, using again (35),

. n

[F'(Yr_o)” + (F' (Yr_y), Yoo < 5

which is equivalent to
|F'(XO))? = (F'(x{), X[) <

n
t

Adding up this last bound and (41) yields the desired result. >

4 The infinite dimensional case

From now on, our base space the space of probability measure P(N) instead of R"”. In what
follows, we shall see how it is possible to replicate in a rigorous fashion the results obtained in
the finite dimensional case in the infinite dimensional setup.

4.1 The example of two (Gaussian measures on R

As we did before, we perform some explicit calculation use some simple example in order to build
intuition. In this example N = R is the Euclidean space equipped with the classical Laplace
operator. We are gonna to compute all the desired quantities in the case of two Gaussian
measures in R. Let g, 71 € R, u = N (xg,1) and v = N (z1,1). We denote by N (m,c?) the
usual Gaussian distribution with mean m and variance o2.

Recall that the gradient flow of the standard entropy is the dual of the classical heat semi-
group, namely

d
S.(u) = P () = P, (d—“) dz, t > 0.

In this particular case we are able to compute all the quantities of interest.

e The gradient flow starting from p of the standard entropy is given by

Vit >0, S (p) =P (3—'2:) de =N (z1,1+2t).

e The entropic interpolation between p and v is the path (N (a:;f, ol ) )telo,7) Where

r T—t t

T; = o + =21,
HT —1)
T
=14+2———=
7t + D2+ T’

17



for some D7 > 0. Furthermore it can be shown that, for every ¢ > 0,

T

r; —
tT—>oo 0
ol = 142t

T—o0

e The conserved quantity is given by Er(p,v) = 75 (z1 — x0)? — ﬁ, that is, for some
T

constant ¢ > 0,
€7 (p,v)] <

Nl o

e We have the following estimate for the cost Cr(u,v) o 2log(T).
—

oo

e The distance between the entropic interpolations and the gradient flow is given by, with
some C > 0,

2
c
+ ‘330 — ajﬂ2 T:;oo —

Wy (utT,Pt*M):\/‘\/l—l—Zt—\/atT T

As a conclusion, at least for two Gaussian measures, we obtain the same asymptotic behaviour
as in the example given in Section 3.1.2.

4.2 The CD(p,00) case

In this subsection we assume that the semigroup (P;);>¢ verifies a C'D(p, 00) curvature-dimension
condition that is

Ly (f) = pL'(f),

with p > 0. Since p > 0, the reversible measure m is then a probability measure and the
functional F has a unique minimum m such that F(m) = 0.

First, as in the finite dimensional case, a Talagrand type inequality for the entropic cost who
gave a bound for the cost, that is for all u, v compactly supported probability measures,

, 1+ e 2! 1+ e 20T
Cr(p,v) < ZtEI(%’fT) {m}—(ﬂ) + m}"(”) .

In particular we have the following inequality

14 e T

Cr(p,v) < 2@

(F () + F(v)).

These inequalities were first obtained in [Conl9] (see also [GLR20, Cor 4.5]). Hence the
entropic cost is bounded under a C'D(p, 00) condition. As in the finite dimensional case we need
an estimate for the L?(u!) norm of

d T
ol = grad r F + 1 = Vlog (;—é) +al, telo,T).

The following proposition, whose proof has been implicitly already done in [CT19, Thm 1.4] is
obtained following the proof of Proposition 3.1.

18



Proposition 4.1 Let assume the CD(p,00) condition with p > 0. Let u,v € Pa(N) be two
absolutely continuous, compactly supported measures with smooth positive densities against m.
For all T >0 ('“tT)te[o 7] denotes the entropic interpolation from u to v and for t € (0,T) we

define ¢l = I +Vlog(ul). Then for all T >0 and t € (0,T)

o 2y < e o) + 27(0) = 27()

In particular

TR, < 0 = Fw+—Fuw)
i ~exp(2p(T —t)) —1 \1 —e20t )T T =a(m—) :

Now we can obtain the main result: convergence of entropic interpolation towards gradient
flow. The idea of the proof is the same as in the finite dimensional case. however, some extra
care has to be taken in order to differentiate the Wasserstein distance. We recall that if (d;)>0
and (n;)i>0 be two absolutely continuous curves in Py(NN) such that for every ¢ > 0, é; and n,
are absolutely continuous w.r.t. dxr. Then we have for almost every ¢ > 0,

d W22(5t,77t) _

a 2 _<Tt175t>5t - <Tt2)77t>77t)

where exp(T}') (resp. exp(T}?)) is the optimal transport uf — Pjp (resp. Pfu — ul), see [Vil09,
Theorem 23.9]. Now we can state our main theorem.

Theorem 4.2 (Convergence of the entropic interpolation) Let assume the CD(p,0) con-
dition with p > 0. Let p,v € Po(N) be two absolutely continuous, compactly supported measures
with smooth positive densities w.r.t. m. For all’T > 0, (,u;f denotes the entropic interpo-

lation from p to v. Then for allT >0 and t € (0,T),

)te[o,T}

Wa (], P (1)) < texp(—m\/ ST fpexp(_QpT) (Crlp,v) + 2(F (W) — F(u))).

In other words, there exists a constant C > 0 depending only on p and v such that for every
t>0andT >t,
texp(—pT)

\/exp —2pt) — exp(—2pT)

W (Mt Prp) <

Proof
< Let T'> 0 and ¢ be a Lebesgue point of [0, 7]. The derive of the Wasserstein distance gives

d W2 (:Ut ,Pt*:“)

a 9 <Tt17 Mg>utT + <Tt27 gradPt*u‘F>Pt*M

= _<Ttlv /L? + gradutT]:>utT + <Tt17 grad“g"f>“g" + <Tt27 gradPt*p*F>Pt*M‘

Where exp(T}!) (resp. exp(T?)) is the optimal transport u] — Pfu (resp. Pfu — ul).
From [Vil09, Theorem 23.14] we have

<ﬂ1,gradug\r>uz + <ﬂ2,gradpt*u./—">Pt*M S 0’
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which is actually a rigorous proof of the convexity of the entropy along a geodesic. Whence we
have obtained
A WE(ui, Prp) _

dt 2 —(T i+ gradpy,, F),r

Since |T}| ur = Wa(ul, Pf i), by the Cauchy-Schwarz inequality

d W (:ut’Ptlu)

T T p*
AWSWE L) o) Wauf Py ),

where ! = il + grad pyp/ - These inequalities holds for almost every ¢ € [0,T]. The result
follow from the integration of this inequality and the Proposition 4.1, as in the finite dimensional
case. >

4.2.1 Turnpike property

It is well known that under the C'D(p, co) curvature dimension condition the gradient flow P of
F dissipates at exponential rate 2p, in particular for ' > 0 and 6§ € (0, 1) we have for u € Py(NV)

F(Pp(p)) < F(u)exp(—2pT).

Recall that in this case F(m) = 0 and is the minimum of F on P(N).

As in the finite dimensional case we can show that a similar estimate holds along entropic
interpolations. The first step is an exponential upper bound for the conserved quantity. The
proof is exactly the same as in the finite dimensional case.

Proposition 4.3 Let u,v € Py(N) be two compactly supported absolutely continuous measures
with smooth positive densities w.r.t. m. Then for every T > 0

80 0)| £ —— B [Ch 1) — 4(F (1) — F())?.

exp pT

We can now state our main result, the proof is similar to the proof of the Theorem 3.4
using the logarithmic Sobolev inequality. A similar result has been obtained for the mean field
Schrédinger problem, see [BVCGL20].

20F () < |grad,, F; = Tw ().

Theorem 4.4 Let pi,v € Po(N) be two be two compactly supported absolutely continuous mea-
sures with smooth positive densities w.r.t. m. Then For every T >0 and t € (0,T) we have

sinh(2p(T —t)) Er(p,v) sinh(2pt) Er(p,v) Er(p,v)
Flut) < sinh(2pT) <}-(H) a T4,0 >+ sinh(2pT) (F(V) B T4p >+ T4p ’

Moreover, for all 0 € (0,1) there exists a decreasing function b(-) such that

F(Xgr) < b(p)(F(u) + F(v)) exp(~2pmin {4,1 - 6} T).
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4.3 The CD(0,n) case

In this subsection we assume that L satisfies a CD(0,n) curvature-dimension condition, that is
for every smooth function f,
1
Lao(f) > — (LA

As explained in Section 2, this case is covers the fundamental example of R" with the usual
Laplacian. In that case, the measure m is not a probability measure.

The aim of this subsection is to prove the convergence of entropic interpolations towards the
semigroup (P} )0 under the CD(0,n) condition. But first let’s recall Costa type estimates,
which are fundamental for our purpose.

4.3.1 Costa type estimates under the C'D(0,n) condition

The C'D(0,n) condition gives some important estimates for gradient flow or entropic interpola-
tions. The proofs follow the same trick explained in Section 3.3.1. As in the finite dimensional
case, estimates are given for the gradient flow or the entropic interpolation.

i. Costa’s convexity [Cos85] : for any p € Pao(N) the map

3 [0.00) o> exp (-2 () (42)

Let us briefly recall the proof. For any probability measure pu,
F(P () = / Pihlog Pihdm = Ent,,(Pih),

where h = %. Following the Bakry—Emery computations, see for instance [BGL14, Proof
of Theorem 6.7.3]

d? 2
W}-(Pt*(ﬂ)) = 2/F2(10g P.h)P.hdm > - / (Llog Pih)? Pthdm, >

%</Llog PthPthdm>2 - %(/F(log Pth)Pthdm>2 2 (%]—“(Pt*(u)))z,

n
which is the inequality (30) with a = 2/n.

As in the finite dimensional case we obtain two inequalities useful for the rest of the paper,

Tw(Fip) < = (13)
and
F) = F(Pp0) < 5 tow (1452w ) (a4

ii. Ripani’s convexity [Rip19]: for any entropic interpolation (,utT)te[o’T}, the map

2 [0.00) o> exp (~ L) ) (45)
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iii.

1S concave.

The proof is similar to Costa’s convexity. There exits two positive functions f, g such that
T _
pe = Pif Pr_igm,

then
Flul') = / Pyf Pr_yglog(Pf Pr_ig)dm,

and the proof is based on computation of the second derivative of such function, see [Rip19]
for additional details.

Improved Ripani’s convexity: for any entropic-interpolation (,u;f)te[oﬂ, with ,uE‘)F and ,ur_:ﬁ
smooth and compactly supported probability measures, the map

1 t
t>[0,00) — exp <_E [F(utT) +/ |graduST]-"\des}> (46)
O S

is concave.

In particular, from (31), we obtain for ¢ € [0,T),

I'(Pr_:g)

T 2 _
(grad,» F, f1; ) + |gradutT]-'|“tT = /2Pt< Pr g

n
— LPr_ < — 4
Tt9>fdm_T_t (47)

A rigorous proof of the concavity of (46) is quite tricky. For an heuristic proof, it is enough
to formally compute the second derivative of (46) and use the infinite dimensional version
of (29). It will be discussed in a forthcoming paper. For the scope of this paper, we
only need inequality (47) for which we can provide a direct proof. Again, there exist two
positive smooth and compactly supported functions f, g such that p] = P.f Pr_;gm, then

grad s F =V log(P.fPr_:g),

and
jif =VlogPr_yg—VlogPif.

Then we obtain,

(grad,r F, i) + |grad,r F|2r =

[ (v (08Pt Pr_sg).log "Lt ) 4 Dllog(Pf Pr-i9)) ) P Pr-gdm =

P f
I'(Pr—
/23<M _ LPT_tg>fdm.
Pr_4g

The so-called Li-Yau inequality, proved for instance in [BLO6] in the context of the C'D(0, n)-
condition, insures that for ¢ € [0,T),

I'(Pr—:g)

— LPpr_;g <
Prig T—-t49

=T —t)

which implies (47).
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4.3.2 Convergence of the entropic interpolation

In this subsection we follow exactly the line of reasoning adopted in the finite dimensional
(0,n)-convex case. We first notice that the derivative of the cost in T is exactly —Er(u,v).

Proposition 4.5 ([CT19]) Let pu,v € Po(N) be two absolutely continuous and compactly sup-
ported measures with smooth density w.r.t. m. Then for every T > 0

d
d_TCT(:uv V) = _gT(:uv V)'

T
Defining ¢} := ] + grad, rF = il + Vlog (CZ%), combining the latter with Ripani con-
vexity we obtain, exactly as in the finite dimensional case, the following result.

Theorem 4.6 (Large time asymptotics for cost and energy) Let pu,v € Py(N) be two
compactly supported absolutely continuous measures with smooth positive densities w.r.t. m.
For oll T > 1, we denote by (M?)te(o T) the entropic interpolation from u to v and fort € (0,T)

we define ol = ] +Vlog(ul). Then for every T > 0 we have

2n
_gT(:u¢ V) < =

. Cr(p,) < Calpsv) + 2nlog(T),

and for all t € (0,T) we have

2F(v) —2F(p) + Ci(p,v) + 2nlog(T)

T—t '

Now we can state the main result of this subsection. The proof is the exact analogous of
Proposition 4.2 with the previous estimates.

ot |itT < (48)

Theorem 4.7 (Convergence of the entropic interpolation under CD(0,n)) Let u,v be
two absolutely continuous and compactly supported measures with smooth density w.r.t. m. For
all T >0, ('utT)te[O,T] denotes the entropic interpolation from u to v. Then for every T > 1 and
t € (0,T) we have

Wy (il Pr ) < 2v/2(F(w) — F(u)) + C1 (i, v) + 2nlog(T) (ﬁ VTt t) .

Furthermore for any a > 1, there exists a constant C' > 0, such that for allT > a and t € [0,al,

nlog(T) '

Wo (1l Pip) <C =

Remark 4.8 o The findings of Theorem 4.7 may be not be optimal. More precisely, they
are not optimal for R™ equipped with the usual Laplacian operator as we will see in the
next section. However, we do not know whether it is possible to improve on Theorem 4.7
assuming the CD(0,n) condition only. The natural conjecture is that under the hypothesis
of this section the convergence rate is T~', namely

. C
Wa (i Pip) < =, T >0.
e The CD(0,n) condition is not strong enough to imply that m is a probability measure: if

we were to add this assumption then, combining the results of [CT19] and the methods of
this paper, we could obtain a better convergence rate of T—Y/2.
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4.3.3 A turnpike estimate

Under the CD(0,n) condition the following estimates for the Fisher information along the heat
flow is well-known

* n
Tw (P (1)) = lgrad p , Flpe ) < 570 1 E Pa(N), £ >0.

We can show an analogous estimate along the entropic interpolations. The proof is the exact
analogous of the Theorem 3.8 by using the estimate (47).

Theorem 4.9 Let p,v € Po(N) be two compactly supported absolutely continuous measures
with smooth positive densities against m. Then for every T'> 0 and t € (0,T) we have

9 N ) n
/_' = < J— -
|grad‘uz |:U'? I” (lut ) = 9t + 2(T _ t)?
that is for every T > 0 and 6 € (0,1)
n
(T e —

Observe that this estimate is efficient at a timescale of order O(T').

4.4 A refined study of the Euclidean heat semigroup in R"

In this subsection (Pt)t>0 is the usual heat semigroup in R”, with invariant measure the Lebesgue
measure m (also denoted dz for simplicity) and the kernel

1 _Jz—yl?

Vﬂj’,y € Rn7 vt > 07 pt(x7y) = ¢ 4
(4rt)"/?

Recall that (P;)¢>o verifies the CD(0,n) curvature-dimension condition. In this setting we can
improve some of the results of the former section relying on a different method that exploits
I’-convergence. The first step is to establish a I'-convergence result analogous to the one recently
proven in [CT19] under the hypothesis that m is a probability measure. This hypothesis is clearly
violated here. For the definition and basic properties of I'-convergence we refer to [Bra02]. For
T > 0 we denote by ROTT the positive measure,

Rir(dedy) = pr(z, y)m(dz)m(dy).

A crucial observation here is that for all T > 0 we have supp(f’) = supp(n) and supp(g’) =
supp(v). This follows from equation (8) at time t = 0 and ¢ = T and the basic properties of the
heat semigroup. Let us now prove the announced I'-convergence result.

Theorem 4.10 (I'-convergence of the Schrédinger problem) Let u,v € Py(R"™) be two
compactly supported and absolutely continuous probability measures. Then

H(-|RL) = Zlog(4xT) S H(-|mem). (49)
2 T—o0
In particular,
Cr(u,v) — 2nlog(4nT) et 2F () +2F(v). (50)
—+o00
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Proof
< Let (Tx)k>1 be a diverging sequence. We begin by proving the liminf inequality: consider
v, — v weakly and recall that

T
dRO%k _ 1 exp _‘y—xP
dm®@m (47TTk)n/2 4Ty, ’

which gives

1 n
HOwIRG) = Howlm @ m) + 10 [ | = yPuldedy) + § log(4nTy)

The desired inequality follows by letting k¥ — oo, the lowersemicontinuity of H(:|m ® m) and
the fact that for all £, the marginals of ~; are p and v, which admits a second moment. For the
limsup inequality, it suffices to choose v = v as recovery sequence and argue as we just did.
Let us now move to the proof of (50). We first observe that the optimal coupling in

inf H(y|lmem
ot (7] )

is p@v. Indeed, pR@v = (d“ x 42)(m @ m) is a transport plan between p and v which is also
a (f,g)-transform of m ® m and such transport plans are optimal in the Schrodinger problem,

see [Tam17, Proposition 4.1.5]. Moreover it is easily checked that
H(p®@vim@m) = F(p) + F(v).

Since II(u,v) is weakly compact, using the basic properties of I'-convergence we have the con-
vergence of optimal values in (49), whence (50). >

Remark 4.11 In the setting of this section the expansion of Cr(u,v) — 2nlog(4nT) can be
improved to

T(Cr(p,v) = 2nlog(4nT) — 2(F(p) + F(v)))

T%+w4/lx—y| 1 @ v(dzdy).

Similar results have been obtained in [FSV' 19], where the convergence of the so called Sinkhorn
divergences towards MMD divergences is established.

Let us prove the announced convergence at speed 1/7.

Theorem 4.12 (Convergence of entropic interpolations in R") Let p,v € Py(R"™) be
two compactly supported absolutely continous measures with smooth positive densities w.r.t. m.
If (M;‘F)te[o,T] is the entropic interpolation from p to v then for every T >0 and t € (0,T),

(T = tPlgradg 7+ i oy~ [ o= [vdv(o)Papiu@)| | - o (51)
T—+o00
Moreover, for every a > 0, there exists a constant C > 0 such that for every T >a >t >0,
. C
Wa(pi , Pip) < T (52)
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Proof
< Let (f7,g") be two functions in L>(m) such that for every ¢ € [0,T): uf = P.fTPr_ig"dm
and ||gT||L1(m):1. Observe that for all 0 <t < T

2
‘gradMT}“—i- /ltT P = 4/F(log PT_th)d,utT.
Moreover I'(log Pr_:g") = WPT‘“’TQ‘Q = ‘PT‘NQTQ‘Q since VPr_;g" = Pr_4(Vg") for the Eu-
|PT—t9T\ \PT—t9T|

clidean heat semigroup. But then

PT_thT(a:)
Pr_g7 (x)

S Vg (y)pr- t(x y)dy
fg Y)pr—t(z, y)dy
Sy )pT i(z,y)dy
B fg Y)pr—i(z, y)dy

S 9" Wypr—i(z,y)dy
[ 9" (W)pr—(x,y)dy

2T —t) = 2T —t)

(53)

Next, we observe that a slight modification of Lemma 3.67 in [CT19] yields that g7 — j—;r’L in
L?(m) as T — oo. using this convergence and that supp(g’) = supp(v) for all T, we obtain

_le—yl?
/ g'(y)e *™-0dy — 1 uniformly on compact sets,

T—o0

and

_lz—yl?
/gT(y)ye ey dy T—> ydv(y) uniformly on compact sets.
—00

Therefore, if we define 07 (z) = ffggT(y y]fTT : (z;/y))di/y7 we have

Or(x) i ydr(y) uniformly on compact sets. (54)

Moreover, using the fact that supp(g”) = supp(v), we have that there exists a constant C' such
that
Vee R", T >1, |0p(x)| <C. (55)

Therefore

47 =07 [ Pox(Prog")@aif @) = [la = [vtvtn)Pariuce)
'/u—eT 2 (o /|x—/ydu< 24P u(a)
<| [l @~ [1elrruto)| +| [ torPaad @) - | [ vavto
+| [ 2t or@naid @) - [ 2te. [ wiamar;ue)

"The Lemma does not apply directly since m is not a probability measure. Therefore hypothesis (H2) therein is
violated. However, it is not difficult to see, that in the particular case of the heat semigroup on R™, we can remove
this hypothesis. We omit the details here.

2
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Since puf TM_/§ PFu by Theorem 4.7, the first term in the above display vanishes as T' — +o0.
—00

Using (54),(55) and the the fact the second moment of x} is uniformly bounded in T, we also
obtain that the second term vanishes. The third term is bounded above by

'/ (z,07(x / (dy))dpi (z ‘/ /yvdy Y (x / /yvdy )d Py ()
— 0.

Using again pf —? P we get
‘/ /yvdy Yduf ( / /yvdy AP/ ()
T—o00

Moreover, for all M > 0 fixed we have from (54) that

— 0.

X xTr) — 14 r X
[y @) = [wtayant @)

Moreover, by Cauchy Schwartz, (55) and Markov’s inequality

| twora) = [ wtdnyind @)

{lz[=M}

Finally, observe that [ |z|?duf (x) is uniformly bounded in 7' by a constant D, we have obtained
2CD

[t br@) ~ [ wias)ant @

< BEVEE

- M
from which the claim (51) follows. The remaining claim (52) is obtained by repeating the proof
of Theorem 4.7 replacing (48) with the stronger bound (51). >

2C
<37 [ lePdul @),

VM >0, limsup
T—+o0

A Details about the examples

A.1 A (0,n)-convex function

To understand what happened in the (0,n)-convex case, let’s begin by an example on the real
line. The prototypal (0,1)-convex function is F(x) = —logx, x > 0. This is a (0, 1)-convex
function since F” = (F')2. Let x, T > 0, for simplicity we just treat the case where x = y. The
gradient flow from z > 0, denoted by (S;(x))i=0 is the solution of the ODE X, = 1/X, starting
from x, hence for all ¢t > 0, Sy(z) = V2t + x2.
The Newton system associated is
{ Xt = _XL?)
XO = XT =X.

Now (X )ielo,7] denote the entropic interpolation between x and z. The conserved quantity is

2 :
given by Ep(z,x) = X} — Thus ‘XtT‘ = \/Er(z,2) + F'(X])? and we can deduce that

T2 "
Xt

{ X[ = VEr(w,x) + FI(X])?,  te[0,T/2);
Xt

T _ —\/ET(a;,a:) +F/(XtT)27 te (T/27T]'

In this example we have enough information to compute explicitly the conserved quantity.
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Proposition A.1 ForT >0 and x € R, Ep(z,x) = 2_—12—Tv2z4+T2‘

Proof
< By the continuity in 7/2 of (X])
that for all ¢t € [0,7/2]

tejo,r) W€ can deduce that Er(z,z) = —F'(X%/z)z. Notice

XtT — 1+ ET($>x)
F(x]) FI(X])?

and .
d xI _ F'X)
(X)) FX))
By integration of this inequality we see that for every t € [0,7/2)

Er(z,x) Er(z,z) TEr(z,x)
\/H—iF’T(XtT)? - \/1+ FT’(a:)2 = T2 . (56)

Er(z,z) = —&p(x,x).

When t = T/2 we get TTQET(a;,x)2 — %F,Ei)g) —1=0 and since Ep(z,2) < 0 we deduce that

1 1
“F@Z A\ F@r T T* =Vt 4+ T2
T2/2 N T2/2

Er(z,x) =

>

Hence Er(z,x) is of order 1/7 in this case. From (56), we can deduce an explicit formula for
X7

Proposition A.2 For x € R and T > 0, the entropic interpolation from x to x is given by

Xt = \/3:2 +t2Ep(z,z) 4+ 2t\/1 4+ Ep(z,2)22, 0 <t < T.

Furthermore X' — Sy(z) when T — oo, more precisely

t+ 122
Xl -5 ~ FE —
t t(l‘) T T($7$)2\/m7
hence there exists a constant C > 0 such that |X{ — Sy(z)| ~ &.
T—o0

In this particular case we can compute the cost in an explicit way.

Proposition A.3 For every z € R, Cr(z,z) o 2log(T).
%

[e.e]

Proof
<1 By the very defnition of the cost,

c Tt L Ya—o [ (xr® s
T(l’,l’)—/o t +ﬁ t—2/0 t+ﬁ dt

t t

T/2 . o T/2 /1 . 9
=4 el dt+2/ <—T—XtT>dt
0 0 X

T/2 | 1+ XT*E T, x
_ 4/ XtT\/ ¢ Br(e,z) ~ TEr(z,z)
0

X{
1 /1 — 22
= / gdv —TEp(x,x).
v —Er(z,x)x v
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~
—00

Hence, Cp(x, ) . 2log(T). ©>

A.2 The example of two gaussians on R

This example take place on R. This is a flat space of dimension one, that mean it verify the
CD(0,1) condition. Recall that for m € R and o > 0 the normal law of expected value m and
variance o2 is the probability measure on R with density against the Lebesgue measure,

(z —m)

2
oo (-2,

In this case we know an expression for the heat semigroup, for f € L°°(R), we have

1

2o

N(m, 02)(m)

2

Vit >0, P.f =N(0,2t) * f.
Furthermore, for all m € R and o,t > 0 we know that from elementary probability theory
N(0,2t) x N'(m,0?) = N(m, % + 2t).

Thanks to all of these considerations we can make explicit calculus in this case. For simplicity
here we are gonna consider the case of two centered gaussian measure, that is 02 = 1. Let
zg,71 € R, T > 0, p = N(z9,1) and v = N(x1,1). We can solve explicitely the Schrodinger
System

{ H= fPT97
v=gPrf,
_(ac—b)2

by searching solutions of the form =z — aexp 57

computations to find two solutions given by for all x € R

) with a, b, c € R. We can make explicit

where the parameter Dr is given by D%
DZ(D3.+2T)?

D2, (D2 +2T)2 D2 2
1 T— 2T( - p )2 T0— =g L—11
f(x) o exp (D2 +2T)2 D3, DZ+2T
= —F— - p)

1/27TD% Pr ’
D2Z.(DZ +21)2 D2 2

e Bl Gt = G )

g(x) = \/Di+ 2T exp | — 2D )

(T'—1)242T — (T — 1). Observe that f is the

2

density of the normal law AN <( D%) This is an arbitrary choice,

DT
D2+21)2—DZ \*0 ~ pZiarTl)>
because there is only unicity up to the trivial transform (f,g) — (cf,g/c) for some ¢ € R.
From those expressions we can easily deduce a formula for the entropic interpolation (,u;f)te[o,T]

between p and v, actually it’s a normal law A (x], 0/ ) where the parameter are given by

T T—t t
{ Ty = T.TO + T.T]_,
T t(T—t)
o =142 .
t D2+T

We want to quantify the convergence of ! toward the gradient flow (P}* (N))te[O,T}' The gradient
flow is given by P/ (u) = P (%) dm = N(zo,D2 + 2t). Actually the Wasserstein distance
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between two gaussian measure can be explicitely computed. Indeed let p = N (mo,ag) and
v =N(my,0?), the map T : z Z—é(m —myg) + mq verify T#pu = v, hence by Brenier theorem
W3(u,v) = [ |z — T(x)|*du(z). From this expression and some easy computations we find

Wi (u,v) = |oo — o1]* + [mo — ma|?.

For the detail and the extension to Gaussian vectors we refer to [PC19, Remark 2.31]. Hence
we can compute explicitly the Wasserstein distance between the entropic interpolation and the
gradient flow.

Proposition A.4 In the notations of this subsection

2

t
W22 (,u;‘F,Pt*u) = (a;o—ml)2+‘\/0tT—\/2t+1

2
)

T2

and there exists a constant C > 0 such that W3 (ul, Pfu) ~ 5.

T—oo T
The velocity of (,utT ) 1e[0.T] is given by
Vt € [0,T], Yz € R, fif _ S !
€[0,7], vz € ,Mt(x)—g(fv—ﬂ?t/T)+T($1—9E0)-

Now we have all the element we need to compute the conserved quantity, and the following
proposition follow from basic integration.

Proposition A.5 In the notations of this subsection we have the following equality for every
T>0,

L2
Er(v) = |l r = [Viog () r = Lo+ ey — o= L 0<t<T
T, = Mg MtT g \ g MtT — 40_;11 T2 1 0 O';I”
In particular we can take t =T/2 to find, Ep(p,v) o %gﬁ - TL+2 and finally we get
—00

Cr(p,v) ~_ 2log(T).

—00
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