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Beyond the particular case of circuits with geometrically distributed
components for approximation of fractional order models: application
to a new class of model for power law type long memory behaviour
modelling

Jocelyn SABATIER,
IMS laboratory, Bordeaux University, UMR CNRS 5218, 351 Cours de la liberation, 33400 Talence, France
(e-mail: Jocelyn.sabatier @u-bordeaux.fr).

Abstract — In the literature, fractional models are commonly approximated by transfer functions with a
geometric distribution of poles and zeros, or equivalently, using electrical Foster or Cauer type networks with
components whose values also meet geometric distributions. This paper first shows that this geometric
distribution is only a particular distribution case and that many other distributions (an infinity) are in fact
possible. From the networks obtained, a class of partial differential equations (heat equation with a spatially
variable coefficient) is then deduced. This class of equations is thus another tool for power law type long
memory behaviour modelling, that solves the drawback inherent in fractional heat equations that was proposed
to model anomalous diffusion phenomena.

Keywords: Power law type long memory behaviours, fractional models, Cauer networks, Foster networks, heat
equation, poles and zeros geometric distributions.

1 - Introduction

It is well known that the diffusion equation of the form

Ap(xt) D 9% ¢(x,t)
at  f oaxz

produces power law type long memory behaviours of order 0.5 (D is a diffusion coefficient).
That is why the Warburg impedance, defined in the frequency domain (variable w) by
Z(jw) = (jw)~'?, was introduced to model numerous diffusion-controlled processes in
many domains such as electrochemistry (Warburg, 1901) (Randles, 1947), (Vetter, 1967),
(Sluythers-Rehbach and Sluythers, 1984), (Bisquert et al., 1999), solid-state electronics and
ionics (Lindmayer and Wrigley, 1965), (Van Herle and McEvoy, 1994), (Bisquert and Garcia-
Belmonte, 1997). However, it is also well-known that there are processes whose behaviour
cannot be modelled by the Warburg impedance as they exhibit a power law type behaviour of
the form

Z(jjw) = (jw)™ 0<v<1l veR

at least in a limited frequency range. These behaviours are connected to anomalous diffusion-
based processes (Evangelista and Lenzi, 2018). To model this kind of behaviour,
“fractionalizations” of the diffusion equation were introduced (Bisquert and Compte, 2001).
These fractional (in time) diffusion equations are defined by

%P (x,t)

0x?

Ve (x,t)
atv

However, this class of equations has similar drawbacks to those recently highlighted for
fractional differential equations (Sabatier, 2020.b) (Sabatier et al., 2020.c) and for the
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resulting fractional models such as pseudo state space descriptions (Sabatier et al., 2014).
First, in relation (3), the fractional differentiation operator % is not defined uniquely. More

than 30 definitions were listed in (De Oliveira and Tenreiro Machado, 2014). Results
presented in the literature are obtained by choosing the most convenient definition to obtain
them. In most cases, it is the Caputo definition that is chosen, as it can take into account the
initial conditions without taking into account all the past of the system. However it was
demonstrated in (Sabatier et al., 2010) (Sabatier and Farges, 2018) that all the system past
(t > —0) must be taken into account to ensure a proper initialisation, thus leading to
difficulties in the definition of this past. This reflects the fact that the fractional differentiation
av

operator —— (but also the fractional integration operator) has an infinite memory, and exhibits

infinitely slow and infinitely fast time constants. Such a situation excludes the possibility of
linking the model internal variables to physical variables, even if fractional models remain
accurate fitting models. Along the same lines, there is no proof for the physical meaning of
parameter units associated to relation (3) (parameter Df). To conclude this list of drawbacks,
fractional differentiation and fractional integration operators are defined using singular
kernels (Sabatier et al., 2019) (Sabatier, 2020.b), thus leading to difficulties in the solution /
simulation of the fractional diffusion equation (3).

For all these reasons, alternative models must be found to model anomalous diffusion
processes that exhibit power law type long memory behaviours, as was done recently for
fractional differential equations (Sabatier et al., 2020.c) (Tartaglione et al., 2020). To reach
this goal, this paper first reminds several solution that can be found in the literature for the
approximation of fractional integration operator. The approximation based on a transfer
function whose poles and zeros (frequency modes) are geometrically distributed is used in the
sequel. This approximation method is efficient but two limitations must be mentioned:

- the resulting transfer function behaves exactly as a limited frequency band
fractional integration operator with an infinite number of poles and zeros
(Oustaloup et al., 2000) but becomes sub-optimal for a limited number of poles
and zeros (Sabatier, 2018);

- the geometric distribution of poles and zeros is a particular case, as an infinite
number of distributions is possible.

The latter limitation is demonstrated in this paper on the integral form of the impulse
response of a fractional integrator. This integral form also permits a direct approximation with
a Foster network with resistors and capacitors whose values are linked with defined functions.

For a geometric distribution for the resistor and capacitor values, it is also
demonstrated in the paper that a Cauer network impedance also exhibits a power law type
behaviour. From this geometric distribution, it is then shown that an infinity of other
distributions is permitted to produce a power law type behaviour in the case of a Cauer
network, reducing the geometric distribution to a particular case.

As a Cauer network can be viewed as the discrete form of a diffusion equation, the last
part of the paper deduces diffusion equations with spatially variable coefficients that enable
power law type behaviours to be produced. It is argued that this class of equations is a
possible alternative to fractional diffusion equations for anomalous diffusion process
modelling.
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The main contributions of this paper are found in sections 3 to 6. Section 2 is
dedicated to reminders on the approximation of a fractional order integrator and to the
resulting electrical networks, results which will be used in the sequel of the paper. As a first
contribution, section 3 shows that a geometric distribution of poles and zeros for the
approximation of a fractional order integrator is only a particular distribution and that an
infinity of other distributions are permitted. The analytic way to obtain these new distributions
had never been presented before in the literature. Due to the close link between the
approximations obtained and Foster type networks, section 3 also demonstrates as a new
contribution that an infinity of Foster type networks can be used to produce power law type
behaviours. Section 4 is dedicated to Cauer type networks. It is well known that a geometric
distribution of the parameters in these networks produces power law type behaviours. But the
present work proposes an analytical proof never published and uses it to produce other
distributions (an infinity exist) of parameters that also lead to the same kind of behaviour. As
a Cauer type network can be obtained through the discretisation of a heat equation, section 5
proposes a class of heat equation with spatially varying coefficients that produce power law
type behaviours. This is another contribution of the paper that can be viewed as an alternative
solution to fractional diffusion equation for anomalous diffusion modelling, without the
limitations and drawbacks associated to fractional differentiation. The paper ends with a
discussion and propositions for finding other spatially varying coefficients for the heat
equation leading to power law type long memory behaviours.

2 — Prior art on the approximation of fractional order integrators and the resulting
electrical networks

Fractional models and consequently fractional order integrator are infinite
dimensional, thus their simulations or their implementations require their approximations.
Many methods were proposed in the literature to obtain approximate models and many have
overlaps so that it is not easy to categorize them. 28 methods are analysed in (Valerio and Sa
da Costa, 2005). Some of them are implemented in digital tools, a comparison of which is
proposed in (Li et al, 2017). Note also that discussions about power law in electrical circuits
and some power-law relations in Laplace transforms can be found in (Tenreiro Machado et al,
2004) (Valério et al, 2013) (De Oliveira et al, 2014).

In most of these methods the fractional model is replaced by a classical integer model
under various forms: continuous time model, discrete time model, electrical network (it is
often simple to go from one form to another). Some apply to the full fractional model such as
frequency domain fitting based methods (Bingi, 2019). But, as a fractional integrator chain
appears in a fractional model, a large part of the proposed methods concentrates on the
approximation of the fractional integrator of transfer function s™". Among all these methods,
the following are the most common

- power series expansion (PSE) techniques based on Taylor series, Maclaurin series,
etc. (Valério et al., 2013) (Petras 2011) (Caponetto, 2010)

- continued fractional expansion based methods (Vinagre et al 2000),

- impulse response based method (Sabatier et al, 2016)

- time moments based approaches (Khanra et al., 2013),

- Carlson method based approaches (Carlson and Halijak, 1964),

- optimisation based methods (Bourouba et al, 2018),
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- frequency distribution mode approach (Manabe, 1961), (Ichise et al., 1971),
(Oustaloup, 1983) (Raynaud and Zergainoh, 2000) (Charef, 2006) (Wei et al, 2019).

In this last class of method, a widely used is the one known in the literature as the
Oustaloup method (Oustaloup et al., 2000) although a similar approach was proposed by
Manabe (Manabe, 1961). This method, based on a geometric distribution of mode is
widespread because it comes in the form of a simple algorithm, given below.

Algorithm 1 - In the frequency band [w,;, w,), the limited frequency band fractional integrator
of transfer function 1}, (s) defined in (4) can be approximated by the transfer function Iy (s)

-V
2
e (o) [
1/(S)=C0<_h> “’IV(S)_CIO—k Co |— | .

As shown in (Oustaloup et al., 2000), the corner frequencies wy, and w'y (respectively
the poles and zeros of the transfer function I}(s)) are geometrically distributed to obtain the
required frequency behaviour:

1

wp\N -
r=(—h) a=r" n=rv
wi

w; =nY%w;, W= aw; Wi =10 Wie1 =Twy, k€ [1..N].

[ ]
Remark 1 - As shown in (Oustaloup et al., 2000) this algorithm is exact as N tends towards

infinity:

HQ’=1<1+wi,>
1}, (s) = C, Al[im "> andthus r -1,

—00 S
]'[ﬁ=1<1+—
Wi

but becomes sub-optimal (Sabatier 2018) with a finite number of corner frequencies w; and
w'y. In this case, the sub optimality relates to the absolute and relative error between 1} (s)

and I} (s) for a given N.
]

Using fraction expansion, approximation (4) can be rewritten as:

R
111\//(5) = II¥=1 1+ki'
Dp

If it is assumed that the transfer function Iy (s) links an input current I(s) to an output
voltage U(s), then, from relation (8) the following relation holds:

(4)

)
(6)

(7)

(8)
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U(s) =3N_1Uk(s)  with  Up(s) = =% I(s). 9

1+
@

The transfer function Iy (s) can thus be represented by the electrical network of figure
1 by introducing parameters Cj such that R, C, = wj. Corner frequencies wj are linked by
the ratio r so that wy,1 = rwy. For large values of N, figure 2 shows that the following
relations also hold:

Ris1 = aRy  with  Cyyq =G (10)

and the transfer function Iy (s) exhibits a power law behaviour.

Ro R, R

N

I(s)—_F— I(s) —_F Is) —___1
> L - IR

I I I

| | |

Co C, Cy

4 LS
Uk(s)

Figure 1 - Electrical network (Foster type) whose impedance is Iy (s)
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Figure 2 — Logarithm of ratios R;“ and % in relation (10) for w; = 1, w, = 10%; v = 0.3
k k

with « = 1.0208, n = 1.0493 and N= 200 (a) or a = 1.0021, n = 1.0048 and N=2000 (b)

This geometric distribution of corner frequencies or of components in the electrical
network of figure 1 (electrical networks with resistors and inductors are also possible), now
admitted by all, is however a particular case among an infinity of other possible distributions.
Other distributions are presented in the next section: some can improve the optimality
problem mentioned in remark 1 (Sabatier 2018), and can be applied to more complex transfer
functions such as the one given by relation (4) (see appendix A.1).
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3 — Beyond geometric distribution

Using the Cauchy method, the impulse response h(t) of a fractional model of transfer
function H(s) can be written under the form

h(t) =L YH(s)} = fooou(x) e ™ dx.
As an example, consider the transfer function

H(s) ==

1
sv'©

It can be shown that (Podlubny, 1999)

sin(vm)

h(®) = [ u()e™*dx  with  p(x) =

nxV

and thus
H(s) = fooo % dx.

Remark 2 - If h(t) is the impulse response of a model whose input is u(t), the convolution
product of relation (11) with an input u(t) means that the model output can be written as:

y(£) = [ n() w(t,x)dx, w(t,x) = —xw(t, x) + u(t)

which is in fact the diffusive representation introduced by (Montseny, 1998) and (Matignon,
1998).

]

From the discretization of integral (14), it is easy to deduce an electrical network

whose transfer function is an approximation of H(s) on a given frequency range [X,,in, Xmax |-

Using the Euler approximation method (but many other methods of higher order can be used),
integral (14) can be approximated as follows:

oo u(x) (x)A :
H(s) = |, %dx ~ Hy(s) = Zﬁzo%, with Xy = Xpmin

with

X —Xmi
Xo = Xmin Ax = W Xx = Xmin + kAx.

Applied to transfer function (12), the following approximation can be obtained

H(s) = H,(s) = Sin:’”) N oo Yk Ax.

S+Xxp

For v = 0.4, on the frequency range [w;, wy] with w; =0.001rd/s and wj, =
1000 rd/s the approximation H,(s) Bode diagrams are shown in figure 3 with several values

(11)

(12)

(13)

(14)

(15)

(16)

(7)

(18)
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of N, (N =10% N =5 10° N = 10°), showing that a large number N is required for the
power law type behaviour appears.

40 0 S
...................... ) o N=100 000 '.,“'\ s N=100 000
----- = = =N=500000 02r %0 = = =N=500 000
20 § N=1000 000 | ) N=1000 000
)
-04 ER)
FERY
or TN
06 S Sy
g = :
~ [0}
Z 20 o8t
® <
] o
-1 F
-40 -
12
-60
14
-80 L 16 I
5 0 5
10 10 10 107 100 105
Frequency (rd/s) Frequency (rd/s)

Figure 3 — Bode diagram of H,(s) (given by relation (18))

As relation (15) can be rewritten as

sin(vit) —y—1

Xk
Ha(S) = ]I¥=OTILTAx'
Xk

it permits a realization using an RC network like the one in figure 1 with

! and w,=—=x
stn;vn)xlzv_le k k

R, = —S""f:") x7VAx, G =

as the circuit impedance in figure 1 is

Ry
RkaS+1.

G(s) = ]I¥=O

Note that an RL (resistor-self) circuit can also be designed. Also note that this
approximation method can be applied to many other transfer functions of which a non-
exhaustive list is given in appendix A.l, table A.l. For instance, the impulse response of
transfer function (4) is defined by (see appendix A.1)

L_l Ig(s) = CO

i+1 v . (J)h v
(wh ) — CO (:_;)v (5 (t) + sin(vm) f (wp—x) dx>
Wp

(wiz +1)" T (x—w))V(s+x)

where §(t) is the Dirac impulse function. According to the previous comments,

a
Ijp(s) = ap + Zg:oi_il
W

with

(19)

(20)

(21

(22)

(23)



222

223

224

225

226

227
228

229

230
231
232

233
234
235

236

237
238
239
240
241

ap = Co(::_,:)vl ay = Co(2yv D (00K _ py

)
wp T (wg—w)Vwg

Wh—w
Wy = wy + kAx, Ax = %

Fraction expansion of Iy (s) in relation (4) can also be written as

al’
IZb(S) = alo + legzo i__l:l
WD

A comparison of coefficients a;, and a’j is given by figure 4. It reveals that, for a large
value of N, a, = a’; and that the two approximations are very close.

-3
10 p10—

coefficients a
9F k

= = = coefficients a‘k

35T

6 25}

Valuesofa, anda',
o

Values of a, and a'k

100 150 200 250 300 350 400 450 500
1r index k .

0 L L L L L I 1 T T
0 200 400 600 800 1000 1200 1400 1600 1800 2000
index k

Figure 4 — Comparison of coefficients a;, and a’;, with N = 2000 and v = 0.3,
w; = 17rd/s, wy, = 10° rd/s (zoom inside the figure)

If the transfer function H(s) of relation (12) is considered again (for simplicity but a
similar analysis can be done with the transfer functions of table A.1), relation (20) highlights
that the capacitors and resistors are linked by the recurrence relations:

—-v—-1 —-v—-1
Rk+1 _ Xk+1 Ck+1 _ Xk
R x"7t Ck  Xegp

It can be noticed, that unlike relation (10), the ratios linking two resistors or two
capacitors are not constant and depend on k. This discretization can be viewed as an
alternative solution to algorithm 1, but as parameter N must be very large to have an accurate
approximation on a large frequency band, it requires a very large number of components in
the network of figure 1. Such a defect is due to the fixed step discretization of integral (11).

(24)

(25)

(26)
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To overcome this defect, it is possible to search for a change of variable that contracts the
frequency domain, thus making the fixed step discretization more efficient.

with

and

As a first try, the following change of variable is used in relation (14):

x =a% = e?™@  with a€ R. thus dx = In(a)e?™ @z,

H(s) can be rewritten as:

o] u(e n(a )) #(ezln(a))

H(S) = f co s+ezln(a) ln(a)ezm(a)dz = f ln( ) zln(a)+1 dz.
This transfer function can be approximated by:
zpin(a)
Ha(s) = Sioo In(a) 55— a

zkln(a)+1

n( ) In(rmax) _n(*min) In( )

_ InXmin — In(a) In(a) NXmin)

Z0= Ax m Zk = "t + kAz.

Such a discretisation permits the realization of figure 1 with:

1
sinT(rvn) ln(a)e(—v+1)zkln(a)AZ

R, = sin7(Tv1r) In(a)e vzn(@p, Cr =

1 — ezkln(a)
RiCg '

Wy =

If =04, a=10,N =10, w; = 0.001 rd/s, w, = 1000 rd/s, the Bode diagrams of
the approximation H,(s) in relation (29) with change of variable (27) are shown in figure 5.
They are very similar to those of figure 3 obtained with relation (18) and N = 10°, thus
showing the interest of the change of variable (27) in reducing the size of the approximation.
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Figure 5 — Bode diagram of H,(s) with change of variable (27) and comparison with the

Bode diagrams of approximation (18)

Remark 3: Whatever the value of a, and as:

Zk+1—Zk=w+(k+1)AZ—M—kAZ=AZ

In(a) In(a)
it can be noticed that
Riy1 e~ VZk41ln(@) _ e—vAZln(a) Chi1 1e(-v+Dzpqin(@)
Rk - e—vzkln(a) - Cr - e(—v+1)zkln(a)
and
Wit 1 elin(a)
ays Ry Cy '

The previous relation highlights a geometric distribution of the values of resistors,

capacitors and corner frequencies, defined by the following ratios:

a=e

This geometric distribution generalises the one introduced by Oustaloup (Oustaloup,
1983) (Oustaloup et al., 2000). The latter is indeed a particular case obtained with a = 10,
among the infinite number of distributions obtained for all the other values of a, and for other
changes of variable that can be proposed instead of relation (27). Among this infinity, the
following one is interesting as it also makes it possible to contract the frequency domain.

Using the following change of variable
=x or z=xY" with ne N

relation (14) can be rewritten as:

H(S) _ sin(vm) foo z~ nz”_ldz __sin(vm)

thus

—vAzin(a) n= e(—v+1)ln(a)

dx =nz"ldz

-vn—-1

T 0 s+zn

and permits the network of figure 1 with:

__sin(vm)

Rk = nZ,:V‘n_lAZ, Ck =
A

and

o VA
n dz
J 0" 24

zn

1

sin(vm)

T

— — )
Zk vn 1+nAZ

—e (=v+1)in(a)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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Ifv=04 n=60,N =10, w; = 0.001 rd/s, w, = 1000 rd/s the Bode diagrams of
the approximation H,(s) obtained by discretisation of integral (38) and change of variable
(37) are shown in figure 6. They are compared with the Bode diagrams obtained with change
of variable (27). The comparison reveals that the two changes of variable are of equivalent
quality with the same complexity (N = 10).
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Figure 6 — Bode diagram of H,(s) with the change of variable (37) and comparison with
change of variable (27)

As an infinity of changes of variable can be proposed, an infinity of Foster type
networks can be used to generate a power law behaviour. The following section shows that
Cauer networks can also generate this type of behaviour with an infinity of different
distributions.

4 — Extension to Cauer type networks

The Cauer network of figure 7 is considered.

o R I R, I+ Ry

L I e B
"'{::::::F‘t]:r' “‘4[:::::]“:I:f' I _1_
T Tl 1
;];; ;];: NN

Figure 7 — Cauer type RC network

Uo

For the geometric distribution, such as the one defined by relations (5) and (6), an
analytical result can be obtained to show that a Cauer type network generates a power law
behaviour. Considering the network in figure 7, the following relations hold

s (hea(9) = 1(9)) = Uie(s)

(41)



(42)

Uk+1(s) = Ug(s) = =Ry Ui (s).

306 and
307
308 From relations (41) and (42) respectively, it can be written that
1
Ug(s) sCk
309 = (43)
1 Ig(s)
Ug-1(s) 1.|.ﬂ U];(S)
310 and
1
Ix(s) Rk
311 = : (44)
1 Ujp1(9)
Uk (s) L Zr(ls)
312 Combining relations (43) and (44), it can be shown that the input admittance of the
313  network in figure 7 is defined by the continued fraction:
L
314 H(s) =2© R (45)
UO(S) 14 SC1R11
1+ scl}iz
1+Sfi$?
315 Suppose that in figure 7, the resistors and capacitors are geometrically distributed and
316  linked by the following ratios (as in (Oustaloup, 1983)):
c
317 Betr = 5 and 1= p, (46)
Ry Ck
318 andifZ(s) = L relation (45) becomes
SClRl
S
I
319 H(s) = U°((S)) = 75 “47)
ols 14 y Z(5)/o
14 Z(s)/ap
) Z(s)/a%p
4 2(s)/a°p?
T 26 e NN
1+2Z(s)/oN+1pN
320 Introducing the function
Z(s)
321 g(Z(S)rO-' p) = . Z(s)/o (48)
Sy ZG)/ap
) 2(s)/a%p
4 Z(s)/a2p?
T 20NN
1+2Z(s)/oN+1pN

322  relation (48) becomes
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332
333

334

335
336

337

338
339

340

341

342

343

344

H(S) _ Io(s) _

1

Ry

T Up(s)  1+g(2(s),0,p)

If N tends towards infinity, function g(Z(s), g, p) meets the following property:

Property 1 — Function g(Z(s),d, p) meets the following relation g(Z(s),o,p) =

Z(s)

1+g(Z(s),p,0)

Thanks to property 1, the function g(Z(s), o, p) can be written under the form of a
rational function with descending powers.

Theorem 1 — With N —» o

1+Y52, Czk—1(U,P)(

Z(S))—v—k+

g

"renton(22) "

9(Z(s),0,p) =K(a,p)Z(s)"

1432 Cor_1(p0)(2(s) " F

+

L Corlpo)(2(s)) 7"

Using theorem 1, demonstrated in appendix A.2, for |Z(s)| >» 1, (as ¢ > 1),

admittance H(s) meets the relation

H(s) =

If the network results from an infinitesimal slicing of a continuous medium of abscissa

S
Ry

K(o,p)Z(s)V’

z, the ratio of two consecutive components (capacitor or resistor) denoted F is given by :

Fre1 _

F(kdz+dz)dz

Fy

F(kdz)dz

where dz denotes the thickness of the considered slices, with dz — 0.

Given that

F(kdz+dz)—-F(kdz)

dz

= F'(kdz)

where F'(z) denotes the derivative of F(z) and thus

dz—-0

F(kdz + dz) = F(kdz) + F'(kdz)dz

the ratio of relation (52) becomes

Frt1
Fp

=1+

Fr(kdz)
F(kdz)

dz.

(49)

(50)

D

(52)

(53)

(54)

(55)
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If this ratio, only a function of dz, is assumed constant Vk as in relation (46) and equal
to A, using relation (55),

Fr(kdz) dz

A=1+ F(kdz)

with

Fr(kdz)
F(kdz) T

After resolution of the differential equation (57), function F (kdz) is given by

F(kdz) = FpeMk4z 7z €0, 00][.
This shows that the lineic characteristics of the discretized medium that produces the
network of figure 7 are defined by:
R(z) = Rye’r* and C(2) = Cyetc? z € [0, 00.

The ratio of two consecutive resistors and capacitors is thus defined by:

Rk+1 _ R((k+1)dx) — e R4Z  3nd Ck+1 _ C((k+1)dx) — ,AcAz
Ry R(kdx) Ck C(kdx) )

Now consider the change of variable z =log(x), x € [1, [, then relation (59)

becomes
R(x) = Ryx’r and C(x) = Cyxtc x € [1,00].
With an infinitesimal slicing of the continuous medium, the system can be
characterised by the network of figure 7 with:
R, = R(kdx) = Ry(kdx)*rdx and C, = C(kdx) = Cy(kdx)*cdx.

The ratio of two consecutive resistors and capacitors is thus defined by:

A
Ris1 _ Ro((k+D)dx)Rdx _ (k+1)*R

bl

d Crer _ Co((k+Ddx)Cdx _ (k+1)’c

R Ro(kdx) R = 7 an = 7 = P
Kk o(kdx)*Rdx (k) R Cp Co(kdx)*Cdx (k)*c

These ratios are similar to those given by relation (26) for the Foster circuit of figure 1.
The following change of variable z = log(x™), x € [1, o[, n € N} is now considered.

Relation (62) thus becomes

R(x) = Ryx™=r and C(x) = Cox™e x € [1,00[.

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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With an infinitesimal slicing of the continuous medium, the system can be
characterised by the network of figure 7 with:
R, = R(kdx) = Ry(kdx)™rdx and C, = C(kdx) = Cy(kdx)™cdx.

The ratio of two consecutive resistors and capacitors is thus defined by:

A
and et = Co((k+1)dx)""Cdx _ (k+1)"c
Ry Ro(kdx)™Rdx (k)R Ck  Colkdx)™cdx ~  (k)Mc

A
Ris1 _ Ro((k+1)dx)""Rdx _ (k+1)"R

These ratios are similar to those given by relation (39) for the Foster circuit of figure 1.
These networks and the associated distributions are used in the next section to

introduce a class of heat equation that exhibits a power law type long memory behaviour.

5 — Heat equation with spatially variable coefficients for power law type long memory
behaviour modelling

The following heat equation with spatially dependent parameters is now considered.

¥ (@)~ (B(2) 522)

6T(z t)

with z € R*.

This equation is a simplified form of the equation studied in [Levron et al. 1999]. Let

OT(Z t)

@(z,t) = B(2)

Discretisation of equation (68) with a discretisation step Az leads to:

T(Z+dz t) T(z,t)

@(z,t) = B(2)
and thus:
T(z,t) —T(z+dzt) = e )(p( z,t).

Using relation (69), relation (67) can be rewritten as:

aT(z,t) 6<p(z t)
— = Y@ ——

Spatial discretisation of equation (71) with a discretisation step Az leads to:

0T (z,t) @(z+dz,t)-p(z,t) y(2)
ot :]/(Z)T:E((p(Z-FdZ,t) —(p(Z,t)).

For z = k Az and if the following notations are introduced

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)



393

394

395
396

397
398
399

400

401

402

403
404
405

406

407

408

409
410

411

412
413

414

Az
 BlUedz)

C, =— =C(kAz)Az and R, = = R(k Az)Az

y(k Az)

discretisation of equation (67) thus leads to the Cauer network of figure 8.

s01 R, wan oty B yipip R
- T = o J_ -» :'1""
T(0,1) T( 1) Cre1

\\ N I\ AN

Figure 8 — Cauer type RC network resulting from the discretization of relation (67)

As C, = C(k Az )Az and R, = R(k Az )Az, according to relations (46), (62) and (72),
the transfer function ¢(0,s)/T(0,s) of the Cauer network of figure 8 exhibits a power law
type long memory behaviour if

?H:ehﬂ md%g:ekﬂ (relation (46))
k k

Rygs1 (k+1)*R Cr+1 _ (k+1)%C

; o = iR and o = ok (relation (62))
ni ni
R,;: _ ("(;)1731: and CZ‘: = U(‘;)}BAC ¢ (relation (72))

and according to the relations (59), (60) and (63), the heat equation (67) exhibits a power law
type long memory behaviour if (as y(z) = —1/C(z) and B(2z) = —1/R(z) according to
relation (73))

- y(z) = —ﬁ and B(z) = m z € [0,0[. (relation (59))

- y(z) = _COZ;AC and pB(z) = T le z € [1,00[ (relation (60))

- v = _w+% and B(z) = —R()Z;MR z € [1,00[ (relation (63))

Of course, as previously explained, many other spatially varying coefficients can be
obtained using other changes of variable than those proposed at the end of section 4.

6 — Discussions around some other distributions for further

Now, among the infinity of distributions that can be obtained using changes of
variable as shown in section 3, the following is studied:

— 1 _1_1
z=x"", or x=2zY thus dx = —=z"v dz.

(73)

(74)

(75)

(76)

(77)
(78)

(79)

(80)



415 Using this change of variable, relation (14) becomes:

[ 1 [ [e%] v
416 H(s) =B 0 2o (=227 )dz =B (2222 gy (81)

+ 00 0 _=
T Vstz v

417  or after simplification

__sin(vm) poo 1
418 H(s) == N %Hdz (82)
419  and permits the realization of figure 1 with:
__©N Ry __sin(vm) _
420 H,(s) = Y=o ReCisil Ry = ——Az = Cte,
421 (83)
1

VnZZ 1 _$
422 Ck = W and Wy = ReCr =2z, .
423 If =04, N =10000, w; = 0.001 rd/s, wp, = 1000 rd/s the Bode diagrams of the

424  approximation H,(s) are shown in figure 9. They are compared with the Bode diagrams of
425  approximation (18) and the one obtained with change of variable (37). As for approximation

426  (18), parameter N must be very large to have an accurate approximation of s~ on a large
427  frequency band, but the interest of this change of variable is not there.
30 T 0
""""""""""""""" Change variable (80) . Change variable (80)
20r = = = Relation (18) 1 02t ) ~ = = Relation (18)
ol N b Change variable (37) | -_'-" .......... Change variable (37)
04
ol
_-10F 4 08T
% N
201 8 -08f
8 sl &
Ak
40+
121
50
60 - ""—.,"_ 4 f
70 : \ 16 .
10° 10° 10° 10°8 10° 10°
428 Frequency (rd/s) Frequency (rd/s)
429 Figure 9 — Bode diagram of H,(s) of relation (83) with change of variable (80) and
430  comparisons with the Bode diagrams of approximation (18) and the one obtained with change
431 of variable (37)
432 The distribution of resistors and capacitors of relation (83) is now used to build the
433  Cauer network of figure 7, with v = 0.4, N=1000, 4z = 2 and
434 Co = —— (84)

sin(vm)’
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The resulting Bode diagram of the transfer function I,(s)/U,(s) is represented by
figure 10. This diagram shows yet again that a power law behaviour can be obtained without a
geometric distribution of resistors and capacitors. In this circuit, all the resistors have the
same values and the capacitors are linked by the following relation

1 1
Cri1 _ ((N—k-1)Az)V  (N—k-1)v
Ck - )

1 1
((IN-Kk)AzZ)V (N=k)v

Phase (°)

I \ . I 1
1071% 10710 10 100 10° 10718 1010 10° 10° 10°
Frequency (rd/s) Frequency (rd/s)

Figure 10 — Bode diagram of transfer function 14(s)/Uy(s) of the Cauer type RC network
with distribution of relation (83)

This class of components distribution, that cannot be deduced using a change of
variable in relation (59), and the resulting class of spatially varying coefficients in relation
(67) will be studied by the author in future work.

7 — Conclusion

This paper shows that an infinity of
- pole and zero distributions (frequency modes) in classical integer transfer functions,

- passive component value distributions (such as capacitors or resistors) in Foster type
networks,

can generate power law type long memory behaviours. Hence, the geometric distributions
(Oustaloup 1983), (Oustaloup et al. 2000) often encountered in the literature are a particular
case among an infinity of distributions.

For the Foster type network the proof is easy to establish using several changes of
variables, as this network results directly from the discretisation of a filter transfer function
that exhibits a power law behaviour. The proof for the Cauer type network is more tedious
and is developed in the paper.

Due to the close link between Cauer type networks and heat equations (through
discretisation), this paper also shows the ability of heat equations with a spatially variable
coefficient to have a power law type long memory behaviour. This class of equation is thus
another tool for power law type long memory behaviour modelling that solves the drawback

(85)
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inherent in fractional heat equations. This class of equation will be more deeply studied by the
author.

Finally, this paper shows, without proof, that other distributions and thus heat
equations with spatially variable coefficients also exhibit power law type long memory
behaviours. Moreover, by increasing the number of components in each branch of the Cauer
network, it is possible to keep a power law behaviour, which suggests that there are a very
large number of partial differential equations, other than the heat equations, which can
produce a power law type long memory behaviour, some were already proposed in (Sabatier
et al. 2013).

With reference to other papers recently published by the author (Sabatier, 2020.a)
(Sabatier et al., 2020.c), this work is a new contribution to the dissemination of models not
based on fractional differentiation but which exhibit power law type long memory behaviours.

Appendix 1 — Impulse response of some transfer functions that exhibit power law type
long memory behaviours

The approximations given in section 3 are made on the integral form of the impulse
response of the transfer function H(s) = Siv The methodology used to derive the

approximations and the change of variable used in sections 3 and 4 can be extended to other

transfer functions. The following one is now considered:

The impulse response of H,(s) is defined by

hy(t) = %f;ff; Hi(s)e®ds with ¢ > —w,.

For the computation of integral (Al.2), path I' =y, U...Uy, of figure Al.l is
considered with ¢ > —w;.

This path bypasses the negative axis around the branching point z = —w; and z =
—wp, for t > 0. It thus avoids the complex plane domain for which the transfer function H; (s)

is not defined, i.e. the segment [—wp, —w].

(Al.1)

(A1.2)
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494

495

496
497

498

499
500

501

502

4 5..(5)

To

L J

Figure Al.1 - Integration path considered

On path I', the radii of sub-path y; and y- tend towards infinity, and the radius of sub-
path y, tends towards 0. Using Cauchy’s theorem with ¢ > —w;:

ctjoo

hy(t) = — |

2mj Jc—joo

1
Hi(s)etds = el Hy(s)e®ds + zpi(r)llf*s Res[H,(s)e"].

Since
Res[H,(s)e*] =0,
operator H; (s) being strictly proper, by Jordan's lemma integrals on the large circular arcs of

radius R, R — oo can be neglected:

ts —
fy1+y7 H,(s)e®ds = 0.

Let s = xe/™, x €], w,] on y, and thus ds = e/"dx. Let also s =xe /", x €
[wp, o[ on y¢ and thus ds = e™/™dx. Then

Wh i v-1
e ron) ™t gy
iz

ts _ o
fV2+V6 Hl(s)e ds = th‘lj

w (xelmtawy)

wV o —jm v—-1
1 (xe +wp)

(xe=JT+w;)Vv

+

—xt ,—jm —
whv—l e e dx - ]]/2 +Ye (t)

or

(A1.3)

(Al.4)

(AL.S)

(A1.6)
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510

511

512

513

514

515

516

517

518

519

520
521

522

523

elme~*tdx +

w J’wh ej(v—l)n'(x_wh)v—l
v-1 JVTT (5 v
whp o eV (x—wj)

co .
wV e—](v—l)n x—wp)’V"1 _
L (X0 —jmo-atyy
wpv1 e VT (x—w)V

Wh

]VZ +Ve (t) =

and thus

]yz+y6 (t)=0.

Let s = —w; + pe’®, 0 €] — m, 7] and thus ds = jpe’®d@ with p — 0, then

_ .
ts 1. w¥ (—wj+wp+pef®yv-1 | j6 t(~wi+pei®)
fy4 Hl(s)e ds = whv—lL (pejﬂ)v jpe’-e de.

Asp— 0
1 ts —
fm I;(s)e®ds = 0.

Let s = xe/™, x € [wy, w;] on ¥3 and thus ds = e/dx. Also let s = xe /™, x €

[w;, w,] on 5 and thus ds = e /@ dx. Then

(]
v xej”+wh)v_1 _ ;
H,(s)etds = -2 ( . e *telTdyx
f]/3+y5 1() wpV1 (xejn+wl)v +
Wh

Wh —j _

wpY (xe I +wp)Y 1€_xt€_jndx

wpV~1 ® (xe=JT+w;)Vv ’
!

and then

wp _
(wp—x)V"1

ts —_ wy¥
st"'Vs Hl(s)e ds = wpvV1 fwb

jvmr _ ,—jvmy ,—xt —
—— (e e e *dx =

v Wh V-
2jsin(vm) w‘:i_lf Oh=X)"" =xt g,
w

1
() = =3 [._, Hi(s)etds

using relations (A1.3), (Al1.4), (A1.10) and (A1.12), the impulse response of H;(s) is given
by, fort>0:

sin(vir) w;¥ @h (W= ¢
hy(t) = e *dx.

b a)hv_l (x—a)l)"

The same calculation can be done, with other transfer functions, giving table Al.1.

(A1.7)

(A1.8)

(A1.9)

(A1.10)

(A1.11)

(A1.12)

(A1.13)

(A1.14)
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525
526

527

528

529

530

H;(s) hi(t)
Yi_obisP L
Zﬁ:o aksak ZZ?"L}Y} (t)esit‘
i=1j=1
4 lf”o Yoo Xico @by sin((ay — B)m)x *Fl —xt gy
Tl TR0 aix?% + Vockaick aeaicos((ay, — a)m)xr+a
From (Matignon, 1998) with demonstration in (Sabatier et al., 2012). s;
are the poles.
1 in(vr) +o 1
_ sin(vr
sV —e *tdx
T xV
0
1 . 400 v
< - sin(vm) f w; R
(E + 1) T o (x — wp)”
s v-1 Wh
(w_h + 1) sin(vit) w,;¥ (wp =)V
S v v-1 v e dx
(_ + 1) T W (x—wp)
w; o
(G-+1) nom) [ (@, %)
- W sin(ve wp — X
o o+ 2 [ dx
(i 1 v Wy, T (x—w)’(s +x)
w; + ) @b
6(t): Dirac impulse
S 1 1-v wWh
1\ * W\ sin((1 —v)m x —w)
= Sl — (_h) H(6) + (( ) ) ( 1) — ety
s (_ + 1) w, i) x(wp — x)
Wy, o
H,(t): Heaviside step function
e—Z\/as+b +00
NrrEw a>0, b>0 z>0 l cos(zVax — b) J——
3 vax —b
b/q

Tab Al.1 - Table of inverse Laplace transform of some transfer functions with power law

type long memory behaviour

Appendix 2 — Demonstration of theorem 1.

Suppose that the function g(Z(s),a, p) is given by:

9(Z(s),0,p) = K(0,p)Z(s)"(P) L2 Apemy 0.0)Z)

VOO G eap)(2() "

+hoi(o,0)(2(5)

—v(p,0)—k+1
1432 bay—1(0,0)(2()) VP

where 0 < v(o,p) <1land 0 <v(p,0) < 1.

(A2.1)
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To make the demonstration easier to read, the following notations are used: v, V', K,
ay, by to denote respectively v(a, p), v(p,0), K(a,p), ax(o,p), bi(o,p). Relation (A2.1)
can thus be rewritten:

14351 App—12() VK 1 tay, z(s)7F
14350 bag—1Z(s) V' ~*+14b,p2(s)7k ] °

g(Z(s),0,p) = KZ(s)"

Also, let K', a'y, b’} denote the functions K(p, o), ax(p, o), bi(p,c). The function
g(Z(s), p, o) is thus defined by:

1+ Y5 @o—12(s) ™V " yar,, z(s)7F
1435, brag—1Z(s)~Vk+14pryz(s)=k | °

9(2(5),p.0) = K'2()" |

Now using Z = @, the function g (@, D, a) is defined by:

1+K1ZV + 350 blak—1Z VK L Krary 1 27 L bry 2 7K Krarg, Z2V'
14350 brog—1Z 7V K+t b1,y z—k

1+9(Z,p0)=

or

z=v!

! w[ll K/
1+9(Z,p,0)=K'Z

bl oyl — yr— br yr— _
:Z,;.ozl ZKk, 1Z v—=v/ k+1+a,2k_1Z v/ k+1+ KZIRZ vI k+a,2kz k]

14352 Drag—1 Z7V "kt b1y 27K

Taking into account property 1,

Z(s)

9(($),0,P) = Gom

and using relation (A2.5), the function g(Z(s), g, p ) is given by:

0V Z()1 0 [14 532 brog—12(s) "V ** 14 b1y 2(s)7F]

blyg_ vy i b! o _
F 2k () VTV Tk L gy Z(s) TV TR L= 2R (5) "V Kt aryp Z(s) k]

g(Z(S)r J, ,0) = Kl[l : Z(s)_v'

K/

Term-to-term identification of relations (A2.1) and (A2.7) leads to the following

equations:

v+v' =1 or v(g,p)+v(po)=1

and

K=~ or K(o,p)K(p,o)=0c"P9,

Equation (A2.9) is symmetric in relation to p and o. It is thus possible to write that

(A2.2)

(A2.3)

(A2.4)

(A2.6)

(A2.7)

(A2.8)

(A2.9)
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cVP9) =K (o, p)K(p,0) = K(p,0)K(a,p) = p* P

and thus
oV(P.o) — pV(G,p)

or taking the logarithm of relation (A2.10)

v(p,0)log = v(a,p)log(p).

Using relation (A2.8), relation (A2.12) permits the following equations

log(p)
log(a)+log(p)

log(o)

o@rogiy M V(P9 =

v(o,p) =

Term-to-term identification of relations (A2.1) and (A2.7) also permits the following

equations:

Ark-1 = blzk_lo'v+k_1 with k € N*

bl _ . .
bop_1 = (a’2k_1 + %) oV'*k1 with k€N* and b=

azk = b’sz'k Wlth k S N*

by = (a'2k + b’j{",_l) ok with keN*

Equation (A2.14) being symmetric in relation to p and o, it can be rewritten as

alzk_l = bzk_lav'H‘_l with k € N*

enabling equation (A2.15) to be rewritten as

blyje— . *
b2k—1 = bzk_l(po-)v,+k_1 + %O‘v’—kk_l Wlth k S N and b’O ==

or using relation (A2.9):

Kbryg_p0*t

byr_1 = W with kK €N* and b,O =

Equation (A2.20) being symmetric in relation to p and g, it can be rewritten as

K1byg_pp*1

ble—l = W with k € N* and bO = 1.

Also, equation (A2.16) being symmetric in relation to p and g, it can be rewritten as

(A2.10)

(A2.11)

(A2.12)

(A2.13)

(A2.14)
(A2.15)
(A2.16)

(A2.17)

(A2.18)

(A2.19)

(A2.20)

(A2.21)
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588

589
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591
592
593

594

595

a5, = byp®  with k€N

enabling equation (A2.17) to be rewritten as

bai = bax—1(po)* + 722k with k€N’

and thus
k !
- =% with keN' and b=
or given relation (A2.21)
k k-1
by L) i with k€N* and b, = 1.

~ (=) (1-(pa) )
The symmetric form of relation (A2.25) in relation to p and o permits to write

baic = e i ith keN* and b =
2k ™ (1=(po)k) (1-(pa)V'+k-1) wi € an 0=

The set of relations (A2.13), (A2.21) and (A2.25) thus prove that the function
g(Z(s), o, p ) meets the relation

-v—k+1 -k
145521 Caear (00K (p.0)(22) +Cau(p0)(22)

[l [l
vi-k+1

1432 Corr(0.0)K(0,0)(2(5)) " 4 Corlap) (2()

g(Z(s),0,p) = K(o,p)Z(s)"
with

log(a)

ooortogy 0 <Vv(ep) <1

v(o,p) =

k k-1
CZk(O-: p) = (1_(po_)ko)-(f_(po.)v+k—1) CZk—Z(O-; p) k E N* and CO(O-) p) = 1

k-1 _ . 1
Cop-1(0,p) = (I_@Z)T_l) with k€ N*—{1} and c¢.(0,p) = pas

In relation (A2.27), only coefficient K(o, p) remains to be computed. It is possible to

give an expression of K(a, p) in the form of a ratio of two series as equation (A2.27) can be

rewritten as:

1+K(p,0)hq (@,p,a)ﬂlz (Z(s) p,o)

g’

1+K(J'p)h1 (Z(S),J'p)‘FhZ (Z(S)!J'p)

9(Z(s),0,p) =K(a,p)Z(s)"

or using relation (A2.9)

(A2.22)

(A2.23)

(A2.24)

(A2.25)

(A2.26)

(A2.27)

(A2.28)

(A2.29)

(A2.30)

(A2.31)
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607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
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634

1+ K((::p)hl (Z(S) p,a) +h, (Z(S) p,a)

g’ g’

1+K(0,p)hq(2(s),0,p)+h2(Z(s),0.0) |’

9(Z(s),0,p) = K(o,p)Z(s)"
with

hi(Z(s),0,p) = Xi=1 Cox-1(0, P)Z(S)_w_k+1 )

and

h2(Z(s),0,p) = Li21 Cor(0, ) Z ()75

Now using Z(s) = 1 in relation (A2.32), coefficient K(a, p) is given by:

B g(1,a,p)+h2(1,0,/3)—01”11(1'9'0)]
K(a, p) - [ 1-hy(1,0,0)+h,(1,p,0) .
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