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Explicit Kronecker-Weyl theorems and
applications to prime number races

Alexandre Bailleul

Abstract

We prove explicit versions of the Kronecker-Weyl theorems, both in a discrete and a
continuous settings, without any linear independence hypothesis. As an application, we
propose an alternative approach to problems concerning asymptotic densities in prime number
races, over number fields and over function fields in one variable over finite fields, in the
language of random variables. Our approach allows us to prove new results on the existence
and positivity of some of those densities, which, in the case of races over function fields, do
not require any linear independence hypothesis.

1 Introduction

1.1 Context

The Kronecker-Weyl theorem is an important result of harmonic analysis, related to ergodic
theory, and which has been used to study many arithmetical problems of statistical nature.
It is both a multidimensional generalization of Weyl’s famous result on the equidistribution
of the fractional parts of na (n € N), when « is an irrational number, and a generalization
of Kronecker’s density result on the torus. More specifically, let 64, ..., 68, be real numbers,
then the one-parameter subgroup

D= {(e%e,..., %) | € R)

is equidistributed in a subtorus inside the n-dimensional torus
T" :={(z1,...,2n) € C" | Vi€ {1,...,n},|z| =1}

with respect to its Haar measure dju. In other words, the topological closure I of ' in T" is a
closed subgroup of T" with Haar measure du and for every continuous function f : T" — C,

one has
10193 ienx
X / € dz Xotee / Jdp.

Most relevant to the present work is the additional information that T is a m-dimensional
torus, where m is the dimension of the Q-vector space spanned by 61, ...,0,. In particular, if
01,...,0, are Q-linearly independent, then I' = T", so we obtain Kronecker’s density result
in a strong form (in the sense that equidistribution holds), and when n = 1, this is exactly
Weyl’s equidistribution result.

There exists a discrete version of the Kronecker-Weyl Theorem, in which we consider the
discretely-parametrized subgroup

I:= {(ele,...,ew"X) |X€Z}.



In this case, integrals are replaced by sums and we require the real numbers 61,...,0, to
be Q-linearly independent with 7. The reason for this is clear, since €™X assumes discrete
values in T when X ranges over the integers, and ¢ is a rational number. Usually, both
the continuous and the discrete versions of the Kronecker-Weyl Theorem are proved using
abstract harmonic analysis (see [21, Theorem 2.2.5] or [9, Theorem 4.2] for instance). In
this paper, we give an elementary proof of a general version of Kronecker-Weyl’s result, both
in the discrete and the continuous case, in which we explicitly construct the set in which I
equidistributes. We insist on the fact that no hypothesis of linear independance is required
in our result (see Corollary Theorem and Corollary . We note that an elementary
and explicit proof of the continuous version of the Kronecker-Weyl theorem was given in the
arXiv version [18] of [19], Appendix B.

The Kronecker-Weyl theorem is at the heart of the modern approach (initiated by Ru-
binstein and Sarnak in [23]) to the study of so-called "prime number races", which consists
in investigating the properties of the set

Pq;a1,...,aD = {LL’ Z 2 | W(x;Q7 al) > ﬂ-(‘r;(LaQ) > > W(.T;q, aD)}7

where 7(x;k,c) is the number of primes p < x such that p = ¢ mod k. Here, the invert-
ible classes a1,...,ap are called the contestants of the prime number race. Assuming the
Generalized Riemann Hypothesis, Rubinstein and Sarnak proved that functions of the form

i)

Li(eY)
Egay,.ap 1Y — <7T(ey;q, a) — PR ,m(e¥;q,ap) —

admit limiting distributions, according to the following definition.

Definition 1.1. Let E : Rt — RP. We say E admits a limiting distribution p when p is a
Borel probability measure on R such that for any bounded continuous function f : RP — R,
one has

L E d d

— — .

X/o HEW)dy > | Fdn

From there, and assuming the linear independence over Q of the non-negative imaginary

parts of non-trivial zeros of Dirichlet L-functions mod ¢ (an hypothesis called the Grand
Simplicity Hypothesis or GSH in [23]), Rubinstein and Sarnak proved that sets of the form

{x >2|7(e";q,a1) > w(e’;5q,a2) > --- > 7(e’;q,ap)}

admit natural densities strictly between 0 and 1.

The discrete version of the Kronecker-Weyl theorem has been used initially by Cha [6],
followed by other authors ([8], [7], [I1]), to study other kinds of prime number races over
function fields, still assuming some form of linear independence between the zeros of the
corresponding L-functions.

Further works aimed at weakening those linear independence hypotheses. In [19], Mar-
tin and Ng introduced the notions of exhaustivity, weak inclusiveness and inclusiveness of
prime number races, focusing on the unboundedness (resp. the existence of the logarithmic
densities, resp. the positivity of the logarithmic densities) of sets of the form Pgq, . qp-
They introduced the notion of self-sufficient zero ([19, Definition 1.3]), and assuming various
hypotheses on the existence of such zeros, proved the weak inclusivenes or inclusiveness of
the corresponding prime number races. These assumptions were weakened by Devin in [9],
who even studied the regularity of the corresponding limiting distributions in a more general



setting.

Among the aforementioned properties we will mostly be interested in weak inclusiveness
and inclusiveness. We recall the definition of these notions in the context of general prime
number races.

Definition 1.2. Let ay,...,ap be contestants in a prime number race. We say the race
between ay, . ..,ap is weakly inclusive if for every permutation o of {1,..., D}, the set {X >
2 | I(X,a,1y) > -+ > (X, appy)} admits a natural density, where the 11(-,a) are the
corresponding (rescaled) prime counting functions. We say the prime number race is inclusive
if moreover those densities are positive.

The prime number races referred to in the above definition will be of two types in the
present work. First, a prime number race over a number field denotes the race between
unramified prime ideals in a Galois extension L/K of number fields with given Frobenius
automorphisms in Gal(L/K), as was first suggested in [23] Section 5] and first studied in
[20, Chapter 5]. In that case, the contestants are distinct conjugacy classes Ci,...,Cp of
Gal(L/K), and the rescaled prime counting functions are

m(e*; L/K,Cy)
#Ci
#{p prime ideal of K unramified in L | Np < e*, Frob, = C;}.

H(X, C,L) =

1
e

That the variable has to be changed to eX comes from the shape of the explicit formulas
involved (see [20, Chapter 5]).

Second, a prime number race over a function field denotes the race between unramified
prime divisors in a Galois extension L/K of functions fields in one variable over a finite field
with given Frobenius automorphisms in Gal(L/K). In that case, the contestants are distinct

conjugacy classes C,...,Cp of Gal(L/K), and the rescaled prime counting functions are
m(X;L/K,Cy)
x,c) = ————=
e #C,
1

= 7C #{ P prime divisor of K unramified in L | deg P = X, Frobp = C;}.
K3

One can also consider functions counting prime divisors of K with a given Frobenius auto-
morphism of degree less than X, instead of equal to X, as was studied in [§]. Of course
we recover the classical case of Rubinstein and Sarnak for primes in arithmetic progressions
[23] in the number field case by considering an appropriate cyclotomic extension of Q. Sim-
ilarly we recover the races between irreducible polynomials in arithmetic progressions of [6]
by considering an appropriate Carlitz extension of Fq(T').

More general races have been studied in the literature, for instance the race between prime
quadratic residues and prime non-quadratic residues modulo an integer ¢ in [23], the race be-
tween 7(z) and Li(z) in [23] and [I], the race between products of k irreducible polynomials
over a finite field in [IT], the race between the number of points on the reduction modulo
good primes of elliptic curves in [7] and many more. In any case, it is clear to which category
each of those races should belong, either over number fields or function fields. Our general
results can be applied to those situations as well.

The first step in studying a prime number race over a function field is to write an ex-
plicit formula, 7.e. express the corresponding prime counting functions as sums involving



ei91)( 10- X
.

.,€ , where 6y,...,0, are the positive arguments (between 0 and 7) of the in-
verse zeros of the corresponding rational L-functions. As an application of our version of
the discrete Kronecker-Weyl theorem, we give sufficient conditions for the existence and for
the positivity of the natural densities relevant to those kinds of races. Recently, Devin ([10])
studied the question of the existence of those densities, and provided sufficient conditions on
the coefficients of the functions involved in the explicit formulas. Our approach is transverse
to hers, as we give conditions on the functions themselves. Our approach is also considerably
more elementary, as Devin relies on multiple tools of harmonic analysis to deduce that "ties
have density zero" in such races. We avoid the use of such techniques thanks to our approach
based on random variables and our key Lemma |2.5

In the case of prime number races over number fields, the situation is technically more
complicated, since explicit formulas for the (rescaled) prime counting functions involve infinite
series in ewlt, ew?t, ... where 01,05,... are the positive imaginary parts of non-trivial zeros
of the corresponding L-functions. Functions of this shape are often called almost periodic
functions. There are different classes of almost periodic functions, depending on the way
they can be approximated by trigonometric polynomials. That the remainder in the prime
number theorem is almost-periodic dates back to at least Wintner ([26], see also more recent
works [I] and [16] for more general remainders). The class of functions which is most relevant
to us is the (large) class of Besicovitch almost periodic functions, called Bl-almost periodic
functions. The existence of the limiting distributions of such functions is shown for example
in [I, Theorem 2.9]. See also [4, Theorem 4.1] for a similar proof in a slightly larger space than
B'. As an application of our version of the Kronecker-Weyl theorem, we give a more precise
description of this limiting distribution, under various hypotheses on the almost periods 8,, of
the B'-almost periodic function which is being studied (Corollary . We also give a new
proof of a recent result of Devin, giving sufficient conditions for the existence of the densities
associated to B'-almost periodic functions. Qur approach is again more elementary and does
not require the use of abstract harmonic analysis (see Corollary , though we appeal to
Lévy’s criterion for weak convergence of measures. We give an application to the existence
of the densities involved in prime number races over number fields in Theorem [I.7]

1.2 Organization of the paper and statements of results

The paper is organized as follows. In the first part, we prove explicit versions of the discrete
and the continuous Kronecker-Weyl theorems for real numbers 61, ...,0,.

Theorem 1.3. Let 'y = {(ewlx, .. .,ewTX) | X € Z}. Then Ty is equidistributed in Ty =

Ug;(l) vgHy = (v9)Hy, where vg = (ewl, .. ,ewr), and

m m
h hi,r
Hy = {(zf,...,zfn,szk’m+1,...,szk’ ) | (215, 2m) ETm} cT,
k=1 k=1

that is for every continuous f : T" — C one has

% Z f (eieln,...,ei9*”> — | fduy.

n<X X—4o00 Ty

d

The measure pg with respect to which Ty is equidistributed is éza;é Wa, where g is the

pushforward of the normalized Haar measure pp, of Hg to vgHg.

The definitions of m,d and hy, ; are given at the beginning of Section



Theorem 1.4. The one-parameter subgroup

Ty = {(ewly, . .,ew”’) |y € ]R}

s equidistributed in

m
h .
Hez{(zf,...,zﬁn,...,Hzﬁ”,...) ](21,...,zm)€’]l‘m},
k=1

that is for every continuous f : T" — C one has

X 0 i0
w1y wWry
X/o f(e Sees€ )dy H+ efdqu

where pp, is the normalized Haar measure on Hy.

For this statement, the definitions of m, d and hy, ; are given at the beginning of Section 2.2}

Those theorems are our starting point to obtain the existence of asymptotic densities
for sets defined by strict inequalities between certain types of functions without any linear
independence hypothesis. In doing so, we prove Lemma[2.5|which allows us to bypass technical
results from harmonic analysis to prove that the limiting distributions we consider do not
admit atoms in the non-degenerate discrete case.

Theorem 1.5. For 1 < j <D, let f; € C(Xy,...,X,) be real-valued and without pole on T"
and let Fj : t— f; (eielt, . ,ewrt). Then we have

d—1
%# n<X|[F(@)>->Fp(n)} — éZP(ﬁ(VgZe) > > fp(vgZy))
a=0

—+00

for some explicit random variable Zy on TT.
The definition of Zy in this discrete case is given in @

Theorem 1.6. Let fi,...,fp € C(Xy,...,X,) be real-valued and without poles on T" and
let Fj :t— f; (eielt, R eiert). Then we have

1 X
3 [ Lo (Fw)s oo Fo@) dy = PU(Z0) >+ > fo(Z0)

for some explicit random variable Zy on TT.

The definition of Zy in this continuous case is given in .

We then generalize our methods in the continuous case, in the presence of infinitely many
real numbers 01,65, .... In this context, we prove that Bl-almost periodic functions admit
limiting distributions (Theorem . We then tackle the problem of the existence of asymp-
totic densities for sets defined by strict inequalities between Bl'-almost periodic functions,
assuming suitable hypotheses (Proposition and Theorem .

The second part of the paper is devoted to applications. First, we apply our results in
Section [3.1] to study the asymptotic densities associated to functions with an extra error term
(Theorems and , as those are the kind of functions appearing in explicit formulas for
prime number races. For example, using the explicit formula [20, (5.12)] and our Theorem
B:2] we get the following result for prime number races over number fields.

5



Theorem 1.7. Let L/K be a Galois extension of number fields, with Galois group G. Assume
(1, satisfies the Riemann Hypothesis. Let © be the set of positive imaginary parts of the non-
trivial zeros of Artin L-functions attached to irreducible complex characters of G, and assume
that Spang © = Spang T @ Spang(© \ T') for some non-empty finite subset T of ©. Let
Ci,...,Cp be distinct conjugacy classes of G. If for every 1 < j < D — 1, there exists 0 € T
such that

> ord,_1 49 L(s,x) (x(C5) = x(Cj41)) # 0

XFX0

then the logarithmic density

1

X
(L/K;Ch,...,Cp) = Xl—ig-loo ¥ /2 17rc1 (et)>-->mcp, (ef) dt

exrists.

Remark.

i) Using the unconditional explicit formula from [I4] Corollary 3.10], we could provide a
similar statement for the existence of the above logarithmic density, under a suitable
hypothesis of non-vanishing coefficient as above and without assuming the Riemann
Hypothesis for (r.

ii) Because of the special properties of Artin L-functions with respect to induction of
characters, one could state a linear independence hypothesis about the set of zeros of
Artin L-functions attached to irreducible complex characters of GT instead, where G
is the Galois group of the Galois closure of L over Q. That this is a more natural set of
zeros to consider was noted by the author, and used for the first time in [14].

In Section [3.2] we give general criteria for the positivity of those asymptotic densities
(Propositions and , with inclusiveness of prime number races over function fields in
mind. In particular, as long as the main terms in explicit formulas for the prime counting
functions satisfy certain inequalities for at least one value of n, then the corresponding prime
counting functions do so for a positive proportion of n (a liminf in general).

Then in Section [3.3]we study the first two moments of the limiting distributions appearing
in the discrete case, as those can be used, for example with Chebyshev’s inequality, to study
the asymptotic density considered in prime number races over function fields. In Section
we do the same in the infinite-dimensional continuous case and we also give a description of
the limiting distribution under a weak linear independence assumption (Theorem .

Finally, in Section [3.5| we apply those general results to the concrete problem of studying
prime divisor races in geometric Galois extensions of function fields (in one variable) over
finite fields. In particular, we are able to study an example of prime divisor race in which the
usual linear independence hypothesis fails to hold.

It seems a reference to a proof of the discrete version of the Kronecker-Weyl theorem is
hard to find in a published form so we provide a proof in an appendix. We borrowed the
proof to P. Humphries’ Masters thesis [I5]. For a proof of the general continuous version, see
[9, Theorem 4.2].

Notations. Some notations are introduced at various places and then used many times

throughout the text, we gather them here for reference. In the discrete case, the element vy
is defined in and denotes (eiel, e ,ewT). The quantities d and hy ; coming from linear
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dependence relations are introduced in and in Section and and @ in Section
2:2] depending on the context. The subgroup Hy C T" arising in the non-degenerate case is
defined in in the discrete case and in in the continuous case. The random variables
Zy are introduced, depending on the context, in formula @ (discrete case) or formula
(continuous case).

2 Explicit Kronecker-Weyl theorems

We begin by recalling the definition of equidistribution that we are going to use throughout
the text.

Definition 2.1. Let (z,)nen be a sequence of elements of T and H a closed subgroup of T,
and let py be the Haar measure of H. We say (zn)nen is equidistributed in H with respect
to the measure py if for every continuous f : T" — C, one has

1
2 ) 2 [ S

n<X

This definition is equivalent to the weak convergence of the measures % > n<x 0z, to the
measure (i, where ¢, is the Dirac measure at z,. In what follows, we identify such a
sequence with the set Z := {z, | n € N}. This is a slight abuse of notation since the set Z
itself does not keep track of the numbering of the sequence. Note that if Z is equidistributed
in H, then Z is in particular dense in H, so that Z = H. The following is a weak version
of the discrete Kronecker-Weyl theorem, which will be enough for our purpose of proving an
explicit strong version.

Theorem 2.2 (Discrete Kronecker-Weyl theorem). Let 61,...,0, be real numbers such that
{01,...,0,,7} is linearly independent over Q. Then the set

F:z{(ele,...,ewTX) |XGZ}

is equidistributed in T" (with respect to its Haar measure).

A proof is given in an appendix for reference. Notice the linear independence assumption
with 7. The goal of the following sections is to prove a precise version of this result (and of
its continuous analog) with no assumption of linear independence (even with 7) and with a
description of the subset of T" in which I' is equidistributed. We also do so by elementary
means, while many proofs of the full Kronecker-Weyl theorem use abstract harmonic analysis
(namely Pontryagin duality and Poisson summation formula).

2.1 The discrete case

In this section, consider real numbers 61,...,60, and write § = (61,...,6,). Set m+ 1 =
dim Spang(m, 61, ...,60-). Up to reindexing the 6;’s, extract a basis {2m,601,...,0,} of the
Q-vector space Spang(m, 01, ...,0,) and write the decomposition of 6,11, .., 0, in this basis
as .
9]-:27rcj—|—2bk,jc9k form+1<j<r (1)
k=1

with ¢;,b;; € Q. Note that if m = 0 then all 6;’s are rational multiples of 7 and the
decomposition above reduces to 0; = 2w¢; for 1 < i < r. In that case we say we are in the
degenerate case, and otherwise in the non-degenerate case.



We let
d := lem({denominators of all ¢; and by ;}), (2)

so that
lj = de €7, hk’j = dbkﬂ‘ €. (3)

Finally, let
vy = (ewl7 - ew’“) ) (4)
Theorem 2.3. Let 'y = {(ewlx, .. .,ewTX) | X € Z}. Then Ty is equidistributed in Ty =
Z;(l) vygHy = (vg)Hp, and

m m

hk.m hi.r
HQZ{(zf,...,zfln, oL zkk’>|(z1,...,zm)€Tm}C’]I‘T (5)
k=1 k=1

with Haar measure pp,. The measure pg with respect to which T'y is equidistributed is
ézg;(l) Ha, where pg s the pushforward of pp, to vgHg.

Note that when m = 0, Hy reduces to the trivial subgroup of T”, and I'y simply is the
cyclic subgroup (vy), with Haar measure the uniform measure on it.

Proof. We deal with the degenerate case and the non-degenerate case separately. For the

degenerate case, we clearly have I'y = {(1,...,1),vp, 3, ... ,yg_l} = (vp) so that if f : T" —
C is any function (we don’t even need it to be continuous), then we have
1 . ‘ , Lalaa N
= 2 S (e ) = 2 3T FT) + (1)
n<X q=0 a=0
, Lalaa
= =SS ) + o)
q=0 a=0
{%J d—1 =
= =-— 1 - a
X azof(”9)+0( )X_>—+>OO d;)f(’fe)

which is precisely what we needed to prove.

Now assume we are in the non-degenerate case, so that m > 1 and 6#; is not a rational

multiple of 7. We first show that
d—1

Iy = U vgH
a=0

m
H = {(e“wlq, .., etdma H k.0 ) |qe Z} )
k=1

To do this, we split I'g according to its congruence classes modulo d :

where

d—1

Iy=|JTa,

a=0

where

T, := {(ewlx,...,ewTX> | X = a mod d}.
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Expressing each 6; with m +1 < j < r in the basis {27,01,...,6,,} with |1, we find for
0<a<d-1,

m m
Fa = { (eza91ezd91q7 . ezaﬁmezdﬁmq7 e 6227rqu6227racj H ezabk,jek H 6zhk7j0kq’ N > | g€ Z}
k=1 k=1

m
= { (er’dalq, i etdima 2 H etlnifka > g€ Z}
k=1

where we wrote
Vj:ewj for1<j<m
and
m
vj = e H ek — i form+1<j <r.
k=1

We have thus shown that i

Iy = U vgH
a=0
as announced.

Let us show that this union is disjoint : let a,b € {0,...,d — 1}. If vfeid019 = yheidord
then we have 61 (a+ qd —b— ¢'d) = 2kn for some k € Z. Since 6; is not a rational multiple of
m, we find a + qd = b+ ¢'d, hence a = b by uniqueness of the remainder in euclidean division.

implies that {(ewlx, ey eiemX) | X € Z}
is equidistributed in T™. Lifting by the continuous surjective homomorphism

Now the discrete Kronecker-Weyl theorem

™ — Hp

: d d ym  hemer m i
w: (21y-2m) (zl,...,zm,]_[kzlzk TR 2 7)

we find that for every continuous f : T" — C, one has

1 ) ) LT 1 ) )
X Z f (eldalq, o et ma H etilka ) =% Z fop (ewlq, ... ,ewmq>
k=1

q<X q<X

— d
v Tmfoso I

= /Hefd(so*/\)-

where @, A is the pushforward measure of the Lebesgue measure on T by . This measure
is readily verified to be the Haar measure pp, on Hp, since it has mass one and it is invariant
by translations.

We have thus shown that for every continuous f : T" — C, one has

X m
1 . . )
idf1q 1dOmq thg i0kq
— e ...,€ etk — dug
e > f e .l ; Xoroo i S dpmy,
q=1 k=1 0

i.e. that H is equidistributed in Hy with respect to its Haar measure. If we take any such
f and sum it over I'y instead, we now find, using the previous disjoint decomposition of I'y,



that

% f (eieln’ ’ei0rn>
n<X
Ll | "
=5 f (er’delq, . ,ygle“lemq, 2 H etw.iOa ) +0(1)
a=0 q:[) k=1
o, L3

m
fa (eidelq, e dma H etnifka ) +0o(1)
k=1

where fq : 2z — f(vg§z) for 0 <a < d— 1. We finally obtain

1 01n 10, 1d71 _
DI L )ijd;)/lfefadwe_/mfda.

n<X

Remark.

i)

ii)

iii)

In the non-degenerate case, the element vy of the above theorem is not of finite order
in T, since v = €' has infinite order in T, but it has finite order dividing d in T" /Hy.
Therefore the product of the two subgroups (vp) and Hy is indeed d;(l) vy Hy.

a
If {m 01,...,0.} is Q-linearly independent, then we have m = r,d = 1 and Ty = T" as
in Theorem

The subgroup Hy is a subtorus of T" of dimension m, and the conclusion of the above
theorem is that I'y is equidistributed in the union of d translates of this subtorus.
Note that this union is not necessarily disjoint, as it would imply I'y has exactly d
connected components, but the number d can be modified by choosing a different basis
of Spang(, 01, . .., 0,) without changing I'y. In fact, it can easily be seen that in general,
some of these translates may be equal. The exact number of connected components was
already determined by Weyl ([25], Satz 18]). Let C = {x € Q | b € Z",(0,b) = 27z}
be the set of all 27 coefficients in the rational linear relations between 61,...,0, and
2w, after clearing denominators in the 6; coefficients. Then the number of connected
components c of I'y is the lowest common multiple of the denominators of the elements
of C. This could be established also with our method. As finding this number requires
knowing every rational linear relations between 61, ..., 6, and 27, or one such "minimal"
relation, which seems unpractical when applying our results, we prefer working with the
unoptimal number d instead of the number c.

We now define a T"-valued random vector Zy associated with 61,...,0,. In the degenerate

case,

Zp simply is a uniform random variable on the cyclic subgroup (v9). In the non-

degenerate case, we define

m
h .
Zy = (Zf,...,Z,‘fl,...,HZk’”,...> (6)
k=1

where Z1,...,Z,, are independent uniform random variables on T. Note that in each case,
Zy has up, for its probability distribution

Corollary 2.4. For any continuous f : T" — C, we have

1 01n i0rm 1d_1 .
Xﬂ;{f(e moe )ijd;)E(f(yeze))_

10



Proof. This is just a reformulation of Theorem where we observe that the distribution of
the random vector vj Zy is simply the measure j,. ([l

In the context of prime number races over function fields, one approaches prime counting

functions by functions of the form ¢ — ¢+ 377 ajeiejt + Tje_iajt, with real ¢ and complex

a;. Note that those are in particular polynomials in eitht =it~ eibrt o=i0it ;o Taurent

polynomials in e?1t, ... e for which we prove the following key elementary lemma.

Lemma 2.5. Let f € C(Xy,...,X,) with no pole in T". Assume we are in the non-degenerate
case. Then for 0 < a < d — 1, one has P(f(v§Zy) = 0) = 0 if and only if there exists

n = a mod d such that f (ewl", cee eie""> #0.

Proof. Recall that ', = (ele v, eX) | X = a mod d} is equidistributed in vy Hy from
Theorem and that the distribution of Zy is precisely the Haar measure on Hy. Therefore,
if f (ewl", cees ew”") = 0 for all » = a mod d, then by continuity of f and density of I', in
vgHy, we have P(f(v§Zy) =0) = 1.

We prove the converse statement by induction on m. If m = 1, then the equation

a d a _h1,2 a _h _
f (Ve’lz sV oZ 1 N 1”) =0

in z reduces, by clearing denominators, to a polynomial equation P(z) = 0 with one unknown.
This equation is non-trivial because, writing n = qd + a with ¢ € Z, we have

f (ei91n7 o ei@,«n) _ f (em91 eiq91d’ ei(qd+a)(27rcg+b1,291)’ e ei(qd+a)(27rcr+b1¢91))
=f (yg’leiqeld, ngeiqolhm, ey Vgreiqalhl’r) #£0

by hypothesis, so that P (eiqel) # 0. Therefore, this equation has a finite number of solutions
in C, and in particular in T. Since Z; is uniform on the circle, we certainly have

P(f(v§Zs) = 0) = P (f (v§1 21 w5220 %, .. 15, 20" ) = 0) =0,

Now assume the result is true for m — 1 € N. As before, by clearing denominators, the
equation

m
a d d a hk" _
f(Vg,lzl,...,zm,...,ywsz ],...> =0
k=1

is equivalent to a non-zero polynomial equation P(z1,...,2y) = 0 with m unknowns. More-
over, the set F' of all z,, € T such that P(Xy,..., X;n—1,2n) = 0 is finite, since it is the zero
set of the P(X1,..., X;n-1,Y) € C[X4,..., X;n—1][Y], which is non-zero because as above we

have P (eiqel, . ,eiq9m> # 0 by hypothesis on n = qd 4+ a. By the Fubini-Tonelli theorem,
we find

m
h .
P(f(v§Zg) =0) =P (f <yg,1zf,...,yg’mz;fl,...,ug,j 11 Zk’”,...) :0)
k=1

=P(P(Z,...,2Zm) =0)

11



The inner integral is zero by the induction hypothesis, so we conclude that P (f (v§Zy) =0) =
0. O

We can now prove the following theorem which allows us to pass from continuous functions
to indicator functions of subsets of RP defined by strict inequalities between functions as in
Lemma 2.5

Theorem 2.6. For1<j <D, let fj € C(Xy,...,X,) be real-valued and without pole on T"
and let Fj : t — f; (ewlt, e ,eiaTt). Then we have

d—1

SH X R@) > > Fpm) — - S PULWIZ0) > > folvZ0),

Proof. In the degenerate case, we simply note that Corollary [2:4] holds also for any func-
tion on T", as in the beginning of the proof of Theorem so we apply it to the function

1x1>~-->Z’D © (fla s 7fD)'

Now assume we are in the non-degenerate case. We first remark that, by Lemma [2.5] and
its proof, if for some 0 < a < d—1, there exists 1 < j < D —1 such that f; (emel, cee emer) =
fi+1 (emel, cee emeT) for every n = a mod d, then P(f;(v§Zp) = fj+1(v§Zp)) = 1, so that

P(fi1(vgZe) > --- > fp(v§Ze)) = 0,

while we have

lim —#{n<X|n a mod ¢, Fi(n) > ---> Fp(n)} = 0.
X —+o00

Therefore, writing
1
—#{n <X |Fi(n)>--->Fp(n)}

Z #{n<X|n_amoddF1() -+ >Fp(n)} + o(1),

and using the decomposition I' = a Ol/eH as in the proof of Theorem [2 . we may as-
sume that for every 0 < a < d—1,1 < j < D — 1, there exists n = a mod d such that
fi (emel ..., emor ) # fi+1 ( nb .,emeT). By Lemma we then have P(f;(v§Zy) =
fj+1(1/gZ9)) = 0 for every such a and j.

Now, we need to approximate the indicator function 1,,~..~,, by continuous functions
from above and below. We proceed in the following way : for every integer £ > 1 and x,y € R,
let

Dife <y—+
gk (@, y) = k(w—y)Jrlify—f <z <y
lifz >y.

Then for each integer k > 1, g;, is continuous on R? and for all z,y € R,

1$1>r2($7y) < gk(ﬂf,y) < 1331>;g2—%(x7y)'

12



For k > 1 let Gg : (x1,...,2p) — HJDZ*I1 gk(xj,xj11). Then for every k > 1 and n € Z, we
have

Lo s (Fi(), o Fp(2) = T Ly (), Fya ()

Now, by Corollary for every k > 1,

llmsup*21x1> >Tp (Fl( ) 7FD(n))
X—)+OO n=1

<hmsup—ZGk (Fi(n),...,Fp(n))

X—)-I—OO n=1

1d 1

=2 > EB(Gi(f1(Vi Zo), ... fp(v§ Zp)))
a=0

1d1

<3 > E (1$1>x2_%>...>m_%(f1(V329), e ,fD(VézZe))
a=0

S D—-1
= dagoP<f1(VgZ9) > o> fp(veZy) — k)

By downward continuity of P, we get, by letting k — +oo,

X d 1

1
l)l(msupi le1> >Tp (Fl( ) aFD ZP i VGZG) e fD(VgZG))'
—>+oo

Similarly, by considering the functions defined by

Difx <y
(z,y) = kle—y)ify<z<y+g,
lifz>y+1
we find
hmlnf* le1> >xp (F1(n),..., Fp(n ZP fi(vgZg) > - > [p(v§Zp)).
X—+o0 X el a 0

It remains to observe that the event
{[(W§Zp) > --- > fo(WgZe)} \{fr(vgZo) > -~ > fD(VgZ0)}

is included in

D1
U {15 20) = fi1(v§ Zp)}
j=1

13



which has probability zero, so that

P(fi(vgZe) > - = fp(vgZy)) =P (f1(vgZe) > - > fp(v§Zp)) -

In particular, we know that, with hypotheses from Theorem the natural density

im0 < X Fi(n) > > Fp(n)

always exists. We note however that this does not prove that every prime number race over a
function field is weakly inclusive (as defined in Definition because the normalized prime
counting functions in this context have an extra o(1) term (see Section . We will deal
with such functions in Section B.11

2.2 The continuous case

We now tackle the continuous case of the Kronecker-Weyl theorem.
Let 01,...,0, be real numbers. Extract a basis {61,...,0,} of Spang(f1,...,0,), and
write

m
Hj:Zbk,ijform—l—lgjgr (7)
k=1
with by ; € Q. Once again, we let

d := lem({denominators of all by ;}), (8)

so that
hk,j = dbk,j €. (9)

The proof of the following theorem is similar to the proof of Theorem We simply
mention the necessary changes : discrete sums up to X are replaced by integrals between 0
and X, the splitting according to congruence classes modulo d is replaced by the change of
variable y — dy and we appeal to the continuous version of the Kronecker-Weyl theorem
(see [9, Theorem 4.2] or the remark at the end of the appendix). We note that most results
in this section are made easier than in the previous section because linear dependence with
m doesn’t have any effect on the continuous densities being studied.

Theorem 2.7. The one-parameter subgroup

Iy = {(eiely,...,ew"y) |y € R}

is equidistributed in

Hez{(zf,...,zfln,...7Hzilsk’jw-) ’(2’1,---,Zm)€Tm}7 (10)
k=1

that is for every continuous f : T" — C one has

I 0 0.
- ) dy d
X/o f(e o€ ) Y T Hef L,

where pupy, is the normalized Haar measure on Hy.
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As in the discrete case, we define

m
Zp = (Zf,...,Z;i,...,Hzlifk,f,__) (11)
k=1

where 71, ..., Z,, are independent uniform random variables on T, so that the Haar measure
a, is the distribution of Zy. We then obtain the following.

Corollary 2.8. For any continuous f : T" — C, we have

)1(/0Xf (e, ") dy LB (Z0)).

Note that the analog of Lemmaholds with the only hypothesis that f (ewly, cee eiery) #*
0 for at least one y € R.

Lemma 2.9. Let f € C(Xq,...,X,) with no pole in T". Then one has P(f(Zy) =0) =0 if
and only if there exists y € R such that f (eialy, . ,ewTy) £ 0.

The proof of the continuous analog of Theorem [2.6] then goes similarly.
Theorem 2.10. Let f1,...,fp € C(X1,...,X,) be real-valued and without poles on T" and

let Fj :t v f; (ewlt, el eig’”t). Then we have

1 X
X/O 1$1>"'>CCD (Fl(y)7 .. '7FD(y)) dy X—>_+>oo ]P)(fl(Ze) > > fD(Z9)) .

2.3 The infinite-dimensional (continuous) case

The goal of this section is to prove a result analogous to Theorem [2.10] but with converging
series in an infinite number of e7?, as a natural generalization of the above Laurent polyno-
mials. This is the kind of functions we have to deal with in the context of prime number races
over number fields, because the associated L-functions have an infinite number of non-trivial
zeros. Those functions are often called almost periodic functions.

Definition 2.11. The B! semi-norm of a locally integrable function f is

1 X
11l = timsup— [ |£(y)|dy
0

X—+o0
A function F : RY — R is said to be B'-almost periodic if there exists a sequence (Py)n>1
of trigonometric polynomials of the form

Dy
Py :t— Z rmNe“\"’Nt

n=1

for some integer Dy > 1, v, n € C and A\, v € R, such that
F-PrP — 0.
IF ~ Pyllps —

It turns out that prime counting functions over number fields are B?-almost periodic,
after applying the change of variable z — e” (see |20, Lemma 5.1.3] or [9, Proposition 4.4] for

a general statement), where B? semi-norm is defined by ||f||z2 = (Hf2|]31)1/2. The Cauchy-
Schwarz inequality easily implies that such functions are in particular B'-almost periodic.

We simply quote the following important fact about Bl-almost periodic functions ([2,
p.104)).
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Proposition 2.12. Let F' : RT — R be B'-almost periodic. There exists a countable set
A(F) ={\, | n>1} CR called the support of F, such that for every n > 1,

1 X o\
= 1 —_ - ny
Gn = lim = /0 f(y)e dy # 0.

Moreover we have ||F — Py||p1 NI 0, where Py (F) : t— YN (anefi)‘”t —l—@e*i)‘”t) :
—+00

The upshot of the above Proposition is that there exists a canonical way to approximate
a given Bl-almost periodic function by trigonometric polynomials with respect to the B!
semi-norm. We denote this fact by F(t) ~ 37,54 (ane*“‘"t + @e*“‘”t). Note that this does
not necessarily mean that the above series converges pointwise to F'.

We begin by proving that B!-almost periodic functions admit limiting distributions, using
the language of random variables. The argument is essentially the one given in the proof of
[1, Theorem 2.9]. We note that the left-hand side of formula (2.10) in loc. cit. should be
replaced by lim supy_, | % fOY |¢p(y)— Pn(y)| dy, and that Y should be assumed large enough
in the last inequality in the proof of [I, Theorem 2.9].

Theorem 2.13. Let F : RY — R be a B'-almost periodic function. There exists a random
variable S such that for any continuous bounded function g on R we have

2 [ aEeay o E(s)

In other words, F admits Pg, the distribution of S, as a limiting distribution.

Proof. The goal is to apply Corollary 2.8 to each Py (F) before passing to the limit in N. Let
g be a bounded Lipschitz function on R, with Lipschitz constant c¢,. Then for any N > 1,

% /OX 9(F(y))dy = % /OX 9(Px(y))dy + % /OX (9(F () — 9(Pn(y))) dy.

By the triangular inequality one has

X

. F(y) - Pu(y) dy

* C
2 [ 6@ - o) ay) <

=X Jo

so that limsupy_, | o ‘% fOX (9(F(y)) — g(Pn(y))) dy’ Nt 0. On the other hand, Corollary
2.8 yields

1 X
< | atPvw)dy — Blg(Sy)

—+00
for some random variable Sy built from the linear relations over Q between the real numbers

ALN; -+ ADy,N-
This proves that

s [ 9(P() dy = Elg(5w) + o(1),
and similarly we have
1 X
lminf + [ 9(P()) dy = E(9(5x)) + o0,
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where both o(1) are quantities going to zero as N tends to infinity. Therefore

. 1 X N S

timsup & [ 9(F ()~ tmint & [* (P () = 0
since it is independent of N and o(1) with respect to N. We have thus shown that the
quantity + fOX g9(F(y))dy admits a limit as X tends to infinity, and E(g(Sy)) converges to
this (same) limit as N tends to infinity.

We now prove that the sequence (Sy)n>1 converges in distribution to some random
variable Z. To do so, we apply Prohorov’s theorem [3, Theorem 5.1] (or Helly’s selection
theorem as it is called in [I, Lemma 2.8]), which in particular states that a tight sequence
of probability measures on R admits a weakly converging subsequence. Recall that a family
(fn)n>1 of probability measures on R is tight when there is no "escape of mass to infinity"
along the family, i.e. for every € > 0, one can find a compact K C R such that p,(K)>1—¢
for every n > 1. Assuming that (Pg, )y~ is tight, and denoting by x the weak limit of one of
its subsequence, (E(g(Sn)))y>; can only converge to [p g dp when g is a bounded continuous
function on R. Since this holds for every bounded Lipschitz function on R by the above
computations, the Portmanteau theorem [3, Theorem 2.1] implies that (Pg,),~; converges
weakly to p. Finally, the limit probability measure p is the distribution of S := F~1(U),
where F' is the distribution function of y, F~! its generalized inverse and U is uniform on
[0,1] (see [12, Theorem 2.1]), so that (Sy)y~; converges in distribution to S.

It only remains to prove that (Pg,)y-, is tight. Let A > 0. As a straightforward
application of Theorem [2.10} we obtain

P(|Sy| > A) = lim / Losa([Pn(y)]) dy.

By Markov’s inequality, we have for every N > 1 and X > 0,

1 X 1 X
il < - ]
X/o 1. a(|Pn(y)|) dy < X |Pn(y)|dy

For every N > 1 and y € R™, one has |Py(y)| < ]F(y)\ + |F(y) — Pn(y)]. Now L :=
msupy_, o0 % fOX |F(y)| dy < +oo since imsupy_, o + fOX |F(y) — Pn(y)| dy < +oo for at
least one n, and imsupy_, ;. + fOX |P,(y)|dy < +o00 by Corollary Finally we obtain

L 1
Sn|> A <—hmsu / dy + — < —
(S| > 4) < 7 limsup - Pr)ldy + & <
independently of N, which proves the tightness of (Pg, ) N1 O

Remark.

i) The proof goes similarly for vector-valued B!-almost periodic functions, as in [, Theo-
rem 2.9].

ii) The key argument in the above proof was Prohorov’s theorem, or Helly’s selection
theorem, but this is an indirect argument. Using our explicit version of the Kronecker-
Weyl theorem, and with additional hypotheses on the sequence (6,),>1, we can give
a more explicit description of the random variable S in terms of the function F' (see

Section .

The next step in our analysis is to pass from bounded continuous functions to indicator
functions of sets defined by strict inequalities. Mimicking the proof of Theorem [2.6] we obtain
the following.
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Proposition 2.14. Let Fi,...,Fp : Rt — R be B'-almost periodic functions with A(Fj) C

O for1 <j<D. Let Sy,...,Sp be the random variables associated to F1, ..., Fp in Theorem
[2.13. Then
1 X
P(S; > --- > Sp) < liminf 7/ Losoosan (Fy(y), -, Fo(y) dy
X—+4o00 0
1 X
<limsup— [ Losesap(Fi(y),. . Fp(y) dy < P(Sy = --- = Sp).
X—+o0 0

Remark. We cannot expect an equality without any hypothesis on ©. For instance, consider
the case D = 2, F» = 0 and F} a non-zero continuous function with compact support on R.
For a less trivial example, we can use an everywhere converging Fourier series which has a
non-constant sum, but such that its sum is constant on a non-empty interval.

We now look for conditions on © to imply equality in the previous Proposition. Such a
condition was found by Devin in [I0] : if Spang © decomposes as a direct sum Spang 7" @
Spang(© \ T'), where T is a finite subset of ©, then the random variable associated to a non-
constant B'-almost periodic function S as in Theorem does not admit atoms. Note that
this hypothesis on Spang © is a weakening of the hypothesis of the existence of "self-sufficient
zeros" in [19]. The proof of Devin consists in showing that the characteristic function of S
is decaying sufficiently fast at infinity, by using known bounds on oscillatory integrals, and
then using a lemma of Wiener, relating this decay to the continuity of the distribution of S
(see the proof of Theorem 1.2 and Corollary 1.4 in [I0]). Our method allows us to show the
same thing but with a considerably simpler proof thanks to Lemma [2.9]

Theorem 2.15 (Devin). Assume Spang(©) = Spang(01,...,0n) © Spang({0, | n > m}).
Let F : Rt — R be such that ||F — Py||p1 o7 0 where
— 100

Py :t—c+ Z (anew”t + @efw"g .
n<N

Let up, up—p,, and pp, be the limiting distributions of F, F'— Py, and P, respectively. Then
UE = pp—p,, * pp,, . In particular, if P, is not constant, then up({x}) =0 for any x € R.

Proof. The function F and R = F — P,, are B'-almost periodic functions, and therefore
admit limiting distributions pp and pg by Theorem [2.13] On the other hand, P, also admits
a limiting distribution because of Theorem say up,,-

For N > m, let Py : t = >, ey @n€?nt + @e ¥t Just as Py, those admit limiting

distributions 1Py, and by the proof of Theorem [2.13 (“Pz'v)N> converges weakly to up.
m

Also, for every N > m, pu Ply+Pm = HPL ¥ [P, because, by construction and the hypothesis
on Spang ©, every Z, n,1 < n < m is independent of every Z,/ ny,m < n’ < N. As above,

(/,LP]/V+Pm)N>m converges weakly to up.

For any Borel probability measure on R, let i be its characteristic function. Then for
every N > m, u pmpm =/ Pl fip,, and this converges pointwise to firfip, = pR * P, . By
Lévy’s continuity theorem ([I3, Theorem 3.3.17]), this means that (1p; * 1p,,) N>m converges
weakly to pp * pup,, . Therefore we have proved that ur = ugr * up,,.

Now if P, is not constant, then by Lemma we have up,, ({y}) = 0 for every y € R,
and thus for any x € R,

pe({a}) = (um s pe,)(a}) = [ e, (o= y)) dianly) = 0.
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Combining the previous Theorem with Proposition we obtain the following.

Corollary 2.16. Assume Spang© = SpangT @ Spang(© \ T') for some non-empty finite
subset T of ©. Let Fy,...,Fp : Rt — R be B'-almost periodic functions such that for
1< j<DF~cj+ o (agdeigt —{—We‘wt) . Let S1,...,S5p be the random wvariables
associated to Fy,...,Fp in Theorem [2.13 If for every 1 < j < D — 1, the function t
Soer(aoj — ap 1) + (@g; — agjr1)e % is not constant, then

L1 X
Xlirﬂooy/o Losoosap (F1(Y)s- . Fp(y)) dy = B(S) > --- > Sp).

The condition that a certain linear combination of € is not constant can be easily
translated by the non-vanishing of its coefficients.

Lemma 2.17. Let T be a finite subset of © and for each 0 € T, let ag € C. If the function
t—= > ger (ageiet + @e‘i9t> 1s constant then ag = 0 for every 0 € T.

Proof. Let P it Y ger ape® +age=% and assume it is constant. Then all of its derivatives
are zero. In particular, we have for 1 < k < 24T,

PM(0) = 3 (ag + (—1)Fag)o* =0,
0eT

which means that (ap + @p)ger and (agp — @p)ger are both solutions of Vandermonde linear
systems with non-zero determinant since the elements of ©, and therefore of T', are non-zero
and pairwise distinct. This implies ag = @g and ag = —ag for every 8 € T, and thus ag = 0
for every 6 € T'. O

Remark. This lemma can also be seen as an application of Artin’s lemma on the linear
independence of characters (see [17, VI, Theorem 4.1]).

Corollary 2.18. Assume Spang © = Spang T @ Spang(© \ T') for some non-empty finite
subset T of ©. Let Fy,...,Fp : Rt — R be B'-almost periodic functions such that for
1 <j<DFj~cj+>yco (ag’jewt +@e*i9t) . Let S1,...,Sp be the random variables
associated to Fy, ..., Fp in Theorem[2.13. If for every1 < j < D —1, there exists 0 € T such
that ag ; # ag j+1 then

1

X
ngilw}/() Loysesap (F1(Y), .- Fp(y)) dy =P(S1 > - > Sp).

Proof. Simply combine the previous two results. O

3 Applications

3.1 Quantities with an error term
We now investigate to what extent Theorem [2.6] Theorem [2.10] and Corollary [2.1§] still hold

for functions with an extra error term, because the explicit formulas for prime counting
functions admit such an error term. To simplify notations, when Gji,...,Gp are functions
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and R is a D-ary relation (R will be {(z1,...,2p) € RP |2y > --- > xp} or {(z1,...,2p) €
RP | 1 > --- > zp} below), we set

3(R(G1,....Gp)) = lim inf %#{n e{l,....X} | R(Gi(n),...,Gp(n))}

and

3(R(Gh,....Gp)) == limsup %#{n € {1,.... X} | R(C1(n),...,Gp(n)}
X —+o00

When §(R(Gy,...,Gp)) = 6(R(Gy,...,Gp)) we denote by §(R(G1,...,Gp)) their common
value.
We start with the discrete case.

Theorem 3.1. Let 0y,...,0, be real numbers and fi,..., fp € C(Xy,...,X,) be real-valued
and without pole on T". Let G : t — (F1(t),..., Fp(t))+r(t) where Fj(t) = f; (eielt, ceey ewrt>
for1 <3 <D, andr(t) = (ri(t),...,rp(t)) =o(1) as t = +oco.

i) Degenerate case : Assume that 0; € 7Q for 1 < i <r. Then

P(f1(Zg) > --- > fp(Zp)) < 0(G1 > --- > Gp)
5

(G1>--->Gp) <P(f1(Zp) = -+ = [p(Zp)).

In particular, if for every 1 < j < D —1 and every n € Z one has Fj(n) # Fji1(n),
then §(G1 > --- > Gp) exists and we have

0(G1>--->Gp)=P(fr(Zg) > - > fD(Zg)).

ii) Non-degenerate case : Assume 0; ¢ ©Q for at least one i € {1,...,r}. Then

d—1
éZMﬁw%w»~>mwanswh>m>Gm
a=0

IN

S(Gl > > GD)

IA

=
P Z (f1(vgZe) = -+ = fp(V§Zp)).
Moreover, if for every 1 < j < D —1and0<a <d—1, there exists n = a mod d such
that Fj(n) # Fji1(n), then 6(G1 > --- > Gp) exists and
1 d—1
8(Gr > > Gp) =5 3 P(A(VZs) > - > fp(v§ Zo)).

a=0

Proof. Let € > 0. There exists ng > 1 such that for every n > ng and 1 < j < D, we have
|rj(n)| < e. Now for every n > ng, the inequalities

Fi(n) > Fyo(n) +2¢ > ---> Fp(n) +2(D — 1)

imply
Gi(n) > Ga(n) > --- > Gp(n)

which in turn imply

Fi(n) > Fy(n) — 2 > -+ > Fp(n) — 2(D — 1)e.
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In the degenerate case, we get, using Theorem that

P(f1(Z )> > fp(Zg) +2(D = 1)e)
<J(Gy > >Gp)
< S(Gl >+ >Gp) <P(fi(Zy) > > fp(Zy) — 2(D — 1)e),

while in the non-degenerate case, we get, still using Theorem that

Zli i P(f(v8Zo) > - > fo(viZs) +2(D — 1)e)

< é( > Gp)

< S(Gl > > GD)

< %i (FLWEZ0) > - > Fo(viZy) — 2(D — 1)e).

In both cases, we obtain the announced inequalities on §(G; > --- > Gp) and 6(Gy > --- >
Gp) by letting € tend to 0 as in the proof of Theorem
Finally, the last hypotheses imply that P(fi(Zg) > --- > fp(Zp)) = P(f1(Zg) > --- >
Ip(Zy)) in the degenerate case since Zy is uniform on (vp), while they imply P(f1(v§Zy) >
- > fp(v§Zy)) = P(fri(v§Zy) > --- > fp(vgZy)) for every 0 < a < D — 1 in the non-
degenerate case because of Lemma O

The proof of the next theorem is completely similar, based on Theorem [2.10]and Corollary
This time, §(R(G1,...,Gp)) means, when it exists,

. 1 X
XLHEOOX/O 1r(G1(y),-..,Gp(y)) dy,

and §(R(Gh,...,Gp)) and §(R(G4,...,Gp)) the corresponding lim inf and lim sup.

Theorem 3.2. i) Let0,...,0, be real numbers, fi,...,fp € C(X1,...,X,,) be pairwise
distinct and real-valued on T". Let G : t — (Fi(t),...,Fp(t)) +o(1) ast — 400, where

Fi(t)=f; (ewlt, e ,eieTt) for1<j<D. Then
(Gy>--->Gp)
(G1 >+ >Gp) <P(fi(Z) = -+ > fp(Zp)).

Moreover, if for every 1 < j < D — 1, there exists y € R such that Fj(y) # Fj+1(y),
then §(G1 > --- > Gp) exists and we have

P(f1(Zg) > - > fp(Zp)) <
<

0(G1>--->Gp) =P(fi(Zy) >--- > fp(Zy)).

it) Let 0 = (0y)n>1 be a sequence of pairwise distinct positive real numbers and © = {6y, |
n > 1}. Let Fy,...,Fp : Rt — R be B'-almost periodic functions such that for
1<j<D,Fj~cj+ Yo (agﬁjeiet +We_i9t) and G : t — (F1(t),...,Fp(t)) + o(1)
as t — +oo. Then, with S1,...,Sp the random variables associated to Fy,...,Fp in
Theorem [2.13, we have

P(Sy >--->8p) <4(Gy>--->Gp)

<
< (G1>>GD)§P(81225D)

)
B
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Moreover, if Spang © = Spang T' @ Spang(© \ T') for some non-empty finite subset T
of ©, and if for every 1 < j < D — 1, there exists § € T such that ag; # ag j4+1, then
0(G1 > --- > Gp) exists and

5(Gy > >Gp)=P(S; > > Sp).

3.2 Non-critical densities

We give sufficient conditions for the densities we study to be positive.

Proposition 3.3. Let 04,...,0, be real numbers. Let fi,...,fp,F1,...,Fp and G1,...,Gp
be as in Theorem [3.1.

i) Degenerate case : Assume that 0; € 7Q for 1 < i < r. If there exists n € 7Z such that
Fi(n) > --- > Fp(n), then 0 < §(G1 > --- > Gp) and if there exists n € Z such that
Fi(n) > -+ > Fp(n) does not hold, then 6(Gy > --- > Gp) < 1.

ii) Non-degenerate case : Assume 0; ¢ 7Q for at least one i € {1,...,r}. If there exist a €
{0,...,d—1} and z € Hy such that fi(v§z) > --- > fp(vfz) then0 < 6(G1 > --- > Gp).
Also, if there exist a € {0,...,d — 1} and z € Hy such that fi(vgz) > -+ > fp(vgz)
does not hold, then §(G1 > --- > Gp) > 1. In particular, if there exists n € 7Z such that
Fi(n) > ---> Fp(n), then 0 < §(Gy1 > --- > Gp), and if there exists n € Z such that
Fi(n) > --- > Fp(n) does not hold, then 6(G1 > --- > Gp) < 1.

Proof.
i) It is immediate by Theorem and Theorem i).

ii) Assume that there exist a € {0,...,d—1} and z € Hy such that fi(v§z) > --- > fp(v§z).
By continuity of fi,..., fp, there exists an open subset U of Hy such that z € U and
for all 2’ € U, fi(vgz') > --- > fp(v§z'). Therefore, we have

P(f1(v§Ze) > --- > fp(v§Ze)) 2 P(Zy € U)
=P((Z1,...,Zm) € ¢ (U))
= M~ H(U)) >0,

where ¢ is the continuous map

Tm — H,
. d d m hk,m+l m hk:,'r
o: (21,-52m) (zl,...,zm,nkzlzk N | )

and A is the Lebesgue measure on T™. By Theorem it), we obtain §(Fy > -+ >
Fp) > P(f1(v§ Zg)>>fp (V3 Zp))

7 > 0. The proof of the second statement is similar since
the negation of f1(v§z) > --- > fp(v§z) is also an open condition on z.

The last stament is immediate since, if n = a mod d, then (ewl", . ,eiern) = yyz for
some z € Hy by construction.

O

Remark.

i) In the degenerate case, we actually have the lower bound é
whenever §(G; > -+ > Gp) > 0, and the upper bound §(G;
whenever 6(G; > -+ > Gp) < 1.

§Gr > - > Gp
->Gp) <1-—

~—

<
>

Ul
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ii) The converses of the above statements are false in general. For example it may happen
that fi(z) = --- = fp(z) for every z € T", but §(G; > --- > Gp) > 0 because
ri(n) > --- > rp(n) for a positive proportion of n € N.

The continuous version of the above Proposition is proved in the same way as i) above.

Proposition 3.4. Let 04,...,0, be real numbers. Let f1,..., fp,F1,...,Fp and G be as in
Theorem i). If there exists z € Hy such that fi(z) > -+ > fp(z) then 0 < 0(G; >
-+ > Gp). Also, if there exists z € Hy such that fi(z) > --- > fp(z) does not hold, then
6(Gy > -+ > Gp) > 1. In particular, if there exists y € R such that Fy(y) > --- > Fp(y),
then 0 < 8(Gy > --- > Gp), and if there exists n € Z such that Fy(n) > --- > Fp(n) does

not hold, then §(Gy > -+- > Gp) < 1.

Remark. In the infinite-dimensional case, the only known lower bounds on the density are
shown in particular cases by using delicate combinatorial arguments (cf. [23, 2.2] and [9]
Theorem 2.5.1 (1)]).

3.3 Moments in the discrete case

To bound the probabilities involved in our results in the case D = 2, moment estimates,

such as Chebyshev’s inequality, can prove to be very useful. In particular, races where, for

each a, P(f1(v§Zy) > f2(v§Zp)) - 1 or 0 ("extremely biased races") or each P(f(v§Zg) >
q 00

f2(v§Zp)) . e 3 ("moderately biased races') can be obtained from sufficiently good esti-

mates on the corresponding means and variances as in [I4]. Here the limits are taken with
respect to a parameter ¢ attached to the prime number races considered. To go beyond the
first two moments, and for example have an explicitly computable characteristic function at
our disposal as in [6, Theorem 3.4] or [8, Theorem 2.4]), we would need to assume extra linear
independence.

In the next Proposition, we give formulas for the first two moments of the random variables
[j(v§Zg) for some particular types of functions f;.

Proposition 3.5. Let f =c+ Y ar Xy + chXk_l € C(X1,...,X,). Let 0y,...,0, be real
numbers such that 0; & 7Q for i < n, and 0; € 7Q forn < i <r. Then for0 <a <d-1,
one has

E(f(v§Zg)) =c+ Y (are'™ +age %)

n<k<r

and

Var(f(vgZg)) =2 Z lax|? + 4%Re Z aiajei“(eiwj) + 4%Re Z ai?jei“(ei_ej)
1<k<n 1<i<j<n 1<i<j<n
0;+0;€mQ 0;—0;€mQ

In particular if 0; ¢ 7Q for 1 < i <r, then E(f(v§Zy)) = ¢ does not depend on a, and if no

relation of the form 0; £ 0; € 7Q holds for 1 <1i < j <mn, then Var(f(v§Zy) does not depend
on a.

Proof. We note that the n first components of Zy are products of non-zero integral powers of
independent uniform random variables on T, so they are uniform on T, while the last r — n
components of Zy are (almost surely) equal to 1. The result for the mean is then straightfor-
ward. For the variance, we expand the squared modulus and remark that Zy;Zg ; = 1 (almost
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surely) if and only if 0;+6; € 7Q, and Zy;Zp ; = 1 (almost surely) if and only if §—6; € 7Q. O

As a corollary of the above Proposition, we deduce another sufficient condition for ties
between those functions to have density zero.

Corollary 3.6. For 1 <j <D, let fj =cj + > 1 ai:j)Xk + a/,(cj)Xk_1 € C(Xq,...,X,). Let
01,...,0,. be real numbers such that 0; & ©7Q for i < n, and 0; € 7Q for n < i < r. Finally,
let Gj:t s f; (ewlt, . .,ewrt) +o0(1) as t — +o0.

i) If n > 1 (i.e. we are in the non-degenerate case), and if for every a € {0,...,d — 1},
the map

Jjrr Z |a](€j)‘2 + 2R¢ Z a(j)algj)eia(OiJr@k) 4 2%Re Z a(j)al(cj)eia(eifek)

7 7
1<k<n 1<i<k<n 1<i<k<n
0;+0,€7Q 0,0, €mQ

is injective then for every permutation o of {1,..., D}, 0(Gyy > -+ > Gy(p)) emists.

it) If for every a € {0,...,d—1}, the map j — ¢;+> —, (a,ﬁj)eme’“ + a,(gj)e_mek> is injective
then for every permutation o of {1,..., D}, 0(Ggy > -+ > Gy(p)) ewists.
Proof.

i) The hypothesis implies that Var(f;(v§Zy)) # Var(f;(v§Zy)) for any a € {0,...,d — 1}
and any distinct 4,5 € {1,...,D} by Proposition so that the random variable
fi(V§ Zg) — f;(v§ Zy) is almost surely non-zero. By Lemma [2.5] this implies P(f;(v§ Zg) =
[i(v§Zy)) = 0, and the result follows from Theorem it).

ii) The proof is similar, except that this time E(f;(v§Zs) — f;(v§Zy)) # 0, which implies
again that P(fi(v§Zy) = f;(v§Zy)) = 0.

O

3.4 Moments in the infinite-dimensional case

We work in the setting of Section [2.3] As before, we would like to have at least the first two
moments of the random variable S at our disposal. This is possible at the cost of assuming
additional hypotheses on the coefficients a,, of the function F, and on the linear relations
between the almost periods of F', i.e. the elements of the support A(F') of F. We give below
two distinct hypotheses that allow us to compute the second moment.

Let 6 = (6,)n>1 be a sequence of pairwise distinct positive real numbers and for any
N>1let O =40, | n < N} and © = Jy>; On. We are going to do an analysis close
to what we did in the previous sections, but we alter our notations to take into account the
infinite number of 6,,’s. Define inductively B := {#;} and for N > 2,

By — BN,1 if 9]\[ S Span@(@N,l)
N7 By_1U{0n} otherwise.

We let B := [Jy>1 Bn, so that B is a basis of Spang ©. For any j > 1, write the decomposition

of §; in B as
9j = Z C@}jg
oeB
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and let d; be the least common multiple of the denominators of the ¢y (written in irreducible
form), for 6 € B; and k < j. Since the sequence of sets (B;);>1 is increasing, we see that d;
really only depends on j.

Definition 3.7. Let (Zy)gep be a sequence of independent random variables, uniform on T.
For any N >1 andn < N, let

dncon
Znn = ] Zg~ .
9B

Notice that, by definition, dyc, g € Z for n < N, and that for every n > 1, ¢g,, = 0 for
all but finitely many 6 € B, so the above product is a finite product.

Lemma 3.8. Let ¢ € C, (ay)n>1 € £2(C) and for every N > 1,

Soy i=c+ Z (aanN —i—@m) .
n<N

Assume that no 0, is an integer multiple of another, that is for every i,j > 1 with i # j, we
have 8; & 0;Z. Then (Se, )n>1 converges in L2

Proof. Since L? is complete, it is enough to prove that (Seg,)n>1 is Cauchy in L?. Let
m >n > 1, then

m 2

E(|Se,, — So,1?) =E | > (akZim + @lim) — > _(axZip + @G Zin)
=1 =1

Expanding the square, we end up with terms of twelve different kinds : ara;E(Zk pZ;p),
akﬁjE(Zk7ij7p) for p € {m,n} and 1 < 5,k < p, —akajE(Zk,ijm),—akafj]E(Zk,ijm) for
1 <k <m,1<j <n and their conjugates. Each Zj , is uniform on T and the product of
two uniform random variables on T is either 1 or uniform on T, in which case it has mean
zero. Thus, it is enough to detect in which of the above cases we end up with 1.

o Forpe {m,n}and 1 < j k < p we have

_ dp(co,x+co,;)
Zk,pZJ}p - H Ze :
0eB

Since the Zy,0 € B are independent, this product is (almost surely) 1 if and only if
dy(co i, +co ;) = 0 for every 0 € B. By definition, this means that ; = —6;, which can’t
be because each 0, is positive. So those terms contribute 0.

e Similarly, we have
E— d —Cp s
oeB

This is equal to 1 when j = k, but when j # k there is at least one non-zero exponent
since the 6,,’s are pairwise distinct.

e Nowforl<k<m,1<j<n,

dmco ktdnce,j

Zk mZ = H 7 o J

9 j7n 9 °
0eB

As before, this is 1 if and only if 8, = —%Hj, which can’t be since the 6,,’s are positive.
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e Finally for 1 <k <m,1<j<n,

- dmco,k—dnco,j
ZikmZjn = H Zg 7
oeB

and this is 1 if and only if §; = ‘fﬁ@k. But by definition, d,, divides d,, for m > n, so
by hypothesis on the 0,,’s the previous equality can only happen if and only if k = j.

Gathering everything, we have

m n n m
E(|Se,, —S0,1?) =2 larf +2) Jaxl? =4 |af =2 D laxl*
k=1 k=1 k=1 k=n+1

Since (ap)n>1 € £2(C), this proves that (Sg, )n>1 is Cauchy for the L2 norm. O

If the sequence (d;);>1 is bounded, it is stationary since it is non-decreasing. In that case,
we let d be its limit and Ny > 1 be such that dy = d for every N > Ny. Then Z, n = Z,, n,
for any N > max(Ng, n), so for any n > 1 we let Z,, := Z,, n,. With these notations, we can
now state the following result.

Lemma 3.9. Let c € C, (an)n>1 € *(C) and for every N > 1,

S@N =c+ Z (anZn,N +@m) .
n<N

Assume that (dj);j>1 is bounded. Then (Se,)N>1 converges in L2

Proof. The proof is made easier in this case by the fact that Se,, — Se, = > i, 11(arZy +
arZy), and the terms of the sum are easily seen to be pairwise orthogonal. We conclude
exactly as in the previous proof. O

Corollary 3.10. Let F ~c+3 0,5 (anewnt + cTne_w"t> be B'-almost periodic (see Theorem

, where ¢ € C and (ap)n>1 € £2(C). Assume either that no 0; is an integer multiple of
another or that (d;);>1 is bounded. Then we can choose

Se = Ngriloo c+ n;\f (anZn,N + @T,N)

(the limit being taken in L? norm) in the conclusion of Theorem i.e. for every bounded
continuous function g on R, one has

1 X
Y/o 9(F(y))dy N E(g(Se))-

Moreover, we have E(Sg) = ¢ and Var(Se) = 2,5 |an|*.
Proof. The first part is an immediate consequence of Theorem and the previous two

lemmas. The last two formulas are straightforward. O

Remark.

i) The formula for the variance is classical when F is B2-almost periodic ([2, p.109]), but
a Bl-almost periodic function with ¢? coefficients is not necessarily B? (though it is in
the same Bl-class as at least one B2-almost periodic function by [2, p.110]).
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ii) It is tempting to say that (Se,)n>1 converges to Sg in L' under no other hypothesis
than F being B'-almost periodic, since limsupx_,, . + de |F'(y) — Pn(y)|dy goes to
zero as N tends to infinity. However we don’t know if the previous quantity equals
E(|Se — Sey|)-

iii) If the 6,’s are linearly independent over Q, so that B = O, then the Z,,’s are pairwise in-
dependent, and one can prove the almost sure convergence of (Se ) y~; by Kolmogorov’s
two series theorem for example (see [I3, Theorem 2.5.6]). In general, the almost sure
convergence does not immediatly follow from the assumption that the series for F(t)

converges for every ¢t € R : the set I' := {(eiet)eeg |t e R} is easily seen to be dense

in TZ as a consequence of the continuous version of the Kronecker-Weyl theorem, but
it has measure zero. By the Riesz-Fischer theorem, we at least know that (Se, )
admits an almost surely converging subsequence.

N>1

3.5 Prime divisor races over global function fields

We now give an application of the previous results to the study of prime divisor races over
global function field extensions.

Let L/K be a geometric Galois extension of function fields, with constant field I, the
finite field with ¢ elements, 7.e. K is a finitely generated extension of Iy, has transcendence
degree 1 over Fy, F, is algebraically closed in L (and therefore in K) and L/K is Galois. We
let g and gz, denote the genus (][22, Theorem 6.6]) of K and L respectively. Let Cy,...,Cp
be D > 1 distinct conjugacy classes of G := Gal(L/K). Define

7o, (n) == #{P prime divisor of K unramified in L | deg(P) = n,Frobp = C;},

where Frobp denotes the Frobenius conjugacy class of P in G. The Chebotarev density
theorem ([22, Theorem 9.13B)) states that

Ci| ¢" q/?

me,(n) mc; (n)

~

for any two ¢ # j, but we want to compare those two quantities beyond this first order
asymptotic. The question is, how often can it happen that

This shows that

7oy (n) Top (1)
> > ?
|C1 Cpl

More precisely, we are interested in the following density, provided it exists,

Ty (n) T (1)
#In< X |2 >0 > 6D
(L/K;Cy,...,Cp) = Xl_igrlOO { |Cl|X [C1] }

When studying the densities 6(L/K; Cy(1y, - - - , Co(py) for every permutation o of {1,..., D},
we say we study the prime divisor race between Ci,...,Cp. As usual, we will denote by
d(L/K;C1,...,Cp) the corresponding lim inf and lim sup.
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To study the above densities, we use the Artin L-functions associated to irreducible char-
acters of G. If x is such a character, one has the following convenient expression :

—ndeg(P)s

log L(s,x) =3 3 x(P")g (12)

P n>1 n

for Re(s) > 1, where x(P") is a short way of writing x(Frob’%) when P is unramified, and it

is
1

ﬁ Z x(g(Frobp)™)
g€l(¥)

when P is ramified. Here, Frobp is any preimage in GG of the corresponding residual Frobenius
automorphism, e(P) is the ramification index of P in L and I(3) is the inertia subgroup of
a prime ‘P of L dividing P. Since I(3) and Frobp only depends on P up to conjugacy and
X is a central function on G, this is indeed independent of any choice.

It is convenient to move from the variable s to the variable u := ¢~°, and to write
L(u,x) := L(s,x). Then one has the following important theorem ([22, Theorems 9.16A and
9.16B]) :

Theorem 3.11 (Weil). The function L(s,xo), where Xxo is the trivial character of G (which
is also the zeta function (x of K ) is a rational function in w with integer coefficients, which
we factorize as

IT5%% (1 = ~(x0, 7))
(1 —u)(1—qu)
If x # xo is a non-trivial irreducible character of G, then L(u,x) is a polynomial in u with

integer coefficients which we factorize as

(ke (s) = L(u, x0) =

(13)

My

Lu,x) = []Q =~ 5)w) (14)

j=1

for some integer M, > 0. The v(x,j) are called the inverse zeros of L(u,x) and have
absolute value \/q (Riemann Hypothesis for curves over Fq). Moreover, if v is an inverse
zero of L(u, x) then % =7 is an inverse zero of L(u,X).

The last statement of the theorem is a simple consequence of the functional equation sat-
isfied by Artin L-functions, which we do not formulate here (for non-trivial characters, one
has to combine the functional equation of Hecke L-series and Brauer’s induction theorem as
in the case of Artin L-functions over number fields [5, p.81-83]).

We now make some preliminary work to study the prime divisor races in L/K. We let C'
be a conjugacy class of G.
On the one hand, by the definition of Artin L-functions, one has

d _n_
ud—logﬁ(u,x): E E deg Px(P™)u"de = E g deg Px(PdeeP) [ u". (15)
u P n>1 i\ P

eg P|n

On the other hand, from the above factorizations and , we obtain

29K
udiu log L(u, x0) = Z (q" +1— Z”Y(ij)n) u” (16)

n>1 j=1

28



and for x # xo

n>1

d
U log L(u, x) Z ( Z’y X J ) . (17)
Writing

d
u-log L(u,x) = 3 eald)u”,

n>1

and using the second orthogonality relations on characters, we find from formula that

S X @enlx) = Y deg PY. x(PP)y(C)
X X

P
deg P|n

# Zd#{P\degP dFrobPCC}

jgnm )+ Re(n) + 0 (¢"%).

where

Ro(n) = %i—g#{P | deg P = Z,Frob} C C} if n is even
0 otherwise.

Using now formulas and , we obtain

29K
> X(O)en(X)=¢"+1-> v(x0.0)" = > x(C Z’YXJ
X j=1 XFX0

Combining the two expressions for -, x(C)en(x) we obtain

G n 29K My n/3
iC ()—ififwacoy ——Z xX(C) > v(x )+O<n>. (18)
X#XO j=1

We now introduce
Cl?={geG|g*eC},

and remark it is stable by conjugacy in G, so it is the disjoint union of conjugacy classes
Dy, ..., D; of G. Moreover,

#{P | deg P = 2, Frob3, CC}_ZWD ( ) Z#D 2% 4 0(gn

#(Cl/ )2
#G

n/2 n/4
=42+ 0(q"1")

by the above formula.
This shows that

Rco(n) = {anm + O(q™*) if n is even

0 otherwise

_ #(Cl/Q)Qn/2 + #(01/2) n/2 imn

n/4
24:C s 4T O,
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Finally, replacing Rc(n) in (18), we obtain

#%(; B q" ##((71/2) qn/2 ##((71/2) n/2 ) 29K
“4c’ oln) =" = 4C  on  #C om ¢ _*Z”‘O’

——Z ]Zlvxy +0<1;/3>~

x#xO

Similarly, with 7x(n) := #{P | deg P = n}, one has

29K
T (n) =" = o Z'y X0, ( )
Combining those two formulas, we obtain
#(01/2) (01/2) M ) n
n (#G_ 1 -7 1- S (v(x )
— = 1)
7 (gmetn) - min) + SPIR(EDY +ol
q #C 2 2 XF#X0 Jj=1 V4
as n — +oo.
Grouping pairs of conjugate inverse zeros we have shown :
Proposition 3.12. Let v1,...,7 be the inverse zeros with positive imaginary part of the

L(u,x), for x # Xo, counted without multiplicity. For 1 < j < r, write v; = \/E]ewj. Then
for any conjugacy class C' of G we have

n (#G iy Ot a(C)e
q? (#C c(n) — 7TK(TL)> =710+ 20 + ax(C)e™ — 2:1 (aﬂ'(c)e "+ a;(C)e™™ ) +o(l)
j:
as n — +oo, where
1_ #(01/2)
ro = —#¢
. 2 )
- > x(C)ord,_,-1/2 L(u,X),
XFX0
C)=rc— Z MOrdu:_q_uz L(u,x),
XFX0

and for 1 <j<r,
a;(C) == Z x( )Ordu:,yj—l L(u,x).
XFX0
We have thus shown that a suitable rescaling of m¢(n) is of the form we studied in the

previous sections. The rescaling of © (
prime divisor races between conjugacy classes of G.

") does not depend on (| so that will allow us to study

Theorem 3.13. Let Cl,.. ,Cp be conjugacy classes of G. For 1 < j < D, let f; =
Xpp14+X. _
e, + 20, + an(Cy) 5 (y(C)X; + ar(C)X; ) € C(Xn, ., X)) and F

tes f (6191t7 et emt)_

i) Degenerate case : Assume 0; € 7Q for 1 < i <r, i.e. that each L(u,X), X # Xo, @S a
product of (rescaled) cyclotomic polynomials. If there exists n € Z such that Fi(n) >
-> Fp(n), then 0 < d(L/K;C1,...,Cp) and if there exists n € Z such that Fi(n) >
- > Fp(n) does not hold, then 6(L/K;C4,...,Cp) < 1. Moreover, if for1 < j < D—1,

and for 0 <n <d—1, one has Fj(n) # Fj;1(n), then §(L/K;C1,...,Cp) exists.
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it) Non-degenerate case : Assume 0; ¢ ©Q for at least one i € {1,...,r}. If there ex-
ist a € {0,...,d — 1} and z € Hy such that fi(v§z) > --- > fp(v§z) then 0 <
O(L/K;C4,...,Cp). Also, if there exist a € {0,...,d — 1} and z € Hp such that
fi(vgz) > -+ > fp(viz) does not hold, then 6(L/K;Ch,...,Cp) < 1. In particular,
if there exists n € Z such that Fi(n) > --- > Fp(n), then 0 < §(L/K;C4,...,Cp),
and if there exists n € Z such that Fi(n) > --- > Fp(n) does not hold, then we have
§(L/K;C1,...,Cp) < 1. Moreover, if for 0 <a<d—1and1 < j < D—1, there exists
n = a mod d such that Fj(n) # Fj11(n), then 6(L/K;Ch,...,Cp) exists.

Proof. This is an immediate application of Proposition Theorem and Proposition
B3l O

We now treat an example for which there is linear dependence between the 6;’s. This
example was featured in [8], but since it did not satisfy the required linear independence
condition under which the authors worked, they weren’t able to study the corresponding
prime divisor race. Take K = Fr(¢) and L = K(«) where a has minimal polynomial f =
X0 — (#2 +t)X3 — 1 over K. Then as detailed in [8, 4.2], G = Gal(L/K) ~ &3. We note
Cy = {id}, C2 ={(12),(13),(23)} and C3 = {(123),(132)}, and it is well-known that we
have the following character table for G :

G3|Cr| Cy | Cs
ol 111
w1 =11
2| 20 -1

One has

L(u,x2) =1+ u+Tu? = (1 —yu)(1 —F3u),

with (those two values are inverted in [8])

Mm=-2+iV3
and
—1+3iV3
Y=y

Then we have 6; = arctan (—@), 02 = arctan(—3+/3) and 61 + 0y = 4?”. Adding 63 = 7 be-

cause of the coefficient a,(C'), we are in the non-degenerate case (because o = — arccos (\/%—8)

as one easily verifies, and such a number is known not to be a rational multiple of 7, see [24]
for example). With notations from Section we have m =1,d =6,cy = %, bio=—1,c3=
$.b13=0.

A quick computation using PARI/GP shows that for i # j € {1,2,3} and every a €
{0,1,2,3,4,5}, there exists n = a mod 6 such that F;(n) # Fj(n), so for every permuta-
tion o € &3, the density §(L/K;Cy(1),Cp(a), Co(3)) exists, i.e. the race between Cy,Cy
and Cj5 is weakly inclusive (Definition . Also, for every permutation o € &3, the in-
equality F,(1)(n) > Fy2)(n) > Fy3)(n) happens for some n < 7 so we may conclude that
0 < 6(L/K;Cy1), Cy(a); Co3y) < 1 and in particular the race between C1,Co and Cs is inclu-
sive (Definition
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Remark. If one wants to study races between functions counting prime divisors of degree
less than n, instead of equal to n as above, one can use the following explicit formula ([8,
Theorem 2.1]) :

QQK .

q+ 4 9=V inn 1(x0:9) inb(x0.4)

mc(k) — 7w (n) | =rc +ro e —2 _— X0,J
”/2< Z )> q—1 q-1 ;V(XO,) 1

- Z X Z ’Y(X,j) inG(X,j) -I—O(l)

ol 065 —1°

as n — 400, and use our method similarly since this has the shape we studied above.

Appendix : a proof of the discrete Kronecker-Weyl
theorem

Proof of Theorem[2.3 Recall 04, ...,0, are real numbers such that {r,61,...,6,} is linearly
independent over Q,

r:{(ei‘)lx,...,e”“) yXeZ}

and we want to show that for every continuous f: T" — C,

1 X 01n 10,
an::lf(e e >xﬁw [ fa
where ) is the Lebesgue measure on T".

By the Stone-Weierstrass theorem, it is enough to prove the result when f is a trigono-
metric polynomial, that is, a linear combination of monomials in z1,...,z.. Indeed, if the
result is true for such functions, then for any € > 0, we can find a trigonometric polynomial
g such that ||f — g]|cc < &, and for every X large enough we have

1 /g :
}Zg(ewl",...,ew"") f/rgd)\

n=1

<e.

For such X, we find

1 X ) .
bd Zf (6191”,...,619”‘) —/ fdx
n=1

<

>< \

( in ...,ewrn) —/Tr(f—g)d)\‘
( ion i@,-n) _ /T,.gd)‘

< 3¢

>< \

i

which proves that
X
Z ( Z@ln ] i@rn> N f d.

X—+o0 JTr

By linearity, we now only have to prove the theorem for monomials

T" — C
fo (z1e0,20) = 2tz

where ny,...,n, € Z.
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The result is obviously true if (nq,...,n,) = (0,...,0), i.e. if f = 1 since both sides are
equal to 1. Now assume at least one n; is non-zero. On the one hand we have

d\ = /z"kd)\:o.
Trf kl;[l T

On the other hand, since {m,0;,...,0,} is linearly independant over QQ, we have that n160; +
o+ 1.0, & 277, so that el(mOt+nrr) £ 1 Now, summing the geometric progression, we
find

X X
i01n i0rn\ __ in(nif1+--4n.6,
f(el,...,e ) YZ o )
n=1
1 (X+1)(TL191+ +nr9'r) _ ei(n101+"‘+nrer)
Y 62(n191+"'+nr0r) — 1
—> 0
+
. W(X+1)(n101++nrby) _i(n1601++nrby) .
since £ L e 11 is bounded. O

ei(n101++nr0r) _q

Remark. The continuous version of the Kronecker-Weyl theorem states that, assuming
01,...,0, are linearly independent over QQ, for every continuous function f : T" — C, one has

1 X 0 ”
_ w1y wry
/0 f(e yeees € )dyX_)+oo Tdeu.

Its proof is similar as the one given above. The first step reduces to the case of trigonometric
polynomials by using the Stone-Weierstrass theorem, and the last calculation is done with
integrals instead of discrete sums.
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