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BOUNDEDNESS OF SOME MULTI-PARAMETER FIBER-WISE
MULTIPLIER OPERATORS

FREDERIC BERNICOT AND POLONA DURCIK

ABSTRACT. We prove L? estimates for various multi-parameter bi- and trilinear operators with
symbols acting on fibers of the two-dimensional functions. In particular, this yields estimates
for the general bi-parameter form of the twisted paraproduct studied in [14].

1. INTRODUCTION

The classical Coifman-Meyer theorem [4, [5] is concerned with bilinear operators of the form

To(Fr, Fo)(2) = [ Fa()Fa(q)m(&, n)e*™ ) dedn,
R n
defined for test functions Fi, F5 : R* — C and m a bounded function on R?>". The Coifman-
Meyer theorem states that if m, in addition, satisfies

|02 0m (&, m)| < C|(& )|~V (1.1)

for all multi-indices o, 8 € N} up to a sufficently large finite order and all (§,7) # 0, with
0 < C < o0, then the operator T}, maps LP* x LP? to LP3 whenever 1 < p1,p2 < 00, 1/2 < p3 < 00,
and 1/p; + 1/p2 = 1/ps. A notable application of this result is to the fractional Leibniz rule by
Kato and Ponce [12], which has further applications to nonlinear PDE; see for instance the work
by Christ and Weinstein [3].

Multi-parameter variants of the Coifman-Meyer theory arise by considering multilinear opera-
tors with symbols behaving as tensor products of symbols . A simple bi-parameter example
can be obtained by considering the operator T, with

m(&,n) = ma(§)ma(n), (1.2)

where my and ms are smooth away from the origin and satisfy the analogous estimates as in
(1.1)). This case immediately splits into a pointwise product of two linear Calderén-Zygmund
operators. It can be observed that the symbol m in (1.2) satisfies

|0¢0m(&,m)| < Cle| ! |n| =7, (1.3)

In contrast to this example, a major early contribution to the theory of bi-parameter operators
by Grafakos and Kalton [10] states that the condition is in general not sufficient for the L?
boundedness of T;,.

Further developments of the multi-parameter theory were driven by interest in obtaining
various fractional Leibniz-type rules such as in the works by Muscalu, Pipher, Tao, Thiele [22], 23].
In particular, these papers show bounds for the operators T;, with symbols satisfying

106, )01ty (&M < Cl(EL )TN (€2, m) |17, (1.4)

where £ = (£1,£2), n = (n1,72) € R"xR™. More general operators with so-called flag singularities
were studied by Muscalu [20} 21]. Some recent works in the area include the one by Muscalu
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2 FREDERIC BERNICOT AND POLONA DURCIK

and Zhai [27], who investigate a certain trilinear operator which falls under the class of singular
Brascamp-Lieb integrals with non-Hoélder scaling, and some related flag paraproducts studied
by Lu, Pipher, and Zhang [17].

In the aforementioned papers, the symbols in question generalize products of Coifman-Meyer
symbols , each symbol acting on one or several fibers of the input functions. For instance, the
fiber-wise action in ([1.4]) means that the first factor on the right-hand side of concerns only
Fi(-,&) and Fy(-,m2), while the second term concerns only the complementary fibers Fi (1, -)
and Fy(n1,-). Several recent developments in the theory of singular integrals include the study of
multilinear operators with symbols acting fiber-wise on the input functions but with an additional
”twist” as compared to (L.4]), such as a symbol acting on Fy(¢1,-) and Fa(-,1m2), or Fi(, &) and
F5(n1,-). A fiber-wise action of this kind was first studied by Kova¢ [14] and the first author
[2] in the one-parameter setting and dimension n = 2. In this paper we address such a
situation in the multi-parameter setting.

We follow customary practice to model symbols by the convolution-type P — ) operators, see
for instance [14] or [24]. For k € Z and 1 <1 < 2, let ¢; ;, and ; ;, be smooth functions adapted
in the interval [—2F+1 2F+1]) and let ;1 vanish on [—2k—100 9k—100] = A function p adapted to
an interval I C R means a function supported in I and satisfying

10%plloe < 7%

for all multi-indices o up to order N for some large N; see [29]. Let P;j and Q; ) denote the
one-dimensional Fourier multipliers with symbols ; ;, and 1); ;, respectively, i.e.

Pipf=[f*Pik, Qixf=Ff*vik
for f € LIIOC(R). When we apply such operators to one-dimensional fibers of a two-dimensional
function we use a superscript to denote the fiber on which the action takes place. For instance,

PF (w1, 20) = (F(, ) % Gig) (21), PR F(wr,m0) = (Flan, )+ Gik) (22),
and similarly for lek)F and Ql@k) F'. The central objects of this paper are the two-dimensional

bi-parameter bilinear operators

T(FLE)@) = Y. Q)P F)(2) Q) PO F) (@)  and
(k,1)ez2:k<I

L(FLE) @) = Y. (PRPYR)@) QYY) R) (),
(k,)ez2:k<I

defined for test functions Fy, Fy : R? — C. We prove the following bounds in Section

Theorem 1. The operators Ty and Ty are bounded from LP*(R?) x LP2(R?) to P (R2) whenever
1<p17p2<00,1<pg<2,andpil+i 1

Pz PG
Passing to the Fourier side, the operators T} and 7> can be viewed as multiplier operators
which map the tuple (F}, F») to the two-dimensional function defined by

x| F(&Fa(n)m(E,n)e* = E D dedy (1.5)
R4

for a suitable bounded function m on R*. In the case of T} and T5, the function m satisfies

106, 1)ty (&) < Cl(E0m2) [T (€2, m0)| 717 (1.6)

for all o, 3 € N2 up to order N and all (£,7) # 0. In general, the estimates (.6) alone are not
sufficient for boundedness of the multiplier operator ((1.5). We elaborate on this in Section
by reducing a special case of (1.5]) to the aforementioned counterexample from [10].
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Here and in the sequel, the notion of bi- and multi-parameter is related to the number of
parameters of frequency scales. For instance, each factor on the right-hand side of gives
rise to one parameter. Given the constraint k < [, the symbols of 71,75 do not split into the
tensor products of two symbols mj(&1,m2) and mao(&2,n1). However, bounds for 77,7 imply
bounds on the multiplier operator in the case when m is indeed of tensor type, i.e.

m(&,n) = ma(&1,m2)ma(§2,m), (1.7)
where mq1, mo satisfy the estimates
00z, c2yma(Cr, G)| < Cl(G, )7 (1.8)

for all a € N(Q) up to order N and all 0 # ((1,{2) € R%. This can be seen by the classical cone
decomposition.

Corollary 2. Let m be given as in (L.7)). Then the associated operator (1.5) is bounded from
L x LP2 to LPs whenever 1 < py,pa < 00, 1 < ph < 2, and p% +Li=1

p2 ~ ph°

The multiplier operator (1.5) with the symbol ([1.7)) was suggested by Camil Muscalu. The
case when my and msy are localized to cones in the frequency plane is sometimes called twisted
paraproduct. A special case when one of the symbols m; is constantly equal to one, i.e.

v [ R Fmm(&,m)e* gy, (1.9)
has been previously studied by Kova¢ [14] and the first author [2]. It is a degenerate case of
the two-dimensional bilinear Hilbert transform investigated by Demeter and Thiele [6]. The
one-parameter operator is known to map LP* x LP2 — L in a larger range than stated in
Corollary [2| namely whenever the exponents satisfy

1 , 1 1 1

1<pi,p2<oo, - <p3<2, and —+—=—.

2 P P2 P

Indeed, the techniques developed in [I4] yield bounds whenever 2 < p1,p2 < 0o, 1 < p§ < 2.

Fiber-wise Calderén-Zygmund decomposition from [2] can be then used to extend the range of
exponents.

Let us also mention that there are further connections of with several objects in ergodic
theory. Indeed, the techniques developed in [14] have been subsequently refined and used to
study larger classes of multilinear forms generalizing , which are motivated by problems
on quantifying norm convergence of ergodic averages: the papers by Kova¢ [15] and Kovag,
Skreb, Thiele and the second author [8] study ergodic averages with respect to two commuting
transformations, while Skreb [25] studies certain cubic averages. Other applications of operators
related to the twisted paraproduct are in stochastic integration obtained by Kovaé and Skreb
[16] and also in Euclidean Ramsey theory when investigating patterns in large subsets of the
Euclidean space; see for instance the work by Kova¢ and the second author [7]. We also refer to
the paper by Stipé¢i¢ [26] and the references therein.

More generally, one can consider the class of all bilinear operators where m is of the
tensor type

m(C1, G2, €3, €a) = m1((Ca)aesy)m2((Ca)aes,)m3((Ca)aess)ma((Ca)aes, ), (1.10)

where S; C {1,2,3,4} and m; are symbols on RISl each of them satisfying the estimates analo-
gous to ([1.8]). Then (1.7)) is a special case with S3 = Sy = (). For the purpose of this paper, let
us restrict ourselves to the case when the sets S; are pairwise disjoint and consider (|1.5)) with
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such a symbol. If S; = {1}, then due to boundedness of the one-dimensional Calderén-Zygmund
operators we may replace the function Fj in (1.5) by

ma(€1)Fi(€). (1.11)

Performing the analogous step for any singleton S;, we may reduce (1.5 to the case where each
non-empty set S; satisfies |S;| > 2. Up to symmetries, mapping properties of the cases that arise
are discussed in Table [I] below.

TABLE 1. Structure of m and the range of boundedness

Structure of m(&,n) | Known range of boundedness
1 mi(&x,m) 1 <pi,p2 <00, 3 <ph<oo
2 my(&1,&2) 1 <pi,p2 <00, 3 <ph<o0
3 ma(&1,7m2) 1 < p1,p2 < 00, %<pg<2
41 mi(&,&)ma(ni,n2) | 1 < p1,p2 < 00, %<pg<oo
5 ma(&,m)ma(&2,m) | 1< pr,p2 < oo, 3 <ph<oo
6 | mi(&, m)ma(&,m) | 1 <p1,p2 < oo, 1 <ph <2
7 m1(&1,82,m) 1 < pi,pa <00, 5 <pj <00
8| mi(&,&,m,m) |1<pi,pr<oo, 3<ph<oo

The operator corresponding to Case 1 is a classical Coifman-Meyer multiplier [4, [5] acting on
the first fibers of the functions Fy, F5. Case 2 is a pointwise product of a linear Fourier multiplier
with the identity operator and can be treated analogously as ([l.11]). The estimates for Case 2
stated in Table [1| are obtained by Holder’s inequality. Case 3 is the operator , which has
been studied in [14]. Case 4 is a pointwise product of two linear operators and the analogous
reduction as in ED applies. Case 5 is a bi-parameter version of a Coifman-Meyer multiplier
and its boundedness follows by [22]. As remarked earlier, in [22] the authors are able to handle
multipliers m which are not necessarily of tensor type. This is in contrast with Case 6, which is
the content of Corollary [2] It remains to consider Case 8, which is the classical Coifman-Meyer
multiplier, and Case 7. We prove the following bounds for Case 7 in Section [3]

Theorem 3. If m(&,n) = mi(&1,&2,m), then the associated operator (1.5) is bounded from

LP1 x LP2 to LPs whenever 1 < py,ps < 0o, % < ph < 00, and pil + p% = pi,.
3

We emphasize that extending the range of exponents for p5 in Cases 3 and 6 remains open.

Dualizing the operators in with symbols of the form , the corresponding trilinear
forms are particular examples of singular Brascamp-Lieb integrals with several singular kernels,
see also the survey [9]. Indeed, they can be represented by the trilinear forms

/ Fl(IL' + A18 + Blt)FQ(IL’ + AQS + Bgt)F;;(JZ)K(S, t)d:vdsdt (1.12)
R6

for suitable matrices A, Bi, Ao, Bo € M3(R) and a kernel K, whose Fourier transform K is of
the form (1.10]). In particular, the operator with (|1.7)) is associated with a tensor product of two
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Calderon-Zygmund kernels
K(s,t) = Ki(s)Ka(t),

where K1 = my, Ko = ms. In this case, if one of the kernels Ki, K5 in specializes
to the Dirac delta, then the object reduces to a one-parameter family of the two-dimensional
bilinear Hilbert transforms [6]. Studying for an arbitrary choice of matrices A;, B; and
any Calderén-Zygmund kernels K7, Ko remains an open problem.

Furthermore, the operators 17 and 75 can be viewed as particular fiber-wise versions of the
paraproducts studied by Muscalu, Tao, and Thiele in [24]. Following the setup from [24], let
n > 1 and let ©,, € Z" be a convex polytope of the form

Qn ={(k1,...,kn) €Z" : ki, > ky forall 1 <a < K},

where iq,i, € {1,...,n} and K > 0 an integer. Consider the operators which maps an n-tuple
(F;)™_; of test functions on R? to the two-dimensional function

e > TI@QT k., P @), (1.13)

(kl ’~~-7k2n)692n i=1

where each Q; is a Fourier multiplier with symbol ;;, which is a bump function adapted
in [—2F+1 2k+1] and vanishes on [—2F7100 2k=100]  When €y, is of the form €, x Z", bounds
for follow from [24]. When n =1, reduces to a classical linear Calderén-Zygmund
operator. When n = 2, one can classify the cases similarly as in Table[I] Indeed, this can be seen
by summing over {24 in at least two parameters k; in . Using the fact that > pez Qik are
linear Calderén-Zygmund operators and hence satisfy the desired bounds, the problem is reduced
to objects with the summation over €3, such as T1, T», and other bi-parameter analogues in [22].
This yields LP* x LP2 to L5 bounds whenever 1 < p1,p2 < 00 and 1 < p4 < 2, but the known
range may, in particular cases, be larger. However, as it is the case for T and 75, the symbols
of are in general not of tensor type because of the constraint on £2,,.

The main idea used in the proof of Theorem [1|is to reduce the problem to the vector-valued
estimates for the operator with one constant symbol. The key step is in observing that
the operator is localized in frequency due to the frequency supports of the fibers of the input
functions. This can be seen in sharp contrast with itself, where such localization does
not occur. Localization of the operator allows replacements of some low-frequency projections,
acting on the input functions, with the identity operators. This, in turn, allows for applications
of Holder’s inequality. We prove Theorem [1| and Corollary |2[ in Section [2| In the case of ,
quasi-Banach estimates can be proven using the fiber-wise Calderén-Zygmund decomposition
from [2]. This decomposition does not seem applicable in the context of Theorem (1} as the
symbols act on both fibers of the input functions. Extending the range of exponents in Theorem
[[] remains an open problem.

Theorem [3] is proven in Section [4 and in the Banach case it relies on the bounds for the
operator . In Theorem M| the operator acts on only one fiber of the function Fb; in this
case we are able to use the fiber-wise Calderén-Zygmund decomposition to prove quasi-Banach
estimates as stated in Theorem [3l

Multilinear and multi-parameter generalizations. At present there is only partial un-
derstanding of the multilinear generalizations of Theorem In the case of , multilinear
operators with only one non-constant symbol can be described in the language of bipartite graphs
and were studied by Kova¢ in [13] in a dyadic model.

In this paper, we discuss a particular tri-parameter trilinear example, which can be seen as a
natural generalization of . Let mq,mo, msg be symbols satisfying for 1 <4 < 3. Define



6 FREDERIC BERNICOT AND POLONA DURCIK

the trilinear operator which maps a triple (Fy, F», F3) of functions on R? to the two-dimensional
function given by

v | B F(n)Fa(r)ma (& m)ma(i, m2)ms(ry, €)e*™ T dgdyr, (1.14)
R

where £ = (£1,&2), n = (n1,m2), T = (11, 72). We prove the following bounds.

Theorem 4. The operator ([1.14)) is bounded from LP* x LP2 x LP# to LP4 when 1 < p1, pa, p3 < 00,

4 1 _ 1 1 1 1 1 1 1 1
2<p4<OO, Zi:lpi_l’ and171+172>§’172+173>§’171+173>§'

Note that the range in Theorem [4]is non-empty. For example, it contains exponents in vicinity
of 3 < p1 = ps = p3 < 4. The proof of Theorem [4] is detailed in Section [4 and can be seen as an
iteration of the steps used in the proof of Theorem [I] and its corollary, by gradually reducing to
the vector-valued estimates for the operators with one or more constant symbols. Iterating this
procedure and applying estimates for one- and two-parameter operators, which hold in restricted
ranges of exponents, is the reason for further restriction of the range in Theorem

The proof of Theorem 4] does not immediately generalize to all higher degrees of multilineari-
ties. Beside facing the issues with the exponent range, objects with constant symbols which arise
in the proof may not be localized in frequency, which prevents further iterations of the approach.
Similar issues also arise when trying to generalize Theorems [1] and [4] to higher dimensions. Ob-
taining bounds for a larger class of multi-parameter objects, such as multilinear operators in
, is closely related to studying a large class of maximally truncated singular integrals,
one- and multi-parameter. One such instance is the maximally truncated one-parameter twisted
paraproduct which maps a tuple (F;, F») of functions on R? to the two-dimensional function

1 2
zessup | S (POF)(@) (ng,z,FQ)(:c)‘. (1.15)
N>0 T k<N
Its boundedness seems to be out of reach of the currently available techniques. Further moti-
vation for proving such maximal estimates and also stronger variational estimates is provided

by questions on pointwise convergence of certain ergodic averages. Establishing LP estimates for
the operator which maps a tuple (Fy, Fb) of functions on R? to the one-dimensional function

vy sup || 7 (PE) (. 02) (QFLF) (a1,22)|
N>0 T k<N

could be considered as an intermediate case between (1.9)) and ([1.15). Such bounds also remain
open.

L, (R)

Notation. For two non-negative quantities A, B we write A < B if there exists an absolute con-
stant C' such that A < CB. If C depends on the parameters Pi,..., P,, we write A Sp,_ p, B.

Acknowledgments. The authors thank Cristina Benea, Vjekoslav Kova¢, Camil Muscalu,
and Christoph Thiele for several motivating discussions. The first author is supported by ERC
project FAnFArE n0.637510. The second author acknowledges the hospitality of Université de
Nantes while this research was performed.

2. THE BI-PARAMETER BILINEAR OPERATORS 17 AND 75

This section is devoted to the proof of Theorem [I Throughout this section we will use the
shorthand notation k& < [ to denote k < I — 200. Similarly, k& > [ will denote k& > [ 4+ 200 and
k ~ [ will mean [ — 200 < k <[+ 200.
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It will be evident from the proof that the argument will not rely on the particular choice of
the bump functions ; 1, v; 1, as long as they satisfy the assumptions in the definition of 77 and
T3. For simplicity of notation, we shall therefore only discuss the case ¢1 1 = Y21 = @i and
Y1,k = o = Yy, for each k € Z. We shall also write Py, = Py, = Py and Q1 = Q21 = Qk.

2.1. Boundedness of 7. First we split the summation over k < [ into the regimes where k ~ [
and k < [ respectively, i.e.

nFe) = Y (@ PR QVPPR)+ Y @R R) QPP R).  (21)

(k,1)eZ? (k,)ez?
1—200<k<I k<l

Bounds for the sum over | — 200 < k <[ follow by Cauchy-Schwarz. Indeed, using Cauchy-
Schwarz in [ € Z we pointwise bound this term as

2)
> Y @LRIR)@VEER)| < Y 10 AP Rl P Pallg
—200<s<0 leZ —200<s<0

We consider the product of terms on the right-hand side for each fixed —200 < s < 0. To estimate
the LP5 norm of the product we apply Hoélder’s inequality and use bounds for the classical square
function. We obtain

2
QP Pl 108 P Fallaapll o

2)
< HQHSP( Fl”LPl(z2 HQl l+sF2HLP2 (%) §P17P2 HFIHLPl R2)||F2HLP2(R2)

whenever 1/ph = 1/p1 + 1/p2 and 1 < p1,p2 < co. In the end it remains to sum the individual
contributions of these finitely many terms.

It remains to consider the case k < [ in . By duality it suffices to study the corresponding
trilinear form and show

2
> [ @PPPR) QPP ) B Spmin 1P| Pl Pl
(kl VEZ2: k<

for any choice of exponents 1 < p1,ps < 00, 2 < pg < oo with 1/p; + 1/p2 + 1/p3 = 1. By the
frequency supports of Fy, Fa, the form on the left-hand side can be written up to a constant as

> / QPP R) QY PP Fy) (9P Fy), (2.2)
(k,)ez2:kxl

where P; and Q; are Fourier multipliers with symbols adapted to [—2/*3,2+3], the symbol of P
is constant on [—2+2,2!42] and the symbol of Q; vanishes on [—2!7%0 2!=90],

Then we write P, = ¢;(0)] + (P, — ¢;(0)]) where I is the identity operator, and plug this
decomposition into the form . This yields

2= > M + Yo & (2:3)

(k,)ezZ2:k<l (k,1)€Z2:k<l

where we have defined

M= [ (@F) @R (a0 P ),

£t = /R 2(Q<1>( P2 — () I F) QY PO Fy) (VPP Fy).
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First we consider the term involving My ;. Since |¢;(0)] < 1, up to redefining P; we may
assume that ¢;(0) = 1 for each [. We split the summation as

Z Mg = Z M, — Z My, — Z M. (2.4)
(k1) €22 k<] (k,1)eZ2 (k,1)€Z2:k~l (k1) EZ2 k>

By the frequency support of the first fibers of the functions F; it follows that the term over k > [
vanishes. To estimate the term with summation over k ~ [ we use Holder’s inequality in [ and
in the integration, yielding

3 Mirss| < D IQE Fllr (0 10 P, Ballioa ) | QP Bl

l€Z s~0 s~0

It remains to use bound on the one-dimensional maximal function and the two square functions,
which hold uniformly in s ~ 0, and finally sum in s.

Thus, it suffices to estimate the case when the sum is unconstrained, i.e. over (k,1) € Z?. By
Cauchy-Schwarz in [ and Hoélder’s inequality in the integration we estimate

‘ > Mkl‘<HZ QY F) (QVPE FZ)‘ ”Ql(l)Pz(z)F3||Lps(zl2)a (2.5)
(k,D)€Z2

LP3(42)

where 1/p3+1/p5 = 1. The second term on the right-hand side is a classical square function. To
bound the first term we use LP* (R?) x LP2(£2) — L5 (¢2) vector-valued estimates for the operator
, which hold whenever 1 < pf < 2 and 1 < py,p2 < co. These vector-valued estimates are
obtained by freezing the function F; € LP' and using the linear inequalities of Marcinkiewicz
and Zygmund [18] together with scalar-valued boundedness of . We obtain

ISerra s

where we have used the Littlewood-Paley inequality for the last bound. This yields the desired
estimate for the first term in .

It remains to estimate the second term in . By frequency consideration in the second
fiber, one has

Sou 1Pl w2 |QF Ballipa 2y Spr 1 [lLon z2) | P e ey,

LP5(¢2)

> 5k;l—C Z / QYO 1) (VPP ) (9P Fy), (2.6)

(k,1)eZ2:k<l €72:k<l

where c is an absolute constant and Q; is a Fourier multiplier with symbol adapted to [—2!+3, 20+3]
which vanishes at the origin. Indeed, note that this is the case both when ¢;(0) = 0 and when
©1(0) # 0. We split the summation in the regions where (k,l) € Z?, k < [ and k > [. By
the analogous considerations as in the paragraphs from to we note that it suffices to
instead consider the case when the sum is unconstrained, i.e.

> / @V R) (VPP ) (9P Fy).
(k,l)ez?

By the Cauchy-Schwarz inequality in [ and Holder’s inequality in the integration we bound the
last display by

H Z Q(I) )P,g2)F2)’ L

kEZ

o 19 P Falusa )

The second term is a square function. Bounds for the first term follow from LP(¢2) x L4(¢2) —
L"(£?) vector-valued estimates for the twisted paraproduct (1.9) and two applications of the
Littlewood-Paley inequality. The vector valued estimates which we need in this case are a
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consequence of scalar boundedness of the operator (1.9 and a result by Grafakos and Martell
[11, Theorem 9.1]. This yields the desired bound for the second term in (2.3) and in turn
establishes the claim for T7.

2.2. Boundedness of T5. The proof for T5 proceeds in the analogous way as the proof for T;
and we only sketch the necessary ingredients. By duality it suffices to bound

2 1 2
3 / PO (QMQY Fo) F| Spu s 1F Lo @2 1 P2 L2 (g2 | 3l os (g2)
(kleZQk<l

for any choice of exponents 1 < pj,p2 < 00, 2 < p3 < oo with 1/p; + 1/ps + 1/p3 = 1. The case
when [ — 200 < k < is bounded by Hoélder’s inequality, so it suffices to consider k < [.
By frequency considerations, the form on the left-hand side is a constant multiple of

1) (2) 1) (2 1).5(2
> [ EROR) @ e R @ PR
(k1)EZ2:k<]
for frequency projections Q; and P; as in (2.2)). As above we split P, = ¢(0)I + (P, — ¢(0)I). By
considerations as in the discussion after (2.3]) it remains to estimate the analogue of the term
associated with My, i.e.

2 / QY ) (20 QP F),

(k,l)ez?

and the analogue of the term associated with &, i.e.

/R (PR QR (PP B,

(k,l)ez?

where Q; is as in (2.6). The proofs for each of these terms proceed analogously as for (2.5) and
(2.6) respectively, reducing to vector-valued estimates for the operator (1.9)).

Remark 5. An alternative way to prove bounds for 75 is to deduce them from the bounds for
Ty via a telescoping identity, which ”"swaps” the P- and Q-type operators. Indeed, this can be
achieved in a special case when T} and T» are related by a condition on the bump functions as
in Proposition [§ in Section [4 below. Then, one can deduce a general case of T, from the special
case by an averaging argument. We perform such arguments in a trilinear tri-parameter setting
in Section [ below.

2.3. Proof of Corollary This corollary can be deduced from Theorem [1| by a classical cone
decomposition, as performed for instance in [19]. For completeness we outline the relevant steps.
Let m be a function on R?\ {0} satisfying

0% m(¢)] < I~

for all o up to a large finite order and all ¢ # 0 in R%. Let ¢ be a smooth function supported
n [—2,2] and constantly equal to 1 on [—1,1]. Let 1) = ¢ — ¢(2-). Then 3, ;¥ (27%7) =0 for
each 7 # 0. We can write

m(Q) = > mQyp@ F)w(2 ).
(k,1)€Z2

Splitting the sum into regions when k < [ and k > [, respectively, and summing in the smaller
parameter we obtain

=2 m(QpTPRTG) + 3 Qv W G).

keZ keZ
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We consider the first sum; the second is treated analogously.
Note that for each k£ € Z, the summand is supported in

{CeR?: |G| < 26H 27h1 < g < 2K+,

The smooth restriction of m to that region can be decomposed into a double Fourier series,
which yields

Zm kgl)q/)(Q*kCQ) _ Z Z nl,ng(»p kcl)ecnm—kﬁmw( C )e cmi2 =k ¢ang

kEZ (n1,n2)€Z2 kEeZ

where ¢ is a fixed constant and the Fourier coefficients C* satisfy

ni,ne
-N -N
Oy nal S (L [na]) ™Y (1 + [nal)

for any N > 0 up to a large order, uniformly in k € Z. For details we refer to [19], Chapter 2.13.
Normalizing the bump functions and the coefficients, the last display can be written as an
absolute constant times

Yo W)+ n2)) 72D CF i (G Wk (G2),

(n1,m2)€Z2 keZ

where | |
@k,n((l) = C1<,0(C1)€C7rzC1n1’ wk’nQ (CZ) _ C2¢(C2)€cmc2n27

and the constants ci, ¢y are such that both functions are adapted to [—2F+1, 2’“’1]. Moreover,
@k, (0) is the same constant for each k € Z, 1y, vanishes in [-2871 2571 ‘and |CF | < 1.
This reduces the matters to considering symbols for each fixed ny,no with bounds uniform in
ni,ns. Note that the coefficients Cﬁl n, Can assumed to be equal to 1 by subsuming them into
the definitions of 1y, ., .

We perform this decomposition for the symbols m; and msg in . Then the bounds for the
associated operator follow from bounds on 77 and T5.

2.4. A counterexample. In this section we show that the estimates ((1.6)) alone are not sufficient
for boundedness of the operator (1.5). We restrict ourselves to the Banach regime. More
precisely, we show that there exists a bounded function m on R?* satisfying

108, 06, &M S (€)1 (€2 mn) 1P

for all multi-indices «, 8 € Ny such that the associated operator (1.5 does not satisfy LP! x LP2
to LP5 estimates for any exponents 1 < py,pa,p3 < 00.
To see this we first recall a result from [I0]; see the remark at the end of Section 3 in [10].

Existence is shown of a symbol mg on R? \ {0} satisfying
102,05 mo (&, m)| Saus 16 |m| ™7

for all multi-indices «, 8 € Ny, such that the one-dimensional operator mapping a tuple (fi, f2)
of functions on R to a one-dimensional function

T /R? FL(&D) Fa(m)mo(&x, m)e?™ &+ de (2.7)

does not satisfy any LP! x LP? to LPs bounds.
To show that the estimates ([1.6]) are in general not sufficient we reduce a special case of ([1.5))
to this counterexample. Let us define

m(&1, &2, M1, m2) = mo (&1, m)m(&r, m2)m(n, €2),



BOUNDEDNESS OF SOME MULTI-PARAMETER FIBER-WISE MULTIPLIER OPERATORS 11

where m is a smooth symbol on R? \ {0} supported in the cone {((1,(2) : [¢2| < |¢1]}, satisfying
m(¢1,0) = 1 whenever |(1| # 0, and

|8am(C17 C2) 504 ’(Ch <2)|_|a|

for all « € NZ and all ({1, (2) # 0. Then m satisfies (1.6 and we have m(&1,0,m1,0) = mo(&1,m1)-
We dualize the operator (1.5)) associated with this multiplier and consider the corresponding
trilinear form, which reads

| BORFE + hm(s. mdcan (28)
Let A > 0 and let 1 < py,p2, p3 < 0o be such that 1/p; +1/ps +1/p3 = 1. For 1 <14 < 3 we set
Fi(w1,22) = fi(z) A" Pip(A ),

where f; and ¢ are one-dimensional smooth compactly supported functions and @ > 0. Plugging
these particular functions Fj into the trilinear form (2.8]) we obtain

t [ RN 06 Falm)APOm) B + mINBE + )
m (&1, &2, M1, m2)dE1dE2dmdns. (2.9)

By rescaling in & and 7y it suffices to consider

/ FLENP(E) F2(m)B(m2) F3(&1 + )P (Ea + m2)m (€1, N 0, 1, A In2)d€rdEadm di.

Letting A — oo and then integrating in £», 79 we obtain a non-zero constant multiple of

L R0 Rm e + mimolé.m)dsidn,

which can be recognized as ([2.7) paired with a function f3. Therefore, the form in the last
display does not satisfy any L” estimates. Since || Fj||1r: (r2) equals || fil|re: (m) |¢llLei (), it follows
that (2.9) does not satisfy any LP estimates as well.

3. A ONE-PARAMETER BILINEAR OPERATOR

This section is devoted to the proof of Theorem [3] By a three-dimensional analogue of the
cone decomposition outlined in Section it suffices to estimate the operators mapping (F, F»)
to two-dimensional functions given by

r = Y (Q P (@) (P Fa) (), (3.1)
keZ
tzpym (2) (@) Fa) (@), (3.2)
kEZ
and
= Y (PP R (@) (P F) (@), (3.3)
keZ

where P i, Q) are Fourier multipliers with symbols ¢; 5, and 1, respectively, which are adapted
o [-2F*+1 2F+1] and in addition vy vanishes on [—2F~1 2F=1],

We will first prove bounds for each of them in the open Banach range. Then we will extend
the range with a fiber-wise Calderén-Zygmund decomposition from [2].
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3.1. Boundedness in the open Banach range. In this section we show that the operators

B1), (3:2) and (3.3) are bounded from LP* x LP? to LPs whenever 1 < pi,p2,p3 < oo and
1/p1+1/p2+1/ps = 1.
To bound the first operator (3.1), we first reduce to the case when the symbol of P, is

supported in [—2F799 2F=99] Indeed, if this is not the case we split
Py =P+ Qo ks

where the symbols of ﬁgk and Qo are supported in [—2F799 2F=99] and [—2k+1 _2k—100] 4
[2k_100, 2k+1], respectively. We split the operator accordingly and note that the term with Q2
immediately reduces to two square functions by Cauchy-Schwarz.

Now we dualize and consider the corresponding trilinear form. By the frequency localization
in the first fibers of the functions, it suffices to show

> / QP PEF) (BYF) (P F)| Sppans 1Filluon gy lles ety | s e
keZ

for any choice of exponents 1 < p1,pa,p3 < oo and 1/p; + 1/pa + 1/p3 = 1. Here Qy, is adapted
o [—2F+3 2F+3] and the corresponding symbol vanishes at the origin. This estimate follows
immediately by Holder’s inequality in k& and in the integration, together with bounds on the
square and maximal function.

For the second operator we proceed in the same way; this time reducing to the case when
the symbol of P; j is supported in [—2k—99 2k=99],

It remains to consider . By considerations as above, we may assume that P j, is supported
n [—2F=99 2k=99] By duality it suffices to study the corresponding trilinear form

Z/ lek F1)( F3_cZ/ 1ka )Q(Q)(< )F)Fg) (3.4)
kEZ kEZ

where ¢ is a constant and Q) satisfies the properties as in the previous display. By Cauchy-
Schwarz in k and Holder’s inequality in the integration, we bound the last display by

1 2 2 1
P20 Rl [0 (PR 1) g o
k

The first term is a square function bounded in the full range. For the second term, we note
that by Fatou’s lemma, it suffices to restrict the ¢ norm to |k| < K for some K > 0 and prove
bounds uniform in K. By Kintchine’s inequality, this term reduces to having to estimate

|5 e (itirom)

k| <K

Lpll (R2)

for uniformly bounded coefficients ay. Dualizing with G € LP*(R?) it suffices to show
2

|5 [ (@6 (BB P Sy Gl | el ey | P ey

k|<k 'R

This estimate holds in the range 1 < p1,p2 < 00, 2 < p3 < oo, and Holder scaling, since the
left-hand side is an operator of the form paired with the function Fj.

To obtain bounds for in the full range, it suffices to show estimates with 1 < p1,p3 < 00
and 2 < py < 00. The left-hand side of (3.4 @ can be written as

> [ (PLQ R (PR PR,

keZ
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for a multiplier Py with symbol adapted to [—2F3, 23], Writing Py = 0o, (0)] + (Poy —
©21(0)I) we reduce the last display to

Z/ 1ka FI)FQ(SOQk 77,2 VFy) + Z/ (Qk: Fz)(P(l) Fy)

keZ keZ

for a suitably defined Q) whose symbol vanishes at the origin. The first term is analogous to
the left-hand side of , satisfying the estimates with 1 < p1,p3 < 0o and 2 < py < co. The
second term has two Q-type operators and bounds in the full range follow by Hélder’s inequality
and bounds on the maximal and square functions.

3.2. Fiber-wise Calderén-Zygmund decomposition. In this section we show that the op-

erators (3.1)), and are bounded from LP! x LP2 to L5 whenever 1 < pi,ps < 00,
1/2 < ph < oo and 1/p; + 1/pe = 1/ph.

By real bilinear interpolation, it suffices to prove weak-type bounds with p5 < 1 for the
operators , and . Each of them is of the form

T(F, F)(@) = Y (P B R (@) (P o)),
keZ
where P ;, are Fourier multipliers with symbols adapted to [—2"”“, 2k+1]. We are going to apply
the fiberwise Calderén-Zygmund from [2] to the function Fs.

It suffices to show that for any 1 < p;,ps < oo and 1/2 < ps < 1, the operator T satisfies the
weak LP1 x LP2 — [P35 estimates. Fix F} € LP! (R?) and Fy € LP2(R?). By homogeneity we
may assume

[ 1o (r2) = [[F2llLp2 mey = 1.
Our goal is to show that for every A > 0

{z € R®: |T(Fy, Fo)(x)] > A Spypn NP5
We write x = (x1,x2). Fix A > 0 and perform a fiber-wise Calderén-Zygmund decomposition of
F5(+, z2) for fixed z9 € R at level APs/P2 This yields functions gz, and atoms a; ,, supported on
disjoint dyadic intervals intervals I; 5, such that F5(-,22) = gz, + D ;0i 4, and for all x9
Ig2s ILr2r) < I1F2( 22) L2 @y and || gayllioor) S APS/P2.
Moreover, for all ¢, the atom a; 5, has vanishing mean on I; 4,,

”aiaa"Lpz 1. < AP%/P2|]im2|1/p2’
’ ( 1,.12) ,

and the intervals satisfy
S Fieal S NP IF,22) Wy (3.5)

7

First we consider the good part T(F1y, g), where g = (21,22) — gz, (1). We have
lgllLrzmey < [|Follre@mey =1 and  [|gllree(mey S AP3/Pz2,
Therefore, for go > py we get

191Le2 (R2) Spo NP3 (1/p2=1/42)

By the boundedness in the Banach range obtained in the previous section we obtain
{z € R® [T (F1, g)(x)| > A} < A T(F1, 9)lI e (re)

o
Sproe A NP1 w2y 1911702 2y S A s+spy(1/pa—1/a2) — \—P5

where 1 < g2, < 0o are any exponents that satisfy 1/p; + 1/g2 = 1/s, g2 > p2 and (p1, g2, S)
belong to the open Banach range. This is the desired estimate on the level set.
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It remains to consider the bad part T'(F1,b), where b = (x1,22) — >, @; 2, (x1). Denote
E= UU i gy X {T2}),
z2€R 14

where 21; ;, is the interval with the same center as I; », but twice the length. Note that
PP /R | Ui 21, |dy S AP3 /R B2 22) [P gy vz S AP B2 ggay = A775,

where we have used (3.5). Therefore, it remains to estimate |[{z ¢ E : |T'(F1,b)(z)| > A}|. By
the definition we have

P(l)b Zngalm :L'l

Fix x5 € R and take z1 € R\ U;21; 5,. Denote by ¢; ,, the center of the interval I; ;,. Since P
is a convolution operator with some smooth function p; (with its Fourier transform adapted to
[—2k+1 2F+1] up to a large order), using the mean zero property of a; ., we obtain

|&mmwms/ 01,2 () P11 — ) — P (1 — i) 0
i,T9

—100
5/ 1.0 ()] 22 T | (14 2y — 10]) Pl

,T9

< \P5/P2 22k|1i7x2|2(1 i 2k|x1 _ 07;712\)_100.

Here we used

”ai,’mHLl(R) < ‘Ii7902|1/p/2Hai,xz“Lpﬁl(R) S, )‘pé/mui,x2|‘
Therefore, since |z — ¢; z,| > |1 2,|/2 we have

— ¢ |\ —100 |Zo — ¢iy|\ 2

22]€ I 2(1 ’.'1:2 Cz,y’) < <1 Y )
Z | 17552’ + 2_k ~ + |le ’
keZ 2
Therefore, we have showed that for z; € R\ U;21; 4, it holds
|T(FY,b) ()] S AP/ M(Fy) () H (),

where M is the Hardy-Littlewood maximal function and

|21 — cigyl) 2
Hiz) =Y (1 e )

7

Next we use boundedness of the Marcinkiewicz functions associated with a disjoint collection of
the intervals (I; z, )i, i.e.

|52 0B

lSCQ’

1/p2
L2 (R) §p2 <; ‘[Z‘,xz |> .
(See [28] or Grafakos, Exercise 4.6.6.) This yields

(Sih)) ™

S )\_p?’/mHHF2(931’932)||L§§ (R)||L§§(R) S AP,

| H 1 82 Spe ey
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Therefore,
{z & B« |T(F1,b)(z)] > A} S {z € R? . MWS/P2M(Fy)(2)H(z) 2 A}
= [{z € R?: M(F1)(2)H (z) 2 A\ Ps/P2}]
o /2 !
S N2 M|, g LIS

/2 AT
Spipn A~ P3+(p5)°/p2—(p3)* /P2 < AP,
Summarizing, we have shown that the operator T  satisfies the weak inequality LP* x LP2 —

LP5°°_ By interpolation it is bounded in the range claimed by Theorem

Remark 6. We emphasize that we are able to make use of the fiberwise Calderén-Zygmund in
this case (and not in the case of Theorem [I) because the operators , and act
on only fiber of the function F5. Alternatively, one could apply the classical two-dimensional
Calderén-Zygmund decomposition by decomposing the function F;.

Remark 7. An alternative approach to prove quasi-Banach estimates for and , which
avoids the use of fiberwise Calderén-Zygmund decomposition and in fact proves a stronger claim,
namely, that and are bounded with values in the Hardy space HPs C Lpé, is the
following. Note that the operators and are localized in frequency in the first coordinate
at scale k. So we can use the argument from [I] about the inequality ||f|l, < [|S(f)l, for
0 < p <1, where S is the Littlewood-Paley square function. More precisely, following the scalar
case of [I, Theorem 3.1], one obtains for 0 < p4 <1 the bound

1 1 1
1D (@ PIRFD) (PR Fa)l g gy S QKPR (P o)l g -
kEZ

To apply the arguments from [I] it is important is to obtain the localized estimates which are
reduced through duality by factorizing a QQ; operator on the dual function, which is possible in
this situation. Then the square function on the right-hand side is easily estimated by the product
of a maximal and square function, both of them which are bounded. A similar reasoning can
be done for the second operator of type . In that way we recover the LPs—boundedness of
operators and and we also prove boundedness in the Hardy space H Ps,

4. A TRI-PARAMETER TRILINEAR OPERATOR

The goal of this section it to prove Theorem [4] Throughout this section we will use the
shorthand notation k < [ to denote k < I —50. Similarly, £ > [ will denote k > 1450 and k ~ [
will mean [ — 50 < k <[+ 50.

For k € Z and 1 < i < 3 let (Q;, be Fourier multipliers with symbols 1; ;. For k € Z and
4 < j < 6 let Pj; be Fourier multipliers with symbols ¢; ;. Here v; and ¢; are smooth
one-dimensional functions. In what follows we will consider various classes of symbols and we
will apply more assumptions on them as we proceed. We define the trilinear operators U; and
Us acting on two-dimensional functions Fy, Fy, F3 : R? — C by

Ui(F, B, Fy)(x) = Y (QUNPE) F)(x) (QY) P Fo) (2) (QF ), P i) (x),

(k,l,m)eZ3
Us(Fy, B, F)(2) = S (PP Fy) (@) (@) QP Fs) (2) (S, PO Fy) (a).
(k,l,m)ez3

We keep in mind that they depend on the particular choice of the functions v i, p;x, but we
have suppressed that in the notation.
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Let the exponents p1, p2, p3, and p); satisfy the assumptions stated in Theorem The first step
in the proof of Theorem [4]is to decompose the symbols mq, ma, mg as in Section [2.3] This gives
that it suffices to prove LP! x LP2 x LP3 to LP4 estimates for U; and U, under the assumptlons
that for 1 < i < 3, 9 is adapted to [—2F+1 2k+1] and for 4 < j < 6, @;k is adapted to
[—2k 1 2+l Moreover, each 1;x vanishes on [—2F71,2*=1] and ;4 (0) = ¢;0(0) for each k.
Indeed, note that while cone decomposition gives 8 terms, all other terms that are of the form
of Uy and Us with P- and Q-type operators interchanged can be deduced from the bounds on
Uy and Uy by symmetry considerations, that is, up to interchanging the role of the functions F;
and considering their transposes (z,y) — F;(y, x).

Bounds for U; and Us resulting after a cone decomposition will be deduced from Lemmas
Lemma [§| concerns a particular case of Uj.

Lemma 8. Let p1,p2, p3 and p)y be exponents as in Theorem . For1<i<3andk € Z let
be a smooth function supported in [—2F+3 2843] which vanishes on [—2F3,2K73]. Assume that
for each 1 <i < 3, 11, is of the form

Vil = Pik — Pik—1, (4.1)

where ;. is a bump function adapted to [—2FT3 283 For 4 < j < 6 and k € Z let pj,
be adapted to [—2F+4 28] and assume that the function Vik = Qjk — Pjk—1 18 supported in
[—2F+4 2K+ and vanishes on [—2F—4 2k—4].

Under these assumptions on ¢;, and @k, the associated operator Uy is bounded from LP! x
LP2 x LIP3 to LP4.

Next we state Lemmas |§| and which concern operators of the form :1.14) with one constant
symbol. In particular, these results will be used in the proof of Lemma [8]

Lemma 9. For k € Z let Q1 k, Q2.k, P51 and Fs ), be Fourier multipliers with symbols adapted to
[—2k+10 9k +10) - Purther, assume that the symbols of Q1 k, Q2 vanish on [—28~10 2k=10]1 " Thep
the trilinear operator which maps (F1, Fa, F3) to the two-dimensional function given by

1 1 2
pe Y QU @) (@Y PR () (P Fy) ()
(k,1)€Z?:k<l
18 bounded fmm LPt x LP2 x LP3 to LP4 in the range 1 < p1,pa,p3 < o0, 2 < ps < 00, Z =1,

zlpl

Proof of Lemmal[g It will be clear from the proof that the argument will not depend on the

particular choice of the frequency projections satisfying the requirements from the lemma, so for

simplicity of the notation, we only discuss the special cases P5 = Ps; = P, Q11 = Q21 = Q-
By duality it suffices to consider the corresponding quadrilinear form

Z / l)F 1)P(2) ) (13[(2)F3) Fy.
(k1) €22kl

By the frequency localization of the functions F; in the first fibers, to prove estimates for the
quadrilinear form it suffices to study

Z Mk,l = Z Mkl - Z Mkl - Z Mk,l, (4.2)
(k,hez2:k«l (k,)ez? (k)EZ2:k~1 (k,1)ezZ2:k>1

where we have defined

M= [ (@R @ PP o (PR ).
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Here Q; is a Fourier multiplier with a symbol which is adapted to [—2+12 21412 and vanishes
n [_2l—12 2l—12]
, .
Note that the sum over k£ > [ in (4.2]) vanishes due to frequency supports. To bound the sum
with k ~ [ we use Holder’s inequality to obtain

‘ DY Mgy

leZ s~0
1 2)
< Z ”Ql(+)SF1||Lp1 (Z;’O)HQZ ‘Pl(—&—s‘FQHI-/p2 ) Ql (( )FS) F4) ’ L7 (¢2)
s~0 l

whenever 1/p; + 1/pa +1/r =1 and 1 < p;,p2,7 < oo. For a fixed s, bounds for the first two
terms follow by boundedness of the maximal and square functions. The third term satisfies

o (r?r 1)

whenever 1 < p3,r < 00,2 < py < 0o and 1/r = 1/p3+ 1/p4. Indeed, this follows by Kintchine’s
inequality to linearize the square-sum and then use bounds for . In the end, it remains to
sum in s ~ 0.

Therefore, it suffices to bound the form in with (k,l) € Z2. In this case we note that
the third factor in My, ; does not depend on k. This allows to apply Cauchy-Schwarz in [ and
Holder’s inequality in the integration yielding

‘ Z ./\/lkl) < H Z P;gQ)FQ)HLs(el?)

(k,l)ez?
whenever 1/r +1/s =1, 1 < r,s < co. The second factor on the right-hand side equals ([4.3).
From the known bounds, we obtain the condition 1/ps + 1/py = 1/r and 1 < p3,r < o0,
2 < py < oo. The first factor maps LP1 (R?) x LP2(¢2) — L*(¢2) whenever 1/p; + 1/ps = 1/s and
1 < p1,p2 < 00, 1/s > 1/2. This follows from vector-valued estimates for as discussed in

the display following ([2.5]). O

Lemma 10. For k € Z, let Q1, Q2 be Fourier multipliers with symbols o1 i, 02 which are

functions supported in [—2FF10 28F10) and vanish on [—2F~10 2F=10) For k € Z let Psy, Py be
[_2/@—}—10 2/@—}—10]'

oo Spapa [1F53lLes (2) | Falloa 2 (4.3)
Lr(e2)

o (PP E) 1) |

Lr(67)

Fourier multipliers with symbols ps i, pe ., which are functions adapted to
Assume that for each i € {1,2,5,6}, these functions are of the form

Oik = Pik — Pik—1,
where o4 1, 05 1 are further functions supported in [—2F+10 2k+10] “which vanish on [—2F~10, 2k—10],

while p1 k, p2i are functions adapted to [—2’”10, 2’”10]. Then the trilinear operator which maps
(F1, Fa, F3) to the two-dimensional function given by

1 1 2
e Y (@A) QPR (R F)@) (4.4)
(k) EZ2:k>1
is bounded from LP' x LP?> x LP3 to LP4 in the range 1 < p1, pa, p3 < 00, 2 < psg < 00, Zz_l o =L

and -+ s

+p >2

3

Proof of Lemma[10. Let us augment the definitions in the statement of the lemma by setting Q;
and P, ;; to be Fourier multipliers with the respective symbols o; ;, and p; ;. for any ¢ € {1,2,5,6}.
Observe that because of the condition on the bump functions we have the telescoping identity

szka],kg+Zszf k=19 = Pig [ Pig19 — Piko—1f Pjko—19 (4.5)

k=ko k=ko
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for any f,g € LL (R) and 4,5 € {1,2,5,6}. Also note that letting ko — —oo and k1 — oo, the
right-hand side becomes the pointwise product fg.
Our goal is to deduce the claim from Lemma [J] by two applications of the telescoping identity

(4.5). We write the sum over k> [ in (4.4) as > .z > ez« and use (4.5) in . This gives

E=- Y (@R FL PR Q) ) (4.6)
(k1) EZ2:E>1
+ 3 QYN F) (P PS o) (P F3) (4.7)
keZ

Indeed, (4.7)) is the boundary term at | = k — 49, while the term at —oo vanishes.
Let us consider (4.7). We dualize it and write the corresponding form up to a constant as

(1 ) (2)
Z R2 Qk 1, )(PQk) 49PEEkF)> (P6,k749F3)F4’
k€Z

where Qy, has a symbol adapted to [—25T12 2¥+12] which vanishes on [—2F~12 28~12]_ Note that
by the support assumption on oy ) we necessary have that ps;(0) is the same constant ¢ € R
for each k € Z. Then we write P j,_49 = col + (P2 ,—19 — col) and split the operator accordingly.
By the frequency support information in the first fibers it suffices to bound the terms

3 / co Q(” (1)F1)(P5(?,3F2)) (P _F3) Fy and (4.8)
kEZ
> [, o (@R (S PR ) (R o P P (49)
kEZ

k+100 ok4+100
9k+100 9k-+100)

where the symbol of @k is adapted in [— and vanishes at the origin. The desired

bounds for the first term (4.8)) follow from
1 2 1 2
| [ @) (PR & (PP )|
kEZ

Ql(fl) ((ng)—49F3) F4> ‘

whenever 1/r+1/s=1and 1 <r,s < co. For the first term in (4.10) we use Holder’s inequality
to obtain

1
Q) (PR Fa)llirezy < QAo () 1P Falluea i) Sprps [Filluon 2y [ Fallen )

< 1@ F) (PE )l )

(4.10)
Ls(€2)

whenever 1/r = 1/p1+1/p2, 1 < p1,p2 < co. For the last inequality we have used bounds on the
maximal and square functions. For the second term in (4.10) we use Kintchine’s inequality to
linearize the square-sum. Then we apply bounds for the corresponding operator (|1.9), yielding

[ 082 (R B3) | g S 1 Fsluon ey 1 Fallon ey

whenever 1 / s=1/p3s+1/ps, 1 < p3 < 00, and 2 < pg < 0o. This yields the desired estimate.

For we proceed in the analogous way, this time estimating Qk EE k) F5 by the Hardy-

Littlewood maximal function.
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It remains to estimate (4.6)), for which we still want to switch the projections in k. Now we
write the double sum over k> 1 as } ., > 1 cz.us; and telescope (4.6) in k, giving

: Z (Pl(,lk)—lFl)( 21— 1Q5k )(Q Fy), (4.11)

(k,)eZ?:k>1
2
+ Z 1l+51F1 2(1) 1P5(z+51 )(Q( ) Fy), (4.12)
lEZ
N (7)) (B ) (QF)F3). (4.13)
leZ

The term is the boundary term at k = oo, which is just a pointwise product of F}
with an operator of the form ([1.9). We obtain LP* x LP2 x LP3 — LP4 estimates in the range
1 < p1,p2,p3,p4 < 00, 1/pa + 1/ps > 1/2, whenever the exponents satisfy the Holder scaling.
The term follows from Lemma |§| and symmetry considerations, i.e. after interchanging
the role of F} and F3 and the role of the first and second fibers. We obtain estimates in the
range 1 < pi,p2,p3 < 00, 2 < py < 00, 1/pa +1/p3 > 1/2. Finally, note that

ETR) =S (PLsi ) (P P o) Q) F) (4.14)
lEZ
+3 (P s ) (P 0 ) (QF) F), (4.15)
leZ

where the symbol of Q; is up to a constant adapted in [—2/751 2/+51] and it vanishes near the
origin. The term is bounded by Hélder’s inequality and bounds on the maximal and square
functions in the full range. For one can proceed analogously as for , with the roles
of the first and second fiber interchanged. This gives bounds in the range 1 < p1,pe,p3 < 00,
2 < pg < 0o and Holder scaling. O

Now we are ready to prove Lemma

Proof of Lemmal[8 For simplicity of notation, we shall assume that P, = Py, = Py and Q1 =
Q21 = Qk, but as it will be clear from the proof, the arguments will work for general Fourier
multiplier operators with symbols satisfying the above assumptions.

The proof will be based on analyzing the ordering of the parameters k,[, and m. Note that
by symmetry we may assume k < [ < m. If, in addition, it holds that k ~ [ and [ ~ m, then
all frequencies are comparable up to an absolute constant and the claim follows by Holder’s
inequality.

Consider now the case with two dominating frequencies when k < [l and [ ~ m, i.e. [=m+s
for some —50 < s < 0. Then we need to estimate

SO Y @PPRR) QY PPR) (QVPE,F).

meZ —50<s<0 k€Z:
k<m+s

By Cauchy-Schwarz in m and Hélder’s inequality, its LP4 norm is bounded by

2 H >, @ P(Q)F)(Q%Lspéz)ﬂ)’ﬂg

—50<s<0 keZ:
k<m+s

0 IO P Fsllues

whenever 1 < p3 < oo and 1/p) = 1/p3 + 1/p5. For a fixed s, the second term is a square
function, bounded in the full range. For the first term we use Kintchine’s inequality, which
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reduces to showing

am QY PO R QY. PP F,
’ Z Z k ( m+s )

|m|<M keZ:
k<<m+s

L (R2) Sprpe 1F1lLer 2) [ B2 |z m2)

uniformly in M > 0, where |a,,| < 1. This estimate holds when 1 < p1,pa,p3,ps < 00, 1/p1 +
1/p2 = 1/p%, 1/p1 + 1/p2 > 1/2. Indeed, this follows from Theorem [I| after normalizing the
symbols of P, and @Q,+s. In the end, it remains to sum in —50 < s < 0.

Now we consider the k < < m with one dominating frequency. We dualize and consider the
corresponding trilinear form. By the frequency localizations it suffices to bound

> / QS F) (@ P F) QW PP Fs) QPR ),

(k,l,m)€eZ3:k<l<m

where Q,,, Py, are adapted to [-2™16 2m%6] and Q,, vanishes in [-2™76,2"76]. As in the proof
of Lemma we note that ¢,,(0) = ¢p is a constant with |cg| < 1 for each m € Z. We write
P, = coI + (P, — col) for the projection acting on the second fiber of Fj. Then this reduces to

> Mpim  + > Eklm,

(k,l,m)€Z3:k<l<m (k,l,m)€Z3:k<l<m
where we have set
Mg = / 2(@,&%) QP o) QWP Fs) QPR F), (4.16)
Ertm = / QY A2 F) QPP R) QWP 1) (QUPP Fy). (4.17)

Here @m is associated with a bump function, which is up to a constant multiple, adapted to
[—2m+10 9m+10] Moreover, the bump function vanishes at the origin. We have redefined P, by
subsuming c¢g into its definition.

First we consider . We write the sum over (k,1,m) € Z3 with k <1 < m as

> My im = ( > Miim = > Mk,z,m) (4.18)

(kl,m)€Z3:k<l<m (k,l,m)€Z3:k<l<m (k,l,m)€Z3:k<l
+ Yo My (4.19)
(k,l,;m)€eZ3:k<l

Let us first focus on (4.19). We split the summation into the sums over m and (k,1), apply
Cauchy-Schwarz in m and Holder’s inequality in the integration. This yields

I S

(k,l,m)eZ3:k<l
<| X @R@ R R @VEIR)|, , 19VPD Pl (420
(k,1)€Z2:k<I m

Since the second term is a square function, it remains to prove LP1(R?) x LP2(R?) x LP3(£?) —
LP4(¢2) vector-valued estimates for the trilinear operator

> (@R QYR B) (PP Ey). (4.21)
(k1) ez2:k<I

These estimates will again follow by freezing the functions F} and F> and using Marcinkiewicz-
Zygmund inequalities, provided we show scalar-valued boundedness of (4.21)). To show this, we
split the summation in (4.21)) into regions where k ~ [, k < [, or k > [. The case k ~ [ is bounded
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by Holder’s inequality. The remaining two cases follow by Lemmas[9land [I0]above. Summarizing,
we obtain estimates for when 1 < p1,p2,p3 < 00, 2 < pg < 00, 1/p1 + 1/p2 > 1/2,
1/pa+1/ps > 1, and 1 1/p; = 1.

It remains to estimate , which splits further into several terms. We fix k£ < [ and
then we consider several cases depending on the size of m relative to k£ and [. If for any triple
(41,72, 43) € {k,1,m}> with all three distinct entries it holds j; ~ jo and j2 ~ js, then the claim
follows by Holder’s inequality. If I > max(k,m), then the corresponding term is zero due to
frequency supports. Therefore, the remaining two cases with £k <[ are: k ~ [ and m < k, or
k< land m~ L.

Consider first the case when k ~ [ and m < k. Then we have two @Q-type projections in each
parameter. Bounds are deduced by two applications of Holder’s inequality as follows. Taking
the triangle inquality, enlarging the sum in m to be over the whole Z and applying Holder’s
inequality in [, we obtain

Y Y Miam

—50<s<0 IEZ meZ:m<KIl+s

—50<s<0 mEZ

By Cauchy-Schwarz in m and Hélder in the integration, we bound the term for a fixed s by

1QE il ) 1 BE. Pollisa 2y QW B Filluns ez, o) | QWP Palipaez,)- (4.22)

Fach of the terms is bounded in full range. The third term, square-maximal function term is
bounded in by the Fefferman-Stein inequality, see [22]. The remaining terms are square functions.
Next we consider the case k < [ and m ~ [. We split

Z Miim = Z Migm — Z Mpim — Z M 1m.

(k,1,m)€Z3: (k,1,m)€Z3: (k,l,m)€Z3: (k,l,m)€Z3:
k<lmn~l ml 1—50<k<I+100,m~l E>>>1+50,mn~l

Note that bounds for the second sum follow by Ho6lder’s inequality, while the third sum is zero
due to frequency supports. Thus, it remains to consider the case m ~ [. We again split the sum
over (k,1) € Z? and write m = [ + s, s ~ 0. Now we use Holder’s inequality in [ to bound

Z‘ > Miigs

s~0  (k,l)ez?
1) (2
<[ @R @UEOR)| o IR Bl IO R Follue (423)
s~0  keZ
where 1/r+1/p3+1/py = 1. The second and third term are maximal and square func-

tions, respectively, while bounds for the first term follow by LP(R?) x L9(¢?) — L"(£2?) vector-
valued estimates for the operator (1.9). Summing in s, we obtain estimates in the range
1< P1,P2,DP3,P4 < OO, 1/p1 + 1/p2 > ]-/27 and Zzlzl ]-/pz =1

To bound (4.17]), we proceed analogously as for (4.16]), except that in the analogue of (4.21))
we use LP1(£%) x LP2(R?) x LP3(£?) — LP4(£?) vector-valued estimates for that operator and in

the display analogous to (4.22)) we now have the maximal-square function

11O FillLon e 2

which is also bounded in the full range by the Fefferman-Stein inequality. The analogue for the
vector-valued estimates used in (4.23)) are now LP(¢2) x L4(¢2) — L"(¢?) vector-valued estimates
for the operator of the form . O
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Finally, we are ready to tackle the operators that result after the cone decomposition. Recall
that we need to prove bounds for U; and Uz under the assumptions that for 1 <1 < 3, 9, is
adapted to [—2FF1 281 and for 4 < j < 6, ¢, is adapted to [—2FF1 28F1]. Moreover, each
i ), vanishes on [—25"1 2F=1] and ¢, 1(0) = ¢;0(0).

4.1. Completing the proof of Theorem |4l Let ¢} be a function adapted in [—2F+1 2k+1]
which satisfies ¢5(0) = ¢o(0) for each k € Z. We write

ok = ¢ (codr — o) + ¢y ' on,s (4.24)

where QNSk is constantly equal to codo(0) on [—2F~1 2811 "and |cg| < 1 is such that 5;.3 is a function
adapted in [—2F+1 2F+1]. Note that the function cogy — (Zk vanishes at the origin.

Consider Uy and Us which resulted from the cone decomposition. Writing each of the symbols
of the P-type operators as in , it suffices to bound the operators under the following
assumptions. For each 1 <14 < 3, 1; ) is adapted in [—2F+1 2%1] and vanishes on [—2F~1 2k,
For each 4 < j <5, p; . is supported in [—2F+1 28+1] and exactly one of the following holds:

(1) For each 4 < j < 6, the function ¢, is constantly equal to ¢;(0) on [—2F~1 2~=1],

(2) There is an index 4 < jo < 6, such that ¢j; x(0) = 0 for each k. Moreover, for j # jo,
@;k is constantly equal to ¢;0(0) on [—2F~1 21,

(3) There is an index 4 < jo < 6, such that ¢, is constantly equal to ¢j; 0(0) on
[—2F=1 2k=1] Moreover, for j # jo, it holds ¢, x(0) = 0 for each k.

(4) For each 4 < j <6, it holds ¢, ,(0) = 0 for each k.

We will analyze each of these cases for the operators of the form U; and Uy and we start with
Ui. Our first aim is to reduce considerations to the case when the symbols v; ;. are supported
in [—2F+3 2543 vanish on [—2F73,2F73] and are of the form ©ik — ik—1 for a function ¢;
supported in [—2k+3, 2’”3]. The argument that follows is along the lines of an argument used in
Section 6 of [14] when transitioning from the dyadic to the continuous setting.

Let us denote by P, the one-dimensional Fourier multiplier with symbol ¢, i.e. P,f = fxp. As
before we shall denote its fiber-wise action on a two-dimensional function with a superscript. Let
® be a non-negative smooth function supported in [-2794,2794] and such that ¢ is constantly
equal to one on [-2796 2706] For ¢ € R define ¥, and p, by

Da(€) = ¢(27771E) — p(277€),
pa(§) = ¢(274700¢) — p(274709).

_2a+0.6’ 2a+0.6] _2a—0.67 2(1—0.6]

Note that ¥, is supported in [ and vanishes on | . Moreover, 9,
is constantly equal to one on [2¢704 20+04] and [—20+04 _2a=04] " Finally, p, is supported in
[—20+0:2 9a+0-2] and vanishes on [—2270-1 22-0-1] n particular, we have 9, = 1 on the support
of py. Moreover, for k € Z and 1 < i < 3 we have
SR sopkron =1 on supp(ir), (4.25)
S o perour =0 on supp(¢iw) if |k —k| > 10. (4.26)
Let n € Z, 0 < s < 9. Note that due to (4.26) and (4.25) we may write for {,n € R

9
> ik(©einm =D Y Vitonts(€)@j10nts(n)

kEZ s=0neZz

9 20
:Z Z ZP10n+s+0.1z(§)q’i,s(§)<ﬁj,1on+s(n),

5s=0[=—-20n€eZ
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where W; s = > ) . Vi 10k+s-
Let us now consider U; with bump functions satisfying (Q) and (P). Applying the above
considerations in each parameter k, [, m, it suffices to prove bounds for

(1) (2) r (2)
Z <(Pplon1+51+0.111 P904,10n3+s3 Gl 51) ( P10ng+s9+0.119 P<P5,10n1+sl G2752)

(n1,n2,n3)€Z3

(1) )
( P10ng+s3+0.1l3 806,10n2+32G3:53)

for fixed 0 < s1,82,83 < 9 and —20 < I, la,l3 < 20, where Gi, = Py F;. The Mikhlin-
Hormander theorem in one variable gives

1
1Gs slluriz) = 1P, Filluos ey S 1| Filluos ea)-
Now, for b € R and 0 < s <9 define Gisp =),y Py

p1on+s4s (i,s- BY support considerations,

P Giop=PY Gy if k=10n+s€10Z+s

it PlOn+s+b

and Pzgi)ﬁGi,s,b =0 if £ € 10n + s. The Littlewood-Paley inequality in one variable gives

HGi,s,bHLPi(R% Spi,s,b HGZ'7S||LP2‘ (R2)-
Thus, it suffices to bound
(1) 2 (1) 2 (1) 2
Z (Pﬁk +by 9(94)k3 Gl 51,b1) (Pﬁk Tby ngs?kl G2,sz,b2) (Pﬁk tbs gg(}?,@ G3,53,b3) (4'27>
(kl,kz,k3)EZ3
for each fixed b; = 0.1;, —20 < [; <20 and 0 < s; <9, 1 <i < 3.
Note that 9 is supported in [—23,23] and vanishes on [-273,273]. Moreover, (J;); equals
(o)k — (ép)r_1, where ¢y, = ¢(27°1.) is supported in [—23,23].
Now we are ready to distinguish further cases depending on the form of ¢; ;.
Case (1) of U;. Bounds for (4.27) follow from Lemma [8 applied with ¢;;, being a constant
multiple of ¥4y, for 1 <4 < 3.
Case (2) of U;. Without loss of generality, we may assume jo = 4. Then we dualize and
write the quadrilinear form in question up to a constant as

[, ¥ @irir@el( QPR @) @R R)@Fi@) ).

(k,m)ez? leZ

where Q1 j is a constant multiple of a function adapted in [—2%, 2%], which vanishes on [—27%,274].
By Cauchy-Schwarz in k,m, and Holder’s inequality in the integration, it suffices to bound a
fiber-wise square function and

(5 [ett Sermm @ mmre) |

lEZ

LF(e2,)

Dualizing with a function Fy and using Kintchine’s inequality we see that it suffices to prove
LPt x LP2 x LP3 — LP4 bounds for the operator

1 1) 5(2 2
> a(QUR) (@)@ P o) (@) (P Fy) (@),
(k,1)EZ
Now we perform the analogous averaging argument as the one that led to (4.27)). Then it suffices
to consider the case when a; = 1 and Q; ; has a symbol supported in [—29,2%], which vanishes

n [-272,279), and is of the form 6}, — 6_; for a suitable function #. The desired bounds then
follow by Lemmas [9] and
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Case (3) of U;. Without loss of generality, we may assume jo = 6. Then we write the
operator in question as

> (@UPDR)@) (Y@ P ) @) (@5, P ) (@) ).
(k,m)€z? leZ.
By the Cauchy-Schwarz inequality in k and m, this reduces to vector-valued estimates for the
operator and a fiber-wise square function. We obtain LP! x LP2 x LP3 — L4 estimates with
Holder scaling and in the range 1 < p1,p2, p3,ps < 00, 1/pa + 1/ps > 1/2.
Case (4) of U;. This case easily follows from three applications of Hélder’s inequality, re-
ducing to fiber-wise square functions.

It remains to treat Us. By the analogous argument as leading to , it suffices to con-
sider the case when for 1 < i < 3, the symbols 1;, are supported in [—2¥+3 25+3]  vanish on
[—2k=3 2F=3] and are of the form ;) — ;1 for a function ¢, ;. supported in [—2FF3 2k+3],
Then we distinguish further cases dependlng on the form of ¢; .

Case (1) of Us. Let Q5 r and P1  be associated with wg, 1 and @1k, respectively, where

Usk = Pk — P51
and @1 = @1 -1 (with 1 1, defined in (4.1))). Observe that {ﬁvmﬁ is supported in [—2F+3 2F+3] and

vanishes on [—2873 28=3]. Moreover, @1 j is supported in [—28+% 2¥+4] and observe that &y ; —
Plk—1 = Plk—1 — P1h—2 = Y1 k-1 18 Supported in [—2F4 2F+4] and vanishes on [—2F%,2F4].
An application of the telescoping identity in k yields that Uy then equals
- > (QM fl )(le 1k F) QS5 Py 61 F3) (4.28)
(k,l,m)eZS
+ > (@ Q) F2) (@Y P& Fs) (4.29)
(I,m)ez?

Bounds for the first term follow from Lemma |8, applied with 1 ; being 1;57143 and @5 = Q1 k-
The desired bounds for the second term follow from Lemmas[9and [I0] and by Hélder’s inequality
used for the portion of the sum when [ ~ m.

Case (2) of Us. Let jo = 6. Performing the analogous steps as in Case (2) of U;, we see that
it suffices to show estimates for

3 an(P PR F) Q) (QF) F),

(k,m)ez?

where Q3 ,, is as in Case (2) of U;. By an averaging argument (as leading to (4.27)) it suffices
to consider the case when aj = 1 and Qs ,, has a symbol supported in [—2%,2%], which vanishes

n [-279,279) and is of the form ) — 6;_; for a suitable function §. The clam then follows by
the telescoping identity in m, Lemmas |§| and and bounds for . If jo = 5, we can
proceed as in Case (2) of U;. Then we need to show estimates for

ST aPP R Q4 B) QL) P Fy).

(I,m)ez?

If jo = 4, we first use the telescoping identity in k, giving terms of the form and
(4.29). For , we apply the Cauchy-Schwarz inequality in m, which leads to vector-valued
estimates for the operator . For , we can proceed as in Case (2) of Uy, up to obvious
modifications.

Cases (3) and (4) of Us. These two cases are analogous to Cases (3) and (4) of Uj. O
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