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Abstract

Asymptotics deviation probabilities of the sum S, = X7 + --- + X,, of independent and
identically distributed real-valued random variables have been extensively investigated, in
particular when X7 is not exponentially integrable. For instance, A.V. Nagaev formulated
exact asymptotics results for P(S,, > x,) when z, > n'/? (see, [13, 14]). In this paper,
we derive rough asymptotics results (at logarithmic scale) with shorter proofs relying on
classical tools of large deviation theory and expliciting the rate function at the transition.

Key words: large deviations, sums of independent and identically distributed random variables,
semiexponential random variables, Gartner-Ellis theorem, contraction principle.
AMS subject classification: 60F10, 60G50.

1 Introduction

Moderate and large deviations of the sum of independent and identically distributed (i.i.d.)
real-valued random variables have been investigated since the beginning of the 20th century.
Kinchin [9] in 1929 was the first to give a result on large deviations of i.i.d. Bernoulli distributed
random variables. In 1933, Smirnov [19] improved this result and in 1938 Cramér [4] gave a
generalization to i.i.d. random variables satisfying the eponymous Cramér’s condition which re-
quires the Laplace transform of the common distribution of the random variables to be finite
in a neighborhood of zero. Cramér’s result was extended by Feller [7] to sequences of not nec-
essarily identically distributed random variables under restrictive conditions (Feller considered
only random variables taking values in bounded intervals), thus Cramér’s result does not follow
from Feller’s result. A strengthening of Cramér’s theorem was given by Petrov in [16] together
with a generalization to the case of non-identically distributed random variables. Improvements
of Petrov’s result can be found in [I7]. When Cramér’s condition does not hold, an early result
is due to Linnik [II] in 1961 and concerns polynomial-tailed random variables. The case where
the tail decreases faster than all power functions (but not enough for Cramér’s condition to be
satisfied) has been considered by Petrov [16] and by S.V. Nagaev [15]. In [I3] [14], A.V. Nagaev
studied the case where the commom distribution of the i.i.d. random variables is absolutely

l1—e

continuous with respect to the Lebesgue measure with density p(t) ~ as |t| tends to
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infinity, with € € (0,1). He distinguished five exact-asymptotics results corresponding to five
types of deviation speeds. In [2, 3], Borovkov investigated exact asymptotics of the deviations

ti=eL(t
( ), where

probability for semiexponentially-tailed random variables (i.e. the tail writes as e™
e € (0,1) and L is a suitably slowly varying function at infinity).
Now, let us present the setting of this article. Let € € (0,1) and let X be a real-valued random

variable with a density p with respect to the Lebesgue measure verifying:

p(x) ~ e, as 1 — +oo. (1)
Unlike in [13] [14], this unilateral assumption is motivated by the fact that we focus on upper
deviations of the sum. Observe that (I]) implies that the Laplace transform of X is not defined
on the right side of zero. Nevertheless, all moments of X := max(X,0) are finite. A weaker
assumption on the left tail is required:

Iy e (0,1 p:=E[X]*P] < . (2)

Finally, we will assume that X is centered (E[X] = 0) and will denote by o the standard
deviation of X (Var(X) = ¢?).

For all n € N*, let Xy, X, ..., X,, be i.i.d. copies of X. We set S, = X; +---+ X,, and
P,(z) = P(S,, > z). In this paper, we are interested in the asymptotic behavior of log P, (x,) for
any positive sequence x,, > n'/2. Not only does the logarithmic scale allow us to use the modern
theory of large deviations and provide simpler proofs than in [2] (3, [13] 14], but we also obtain
more explicit results. According to the asymptotics of x,, only three logarithmic asymptotic
ranges appear. First, the Gaussian range: when z,, < n'/(179_ log Py (xy) ~ log(l—qﬁ(n*lﬂxn)),
¢ being the distribution function of the standard Gaussian law. Next, the domain of validity of
the maximal jump principle: when z, > n/%9 log P, (z,) ~ log P(max(X1, ..., X,) > z,).
Finally, the transition (z, = @(nl/ (1+€))) appears to be an interpolation between the Gaussian
range and the maximal jump one.

Logarithmic asymptotics were also considered in [I0] for a wider class of distributions than in the
present paper. Nevertheless, the setting was restricted to the particular sequence x,, = n (that
lies in the maximum jump range). In [6], the authors gave a necessary and sufficient condition on
the logarithmic tails of the sum of i.i.d. real-valued random variables to satisfy a large deviation
principle which covers the Gaussian range. In [I], Arcones proceeded analogously and covered
the maximum jump range. Observe that, in the two previous papers, additional restrictions on
x, were required. In [§], the author studied the more general case of semi-exponential upper
tails, in a particular domain of the maximum jump range.

The transition at z,, = @(nl/(lJre)) is not considered in [2, 3]. It is treated in [I3] 14, Theorems
2 and 4]. Nevertheless, the rate function is given through a non explicit inductive formula and
hence is difficult to interpret. One of the main contributions of this work is to provide an explicit
formula for the rate function thanks tools coming from large deviation techniques.

The paper is organized as follows. In Section 2] we state the main results. Section Blis devoted
to useful results, the proof of which are postponed to Section Bl In particular, we give unilateral
versions of Gértner-Ellis theorem inspired from [I8] (see Theorem [I0) and of the contraction
principle (see Proposition [§]). The proof of the main results can be found in Section @l

2 Main results

In this section, Theorem [ puts forward the domain of validity of the maximal jump principle
at the logarithmic scale. In this range, the main contribution of the deviations of S, is due
to one summand, meaning log P, (z,,) ~ logP(X > z,). A Gaussian range, determined in
Theorem [ occurs when all summands contribute to the deviations of S, in the sense that
log P, (xy,) ~ logP(S,, > zy, Vi € [1,n] X; < 2t,), unlike in the previous range. Finally, the
transition range is studied in Theorem [3



Theorem 1 (Maximal jump range). For x, > /(%9 setting M,, = max(Xy,...,Xp),

Theorem 2 (Gaussian range). For n'/? < z, < n"/%9 we have:

1

n
lim — log P (x,) = —=—.
im og Py (xy) 5,7

n—oo x%

The sequence n'/(1+9) is the solution (up to a scalar factor) of the equation in @,: 22 /(2no?) =
,1[6, equalizing the asymptotics of log P, (z,,) obtained in the Gaussian range and in the maximal
jump range. In Theorem [B] we give the asymptotic of log P,,(z,,) when x,, = Cnt/0+9) ¢ > 0.

T

Theorem 3 (Transition). For C' > 0 and x, = Cn'/(1+9),

1 1 t2Cite
: - 3 _ —€ .
Jim o log P, (zy,) = Ogtlil (I—t) 4+ 57 (= J(C).

Remark 4. Let f(t) = (1 —t)!7¢ +t*C'™/(20?). An easy computation shows that, if C' <
Cl:i=(1+¢((1- 6)0‘2676)1/(1—’—6), f is decreasing and its minimum C'7¢/(20?) is attained at
t =1. If C > C., f has two local minima, at 1 and at ¢(C): the latter corresponds to the
smallest of the two roots in [0,1] of f/(t) = 0, equation equivalent to

. 1—¢€)o?
If ¢/ < C < C. = (14 €)(02(20)™ )" then f(t(C)) > f(1). And, if C > C., then
f(t(C)) < f(1). As a consequence, for all C' > 0,

ClJre )
J(C) = 20° t(c)ch—i—e Hosc (4)
(1—tC)+ ~—~L—— ifC>C..

202
Remark 5. The transition interpolates between the Gaussian range and the maximal jump one.
First, when z,, = Cnl/(HE), we get x%/n = CH%%L*E, thus the asymptotics of the Gaussian
range coincide with the one of the transition for C' < Ce. Moreover, t(C:) = (1 —€)/(1 + ¢€) and
one can check that —C17¢/(20%) = —(1 — t(C.))' =€ — t(C.)*C1*¢/(20?). Finally, for C > C,, by
the definition of ¢(C'), we deduce that, as C' — oo, t(C) — 0 leading to t(C)~(1 — €)o2C~1+9),
Consequently, J(C) — 1 as C' — o0, and we recover the asymptotic of the maximal jump range.

Before proving Theorems[I], 2] and Bin Section @] we establish several intermediate results useful
in the sequel.

3 Preliminary results

First, we present a classical result, known as the principle of the largest term, that will allow us
to consider the maximum of several quantities rather than their sum.

Lemma 6. Let (v,)n>0 be a positive sequence converging to 0, N be a positive integer, and, for
i=1,...,N, (ani)n>0 be a sequence of non-negative numbers. Then,

N

lim v, lo an; | = max (hmvloa-).

Tim_vy log Zl ni | = max (Tm v, logan
1=
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Proof. See [B, Lemma 1.2.15]. O

We will often need the asymptotics of the tail of X, given in the following lemma.

€

Lemma 7. Under assumption ({), one has: logP(X > x) ~ —z'™¢ as x goes to infinity.

Proof. An integration by parts leads to

S —€ € _xl_e S —€
P(X > 1,) ~ / eftl dt — xTre I € / t71+667t1 dt
=00 [, 1—c¢ 1—¢€¢J:

1.176 €

€,— [e’s) e €, —xl~
_re ., (/ ot dt> — T (140(1)).
1—c¢ z 1—c¢

O

Now, we present a unilateral version of the contraction principle for a sequence of random
variables in R? with independent coordinates where the function considered is the sum of the
coordinates. Observe that only unilateral assumptions are required.

Proposition 8. Let ((Yy,1,Yn2))n>0 be a sequence of R%-valued random variables such that, for

each n, Yy, 1 and Yy, o are independent. Let (€,)n>0 be a positive sequence converging to 0. For
alla € R and i € {1,2}, let us define

I;(a) = — inf lim €,logP(Y,; >u) and I;(a)= — inf lim e, log P(Y,,,; > u).

u<a p_300 u<a n—0o

Assume that:
(H) for all M > 0, there exists d > 0 such that

lim €,10gP(Yy1 >d, Yoo < —d)<—M and lim e,logP(V,1 < —d, Y2 >d) < —M.
n—oo n—o0
Then, for all ¢ € R, one has

—infI(t) < lim ey logP(Y, 1+ Yn2 > ¢) < h_>_m enlogP(Yp 1+ Y2 >c¢) < — inf I(t)
n o

t>c n—oo t>c

where, for allt € R,

I(t):= inf I I5(b d I(t):= inf T I(b).

1) = inf L)+ L) and 1) = inf Ti(a) + Ta(t)
a+b=t a+b=t

Moreover I and I are nondecreasing functions.

Proof. See Section [l O
Remark 9. A sufficient condition for assumption (H) is: for i € {1,2},

alggloli(a) = 00.

The next theorem is inspired from [I8]. Its proof is omitted to lighten the present paper.

Theorem 10. Let (Yy,)n>0 be a sequence of real random variables and a positive sequence (€p,)n>0
converging to 0. Suppose that there exists a differentiable function A defined on Ry such that
N is a (increasing) bijective function from Ry to Ry and, for all X > 0:

enlog E[eMn/en] —— A(N).

n—oo

Then, for all ¢ > 0,

—inf A*(t) < lim €,logP(Y;,, > ¢) < 11_>_m enlogP(Y, > ¢) < —inf A*(t),
n—0o0

t>c n—0o t>c

where, for all t = 0, A*(t) := sup{\t — A(N) ; A > 0}.

4



4 Proofs of the main results

From now on, all non explicitly mentioned asymptotics are taken as n — oo.

4.1 Proof of Theorem [1]
Applying Lemma [7] we first obtain

P(My, > x,)=1—[1-P(X = x,)]" ~nP(X > z,),

and then 1 )
lim —— log P(M,, > x,,) = lim —— log P(X > z,,) = —1.
n In
Now, let us turn to P, (z,). We observe that:
1

1—e
n

1 Sn—1 1

By the central limit theorem, the first term in the right hand side converges to 0, while the
second one converges to —1. As a result,

lim —— log Py(z,) > —1.
Tn

To obtain the upper bound, let us introduce the following decomposition:
P(Sp>a,) =P (Sp 2 an, Vi X;<axp)+P (S, >z, 30 X; 2 a,) = Pyo(an) + Ruo(zn).

Lemma 11. If z, > n'/?, then

lim e log Ry, 0(xp) < —1. (5)

n

Proof. Just apply the union bound and Lemma [7}

1 1
1—e log Rn,O(mn) < —¢ log(nIP’(X > xn)) 1.
n Tn
O
To conclude the proof of Theorem [II, it remains to prove that, if x,, > nl/(l-i—e)’
lim —log Py o(z,) < —1, (6)

n

and to apply Lemmal6l To prove inequality (@), we apply the standard Chebyshev’s exponential
inequality, which amounts to 1,59 < e®: for all u € (0, 1),

1 1
—— log P o(7y) = = log E[ls, 2,>0lvi x,<z,]
Tn Tn
1 —e
< — logE [eua:n (Sn—$n)]lVi X¢<£Bn}
Tn
n —e
=—u-+ e logE [ewn X]1X<$n} _ (7)
n

Now, there exists ¢ > 0 such that, for all ¢ < u, e’ <1+t + ct®. Therefore,

E |:6ux;€X]lX<m;} < E |:1 + uxr_zeX + c(ux;EX)Q} =1+ O(x;QG)



And, using (), for n large enough,

Tn

uz, ‘X
E |:e n 1$%<X<$n:| = /

€
':BTL

—e Tn —e e
e Yp(y)dy < / 9euen Y=y dy.
5

The convex function f,(y) = ux,“y — y'~¢ attains its maximum on [z¢, z,] on the boundary.

Since fo(af) ~ =279, fulwn) = (u— 1)z and u € (0,1), folwn) < falay) for n large
enough, whence

—€ e(l—e)
Consequently, for z,, > n'/(1+¢)
n —e n n
T zk 2L

Combining (7)) and (8), and letting u — 1 completes the proof of inequality ().

4.2 Proof of Theorem

By assumption ([l the Laplace transform Ax of X is not defined at the right of zero. That is
why, we consider a new partition of R", and define truncated random variables in order to get a
nondegenerated limit of their log-Laplace transforms (see Theorem [I0]). For this, we introduce,
for all @ € R and m € [0, n],

I, m(a) =P(Sy, > a, Vie[l,m] z,<X;<xz, Vie[m+1n] X;<az),

so that Py, (z,) writes as

n

Pn(xn) = Pn,O(xn) + Rn,O(xn) = Z (TZ) Hn,m(xn) + Rn,O(xn)-

m=0

By Lemma [[T and the fact that, for @, < n'/0+9) 1/217¢ <« n/22, we get

.on
lim ) log Ry, 0(xr) = —o0. 9)

n

Lemma 12. Let C > 0. If n'/? < 2, <Cn'F9) and t > 0, then

t

.omn
lim s log IT,, o (tay,) = 557

n

Proof. Let us introduce X with distribution £(X | X < 7). For all n € N7, let X1, Xo, ..., X,
be i.i.d. copies of X and let S,, = X1+ ---+ X,,, so that

Wy o(te,) = P(Sy = tan, Xi,..., X, <af) =P(S, > tz,)P(X < 25)" ~ P(S,, = tzy,),

by Lemma [ We want to apply Theorem [0 to the random variables S, /z, with €, = n/ xi
For u > 0,

2 = 2 2
" C R weaX _r ;
P logE[e } =z log E {e Tx<ae P logP(X < zp). (11)

The second term in the right side of the above equation goes to 0 as n — oo since log P(X <
e(l—e)
26) ~ —P(X > 2f) = O(e™®  /?), by Lemmal[Zl As for the first term, if y < z,, then z,y/n <

n



z2¢ /n < CYT. Now, there exists ¢ > 0 such that, for all s < C*¢, |e® — (14s+52/2)| < ¢|s|*™.
Hence,

2.2 2
uzn X u rno

‘E[e n ]lx<m%}—e 2n2

ur, X  ulr?X?
n 2n

urn, X ulr?X? ulx2o?
I+ —— 4+ —— | Ixcee | — [ 1+ —55
n 2n " 2n

2,2 2 2,22
u-xr, o wrno
<1+ 27;12 )—e 2n2
2
X
+o<n—g>. (12)

247y X 2 2X2
uzT uzT usx
<ep (—n) + <1 o ) Tx>ae
n n 2n
For n large enough, applying Hélder’s inequality,

urn, X ulz?X?
|IE KH s )]1)@%
n 2n

uxn X

<[E [ Ixau |~ E

+ E

_l’_

E

<E[X?1 x5 ]

< E[XZNYCENP(X > o6 )/ )

L (3). w

by Lemma [fl Combining (1], (I2), and (I3)), we get

23 2 2

n win Sn u-o
x—%logE{e n} - = A(u).
Since A*(t) = t/20°, (I0) stems from Theorem [T O

Theorem F stems from Lemma B (@), () (with ¢ = 1), and the fact that, for n'/? < z, <
1/(1+¢€)
n )

—n " (n 1
lim E log mz::l (m) I, () < ~557 (14)

the proof of which is given now. By (II), we have, for all n large enough and for all m € [1,n],

n

:/[6 Mmoo = 1 = o = un)dPx, (). P, (i)

Iy m(xn) =P(Sp = zp, oy, < X1y, Xo < Ty Xong1,--., X < 25)

m 1—e

85, Tn|™

e(l—e) 1

Set m,, = Lx&lfﬁ)q so that m,x} ~ z,” ¢ and m, = o(n).

Lemma 13. If z, > n'/?, then
e(l—e)

i (Z) I, pm(xn) = O (efm"m" ) .

m=2mn-+1



Proof. Using II,, y (2, —w) < 1 in (IH) yields

n

z”: (;) 1L, () < Z (;) om (/ﬂ;n euledu> m

m=2mn+1 m=2mn+1
- n m —mme(lie)
< Z (2xy,) e MR
m
m=2mn-+1
e(l—e) n n 1, e(l—e) m
< B—Mnl'n Z ( ) <2$n6_5x" > ,
m=2mn-+1 m
and the conclusion holds, since the latter sum is bounded. O
Asn'? <z, < nl/(He), we conclude that
—n n n —_— n
lim — log > <m> I, i (20) < lim ——— = —o0. (16)
n m=2mn-+1 In
Now we consider the values of m € [[1,2m,,]. To get a lower bound on [z}, z,|"™" of the function
m
1—
Smt (U, e ey Upy) — Zuz €
i=1
we define
m
Ay = {(ul, ceyUm) €[5, ] Zul > xn}
i=1
and

m
Ag = {(ul,...,um) € [z5,, zn]™, Zu, < xn} ,
i=1

in such a way that [z}, z,]" = A1, U Ag , and we introduce, for j € {1,2},
L = /A Iymo(Tn — w1 — ... — Uy e sm(Uium) gy Ay, (17)
J,m

so that (I5) leads to
Hn,m(xn) < 2m(Il,m + I2,m)- (18)

Lemma 14. If z, > n'/?, then

2mn
> (n>2mhvm = 0.

m=1 m

Proof. Notice that I; ; = 0 since A1 = {x,}. Now, consider m € {2,...,2m,}. By Lemma
(see Section [B)), the function s,, reaches its minimum on A; ,, at the points with all coordinates
equal to z¢ except one equal to z, — (m — 1)z¢. By a Taylor expansion of u — (1 —u)'~¢ near
the origin ((m — 1)az; 179 < 227079 — 0), there exists 7, — 0 such that

(xp — (m — 1)JU§L)1_e = x,lfe (1 —(m-1)(1—-€e+ nn)af(l*e)) > x,lfe —2(m —1),

n
for n large enough. Using II,,—y, o(zp —u1 — -+ — up,) < 1 in (), one gets

Iim < g (M= ™) (@ —(m—1)z) e Ty —h ¢ = (m=1)(ar 79 -2)

n bl

for n large enough (and uniformly in m). Thus,

2map, n L 2mn, n (1=0) L 2man 1 e(i—e\™
_ —€ 2 _ _1 € —€ _ —€ _1 € —€
E < )27”[1,,” <e I E (m) (2zpe”)e (m=D)an <e 'n E (anne 4%n ) )

m=1 m m=2

and the conclusion holds, since the latter sum is bounded. O

8



If n'/? < 2, < n"049 we get

2mn,
—n n
lim —1 omr = —00. 19
im o) ogmgz1 (m) 1,m o0 (19)

Lemma 15. Let C > 0. If n'/? <« z, < C’nl/(HE), then, for m large enough, for all m €
{1’ s a2mn}7

e(l—e)
I < e (M1 eXP{ sup ¢m(U)} ; (20)
mxs, Su<n
where )
Ty — U e
Brnl) = — o Ty = 1))

" 202(n—m)(1 + cn)

Proof. Here, we use Chebyshev’s exponential inequality to control II,_, o(z, — w) in (1),
introducing v = uy + - -+ + uy,. For all [ € N* and for all A > 0,

I o(zp —u) < e Aen—wE [eAX]lx<m%}l = exp {—)\(azn —u)+llogE [eAX]lx<m;}} .

Let M > C'*¢/5?. There exists ¢ > 0 such that, for all s < M, we have e® < 1+s+5%/2+c|s|>™.
Hence, as soon as A < Mz,,¢,

2 2 2 2
)\20 +cp)\2+7<1+)\0

E [eAX]lXQ:g} <1+ (1 +cn),

where
Cn 1= 2cp0 2 M7x,7¢ = o(1).
Thus, for I = n—m and A < M, ¢, T, 0(2, —u) < exp{—A(z, —u)+(n—m)A\2c*(1+c,)/2}.
For n large enough, for all m € {1,...,2m,}, the minimum of A — —\(z, —u)+(n—m) \?c*(1+
¢n)/2 is reached at
Ty — U Tn

AF = < < Mz,
n—m)o2(1+ep) > (n—mn)o2(1tep) S0

and is equal to —(x, — u)?/(20%(n — m)(1 + ¢,)). Then we obtain, for n large enough and for
all me {1,...,2m,}:

Inp —U 2
anm,O(xn - u) < eXp{_202(rf _nm)(i + cn) } (21)

By Lemma 6] on A, = {(u1,...,um) € [z}, 2,]™, w1 + -+ + uy = u}, the function
Sm reaches its minimum at the points with all coordinates equal to z, except one equal to

u — (m — 1)a;,. This, together with (2I)) and (I7), yields

5 { (wn - u)2
u exX —
s vcan T U 202(n —m)(1 + cp)

< xme*(mfl)x;(lie) ex
< o, Py sup  m(u) ;.

m
I2,m < Ty,

n

= (= (m— D)) — (m— 1)90;(1—6)}

mxs, <u<Tn



The function ¢, is differentiable on [mz,, x,) and

¢ (1) 0 <= (2, —u) (u—(m—1)z5) = (1 —€)o*(n —m)(1 +¢,) <O0.

m

For n large enough, for all m € {1,...,2m,}, for all u € [mz,, x,), one has

(2n —u) (u—(m—1)z5) <zl < (1= (n—mn)(1+¢) < (1 —e)d*(n—m)(1+cp)

since z17¢ <« n ~ n—m,,. We deduce that, for n large enough, ¢y, is nonincreasing on [maz<, x,)
and
€ (mn _ mx;)z e(l—e) (xn — mnx;)Q e(l—e)
u) = ma;,) = — - ——" — .
i Pm(u) = dm(may,) 20 —md oy o1t ey oo

It follows that
2mp, (zn—mnpx$ )2 2mp, (zn—mnzf, )2
n _n_Tntn) n e(l—e)\ M _ n
Z ( >2mI2 m < e 2no2(1+cn) Z ( ) (anef:vn ) — O<e 2no2(14en) )
m ’ m
m=1 m=1

since the latter sum is bounded and, finally, one gets
n mn n 1
lim — 1 2" < ——=, 22
11 x% Og TnZZI <m> 2,m 20_2 ( )

as myx;, = o(xy,) and ¢, = o(1). By ([I4), (I8), (19), (22), and Lemma[6l we get (I4]) as required.

4.3 Proof of Theorem [3

We consider z, = Cn'/(%9 with ¢ > 0. As in the proof of Theorem [ we consider the
decomposition

n

Pn(xn) - Pn,O(xn) + Rn,O(xn) - Z (Z) Hn,m(xn) + Rn,O(xn)-

m=0

By Lemmas [Tl and 2 and the very definition of J in ({#l), we have

E 2771;6 log Rn,O(xn) <-1< _J(C) (23)
and
— ClJre
lim e log IT,, 0(zp) < — 552 < =J(O). (24)

To complete the proof of Theorem [3], it remains to prove that

. 1

hm ,I}Lie log(an,l(xn)) = _J(C)a (25)

lim —— log } I (2n) < =J(C), (26)
In m—2 m

and to apply Lemma [6l
Proof of ([25). Recall that, for n € N*,

O, () =P(Sp = zp |2, < X1 < 2y, Xo,.o, X, < zp,)P(;, < Xq < 2)P(X < x;)”fl,

€
n

10



Using Lemma [7], it suffices to prove that
—— log P(Sn =z | 2, < X1 < g, Xo,..., Xy <2y) — —J(O).
n

To do so, we apply the contraction principle of Proposition 8 to (Y}, 1,Y,2) with

L(Yp1)=L(x, ' Xy |25 < X1 <) and  L(Vno) = Lz, (Xo+...+X,) | Xo,..., X, < 25),
and €, = 2,179, First, one has obviously, P(X > uz, | 2§ < X < x,) = 1 for u < 0 and
P(X > uzy, | x5, < X <z,) =0 for u > 1. In addition, for v € (0,1), applying Lemma [7]

logP(X > uxy, | 25 < X < ) ~ —(uzy,)' ™6
Using the notation of Proposition 8 it follows that I,(a) = I1(a) = I1(a), where

1 0 if a <0,
I(a) = sup {— lim —— log P(X1 > ux, | 25, < X1 < xn)} =<a'™¢ ifael0,1], (27)
xn

u<a

00 ifa>1.

Moreover, for all u > 0,
u201+6

202

1 1
T logP(Xo + ...+ Xy, > uzy, | Xo,..., Xy, <zp) = g log Il _10(uzy) = —

n Tn

by Lemma[[2l Thus, we have I(b) = b>C'¢/(20?) for all b > 0 and, since I, is a nondecreasing
and nonnegative function, we get I5(b) = 0 for all b < 0. This, together with (27]), leads to: for
all t € R,

202

b2cl+e
. o B _ _yl—e
0= B, (50 - 10} = o 00 10} = ot {0 T

since b < t — 1 entails I1(t — b) = co and b > ¢ entails I1(t — b) + I2(b) > I1(0) + I1(t).
It is a standard result (see, e.g., [12, 4.c.]) that I is upper semicontinuous. Since I is also
nondecreasing, I is right continuous and we get

inf I(t) = inf I(t) = I(1).

t>1 t>1
Applying Proposition [§, this completes the proof of (25]). O

Proof of (26]). We follow the same lines as in the proof of (I4]) in the Gaussian range. With the
same definition of m,, = Lxﬁ}*e)ﬂ, Lemmas [I3] and [I4] entail

n

_ 1 n . 2mp .
lim —— Z <m>Hn’m < -1 and hm — log Z ( )2 Iy, < -1 (28)

Tn m=2my,-+1

To complete the proof, it suffices to show that

lim — log ZfL 2m ( )Izm < —=J(O). (29)

11



e(l—e)
Recall that Lemma [I5] provides I3, < )’ —(m=Dan " Mn

o , where

e

(7, — u)? .
M, = _ - (1)t
mx;sglgixn) { 202(n —m)(1 + cp) (u—(m —1)zy,)

Ly — LT 2

2
maslte<i<l 202n(1+ ¢,)

1 — 201+ R E
B S T S f i i B P Gl L B
mz; 1 Tegi<1 20 (1 + Cn) t

Let us fix n € (0,1). For n large enough, for all m € {2,...,2m,},

1 —¢)201+e 1) Lte 1 — )20 1+e
B Oy R U i R B <
mas Fectan | 202(1 4 ¢p) t 20

> (1-n)*J(C)

N

and

1—e
] (1 . t)2cl+e e (m _ 1)1';1+6 ) (1 o t)2cl+e .
A = " 'n > N S _
ngflil { 202(1 + ¢cy) o ! t - ngtlil 202 i (1=m)

> (1=n)J(C).

So M, < —z:7¢(1 —n)3J(C) and

2my, 9
hm — log Z ( >2m127m <—(1-n)*J(C)+ hm — log Z ( ) (Qm e*ri(l 6))

and (29)) follows, letting n — 0. O

5 Proofs of the intermediate results

Proof of Proposition [8. Obviously, the functions I, I, I,, and I are nondecreasing. Let us
prove that [ is nondecreasing, the proof for I being similar. Let t; < t9, let > 0, and let a € R
be such that I(t2) > I;(a) + I,(to — a) — n. Since I, is nondecreasing, we have

I(t1) < Ii(a) + Ly(t1 — a) < Ii(a) + Ly(t2 — a) < L(t2) +m,

which completes the proof of the monotony of I, letting n — 0.

Lower bound. Let ¢ € R, let t > ¢, and let § > 0 be such that 0 < 20 < t — ¢. For all (a,b) € R?
such that a + b = t, we have

limey, logP(Y, 1+ Y2 > ¢) > lime, logP(Y,, 1 > a —0) + lim e, logP(Y;, 2 > b —0)

—I;(a) — Iy(b).

ARV

Therefore,

lime,logP(Y, 1+ Yn2 >¢) >sup sup (—I;(a) — I5(b)) = —inf I(1).
t>c (a,b)cR? t>c
a+b=t

12



Upper bound. Let ¢ € R and let M > 0. Let d > 0 be given by assumption (H). Define
Z={(a,b) eR*; a+b=c, a>—d, b>—d}

and

K={(a,b)eR*; a+b=c, a>—d, b>—d}.
Write
P(Yoi+ Yo 2 €) S P(Yay > d, Yoz < —d) + B(Yoy < ~d, Yoo > d) + (Y1, Ya2) € Z)
= Qn,l + Qn,Z + Qn,?)-

By assumption, o o
limey, log(Qn1) < —M and lime,log(Qn2) < —M.

Let us estimate lim €, log Qn,3. For all (a,b) € K,

— inf lim e, logP(Y1 > u, Y, 2 > 0)
u<a
v<b
> — inf lime, log P(Y,, 1 > u) — inf lim €, log P(Y}, 2 > v)
u<a v<b
= Tl(a) + Tg(b)

Defining 6% := min(d — 6,6") for all § > 0 and for all § € (—oo, oc], there exists u, < a and
vp < b such that

—Tim e, logP(Yy1 > ta, Yo > vy) = (T1(a) + To (b)) (30)

From the cover ((uq,00) X (vh,0))(ap)ex Of the compact subset K, we can extract a finite
subcover ((ug,,00) X (vp,,00))1<i<p. Since

we obtain, thanks to Lemma [l and (30),

P
lime, log Q3 < lime, logZIP’(le > Ug;y Yn2 > Up,)
i=1
= max {lim e, log P(Yy, 1 > ua;, Yoo > vp,)}
1<Z<p ) ) 7
(Tilas) 4 Ta(b O]
< max {—(T1(a:) + I2(6:)) "}
< — inf Ta—}—jbm.
it (7o) + L))
a+b=c

Letting 6 — 0 and using the definition of I, we deduce that

lime,logQs < — inf (I1(a) + I2(b)) = —I(c) = —inf I(2). (31)
(a,b)ER? t=c
a+b=c
Letting M — oo, we get the desired upper bound. O

Lemma 16. Let the real-valued function s, be defined on (0,00)™ by

m

Sm(U1y .y Uy) = Zuil_e

i=1

and the sets A, and Az, as defined in the proof of ([I4)). Assume that maz® < x.

13



1. On Ay, the function sy, reaches its minimum at points with one coordinate equal to
x — (m — 1)x® and the other coordinates equal to x°.

2. On Ay, the function sy, reaches its minimum at points with one coordinate equal to
u— (m —1)x® and the other coordinates equal to x°.

m

Proof of LemmalIf. 1. Ai,, = Lz N (ﬂ H f N Gf) is a compact polyhedron defined through
i=1

the following half-spaces:

m
Hf ={veR™ v; >z}, Gf ={veR™ v <z}, L= {v e R™, Zvi 230},
i=1
the boundaries of which are
m
H={veR" v=2% G ={veR" v=x}, L,= {v e R™, Zvi :x}.

i=1

Now, s,, being a continuous and concave function, its minimum is reached at an extremal point
of A1, that is, an intersection of m + 1 supporting hyperplanes, the equations of which are
linearly independent and compatible. Nevertheless, for all i € {1,...,m}, G; N Ly N Ay, = 0,
and the assumption mz® < z excludes that all coordinates of an extremal point are equal to
z¢. Consequently, an extremal point ¢t = (¢1,...,t,,) is such that m — 1 coordinates are equal
to z¢ and t; + -+ + t,, = x or k coordinates are equal to z¢ and (m — k) equal to =, with
ke {l,...,m—1}. Setting, for v > 0, p(v) = v'! ¢, the first case gives

sm(t) = (m — 1)p(x°) + p(z — (m — 1)),

while the second gives
sm(t) = kp(z©) + (m — k)p(z).
As p is an increasing function, one has, for all k € {1,...,m — 1},
(m = k)p(x) = (m —k — 1)p(x) + p(z) = (m — k= 1)p(z°) + p(z — (m — 1))
then
kp(z€) + (m — k)p(z) = (m — D)p(z) + p(z — (m — 1))
which proves the claim.

2. We prove the result in a similar way than in the previous point. With the same notation, we
get

S

Apmu =Lz 0 L0 (N H NGY).

=1

As u € [ma©, z), an extremal point of As ,, ,, has no coordinate equal to . Then such a point has
(m — 1) coordinates equal to ¢ and one equal to u — (m — 1)a® which completes the proof. [
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