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This paper highlights the specics of a monetary union, such as the Euro area, regarding the possible choices of monetary and scal policies. As the dynamics of public debt are specic to the choices made by each government, I show that the dynamic stability of the area requires coordination of scal policies, particularly in the case of a liquidity trap situation. My results suggest that a scal union, taking the form of a common debt, guarantees the dynamic stability of the area, notwithstanding the monetary policy, chosen or constrainedthus improving institutional robustness of the European Union.

Introduction

When a major crisis occurs, the strategic choice of policy mix for a large stimulus policy is obviously at the center of macroeconomic analysis. These exceptional times are also good tests of our institutions. More precisely, our institutions cannot be founded only on a single conventional view of economic stability based on the eectiveness of the Taylor principle. More robust rules must be found, ensuring equilibrium stability even when the conventional view does not apply. In this context, European Union (EU) requires specic analysis. Indeed, unlike a federal system like the United States (US), the decision-making centers of monetary and scal policy are not both centralized and, therefore, do not limit the process of political coordination between two actors. Therefore, the European policy mix also requires coordination of scal decisions, involving multiple decision-makers.

In this paper, I determine which set of rules, that is, which monetary-scal policies, make it possible to guarantee the stability of a monetary union such as EU. My analysis determines the rules for ensuring the existence of a single path around the steady state (a prerequisite for economic stabilization), leaving aside the analysis of multipliers that are specic to each of the policy mix regimes. Not surprisingly, but without our prior knowledge, I show that this set of rules is not unique, and it strongly depends on the eective margins of monetary policy. More specically, I show that a scal union, that would take the form of a common debt, are necessary for European stability to overcome the limits of monetary policy when interest rates can no longer be lowered. Therefore, the paper results provide support to the recent initiative, called Next Generation EU, allowing the European Commission to issue bonds on the nancial markets on behalf of the EU.
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As this has been done since [START_REF] Leeper | Equilibria Under Active and Passive Monetary and Fiscal Policies[END_REF], our paper considers that both monetary and scal authorities can only choose between two types of policies, active or passive. In a closed economy, the traditional policy mix associating an active monetary policy (application of the Taylor principle) and a passive scal policy (scal rule with a debt brake) ensures the dynamic stability of the New-Keynesian (hereafter, NK) model. However, another policy mix ensures equilibrium stability: it is based on a combination of a passive monetary policy (failure to respect the Taylor principle) and an active scal policy 1 President von der Leyen annonced on May 27, 2020 that the bulk of the recovery mea- sures proposed by EU will be powered by the Next Generation EU with nancial repower of e750 billion. The nancing will be made possible by borrowing up to e750 billion on behalf of the EU, through the issuance of bonds.

See the speech of President von der Leyen, https://ec.europa.eu/commission/presscorner/detail/en/speech_20_941.

(scal rule without debt brake). On this last equilibrium, the Fiscal Theory of the Price Level (hereafter, FTPL) applies.

2 When considering the case of the EU, a cursory analy- sis could lead to the conclusion that European policy makers have the same arbitrations than the US because in open economies with a monetary union the NK model has the same dynamic characteristics for the ination and output gap than a closed economy.

However, adding the analysis of country-specic public debts of open economies within a monetary union may not lead to dierences in the case of a closed economy. In this paper, I show that this comfortable transposition of a policy mix analysis in a closed economy to the European case is not trivial. Indeed, given that each government of the Euro area maintains its scal independence, there are multiple public debt dynamics, a priori not controlled by the same debt brake.

3 By taking into account these dierences in public debt dynamics across the EU members, I show that despite the absence of a commitment on an explicit debt brake, an active monetary policy is a coordination device because it reduces the political decision of each government to a binary choice: to ght or not to ght the explosiveness of its public debt, stability of its ination, and its output gap being insured by the European Central Bank (ECB). Note, however, that the stability of the area depends on the assumption that all the members have the same perception of monetary policy (active in this case), than making them all opt for controlling the stability of their public debt (voluntary choice of a passive scal policy). By contrast, when the ECB policy does not respect the Taylor principle (passive monetary policy), I show that only one country of the Euro area must implement an active scal policy. This result is due to the integration of ination rates as well as output gaps: with unique ination rate dynamics in the area, only a single public debt is needed to anchor the price level.

However, it is not clear which country of the area will be free to escape the Maastricht treaty. This lack of a coordination device advocates a scal union for coordinating scal policies: this can be done by issue bonds on behalf of the EU, thus adding a new public debt in the Euro area that would be adopt a scal policy in accordance with the monetary policy, thereby ensuring the dynamic stability of the Euro area.

4

2 [START_REF] Leeper | Equilibria Under Active and Passive Monetary and Fiscal Policies[END_REF], [START_REF] Sims | A simple model for study of the determination of the price level and the interaction of monetary and scal policy[END_REF], [START_REF] Woodford | Public Debt and the Price Level[END_REF], and [START_REF] Cochrane | Long term debt and optimal policy in the scal theory of the price level[END_REF] developed the FTPL. See Bas- setto (2002) for an analysis of a game between market players and the government, where the equilibrium solution provides the foundations of the FTPL. There are proponents of (e.g., [START_REF] Sims | Paper Money[END_REF]) and opponents to (e.g., [START_REF] Ljungqvist | Recursive Macroeconomic Theory[END_REF]) the FTPL. However, explaining this debate is beyond the scope of this paper: see, for e.g., [START_REF] Fitzgerald | Understanding the Fiscal Theory of the Price Level[END_REF], [START_REF] Leeper | Understanding Ination as a Joint Monetary-Fiscal Phenomenon[END_REF], or [START_REF] Cochrane | The scal theory of the price level[END_REF] for surveys on this debate.

the dynamic stability of the Euro area. Indeed, the multiplicity of public debts then raises the problem of the designation of only the state which will need to have an active scal policy, thus allowing to anchor the price level in the Euro area. Then, this suggests that a scal union (issue of a common debt) will solve this coordination problem. Of course, the liquidity trap (or ZLB) can only be perceived as transitory by agents. In this case, I show that what matters for the stability of the equilibrium are the agent's expectations on the policies implemented after this episode of liquidity trap. To this end, I follow [START_REF] Christiano | When Is the Government Spending Multiplier Large[END_REF] 6 by assuming a stochastic duration for this ZLB episode. I show that if agents expect the monetary policy will become active after the ZLB period, then a stable equilibrium of the Euro area will be possible y if each European country respects its commitment to the Maastricht Treaty by choosing a passive scal policy. Conversely, if the agents expect the monetary policy to remain passive after the ZLB period, then a stable equilibrium of the Euro area will be possible only if one of the European countries does not respect its commitment for the Maastricht Treaty. This last result supports a scal union unifying the multiple debt dynamics of the Euro area, and thus making it possible to resolve the problem of the designation of the only state that can avoid the scal constraints of the Maastricht Treaty.

The remainder of the paper is structured as follows. In section 2, I present a two-country model of the Euro area in which the countries are asymmetric, and derive the implied terms-of-trade (TOT) dynamics. In section 3, I describe the dynamic properties of ination, output gap, and public debts in the functioning of the policy choices of the central bank and dierent governments. Section 4 extends the analysis to episodes when the monetary policy is constrained by a zero lower bound. The link between the results of this paper and previous literature is discussed in section 5. Finally, section 6 concludes.

A Two-Country Model in a Monetary Union

The Euro area is modeled as an economy comprising two asymmetric countries. The rst one is a real country, whereas the second one is the rest of the Euro area, that is, aggregation of all the other Euro area countries. The Euro area is populated by a continuum of innitely lived households indexed by j ∈ [0, 1]. The population in segment j ∈ [0, m) belongs to country H (Home country) and the population in segment j ∈ [m, 1] belongs to country F (Foreign country). Therefore, m is the relative size of country H 6 These authors have based their analysis on the previous works of [START_REF] Eggertsson | The Zero Interest-Rate Boundand Optimal Monetary Policy[END_REF], [START_REF] Christiano | The Zero-Bound, Zero-Ination Targeting, and Output Collapse[END_REF][START_REF] Eggertsson | Monetary and Fiscal Coordination in a Liquidity Trap[END_REF] in the Euro area. The small Home country case can be derived by taking the limit of the two-country model as m → 0.

Home bias and country size. The home bias in Home (Foreign) households' preferences is crucial because it is the only source of real exchange rate uctuation in the model. Therefore, I assume that the share of imported goods denoted α (α * ) should decrease with the relative size of country H (F ) and with the degree of home bias in Home (Foreign) households' preferences. A tractable way to formalize these ideas is to dene

α = α(1 -m) (α * = α * m)
, where the exogenous parameter α (α * ) is inversely related to the degree of home bias in H (F ) households' preferences. In the following, I assume symmetric preferences, namely α = α * .

Equilibrium

The complete set of equations describing the equilibrium dynamics are the following:
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The New Phillips curves (NP curves)

π H,t = βE t [ π H,t+1 ] + κ y t -λ(αm + ω -1) s t + λt t (1) π * F,t = βE t π * F,t+1 + κ y * t + λ(ω * -αm) s t + λt * t , (2) 
The Euler Equations (IS curves)

y t = E t [ y t+1 ] - 1 σ ( r t -E t [ π H,t+1 ]) + 1 -αm -ω σ E t ∆ s t+1 (3) y * t = E t [ y * t+1 ] - 1 σ r t -E t [ π * F,t+1 ] + ω * -αm σ E t ∆ s t+1 , (4) 
The Terms-Of-Trade (TOT)

s t -s t-1 = π F,t -π H,t (5) 
s t = σ ω + ω * ( y t -y * t ), (6) 
The Taylor Rule

r t = α π mπ H,t + (1 -m)π * F,t + α y (m y t + (1 -m) y * t ) + ε M t (7) ε M t = ρ M ε M t-1 + e t , (8) 
7

The denitions of all the reduced form parameters as functions of the structural model's parameters are given in Appendix H. The complete description of the model is provided in Appendix G and a summary of the equations leading to the nal reduced form is given in Appendix F.

Public Debt and the Fiscal Rules

b r t = β -1 ( b r t-1 -π H,t ) + r t -(β -1 -1) s r t (9) s r t = γ 1 β -1 -1 ( b r t-1 -r t-1 ) + ε F t (10) ε F t = ρε F t-1 + ν t (11) b r * t = β -1 ( b r * t-1 -π F,t ) + r t -(β -1 -1) s r * t (12) s r * t = γ * 1 β -1 -1 ( b r * t-1 -r t-1 ) + ε F * t (13) ε F * t = ρ * ε F * t-1 + ν * t , (14) 
where π H,t and π * F,t are the ination rates based on Production Price Index (PPI) and y t and y * t are the output gaps in the Home and Foreign countries, respectively. 8 The deviation of the nominal interest rate from its natural value is denoted by r t . The government's choices are given by an ad hoc rule called a scal rule, where it is assumed that the real surplus of the Home government s r t reacts to the real debt gap b r t adjusted by the nominal interest rate that provides the price of the bond on the stock market (see, e.g., [START_REF] Leeper | Understanding Ination as a Joint Monetary-Fiscal Phenomenon[END_REF]). These scal rules can be viewed as reduced forms of the European scal treaties. By leaving the budget autonomy to each government, the European treaties give each state the opportunity to choose the strictness of the scal rule: the choices of γ and γ * summarize these policy strategies. Finally, rms pay tax based on their wage bill in each country, with the tax rates being t t and t * t .

After integrating Equations ( 10) in ( 9) and ( 13) in ( 12) and the Taylor rule (7) in the IS curves (Equations ( 3) and ( 4)) and in the government budget constraints (Equations ( 9) and ( 12)), I obtain a system of eight equations, where the seven unknowns are { π H,t , π static relationship emphasizes that the two IS curves are not independent equations, whereas the denition of the TOT provides the link between the country specic ination rates. Therefore, the system dimension must be reduced to four independent equations. In the following, I discuss how to solve this dynamic system and the restrictions on the monetary and scal policies necessary to ensure the existence of a unique stable equilibrium.

Note that with this linearized version of the model, the conditions under which a unique 8 These gaps are expressed in a log-deviation from the steady state.

stable path exists can be determined in the deterministic version of the model. Therefore, for simplicity, I abstract in the following for the stochastic part of the model and consider that the exogenous variables {ε M t , ε F t , ε F * t , t t , t * t } are a deterministic process.

The Dynamics of Terms-Of-Trade

In this section, I show that the dynamics of the terms-Of-trade (TOT) can be solved independent of the rest of the model.

Proposition 1. The TOT dynamics do not depend on the rules of monetary and/or scal policies (α π , α y , γ, and γ * ) as well as one their shocks (ε M t , ε F t , and ε F * ). The TOT dynamics only depend on scal gaps in labor costs (t * t -t t ).

Proof. The dierence between the two Phillips curves (Equations ( 1) and ( 2)) leads to:

π * F,t -π H,t = β π * F,t+1 -π H,t+1 + κ( y * t -y t ) + λ(ω * + ω -1) s t + λ(t * t -t t )
Given the denitions of ω and ω * , 10 we deduce, using Equation (6), the equilibrium dynamics of TOT as follows:

0 = s t+1 -b s t + 1 β s t-1 + λ β (t * t -t t ), (15) 
where b = 1 + β + κ+(κ-σλ)α(2-α)(ση-1) σ /β. The solution is such that

(1 -r 1 L)(1 -r 2 L) s t+1 = λ β (t * t -t t ) ⇒ s t+1 = r 1 s t -λr 1 ∞ j=0 1 r 2 j (t * t+1+j -t t+1+j ), where r i = b± √ b 2 -4/β 2 , for i = 1, 2 and s.t. 0 < r 1 < 1 < r 2 (See Appendix A).
This result emphasizes the rst property of an open economy dynamics: the TOT introduces backward and forward-looking components, independent of the monetary and scal policies. The predetermined component of the TOT comes from the sticky prices, coupled with the xed exchange rate assumption (Currency union). The TOT uctuations are driven by tax rate shocks (t t , t * t ). These results are used by Farhi et al. (2014) to derive the optimal sequence of these taxes that would allow the equilibrium of a xed exchange rate open economy to reach the equilibrium of an economy with exible nominal exchange rates, better suited for damping business cycle shocks.

10 See Appendix H for details on the parameters.

Therefore, without any shocks on the marginal costs induced by a scal policy implemented in the sticky price economy, the TOT dynamics is deterministic. Thus, s t = 0

if its initial condition is its equilibrium value and t t , t * t = 0, ∀t. Using Equation ( 6), we deduce that y t = y * t .

A Limit Case: A Small Open Economy

The case of a small open economy (SOE) is obtained when m → 0. Hence, the monetary policy, given by r t = α π π * F,t + α y y * t + ε M t , does not depend on Home aggregates. Then, the Home aggregates have an autonomous dynamic, with the Foreign variables and the interest rate being exogenous. For simplicity, I thus assume π * F,t = y * t = t * t 0. This leads to s t = -p H,t . The equilibrium dynamic of an SOE is thus given by Equation (15), where s t is simply replaced by -p H,t . Given the equilibrium path for p H,t , we deduce the output gap using Equation ( 6), the equation being evaluated for m → 0. This shows that the dynamics of the Home output gap is given by a Home price dynamic (here, the opposite of the TOT) and an ination dynamic (the simple dierence between the current and the past price levels). As for the TOT, the equilibrium price dynamic is deduced from Equation (15), where s t = -p H,t . Its solution is p H,t+1 = r 1 p H,t -λr 1 , for i = 1, 2 and s.t. 0 < r 1 < 1 < r 2 . This is the result presented in [START_REF] Erceg | Fiscal Consolidation in an Open Economy[END_REF]. It is also a corollary of Proposition 1: in an SOE, the equilibrium dynamics of Home price (opposite of the TOT in an SOE) does not depend on monetary and scal policies (rules and shocks).

Proposition 2. In a small open economy of the Euro area, a debt brake, of a minimal size γ > 1/β -1, is required to ensure the existence of a saddle path.

Proof. See Appendix B

Given that the path of price gives both output and ination dynamics, the equilibrium of an SOE is dened only by price and public debt dynamics. The fact that the price dynamic of the Home country does not depend on scal policy induces that price and public debt are independent processes in an SOE. The stability of the debt can be only ensured by the implementation of a scal brake.

From a policy perspective, we deduce that if each SOE of the Euro area adopts a scal rule that respect 1/β -1 < γ, then the aggregate public debt of the Euro area will have a sucient debt break to ensure its stability. Therefore, the individual scal policies of each country imply the stability of the Euro aggregate. This is a credible strategy if all the countries expect that the ECB respects or implements its mandate to stabilize ination via the implementation of the Taylor principle (active monetary policy). Indeed, given that ination and output gap abroad are taken as exogenous and stationary at the level of each SOE, the ECB must apply the European treaties by respecting the Taylor principle in order to stabilize the aggregate output-ination dynamics of the Euro area.

11 If each SOE of the Euro area does not respect the scal rule, there is no chance for the ECB to correct this instability. This is true if we consider only one SOE for the Euro area, because the dynamic of this SOE does not depend on the monetary policy. However, I will see later that the analysis of the global dynamics of the Euro area provides an equilibrium, where the scal theory of price level applies, thereby supporting a stable equilibrium with an active scal policy and passive monetary policies.

3 Ination, Output and Public Debt in the Euro Area

In the rst subsection, I analyze a specic case where it is assumed that all the governments of the Euro area adopt the same scal rule. This case corresponds to the one where all the governments behave as a representative one, obviously a hypothetical scenario in the current Euro area. I show that two equilibria are possible: rst, the ECB has an active monetary policy (Taylor principle) and all governments have a passive scal policy (implementation of a scal brake); and second, the ECB has a passive monetary policy and all governments have an active scal policy (no debt brake). In the second subsection, I analyze the case where governments have dierent scal policies, implying that the equilibrium cannot be summarized by aggregates determined by representative decision makers.

11 For analyzing the SOE, it is assumed that π * F,t = y * t = 0 for simplicity, but what matters is the stationarity of both π * F,t and y * t . This stationarity is ensured if it exists as a unique equilibrium path for these two variables representing ination and the output gap of Euro area.

Stability of the Euro Aggregates When All Governments Adopt the Same Fiscal Rule

Assume that scal brakes are identical across countries.

12 Note that only the component of the scal policy that accounts for the debt brake (γ and γ * ) must be homogeneous across countries for the dynamic stability of the Euro aggregate.

13 The component of the scal policy that accounts for discretionary decisions (ρ and ρ * ) can be heterogeneous across countries. Thus, we have γ = γ * ≡ γ u , but ρ = ρ * . The Euro aggregate is dened

as follows: ination is π u t = m π H,t + (1 -m) π F,t , output gap is y u t = m y t + (1 -m) y * t , and debt is b ru t = m b r t + (1 -m) b r * t .
By directly analyzing the aggregates of the Euro area, the monetary policy described by the following Taylor rule (Equation ( 7))

r t = α π π u t + α y y u t + ε M t (16)
links the interest rate to aggregate ination and output gap, without distinguishing countries by their weight on these aggregates.

By aggregating the two Phillips curves (Equations ( 1) and ( 2))

π u t = β π u t+1 + κ y u t
the two IS curves (Equations ( 3) and ( 4))

y u t = y u t+1 - 1 σ r t -π u t+1
the two debt dynamics (Equations 9) and ( 12) as well as the surpluses (Equations ( 10) and ( 13))

1 β -1 -γ u b ru t+1 = b ru t -π u t+1 - β -1 -1 β -1 -γ u mε F t+1 + (1 -m)mε F * t+1 + 1 β -1 -γ u α π π u t+1 + α y y u t+1 + γ u β -1 -γ u (α π π u t + α y y t )
and using the Taylor rule (Equation ( 16)), the equilibrium paths for { π u t , y u t , and b ru t } can be solved.

14 12 In this section, it is assumed for simplicity that t t = t * t = 0, ∀t. These exogenous variables simply add a shock to the aggregate Phillips curve of the Euro area, which is not useful at this stage.

13 Aggregation is also possible under the assumption that the structural parameter that governs nominal rigidities (Phillips curves) is the same across countries (assuming that all Europeans share the same preferences). This assumption is not rejected by the data (see [START_REF] Martin | Inspecting the Mechanism: Leverage and the Great Recession in the Eurozone[END_REF]).

14 Another way to obtain this dynamic system is to assume that Europeans have no home bias α = 1.

In this case, the real exchange rate is constant as well as the TOT: the risk-sharing condition leads to

c t = c * t . Assuming for simplicity that m = 1/2, this implies that y t = y * t = yt+ y * t 2 ≡ ȳu t , π H,t = π * F,t = π H,t + π * F,t 2 ≡= πu t , br,u t ≡ b r t + b r * t 2 and dr,u t ≡ d r t + d r * t 2
are solutions of the same dynamic system.

Proposition 3. When all the governments adopt the same scal rules, the stability of the Euro aggregates is ensured if a passive scal policy is implemented in each European state when the Taylor principle applies.

However, if the Taylor principle does not apply, it can also exist as a stable equilibrium if scal policies are the same everywhere and active in each country.

Proof. Using ε F t+1 = ρε F t and ε F * t+1 = ρ * ε F *
t , the Philips and IS curves as well as the debt dynamics of the Euro area aggregates lead to

   π u t y u t b u t    = A 0 a 1 a 2 a 3    π u t+1 y u t+1 b u t+1    + Ω    -κ 0 0 -1 0 0 b 1 mρb 2 (1 -m)ρ * b 2       ε M t ε F t ε F * t    where        Ω = 1 σ+αy+καπ a 1 = -β 1-γuβ (α y -β -1 + γ u σ(α π β -1)Ω) a 2 = -β 1-γuβ (α y + γ u σ(α y + α π κ)Ω) a 3 = β 1-γuβ b 1 = -γ u σβ 1-γuβ b 2 = (1 -β) σ+απκ+αy 1-γuβ
This system is block-diagonal with an upper block dened by

y u t π u t = A y u t+1 π u t+1 + Bε M t where A = Ω κ + β(σ + α y ) κσ 1 -βα π σ , B = -Ω κ 1
can be solved rst. The two eigenvalues of A are positive, and the characteristic polynomial is such that P A (1) = 1tr(A) + det(A) = κ(απ-1)+(1-β)αy σ+αy+καπ , which indicates that both roots are lower than 1 if κ(α π -1) + (1 -β)α y > 0. This is the Taylor principle.

This strategy for monetary policy enforces all the governments of the Euro area to implement a strict scal rule, that is, to choose a parameter γ = γ * ≡ γ u such that public debt does not explode. A simple restriction is γ u > β -1 -1, which represents the strictness of the scal rule.

This analysis reveals that the stability of the Euro aggregates does not depend on the nature of the shocks, but on the coordination of the policy rules.

15 This framework, where all the countries have exactly the same scal policy, can be interpreted as Federal state where the central government coordinates the scal policy which is thus unique.

Therefore, we return to the same economy studied by Lepeer, Traum, and Walker (2017) in the case of the US modeled as a closed economy. In this case, it exists as a menu for the policy mix ensuring economic stability: an active monetary policy accompanied by a passive scal policy, or a passive monetary policy accompanied by an active scal policy. For the Euro area, this simplied model with a representative country is close to the one used by [START_REF] Woodford | Control of the Public Debt: a Requirement for Price Stability[END_REF] in discussing the impact of the Maastricht treaty on maintaining price stability in Europe. If the Taylor principle is satised, namely κ(α π -1) + (1 -β)α y > 0, then a passive scal rule applied in each country is necessary to ensure that public debt remains non-explosive. Indeed, with { π u t , y u t } (the stationary solutions of the dynamic system for the aggregate economy when the Taylor

principle is respected), debt is sustainable if γ > β -1 -1. This scal break (γ > β -1 -1)
represents the strictness of the scal rule. The commitment of each government of the Euro area is crucial to ensure economic stability: this was the aim of the Maastricht treaty.

By contrast, if the ECB does not respect the Taylor principle, then all the countries of the Euro area (in fact, the representative government of the Euro area) must be coordinate in order to simultaneously abandon scal rules incorporating a scal brake. This is an easy strategy for a federal state, but less easy for the Euro area with its Maastricht treaty obligation to maintain independence for scal policies. Note that this problem is not a theoretical curiosity: it can be concrete when an economy enters a liquidity trap, such as the period when the ZLB constraint is perceived as very persistent.

Stability of the Euro Area when Fiscal Rules Are Dierent Across Countries

We now break the simplistic view of a unique IS curve and a unique Phillips curve in Europe. Hence, with heterogeneous paths of output gaps and ination, the choice of scal policy can/must dier from those that a ctional European government would take.

Using Proposition 1, all the variables can be expressed as a function of the solution for the TOT dynamics. Given this property, it is obvious that the Taylor principle can ensure the stability of the Euro area if we abstract from the public debt dynamics. I introduce the public debt dynamics specic to each country and show that instability can emerge.

The complete dynamics of the two-country model, where each country has a specic scal policy (rule and shock), is the solution for the following system (using Equations ( 1), ( 3), (9), and ( 12)):

π H,t = β π H,t+1 + κ y t -λ(αm + ω -1) s t + λt t y t = y t+1 - 1 σ ( r t -π H,t+1 ) + 1 -αm -ω σ ( s t+1 -s t ) 1 β -1 -γ b r t+1 = b r t -π H,t+1 - β -1 -1 β -1 -γ ε F t+1 + 1 β -1 -γ r t+1 + γ β -1 -γ r t 1 β -1 -γ * b r * t+1 = b r * t -( s t+1 -s t ) -π F,t+1 - β -1 -1 β -1 -γ * ε F * t+1 + 1 β -1 -γ * r t+1 + γ β -1 -γ * r t ,
where the Taylor rule, given by

r t = α π π H,t + α y y t + (1 -m) α π -α y ω + ω * σ s t -α π (1 -m) s t-1 + ε M t (17)
shows that despite the asymmetric weight of each country, the sensitivity of the Taylor rule to ination and output gap does not depend on the weight of each country. This result is a direct implication of the TOT equation ( 6).

After integrating Equation ( 17) in the IS and public debt equations, this system can be rewritten as follow Z t = M Z t+1 Proposition 4. If the Taylor principle is respected, the stability of the Euro area is ensured if all the countries have a passive scal policy, that is, if all the countries implement a scal brake satisfying γ, γ * > β -1 -1.

If the Taylor principle is not respected, the stability of the Euro area is ensured if only one country implement an active scal policy, all others must respect their commitment to implement a scal brake:

γ > β -1 -1 & γ * < β -1 -1, or γ < β -1 -1 & γ * > β -1 -1.
Proof. Given that M is triangular (See appendix C), its eigenvalues are those of the matrix A and

1 β -1 -γ , 1 β -1 -γ * .
In Proposition 3, it is shown that the two eigenvalues of

A are inside the unit circle if κ(α π -1) + (1 -β)α y > 0 (Taylor principle).
If κ(α π -1) + (1 -β)α y > 0, then the two eigenvalues of A are inside the unit circle.

Therefore, the two last eigenvalues of M must be outside the unit circle:

1 β -1 -γ > 1 and 1 β -1 -γ * > 1, that is, γ, γ * > β -1 -1.
16 See appendix C for the complete description of this system.

If κ(α π -1) + (1 -β)α y < 0, then one eigenvalue of A is inside the unit circle, the other being outside the unit circle. Therefore, only one of the two last eigenvalues of M must be outside the unit circle. This implies that one set of the following restrictions must be satised: i) 1

β -1 -γ > 1 and 1 β -1 -γ * < 1, that is, γ > β -1 -1 and γ * < β -1 -1, or ii) 1 β -1 -γ < 1 and 1 β -1 -γ * > 1, that is, γ < β -1 -1 and γ * > β -1 -1.
If the Taylor principle is respected, that is, when the ECB implements an active monetary policy rule, all countries of the Euro area must implement a scal brake. This

shows that these two policies are complementary to ensure the stability of the area. The active monetary policy implemented by the ECB can be viewed as a coordination device guiding all governments to respect the European treaties.

If the Taylor principle is not respected, only one country is constrained to adopt a passive scal policy. The other country must have an active scal policy. Therefore, when the monetary policy of the ECB does not respect the Taylor principle, one of the two countries of the Euro area must adopt an active scal policy, that is, they must not implement the scal brake of the Fiscal Stability Treaty. In this case, the scal theory of price level applies, showing that a non-unied scal policy provides the freedom to choose which country can renounce its Maastricht treaty commitments. This degree of freedom can also lead to a coordination problem, unforeseen by the European treaties.

Instability of the Euro area. The two regimes of Proposition 4 suggests that a scal union, that takes the form of a common debt, would be the best solution to avoid any destabilization of the Euro area linked to the non-compliance of one of the member states to the scal stability treaties.

The bonds issue of common debt leads simply to an additional public debt dynamics, managed by the European Council. Therefore, the dynamic system of the Euro area would be composed by ve equations: the NP and the IS curves, the public debts of each of the two countries and the common public debt of the EU. In this context, even if the monetary policy is not active, the stability of the Euro area can be ensured by an active scal policy for the commun EU budget, the stability of the two other public debts being ensured by the implementation of debt brakes (passive scal policy inside each country). By contrast, if monetary policy can be active, then the three scal policies must be passive . However, the risk of instability for the Euro area seems lower when the monetary policy is active: if one country deviates, it knows that it could lead to global instability in the area, its gains then being able to exist only in the very short term. Moreover, if this country is small, Proposition 2 suggests that it is not rational for an SOE to nd grounds for non-compliance with treaties. Obviously, this reasoning also applies to the governance of the European common debt. Hence, when the monetary policy is active, nobody seems to be tempted to give up its commitment to the European treaties. An active monetary policy also acts as a coordination device.

This optimism about the Euro system is undermined in situations where the ECB would choose not to have an active monetary policy. In this case, one of the members must renounce these European commitments, but no one knows which among the states will be able to have an active scal policy. This indeterminacy of equilibrium presents a clear problem of stability in the Euro area. The critical situation in the Euro area would then be the moment when the ECB would be forced not to have an active monetary policy and nobody would take the decision to issue bonds behalf of the EU managed by a scal policy rectifying the shortcoming of the monetary policy.

4 Zero-Lower-Bound: A Risk Arguing in Favor of a Fiscal Union

When the Euro area is caught in a liquidity trap, for instance, when the ECB's monetary policy constrained by the ZLB, it could be dicult for the active monetary policy to coordinate with the governments of the Euro area on an equilibrium where they all choose a passive scal policy (Proposition 4). This section presents the options for a policy mix in this context by highlighting that these strategies mainly depend on agent expectations.

A highly persistent Zero-Lower-Bound

If the ZLB is expected to be highly persistent and can be approximated by a permanent state, a passive monetary policy will be favored in the agent's expectations. Therefore, Proposition 4 shows that one country of the Euro area must leave the Fiscal Stability

Treaty in order to stabilize the Euro area. However, which country will do this? If each country considers itself as one among the many SOEs in the Euro area, then none of them will be interested in choosing an active scal policy (abandonment of the scal brake of the European treaties) because this strategy destabilizes an SOE (see proposition 2). However, in the case of larger economies of the Euro area, such as Germany, France, Italy or Spain, it is possible that these governments do not consider their countries as an SOE, and therefore rely on their partners to ensure the stability of the Euro area, while enjoying an active scal policy. However, without a coordination system, each country can consider itself as one that can have an active scal policy, thereby leading to instability in the Euro area.

Proposition 5. When ZLB is perceived to be permanent, a scal union stabilizes the Euro area by selecting a uniquely active scal policy at the federal state level.

Proof. Using proposition 4, we know that if the monetary policy is passive (the Taylor principle cannot be respected), an active scal policy must be implemented because one eigenvalue of A is outside the unit circle.

Given that the monetary policy is constrained to be passive at the ZLB, a scal union that would take the form of a unication of all public debts, can ensure that γ = γ * ≡ γ u with γ u < β -1 -1. With only one real-debt dynamics (scal union), the dynamics would have two eigenvalues inside the unit circle and one outside.

Another way, consist to issue bonds behalf the EU, that will manage them by implementing an active scal policy. At the same time, all the states must respect their European commitments by implementing a passive scal policy, as in the case where monetary policy is active.

Proposition 5 shows that scal union is a solution to ensure stability in the Euro area when deprived of an active monetary policy. The policy of this scal union would then be to select the equilibrium where the Fiscal Theory of Price Level (FTPL) would apply.

The non-Ricardian properties of this equilibrium would, therefore, allow scal transfer policies to revive the Euro area economy. The budgetary tool for regulating economic activities would, therefore, be greatly appreciated during periods when the interest rate is constant, that is, locked in at zero. It seems easier to issue new public debt on behalf of the EU than to unify the debts of the member states. This is the Franco-German proposal 

Transitory Zero-Lower-Bound

The assumption of permanence of the ZLB constraint is certainly too extreme. Nonetheless, it allows us to see how essential anticipation is for the design of a policy mix: by considering that the ZLB constraint will be permanent, then the stability of the economy can only be assessed around this stationary state where the monetary policy is doomed to be silent. In a more realistic case where the ZLB period is nite in expectation, the dynamics of the Euro area depend on agents' expectations of the monetary policy that the ECB will likely lead, once the economy has left the ZLB. To model a ZLB constraint that is only transitory, a stochastic ending of this regime à la Christiano, Eichenbaum, and Rebelo ( 2011) is considered.

Proposition 6. If the ZLB is only a transitory period, what matters is the expected monetary policy at the end of the liquidity trap:

• If the monetary policy is expected to be active after the period when ZLB is binding, then all governments must choose a passive scal policy. The scal union is not necessary to coordinate scal policies to achieve stability.

• If the monetary policy is expected to be passive after the period when ZLB is binding, then one of the government must choose an active scal policy, or a common public debt must ensure this stabilizing task.

Proof. See Appendix D.

A scal union that take the form of bond issues behalf the EU makes it possible to guarantee the stability of the Euro area whatever maybe the expectations of agents. This will be necessary only if the agents expect that an active monetary policy will no longer be possible in the future, even when the economy will leave the ZLB regime. When the 17 Appendix E creates restrictions on the rules such that t t = ν y y t + ν π π H,t , allowing to have a stable dynamics of ination and the output gap in the absence of the Taylor rule (passive monetary policy or ZLB). Given this stability in the ination-output gap dynamics, the scal policy must then be passive to ensure the dynamic stability of the Euro area.

agents expect that an active monetary policy will revive, a scal union is not necessary; however, cannot destabilize the dynamics if European council adopts a passive scal policy, as all the mumber states. Therefore, a scal union can be viewed as a guarantee, ensuring, whatever maybe agents' expectations, the constraints on monetary policy, and the non-explosiveness of the Euro area dynamics.

Discussion

My paper relates to several strands of literature.

First, it oers complementary arguments in favor of scal union to those presented in [START_REF] Farhi | Fiscal Union[END_REF] and Berger, Dell 'Ariccia, and Obstfeld (2018). These authors show that the loss of adjustment margin induced by the xed exchange rate of a currency union, can be compensated by transfers between countries, or organized by a scal union.

They also show that a scal union can discipline moral hazard problems induced by this more ecient risk sharing. Hence, such studies focus on the higher ability of a scal union to stabilize the asymmetric shocks. I complement these arguments by highlighting the ability of a scal union to guarantee the dynamic stability of the area, irrespective of the nature of the shocks. This is shown by considering explicitly the public debt dynamics of each country of the area, a dimension too often overlooked in business cycle analysis.

Second, my analysis provides answers to the stability problems of the Euro area raised by [START_REF] Woodford | Control of the Public Debt: a Requirement for Price Stability[END_REF] and [START_REF] Sims | The Precarious Fiscal Foundations of EMU[END_REF]:

Even if one government is scally responsible and keeps its real primary decit at some sustainable constant level, variations in the budget decit of the other government will result in price level instability for that government as well.

Thus, there is a clear reason for a government concerned to maintain stable prices to care about scal policies of the other governments with which it shares a common currency. Woodford (1996), p. 30 What is the weakness of the EMU system in other circumstancesthe scal free rider problemwould work toward resolving the diculty. Even one country that is suciently scally expansive, despite the Maastricht rules, could undo the liquidity trap, with the resultant reversal of deation beneting all members of the EMU. On the other hand, if the logical foundations of the need for scal coordination are not understood, the need to break the Maastricht rules in this situation could undermine adherence to them more generally.

Sims, (1999), p. 425 Following these questions, I show that the construction of European institutions cannot be founded on a single vision of price stability, based on the eectiveness of Taylor's principle. If, the policy mix of the Euro area is open to a wider range of practices than the conventional ones, exposed in [START_REF] Gali | Monetary Policy, Ination, and the Business Cycle[END_REF] textbook, the Fiscal Theory of Price Level (FTPL), presented by [START_REF] Leeper | Equilibria Under Active and Passive Monetary and Fiscal Policies[END_REF], [START_REF] Sims | A simple model for study of the determination of the price level and the interaction of monetary and scal policy[END_REF], [START_REF] Woodford | Public Debt and the Price Level[END_REF], and [START_REF] Cochrane | Long term debt and optimal policy in the scal theory of the price level[END_REF], can help to design new and more robust rules.

18 In this paper, I show that a scal union is not necessary when the monetary policy can be active, no country has the incentive to deviate from the implementation of the scal brake suggested by the Treaties, but it can be a necessity when the monetary policy cannot be active. In this case where the FTPL applies, the Euro area's ination is determined by the nominal pubic debt dynamics of one country of area that must implement an active scal policy, whereas the others must respect their scal commitments (passive scal policy by implementing a scal brake). The degree of freedom concerning the choice of the country that must have an active scal policy, advocate in favor of a scal union that trivially solves this coordination problem.

Therefore, my paper complements [START_REF] Bergin | Fiscal solvency and price level determination in a monetary union[END_REF] and [START_REF] Dupor | Exchange rates and the scal theory of the price level[END_REF], who analyzed the implications of FTPL in the framework of open economy. If the analysis in exible exchange rates proposed by [START_REF] Dupor | Exchange rates and the scal theory of the price level[END_REF] does not apply directly to the current European experience, that of [START_REF] Bergin | Fiscal solvency and price level determination in a monetary union[END_REF], in a monetary union, shows the integration of the securities of various public debts of the European countries through the balance sheet of an unique central bank unies the dynamics of these public assets, the redistribution of the dividends taking then the form of lump sum transfers. Bergan's solution is based on a unifying central bank that controls the issue of new money through open market bond purchases, and returns its interest income back to the national governments via lump sum transfers.

Third, since the 2008 global nancial crisis and for a period that will last certainly for another few years after the COVID-19 crisis, I also contribute to the analysis of the Euro area's policy mix under the ZLB constraints, as it has already been investigated by Farhi 18 As emphasized by [START_REF] Woodford | Public Debt and the Price Level[END_REF], the study by D' [START_REF] Autume | Transversality Conditions, Budget Constraints and the Determinacy of a Perfect Foresight Equilibrium in a Monetary Growth Model[END_REF] is important in the literature on the scal theory of the price level: It thus appears to be usually an admissible policy for the government to distribute to the public subsidies nanced by an ever-increasing monetary debt. The reason, of course, is that the government does not pay any interest on this special kind of debt (p. 1351).

If the government freely chooses the paths of its instruments without caring about its intertemporal budget constraint, the choice of the initial price level must ensure that [...] the real value of initial debt are such that the government budget constraint is satised ex post (p. 1363).

and Werning (2016). These authors focus on the scal multiplier size during a liquidity trap period and highlight the limits of conventional stabilizers in this context.

19 My study suggests that other scal multipliers can be evaluated in the context where individuals expect that monetary policy will never be active in the future. But, beyond the size of the multipliers, my results suggest that issue bonds on the nancial markets on behalf of the EU could also reinforce the dynamics stability of the Euro area, and thus ensure the robustness of the recovery measures.

Conclusion

In this paper, I show that, in a monetary union, the dynamic stability of open economies, with each having a public debt, depends on the combination of the choice of scal and monetary policy rules. If an active monetary policy can be implemented, or agents expect its implementation after experiencing a period of a liquidity trap situation, then I show that each country will choose to have a passive scal policy. Indeed, if the central bank is able to ensure the dynamic stability of the ination and output gap by applying the Taylor principle, then each government will voluntarily choose to implement a scal brake so that its debt does not explode. The scal union and even the scal stability treaties are not rationally necessary in this environment, with all governments choosing the same option, which is more stringent than the implicit scal rules of the European treaties.

Conversely, when monetary policy is constrained, as has been the case for a few years now and seems inevitable for many years to come due to the recent COVID-19 crisis, it becomes necessary to adapt our current institutions. Thus, I show that a scal union, that would take the form of bond issues on behalf of the EU, and thus dene a public debt common to the countries of the Euro area, makes it possible to overcome the coordination problem induced by the need to manage dierently a single public debt among those of the area. In fact, if the monetary union and risk sharing in the nancial markets induce a single European ination dynamic, then it becomes necessary for an actor to have an active budgetary policy to guarantee the stability of ination on a balance where the scal theory of the price level applies. This actor could be the European Council, as it will be case for the management of the Next Generation EU initiative nancing by a common debt.

19 Indeed, exchange rate adjustments greatly reduce the impact of conventional stimuli, as the scal multipliers are less than one in an open economy in a currency union and greater than one in the context of a closed economy with a liquidity trap.

Appendix

A Roots of the Terms-Of Trade Dynamic Equation

The following equation gives the deterministic part of the TOT dynamic: 20

0 = s t+1 - 1 + β + κ+(κ-σλ)α(2-α)(ση-1) σ β =b s t + 1 β s t-1
The solution is such that (1 -r 1 L)(1 -r 2 L) s t = 0, where the roots are

r i = b ± b 2 -4/β 2 i = 1, 2 where 0 < r 1 < 1 < r 2 First, remark that b = 1 + β + κ+(κ-σλ)α(2-α)(ση-1) σ β = 1 + β β + λ(ϕ + σ) + λϕα(2 -α)(ση -1) βσ ≡ 1 + β β + Γ,
where Γ > 0 when ησ > 1. Therefore, assuming ησ > 1, we have |r 1 | < 1 and |r 2 | > 1 i:

|r 1 | < 1 |r 2 | > 1 b -b 2 -4/β 2 < 1 b -b 2 + 4/β 2 > 1 1 + β β < 1 + β β + Γ 1 + β β < 1 + β β + Γ
These two inequalities lead to the same restriction, which is always satised. Thus, given that 0 < r 1 < 1 < r 2 when ησ > 1, the TOT equation has a unique saddle path.

B Equilibrium Dynamics of an SOE

The system describing the equilibrium is 21

p H,t+1 = b p H,t - 1 β p H,t-1 b r t-1 = β 1 -βγ b r t + 1 1 -βγ ( p H,t -p H,t-1 ) + β -1 -1 β -1 -γ ε F t 20
See Appendix H for a description of the model parameters.

21 See Appendix H for a description of the model parameters.

This system can be rewritten as follows:

   0 1 0 -1 β b 0 1 1-βγ -1 1-βγ 1       p H,t-1 p H,t b t-1    =    1 0 0 0 1 0 0 0 β 1-βγ       p H,t p H,t+1 b t    +    0 0 β -1 -1 β -1 -γ    ε F t ⇒    p H,t-1 p H,t b t-1    =    bβ -β 0 1 0 0 1-bβ 1-βγ β 1-βγ β 1-βγ       p H,t p H,t+1 b t   +    0 0 β -1 -1 β -1 -γ    ε F t
The eigenvalues of its deterministic dynamics are

λ 1,2 = β b± √ b 2 -4/β 2 < 1, λ 3 = β 1 1-βγ ≶ 1 We have λ 3 > 1 if 1/β -1 < γ.
This restriction gives the minimum size of the debt brake.

C Dynamic System for the Two-Country Model

The dynamic system for the two-country model when each country has a specic scal policy is:

22

π H,t -κ y t = β π H,t+1 + λ(1 -m)ν s t y t 1 + α y σ + α π σ π H,t = y t+1 + 1 σ π H,t+1 + 1 -m σ ν s t+1 - (1 -m) σ (ν + ζ) s t + (1 -m) σ α π s t-1 - 1 σ ε M t 1 β -1 -γ b r t+1 = b r t -π H,t+1 - β -1 -1 β -1 -γ ε F t+1 + 1 β -1 -γ ε M t+1 + γ β -1 -γ ε M t + 1 β -1 -γ (α π π H,t+1 + α y y t+1 ) + γ β -1 -γ (α π π H,t + α y y t ) + (1 -m)ζ β -1 -γ s t+1 - (1 -m)γ β -1 -γ s t-1 - (1 -m)(α π -γζ) β -1 -γ s t 1 β -1 -γ * b r * t+1 = b r * t -π H,t+1 - β -1 -1 β -1 -γ * ε F * t+1 + 1 β -1 -γ * ε M t+1 + γ β -1 -γ ε M t + 1 β -1 -γ * (α π π H,t+1 + α y y t+1 ) + γ * β -1 -γ * (α π π H,t + α y y t ) -1 - (1 -m)ζ β -1 -γ * s t+1 - (1 -m)γ * β -1 -γ * s t-1 + 1 - (1 -m)(α π -γ * ζ) β -1 -γ * s t
22 See Appendix H for a description of the model parameters.

given that

π * F,t+1 = s t+1 -s t + π H,t+1 r t = α π π H,t + α y y t + (1 -m) α π -α y ω + ω * σ s t -α π (1 -m) s t-1 + ε M t We deduce that       π H,t y t b r t b r * t       =    A 0 0 m 1 m 2 m 3 0 m * 1 m * 2 0 m * 3          π H,t+1 y t+1 b r t+1 b t+1       + N    s t+1 s t s t-1    + P            ε M t+1 ε M t ε F t+1 ε F t ε F * t+1 ε F * t           
where, given that m 3 = 1

β -1 -γ and m * 3 = 1 β -1 -γ * , m 1 = 1 -α π m 3 -γΩm 3 [α y + α π (κ + βσ)], m 2 = -m 3 (α y + σγ(α y + α π κ)Ω) m * 1 = 1 -α π m * 3 -γΩm * 3 [α y + α π (κ + βσ)], m * 2 = -m * 3 (α y + σγ(α y + α π κ)Ω)
D Model solution at the ZLB As in [START_REF] Christiano | When Is the Government Spending Multiplier Large[END_REF] 23 , I assume that the economy hits the ZLB after a shock on the discount factor. The discount factor follows a two-state Markov process, where the low value is an absorbing state. At the time of shock, the discount factor is at its high value and is sucient to ensure that the zero bound binds. Thereafter, the discount factor can return to its low value with a probability of 1 -p.

A) If the monetary policy is expected to be active after the ZLB, the model is solved by the agents by taking { π H,t , y t } as the two jump variables of the economy. This is the solution provided by [START_REF] Christiano | When Is the Government Spending Multiplier Large[END_REF]. Given the paths of { π H,t , y t } that solve this system with stochastic regime switches, it is then necessary to impose stability conditions on the real debt dynamics.

B) If the monetary policy is expected to be passive after the ZLB, the model is solved by the agents by taking { π H,t , b r t } as the two jump variables of the economy. After solving for { π H,t , b r t }, we deduce the dynamics of the Home output gap followed by the Foreign variables.

23 These authors have based their analysis on the previous works of [START_REF] Eggertsson | The Zero Interest-Rate Boundand Optimal Monetary Policy[END_REF], [START_REF] Christiano | The Zero-Bound, Zero-Ination Targeting, and Output Collapse[END_REF], and [START_REF] Eggertsson | Monetary and Fiscal Coordination in a Liquidity Trap[END_REF] First, I show how to solve the model in this case when the ZLB is not binding.
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Introducing the Taylor rule in the debt dynamics, we obtain

b r t-1 = β b r t + (1 -βα π ) π H,t + (1 -β) s r t -βε M t ∞ i=0 β i π H,t+i = 1 1 -βα π b r t-1 -(1 -β) ∞ i=0 β i s r t+i + β ∞ i=0 β i ε M t+i , ( 18 
)
where the left-hand side provides the expected value of government revenues, while the right-hand side is the expected of ination. The expected value of ination (left-hand side) is the solution of the ination dynamic, which is given by:

π H,t+1 = λ 1 π H,t + σ -1 κ βλ 2 ε M t ∞ j=0 ρ M λ 2 j = λ 1 π H,t + σ -1 κ β(λ 2 -ρ M ) ε M t ,
where |λ 1 | < 1 < |λ 2 | are the eigenvalues of A and using ε t+1 = ρ M ε t . The present value of the expected ination is then given by

L -j π H,t = λ j 1 π H,t + λ j-1 1 + λ j-2 1 L -1 + ... + λ 1 L -(j-2) + L -(j-1) σ -1 κ β(λ 2 -ρ M ) ε M t Given that L -i ε t = ρ M ε t , the expected value of ination is thus: ∞ i=0 β i π H,t+i = ∞ i=0 β i L -i π H,t = 1 1 -βλ 1 π H,t + σ -1 κ β(λ 2 -ρ M ) 1 1 -βλ 1 ρ M ε M t
Integrating this result in Equation ( 18), the equilibrium is dened by

1 1 -βλ 1 π H,t + σ -1 κ β(λ 2 -ρ M ) 1 1 -βλ 1 ρ M ε M t = 1 1 -βα π b r t-1 -(1 -β) ∞ i=0 β i s r t+i + β ∞ i=0 β i ε M t+i = 1 1 -βα π b r t-1 - 1 -β 1 -βL -1 s r t + β 1 -βρ M ε M t π H,t = 1 -βλ 1 1 -βα π b r t-1 - 1 -β 1 -βL -1 s r t +(1 -βλ 1 ) β (1 -βα π )(1 -βρ M ) - σ -1 κ β(1 -βλ 1 ρ M )(λ 2 -ρ M ) ε M t
If the scal policy is active, as for instance,γ = 0, then s r t = ε F t and thus

π H,t = 1 -βλ 1 1 -βα π b r t-1 - 1 -β 1 -βρ F ε F t +(1 -βλ 1 ) β (1 -βα π )(1 -βρ M ) - σ -1 κ β(1 -βλ 1 ρ M )(λ 2 -ρ M ) ε M t 24
In the following, I always assume that α y = 0 without loss of generality, but with signicant gains for the exposal simplicity.

We deduce the equilibrium path of the output gap using the Phillips curve

y t = 1 κ (1 -βL -1 ) π H,t ,
where t t = t * t = 0 leading to s t = 0, ∀t, for simplicity. The dynamics of Foreign aggregates y * t and π F,t are deduced from Equations ( 6) and π F,t ≡ π H,t , given that t t = t * t = 0 implying s t = 0, ∀t. Therefore, γ * must be larger than β -1 -1 (scal brake) in order to ensure the stability of the Foreign real debt, given the stationarity of the others aggregates { y, y * , π H,t , π F,t , b r t }.

Now, assuming that the ZLB binds at the initial period. The debt dynamic is then

b r t-1 = β b r t + π H,t + (1 -β) s r t b r t-1 = β βp b r t+1 + β(1 -p) b r t+1 + p π H,t+1 + (1 -βα π )(1 -p) π H,t+1 +(1 -β)p s r t+1 + (1 -β)(1 -p) s r t+1 -(1 -p)βε M t+1 + π H,t + (1 -β) s r t = β 2 p b r t+1 + β 2 (1 -p) b r t+1 + 1 i=0 (βp) i π H,t+i + (1 -β) 1 i=0 (1 -p) i s r t+i +(1 -β)p s r t+1 + (1 -p) (1 -βα π ) π H,t+1 -βε M t+1 = β 2 p βp b r t+2 + β(1 -p) b r t+2 + p π H,t+2 + (1 -βα π )(1 -p) π H,t+2 +(1 -β)p s r t+2 + (1 -β)(1 -p) s r t+2 -(1 -p)βε M t+2 +β 2 (1 -p) β b r t+2 + (1 -βα π ) π H,t+2 + (1 -β) s r t+2 -βε M t+2 + 1 i=0 (βp) i π H,t+i + (1 -β) 1 i=0 (1 -p) i s r t+i +(1 -β)p s r t+1 + (1 -p) (1 -βα π ) π H,t+1 -βε M t+1 = ∞ i=0 (βp) i π H,t+i + (1 -β)βp ∞ i=0 (βp) i s t+1+i + (1 -β) s t+i +(1 -p)β 2 ∞ i=0 (βp) i b r t+1+i
This gives the value of expected ination:

∞ i=0 (βp) i π H,t+i = b r t-1 - (1 -β)βp 1 -βpL -1 s r t+1 + (1 -β) s r t - (1 -p)β 2 1 -βpL -1 b r t+1
After the shock, the dynamics of ination must also consider the stochastic end of the ZLB:

No ZLB:

π H,t+2 - 1 + β + σ -1 κ β π H,t+1 + 1 + α π σ -1 κ β π H,t = - σ -1 κ β ε M t with ZLB: p 2 π H,t+2 + (p(1 -p) + (1 -p) 2 ) π H,t+2 - 1 + β + σ -1 κ β p π H,t+1 - 1 + β + σ -1 κ β (1 -p) π H,t+1 + 1 β π H,t = - σ -1 κ β ε M t ⇔ π H,t+2 - 1 + β + σ -1 κ βp π H,t+1 + 1 βp 2 π H,t = 1 -p p 2 1 + α π σ -1 κ β π H,t + σ -1 κ β ε M t xt
The two roots of the second-order dierential equation for ination are

λ i = 1 2 1 pβ (a± a 2 -4β) with a = 1 + β + σ -1 , with |λ 1 | < 1 < |λ 2 |, for p ∈]0.5; 1[. Using (L -1 -λ 1 )(L -1 -λ 2 ) π t = x t ,
we deduce the solution of the ination dynamic when the ZLB binds:

π H,t+1 = λ 1 π H,t -λ 1 βp ∞ i=0 λ -i 2 x t+i
The expected value of ination is then

∞ i=0 (βp) i π H,t+i = 1 1 -βpλ 1 π H,t - λ 1 βp 1 -βpλ 1 L -1 x t
After equalizing the two expressions of the expected ination, I obtain:

1 1 -βpλ 1 π H,t - λ 1 βp 1 -βpλ 1 L -1 x t = b r t-1 - (1 -β)βp 1 -βpL -1 s r t+1 + (1 -β) s r t - (1 -p)β 2 1 -βpL -1 b r t+1
When the scal policy is active, for instance, γ = 0, the equilibrium ination is

π H,t = (1 -βpλ 1 ) b r t-1 - (1 -β)(2βpρ -1) 1 -βpρ ε F t - (1 -p)β 2 1 -βpL -1 b r t+1 + λ 1 βp 1 -βpλ 1 L -1 x t ,
where the sign of the impact of a redistributive shock ε F t depends on the inequality βpρ ≶ 1/2. As for the previous case, the equilibrium path of the output gap is deduced from the Phillips curve

y t = 1 κ (1 -βL -1 ) π H,t ,
where t t = t * t = 0 leading to s t = 0, ∀t, for simplicity. The dynamics of Foreign aggregates y * t and π F,t are deduced from Equations ( 6) and π F,t ≡ π H,t , given that t t = t * t = 0 implying s t = 0, ∀t.

E Fiscal Devaluation and Stability of the Euro Area

When the monetary policy is constrained to be passive ( r t = 0), I show in this appendix that it is possible to stabilize ination and output via the introduction of policy rules on payroll tax. This policy allows governments to respect their European commitments by implementing a budgetary brake.

I assume the rates of the payroll tax change as follows:

t t = ν y y t + ν π π H,t t * t = ν * y y * t + ν * π π F,t
Therefore, the dynamics of the ination and output gap are given by, knowing the TOT dynamics:

(1

-λν π ) π H,t = β π H,t+1 + (κ + λν y ) y t -λ(αm + ω -1) s t 1 + α y σ y t = y t+1 + 1 σ π H,t+1 - α π σ π H,t + 1 -αm -ω σ s t+1 + α π (1 -m) σ s t-1 - 1 σ 1 -αm -ω + (1 -m) α π -α y ω + ω * σ s t - 1 σ ε M t s t+1 = b - λ β ν * π -ν * y ω + ω * σ s t - 1 β (1 -ν * π ) s t-1 - λ β (ν * π -ν π ) π H,t + (ν * y -ν y ) y t
This system can be rewritten as Z t = M Z t+1 + Rε M t , where Z t = [ π H,t , y t , s t , s t-1 ]. This dynamic system will be stable if and only if three of the four eigenvalues of M are inside the unit circle. These three dimensions correspond to the two jump variables that are ination and the output gap and to the forward component of the real exchange rate. The last eigenvalue must be outside the unit circle because it corresponds to the backward component of the real exchange rate.

The eigenvalues of the matrix M , for dierent values of the parameters {ν y , ν π , ν * y , andν * π }, are presented in Figure 1.

25 This gure only reports cases where the tax rates are coun- tercyclical, that is, cases where governments implement a scal devaluation when the country's economic activity is poor. This gure shows two results. The rst is that it is more likely to obtain a stable dynamic system when the tax rates depend simultaneously on ination and the output gap. Indeed, panel (a) of Figure 1 shows that two eigenvalues 25 For this numerical illustration, the model parameters are the following: β = 0.98, m = 0.5, σ = 2, α = 0.5, η = 2, θ = 0.8, ϕ = 3. can be simultaneously greater than one, if ν π = ν * π = 0, while in panel (b), where both ν π < 0 and ν * π < 0, only one eigenvalue can be greater than unity. However, even in this case, the uniqueness of the dynamic path is not always guaranteed. The stable path is unique only when ν y is not less than a threshold value, here around -4 (see panel (b) of the Figure 1). Pour l'ensemble des paramètres permettant à cette politique de dévaluation scale automatique de garantir la stabilité dynamique, il serait alors intérssant d'évaluer son impact sur le welfare, comparativement au cas où la stabilisation est obtenue via une politique budgétaire active implémentée sur l'une des dette de la zone Euro. This study is left to future research.

F Summary of the Model's Equations

This appendix provides the equations used to dene the model equilibrium. The individual behaviors allowing us to derive these reduced forms are explained in Appendix G.

Appendix H provides a complete description of the model parameters.

F.1 Households

Consumption demand

c t = t [ c t+1 ] - 1 σ ( r t -E t [ π t+1 ]) (19) 
c * t = E t [ c * t+1 ] - 1 σ r t -E t [ π * t+1 ] (20) 
Labor supply

σ c t + ϕ n t = w t -p t (21) σ c * t + ϕ n * t = w * t -p * t (22) 
F.2 Prices, exchange rates, and international risk sharing Terms-of-Trade.

S t = P F,t P H,t ⇒ s t = p F,t -p H,t
Price indexes.

P t = (1 -α)P 1-η H,t + αP 1-η F,t 1 1-η ⇒ P t P H,t = (1 -α) + αS 1-η t 1 1-η P * t = (1 -α * )(P * F,t ) 1-η + α * (P * H,t ) 1-η 1 1-η ⇒ P * t P * H,t = (1 -α * )S 1-η t + α * 1 1-η implying that p t -p H,t = α s t = α(1 -m) s t p * t -p * H,t = (1 -α * ) s t = (1 -αm) s t
Nominal exchange rate.

P F,t = E t P * F,t ⇒ p F,t = e t + p * F,t
Real exchange rate.

Q t = E t P * t P t ⇒ q t = e t + p * t -p t q t = e t + p * H,t + (1 -α * ) s t -p H,t -α s t q t = e t + (1 -α * -α) s t + p * H,t -p H,t
In the Euro Area, we have e = 0, ∀t and thus

q t = (1 -α * -α) s t = (1 -αm -α(1 -m)) s t = (1 -α) s t CPI Ination . π t = π H,t + α(1 -m)( s t -s t-1 ) π * t = π * F,t -αm( s t -s t-1 )
Financial markets.

β (C j t+1 ) σ (C j t ) σ = P t+1 Pt Q(z t+1 |z t ) β (C j * t+1 ) σ (C j * t (i)) σ = Q t+1 Qt P t+1 Pt Q(z t+1 |z t )    ⇒ C t = m 1 -m ϑQ 1 σ t C * t , (23) 
where ϑ = Q

-1 σ t C 0 C * 0 and with C t = m 0 C j t dj = mC j t and C * t = 1 m C j * t dj = (1 -m)C j * t .
This leads to

c t = 1 σ q t + c * t (24) 
F.3 Price-setting rule

The Phillips curves are

π H,t = βE t [ π H,t+1 ] + κ y t -λ(αm + ω -1) s t (25) π * F,t = βE t π * F,t+1 + κ y * t + λ(ω * -αm) s t , (26) 
which are the Home and Foreign New Phillips curves, where κ = λ(ϕ + σ).

F.4 Resource constraints

Y t = C H,t + C * H,t = (1 -α) P H,t P t -η C t + α * P * H,t P * t -η C * t Y * t = C F,t + C * F,t = α P F,t P t -η C t + (1 -α * ) P * F,t P * t -η C * t Using (59) ⇔ 1-m m 1 ϑ Q -1 σ t C t = C * t , we have Y t = (1 -α) P H,t P t -η + α * P * H,t P * t -η 1 -m m 1 ϑ Q -1 σ t C t ,
where

Q t = E t P * t P t = (1 -α * )S 1-η + α * 1 1-η (1 -α) + αS 1-η t 1 1-η P H,t P t = (1 -α) + αS 1-η t -1 1-η P * H,t P * t = (1 -α * )S 1-η t + α * -1 1-η
showing that Y t = Y(S t , C t ). Log-linearizing this equation leads to

y t = c t + ω + α -1 σ s t (27) y * t = c * t - ω * σ s t , (28) 
where

ω = 1 -αm + (1 -m)α(2 -α)(ση -1) > 0 and ω * = αm + mα(2 -α)(ση -1) > 0.
Remark that ( 72) and ( 73) can be rewritten as follows:

y t = c t + ω + α -1 σ ( p F,t -p H,t ) (29) 
y * t = c * t - ω * σ ( p F,t -p H,t ) (30) 
Therefore, the IRS condition (60) can be rewritten as follows:

y t -y * t = ω + ω * σ ( p F,t -p H,t ) = ω + ω * σ s t G Individual Behaviors G.

Households

The quantities and prices in country F are denoted by an asterisk and those in country H are without asterisks. The representative households' preferences are given by

U j = E 0 ∞ t=0 1 1 -σ (C j t ) 1-σ - 1 1 + ϕ (N j t ) 1+ϕ (31) 
U j * = E 0 ∞ t=0 1 1 -σ (C j * t ) 1-σ - 1 1 + ϕ (N j * t ) 1+ϕ , (32) 
where β ∈ (0, 1) is the subjective discount factor. N t = m 0 N j t dj = mN j t and N * t = 1 m N j * t (i)di = (1 -m)N j * t are the total hours worked in countries H and F , respectively.

C j t and C j * t denote the consumption index of a household in countries H and F , and are dened as follows:

C j t = (1 -α) -1 η (C j H,t ) η-1 η + α -1 η j F,t ) η-1 η η η-1 (33) C j * t = (1 -α * ) -1 η (C j * F,t ) η-1 η + (α * ) -1 η (C j * H,t ) η-1 η η η-1 , (34) 
where the index of the consumption of goods produced in country H, and the index of the consumption of goods produced in country F are

C j H,t = 1 m 1 ε m 0 C j t (h) ε-1 ε dh ε ε-1 (35) C j * F,t = 1 1 -m 1 ε 1 m C j * t (f ) ε-1 ε df ε ε-1 (36)
For simplicity, assume that the number of goods produced in each country is equal to the number of people living in each country (one skill-one good). The elasticity of substitution between the dierentiated goods produced in each country satises ε > 1.

The trade openness of each country is measured by α, α * ∈ [0, 1]. The elasticity of substitution between domestic and foreign goods from the viewpoint of the domestic consumer is given by η ∈ (0, 1).

The maximizations of ( 31) and ( 32) are subject to sequences of budget constraints of the following form:

m 0 P t (h)C j t (h)dh + m 0 P t (f )C j t (f )df + E t [Q t,t+1 A j t ] + 1 R t B j t = A j t-1 + B j t-1 + W t N j t + T j t (37) 1 m P * t (h)C j * t (h)dh + 1 m P * t (f )C j * t (f )df + E t [Q t,t+1 A j * t ] + 1 R t B j * t = A j * t-1 + B j * t-1 + W * t N * t + T j * t , (38) 
where P t (h) and P t (f ) are the prices of goods produced in country H and country F , respectively. A t denotes the nominal payo during period t of the portfolio (Arrow securities) bought during period t -1 and Q t,t+1 the prices of these contingent assets (i.e., the price in t to have 1 e in period t + 1). B t denotes the nominal payo during period t of the government bonds bought during period t -1 and 1/R t the nominal price at t of an asset that pays 1 e during period t + 1. The asset price (Q t,t+1 ) and bond price 1/R t are the same in both countries because all exchanges take place in the Euro area. W t and T t are the nominal wage and lump-sum transfers (taxes), respectively. The transfers include the sum of dividends redistributed by the rm to households and the lump-sum tax net of government transfers.

Within each category of goods, the optimal choices are given by

C j t (h) = 1 m P t (h) P H,t -ε C j H,t , C j t (f = 1 1 -m P t (f ) P F,t -ε C j F,t (39) 
C j * t (h) = 1 m P * t (h) P * H,t -ε C j * H,t , C j * t (f ) = 1 1 -m P * t (f ) P * F,t -ε C j * F,t , (40) 
where

P H,t = 1 m m 0 P t (h) 1-ε dh 1 1-ε and P * F,t = 1 1-m 1 m P t (f ) 1-ε df 1 1-ε denote the PPI.
The price indices of imported goods, P * H,t and P F,t , are dened analogously to P H,t and P * F,t . The optimal allocations of expenditure between domestic and imported goods are

C j H,t = (1 -α) P H,t P t -η C j t , C j F,t = α P F,t P t -η C j t (41) C j * H,t = α * P * H,t P * t -η C j * t , C j * F,t = (1 -α * ) P * F,t P * t -η C j * t , (42) 
where the CPIs are given by

P t = (1 -α)P 1-η H,t + αP 1-η F,t 1 1-η (43) P * t = (1 -α * )(P * F,t ) 1-η + α * (P * H,t ) 1-η 1 1-η (44) 
Equations ( 39) and ( 40 

P t C j t + E t [Q t,t+1 A j t ] + 1 R t B j t = A j t-1 + B j t-1 + W t N j t + T R t (45) P * t C j * t + E t [Q t,t+1 A j * t ] + 1 R t B j * t = A j * t-1 + B j * t-1 + W * t N j * t + T R j * t (46)
Using the denition of the aggregates C t = mC j t , C * t = (1 -m)C j * t , N t = mN j t , and

N * t = (1 -m)N j *
t , the rst-order conditions of the maximizations of (31) subject to either (45) or (32) and subject to (46) are

β C σ t+1 P t C σ t P t+1 = Q(z t+1 |z t ) ∀z (47) βE t C σ t+1 P t C σ t P t+1 = 1 R t (48) m -(σ+ϕ) C σ N ϕ t = W t P t (49) β (C * t+1 ) σ P * t (C * t ) σ P * t+1 = Q(z t+1 |z t ) ∀z (50) βE t (C * t+1 ) σ P * t (C * t ) σ P * t+1 = 1 R t (51) (1 -m) -(σ+ϕ) (C * t ) σ (N * t ) ϕ = W * t P * t , (52) 
where Q t,t+1 is the vector of Q(z t+1 |z t ). Equations ( 47) and ( 50) imply that

βE t C σ t+1 P t C σ t P t+1 = E t [Q(z t+1 |z t )] ≡ Q t (53) βE t (C * t+1 ) σ P * t (C * t ) σ P * t+1 = E t [Q(z t+1 |z t )] ≡ Q t (54)
The short-term nominal interest rate, R t , which is also the ECB's policy instrument, is linked to the nominal bond price, namely 1/R t . The no-arbitrage condition leads to 1/R t = Q t .

Log-linearizing around the steady state for the symmetric case (i.e., where α = α * ), Equations ( 53) and (54), and using the expression for R t , I nd that Home aggregate consumption is

c t = E t [ c t+1 ] - 1 σ (r t -E t [π t+1 ] + log(β)) (55) c * t = E t [ c * t+1 ] - 1 σ r t -E t [π * t+1 ] + log(β) , (56) 
where x t = log(X t /X), ∀x t with X the steady-state value of X t and x t = log(X t ). 

π t = π H,t + α(1 -m)( s t -s t-1 ) ; π * t = π * F,t -αm( s t -s t-1 ), (57) 
where π H,t = p -p 

Q t = (1 -α * )S 1-η t + α * 1 1-η (1 -α) + αS 1-η t 1 1-η ⇒ q t = s t (1 -α), (58) 
where I use the properties that for any m, the steady-state solution is such that S = 1, when preferences are identical across countries α = α * . Hence, home bias is the only 26 I use the denitions of price indexes:

P t = (1 -α)P 1-η H,t + αP 1-η F,t 1 1-η ⇒ P t P H,t = (1 -α) + αS 1-η t 1 1-η P * t = (1 -α * )P 1-η F,t + α * P 1-η H,t 1 1-η ⇒ P * t P H,t = (1 -α * )S 1-η t + α * 1 1-η With Q t = P * t Pt , this leads to q t = (1 -α * -α) s t = (1 -αm -α(1 -m)) s t = (1 -α) s t source of the violation of PPP.
27 The real exchange rate's volatility increases with the degree of Home bias and volatility in the TOT. Although the LOP holds for all goods individually, the real exchange rate q t is directly related to the TOT s t , which uctuates over time in response to shocks both countries, because the Foreign (Home) preference places a higher weight on Foreign (Home) goods than the Home (Foreign) preference does.

Turning to the nancial market and uncovered interest parity (UIP) conditions, I have in a monetary union (the nominal exchange rate is equal to one, E t = 1):

β (C j t+1 ) σ (C j t ) σ = P t+1 Pt Q(z t+1 |z t ) β (C j * t+1 ) σ (C j * t (i)) σ = Q t+1 Qt P t+1 Pt Q(z t+1 |z t )    ⇒ C t = m 1 -m ϑQ 1 σ t C * t , (59) 
where

ϑ = Q -1 σ t C 0 C * 0 and with C t = m 0 C j t dj = mC t and C j * t = 1 m C j * t dj = (1 -m)C * t .
Hence, home bias allows for a variable gap between Home and Foreign households' consumption growth rates, even if the international nancial market structure is complete.

The ratio between the Home and Foreign aggregate consumption levels collapses to zero as the Home country becomes a small economy.

Following a general procedure in the literature, I assume the same initial conditions for Home and Foreign households, so that ϑ = 1. Log-linearizing (59) around the steady state for the symmetric case (α = α * ), I obtain

c t = 1 σ q t + c * t (60) 
showing that risk sharing implies a perfect international correlation between consumption levels.

G.3 Firms

There is a continuum of rms indexed by i ∈ [0, 1]. Firms on the interval [0, m) are located in country H, while rms on the interval [m, 1] are located in country F . Each monopolistic competitive rm sets the relative price of its dierentiated goods, faced with an isoelastic and downward-sloping demand curve and subject to a technological constraint. Firms use only a homogeneous type of labor for production and there is no investment. The labor market is competitive.

27 q t = 0 in every period when there is no home bias (i.e., when α = 1).

G.3.1 Cost minimization

All Home rms operate an identical constant returns-to-scale technology:

Y t (i) = A t L t (i),
where Y t (i) 

where t t and t * t are payroll tax rates in Home and Foreign economies.

G.3.2 Price setting

Firms set prices in a staggered way, as in [START_REF] Calvo | Staggered prices in a utility maximizing framework[END_REF]: every period, a measure of 1 -θ randomly selected rms set a new price, with an individual rm's probability of readjusting at each period being independent of the time elapsed since it last reset its price. A Home rm i adjusting its price in period t sets a new price P H,t to maximize the present value of its stream of expected future prots: 

max P H,t (i) ∞ τ =0 θ τ E t Q t,

C t+s

A rm cannot decide on its optimal price in each period. To simplify the notation, I omit the index i for the rm. Following [START_REF] Calvo | Staggered prices in a utility maximizing framework[END_REF], on each date, the rm receives a signal advising it whether it revise its price P H,t in an optimal manner. There is a probability θ that the rm cannot revise its price in a given period. When a rm receives a positive signal (with probability 1 -θ), it chooses price P H,t that maximizes its prot discerning that during the next periods it may be unable to choose its price optimally.

Let V t be the value of a rm that receives a positive signal in period t and V t (P H,t-1 ) the value of a rm that receives a negative signal. As a rm that receives a negative signal simply follows the ad hoc pricing rule P H,t = P H,t-1 , its value at time t depends only on P H,t-1 . Denoting Π(P H,t ) = (P H,t -M C n t )Y t , the value of a rm that receives a positive signal in period t is

V t = max P H,t Π(P H,t ) + βE t Q t+1 (1 -θ) V t+1 + θV t+1 (P H,t ) (63) 
The value of a rm that cannot re-optimize is V t (P H,t-1 ) = Π(P H,t-1 ) + βE t Q t+1 (1 -θ) V t+1 + θV t+1 (P H,t-1 ) (64)

The rst-order and envelope conditions associated with (63)(64) determine the dynamics of ination. These are given by Π t (P H,t ) + βθE t Q t+1 V t+1 (P H,t ) = 0 (65a)

V t (P H,t-1 ) = Π t P H,t-1 ) + βθE t Q t+1 V t+1 (P H,t-1 ) (65b) Iterating forward on these rst-order conditions, I can obtain 

E t ∞ j=0 θ j Q t+j Y t+j P H,t - ε ε -1 M C n t+j = 0 E t ∞ j=0 θ j Q
D r t = D r + γ 1 R t-1 B t-1 P H,t-1 - B r R + ε F t ⇒ d r t = γ 1 β -1 -1 ( b r t-1 -r t-1 ) + ε F t (69)
This last equation represents the scal rule. The same rule exists in the Foreign country.

Introducing (69) into the budget constraints of the government in the Home (Foreign) country (Equations ( 67) and ( 68)), I obtain

b r t = (β -1 -γ) b r t-1 -β -1 π H,t + r t + γ r t-1 + (1 -β -1 )ε F t (70) b r * t = (β -1 -γ * ) b r * t-1 -β -1 π * F,t + r t + γ r t-1 + (1 -β -1 )ε F * t ( 71 
)
These budgetary constraints depend on the ECB's policy, that is, directly through the interest rate and indirectly through ination.

G.5 Equilibrium

The log-linearization of the equilibrium equations of the goods market around the steady state symmetric (α = α * ), using the UIP condition (Equation 60), leads to

y t = c t + ω + α -1 σ s t (72) y * t = c * t - ω * σ s t , (73) 
where ω = 1 -αm + (1 -m)α(2 -α)(ση -1) > 0 and ω * = αm + mα(2 -α)(ση -1) > 0.

Using Equations ( 57), (72), and (73), Equations ( 55) and ( 56) become

y t = E t [ y t+1 ] - 1 σ (r t -E t [ π H,t+1 ] + log(β)) + 1 -αm -ω σ ∆E t s t+1 y * t = E t [ y * t+1 ] - 1 σ r t -E t [ π * F,t+1 ] + log(β) - αm -ω * σ E t ∆ s t+1
Using Equations ( 60) and ( 58), I obtain

s t = σ ω + ω * ( y t -y * t ) (74) 
G.5.1 Flexible price equilibrium

In the exible price economy, it is assumed that t t = t * t = 0. Home and Foreign rms optimize their prices in each period. Hence, these prices are equal to a mark-up over the marginal cost. I nd that the Home Foreign real marginal costs are given by

mc t = mc * t = -log ε ε -1 ,
where mc t = mc n t -p H,t and mc * t = mc n t -p * F,t . Hence, I deduce

s t = 1 + ϕ 1 + ϕ σ (ω + ω * ) ( a t -a * t )
and the natural level of the Home and Foreign outputs: -αm-ω) σ+ϕ(ω+ω * )

y t = log m - 1 ϕ + σ log ε ε -1 + (1 -Θ) 1 + ϕ ϕ + σ a t + Θ 1 + ϕ ϕ + σ a * t y * t = log(1 -m) - 1 ϕ + σ log ε ε -1 + Θ * 1 + ϕ ϕ + σ a t + (1 -Θ * ) 1 + ϕ ϕ + σ a * t with Θ = σ(1
and Θ * = σ(αm-ω * ) σ+ϕ(ω+ω * )

. Using the AR(1) processes for a and a 

where Γ = ϕ(αm+ω-1) σ+ϕ(ω+ω * )

and Γ * = ϕ(ω-αm) σ+ϕ(ω+ω * ) .

G.5.2 Equilibrium with nominal rigidities

As in Gali and Monacelli (2005), I assume that the deviations of the dispersion of the Home and Foreign rms' output induced by price rigidities around the steady state symmetric are of second order, so that up to a rst-order approximation, I can set them to zero.

Therefore, using the labor market equilibrium, I have 
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 1 Figure 1: Stability of the Euro Area with Fiscal Devaluation Policies. The four graphics on each panel ((a) and (b)) represent the regions, where an eigenvalue is larger (purple) or lower (yellow) than one. In panel (a), ν π = ν * π = 0, whereas in panel (b) ν π = ν * π = 1.5. In these two cases, we have ν y ∈ [-10, 0] and ν * y ∈ [-10, 0], respectively.

  In this system, there are four jump variables { π H,t , π * F,t , y t , y * t }, two predetermined variables { b r H,t , b r * H,t }, one static relation between s t and { y t , y * t } and a denition that links s t with { s t , π H,t , π F,t }.

* F,t , y t , y * t , s t , b r H,t , b r * H,t } and ve exogenous variables {ε M t , ε F t , ε F * t , t t , t * t }. 9

  The

  Its stability is then ensured if M has two eigenvalues inside and two outside the unit circle. The solution for s t is given in Proposition 1.16 Using this solution, y

+ DS t + P ε t , where Z t = [ π H t , y t , b r t , b r * t ] , S t+1 = [ s t+1 , s t , s t-1 ] , and ε t = [ε M t , ε F t , ε F * t ] . This system has two jump variables { π H t , y t } and two predetermined variables { b r t , b r * t }. * t is deduced from y * t = y t -ω+ω * σ s t , and π F,t from π F,t ≡ s t -s t-1 + π H,t .

(

  Macron-Merkel), presented by the President of the European Commission on May 27, 2020.Note that even in an extreme context of permanence of the ZLB constraint, policies other than those leading to an equilibrium where the FTPL applies are possible. Specically, it is possible to envisage rules inducing scal devaluations in response to the business cycle and then induce uctuations in the real exchange rate. This policy rule replaces a stabilization by the nominal interest rate.

	17 This selection of a stable equilibrium via
	adjustments to the TOT is a specicity of open economies that opted for a monetary
	union.

and then allowing to stabilize the Euro area around a Ricardian equilibrium. On this equilibrium, the scal policy of each State must remain passive (a scal brake exists) as each of them is committed to it by signing the European treaties. At this equilibrium, employment subsidies in each State depend on economic activities (ination and output gaps),

  ) imply that the total expenditure in country H is the sum of

	m 0 P t (h)C j t (h)dh = P H,t C j H,t and	m 0 P t (f )C j t (f )df = P F,t C j F,t . Similarly, the total expen-
	diture in country F is the sum of	1 m P * t (h)C j * t (h)dh = P * H,t C j * H,t and	1 m P * t (f )C j * t (f )df =
	P * F,t C j * F,t . Then, from Equations (41) and (42), the following relations hold: P H,t C j H,t +
	P F,t C j F,t = P t C j t and P * H,t C j * H,t + P * F,t C j * F,t = P * t C j * t . These expressions can be used to
	rewrite Equations (37) and (38) as	

  H,t-1 and π * F,t = p * F,t -p * F,t-1 denote the PPI ination in countries H and F , respectively. Equation (57) shows that CPI ination depends on PPI ination and changes in the TOT. The eect of a change in the Home country's TOT on the gap between the Home CPI and PPI increases with the weight of the imported (Foreign) goods in Home households' preferences, given by α(1-m) = α, which decreases with the relative size (m) of country H and with the degree of home bias, inversely related to α. Therefore, in the specic case of a small country H, when m is close to 0, p * where E t denotes the price of country F 's currency in terms of country H's currency. Substituting these conditions into the price indices for the two countries yields P F,t = E t P *

				F,t and
	P H,t = E t P EtP * t Pt	, reduces to Q t =	P * t Pt	in the Euro area,

t = p * F,t (π * t = π * F,t );

however, I maintain a gap between the CPI and PPI in country H (π t = π H,t +α(s t -s t-1 ) because α = α(1 -m) and m → 0).

I assume that the law of one price (LOP) always holds for individual goods, both for import and export prices. This implies that P t (f ) = E t P * t (f ), ∀f and P t (h) = E t P * t (h), ∀h, * H,t . In the Euro area, I have E t = 1, therefore, P F,t = P * F,t and P H,t = P * H,t .

However, due to the home bias introduced in the preferences over consumption bundles (α = 1 2 ), purchasing power parity (PPP) does not hold in general. Hence, P t = E t P * t .

The real exchange rate, denoted by Q t = where E t = 1. Hence, I have 26

  is the Home rm i's output and L t (i) is the Home rm i's labor demand. A t is the Home's total productivity shifter. Its log-linearized counterpart follows an AR(1) process:a t = log(A t /A) = ρ a t-1 + a,t ,where 0 < ρ < 1 and a,t are i.i.d Gaussian shocks. All Foreign rms operate a similar technology, except for the fact that ρ = ρ * is possible. The shocks a,t and * a,t may be correlated. Technology constraints imply that the Home and Foreign ith rms' labor demands are given respectively by

		L t (i) =	Y t (i) A t
		L * t (i) =	Y * t (i) A * t
	so that the Home and Foreign nominal marginal costs are given by M C n t = (1 + t t )W t /A t
	and M C n * t = (1 + t * t )W * t /A * t , while the Home and Foreign real marginal costs are dened
	as				
	M C t =	M C n t P H,t	=	(1 + t t )W t P H,t A t	(61)
	M C * t	=	M C n * t P * F,t	=	(1 + t * t )W * t P * F,t A *

t ,

  The linearized versions of the budget constraints of each state (Home and Foreign) are As for the Taylor rule, one can model the government's choices using a scal rule. For example, I can assume that the surplus of the Home government d t follows the following rule:

	given by							
	b r t = β -1 ( b r t-1 -π H,t ) + r t + (1 -β -1 ) d r t		(67)
	b r * t	= β -1 ( b r * t-1 π * F,t ) + r t + (1 -β -1 ) d r * t		(68)
		t+j Y t+j	P H,t P H,t-1	-	ε ε -1	M C t+j	P H,t+j P H,t-1	= 0	(66)

Log-linearizing this equation around the zero-ination steady state and using

Q t+j = β j , I obtain p H,t -p t-1 = (1 -βθ) ∞ j=0 (βθ) j E t [ mc t+j + ( p t+j -p t-1 )] ,

  This leads me to deduce the natural expected interest rate (r e t ≡ r t -E t π H,t and r e * t ≡ r t -E t π *

							* , I
	obtain	1 + ϕ 1 + ϕ σ (ω + ω F,t ): E t ∆s t+1 =
		r e t =	(1 -Γ)σ(1 + ϕ)(ρ -1) ϕ + σ	a t +	Γσ(1 + ϕ)(ρ * -1) ϕ + σ	a * t -log β	(75)
		r e * t	=	Γ * σ(1 + ϕ)(ρ -1) ϕ + σ	a t +	(1 -Γ

* ) [(ρ -1) a t -(ρ * -1) a * t ] * )σ(1 + ϕ)(ρ * -1) ϕ + σ a * t -log β,

This unique rule is lacking in the current treaties. Indeed, the European treaties provide some general principles for the scal policy, but not an explicit scal rule that is uniform for each state.

I complement the arguments of[START_REF] Farhi | Fiscal Union[END_REF] and Berger, Dell'Ariccia and Obstfeld(2018) showing that a scal union has greater ability to stabilize asymmetric shocks. In my paper, I

The dynamics of these exogenous variables are described by Equations (8), (11), and (14).

Note that this analysis, based on the aggregates of the Euro area, does not imply that the output gap and ination of each country are the same and equal to the ones of the Euro area. This will be the case only if no other country-specic shocks exist: that is, in this particular case, the TOT does not exist and the analysis will be reduced to one of a closed economy.

where mc t is the deviation of the real marginal cost from its steady-state level. It is equal to mc t = t t + w t -p H,t -a t . π H,t = βE t [ π H,t+1 ] + λ mc t , λ = 1-θ θ (1 -θβ).

Proceeding in the same way with the Foreign country, I obtain

where mc * t is the deviation of the real marginal cost from its steady-state level. The Home and Foreign real marginal costs under exible prices are given by mc

where log ε ε-1 is the gross markup (in log).

G.4 Government budget constraints

Each agent j in country H (or F ) receives Home and Foreign public debts,

I assume for simplicity that a lump sum transfer (T r t and T r * ) allows each government to redistribute the revenues of the payroll taxes paid only in sticky price economies: this

The budget constraint (after receiving and redistributing the payroll taxes) of the state in the Home country is given by

where D r H,t are the real net transfers from the government to households, namely, D r t = T ax t -T r t , with T ax t a real lump-sum tax and T r t a real lump-sum transfer. I deate the nominal debt (B H,t ) by the PPI to dene the real debt B r H,t . By the forward iteration of this budgetary constraint, the price level P H,t depends on the sequence of the choice of the state ({D r t+i } ∞ i=0 ), via the valuation of the debt:

Given an initial condition for the nominal debt B t-1 , this equation shows that the general price level depends on the sequence of net spending by the state of the Home country

): this is one of the basis of the price tax theory.

Assuming that t t and t * t are dierent from zero only in the sticky price economies, I obtain

which are the Home and Foreign New Phillips curves, where κ = λ(ϕ + σ). The IS curves are given by

Therefore, the equilibrium dynamics of this two-country NK model with asymmetric countries is dened by

• the New Phillips curves (Equations ( 77) and ( 78)),

• the IS curves (Equations ( 79) and ( 80)), and

• the natural expected interest rates (Equations ( 75) and ( 76)),

• The Taylor rule of the ECB.

where

The distinction between CPI ination and PPI ination, while meaningful at the level of each country, disappears for the ECB. Formally, given that p

• Gap in the TOT is given by:

• Public debt of each country given by Equations ( 67) and ( 68) and the scal rules in Equation (69).

For simplicity, I assume in the following that a t = a * t , ∀t, leading to r e = r e * = -log(β).

This does not change the properties of the dynamic system. The dynamic system is