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Abstract

The analysis of structural intensity vector fields has shown to be a practical approach to
characterize the energy flow in plate-like structures and to localize regions of injected or
absorbed power. Such an analysis is performed by differentiating measured velocity or
displacement fields of a sample. The quality of such a study strongly depends on the spatial
resolution of the deformation data and its signal-to-noise ratio. The digital stroboscopic
holography concept is presented in this work and used as a tool to record such deformations on
a flat plate, which is in direct contact with a shaker and a damper. The current set-up could
provide the recording of displacement fields at a high spatial resolution showing little
corruption by noise. These conditions permitted the measurement of deformation patterns
containing short wavelengths, which were later used as inputs for the structural intensity
analysis. By calculating the spatial derivatives of several out-of-plane displacement fields, the
energy flowing through the plate was estimated and the position of the external devices
(shaker and damper) could be identified by locating regions of the energy dispersion or
convergence. The location of these specific regions was made even clearer by calculating the
divergence of the energy flow.
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1. Introduction

Structural intensity (SI) is a concept that describes the energy being transported by elastic
waves in a structure. A commonly studied case is the energy flowing through thin plates. If the
necessary simplifications are assumed, it is possible to assess the transmission of energy using
the measurements of the sample's out-of-plane motion. In the past, several attempts have
been made to reach this goal using contact method approaches, such as accelerometers [1,2].
The main limitation of such an approach is that it alters the system’s behavior due to the added
mass of the transducer. Later, non-contact methods which do not add mass to the measured
structure were used to detect surface motions, i.e., the Laser Doppler Vibrometry (LDV) [3-6],
acoustic-holography [7], electronic speckle interferometry [8] or holographic interferometry [9].
These techniques are not only non-contact but also allow the measured displacement or
velocity fields to be recorded with higher spatial resolution than the mentioned pioneering
studies. Moreover, the grid sizes from non-contact measurements found in literature vary from
165 (15 x 11) [10] to 15876 (126 x 126) [8] measurement points.

In turn, the spatial derivatives of the out-of-plane displacement fields provide the
necessary inputs for the assessment of Sl and the localization of sources and sinks. Many
studies have already been carried out to estimate the energy flow in the form of vector fields or
by calculating its divergence, which allows clear visualization of vector’s dispersion or
convergence [4,5,11-15].

The Digital Stroboscopic Holography (DSH) is presented in this paper as another alternative
among the available non-contact methods to study the structural intensity. A set-up that
measures the out-of-plane displacement of a harmonically excited thin flat plate by using this
technique is presented. After calibration, a total of 305.373 measurement points (411 x 743)
were achieved and the images were processed for further analysis.

2. Theory

2.1. Power and structural intensity

The expressions regarding the definition of power [3,15-18] and structural intensity in
plates [12—-14,19-21] are well documented in literature and are therefore just briefly reviewed
here. The mean power is defined as the time-averaged product of generalized forces and
related in-phase velocities. In the particular case where it is desired to investigate the
transferred power injected in the structure at an excitation point and by assuming that it
behaves harmonically, the mean transmitted power can be directly calculated by

P= —%Re{ﬁ' -7}, (1)

where F is the force with which the structure is excited in the normal direction, ¥ is the out-of-
plane velocity at the point of excitation, ~ denotes the complex representation of the
mentioned field and * denotes the complex conjugate operator. Depending on the value which
is extracted from Eq. (1), it can be interpreted if the power is either injected or absorbed at the
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excitation point. In the particular case where power is injected into the system, the absolute
phase difference between the force F and the velocity ¥ is less than g radians. The smaller the

phase’s difference between these 2 quantities, the greater the injected power.

On the other hand, if the absolute relative phase is greater than g radians, power is

absorbed from the system. In cases where the phase difference of the force and velocity is
nearly  radians, the measured point is considered to have strong viscous damping behavior.
Furthermore, if F and ¥ are totally out-of-phase, i.e. with a phase difference equal to % radians,

no power is transmitted, which means that the measured point behaves as a combination of a
mass and spring.

In flat plates, the power transmission is caused by the interaction between internal
generalized forces and velocities. One way to assess the energy flow within the plate is by
assuming that the sample behaves as a Kirchhoff plate. Since the flexural waves are the wave
types which most contribute to the vibration energy in plates [9,16], Eq.(1) can be simplified
and recast in terms of

1=(I1,), (2)
- o, o~ 0wt O0W"
Ix = —(T[f)Im{QxW +Mxy.W+Mx.W}’ (3)
- . = oWt oW
Iy=—(nf)lm{Qy-w +MXYIW+ y' 3y }, (4)

where @, and Q,, denote out-of-plane shear forces, M, and M, the bending moments, M,,, the
twisting moment, f the excitation frequency, W the out-of-plane displacement field and I the
active Sl vector field per unit length (W/m).

The right-hand terms of Eq. (3) and Eq. (4) depend solely on the material properties and on
the out-of-plane displacement field W of the plate. If the system is considered to behave in
accordance with the Kirchhoff’s theory of thin plates, the shear forces and bending moments
can be estimated as functions of the out-of-plane displacements:

s __plew, 0w (5)
Cx = |0x3  dxay?[
_ _[*W W (6)
O =-D a_y:‘" * 0x? (')y]'

i _plew, ow
¥ 7 [ox2 V(’)y'

(7)

ER% %W (8)
y V2 TVvo—Z)
| 0y dx



100

110

120

iy = (1 =) 20 (©)
xy = DA =) dx 0y’
5 E(1+ in)h_3 (10)
o (1-v?) 12

where E is the plate's Young's modulus; h is the thickness of the plate, v is the Poisson's ratio
and i is the imaginary unit. The internal dissipation of energy is also taken into account in this
study [22-24] by introducing the structural loss factor 1 in Eq.(10).

If the sample contains regions where power is injected or absorbed, the Sl vector fields
diverge or converge at these respective locations. These phenomena become apparent by
visualizing the divergence of the Sl (DSI), offering the out-of-plane surface density of injected or
absorbed power per unit area (W/m?),

oI, 0l
Vel=—2+-2 (11)
dx  0dy
The concentrated positive values that this field provides are referred to as "sources", while
the negative ones are referred to as "sinks". At this point, it becomes evident from Eqgs. (5-9,

11) that the extraction of DSI maps requires the calculation of fourth-order spatial derivatives.

It must be noted that the equations related to the Sl (Egs.(2-11)) are only valid for plates
whose thickness and stiffness are constant throughout its domain. If the sample contains
regions where the mentioned parameters are discontinuous, the equations are not applicable
at these very regions.

2.2. Spatial derivative calculation and filtering

Apart from the material properties and thickness of the plate, it can be noted that the
calculation of Egs.(3,4,11) are solely dependent on the out-of-plane displacement and its spatial
derivatives. One available method to calculate these derivatives is the image processing in the
wavenumber domain by applying the Spatial Fourier Transform (SFT),

W (ks ky) = F{W(x, )}, (12)

where (k,, ky) denote the coordinates in the wavenumber domain, (x, y) the coordinates in the
spatial domain and F a two-dimensional SFT.

It is known that wraparound error affects the image in the k-space due to the discrete
representation [19] of the displacement field. The influence of wraparound error on samples
whose edges are clamped can be reduced by applying the zero padding technique [19,25],
which contours the field with bands of zeros. In the present case, this technique triples the size
of the matrix on both directions after its application.
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When it is desired to extract DSI fields (Eq.(11)), spatial derivatives up to the fourth order in
both directions need to be computed. The derivative operation in the wavenumber domain
amplifies the contribution of high wavenumbers, which are related to noise on experimental
data. Therefore, the image needs proper filtering prior to the spatial derivation, so the noise
will not mask the data of interest.

A low-pass filter is applied to the data in the wavenumber domain to attenuate the
amplification of measurement noise. The combination of this spatial derivation with filtering
was shown to be less susceptible to corrupted data, when compared to its finite-difference
concept counterpart [3-5,8,26,27]. The low-pass filter developed by Li et al. [28] is used in the
present work. The filter's shape is controlled by a cut-off wavenumber, k., and a parameter, s,
that controls the slope variation of this window function at the cut-off wavenumber. The
described equation is

( 1, fork, =0,
=)
1-0,5exp _TT for k, <k,
f ke ky) =3 | ] (13)
ke
0,5 exp B — for k, > k.,
\

where k, represents the radius of the filter on the k-space coordinates, i.e., k,, = /k,% + k2.

The low-pass filter is applied to the zero-padded displacement fields each time a first order
spatial derivative is carried out [29]. Its mathematical description is

m+n
~ — . . n ~ m+n
Gy V) =F {Gle )™ (iky )" W (ke Jey ) - f (s by )™, (14)
All necessary spatial derivatives provided by a single displacement field are calculated with one
combination of adjusted k. and s parameters from the filter of Eq.(13).

2.3. Digital stroboscopic holography

In holography, a laser beam is split into two parts, and each of these beams is expanded
using lenses. By using a combination of mirrors, one beam, called the reference beam, is
directed onto the recording medium. The other beam, called the object beam, is cast onto the
surface of the object. The object diffusely reflects the light towards the recording medium,
where it interferes with the reference beam, thus forming a holographic interference pattern.
In digital holography [30], the recording medium is a CCD device. The CCD output is read into a
computer, and several methods exist to digitally reconstruct the object's light field. In the
present study, we use the Fresnel approximation method [30]. After the reconstruction step,
two matrices are obtained, one containing the amplitude distribution of the object light, and
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one containing its phase distribution. The amplitude distribution can be used to show an image
of the object, but is of no further use. The phase distribution, however, contains the
information needed to perform interferometric metrology. When a first hologram is recorded
with the object in its rest state, and a second hologram is recorded with the object in a
deformed position, the difference between the two phase matrices delivers the displacement
of the object, scaled in radians and modulo % To obtain deformation in units of length, a simple

calibration step is needed, as the wavelength of the laser light is exactly known and
corresponds to a phase change of the light of exactly 2 [31]. In practice, some complications
need to be taken into account as deformations will be obtained along the so-called sensitivity
vector, the bisector between the illumination and observation direction. It is beyond the scope
of the current paper to go into these methodological details, but sets of mirrors and beam
combiners were used to obtain correctly calibrated measurements of the object's out-of-plane
motion.

In DSH [32], short laser pulses are used to illuminate a vibrating object at specific instances
of the vibration period. If the pulses are short enough, deformations maps are again obtained.
Each holographic phase distribution can be subtracted from the phase distribution obtained on
the object in its rest state, delivering displacement maps of the object at a certain instance of
the vibration period. Alternatively, if the object's behavior is harmonic, a number of “n” phase
distribution maps w(x,y,t,) can be recorded at evenly spaced time steps within the vibration
period. The set of these maps can then be transformed from the time domain to the frequency
domain as follows:

W(x, y) = :FTFT{W(xﬁ Y, tn)}' (15)

where Ww(x,y) is the complex displacement field, and Frpr denotes the temporal Fourier
Transform. When w(x, y) is calculated, it can be processed by using Eq.(12) and Eq.(14) for the
purpose of analyzing power transmission.

3. Materials

In the present work, an 18 cm x 13 cm x 0,5 mm flat aluminum plate with firmly clamped
edges was used as a demonstration sample. It was assumed that the Poisson’s coefficient and
the Young's modulus of the plate were 0,3 and 69 GPa; respectively. The internal damping loss
factor n of the sample was estimated on the basis of the so-called poly-reference modal
parameter estimation algorithm [33]. By assessing a system’s frequency response function, the
poles of the system’s eigenfrequencies are used to extract the damping loss factor [34] with

Re{2;} _
TR (16)

being k the subscript of the identified mode, A the stabilized pole extracted from the FRF and ¢
the damping ratio. The loss factor was estimated on the basis of the sample’s first eigenmode,
which provided values around 77,=0,02. It was assumed that the plate could be represented by a
constant loss factor throughout the frequency and an internal damping of 2% was used in
Eq.(10).

M =—2
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To identify concentrated sources on the plate, a shaker was used to harmonically excite the
structure on a specific point. The tip of that shaker was directly attached to the plate and had a
diameter of 2 mm at the point of attachment. To absorb power, a piece of synthetic viscoelastic
urethane polymer (Thorlabs, SB12B Sorbothane Sheet, NJ, USA) was connected to the plate at a
different location. The attachment of this damper with the plate had a circular area whose
diameter was approximately 4 mm. These devices and the plate are illustrated in Figure 1.

The polymer behaves as a viscous damper depending on which frequency the sample is
excited. To estimate the frequency ranges at which the dissipation of vibrational energy takes
place, a load cell (PCB Piezotronics , 208C01 SN LW39846, Depew, NY, USA) and a LDV system
(Polytec, OFV-5000 controller and OFV 353 — sensor head, Waldbronn, Germany) were
incorporated in the setup. The signals from both devices were read out on an oscilloscope
(Tektronix, AFG 3022C, Beaverton, OR, USA) and the stimulation signals were delivered to the
shaker by a function generator (Tektronix, AFG 3022C, Beaverton, OR, USA).

The DSH setup made use of a continuous-wave frequency-doubled YAG laser (CNI, MSL-FN-
532-200mW, Changchung, China) delivering a 200mW green laser beam with a wavelength of
532 nm. The stroboscopic pulses were obtained by chopping the laser beam using an opto-
acoustic modulator (Isomet 1205C-2, Springfield, VA, USA) and a duty cycle of 2% of the
vibration period. For the present paper, 16 time steps were used in each vibration period to
improve the signal to noise ratio. With these settings and after calibration, Eq.(15) was used to
convert the displacement fields from the time domain to the frequency domain, delivering
matrices with a total of 305.373 measuring points: 411 rows and 743 columns.

4. Methods

The purpose of this work is to assess the Sl and their respective DSI fields of the
harmonically excited plate. To do so, preliminary studies were done to identify at which
excitation frequencies the displacement fields should be recorded with the DSH set-up.

The identification of sinks is not trivial since the damping provided by the polymer depends
on the excitation frequency and the position of the damper. When the damping material is
located on a region whose out-of-plane displacement is negligible apart from the clamped
edges or when it acts as combination of spring and mass, no sink will be visible in the DSI fields.
Due to this phenomenon, it is necessary to first identify at which frequencies the available
damping material would strongly absorb power, i.e., behave as a viscous damper.

As it was explained in Section 2.1, if there is strong power absorption from the damper, the
phase difference between the force and velocity is nearly w radians. This interpretation of the
power's definition (Eqg.(1)) was used to search for frequencies on which the mentioned polymer
strongly acted as a damper. Therefore, the set-up (Figure 1) was built in such a way that the
damper's force and velocity could be estimated with the oscilloscope while the excitation
frequency was provided by the generator.

One side of the viscoelastic urethane polymer was connected to the plate while the other
was attached to the fixed load cell. A reflective tape was attached at the same location on the
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opposite side of the plate to record its velocity with LDV. The force and velocity measurements
were both visualized on the oscilloscope and the generator provided the power to the shaker.

It is worth noting that the measured force at one end of the damper is not equal to the
force applied to its attachment to the plate due to internal dynamic effects in the damper. This
approach was just used to support the search for excitation frequency ranges in which a strong
absorption could be found.

front view lateral view
reflective.
| tape |

_'\-‘H' load damper
T cell
ashaker-

-

Qo c

=

| Oscilloscope | | Generator |

Figure 1 — Set-up configuration

The excitation frequency delivered to the plate was manually changed on the generator
while the measured force and velocity signals at the damped point were inspected on the
oscilloscope. The excitation frequencies for which the phase difference between the force and
the velocity is close to m radians were searched for in this procedure. These specific frequencies
were then selected as inputs to excite the plate for measurements with the DSH set-up. The
resulting displacement fields were processed with Eq.(14) to determine the spatial derivatives
and thus compute the energy paths and their respective DSI fields by using Eqs.(2-4,11). After
this computation, it was verified whether their source’s and sink’s locations matched the
position of the shaker and the damper.

Up to this part, it is evident that the external devices (a shaker and a damper) change the
thickness and stiffness of the plate at the regions where they are attached. As mentioned in
Section 2.1, the Eqs.(2-11) will not hold for these very regions, since the parameters h and E
are assumed to be constant throughout the plate’s surface. To test the validity of these
equations for the sample containing these heterogeneities, a model which is similar to the
presented set-up was created and its Sl was analyzed. This model and its corresponding energy
flow case are shown in the Appendix and have shown that the added components add little
inconsistencies to the Sl study due to their small sizes.
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5. Results

The excitation frequencies for which the force and velocity measurements had phase
differences near 7 radians were searched for using the oscilloscope and 6 frequencies indicated
that the damper was absorbing power: 1154, 1349, 1614, 2000, 2277 and 2532 Hz. Afterwards,
the DSH measurements were made while the plate was being excited at these very frequencies.
The magnitude and phase of the generated displacement maps can be seen in Figure 2.

[-] [rad]

Figure 2 - Magnitude and phase maps of displacement fields. The first column presents the displacement magnitudes
normalized by their respective maximum values [-] while the second column shows the relative phase [rad]. The
displacement fields were generated at 1154 Hz [(a)-(b)], 1349 Hz [(c)-(d)], 1614 Hz [(e)-(f)], 2000 Hz [(g)-(h)], 2277 Hz [(i)-(j)]
and 2532 Hz [(k)-(1)].

After recording the displacement maps, zero padding was applied and their
respective wavenumber domain fields were acquired through Eq. (12). The latter are displayed
in the first column of Figure 3 and correspond to the SFT of the displacement fields (Figure 2).
The wavelength’s most important information are concentrated at 115 rad/m for the excitation
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frequency of 1154 Hz and increases up to 180 rad/m for the highest displayed frequency (2532
Hz).

The next step concerns the spatial differentiation of these images in the wavenumber
domain while selecting a proper cut-off wavenumber k. that preserves the most relevant
displacement’s wavelengths while discarding the noise at higher wavenumbers. The chosen k.
and s that could provide recognizable SI and DSI maps for all displacement fields were 315
rad/m and 0,6; respectively. In the first column of Figure 3 the filter's cut-off wavenumber, k.,
is also displayed in the wavenumber fields as a white circle.

In the second column of Figure 3 the S| vector fields are shown for all the recorded
frequencies. The paths in which the energy flows become more complex with the increase of
frequency. The visualization of the sources and sinks, i.e., the regions where the Sl are diverging
or converging, is made possible by applying the divergence operator on the Sl vector fields,
(Eg.(11)) as shown in the third column of Figure 3. Even though the Sl vector fields at different
frequencies are distinguishable, their divergence fields look similar, i.e., with concentrated
negative and positive values at regions where external forces are applied, and values near zero
on the free-zones.
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Figure 3 - Wavenumber domain representation of the displacement fields [(a)-(d)-(g)-(j)-(m)-(p)], averaged Sl vector fields
[(b)-(e)-(h)-(k)-(n)-(q)] and divergence of structural intensity [(c)-(f)-(i)-(I)-(0)-(r)]. The wavenumber fields are normalized with
respect to their own maximum value [-] and the divergence of structural intensity fields are also normalized to their
respective maximum values [-]. The value of k_ is 315 rad/m and is depicted as a white circles on the first column.

6. Discussion and Conclusions

The displacement fields from a clamped flat plate which was connected to a shaker and a
damper were processed to assess the Sl and their respective DSI fields. The frequency ranges at
which the installed damper approximately resembled a viscous load were identified by
monitoring the force and velocity at the region where the damper was mounted. With this
approach, 6 excitation frequencies were selected to excite the sample and to record the out-of-
plane displacements between 1 and 3 kHz with a high spatial resolution (a total of 305.373
measurement points).
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It was shown that most relevant wavelengths of the recorded displacement fields are
located between 115 rad/m and 180 rad/m (first column of Figure 3). It is clear that the
recording of these patterns demand a high spatial resolution, which was successfully captured
with the DSH set-up. To our knowledge, this is the first study using displacement patterns
with such a short wavelengths for the purpose of extracting SI information.

Moreover, the presented image processing results provided the vibrational energy paths
travelling in the plate at all selected frequencies (second column of Figure 3). By examining the
Sl vector fields, it is possible to locate the regions where the vectors are converging or diverging
and that they correspond to the damper’s and shaker’s position. The visualization of the areas
where these external forces are being applied becomes even clearer by calculating the
divergence of the Sl (third column of Figure 3).

These results have shown that the DSH concept was able to provide displacement fields
from which a Sl study could be made. This concept in combination with the current algorithm to
estimate spatial derivatives were able to present meaningful information with respect to the
energy paths and the location of power injection or absorption.
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Appendix

A model resembling the set-up presented in Figure 1 has been developed in a Finite-
Element-Method software (COMSOL® Multiphysics 5.2 a, Burlington, Massachusetts, USA). The
dimensions of the plate, shaker’s tip and damper were measured from the set-up to create the
geometry’s components (Figure A.1), being the plate modeled as a shell and the remaining
components as solids. The material properties of each component of this model are presented
in Table A.1. The plate was clamped at its edges, a fixed constraint was applied to the damper’s
surface opposite to its attachment to the plate and a harmonic motion at 100 Hz was set on the
shaker’s tip at the direction normal to the plate’s surface.

T

Plate

Shaker’s tip

Damper

[
g [
L

-\_\—_‘_H-_“‘—\_

K

-\_‘\-___‘-_-"“——\_

—

Figure A.1 - Model resembling the experimental set-up

Plate Shaker’s tip Damper
E (GPa) 69 100 1,7¢7
p (kg/m’) 2.700 7.400 130.000
n(-) 0,02 - 0,5

Table A.1 - Material properties of the components in the model

The FEM model directly provides the generalized forces and displacement fields after
computation (Qx, Qy, M M Mxy and W) and can be directly substituted in Egs.(3,4), so the SI
can be visualized. However, as mentioned in Section 2.1, these equations are only valid on the
regions where the plate is not connected to the external devices. Figure A.2 presents the
computed S| of the model and which also omits the energy paths at the heterogeneity regions
(shaker’s tip and damper).
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Figure A.2 — Sl vector field extracted from the model. The vectors are absent on the regions were the shaker and damper
were coupled to the plate, since the Sl equations are not applicable there.

After visualizing the energy path on the plate’s free-zones directly from the model, the SI
that is extracted on the basis of the presented algorithm was used for further comparison. It is
worth noting that the method to differentiate the displacement fields (Section 2.1 and 2.2)
displays the Sl on the plate’s whole domain, even at the regions where the external devices
were installed. The Egs.(2-11) were implemented as if the plate was homogeneous with respect
to the thickness and stiffness, i.e., E = 69 GPa and h = 5 mm. The displacement fields’
derivatives were carried out with a cut-off wavenumber equal to the ones used on the
experimental data (k,=315 rad/m) and the energy paths were estimated (Figure A.3).

13 T T

y [em]

0 .
0 6 12 18
x [em]
Figure A.3 - Sl vector field assessed through the spatial derivatives of the synthetic out-of-plane displacement. This result
was obtained by assuming that the plate was homogeneous and the influence of the attached devices were neglected.

If the energy paths of both figures are compared, it can be seen that Sl vector fields on the
free-zones suffered almost no changes in terms of the vector fields’ directions and magnitudes.
This is the case, since the plate’s material properties and thickness are correctly described in
the mentioned region. However, the vector fields which are the closest to the shaker’s tip and
damper in Figure A.3 were the most affected by the proposed algorithm. This issue is caused
partially by the incorrect description of the thickness and stiffness at these very regions.
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Moreover, the choice of the cut-off wavenumber also influences on the smearing of these
fields, since the choice of lower cut-off wavenumbers results in smeared Sl and DSI.

Despite the limitation imposed by shaker and damper on the proposed algorithm, the Sl is
still accurately displayed on the free-zones and the location of where the vectors spread out or
converge is also preserved. By taking the divergence of the Sl fields presented in Figure A.3, the
location of the power’s source and sink becomes more evident and is presented in Figure A.4.
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ID.&

0.6

L

0.2

y [em]
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0 04
0 5] 12 18
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Figure A.4 — Normalized DSI field of the SI shown in Figure A.3. Since this map was extracted from a Sl vector field that is

heterogeneous, the concentrated positive- and negative-valued fields cannot be analyzed quantitatively. Its only purpose is
to verify the location of the shaker and damper.
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