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ASYMPTOTIC BEHAVIOUR OF THE STEKLOV PROBLEM ON
DUMBBELL DOMAINS

DORIN BUCUR, ANTOINE HENROT, MARCO MICHETTI

ABSTRACT. We analyse the asymptotic behaviour of the eigenvalues and eigenvectors
of a Steklov problem in a dumbbell domain consisting of two Lipschitz sets connected
by a thin tube with vanishing width. All the eigenvalues are collapsing to zero, the
speed being driven by some power of the width which multiplies the eigenvalues of a one
dimensional problem. In two dimensions of the space, the behaviour is fundamentally
different from the third or higher dimensions and the limit problems are of different
nature. This phenomenon is due to the fact that only in dimension two the boundary of
the tube has not vanishing surface measure.

1. INTRODUCTION

The purpose of this paper is to analyse the asymptotic behaviour of the eigenvalues
and eigenfunctions of the Steklov problem in a dumbbell domain. Given 2 C R"”, open,
bounded, connected, Lipschitz set, the Steklov problem on {2 consists in solving the eigen-
value problem

Au=0 Q
(1) _
o,u = ou o0,

where v stands for the outward normal at the boundary. As the trace operator H' () —
L?(09Q) is compact, the spectrum of the Steklov problem is discrete and the eigenvalues
(counted with their multiplicities) go to infinity

0= O'o(Q) < Ul(Q) < O'Q(Q) <o = Ho0.
We also have the following variational characterization of the Steklov eignevalues
Vu|?dx
O'k(Q) = inf sup %,
B 0zueBy, Joq u?dH"

where the infimum is taken over all k-dimensional subspaces of the Sobolev space H!()
which are L?-orthogonal to constants on 9.
Let Q. C R™ be a dumbbell shape domain given by (see Figure

Q=D UT. U Do,
where Dy and D» are disjoint, bounded, open, connected sets in R” with Lipschitz bound-
ary and T is expressed as
) L L,
T. = {z = (1,2") e R"| - 5 <z < §,|x | < ep(z1)},

where L >0 and p € CO([—5, 5]) N C>=((— )) is a positive function.
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FiGURE 1. Dumbbell shape domain f)..

The connection between the channel and the two regions Dy and Dy occurs as follows:
we assume that there exist an orthogonal system of coordinate x = (z1,z2,...,2,) =
(x1,2") € R™ and two constants L,d € R such that

_ L L
Din{z = (z1,2') e R"|z; > —5 2’| <6} ={z= (—E,x/) e R"| |2'] < 6}

S L L
Dyn{z = (z1,2') € R"|zq < 3 2’| <6} ={z= (5,37’) e R"| |2'| < 6}
The eigenvalues of the Steklov problem in {2, are denoted by
0=05<o0i<o05<.. 0 Ve > 0,

multiplicity being counted, and the corresponding eigenfunctions by ug, which are nor-
malized in L2(0€), [ugll 2200 = 1.

The main purpose of this work is to study what is the behaviour of (of,, uf,) when e goes
to 0. The first thing to notice is that, if € — 0, the channel T collapse to a line and the
norm of the trace operator blows up. One can easily observe that

VkeN, o, —0 when € — 0,

our objective being to give precise estimates of the asymptotic behaviour of o} when ¢
goes to 0. We shall prove that o, behaves, roughly speaking, as p1,€7, where py, is the k-th
eigenvalue of some one dimensional problem and v € {1,n — 1}.

As an interesting feature, we notice that the behaviour strongly depends on the dimen-
sion of the ambient space. Indeed we have to distinguish between the cases n = 2 and
n > 3, as we shall see below. This fact is due to the presence of the boundary energy in
the Rayleigh quotient of the Steklov problem and to the fact that in dimension three, or
higher, the surface area measure of the boundary of the tube is vanishing with e.

Below, we denote by P(D) the surface area measure of the boundary of D and wy, is the
Lebesgue measure of the n—dimensional unit ball. Let ®. : 71 — T, ®(z1,2") = (z1, ex’).

Here are our main results. The first theorem concerns the case n = 2.

Theorem 1.1. (n = 2) Let Q. C R? be the dumbbell shape domain defined as above. Then

op, ~ pre+o(e) as €—0,
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where g, is the k—th eigenvalue of the following problem

L (p(x) e (2)) = . Ve(z)  ae(-L4,L)
(2) p(—5) L (-L) = — & P(Dy)Vi(-%)

X
dv;
p(5) Gk (5) = 5 P(D2)Vi(5).
For every subsequence {€,}22 | such that €, — 0, we have
urod., =V in HY(TY),

where Vy, is a k—th eigenfunction of the problem constantly extended in the variable
x2.

This kind of eigenvalue problem (in any dimension) where the eigenvalue pj appears
both inside the domain and in the boundary condition is sometimes called a dynamical
etgenvalue problem. It appears at different places in the literature. we refer for example to
[23] where a complete study of this eigenvalue problem has been done. See also [9] where
a similar problem appears in the homogenization of the Steklov problem.

The next two theorems concern the case n > 3. We shall distinguish between the
behaviour of the first non-zero eigenvalue, and the others.

Theorem 1.2. (n > 3, k > 2) Let Q. C R™ be the dumbbell shape domain defined as
above and n > 3. Then for all k > 2 we have

o, ~ ag_1€+o0(e) as €—0,
where ay_11is the (k — 1)—th eigenvalue (counting from zero) of
—wn_lﬁ(pnfl(w)%(&")) = apwn_2p" " (2)Vi(z) ze (- %v %)
(3) Vi(—5) =0
Vi(%) =o.

For every subsequence {€,}2> such that €, — 0, we have

n—2

e’ upo®., =~ Vi .y in HYTY),

where V,_1 is an eigenfunction corresponding to og_1, constantly extended into the vari-
ables x; for 2 <i < n.

Therefore, in the case n > 3, k > 2 we end up with a classical Dirichlet eigenvalue
problem.

Theorem 1.3. (n > 3, k = 1) Let Q. C R™ be the dumbbell shape domain defined as
above and n > 3. The first Steklov eigenvalue has the following asymptotic behaviour

o ~ o P ho(e" ) as e — 0,
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where o1 is the unique positive number such that the following differential equation has a
non-trivial solution:

(@)42(2) =0  ze(-%5%)

a (- %) —-2P(Dy)Vi(-%)

(4) S
pn—l@%@ = S PDVi(E).

~1: (0"
3)

For every subsequence {€,}5°; such that €, — 0, we have
urod, —~ V1 in HY(T1),

where V1 is the solution of the equation constantly extended to the variables x; for
2<i<n.

Let us now comment on the existing literature. A similar problem for the eigenvalues
of the Neumann Laplacian has been deeply studied, in particular in a series of papers by
S. Jimbo. A first characterization of the eigenvalues in the Neumann case was given in [3].
In [16] there is a complete description of the behaviour of the Neumann eigenfunctions
and in [19] there is a complete description of the Neumann eigenvalues when the channel
collapse to a segment. Other references for the Neumann problem in dumbbell shape
domains are [I], 14} [I5] 17, [18]. These results turn out to be very useful in the study of the
solutions of reaction diffusion systems in singular domains (see for instance [2, [7, 12, 20]).
Perturbations of the geometric domain for the Steklov problem have been considered in
[11]. For an asymptotic behaviour of the Steklov problem on a singular perturbation
somehow close to our analysis, we refer to the result of Nazarov [21I] where he studies
a two dimensional domain obtained by the junction of two rectangles (see also [22] for
a perturbation by a small whole). At last, let us mention that in the case of Dirichlet
boundary conditions, singular perturbations of this type are less interesting, since the
spectrum is stable to this geometric perturbation. Indeed, it can be proved that the
dumbbell y-converges to the union of the two sets D; U Do which means that its Dirichlet
eigenvalues converge to the union of the spectrum of D; and Ds. We refer to the books
[4] and [13] for more details.

2. THE CASE n = 2. PROOF OF THEOREM [L.1].

In this section we will prove Theorem We define 0T¢ C 0€2 in the following way

L L
OT: = {z = (z1,2') e R"| — 3 <z < §,x/ = elp(z1)|}
In two dimensions, the set 0T is not connected and we decompose it
oTe =T_ UT/,

where

IN

L
IS ={z=(21,22) €eR"| - 5 <

L
F;:{x:(xl,xQ)ERﬂfEle <
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2.1. Upper bound for Steklov eigenvalues. First of all we prove that there exists a
constant C' > 0 such that the following upper bound holds for € small enough:
(5) oy, < Ce.
Precisely, we prove the following.
Lemma 2.1. Let uy the k—th eigenvalue of then we have
(6) oy, < pge + o(e).
Proof. In order to obtain this upper bound, we use the variational formulation
o =inf sup M
B 0uem,  Joo, wPds

where the infimum is taken over all k—dimensional subspace of the Sobolev space H* ()
which are orthogonal to constants on 0€2.. We choose a particular subspace Ej in order
to obtain the upper bound.
We consider the eigenvalue problem and take a basis of eigenfunctions {¢;}ien
normalized in the following way
L

: L Ly, Ly 1 L, L
(7) i dididmr + S P(D2)ei(5)d5(5) + 5 P(DD6i( = 5) (= 5) = 0y
Then
(8) /_ EL peiidar = 0if i # j

NS m‘

2

(9) /_L p((ﬁ;)gdl‘l = .

From the variational formulation of the eigenvalue problem we know that Vv € H! (—%, %)

L

2 i L L i L L 2
/_2L poiv'dry = %P(D2)¢i(§)U(§) + %P(Dl)¢i( - 5)21( - 5) + i /_2L pivdz,
we choose v = 1 we obtain:
1 L, 1 L 3
(10) SP(D)o(5) + 5 P(D)G( — ) + / iy =0

We now introduce our test functions that are the basis of our test subspace Ej. We
define

and we introduce its mean value

1
ms = ®;ds.
’ |8Q6| 00 '
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The mean goes to zero if € — 0, indeed

2

/39 P;ds = P(DQ)Q%(%) +P(D1)¢2( — g) + 2/2L i/ 1+ 62p’2da:1,

from equation (10}, dominated convergence and the fact that [0Q2| — P(D1) + P(D2) +
2L > 0 we obtain

(11) m; — 0 VieN.
We introduce now our basis elements
\I»'i = (I)z - mf-,

and our subspace will be Ey = Span < Uq,..., ¥ >. Now we compute all the quantities
we need for the Rayleigh quotient. We start by the numerator, if ¢ £ j:

L
/ VU, - Vds = [ V- Vdds = 26/2L pididry = 0,
Qe =k

Te

where the last equality is given by , and

Nyl

/ VU, 2ds = | |V®;|*ds = 26/ p(h)dxy = 2eu;,
Qe T. =L

2

where the last equality is given by @D Now we compute the terms in the denominator,

fij(e) := / U, U ds = / (@i —m;)(®; —m§)ds = / Q;®jds — m;mjP(Le)
0Qe 0Qe Qe

L

2)
%
+ Gipj /1 + €2pdxy — mimSP(€L).

—L
=2
From , and the dominated convergence we obtain
(12) lim f; ;(e) =0 i#j.
e—0

Similarly,

fii(e) == / \I’?ds = / (P; — m§)2ds = / @?ds — (m§)2P(Q€)
00 00 00

= LP(D2)6i(£)05(5) + 5 POV~ 5)o( -

L
2 L.o Lo
= 2/_L O7V/1+ p?dry + P(D2)¢i(§) + P(D1)¢i( — 5) — (m§)?P(Q0),
=
now from , and dominated convergence we obtain,
e—0
Now if we use the test subspace E} in the variational characterization we obtain

k
ot < 2e 35 TP
k= sup k 2 3
(@1,e) ERF D iy T fii(€) + D2, 5 2aiw; fi j(€)
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if € is small enough from (12)) and (13| we obtain

¢ €3 i1 T
(14) oj, < sup  — =45+ o(€) = pge + o(e).
(21,07 )ERE D i T

0

2.2. Convergence of eigenfunctions. We start by showing the convergence on the two
regions D; where i = 1,2

Lemma 2.2. Let k > 1 we have (up to a sub-sequence that we still denote by usg,)
up = Cip o in Hl(DZ-),
uj, = ¢ locally uniformly in  D;.

where ¢; i, € R are constants

Proof. First of all we know that o} — 0 as € goes to 0, and from [[uf||r2(90.,) = 1 we
conclude that

lim/ Vg, |*dx = 0,
Qe

e—0

so it means that [|Vui||r2(p,) < [[Vugllr2.) < €. Now we want to bound |[uf||r2(p,)
uniformly on e. Using Poincaré-Friedrichs inequality we obtain

/ () 2dz < / (uf)2da < Co, | / Vs 2z + / (uf)ds)],
Dl Qe Qe o0

€

we know that [|uf|[z2(90.) = 1 and |[Vug]|r2(q,) < C, we have only to check that Cq, <
C < o if € is small enough.
We have the following variational characterization for the constant Cq,

1 - fﬂe |Vou|?dx + faﬂe v2ds
Co.  welll(a,) Jo, vida

- Al(QE) 1)7

where A1 (€, 1) is the first Robin eigenvalue with boundary parameter 1 (see [6]). We de-
note by Bp, the ball with the same measure of €2, now, using the Bossel-Daners inequality
and the rescaling property of the Robin eigenvalue (see [0]), we obtain

1 1
— =M(Q,1) > M (Bgr.,1) = = Ai(B1, Re).
o 1(2,1) = Ai(Brg,, 1) I 1(Br, Re)
Now, for € small enough, we have |D1|+ |Ds| < |Q¢| < |D1| 4+ |D2| + 1 so, by monotonicity
of the Robin eigenvalue on balls we finally obtain

1 ™ ‘El‘ ‘52‘
— = A(Q,1) > A (Bg,, 1) = A (Bi, | ———=) > 0.
Co. 1(86:1) = M(Br,, 1) IDy|+ [Da| + 1 1(Br —

Finally we conclude that Cq, < C' < oo for € small enough. We conclude that

gl (D) < C < o0,
so exist a sequence, that we still denote by uf, and ug € H'(Dy) such that

u, —uy) in HY(D).
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We also know that |[Vug||z2(p,) — 0, so we conclude that there exists a constant c;;, € R
such that

u; — Clk in Hl(Dl)
We can improve this convergence since ug, are harmonic. Fix a compact set K C D7 and
take 0 > 0 such that Bs(z) C D; for all x € K. By the average properties of harmonic
functions and the Cauchy-Schwartz inequality we have:

. 1
U\ T
= 1B Loy

Up to a subsequence, we get that uj, uniformly converges on K to a constant. We conclude
that for ¢ = 1,2

1.

up — ¢ in HI(DZ-),
uj, — ¢ locally uniformly in  D;.
O

Now we study the behaviour of the eigenfunctions in the tube T.. We define the following
functions

v (21, 2) = ug(x1,exe) V(x1,20) € Th
Lemma 2.3. Let k > 1. There exists V), € H*(T1) such that
v =~V in HY(TY),
(up to a sub-sequence, still denoted by vy, ), where V1. depends only on the variable x1.

Proof. We start with the bound of ||Vvi|[r2(r)

oviN2 1 0V 2 1
\VZT5 2d < / k - k dr = / Vs 2d <C
Ti ‘ vk‘ r= Ti (ax1> + 62 (ax2> v € T. ‘ uk| y -

where we did the change of coordinates y; = x1, y2 = exo and the last inequality is true
because of . We want now to bound [[vj||z2(7,). By the Poincaré-Friedrichs inequality

we get
/ (v§)?dx < O, [/ ]Vv;]2dx+/ (vi)?ds].
T1 Tl FTUF;

Now [|Vup||p2(zy) is bounded, so it remains to bound the second term in the r.h.s. of the
inequality. Since y/1 + p2 is a bounded function, for € small enough we obtain

L
3
/+(v,§)2ds = / (v§ (1, p(1))* V1 + p2day
Iy -

L
2

[~

< C/ (ug (21, ep(x1))*V/1 + €2p2dx;

<C | (up)?ds<C
re

w\h

where the last inequality is true becuase |[ug||r2(90,) = 1. The same computation is true
for the integral over I'; .



ASYMPTOTIC BEHAVIOUR OF THE STEKLOV PROBLEM ON DUMBBELL DOMAINS 9

We conclude that there exists V) € H!(T}) such that (up to a sub-sequence that we
still denote by vy)

vi =V in HY(Ty).
We finish the proof by showing that V', does not depend on z3. Indeed
ov;, ous,
/ (Lky2g, = e/ (24y2 4y < c 5 0.
il 81’2 T. (‘)xz
O
2.3. Limit eigenvalue problem. From @ we know that there exists 0 < 8 < pug such
that
Tk, B.
€
First, we prove that there exists j € N such that 0 < j < k and 8 = p; and, in a second

step, we prove that j = k.
Step 1. We begin with the following.

Lemma 2.4. There exists j € N such that 0 < j < k and

0.6
k
=

where p; is the j—th eigenvalue of the problem .
Proof. We define g in such a way that

€

%k,

€
from @ we know that 0 < 8 < ug. We use the variational formulation of the Steklov
problem with the following test function ¢ € C°(—%, %) (we constantly extend ¢ in the

last variable x3), we obtain:

8 €
i %dm = a,i/ ugpds.
1. 011 011 rfurs

Now we make the change of variable y; = x1 and ys = exo and we write the integral in
the right hand side by the integral in the graph of €p
L

vt 0 © 3 :
Yk —gbdy = (Tk(/ uf,(z1, ep(x1)) /1 + €2p%dxy +/ uj, (21, —ep(z1)) /1 + €2pday)

1, Oy1 Oy €

ol

L
2

= Jf(/j vi($1ap($1))¢\/md$1 +/_ vi (21, —p(g;l))qb\/mdxl)

SISl

We know that vf — Vj in H Y(Ty) and V', depends only on the variable z1, we introduce

the function Vj, that is the restriction of V, to the variable z1. We let € goes to 0 and we
obtain

L
%%dy =23 Viday.
7, 01 Oy L
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Integrating by parts in the left hand side, we finally obtain
L
2

i d, d
—2/_ 7(pd7xlvk)(ﬁdl'1 = 26/_ ngbdxl.

L dx
L ax

NI}

This relation is true for every test function ¢ € CZ° (—%, %) so we have that V}, and
must have to satisfy the following differential equation

d dVy, L L
- — —_— = 6V ——=,=).

o) TE@) = pYele) e (-5,

We find now the boundary conditions associated to this equation. Fix a real number
&€ > 0 and define the extended function p in the following way

(15)

We define the extended tube E.
L L
(16) E. = {z = (z1,22) € R?| — 3 (< < 5 + &, o] < epla1)},

and we choose £ in such a way that E. C Q.. Now, repeating all the arguments in Lemma
2.3] we obtain that

’Uz — Vk in Hl(El)
and Vj depends only on 1. We also know from Lemma that uj, locally uniformly
converge to ¢y in Dy. From this fact we have that

L L
’Uli(—g —0,0) »crp = Vk(—§ —9) V&E>6>0,
where V}, is the restriction of V, to the variable 1. We know that V) € HY(E;), from

embedding theorem V}, is continuous so we finally obtain

L . L
(17) Vk(_§) :Cl,k :%%Vk(—g—é)
Similarly,
L
Vk(E) = Cok-

We use the variational formulation of the Steklov eigenvalue with a test function
defined on all )¢ and that depends only on z1,

oug, oY /
—dx = o}, usabds.
Qe 8931 8331 k IR kw

We repeat all the computations above and letting € goes to 0, we obtain

5 dVi do L L 3
2/_ p(mdxld:clzﬁ(vk(—2)/8[)l vds + Vi(5) /aDQWSH _ Vida, ).

NS
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Integrating by parts the left hand side and recalling the equation we finally get

PP TEGIG) DTG5 = ~5) [ wdsWi(3) [ was).

0Dy

Choosing a test function such that ¢y = 1 in Dy and ¢ = 0 in D3, we get the first boundary
condition

L. dVy, L L

P(—g)%(—g) = —gp(Dl)Vk(—g)

and, similarly, chosing a test function such that ¢» = 0 in D; and ¥ = 1 in Dy we get the
second boundary condition

L.advy L.  f
" )= 3
We finally obtain the following eigenvalue problem for 3

— L (p(0) () = BVi(x)  we(—%5)

(18) p(—5) L (-L) = —CP(D)Vi(-%)

P(DVA(5)

To be able to conclude, it remains to prove that Vj, is not the zero function. If Vj, would
be zero, from the normalization |, 2. uff = 1 and the convergence on the extended tube,
we would have

L2
1 = P(_Dl)cik, + P(DQ)C%’k. + 2 V]?.
L/2
Therefore, ¢y or cp ) would not be zero yielding a contradiction since the function V;
being in H'(—% —§, £ 4-6) is continuous and thus cannot be constant (different from zero)

on (=% —6,—L) and zero after —£. Therefore we have proved that there exist j € N such
that 0 < j <k and 8 = p;, where p; is the j—th eigenvalue of the problem . O

Step 2. We have just proved that o, ~ pje, with 0 < 7 < k. In this step we justify that
j =k . We denote by YN/k the function constructed by taking the k—th eigenfunction of
problem (2) and extending it constantly in the x5 variable and equally constant to Vk(—%)
in Dy and to Vk(é) in Ds.

We proceed by induction on the eigenvalue rank k. The case k = 0 is obvious. Now
suppose that for all 0 < 7 < k — 1 we have that vj- — Vj in H'(T}) and a;: ~ €.

Now we will prove that ure 4 o(e) < of. By contradiction we suppose that there exists
j € Nsuch that 0 < j < k—1,v{ = V;in H(T}) and 0§, ~ pje. From the orthogonality
of the Steklov eigenfunctions we have the following equality

0 = lim ue‘N/‘ds—i—/ ul (us — V:)ds.
0 20, kY7 o0, k( j ])

For the first term, from , we have that lim._q f 2. u;f/j = 2. For the second term, we
recall the inductive hypothesis v§ — V;, using the same argument in the proof of Lemma
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we conclude also the equality and, using Cauchy-Schwartz inequality, we obtain
\li_rg% - uj,(u§ — Vj)ds| < lim il 2000 14§ — Vill L2690, = 0
This is a contraddiction, we conclude that pre + o(e) < of. Now recalling that oj <
fx€ + o(€) (see inequality (6])) we can conclude that
o}, ~ puk€ + o(e).
We also conclude that
ul(z1, €x9) — Vi(z1,20) in HY(TY),

where V), is the k—th eigenfunction of the problem constantly extended to x2. We
end the proof by proving that the convergence is true not only up to a subsequence but
is true for all the sequence. We have seen that the only possible accumulation point is
V. eigenfunction of Problem . Now it is a classical result for Sturm-Liouville type
problem that any eigenfunction is simple: use the ODE to prove that the Wronskian is
constant and the boundary conditions to prove that it is zero, yielding the result.

From the uniqueness of the accumulation point we conclude that the convergence holds
for the whole sequence. This concludes the proof of Theorem

3. THE CASE n > 3 AND k > 2. PROOF OF THEOREM [L.2]

In this section we will prove the second part of Theorem [T.2] We will use the following
notation, take z € R then we write = (21, 2’) where z; € R and 2’ € R*!

3.1. Upper bound for the Steklov eigenvalue. In this section we prove un upper
bound for all the Steklov eigenvalues. In the following lemma we give an estimate from
above of the speed of convergence to zero of the Steklov eigenvalues.

Lemma 3.1. Let n > 3 and let Q. C R"™ be a dumbbell shape domain then
e for the first Steklov eigenvalue

(19) o5 <o o(en )

where o1 > 0 1is the unique positive number such that the following differential
equation has a non-trivial solution:

~wn1 g (PN @) G (@) =0 we(-5.5)

PR D) = 2 PO(-D)
PE R B = s PDV(S)

e For all the other Steklov eigenvalues (k > 2)

(20) oy, < A€+ o(e)
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where X, is defined by the following 1—dimensional eigenvalue problem.:

—wn 1 (PN (@) G (2)) = M2 2(@)Vi(w)  we (-5, %)

(21) P (L)W (—Ly = i P(D1)Vi(- %)
pr (L)L (& )=€n > P(Do)Vi(%).

Proof. We introduce the following functional space

(22) HL(Q) = {ue HY(QJ)|u = ¢; in D; u =0, and u depends only on zq in T, }
Q2

and denote 07°(€2) the (pseudo) k-th Steklov eigenvalue computed by replacing the

Sobolev space H'(Q.) with H} () in the variational formulation using the Rayleigh

quotient. Since H} () is a subspace of H'(€2,), we obtain:

" Jo. |Vul?dx
0£uetl () fpq uZdHI T
en Wy 1f2L pn 1( /)2d(lZl
< inf
0ueHl, () P(Dl)uQ(—f) + P(Do)u?(%)

So_len 1+O(n 1).

01 < 07°(Qe) =

+ o(€" 1)

The last inequality is true because the quantity

L
wnilsz pn—l(u/)del
inf
OyéuEHCO( ) P(Dl)u2(—*) + P(D ) (%)

is equal to o1 that is the unique positive number such that the following differential
equation has a non-trivial solution:

—wn_14 (PN @) G2 (2)) =0 xe(-%5,%)

PN 5) G (- 5) = — P P(D)VA(= %)
P3G (5) = w2 P(D2)VA(%)-

We now prove the second part of the lemma. We start by noticing that from the geometric
properties of 0T we can compute the surface measure and we obtain that

(23) dH"ILOTE = €V 2p"2\/1 + 2p2dx1d,...dw, o
Let S) be the family of all the k—dimensional subspaces of the functional space H} ()
with k& > 2, as above we have the following inequalities

0'6 < O'CO(Q ) = lnf su M
k="K € EcSki ueg f&QE u2d7‘[n*1

Ny [, o7 (o) 2y
< inf sup : 7 + o(e)
PESkr1uelE p(Dy)u2(—L) + P(Da)u(L) + 2wy _o [ 2, upn=2\/1+ p%dm,
2
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L
w1 [, p (W) dan
2

<e inf sup + o(e)

= L
EESk 1 E P(Dq L P(Do L 5 _
+1ue 65172)“2(_5)_’_ Egig)u2(§)+wn_2 12, upn—2dx,
2

< Aje+o(e).
Where the last inequality is true because the quantity

L
waer [ 7, ()
2

z
1:52?%(—%) + ]ZSLI_)%)UQ(%) + wp—o [ 2, u?p"2dz,
2
is the Rayleigh quotient of the following eigenvalue problem that depends on €

—wn_ldi(p"_l(a:)%(x)) = A wp_op" % (x) Vi (2) ze (-

(24) P (=L DLy = % P(Dy)Vi(—4)

en—

pof
sy

)

)

O

3.2. Convergence of eigenfunctions. We begin with the convergence on the two regions
D; where i = 1,2. The proof of the following lemma is the same of the proof of Lemma
so we do not repeat it.

Lemma 3.2. Let k > 1 we have (up to a sub-sequence that we still denote by u,)
uj, = cip  in Hl(Di),
uy, — ¢ locally uniformly in  D;.

where ¢k are constants

We study the behaviour of the eigenfunctions in the tube T¢. For every k > 2 we define
the following rescaled functions

vf(z1,2) = 6%2%(%1’@,) V(z1,2') €Ty

Lemma 3.3. Let n >3 and k > 2. There ezists Vi, € H! (Th) which depends only on the
variable x1 such that

Uz — Vk mn Hl(Tl),
up to a sub-sequence (that we still denote by vy, ).

Proof. Below, by C' we denote a constant which may change from line to line. We start
with the bound of ||Vvi]|2(p)

OV 2 1 1
Vi |2de < / ( k) + S| Vpvs 2de = / Vu|2dy < C
T1| ol = Jp, \Omy 62‘ kil . Te’ Kl “dy <
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where we performed the change of coordinates y; = z1, ¥ = ex’. The last inequality is
true because of (20). We want now to bound |[[vg||2(7,). By Fubini Tonelli we have:

(25) / Vdr = / / (ug, (z1,2"))2dH" 1 day,
Ty -LJprt )("El

ep(zq

where BGP( )(331) is the n — 1 dimensional ball centered in x; with radius ep(z1). Using
L L.

2:9)

) [V PdHm 1 + faB" ! )(Il)(u;)2d7{”*2

A1 (Benp(;l) (z1), 1)

the characterization of Robin eigenvalues, we obtain for all 21 € (—

@) [ e < eigiyte

otz @)
where A\ (B” ep(z1 )( 1),1) is the first Robin eigenvalue with parameter 1 of the ball B! | (7).

ep(x1)
Now we recall that (see [§])
n

A (B, 1) ~ =
where B, is the n—dimensional ball of radius €. In particular we have
n—1
ep(z1)
This asymptotic formulae together with and give

/T1 (v§)%dx < C(/Te(ui)%lx + /aTee(ui)st) <c

where the last inequality is true because |[Vug|[z2(p,) < Ce and [|uj|[r290.) = 1.

We conclude that there exists V € H'(T}) such that (up to a sub-sequence that we
still denote by vf)

N ), D) ~

vi =V in HY(TY).
We finish the proof by showing that V', does not depend on x; for all i > 2, indeed

8'1)]2 2 - %2 )
/Tl(al'i) dx_e/Ts(é?xi) dx < Ce” — 0.

O

Let now Vj be the restriction of V, to the variable z1, the main goal now is to prove
that Vj, is not the zero function and Viy(—%) = Vi(—%) = 0. In order to reach this result
we start by some consideration about the constants ¢;j in Lemma

We know that |, age(ui)zd?‘-["*1 = 1 for all € and it is easy to see that, by change of
variable, we have that fan (ug)?dH" ! = faT v§)2dH""!. Now by Lemmas [3.2| and
we obtain that for all £ > 2,

SISl

| @hPan = P00 + GoP(D2) + s [ VR H e,
Qe —

SISl

so if we prove that ci; = co = 0, we conclude that V}, is not identically zero. We now
prove that ¢y = cop, = 0 for k > 2.
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-4

FIGURE 2. Extended tube E..

We note that for all & > 1, by Cauchy-Schwarz inequality
_ 1.
[ i) < P om0
and we also know that |, 20, uid’H”_l = 0, from Lemmas and we obtain that for all
kE>1
(27) Cl,kP(Dl) + CQJ.CP(DQ) = 0.

Like in the proof of Lemma [2.4] we introduce the extended tube E.. We fix a real number
& > 0 and we define the extended function p in the following way

p(-5) i —F-€<m< -3
p =1 p(x1) if —L <<
p(%) if%gxlgé-i-

We define the extended tube E.
L L
(28) E.={z=(21,2') e R"| - 3" < < 5 +&,]2'| < ep(x1)},

and we choose £ in such a way that E. C Q.
Repeating all the arguments in Lemma we obtain that for all k£ > 2
vi =V in HY(E)
and V', depends only on 1. We also know from Lemma that, for all k£ > 1, ug, locally
uniformly converge to c; 5 in Dy and to ¢ in Ds.

The following lemma contains a key result on the asymptotic behaviour of the first
eigenfunctions.

Lemma 3.4. Let n > 3 and let Q¢ C R™ be a dumbbell shape domain then the following
holds

: €\2 n—1 __
(29) lig | (i)t =0,

In particular c11 # 0,¢2,1 # 0.
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Proof. By contradiction we assume that there exists o > 0 such that for € small enough

(30) / (W)2dH L > o > 0,
oT.

For every 21 € (—%, L) we consider the ball B?p_(;l)(:nl), that is x; —section of the tube TF.
We use the Trace Theorem in any section of the tube 77 and we rescale to the sections of

the tube T¢, we obtain, for all 71 € (=%, L):
1
/ (u§)2dH" 2 < = / (u§)2dH™ 1 + ¢ / |V ru§ PdH™ L
OB oy (1) € IBL @) Bltay (1)

Integrating this inequality in x1 we obtain

e/ (ui)2d’H"1§/ (ui)2dx+62/ |V s | de,
oTe Te Te

from this inequality, the fact that of < C'e"~! and inequality we finally have
(31) e < / (u$)?dz.

From the fact that faQe uSdH™ ! = 0 for all € we have two cases: either ¢; 1 =co1 =0 or
c1,1 and ca 1 have opposite sign, say c1.1 > 0> c21.

If¢11 > 0 > cg,1, then at 2/ fixed the function z1 — u§(x1, 2’) change sign. In particular
there exist C' > 0 such that:

£+§ € L
/2 (8uk)2(:v1,:v')dx1 > 0/2 (ui)Q(xl,x')dxl,

L ox L
3¢ 1 3

by integrating in 2’ we finally obtain

/ |Vus [2dz > Ce%.

€

which is a contradiction to the fact that of < Cen L,
If 1,1 = co1 = 0, we define gf (xl,m’)f e%ui(xl,ex’). Using the same argument in
Lemma we conclude that there exist G € H'(E;) such that
¢ =Gy in HY(E).

From this convergence, the fact that |, 50, (ug)?dH"! =1 for all € and the assumption
C1,1 = C21 = 0 we get

GldH™ ' =1  and / (u§)2dH" ™ — 0.
an 0D1Ud Do

From this consideration we conclude that

Ce"™ 1 >of > / VG |?dz,
Ey

hence | B |VG1|?dz = 0. In particular G; is almost everywhere constant C' # 0. Consider
a point in the extremity on the extended tube Ej, where we know that u{ uniformly
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converge to a constant. More precisely we find T = (Z1,7') € E; such that the following
holds

n—2

91(71,7') > C >0 and ¢{(71,7) =€ 2 u{(T1,ex) — 0.
This is a contradiction.
O

We now prove that ¢;; = ca = 0 for all £ > 2, concluding that V}, is not identically
zero for all k > 2.

Lemma 3.5. Let n > 3, k > 2 and let let Q. C R™ be a dumbbell shape domain. The
following holds

u, =0 in HYD;),

uy, — 0 locally uniformly in D;.

Proof. We start by fixing & > 2. Form the orthogonality condition of the Steklov eigen-
functions we know that

/ ujuLdH " = / uSuldH" —I—/ ufuldH™ ! +/ uuldH™ ™ = 0.
O 0D, oTe 0D>
From this equality and Lemmas [3.2] [3.3] and [3.4 we obtain the equality

CchLlp(Dl) + CZkCQJP(DQ) =0
which, together with

c1xP(D1) 4 cox P(D2) =0
c11P(D1) + c21P(Dy) =0,

lead to a system of equations.
We know that ¢;1 # 0 and cp; # 0 and (without loss of generality) c11 > 0 > ca1.
Suppose by contradiction that ¢y j # 0, from the system above we have the following

€11 _ Clk _ CliClk

)
2.1 C2.k C2,1C2 k

it means that c11 = co1 and ¢, = ca) that is a contradiction. We obtain the same
conclusion if we suppose that ¢y 3 7# 0. O

Let Vj, be the restriction to 21 of the limit eigenfunction V', in Lemma in the next
lemma we prove that Vj is not constant and we find the boundary conditions of V.

Lemma 3.6. Letn > 3, k > 2 and let Vi, be the restriction to x1 of the limit eigenfunction
Vi in Lemma . Then

e V. is continuous
o Vi(—=5)=Vi(5)=0
e V). is not constant

Proof. The first point is immediate because we know that, if we consider the extended tube
Ei, Vi, € HY (-5 — & £ +¢)), by classical embedding theorem we have Vj, € C((—% —
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&, %—i—{ )). We prove the second point, we know, from Lemma that uj, locally uniformly
converge to 0 in Dj. From this fact we have that

L n— L
(5 —0.0)= e%u;(—g ~5,0) = 0= Vi(—

From the continuity of Vj, we conclude that

L
2

Uk

§) VE>6>0.

L. L
Vi(=3) = lim Vi (=5 = 6) = 0.

The same is true for Vk(%) The tird point is a direct consequence of this, indeed if V}, is
constant then V;, must be equal to zero and this is a contradiction with Lemma |3.5 ]

3.3. Proof of Theorem In this section we prove Theorem We will first prove
a bound from below for the asymptotic of of. Then we will prove that this bound from
below is also a bound from above finding in that way the right asymptotic of oy,.

Lemma 3.7. Let n > 3 and k > 2 then, for e small enough

(32) ), = ag_1€ + o(e)

where oy, is defined by the following 1—dimensional Dirichlet eigenvalue problem:
~wn1 4 (PN @) GE (@) = agwnap" 2(@)Vi(z)  we (- 5,5)
Vi(=5) =0
Vi(5) =0.

Proof. We start by showing that there exists a constant C; > 0 such that o > Cje.
Indeed we have

Jo |Vui*dz € [pe |Vug[*da
Joa, (uR)?dH* =1 = €72 [or Lap, () ?dH ™ + €72 [or (ug)2dH !
.- ng NCARE: |
~ Jopwap, WR)PAHY T+ [ore (vf)2dH

Now from Lemmas (3.3 and recalling that V) is the restriction to x; of the limit
eigenfunction Vj in Lemma and recalling also the geometry of the tube, we finally
obtain

o =

L
(33) i fﬂ |Vui|2d$ S Wn—1 fjg(Vk’)Qpn—ldlil
O’k = € - — > ¢ |
faﬂe () b~ Wp—2 f_i V/fﬂ"ﬁdml
2

From this inequality and Lemma, follow that there exists Cj > 0 such that of > Cke.
From the variational characterization of the Steklov eigenvalues we have

. Jo. |Vul?dx
of, = max

2 n—1’
u€<u§,u§,...,ui> fafle u dH
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where < uf,u5,...,uj, > is the subspace of H'(,) generated by ui, us, ..., up,_; and uj,.
We know that that the maximum is achieved when u = uf, so we have

Jo. IVul*dz
0, =  max .

UEUS, ..., uf > fage u2dHn 1
k
> Zj 252’ fTe |V“€‘|2d5”
{53 j=2 J 252 faQ QdHn L

From the inequality above and inequality we obtain

ZJ 252wn lf V/indx
0}, > € max

G S8, Buna [, V2o
2

[Nl w\h

wnlf VIind(L'

(34) >€  max
Ve<v2,. . ,Vi>
wn—2f

ot M\h

L V2pn—2d$1

|

From Lemma we know that V; € Hi((—% 5, 2)) for all 2 < 57 < k and from the
orthogonality of the Steklov e1genfunct10ns we also know that dim< V2,..., Vi, >=k — 1.
It is easy to check that the ratio is the Rayleigh quotient of the following eigenvalue
problem

Nl
Ny

—wn 14 (P (@) G (7)) = opwn2p" () Vi(z)  z e (-

Ve(=%)=0

)

Y

From we finally conclude that
o}, > aj_1€+ o(€)

O

We prove that the bound from below given in is in fact also a bound from above.

Lemma 3.8. Let oy be the k—th eigenvalue of the problem and let \j, be k—th eigen-
value of the problem , then for € small enough we have

(35) A < ag—1 + o(e).

Proof. We choose V1, .., Vi1 eigenfunctions of the problem . in particular V;(— ) =

Vi(k) =0 for all i = 1,...,k — 1. Now we define a function ¢ € C*(—%, %) such that
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w(—%) =1, 1/1(%) =0 and dim< ¥, V4, .., Vix_1 >= k. Using the variational characteriza-
tion of the eigenvalue A}, we obtain

L
wamt [, 0N W)

A < max T
ue <Y, Vi, Vig_1> Ingé) u2(— %)+ GELDg) 2(%)+wn_2 f_2£ u2pn—2dx,
L
wno1 [ 2, PN (Bol)y + i BiVY ) das
(36) <  max 2

- .
Bo(UIB Y=l PP 50(e)2 4 wy—g [ 2, p72(Bo(e) + X521 BiVi)2da
2

In the inequality above, in order to study the cases in full generality, we must impose that
the first real coefficient 8y depends on €, because the boundary conditions of the eigenvalue
problem depends on €. We define the following quantity

want [2, 0" Bo(W + S BV
P08 fo(e)2 + -z | o2 (Bole)or+ T ViR

Ap(e) =

It is easy to check that in order to get the maximum we must have that lim._,q 56 21(5)22 =

C' < oo. Otherwise if lim. o 3 bole) _
reach the maximum in this case

We conclude that So(e) ~ Boe 2 Epn o(e T ), (if Bo(e) < Boe'z T+ o(e 22) we have the
same results) from we obtain that

Want [ 2, 7 (Boe T ol T+ S BV

= oo we will have that lim._,o Ag(e) = 0, so we don’t

A < max.
{83})%0 P(D1)B2 + wy_ 2f2 n=2((Boe"z + o(e"T )w—f—z Vi)2dz:
z ,82wn 1f 2 n ldazl
< max + o(e).

k—1 _
Biki= Zj:l ﬁ?wn—Z ff& Vj2pn_2d$1
2

Recalling that Vi, .., Vi1 are eigenfunctions of the problem , by the variational char-
acterization of the eigenvalue of the problem . we ﬁnally conclude that

Z 62“)71 1]‘ V/ 2 n ldﬂ?l
Qp_1 = max

{/Bj}?;ll Zj;l ﬁ?wn,2 f_QA VjQpn*Qd$1
2

and this concludes the proof. O
We are ready to prove Theorem

Proof of Theorem[1.3. From the second part of Lemma [3.1, Lemma [3.7] and Lemma [3.8]
we finally conlclude that for all k£ > 2 we have

oy ~ag_1e+o(e) as €—0.
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We prove the convergence of the eigenfunctions, showing that Vi must be the (k — 1)-th
eigenfunction of problem . From Lemma we know that V}, satisfies the Dirichlet
boundary conditions, it remains to prove the fact that Vj satisfies the eigenvalue equation.
We use the variational formulation of the Steklov problem using the following test function
¢ € C®(—L, L) (we constantly extend ¢ in the last variables z’), we obtain:

2732
dug, 0¢ / 1
—dx = o¢ uLodH" .
T. 0361 8331 k aTee k¢

We make the following change of variable y; = z1 and 3’ = ex’ in the right hand side
of the variational formulation, using the formula for the surface measure in the right
hand side we obtain

ovs, 0 ote" T
k99 dy = & / / ) uy(x1, ep(x1)) @ 214 e2p2dx1dpr...dpy,— 2)
—L Jopr

7, Oy1 Oy (z1)

ep(zy)

= / / y (@1, p(an))d(x1)p" 2V 1 + p%dzidipy..dpn ),
—2 JOB" - (=1)
p(1)

where p(x;) are the spherical coordinates that describes 8B;L(;1)(a:1). Now we let € goes
to 0, recalling that v§ — V, in H'(T1) and 0§ ~ aj_1€ + o(€) we obtain

L

8V 99 2 _
71 9Y1 OY1 -L
Now integrating by part the left hand side, we finally obtain
7 d d B
2
—Wp—1 / . —(p" ! 7 —Vi)pdry = ap_q / Wn—2p" 2 Vipda,.

—L dx x1 L

This relation is true for every test function ¢ € Cgo(—%, %) so we have

_wnflﬁ(p Ha)— dr (2)) = ap_1wn—2p" *(2)Vi() e (- 3 5),

and Vi,(—%) = Vj(5) = 0. Using the same argument as at the end of proof of Theorem
we conclude that the result is true for all the sequence {€,}>2 ;. This concludes the
proof. O

4. THE CASE n > 3 AND k= 1. PROOF OF THEOREM [I.3]

In this section we prove Theorem [I.3]

4.1. Convergence of the eigenfunctions. From Lemma we know that
ui — Ci1 in Hl(Dl),
uj — ¢;2 locally uniformly in  D;,

We also know that c11 > 0 > ¢2,1, this information letting us to improve Lemma .
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Lemma 4.1. Let n > 3 and let Q. C R™ be a dumbbell shape domain. There exists a
constant C > 0 such that

faTE (Ui)Qd%n_l

(37) 111:1 j(l)lp o <C

Proof. By contradiction we suppose

(38) Nem2 < / (u§)?dH™ ' YN eN.
T

Using the same argument in the proof of Lemma [3.4] we conclude that

e/ (ui)2d’H"1§/ (ui)2dx+62/ |V s | dex.
aTe Te

e
€

from this inequality, the fact that of < C'e"~! and inequality we finally have
N
o < [ (u§)?dz YN eN.
2 Te
We know that c¢11 > 0 > co1, repeating all the arguments in the first part of the proof of
Lemma we obtain that

CNev ' < [ |Vu{?dz VN €N,
E.
where E. is the extended tube defined in . This is a contradiction with the fact that
< n—1 O
o] < Ce" .
We introduce the following function
v{(x1,2") = uf(z1,ex’) V(x1,2') € Ty.

Lemma 4.2. Let n > 3 then there exists V1 € H*(T}) such that (up to a sub-sequence
that we still denote by v§)

Uiévl m Hl(Tl)
and V1 depends only on the variable 1.

Proof. We start with the bound of |[Vv{|[z2(1)

oviN2 1 1
|Vo§ | dx < / (—1> + 3|V$/vf|2da: =— / |Vus|?dy < C
Ty T 81‘1 € en T.
where we did the change of coordinates y; = x1, ¥ = ex’ and the last inequality is true
because of (19). We want now to bound |[|vf]| r2(1;)- Following the computations in the
proof of Lemma, [3.4] we obtain

@) [VuiPdH"™ + [opn-1 () (w))?dH" 2

1 2 JB, oot
/ (U§)2d$ = — / (Ui)Qda? < /2 p(z1 - — p(=1)
Te € Te ,% en— Al(BEp(l‘l)(xl)’ 1)

c .
n_g(/ |Vu§\2dx+/ (S 2dH )
€ e oT¢

<C,

IN
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where the last inequality is true beacuse of and . We conclude that there exist
V1 € HY(Ty) such that (up to a sub-sequence that we still denote by v$)
i =V, in HY(Ty).
We finish the proof by showing that V; does not depend on z; for all 4 > 2, indeed

os\2, 1 O » ,
/7;1 (8.%.2) dx—ﬁn_3L€(axl) dl’SCG — 0.

0

We denote by V; the restriction to the x; variable of the function V; and we introduce
the extended tube E, (see (28)). In the next Lemma we find the boundary conditions of
V.

Lemma 4.3. Let n > 3 and let V1 be the restriction to x1 of the limit eigenfunction Vi
in Lemma[{.3 then Vi is continuous and
L L
Vl(‘g) =c1,1 and Vl(g) =C2,1-

Proof. The first point is immediate because we know that, if we consider the extended tube
Ei, Vi € HY((-5 — &% +¢)), by classical embedding theorem we have V; € C((—% —

&, %—i—ﬁ )). We prove the second point, we know, from Lemma that u{ locally uniformly
converge to c1,1 in Dy. From this fact we have that

L L L
Uf(—g —46,0) = Ui(—g —6,0) > c11= V1(—§ —9) V&E>0>0.

From the continuity of V7 we conclude that

L. L
Vi(=3) =lmVi(=5 —d) =ci1.

Using the same techniques we obtain also Vl(g) =co1. ]

4.2. Proof of Theorem In this section we prove Theorem [I.3] We will show that
the bound from above given in the first part of Lemma[3.1]is actually the right asymptotics.
In particular the following result holds.

Lemma 4.4. Let n > 3 then, for e small enough

(39) oS > o1 4 o(e" )

where a1 is the positive number such that the following differential equation has a solution:
—wn1 g (PN (@) G (@) =0 we (-5 %)
P3G (=) = — g2 P(D)VA(= %)
PR @ (3) = SIS PDVA(E).

Wn—1

Proof. From the variational characterization of the first Steklov eigenfunction we have:
er |Vu§|?dx oo fo [Voi|*da
= > € — .
fage (ug)?dHr—t faDanDQ (ug)?dH" " + o(e)

i
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From this inequality and the convergence results, in particular Lemmas and
we obtain

wnlf (V])?pn—Lldx

ol >t + 0(6”71) > "oy + o(enfl),
! P(Dy)V <—§> + P(Do)VR()

where o1 > 0 is the positive number such that the following differential equation has a
solution: J w L.
—wn-17; (0" (@) G () = re(-355)

PR = 2 PDOOVI-)

Now we are ready to prove Theorem [I.3]
Proof of Theorem[I.3 From the first part of Lemma [3.1] and Lemma [£.4] we get that
of ~ore P o(e™ ) as e — 0,

We use the variational formulation of the Steklov problem using the following test function
¢ € C®(—L, L) (we constantly extend ¢ in the last variables z), we obtain:

2172
ous 0 [ .
——dzx = ot ujodH" .
/TE Oy Oy * Jore 19

We perform the following change of variable y; = x7 and 3 = ez’ in the right hand side
of the variational formulation, using the formula for the surface measure in the right
hand side we obtain

L
ov§ 0 ot 2
: ﬁdy = k(/ / ) ug,(z1,€p(21))@ 2V 1+ 2p2dzidr...dpn—2)
oB"~

T 0y1 Oy € J(21)

2 ep(zy
L
0' 2 B
= / /M,n » vi (@1, p(x1))d(21)p" 2V 1 + 2p2dw1dpr..dipn—2),
p(z1) (1)

where p(x1) are the spherical coordinates that describes 0B i )(xl)
We let € goes to 0, recalling that v{ — V1 in H'(T}) and the fact that of ~ o1e" ! +
o(e€""1) we obtain
oV 0¢
—d
7 Oy Oy
Integrating by parts in the left hand side, we finally obtain

= 0.

This relation is true for every test function ¢ € C° (—%, %) so we have that V; and oy

must have to satisfy the following differential equation

d, o dVi

(40) -~ @) =0 we (-

)-
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In order to find the boundary conditions for this equation we use the variational for-
mulation with a test function v defined on all 2. and which depends only on x1,

01 0¥ 1 = o¢ / uSpd ML
00

Qe 8.%‘1 833‘1
We recall that u{ uniformly converge to c¢;; in D; and to ca1 in Ds, so we extend the
functions v{ to be equal to u{ in D; and the same for Dy. From Lemma we have that
v = ci1 = Vl(— %) in Dy and v{ = c21 = V3 (%) in Dy. We repeat all the computations
that we did above and we obtain

3 AV dip L L
n—1 1 _ b n—1 H n—1
wn_l/ " dxldxl_al(vl( 5) - vdH™ +VA(3) aD21/zd7-L ).

ol

Integrating by parts in the left hand side and recalling (40)), we finally obtain
4, L .dvi L. L 4, L. dVi, L L
n—1,~2\*"1l =~ el W 2 W i o S Y =
UGG - ) T - 0=5)
L L
=01 (Vl( — *) / ¢dHn_1 + ‘/1(*) / wd'Hn_l)
27 Jap, 27 Jap,

We choose the test function such that v» = 1 in D; and ¢ = 0 in Dy and we deduce the
first boundary condition

L. dVvy, L o1 L
—5) (-5)=- P(Dl)V1(—§)-

% 2 Wn—1
Similarly if we choose the test function such that ¢» = 0 in D; and ¥ = 1 in Dy we get the
second boundary condition

n—l(

L d»
2
We finally obtain the following differential equation

o (T @B @) =0 we (54

L o1
2 _wnfl

il PDAVA()

PN =5 G (= 5) = =P P(D)VA(— %)
PN E)EH(5) = G2 P(D2)VA(5).

Using the same argument as at the end of proof of Theorem we conclude that the
result is true for all the sequence {€,}3° . This concludes the proof. ]
5. APPLICATION: COUNTER-EXAMPLE TO A SPECTRAL INEQUALITY

We consider the Neumann eigenvalue problem
—Avg = pgvg Q
Oy, =0 o9.

During the writing of the paper [9] came the following question: is it true that the in-
equality
1| > o1 P(),
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holds for any plane domains? For several domains like balls, annulus, rectangles, convex
sets with a ratio between the inradius and circumradius large enough, this inequality turns
out to be true.

Nevertheless, the results of [5, [10] implicitly show that the inequality can not be true in
general, its failure coming either from highly oscillating boundaries or from the presence
of a large number of small holes.

Our aim in this section is to provide another counter-example which is simply connected
and do not have an oscillating boundary, for which the reverse inequality holds:

M1|Q| < Ulp(ﬂ)

Consider the domain . C R? constructed as follow, D; and D, are two balls such that
|Di| = |D2| =1 and p = 1 constantly.

FI1GURE 3. Dumbbell shape domain in n = 2, with p = 1.

One can compute the eigenvalues of problem , which becomes

— Vi) = oy Vi)  we (—L, L)
We(_Ly = _ % p(Dy)Vi(— L)
D (L) = 2% P(Dy)Vi(5).

The general solution has the following form Vj, = A cos(wyz) + B sin(wyx) where w? = ay,
and the boundary conditions give us the following equations for the unknowns A and B,

A(sin(wg L) + wp P2 cos(wy £)) + Blcos(wy k) — w, PP sin(wy L)) = 0

A(— Sin(wkg) — wk@ cos(wk%)) + B(cos(wkg) — wk@ sin(wkg)) =0.

In order to have non trivial solutions the determinant of this 2 x 2 system must be equal
to 0, so we obtain that wy, must be satisfies the following transcendental equation

_ wiP(Dy)P(Dy) —4
(41) cot(wiL) = 2w]Z(P(D1) P(Dy)

We know that of ~ o€, where oy = w% where wj is the first value for which the
equation holds.
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By choosing, in the variational formulation, a test function which is constant on each

4

disk and affine in the tube, we can prove that uj < 7€, so we conclude that

’95’ ILLE <
P(Q)" "

N L)Le + o(e).

If we prove that there exists L > 0 such that:

4

2vr+ L)L

< o

we conclude that there exists € such that

15106 < 0T P ().

We introduce the following function

w?r — 1

flw) = cotfwE) =TI,

an easy computation shows that

0< flz) V 0<x<i—2<:> L>z(\/§+1)7r%.

So we conclude that for all L such that L > %(\/ﬁ + l)ﬂ'% we have

- 92 . 4
N=1612 7 (oym+ L)L

providing the desired counter-example.
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