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Abstract

We consider in dimension 3 a homogeneous superfluid at very low temperature T having two types of excitations,
(i) gapless acoustic phonons with a linear dispersion relation at low wave number, and (ii) gapped γ quasiparticles
with a quadratic (massive) dispersion relation in the vicinity of its extrema. Recent works [Nicolis and Penco (2018),
Castin, Sinatra and Kurkjian (2017, 2019)], extending the historical study by Landau and Khalatnikov on the phonon-
roton interaction in liquid helium 4, have explicitly determined the scattering amplitude of a thermal phonon on a γ
quasiparticle at rest to leading order in temperature. We generalize this calculation to the case of a γ quasiparticle
of arbitrary subsonic group velocity, with a rigorous construction of the S matrix between exact asymptotic states,
taking into account the unceasing phonon-phonon and phonon-γ interaction, which dresses the incoming and emerging
phonon and γ quasiparticle by virtual phonons; this sheds new light on the Feynman diagrams of phonon-γ scattering.
In the whole domain of the parameter space (wave number k, interaction strength, etc.) where the γ quasiparticle is
energetically stable with respect to the emission of phonons of arbitrary wavevector, we can therefore characterize
the erratic motion it performs in the superfluid due to its unceasing collisions with thermal phonons, through (a)
the mean force F(k) and (b) longitudinal and transverse momentum diffusion coefficients D�(k) and D⊥(k) coming
into play in a Fokker-Planck equation, then, at long times when the quasiparticle has thermalized, (c) the spatial
diffusion coefficient Dspa, independent of k. At the location k0 of an extremum of the dispersion relation, where
the group velocity of the quasiparticle vanishes, F(k) varies linearly with velocity with an isotropic viscous friction
coefficient α that we calculate; if k0 = 0, the momentum diffusion is also isotropic and F(k0) = 0; if k0 > 0, it is
not (D�(k0) , D⊥(k0)), and F(k0) is non-zero but subleading with respect to α by one order in temperature. The
velocity time correlation function, whose integral gives Dspa, also distinguishes between these two cases (k0 is now
the location of the minimum): if k0 = 0, it decreases exponentially, with the expected viscous damping rate of the
mean velocity; if k0 > 0, it is bimodal and has a second component, with an amplitude lower by a factor ∝ T , but
with a lower damping rate in the same ratio (it is the thermalization rate of the velocity direction); this balances that.
We also characterize analytically the behavior of the force and of the momentum diffusion in the vicinity of any sonic
edge of the stability domain where the quasiparticle speed tends to the speed of sound in the superfluid. The general
expressions given in this work are supposedly exact to leading order in temperature (order T 8 for F(k), order T 9 for
D�(k), D⊥(k) and F(k0), order T−7 for Dspa). They however require an exact knowledge of the dispersion relation of
the γ quasiparticle and of the equation of state of the superfluid at zero temperature. We therefore illustrate them in
the BCS approximation, after calculating the stability domain, for a fermionic γ quasiparticle (an unpaired fermion)
in a superfluid of unpolarized spin 1/2 fermions, a system that can be realised with cold atoms in flat bottom traps;
this domain also exhibits an interesting, unobserved first order subsonic instability line where the quasi-particle is
destabilized by emission of phonons of finite wave vectors, in addition to the expected sonic instability line resulting
from Landau’s criterion. By the way, we refute the thesis of Lerch, Bartosch and Kopietz (2008), stating that there
would be no fermionic quasiparticle in such a superfluid.
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1. Position of the problem and model system considered

Certain spatially homogeneous three-dimensional superfluids present at arbitrarily low temperature two types of
excitations. The first type corresponds to a branch of acoustic excitation, of angular eigenfrequencyωq tending linearly
to zero with the wave number q,

ωq =
q→0

cq

1 +
γφ

8

(
~q
mc

)2

+ O(q4 ln q)

 (1)

where c is the speed of sound at zero temperature, m the mass of a particle of the superfluid and γφ a dimensionless
curvature; this branch is always present in a superfluid subjected to short-range interactions, and the associated quanta
are bosonic quasiparticles, the phonons, denoted by φ. We recall the exact hydrodynamic relationship mc2 = ρdµ/dρ
where µ is the chemical potential and ρ the density in the ground state. The second type of excitation is not guaranteed:
it corresponds to quasiparticles, called here γ for brevity, presenting an energy gap ∆∗ > 0 and a behavior of massive
particle, i.e. with a parabolic dispersion relation around the minimum:

εk =
k→k0

∆∗ +
~2(k − k0)2

2m∗
+
~2(k − k0)3b

3m∗
+ O(k − k0)4 (2)

The effective mass m∗ is positive, but the position k0 of the minimum in the space of wave numbers can be positive or
zero depending on the case; the coefficient b has the dimension of a length and is a priori nonzero only if k0 > 0. The
excitations of the two types are coupled together, in the sense that a γ quasiparticle can absorb or emit phonons, for
example.

At zero temperature, a γ quasiparticle of wave number k fairly close to k0, therefore of energy fairly close to ∆∗,
has a sufficiently low group velocity, in particular lower than the speed of sound, and cannot emit phonons without
violating the conservation of energy-momentum, according to a fairly classic argument due to Landau, at least if there
is also conservation of the total number of quasi-particles γ, as is the case for an impurity, i.e. an atom of another
species in the superfluid, or of the parity of this total number, as is the case for an elementary fermionic excitation of
the superfluid (a known counterexample to the purely kinematic argument of Landau is that of the biroton in helium 4,
whose dispersion relation is of the form (2) with k0 = 0 and which can decay into phonons [1, 2]). The quasiparticle
is then stable and moves forward in the fluid in a ballistic manner, without damping.

At a nonzero but arbitrarily low temperature T , the acoustic excitation branch is thermally populated, so that a
phonon gas at equilibrium coexists with the superfluid. The γ quasiparticle, which was stable at zero temperature,
now undergoes random collisions with the phonons and performs a random walk in momentum space ~k. In the
quasi-classical limit where the width ∆k of the wave number distribution of γ is large enough, so that the coherence
length 1/∆k of γ is much lower than the typical wavelength of thermal phonons,

1
∆k
�

~c
kBT

(3)

we can characterize this random walk by a mean force F(k) and a momentum diffusion matrix D(k) inserted in
a Fokker-Planck equation. The γ quasiparticle also performs a random walk in position space, a Brownian motion,
which is characterized at long times by a spatial diffusion coefficientDspa. The objective of this work is to calculate the
force and the diffusion to leading order in temperature, for any value of the wave number k where the γ quasiparticle
is stable at zero temperature. For this, it is necessary to determine the scattering amplitude of a phonon on the
γ quasiparticle to leading order in the wave number q of the phonon for any subsonic speed of γ, which, to our
knowledge, has not been done in the literature; references [3, 4] are for example limited to low speeds, as evidenced
by the rotonic action (30) of reference [3] limited to the first two terms of our expansion (2).

Several systems have the two types of excitations required. In the case of a bosonic system, one immediately thinks
of superfluid liquid helium 4, the single excitation branch of which includes both a linear acoustic departure at zero
wave number and a quadratic relative minimum at nonzero wavenumber k0; the massive γ quasiparticle associated
with the minimum is a roton according to the terminology used. Although there is no conservation law of their
number, the rotons of wave number k close to k0 are stable with respect to the emission of phonons of arbitrary wave
vectors [3]. In the case of a fermionic system, come to mind the cold atom gases with two spin states ↑ and ↓: in
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the non-polarized gas, that is to say with exactly the same number of fermions in each spin state, at sufficiently low
temperature, the fermions form bound pairs ↑↓ under the effect of attractive interactions between atoms of opposite
spins, these pairs form a condensate and a superfluid with an acoustic excitation branch. A pair-breaking excitation
would create two fragments, each one being a fermionic γ quasiparticle of gap ∆∗ (the half-binding energy of the pair)
and of parabolic dispersion relation around the minimum. To have a single γ quasiparticle present, it suffices to add
to the unpolarized gas a single ↑ or ↓ fermion, which will remain unpaired and form the desired quasiparticle. 1 The
spatially homogeneous case is achievable in a flat-bottom potential box [5, 6, 7, 8].

To fix the ideas, we will make explicit calculations of the stability domain of γ at T = 0, then of the force and
of the diffusion which it undergoes at T > 0, only in the case of a gas of fermionic cold atoms, using for lack of a
better BCS theory, for any interaction strength since the scattering length a between ↑ and ↓ is adjustable at will by
Feshbach resonance [9, 10, 11, 12, 13, 14]. It then seems to us that the random walk of γ in the momentum or position
space is accessible experimentally, since we can separate the unpaired fermionic atom from the paired fermions to
manipulate and image it, by transforming those in strongly bound dimer molecules by fast Feshbach ramp towards
the BEC (Bose-Einstein condensate) limit a → 0+ [15]. In order to make the discussion less abstract, let us outline a
possible experimental protocol:

1. in a flat bottom trap, we prepare at very low temperature a very weakly polarized gas of cold fermionic atoms,
with a little more fermions in the spin state ↑ than in the state ↓; the N↑ − N↓ unpaired fermions give rise to as
many γ quasi-particles in the interacting gas. This idea was implemented at MIT [16]. At this point, the quasi-
particles γ have a momentum distribution ∝ exp[−~2(k − k0)2/2m∗kBT ] and a uniform position distribution.

2. by a slow Feshbach ramp on the magnetic field, we modify the scattering length a between atoms adiabatically,
without putting the gas out of thermal equilibrium. We can thus change at will the position k0 = 0 or k0 > 0 of
the minimum of εk, reversibly. Whenever we want to act on the γ quasi-particles to manipulate their distribution
in momentum or in position space by an electromagnetic field (laser, radiofrequency) without affecting the
bound pairs, or simply to image these distributions [15], we perform a fast Feshbach ramp (only the internal
state of the bound pairs follows, the gas does not have time to thermalize) towards a very weak and positive
scattering length aaction; at this value, the bound pairs exist as strongly bound dimers of electromagnetic field
resonance frequency very different from that of unpaired atoms, which allows the desired selective action, as
was done at the ENS [17]; if necessary, a rapid Feshbach ramp is performed to return to the initial scattering
length.

3. to observe the diffusion in position space (section 4, equation (83)), it is necessary initially to spatially filter the
quasi-particles γ, for example by sending a pushing or internal-state depopulating field masked by an opaque
disc, which eliminates the quasi-particles outside a cylinder (as in point 2 so as not to disturb the bound pairs);
one filters in the same way according to an orthogonal direction, to leave intact a ball of γ quasi-particles in
position space, of which one can then measure the spread over time (as in point 2).

4. to access the mean force and the momentum diffusion (section 4, equation (50)) at wave vector ktarget, we
prepare the γ quasi-particles with a narrow momentum distribution out of equilibrium around k = ktarget, then
we measure as a function of time the mean of k and its variances and covariances. The narrow distribution
results, for example, from a Raman transfer from k ' 0 to k ' ktarget of the quasiparticles in the intermediate
phase a = aaction of point 2, where we have managed to have a distribution centered on the zero momentum by
prior adiabatic passage in a regime k0 = 0.

This would allow, if not to measure, at least to constrain the scattering amplitudeA between phonons and γ quasipar-
ticle, on which F, D and Dspa depend. There is a strong motivation for this: the exact expression of this amplitude to
leading order in q is not yet unanimous, references [3] and [4] remaining in disagreement, even if we take into account
as in the erratum [18] the interaction between phonons omitted in [4], and the experiments have to our knowledge not
yet settled the problem [19]. We will take advantage of this to make more convincing and more solid the computation
ofA from the effective low-energy Hamiltonian of reference [4].

1. At nonzero temperature, there is a nonzero fraction of thermally broken bound pairs, but it is a O(T ν exp(−∆∗/kBT )) (ν = 1/2 if k0 > 0,
ν = 3/2 if k0 = 0) which we neglect in the following.
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2. Stability domain in the momentum space of the γ quasiparticle at T = 0

Let us consider a γ quasiparticle of initial wave vector k in the superfluid at zero temperature, therefore in the
initial absence of phonons or other excitations, and study the stability of this quasiparticle with respect to the emission
of excitations in the superfluid. In this part, for illustrative purposes, we assume that the number of γ quasiparticles is
conserved, except at the end of the section where it is conserved modulo 2, and we use mean field dispersion relations
for the γ quasi-particle and the phonons (in this case, BCS theory and Anderson’s RPA), with real values.

Emission of phonons. First, the γ quasiparticle can a priori emit any number n ≥ 1 of phonons of wave vectors qi,
1 ≤ i ≤ n, recoiling to conserve momentum. The corresponding energy change is equal to

∆E = εk−
∑n

i=1 qi +

 n∑
i=1

~ωqi

 − εk (4)

where we note indifferently ωq or ωq the angular frequency dispersion relation of phonons and εk or εk the energy
dispersion relation of the γ quasiparticle. When the qi span the existence domain D∗ of the acoustic branch, and that
n spans N∗, the energy εk + ∆E of the final state spans an energy continuum. There are thus two possible cases: (i)
∆E is always positive, the energy εk is at the lower edge of the continuum, 2 the initial state |γ : k〉 of the quasiparticle
remains a discrete state and γ is stable at the considered wave vector k; (ii) ∆E is not always positive, the initial energy
εk of the quasiparticle is inside the energy continuum, the resonant emission of phonons (with ∆E = 0) is possible,
the initial state |γ : k〉 dilutes in the continuum and gives rise to a complex energy resonance, and the γ quasiparticle
is unstable at the considered wave vector k.

To decide between the two cases, we must determine the lower edge εk + ∆Einf(k) of the continuum, minimizing
∆E on the number and the wave vectors of the emitted phonons. This minimization can be carried out in two stages:
with a fixed total wave vector of emitted phonons, Q =

∑n
i=1 qi, the energy is minimized to obtain an effective acoustic

dispersion relation 3

~ωeff(Q) = min
n∈N∗

min
{(qi)1≤i≤n∈Dn |

∑n
i=1 qi=Q}

n∑
i=1

~ωqi (5)

then we minimize on Q:

∆Einf(k) = min
Q

∆E(Q) with ∆E(Q) ≡ εk−Q − εk + ~ωeff(Q) (6)

If ∆Einf(k) < 0, the γ quasiparticle is unstable at the wave vector k, otherwise it is stable. It is instructive to carry out
a local study at low emitted total wave number Q: from the behavior (1) and the simplifying remarks which follow,
we derive ωeff(Q) =

Q→0
cQ + O(Q3) which leads to the expansion

∆E(Q) =
Q→0

~cQ(1 − |vk/c|) +
1
2

Q2 d2εk

dk2 + O(Q3) (7)

where the direction of Q, chosen to minimize the energy, is that of k if the group velocity vk = dεk/~dk of the γ
quasiparticle is positive, and that of −k otherwise. This provides a first, well known scenario of instability: if the γ
quasiparticle is supersonic (|vk | > c), it can slow down by emitting phonons of arbitrarily low wave number. If the
transition from an interval of k where γ is stable to an interval of k where γ is unstable takes place according to this
scenario, that is to say by crossing the speed of sound in the critical number kc, ∆Einf(k) varies quadratically in the
neighborhood of kc on the unstable side, according to the law deduced from equation (7) 4:

∆Einf(k) =
k→kc
−

1
2

d2εk

dk2

∣∣∣∣
k=kc

(k − kc)2 + O(k − kc)3 (8)

2. To see it, it is enough to make the qi tend to zero in the expression of ∆E.
3. Since the existence domain D∗ does not contain the zero wave vector, we must in principle take the infimum on the qi. We reduce ourselves

to taking a minimum by adding the non-physical zero vector to D∗, D = D∗ ∪ {0}, and by extending ωq by continuity, ωq=0 = 0.
4. The simplified notation ∆Einf (k) takes advantage of the rotational invariance of ∆Einf (k). Very close to kc, on the supersonic side, the

quadratic approximation (7) reaches its minimum in Q0(k) = (|vk |/c − 1)~c/(d2εk/dk2), and this minimum is equal to ∆Einf (k) = −[~c(1 −

|vk |/c)]2/(2d2εk/dk2). It remains to linearize the group velocity in the vicinity of k = kc, ~vk ' ±~c +
d2εk
dk2 |k=kc (k − kc), to obtain (8).
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Figure 1: The different scenarios of destabilization of a massive γ quasiparticle of wave number k by emission of phonons in a superfluid when the
total number of γ is conserved and the dispersion relations are real (like those of mean field theories). (a) The group velocity vk of the quasiparticle
changes from subsonic to supersonic when k crosses kc (for example from left to right); the change of energy ∆E(Q) at the emission of a fixed
total phonon momentum ~Q (see equation (6)) is minimal in Q = 0 for k < kc and in Q = Q0(k) , 0 for k > kc, where the modulus Q0(k)
tends linearly to zero when k → k+

c , as in (a1); the absolute minimum ∆Einf (k) of the energy change deviates from zero quadratically near kc
and the destabilization is second order, as in (a2). (b) The group velocity vk remains subsonic when k crosses kc, but the minimum of ∆E(Q) in
Q = Q0(k) , 0, which was only relative for k < kc, becomes absolute (and negative) for k > kc, as in (b1); ∆Einf (k) deviates from zero linearly and
the destabilization is first order, as in (b2). In (a1) and (b1), the figure is drawn in Q space along the direction of k or −k, depending on whether
the group velocity v|k−Q0(k)| of γ after emission is > 0 or < 0 (this is the direction of the minimizer Q0(k) if Q0(k) > 0, see footnote 6, and the one
chosen in equation (7) otherwise).

For the internal consistency of this scenario, the second derivative of εk must be positive in k = kc: we have |vkc | = c
and ∆E(k = kc,Q) must reach its minimum in Q = 0; otherwise, the transition to ∆Einf(k) < 0 would have taken
place before the sonic threshold. We are therefore dealing here with a second order destabilization, see figure 1a. A
second scenario of instability is that the group velocity remains subsonic but that ∆E(Q) admits an absolute negative
minimum in Q0(k) , 0: the γ quasiparticle reduces its energy by emitting phonons of necessarily not infinitesimal
total momentum. When k passes from the stable zone to the unstable zone, the position of the minimum of ∆E(Q)
then jumps discontinuously from zero to the nonzero value Q0(k) in k = kc, ∆Einf(k) varies linearly in the vicinity of
kc on the unstable side 5 and the destabilization is first order, see figure 1b. 6

Let us explicitly determine the stability map of a γ quasiparticle in a pair-condensed gas of fermions, using the
approximate BCS theory. The dispersion relation of the γ quasiparticle is then given by

εk =

(~2k2

2m
− µ

)2

+ ∆2

1/2

(9)

where m is the mass of a fermion, µ is the chemical potential of the gas and ∆ > 0 its order parameter. If µ > 0, the
minimum of εk is reached in k0 = (2mµ)1/2/~ > 0, is equal to ∆∗ = ∆ and leads to an effective mass m∗ = m∆/2µ.
If on the other hand µ < 0, the minimum of εk is reached in k0 = 0, is equal to ∆∗ = (∆2 + µ2)1/2 and leads to the
effective mass m∗ = m∆∗/|µ|. The phonon dispersion relation is deduced from Anderson’s RPA or, which amounts
to the same thing, from time-dependent BCS theory linearized around the stationary solution. It has been studied in
detail in references [20, 21, 22]. Let’s just say that it has a rotationally invariant existence domain D of the connected
compact form q ≤ qsup for a scattering length a < 0 (that is 0 < ∆/µ < 1.162 according to BCS theory), of the two-
connected-component form q ≤ qsup and q ≥ qinf > qsup for 1.162 < ∆/µ < 1.729, and given by R3 for ∆/µ > 1.729

5. Assuming Q0(k) collinear to k (see footnote 6), we take the derivative of ∆Einf (k) = ∆E(k,Q0(k)) with respect to k (with obvious notations)
and we use the fact that ∂Q∆E = 0 in Q = Q0(k) to obtain d∆Eint(k)/dk = ∂k∆E(k,Q0(k)), which a priori has a nonzero limit in k = kc (if the
group velocities of γ differ before and after the phononic emission).

6. By isotropy, only the first contribution to ∆E(Q) in equation (6) depends on the cosine u of the angle between k and Q. For k > 0 and Q =

Q0(k) > 0 fixed and u spanning [−1, 1], two cases arise. (i) ∆E(Q) is minimal at the edge u = 1 or u = −1 (Q0(k) and k are collinear): its derivative
with respect to u is not necessarily zero at the minimum, but must be negative or positive respectively; one has dεk−Q/du = (−~kQ/|k − Q|)v|k−Q|
hence the sign of the final group velocity of the quasi-particle stated in the caption of figure 1. (ii) ∆E(Q) is minimal in u0 ∈] − 1, 1[ (k and Q0(k)
are not collinear); then dεk−Q/du is zero at the minimum and we are in the particular case v|k−Q0(k)| = 0; by expressing further the vanishing of the
first differential ∆E(Q) with respect to Q in Q0(k), we find that the phononic group velocity must also be zero , dωeff (Q0(k))/dQ = 0; the positivity
of the second differential requires that εK and ωeff (Q) have a minimum in K = |k −Q0(k)| and Q = Q0(k).
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or µ < 0. The calculation of ~ωeff(Q) by numerical energy minimization on the number of phonons n and their wave
vectors qi at fixed total wave vector Q, as in equation (5), is facilitated by the following remarks: 7

(a) if D is connected, we can impose without losing anything on the energy that all qi are collinear with Q and of
the same direction, as we do in the continuation of these remarks. It remains to minimize on n and the wave
numbers qi.

(b) if ωq is concave over the interval [qa, qb], and two test wave numbers qi and q j are in this interval, we lower
the energy at fixed Q by symmetrically moving them apart from their mean value (qi + q j)/2 until one of the
two wave numbers reaches qa or qb. If there were s ≥ 2 test numbers in the interval, we are thus reduced to a
configuration with sa wave numbers in qa, sb in qb and zero or one in the interval.

(c) if ωq is convex over the interval [qa, qb], and two test wave numbers qi and q j are in this interval, we lower the
energy at fixed Q by making them converge symmetrically towards their average value (qi + q j)/2. If there are
more than two test numbers in the interval, they are all coalesced to their average value.

(d) if in addition qa = 0, the energy is lowered at fixed Q by replacing the coalesced test wave number Qcoa by a
divergent number S of phonons of identical infinitesimal wave numbers Qcoa/S , which allows us to linearize
the dispersion relation in q = 0 and leads to the coalesced energy ~cQcoa.

Let us give a first example of reduction of the problem in the case 1.221 < ∆/µ < 1.710, by limiting ourselves to
the lower connected component of the existence domain D, the ball of center 0 with radius qsup, where the acoustic
branch presents two inflection points qa and qb [21]: ωq is convex over the interval [0, qa], concave on [qa, qb] and
again convex on [qb, qsup]. We can therefore parametrize the energy of the phonons in this ball as follows,

~ωeff(Q) = ~cQ1 + ~ωq2 + n3~ωq3 or ~cQ1 + n3~ωq3 (10)

with the constraint Q = Q1 + q2 + n3q3 or Q = Q1 + n3q3, Q1 any positive number, q2 ∈]qa, qb[, n3 ∈ N and
q3 ∈ [qb, qsup]. We can simplify further by noting that there can be a phonon q2 only if Q1 = 0. 8 It remains to
numerically minimize ~cQ1 + n3~ωq3 or ~ωq2 + n3~ωq3 with respect to the remaining independent parameters. Let
us give two other examples: in the case ∆ > 1.729µ or µ < 0, the acoustic branch exists and is convex on all R+, so
that ~ωeff(Q) = ~cQ; in the case 0 < ∆/µ < 0.869, the acoustic branch is concave over its entire existence domain
q ∈]0, qsup], so that ~ωeff(Q) = ~ωQnqsup + n~ωqsup where n is the integer part of Q/qsup. In practice, even in the RPA
approximation, there is no known analytical expression of ωq. However, for the stability study of γ, we generally need
to know the acoustic branch over its entire domain of existence, not just at low q; we therefore reuse the numerical
results on ωq obtained in reference [22].

The stability map obtained in the plane (wave number, interaction strength) in the case µ > 0 is shown in figure 2a.
The stability domain is limited lower right of k = k0 by the asymptotically parabolic positive sonic destabilization line
vk = c, 9, to the left of k = k0 first by the first order destabilization line CS then by the negative sonic destabilization
line SA (on which vk = −c). The ascending part BS of this sonic line (dashed line in the figure), is masked by the
instability at finite Q and therefore has no physical meaning. We note that the dispersion relation (9) has a parabolic
maximum in k = 0 (here µ > 0): the corresponding massive quasiparticle is sometimes called maxon. BCS theory
therefore predicts that the maxon is stable for fairly strong interactions, ∆/µ > (∆/µ)C ' 0.35. In the opposite limit of a
weak interaction, the stability domain is reduced to the narrow interval centered on k0 and of half-width m∆/

√
2~2k0.

7. Here are brief justifications, knowing that ωq is an increasing positive function of q. (a): if D = B(0, qsup) and P projects orthogonally on
Q, then (i) D is stable by the action of P, (ii) the substitution qi → Pqi does not change the total wave vector and does not increase the energy;
we can therefore limit ourselves to qi collinear with Q. If qi and q j are collinear but with opposite directions, with qi ≥ q j, we lower the energy
with fixed total wave vector (without leaving D) by the substitution (qi,q j) → (qi + q j, 0); we can therefore limit ourselves to qi collinear with Q
and in the same direction. (b), (c): if qi < q j are in a concavity (convexity) interval of ωq, and we set Qi j = qi + q j, the function q 7→ ωq + ωQi j−q
is of positive (negative) derivative in q = qi < Qi j/2, because the derivative of ωq is decreasing (increasing), so we lower the energy by reducing
(increasing) qi at fixed Qi j.

8. If Q1 > 0 in the presence of a phonon q2, let’s perform the variation (Q1, q2) → (Q1 + η, q2 − η) where η is infinitesimal of any sign.
The corresponding energy change in (10) is δE = ~[c − v(q2)]η + (1/2)~[dv(q2)/dq]η2 + O(η3), where v(q) = dωq/dq is the group velocity of the
phonons. δE must always be positive since we deviate from the minimum energy. The coefficient of η must therefore be zero, which is not excluded
a priori; that of η2 must be positive, which is prohibited by the strict concavity of the acoustic branch in q2. If Q1 = 0, η is necessarily positive and
this reasoning only imposes v(q2) ≤ c.

9. For µ > 0, we find ∆/µ ∼ y(k/k0)2 if k/k0 → +∞ at fixed vk/c = 1. Here y ' 1.828 is the positive solution of y(1+y2) = 2∆

mc2

∣∣∣∣
µ=0

= 3(Y+1/Y)

with Y = π2/[2Γ4(3/4)].
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Figure 2: Stability map of a fermionic γ quasiparticle in a non-polarized pair-condensed gas of fermions at zero temperature, in the plane (wave
number k of γ, interaction strength), predicted by BCS theory. (a) Case of a chemical potential µ > 0. (b) Case of a chemical potential µ < 0. (c)
Enlargement of the case (a) around the critical point S, after refocusing on S (δk = k − kS and δ∆ = ∆ − ∆S with kS ' 0.731kµ and ∆S ' 0.408µ);
in solid lines, the results of (a) [the green line is actually an interpolation of the points (circles) actually calculated, which correspond to the values
of ∆/µ of reference [22] for which the dispersion relation q 7→ ωq of the RPA has been determined numerically], in dotted lines the quadratic
departures (13) with A ' 1.121 k−1

µ , B ' 14.178 µk−3
µ ,C ' 5.929 µk−3

µ . Red: sonic lines vk = ±c of second order destabilization (destabilization
by emission of phonons of infinitesimal wave numbers), where vk is the group velocity of γ and c the speed of sound. In green: first order
destabilization line (destabilization by emission of phonons with finite total wave number). In black: lines of destabilization by breaking a bound
pair ↑↓ [we take (n = 0, s = 1) in equation (16); for µ > 0 and k < 3k0, these are the lower bound cancellation lines in equation (17)]. Dashed lines:
already mentioned destabilization lines that are placed below other destabilization lines and therefore do not change the stability map. k is in units
of kµ = (2m|µ|)1/2/~ (for µ > 0, it is also the wave number k0 minimizing the energy εk of the γ quasiparticle; for µ < 0, k0 = 0). The strength of
the interactions is identified by ∆/|µ|, where ∆ > 0 is the order parameter of the fermion gas.

The case µ < 0, shown in figure 2b, is poorer: the stability domain is simply limited on the right by the positive
sonic line, given by ~k/m = c in the BEC limit (i.e. with a slope 4 at the origin in figure 2b in BCS theory) and by
∆ = y~2k2/2m in the limit µ = 0− (i.e. an asymptotic parabolic law in figure 2b), with the same coefficient y as in
footnote 9.

A study of the destabilization lines in the vicinity of the summit point S of figure 2a can be performed analytically.
The dispersion relation (9) is conveniently considered as a function ε(k,∆) of k and ∆ at fixed scattering length a;
similarly, the acoustic branch is seen as a function ω(q,∆). On the sonic line SA (SB), the second derivative ∂2

kε is
positive (negative), as shown in the discussion below equation (8), and vanishes by continuity at the summit point.
The coordinates (kS,∆S) of S in the plane (k,∆) are therefore deduced from the system

∂kεk |S = −~c|S and ∂2
kεk |S = 0 (11)

Near the critical point S, we find that δk ≡ k − kS and the minimizer Q0(k) are infinitesimals of the first order, while
δ∆ ≡ ∆−∆S is an infinitesimal of the second order. It then suffices to expand ∆E(Q) to order three, using the fact that
Q, infinitesimal of the first order, is antiparallel to k as it is said below equation (7), and that ωeff(Q) = ω(Q,∆) in the
concave case (∆ < 0.869µ) at low Q (Q < qsup),

∆E(Q) =
Q→0

Q
[
A δ∆ +

1
2

B(δk)2
]

+
1
2

Q2B δk +
1
3

Q3C + O(Q4) with


A = ∂k∂∆ε|S + ~∂∆c|S > 0
B = ∂3

kε|S > 0

C = 1
2 B + 3

8~cγφ
(
~

mc

)2
|S > 0

(12)

where the absence of infinitely small terms of the first or second order results from the system (11), coefficient γφ is
that of equation (1) and the signs are predicted by BCS theory. One then obtains the quadratic departure of lines SC
and BSA of point S as in figure 2c: 10

δ∆
SC
∼

δk→0−

(3B − 8C)B
16AC

(δk)2 , δ∆
BSA
∼

δk→0
−

B
2A

(δk)2 (13)

10. Let us write the right-hand side of (12) in the form ∆E = c1Q + c2Q2/2 + c3Q3/3. On the sonic destabilization line, we simply have
c1 = 0. On the first-order destabilization line, there is Qc such that ∆E(Qc) = d∆E(Qc)/dQ = 0, as figure 1b1 suggests, i.e. the discriminant of the
polynomial of degree 3 in Q vanishes, (c1c2/2)2 − (4/3)c3c3

1 = 0; we find Qc = −3c2/4c3, which must be > 0, which imposes δk < 0.
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Although interesting, all these results on the destabilization of γ by coupling to phonons are approximate, let us
remember. They are based on the dispersion relation (9) of the quasi-particle, resulting from the zero-order BCS
theory, which precisely ignores the coupling of γ to the phonons; however, the effect of this coupling on εk is a priori
far from being negligible in the vicinity of an instability of γ, in particular first-order subsonic, as shown in reference
[23]. In this context, an experimental verification in a gas of cold fermionic atoms, to our knowledge never made,
would be welcome.

Non-zero spectral weight. For γ to be a truly stable quasiparticle at wave vector k, it is not enough that its energy εk is
at the lower edge of the energy continuum to which it is coupled by phonon emission. It must also be a quasiparticle,
that is to say it has a nonzero spectral weight. Mathematically, this means that its retarded propagator, considered as a
function of the complex energy z, has a nonzero residue Z in the eigenenergy z = εk. To leading order in the γ-phonon
coupling V̂φγ, the propagator is given by the one-loop diagram of figure 3a:

〈γ : k|
1

z − Ĥ
|γ : k〉 one loop

=
1

z − ε(0)
k −

∫
q<Λ

d3q
(2π)3

|〈φ:q,γ:k−q|Vφγ |γ:k〉|2

z−(~ω(0)
q +ε(0)

k−q)

(14)

The complete Hamiltonian Ĥ and the interaction operator V̂φγ are given by equation (20) of the following section
and their volume matrix elements in Appendix A, in an low-energy effective theory in principle exact in the limit of
low phononic wave numbers [24]. ε(0)

k and ~ω(0)
q are the bare excitation energies and Λ is an ultraviolet cutoff on

the phonon wave number. By taking the derivative of the denominator in (14) with respect to z, and by replacing to
leading order the bare quantities by their effective value, we obtain the residue

Zk
one loop

=
1

1 +
∫

q<Λ

d3q
(2π)3

|〈φ:q,γ:k−q|Vφγ |γ:k〉|2
[εk−(~ωq+εk−q)]2

(15)

In this expression, in the denominator of the integrand, the energy difference cannot vanish for q , 0, by supposed
stability of the γ quasiparticle; it tends linearly to zero when q → 0. In the numerator of the integrand, the matrix
element of V̂φγ tends to zero as q1/2, see equations (A.5) and (A.7) of Appendix A. It is a robust property: it simply
expresses the fact that γ couples directly to the density quantum fluctuations in the superfluid, which are of volume
amplitude (~ρq/2mc)1/2 in the phonon mode of wave vector q (ρ is the average density), as predicted by quantum
hydrodynamics [24]. The integral in (15) is therefore convergent. Thus, at the order considered, in a superfluid gas
of fermions in dimension 3, the effective theory of Landau and Khalatnikov excludes any suppression of the spectral
weight of the fermionic quasi-particle by infrared singularity, whatever the value of the scattering length a or the
interaction strength 11. This directly contradicts and, it seems to us, refutes the conclusions of reference [25], which
is based on a one-loop calculation, but in a microscopic model 12.

To be complete, let us briefly give the predictions of the perturbative result (15) on the behavior of the residue
in the vicinity of the instability threshold k = kc of the γ quasi-particle (on the stable side). In the case of sonic
instability (|vkc |/c = 1), we must now expand the energy difference at the denominator of the integrand around q = 0
one step further, to second order in q; 13 no infrared divergence appears in the integral even for k = kc, the spectral
weight is not suppressed but only exhibits, as a function of k, a (1 − |vk |/c) ln(1 − |vk |/c) singularity. In the case
of subsonic instability (destabilization of the first order), supposing it to be due, to remain within the framework of
approximation (15), to the emission of a single phonon of wave vector Q0(k) , 0 in the linear part of the acoustic
branch (case ωeff(Q0) = ωQ0 ' cQ0), the integral is now dominated by wave vectors q close to Q0(k) , 0, where the
energy difference vanishes at the threshold instability (see figure 1b1); by expanding in the denominator the energy

11. For example, even in the BEC limit kFa→ 0+ and for k → 0, equation (15) predicts a finite correction 1 − Zk ≈ mcΛ2/~ρ.
12. Even if the authors do not not explicitly say so, their approach predicts a divergence ∝ q−1/2 of the matrix element of the φ − γ coupling , as

shown by the explicit integration of their equations (9) and (10) on the Matsubara frequency, i.e. on the energy component of their P quadrivector.
The integral in our equation (15) would effectively present, in this case, a logarithmic infrared divergence.

13. We take in the denominator εk−q+~ωq−εk ' ~cq{1−uek+(q/2k)[(1−u2)ek+u2ekk]}, anticipating the notations (41). If ek → ±1, the integral
over u = cos (̂k,q) is dominated by u ' ±1 and we can approximate u2 by 1, 1−u2 by 2(1∓u), and the factor (u+eρ)2 to the numerator by (1±eρ)2.
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difference to second order in q − Q0(k) around Q0(k), 14 and by approximating the numerator of the integrand by its
value ∝ Q0(k) in q = Q0(k), we find this time that there is a suppression of the spectral weight of the quasi-particle at
the instability threshold: when k → kc, the value of the integral diverges as |∆E(Q0(k))|−1/2 and the residue Zk tends
to zero as |∆E(Q0(k))|1/2. These predictions, in this form, are in agreement with the more advanced, non-perturbative
study of reference [23] on the Green function of an elementary excitation near its instability threshold in a boson gas
(even if this reference emphasizes the dispersion relation of the excitation, not its spectral weight). 15

Emission of broken pairs. Our previous stability discussion only takes into account the emission of phonons. In a
gas of paired fermions, it neglects the fact that the initial fermionic γ quasiparticle can, by collision with bound pairs,
break one or more, say a number s, if it has sufficient energy. In this case, the final state contains n phonons and
2s + 1 fermionic quasi-particles, including the initial quasiparticle which recoiled, and expression (4) of the change
of energy must be generalized as follows:

∆E = εk−
∑2s

j=1 k j−
∑n

i=1 qi
+

 2s∑
j=1

εk j

 +

 n∑
i=1

~ωqi

 − εk (16)

Let us show however that the emission of broken pairs does not change the BCS stability map of figure 2. Suppose
indeed that s ≥ 1. As εk ≥ ∆∗ and ~ωq ≥ 0 for all wave vectors, we have the lower bound

∆E(s,0) ≥ 3∆∗ − εk (17)

So there can be instability by broken pair emission only if εk > 3∆∗. We verify however that, within the framework
of BCS theory, the zone εk > 3∆∗ is strictly included in the unstable zone of phonon emission 16. To be complete, we
calculate and show in black dashed lines in figure 2 the line of destabilization by emission of a broken pair (s = 1 and
n = 0 in equation (16)); it reduces in figure 2a (µ > 0) to εk = 3∆ because k is < 3k0, and in figure 2b (µ < 0) to
εk = 3εk/3 because k 7→ εk is increasing convex.

3. Scattering amplitude of the γ quasiparticle on a low energy phonon

In the problem which interests us, the γ quasiparticle, with an initial wave vector k ensuring its stability at zero
temperature within the meaning of section 2, is immersed in the phonon gas of the superfluid at nonzero but very
low temperature T , in particular kBT � mc2,∆∗. The γ quasiparticle cannot absorb phonons while conserving the
energy-momentum, since its group velocity vk is subsonic. To see it, it suffices to expand the energy variation after
absorption of n phonons of wave vectors qi to first order in qi = O(kBT/~c):

∆Eabs = εk+
∑n

i=1 qi −

εk +

n∑
i=1

~ωqi

 ∼ − n∑
i=1

~cqi

(
1 −

vk

c
k̂ · q̂i

)
< 0 (18)

where we have introduced the directions of the wave vectors k̂ = k/k and q̂i = qi/qi. On the other hand, nothing
prevents the γ quasiparticle from scattering phonons, that is to say from absorbing and reemitting a certain nonzero
number. At low temperature, the dominant process is the scattering of a phonon,

|γ : k, φ : q〉 → |γ : k′, φ : q′〉 with k′ = k + q − q′ and q′ , q (19)

14. In the general case, Q0(k) and k are collinear, see footnote 6. One then takes εk−q +~ωq−εk ' Ck + Ak[1 − (δ̂q · Q̂0(k))2](δq)2 + Bk(δ̂q ·

Q̂0(k))2(δq)2 with δq = q−Q0(k), Q̂ = Q/Q the direction of vector Q, Ak = 1
2K

dεk
dk |k=K + 1

2Q0(k)~
dωq
dq |q=Q0(k), Bk = 1

2
d2εk
dk2 |k=K + 1

2~
d2ωq

dq2 |q=Q0(k),
Ck = ∆E(Q0(k)) and K = |k −Q0(k)|. Whereas Ak and Bk have a finite limit when k → kc, Ck tends linearly to zero.

15. Looking more closely in the subsonic case, ∆E(Q0(k)) approaches zero like |k − kc | for a dispersion relation εk preexisting to phonon
coupling (like that of mean field (9)) and as (k − kc)2 for the true dispersion relation of reference [23] (which takes into account phonon coupling
in a self-consistent way).

16. For µ > 0, we verify first in figure 2a that the line εk = 3∆, that is to say ∆ = |~2k2/2m − µ|/
√

8, is below the lines of instability CSA and
vk = c [the only dubious case is the limit k/kµ → 0, where the dashed line seems to join the green line in ∆/µ = 1/

√
8; the chain of inequalities

∆Es=0
inf (k) ≤ ∆ + ~ω|k−k0 | − εk ≤ 3∆ − εk ≤ ∆E(s,0) allows to conclude, the first inequality coming from the choice n = 1 and q1 = (1 − k0/k)k in

equation (4), the second from ~ωq ≤ 2∆ over the whole existence domain of the acoustic branch [20, 22] and the third from equation (17)]. Then
we check it outside the frame of the figure, using in particular the equivalent given in footnote 9. For µ < 0, we verify numerically that vk > c on
the line εk = 3(∆2 + µ2)1/2, which is obvious in the BEC limit µ→ −∞, and in the limit µ→ 0− taking into account the same footnote 9.
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Figure 3: Useful diagrams resulting from the interaction between γ quasiparticle (straight line or curve) and phonons (wavy line). (a) One-loop
contribution to the propagator of the γ quasiparticle, see equation (14). (b) Contributions to the scattering amplitude |φ : q, γ : k〉 → |φ : q′, γ : k′〉
of a phonon on the γ quasiparticle to leading order in temperature (q, q′ = O(T ) → 0, k fixed); the numbering of (b1) to (b5) corresponds, in this
order, to the terms T1 to T5 of equation (23). (c) Examples of infinite diagrams of order three in the interaction in the perturbative series of the
scattering amplitude (23) between bare states; as an explicit calculation shows, they do not appear in the scattering amplitude (31) between exact
asymptotic states.

whose probability amplitude on the energy shell must now be calculated in the limit q, q′ → 0. 17

The Hamiltonian. For that, we start from the effective low energy Hamiltonian Ĥ obtained by quantum hydrodynam-
ics for the phononic part and by a local-density approximation, valid in the quasi-classical limit (3), for the coupling
between phonons and γ quasiparticle, in the quantization volume with periodic boundary conditions [0, L]3 whose
size will be made to tend to infinity [3, 4, 24, 26]:

Ĥ = Ĥ0 + V̂ with


Ĥ0 = E0 +

q<Λ∑
q,0

~ω(0)
q b̂†qb̂q +

∑
k

ε(0)
k γ̂†kγ̂k

V̂ = V̂φφ + V̂φγ and V̂φγ = Ĥφγ
3 + Ĥφγ

4

(20)

Let us content ourselves here with qualitatively describing the different contributions, since their explicit expressions
are given elsewhere (in particular in Appendix A):

— The interaction-free Hamiltonian Ĥ0 is quadratic in the creation and annihilation operators b̂†q and b̂q of a
phonon of wave vector q, γ̂†k and γ̂k of a γ quasiparticle of wave vector k, operators obeying the usual bosonic
commutation relations for phonons, and fermionic anticommutation relations for the γ quasiparticle of a su-
perfluid of fermions, for example [b̂q, b̂

†

q′ ] = δq,q′ . It involves the bare eigenenergies ~ω(0)
q and ε(0)

k of quasipar-
ticles, which will be shifted by the effect of interactions to give true or effective eigenenergies ~ωq and εk. It
comprises a cutoff Λ on the wave number of the phonons preventing an ultraviolet divergence of these energy
shifts; this is inevitable in an effective low energy theory, which cannot describe the effect of interactions for
large wave numbers. The simplest cutoff choice here is Λ = AkBT/~c, with a constant A � 1; once the φ − γ
scattering amplitude calculated to leading order in temperature, one can make A tend to +∞ without triggering
any divergence, as we will see.

17. On may wonder why γ could not scatter an incident phonon of infinitesimal wave vector q in a finite wave vector mode q′. However, if this
were the case, q′ would have a nonzero limit q′0 when q→ 0 and the process |γ : k〉 → |γ : k − q′0, φ : q′0〉 would conserve energy, in contradiction
with the assumption of stability of the γ quasiparticle.
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— The interaction Hamiltonian V̂ consists of the interaction operator between phonons, denoted V̂φφ, and the
interaction operator between phonons and γ quasiparticle, noted V̂φγ. We omit here the interaction operator
V̂γγ between γ quasiparticles, since there is only one in the system 18.

— The interaction between phonons results to leading order from 3-body processes, of the type b̂†b̂†b̂ (Beliaev-
like decay of a phonon into two phonons) or b̂†b̂b̂ (Landau recombination of two phonons in one), which can
be resonant (conserve energy-momentum) if the acoustic branch is initially convex, or of the type b̂†b̂†b̂† or
b̂b̂b̂, never resonant. Paradoxically, the interactions b̂†b̂b̂ and b̂†b̂†b̂ between phonons contribute to the φ − γ
scattering amplitude to leading order [3]; their unfortunate omission in reference [4] has been corrected [18].
To sub-leading orders, V̂φφ has 4-body [24, 26], 5-body [28, 29], etc. processes, as quantum hydrodynamics
allows in principle to describe, 19 but which do not play a role in our problem.

— The interaction of the γ quasiparticle with the phonons consists to leading order in an absorption b̂γ̂†γ̂ or
emission b̂†γ̂†γ̂ process of a phonon; these terms being cubic in the creation and annihilation operators, we
store them in Ĥφγ

3 . To sub-leading order, it involves the direct scattering of a phonon b̂†b̂γ̂†γ̂, the direct
absorption of 2 phonons (double absorption) b̂b̂γ̂†γ̂ and the reverse process of double emission b̂†b̂†γ̂†γ̂, quartic
contributions all stored in Ĥφγ

4 . It will not be useful here to go beyond this, which the approach of reference
[4] as such would not allow us to do anyway (see our footnote 19).

— The matrix elements of V̂φφ in quantum hydrodynamics only depend on the equation of state of the gas at
zero temperature, i.e. chemical potential µ(ρ) considered as a function of the density ρ in the ground state,
and its derivatives with respect to ρ at fixed interatomic scattering length a. 20 The matrix elements of V̂φγ

deduced from local density approximation depend on the dispersion relation of the γ quasiparticle and its first
and second derivatives with respect to ρ at fixed wave vector k and scattering length a.

The usual S matrix. Let us calculate the φ − γ scattering amplitude as the transition probability amplitude between
the initial state |i〉 = |γ : k, φ : q〉 and the final state |f〉 = |γ : k′, φ : q′〉 as in equation (19), by the method of the S
matrix (section BIII.1 of reference [33]), that is in the limit of an infinite evolution time. As the asymptotic states are
taken as eigenstates of Ĥ0, the transition is only allowed if it conserves the corresponding energy, i.e. the sum of the
bare energies:

E(0)
i ≡ ε

(0)
k + ~ω(0)

q = E(0)
f ≡ ε

(0)
k′ + ~ω(0)

q′ (21)

The transition amplitude is then given by the matrix element of the operator T̂ (z) between |i〉 and |f〉 on the energy
shell, i.e. for z = E(0)

i + iη, η→ 0+:

A(0)
fi = 〈f|V̂ + V̂

1

E(0)
i + iη − Ĥ

V̂ |i〉 (22)

To leading order at low temperature (q, q′ = O(T ) → 0 at fixed k), a general analysis of the perturbative series in V̂
of result (22), exposed in Appendix A and which we will come back to, suggests that we can limit ourselves to order
two in V̂ , that is replace Ĥ by Ĥ0 in the denominator of equation (22). We then eliminate the remaining sub-leading
contributions, as explained in Appendix A, to obtain:

A(0)
fi ∼

T→0
T1 + T2 + T3 + T4 + T5 (23)

18. In a microscopic theory of fermion gas, it would be different, the effective φ− γ interaction appearing as a sub-diagram of a γ− γ interaction
not conserving the total number of γ quasiparticles (except modulo 2) [27].

19. In order to be consistent, account should then be taken of so-called “gradient corrections " in the lower-order terms, in the sense of references
[30, 31], as it is done in section V.D of reference [26].

20. As long as we have not got rid of the Λ cut-off, we must take the bare equation of state in the matrix elements [32].
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with

T1 = L−3〈φ : q′, γ : k′|Hφγ
4 |φ : q, γ : k〉 (24)

T2 = L−3 〈φ : q′, γ : k′|Hφγ
3 |γ : k + q〉〈γ : k + q|Hφγ

3 |φ : q, γ : k〉

~ω(0)
q + ε(0)

k − ε
(0)
k+q

(25)

T3 = L−3 〈γ : k′|Hφγ
3 |φ : q, γ : k − q′〉〈φ : q′, γ : k − q′|Hφγ

3 |γ : k〉

ε(0)
k − ~ω

(0)
q′ − ε

(0)
k−q′

(26)

T4 = L−3 〈γ : k′|Hφγ
3 |φ : q − q′, γ : k〉〈φ : q′, φ : q − q′|Vφφ|φ : q〉

~ω(0)
q − ~ω

(0)
q−q′ − ~ω

(0)
q′

(27)

T5 = L−3 〈φ : q′|Vφφ|φ : q′ − q, φ : q〉〈φ : q′ − q, γ : k′|Hφγ
3 |γ : k〉

ε(0)
k − ε

(0)
k′ − ~ω

(0)
q′−q

(28)

The successive terms in the right-hand side of (23) are represented by diagrams (b1) to (b5) of figure 3, and the volume
matrix elements in the numerator are given by equations (A.4), (A.5) and (A.6) of Appendix A, sometimes up to a
Hermitian conjugation; in the last term, we used the fact that k− k′ = q′ − q. Bare eigenenergies differ from effective
energies by O(T 3) terms as shown by ordinary perturbation theory 21; however, to leading order for Afi, which is of
order one in T , it suffices to expand the numerators and the denominators of the second and third terms of (23) up to
the sub-leading relative order T i.e. up to order T 2, the rest can be written directly to leading order 22. One can thus
replace the bare energies by the effective energies in the energy denominators and the matrix elements of (23), as well
as in the conservation of energy (21), which gives exactly expression (3) of reference [18].

Our S matrix calculation is however not fully convincing. The general analysis of Appendix A mentioned above
ignores the existence, at orders in V̂ greater than or equal to three, of infinite (and not divergent) diagrams. In these
diagrams, one of the energy denominators, giving the difference between E(0)

i = E(0)
f and the energy of the intermediate

state, is exactly equal to zero, and not on a zero measure set 23. This phenomenon occurs each time the intermediate
state returns to the initial state |i〉 or passes in advance to the final state |f〉. Examples are given in figure 3c, to order
three in V̂ . In addition, as we will see, in the limit of a zero group velocity vk → 0, our scattering amplitude (23) is
not even in agreement with that of reference [3], which encourages us to be more rigorous.

Exact asymptotic states. The catastrophic appearance of infinite terms in the perturbative series of amplitude (22) is a
phenomenon known in quantum field theory and is not surprising. Indeed, the expression of the S matrix at the origin
of relations (21, 22) comes from ordinary quantum mechanics, where the total number of particles is a conserved
quantity, as in the collision of two atoms.

Here, on the other hand, the Hamiltonian Ĥ conserves the number of γ quasiparticles, but not the number of
phonons. The γ quasiparticle in fact never ceases to interact with the phononic field, even at the moments infinitely
anterior to or infinitely subsequent to its collision with the incident phonon, by emitting and reabsorbing virtual
or captive phonons, which the conservation of energy-momentum prevents from escaping to infinity. The correct
asymptotic states of the γ quasiparticle to consider in scattering theory are therefore its true stationary states ||γ : k〉
and ||γ : k′〉 of eigenenergy εk and εk′ , dressed by captive phonons, rather than the bare non stationary states |γ : k〉 =

21. The energy shift δεk of a single γ quasiparticle or ~δωq of a single phonon is nonzero to order 2 in V̂ . To this order, it is therefore deduced

from a one-loop diagram as in figure 3a. From equation (14), we get δεk '
∫

q<Λ

d3q
(2π)3

|〈φ:q,γ:k−q|Vφγ |γ:k〉|2

ε
(0)
k +iη−(~ω(0)

q +ε
(0)
k−q)

; the numerator and the denominator of the

integrand are of order T , like the cutoff Λ, so δεk is of order T 3. Similarly, ~δωq '
∫

q<Λ

d3q′

(2π)3
|〈φ:q′ ,φ:q−q′ |Vφφ |φ:q〉|2/2
~ω(0)

q +iη−(~ω(0)
q′ +~ω(0)

q−q′ )
; the numerator is ≈ qq′ |q − q′ |

and the denominator is expanded using equation (1) keeping the curvature term near the zero angle between q′ and q, which gives Re ~ωq ≈ T 5 ln T
and, if γφ > 0, an nonzero imaginary part Im ~ω(0)

q ≈ T 5.
22. Indeed, the contributions of the second and third terms exactly cancel to their leading order T 0, while those of the other three terms are

immediately of order T .
23. If the energy denominator were canceled inside an integral on the wave vector of an internal phonon, the infinitesimal purely imaginary shift

+iη of E(0)
i would give a finite integral in the theory of distributions.
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γ̂†k|vacuum〉 and |γ : k′〉 = γ̂†k′ |vacuum〉 24. Likewise, the incident |φ : q〉 or emerging |φ : q′〉 phonon never ceases to
interact with the phononic field; it can disintegrate virtually into two phonons, which can continue to disintegrate into
pairs of phonons or, on the contrary, recombine to restore the initial phonon, etc. These processes are non-resonant,
and the phonons created are virtual if the acoustic branch is initially concave [γφ < 0 in equation (1)]; we thus
construct, as in footnote 24, the true stationary states ||φ : q〉 and ||φ : q′〉, of eigenenergies ~ωq and ~ωq′ , dressed by
captive phonons and to be used as correct asymptotic states. The convex case is of another nature, since |φ : q〉 and
|φ : q′〉 are unstable and can really disintegrate into phonons going to infinity; as it is shown in Appendix A, we are
saved by the slowness (rate ≈ q5) of this decrease, which formally allows to ignore it in the calculation of the φ − γ
scattering amplitude to leading order.

We must therefore resume the construction of the S matrix using as initial and final states the exact asymptotic
states 25

||i〉 = B̂†q||γ : k〉 and ||f〉 = B̂†q′ ||γ : k′〉 (29)

where B̂†q is the creation operator of a dressed phonon ||φ : q〉 of wave vector q 26. In the limit of an infinite evolution
time, the transition occurs on the exact (rather than bare) energy shell

Ei ≡ εk + ~ωq = Ef ≡ εk′ + ~ωq′ (30)

with the probability amplitude

Afi = 〈γ : k′||B̂q′
(
[V̂φγ, B̂†q] + ∆̂†q

)
||γ : k〉 + 〈γ : k′||

(
[B̂q′ , V̂φγ] + ∆̂q′

) 1
Ei + iη − Ĥ

(
[V̂φγ, B̂†q] + ∆̂†q

)
||γ : k〉 (31)

We had to introduce the operator

∆̂
†

Q ≡ [Ĥφφ, B̂
†

Q] − ~ωQB̂†Q with Ĥφφ =

q<Λ∑
q,0

~ω(0)
q b̂†qb̂q + V̂φφ (32)

Here Ĥφφ is the purely phononic part of the complete Hamiltonian Ĥ and the factor ωQ is the exact angular eigen-
frequency, not the bare angular frequency. Contrary to appearances, ∆̂

†

Q is not zero, even if its action on the phonon

vacuum gives zero, ∆̂
†

Q|vacuum〉 = 0 (see however footnote 26). The calculation leading to expression (31), detailed
in Appendix A, takes up that of photon-atom scattering in sections BIII.2 and BIII.3 of reference [33], and generalizes
it by dressing the asymptotic state of the photon (in other words, of the phonon) and not only that of the atom (in other

24. To give a precise definition of ||γ : k〉, consider the subspace Ek generated by repeated action of the interaction Hamiltonian V̂ on the
vector |γ : k〉, that is to say on a bare γ quasiparticle in the presence of the phonon vacuum. Ek is thus the superposition of states with arbitrary
number of phonons and arbitrary wave vectors, in the presence of a bare γ quasiparticle having recoiled. It is stable under the action of the
complete Hamiltonian Ĥ. Under the condition of acoustic stability stated below equation (6), we expect that Ĥ has in Ek only one discrete
energy εk, corresponding to the ground state ||γ : k〉, and located at the lower edge of a continuum of eigenenergies. εk is the pole of the exact
propagator in the left-hand side of equation (14); the associated residue gives the weight of the bare quasiparticle in the dressed quasiparticle,
Zk = |〈γ : k| ||γ : k〉|2, and must be > 0.

25. Unlike the case of resonant scattering of a photon by a two-level atom initially in the ground state, whose perturbative series has a zero
energy denominator each time the atom goes into the excited state in the presence of the radiation vacuum [33], we cannot cure the naive S matrix
(22) by renormalizing for example the propagator of the incident γ quasiparticle by resummation of diagrams with n disjoint loops (bubbles) (figure
3c1 represents the case n = 1, and the loop in question is that of figure 3a). The expansion in bubbles with complex energy z leads to a geometric
series of reason ∆εk(z − ~ω(0)

q )/(z − E(0)
i ) where ∆εk(z) is the function giving the eigenenergy shift of γ to order two in V̂φγ (for L = +∞, it is the

integral in the denominator of (14)). The resummation of the bubbles in the initial state |γ : k〉 therefore transforms the amplitude of the diagram

of figure 3b1 into
z−E(0)

i

z−E(0)
i −∆εk(z−~ω(0)

q )
L−3〈φ : q′, γ : k′ |Hφγ

4 |φ : q, γ : k〉, which gives zero if we make z tend to E(0)
i as prescribed by equation (22),

or infinity if we heuristically make z tend to Ei written to order two in V̂φγ. A resummation of the bubbles on the energy shell both in the final state
and in the final state of γ leads to the same conclusion.

26. To simplify, we limit here the interaction Hamiltonian between phonons V̂φφ to the Beliaev b̂†b̂†b̂ and Landau b̂†b̂b̂ terms, as in equation
(A.1), so that the phonon vacuum is stationary. This would not be the case if we kept the non-resonant terms b̂†b̂†b̂† and b̂b̂b̂; it would then be
necessary to construct a dressed vacuum ||vacuum〉 on which B̂†q and B̂†q′ would act.
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words, of the γ quasiparticle). It is easy to be convinced that the perturbative series of expression (31) no longer has
infinite diagrams. As the dressed parts of asymptotic states dilute the bare parts in a continuum, they cannot lead to
a risk of zero denominator (except on a zero-measure set) and we can, to understand what is happening, focus on the
contribution to Afi of the bare parts |φ : q〉 and |φ : q′〉, |γ : k〉 and |γ : k′〉:

Afi|
bare
parts = (ZkZk′ZqZq′ )1/2

[
〈γ : k′|b̂q′ [V̂φγ, b̂†q]|γ : k〉 + 〈γ : k′|[b̂q′ , V̂φγ]

1
Ei + iη − Ĥ

[V̂φγ, b̂†q]|γ : k〉
]

(33)

where the quasiparticle residues Zk, Zk′ , Zq and Zq′ are the weights of the bare states in the dressed states, so that
B̂†q|bare

part = Z
1/2
q b̂†q for example. The presence of commutators in equation (33) forces the absorption of the incident

phonon q as the first event and the emission of the phonon q′ as the last event. Indeed, only the terms of V̂φγ containing
at least one factor b̂q (b̂†q′ ) can give a nonzero contribution to the commutator with b̂†q (b̂q′ ). But, the absorption of
the phonon q erases the memory of the initial state, and before emission of the phonon q′, we have no knowledge
of the final state, therefore (i) if the we replace Ei by E(0)

i in (33), we cannot have zero energy denominators in
the perturbative series (except inside an integral on an internal phonon wave vector), and (ii) if we keep the value
of Ei in (33), we cannot have small denominators (of the order of the difference O(V̂2) between the bare and exact
eigenenergies) which would invalidate our perturbative expansion.

Let us now analyze result (31) at leading order. The general analysis of Appendix A, which leads us to limit (22)
to order two in V̂ , can be applied to it. As each contribution to Afi is at least of order one in V̂ , it suffices to determine
the dressing of the γ quasiparticle and of the incident or emerging phonon to first order of perturbation theory:

||γ : k〉 = |γ : k〉 +
1

L3/2

∑
Q,0

〈φ : Q, γ : k −Q|Hφγ
3 |γ : k〉

ε(0)
k + iη − (ε(0)

k−Q + ~ω(0)
Q )

|φ : Q, γ : k −Q〉 + . . . (34)

B̂†Q = b̂†Q +
1

2L3/2

∑
Q′,0,,Q

〈φ : Q′, φ : Q −Q′|Vφφ|φ : Q〉

~ω(0)
Q + iη − (~ω(0)

Q′ + ~ω(0)
Q−Q′ )

b̂†Q′ b̂
†

Q−Q′ + . . . (35)

In writing (34), we immediately neglected the correction due to Ĥφγ
4 , that is to say to the double emission of phonons

by γ (its matrix elements of a higher order in temperature and the occurrence of a double sum on the wave vectors of
the phonons make it negligible in front of the single emission). From expression (35), we get that the operator ∆̂

†

Q is

of order one in V̂ (just like the commutator of B̂Q or B̂†Q with V̂φγ), and that its action on exact asymptotic state ||γ : k〉
is of order two,

∆̂
†

Q||γ : k〉 = O(V̂2) (36)

Indeed, the action on the bare part of the γ quasiparticle gives zero, ∆̂
†

Q|γ : k〉 = 0, since ∆̂
†

Q is purely phononic
and gives zero on the phonon vacuum. In the second contribution to (31), the one containing the resolvent of Ĥ, we
can then directly neglect any dressing of the phonons and of the γ quasiparticle, that is neglect ∆̂

†
q and ∆̂q′ , replace

the dressed operators B̂†q and B̂q′ by the bare operators b̂†q and b̂q′ , the dressed states ||γ : k〉 and 〈γ : k′|| by bare
states |γ : k〉 and 〈γ : k′|, and finally keep only Ĥφγ

3 in the interaction V̂φγ and approximate Ei − Ĥ by E(0)
i − Ĥ(0)

in the denominator; we thus find exactly the contribution T2 of the naive theory (23), that is to say the non-crossed
absorption-emission diagram of figure 3b2. In the first contribution to (31), we carry out a second order expansion to
obtain directly interpretable expressions:

first contribution to (31) = 〈γ : k′|b̂q′ [V̂φγ, b̂†q]|γ : k〉 + 〈γ : k′|b̂q′ [Ĥ
φγ
3 , b̂†q]||γ : k〉(1) + (1)〈γ : k′||b̂q′ [Ĥ

φγ
3 , b̂†q]|γ : k〉+

〈γ : k′|B̂(1)
q′ [Ĥφγ

3 , b̂†q]|γ : k〉 + 〈γ : k′|b̂q′ [Ĥ
φγ
3 , B̂(1)†

q ]|γ : k〉 + 〈γ : k′|b̂q′ ∆̂
†
q||γ : k〉(1) + . . . (37)

where B̂(1)†
Q is the first deviation, or first order deviation, between the creation operators of a dressed phonon B̂†Q and

of a bare phonon b̂†Q, and ||γ : k〉(1) is the first deviation, or deviation of order one, between the dressed state ||γ : k〉
and the bare state |γ : k〉 of the γ quasiparticle. The first term of (37) contains no dressing, and gives exactly the
direct scattering diagram T1 of the naive theory (23), shown in figure 3b1, since the component Ĥφγ

3 of V̂φγ gives
zero contrarily to Ĥφγ

4 . The second term of (37) takes into account the dressing of the γ quasiparticle in the initial
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state and gives the contribution T3 of the naive theory, that is to say the crossed diagram of figure 3b3; we interpret
it physically by saying that the emitted phonon q′ was a virtual phonon of the γ quasiparticle that the arrival of the
phonon q made real, allowing it to escape to infinity without violating conservation of energy-momentum. The third
term of (37) is zero since the involved transition is scalar vis-à-vis the phononic variables, which allows b̂q′ to act
right on the phonon vacuum and give zero. For the same reason, up to the replacement of b̂q′ with B̂(1)

q′ , the fourth
term of (37) is zero. The fifth term of (37) gives T4, represented by the diagram of figure 3b4: it corresponds to the
absorption by the γ quasiparticle of a phonon belonging to a pair of virtual phonons dressing the incident phonon,
the other phonon of the pair then being deconfined and leaving at infinity. Finally, the sixth term of (37) gives again
T5, represented by the diagram of figure 3b5: it results from the scattering of the incident phonon on a halo phonon
dressing the γ quasiparticle. 27

To leading order at low temperature, q, q′ = O(T ),T → 0, there is therefore perfect agreement between the
phonon-γ scattering amplitude (22) predicted by ordinary quantum mechanics theory and that (31) of field theory with
exact asymptotic states, both leading to expression (23), which reproduces that of reference [18] after replacement
(legitimate at this order, as we have seen) of the bare eigenenergies by the effective eigenenergies. Consequently, our
disagreement with the scattering amplitude of reference [3] for a γ quasiparticle of zero group velocity vk, raised by
reference [18] and in contradiction with the hasty note 8 of the same reference [3], persists and remains unexplained.

Final result at order q. Our calculation of the φ− γ scattering amplitude is based on the “hydrodynamic" low energy
effective Hamiltonian (20) and is only valid to leading order in q. It is therefore useless to keep a dependence on all
orders in q in the energy denominators and in the matrix elements in the numerator of the different terms of expression
(23). We then pass to the limit q→with fixed wave vector k of the γ quasiparticle, without assuming (as did references
[3, 4]) that its speed vk tends to zero; a calculation a little long but without particular difficulty thus gives on the energy
shell the (to our knowledge) original result 28:

Afi = A(γ : k, φ : q→ γ : k′, φ : q′) k fixed
∼

q→0

~cq
ρ

(
1 − uek

1 − u′ek

)1/2

Rk(u, u′,w) with q′ k fixed
=

q→0

1 − uek

1 − u′ek
q + O(q2) (38)

We had to introduce some notations: the volume transition amplitudeAfi = L3Afi (i.e. for a unit quantization volume),
the cosines of the angles between the three vectors q, q′ and k (with directions q̂ = q/q, etc),

u = q̂ · k̂, u′ = q̂′ · k̂,w = q̂ · q̂′ (39)

the following dimensionless expression (a symmetric function of u and u′), called reduced scattering amplitude,

Rk(u, u′,w) =
~k

2mc

{
ex − weρ − ek(1 + ekeρ)(u − u′)2 w + 1+λ

2

(1 − uek)(1 − u′ek)(1 − w)

+
(u + eρ)(u′ + eρ)[ek(w − uu′) + uu′ekk] + (u + eρ)(1 − u′ek)(w + ueρk) + (u′ + eρ)(1 − uek)(w + u′eρk)

(1 − uek)(1 − u′ek)

}
(40)

27. To complete these calculations, we only need, with regard to the dressing of phonons, the properties (36) and 〈φ : q′ |B̂(1)†
q |φ : q′ −q〉 = 0 and

the expression of B̂(1)†
q |vacuum〉. We can then pretend that B̂(1)†

q = Q̂ Gφ
0 (~ω(0)

q + iη)V̂φφb̂†q, by restriction to the subspace of n ≤ 1 phonon. Here Q̂
is the orthogonal projector on the single phonon space and Gφ

0(z) = (z − Ĥφφ
0 )−1 is the resolvent of the non interacting part of the purely phononic

Hamiltonian. We also give the identity ∆̂(1)† = L−3/2 ∑
q′ 〈φ : q, φ : q′ − q|Vφφ |φ : q′〉b̂†q′ b̂q′−q.

28. The heaviness of the calculation comes from the fact that the terms T2 and T3 are of order q0 and compensate in the sum (23) to leading
order, which obliges to expand their numerator and their denominator up to the sub-leading order, that is to say with a relative error O(q2) and
absolute error O(q3) [4]. We arrive at a notable simplification for a more symmetrical configuration of the incoming and outgoing wave vectors,
by expanding the amplitude A(γ : k − q−q′

2 , φ : q → γ : k +
q−q′

2 , φ : q′) at k fixed, which remains equivalent to the original amplitude to
order q. We can thus reduce ourselves to expressions to be expanded that are even or odd in q or q′, for example in the energy denominator
~ωq + ε

k+
q′−q

2
− ε

k+
q′+q

2
of T2, which automatically cancels the odd or even order. In particular, the expression of q′ as a function of q on the

energy shell given in equation (38) now presents, as it is, the required sub-sub-leading error O(q3). We must also think about replacing εki − εkf
with ~ωq′ − ~ωq in the denominator of T5. We then notice that to leading order, we go from T4 to T5 by changing |q − q′ | to −|q − q′ |; to this
order, T4 + T5 is in fact a rational function of |q − q′ |2, which makes it possible to eliminate the square root contained in |q − q′ |.
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and the dimensionless physical parameters constructed from the chemical potential µ(ρ) of the superfluid at zero
temperature, from the dispersion relation εk(ρ) of the γ quasiparticle and their derivatives with respect to the wave
number k of the quasiparticle or to the density ρ of the superfluid (at fixed interaction potential between the atoms of
mass m of the superfluid):

ek =
vk

c
=

1
~c
∂εk

∂k
eρ =

ρ

~kc
∂εk

∂ρ
eρρ =

ρ2

~kc
∂2εk

∂ρ2 λ =
ρ d2µ/dρ2

dµ/dρ
= 2

d ln c
d ln ρ

− 1

ekk =
k
c
∂vk

∂k
=

k
~c
∂2εk

∂k2 eρk =
ρ

c
∂vk

∂ρ
=

ρ

~c
∂2εk

∂ρ∂k
ex = eρρ − λeρ

(41)
We have related the quantity λ, a bit apart because the only one not to depend on the wave number k, to the Grüneisen
parameter d ln c/d ln ρ by means of the exact hydrodynamic relation on the speed of sound, mc2 = ρ dµ/dρ. The
quantity eρρ is only an intermediate of calculation and contributes to the scattering amplitude only through ex; it will
hardly appear in the following. Contrary to appearances, the function Rk therefore the scattering amplitude have no
divergence in w = 1, taking into account the inequality (u − u′)2 = [k̂ · (q̂ − q̂′)]2 ≤ (q̂ − q̂′)2 = 2(1 − w). From
expression (38), it is easy to verify that our scattering amplitude obeys the principle of microreversibility to leading
order in q on the energy shell:

A(γ : k, φ : q→ γ : k′, φ : q′) = A(γ : k′, φ : q′ → γ : k, φ : q) (42)

taking into account the link between q and q′ which exists there and the invariance of the function Rk under the
exchange of u and u′.

At zero speed. The function Rk is much simplified in the limit of a zero group velocity for the γ quasiparticle. The
calculation is simple: we use the expansion (2) of the dispersion relation of γ in the vicinity of an extremum to second
order to calculate the behavior of quantities (41) in this limit. We must take into account the fact that the coefficients
∆∗, k0 and m∗ in equation (2) depend on the density ρ, and separate the cases k0(ρ) > 0 and k0(ρ) ≡ 0. (i) If k0(ρ) > 0,
only coefficient ek a priori tends to zero when k tends to k0; the limits of the other coefficients are identified by a tilde:

ek
k0>0
∼

k→k0

~(k − k0)
m∗c

eρ
k0>0
→

k→k0
ẽρ =

ρ

~ck0

d∆∗

dρ
ex

k0>0
→

k→k0
ẽx =

ρ2

~ck0

d2∆∗

dρ2 −
d2µ/dρ2

dµ/dρ
d∆∗

dρ
+

~2

m∗

(
dk0

dρ

)2
ekk

k0>0
→

k→k0
ẽkk =

~k0

m∗c
eρk

k0>0
→

k→k0
ẽρk = −

ρ~
m∗c

dk0

dρ
(43)

and we obtain the reduced scattering amplitude in k = k0 in agreement with reference [18] but not with [3]:

Rk(u, u′,w)
k0>0
→

k→k0

~k0

2mc

[
(u + u′ + ẽρ) w + ẽx + ẽρk u (u + ẽρ) + ẽρk u′ (u′ + ẽρ) + ẽkk uu′ (u + ẽρ)(u′ + ẽρ)

]
(44)

In the problem of fermion gas which interests us, this corresponds to a positive chemical potential µ in the BCS
dispersion relation (9), considered in the vicinity of its minimum. (ii) If k0(ρ) ≡ 0, coefficients ek, ekk and eρk tend
linearly to zero when k → k0, and the others diverge as 1/k, with coefficients (marked by a Czech accent) which must
be kept track of:

ek
k0≡0
∼

k→0

~k
m∗c

~k
mc

eρ
k0≡0
→

k→0
ěρ =

ρ

mc2

d∆∗

dρ
~k
mc

ex
k0≡0
→

k→0
ěx =

ρ2

mc2

(
d2∆∗

dρ2 −
d2µ/dρ2

dµ/dρ
d∆∗

dρ

)
ekk

k0≡0
∼

k→0

~k
m∗c

eρk
k0≡0
∼

k→0
−
~kρ
m2
∗c

dm∗
dρ

(45)

to write the final result, which corrects a hasty affirmation of reference [4] 29:

Rk(u, u′,w)
k0≡0
→

k→k0

1
2

[
ěx + w ěρ

(
1 +

m
m∗

ěρ

)]
(46)

29. Reference [4] thought wrongly to deduce the case k → k0 ≡ 0 from the case k → k0 > 0 by making k0 tend to zero in its equation (10),
therefore in our equation (44), see the sentence after this equation (10). In reality, to obtain the equivalent (44), we made ek tend to zero at fixed
ekk , while ekk ∼ ek → 0 in the limit k → k0 ≡ 0. As a result, the cancellation of the two terms uu′ in the subexpression ek(wuu′) + uu′ekk in square
brackets in (40) cannot be taken into account (the subexpression is ∼ ekw and not ∼ uu′ekk if k → k0 ≡ 0); however, this sub-expression is assigned
a divergent weight and gives a nonzero contribution to the final result (46). Let us note that footnote 42 extends (46) to order one in k.

16



In our fermionic problem, this case corresponds to a negative chemical potential µ in the BCS dispersion relation (9)
considered in the vicinity of its minimum, or again to a positive chemical potential µ in this same relation, considered
this time in the vicinity of its relative maximum in k = 0; this second situation, of effective mass m∗ < 0, is that of the
maxon, seen in figure 2a to be stable according to BCS theory in a fairly strong interaction regime.

4-phonon scattering. To end this section, let us emphasize that the central result (38) is very general. It applies
whatever the quantum statistics of the γ quasiparticle or its isotropic dispersion relation εk. In particular, as reference
[3] emphasizes, it must describe the scattering of a soft phonon (of infinitesimal wave vector q) on a hard phonon (of
fixed wave vector k, in particular k � q), with the production of a soft phonon q′ and a hard phonon k′. This four-
phonon problem has been studied in the context of superfluid helium 4, and the corresponding scattering amplitude
can be calculated exactly with quantum hydrodynamics in the limit ~k � mc where εk ∼ ~ck [24]. In this case, only
the quantity ekk tends to zero; ek tends to one (sonic limit), eρ and eρk tend to (1 + λ)/2, eρρ tends to (ρ2/c) d2c/dρ2,
and our scattering amplitude (38) effectively reproduces that of equation (111) of reference [26] applied to the linear
dispersion relation ωq = cq, which constitutes a good test. The four-phonon problem can also be studied in a weakly
interacting gas of bosons with the Bogoliubov method, which makes it possible to get rid of the constraint ~k � mc.
At the location of a rotonic minimum (k → k0 > 0), reference [34] was thus able to successfully test the result of
reference [18], that is to say in fine (44), in a situation where it differs from that of reference [3]. We have extended
this verification to any wave number k and find a reduced scattering amplitude in perfect agreement with our general
prediction (40). 30

4. Characterizing the random walk: mean force, momentum diffusion, spatial diffusion

Our γ quasiparticle is now immersed in the phonon thermal gas of the superfluid of arbitrarily low temperature T ;
by incessant interaction with phonons, it undergoes a stochastic dynamic in the momentum and position space, which
we will now describe.

Master Equation. The γ quasiparticle is initially prepared in a stable wave vector k in the meaning of section 2,
in particular with a subsonic group velocity vk. It cannot therefore emit phonons, it would be an endo-energetic
process. For the same reason, it cannot absorb phonons, it would be an exo-energetic process, see equation (18).
There remains therefore, to leading order in temperature, the process of scattering of a phonon of wave vector q
studied in section 3. Let us write a master equation on the wave vector distribution Π(k, t) of the γ quasiparticle,
negatively counting the departure processes (k) + (q) → (k′) + (q′) from the mode |γ : k〉 and positively the feeding
processes (k′) + (q′)→ (k) + (q) of this mode, sum being taken at fixed k on all the distinct wave vectors q and q′ of

30. In the notations of reference [26], the volume transition amplitudeAfi is written (4mc2/ρ)A2↔2,eff (q1,q2,q3,q4) where the mass of a boson
m is also denoted mB and the (q j)1≤ j≤4 are the wave vectors of the incident and emerging bosons. Instructed by footnote 28, we set q1 = q,
q2 = k + (q′ − q)/2, q3 = q′, q4 = k + (q − q′)/2. Equation (105) of [26] gives the effective amplitude A2↔2,eff on the energy shell (εq2 − εq4
has been replaced by εq3 − εq1 in the energy denominators) in terms of the amplitudes of the elementary processes (equations (E18-E20) of [26] in
Bogoliubov theory); it remains to expand it to order one in q→ 0 with wave vector k and directions q̂ and q̂′ fixed, using computer algebra software.
Let us indicate some simplifying tips: (i) we place ourselves in a system of units such that ~ = m = c = 1, (ii) the Bogoliubov spectrum εQ naturally
shows the Fourier transform ṼQ of the interaction potential between bosons (V(r) is arbitrary, isotropic, short range), εQ = [EQ(EQ + 2ρṼQ)]1/2

with EQ = ~2Q2/2m, but it is better to eliminate ṼQ in terms of εQ as follows, ṼQ = (ε2
Q − E2

Q)/2ρEQ, (iii) for soft phonons, we can replace
εQ by its Taylor expansion (1) of order 3 in Q = 0, and for hard phonons, we can replace εQ by its Taylor expansion of order 3 in Q = k,
εQ '

∑3
n=0 en(k)(Q − k)n/n! (indeed, the numerators and denominators of A2↔2,eff must be expanded to the sub-sub-leading order, since the most

divergent diagrams are of order q−1), (iv) if we introduce the internal wave vectors q0 = k + (q + q′)/2, q5 = q − q′, q6 = k − (q + q′)/2,
A2↔2,eff only depends on the moduli of (q j)0≤ j≤6, (v) we provisionally set q′ = ηq and we expand the q j of hard phonons (indices j even) at
fixed η > 0 to order q3 (without using the value of η imposed by energy conservation, which should in principle be determined at the order q2).
Remarkably, we then find that the terms of A2↔2,eff of order q−1 and q0 are zero for all η; in the term of order q, we can finally replace η by its
value at order 0, η(0) = (1 − ue1)/(1 − u′e1). To compare the result to (40), it remains to calculate the coefficients (41) for the mean field equation
of state µ = ρṼ0 = mc2 and the Bogoliubov dispersion relation: ek = e1, eρ = (e2

0 − E2
k )/2ke0, eρρ = −(e2

0 − E2
k )2/4ke3

0, λ = 0, ekk = ke2,
eρk = [e1 + (Ek/e0)2(e1 − 4e0/k)]/2 and ex = eρρ.
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the phonons, the wave vector k′ being deduced by momentum conservation:

∂

∂t
Π(k, t) = −

1
L6

∑
q,q′

2π
~

∣∣∣A(γ : k, φ : q→ γ : k′, φ : q′)
∣∣∣2 δ(εk + ~ωq − εk′ − ~ωq′ ) n̄q(1 + n̄q′ )Π(k, t)

+
1
L6

∑
q,q′

2π
~

∣∣∣A(γ : k′, φ : q′ → γ : k, φ : q)
∣∣∣2 δ(εk′ + ~ωq′ − εk − ~ωq) n̄q′ (1 + n̄q)Π(k′, t) (47)

To calculate the rate of the processes, we used Fermi’s golden rule, which involves the factor 2π/~ and the Dirac
distribution reflecting energy conservation (30), including the bosonic amplification factors accompanying absorption
(factor n̄) or emission (factor 1 + n̄) of a phonon in a mode with thermal mean occupation number n̄q = [exp(β~ωq) −
1]−1, where β = 1/kBT . 31 We recall that the golden rule implicitly deals with the scattering process in the Born
approximation. We cannot therefore apply it directly to the interaction Hamiltonian V̂ , in this case to its component
Ĥφγ

4 in equation (20), which would amount to taking into account only the direct scattering diagram of figure 3b1.
Rather, it is applied to an effective interaction Hamiltonian Ŵ of the same form as the part b̂†q′ b̂q of Ĥφγ

4 in equation
(A.3) but with volumic matrix elements given directly for q , q′ by the true volume transition amplitudeA(γ : k, φ :
q → γ : k′, φ : q′). 32 Ŵ is a Hermitian operator, due to the microreversibility property (42); by construction, it
leads in Born’s approximation to the desired φ − γ scattering amplitude. The same microreversibility and the relation
1 + n̄ = exp(β~ω) n̄ ensure that Πst(k) ∝ exp(−βεk) is an exact stationary solution of the master equation (47): the γ
quasiparticle is well thermalized by the phonon gas phonons at long times.

Fokker-Planck equation. In this work, we always assume that the wave number distribution of the γ quasiparticle has
a width ∆k much larger than that of the thermal phonons, like in equation (3). This condition is moreover automatically
satisfied when γ is at thermal equilibrium (at sufficiently low temperature), the parabolic dispersion relation (2) of γ
imposing on Πst(k) a width ∝ T 1/2 much larger than that ∝ T typical of a linear dispersion relation (1). In the regime
(3), the γ quasiparticle undergoes with each scattering a change of wave vector δk = ±(q − q′) very weak compared
to ∆k and the finite difference equation (47) can be simplified into a partial differential equation by second order
expansion in δk/∆k ≈ T 1/2. To do this, we introduce the probability flux leaving k by q→ q′ scattering (a functional
of Π):

Φt(k|q,q′) ≡
2π
~

∣∣∣A(γ : k, φ : q→ γ : k′, φ : q′)
∣∣∣2 δ(εk + ~ωq − εk′ − ~ωq′ )n̄q(1 + n̄q′ )Π(k, t) (48)

and, by simple exchange of the dummy variables q and q′ in the feeding term then passage to the thermodynamic
limit, we rewrite master equation (47) as follows:

∂

∂t
Π(k, t) =

∫
R3

d3q
(2π)3

∫
R3

d3q′

(2π)3

[
Φt(k + q′ − q|q,q′) − Φt(k|q,q′)

]
(49)

This form makes obvious conservation of the total probability
∫

d3k Π(k, t)/(2π)3, equal to one, and leads to order two
in q − q′, to the three-dimensional Fokker-Planck equation

∂

∂t
Π(k, t) = −

1
~

∑
i=x,y,z

∂

∂ki
[Fi(k)Π(k, t)] +

1
~2

∑
i=x,y,z

∑
j=x,y,z

∂2

∂ki∂k j
[Di j(k)Π(k, t)] (50)

31. We have taken here a Bose law of zero chemical potential because the total number of phonons Nφ is not a constant of motion of the purely
phononic dynamics. When the acoustic branch is initially convex, the dominant collisional processes conserving the energy-momentum are the
three-phonon ones of Beliaev-Landau with a rate of order T 5; they obviously do not conserve Nφ. In the concave case, the dominant collisional
processes are the four-phonon ones φφ → φφ of Landau-Khalatnikov, with a rate of order T 7, and we must invoke sub-leading processes (the
five-phonon ones of [28, 29] with a rate of order T 11 or the three-phonon ones allowed by non-conservation of energy between unstable states [35]
with a rate of order T 9) to change Nφ; the phonon gas could then present a thermal pseudo-equilibrium state of chemical potential µφ < 0 for a
duration of order between T−7 and T−9 or T−11.

32. The more powerful approach of the quantum master equation in the Born-Markov approximation [33] would also predict a reactive effect
of the phonon reservoir on the γ quasiparticle, namely a change of its temperature-dependent dispersion relation, in particular under the effect of
the diagonal terms q = q′ and the off-energy-shell terms of Ŵ, not given here. We can assume in the following that εk is this modified dispersion
relation, without this affecting the reduced scattering amplitude Rk(u, u′,w) to leading order in temperature.
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with the coefficients of the mean force F(k) and of the momentum diffusion matrix D(k) in the Cartesian basis,

Fi(k) =

∫
d3q d3q′

(2π)6 ~(qi − q′i)
Φt(k|q,q′)

Π(k, t)
and Di j(k) =

∫
d3q d3q′

(2π)6

1
2
~2(qi − q′i)(q j − q′j)

Φt(k|q,q′)
Π(k, t)

(51)

independent of Π(k, t) and time. In this form, the matrix D(k) is clearly symmetric real positive.

Force and momentum diffusion to leading order in T . As the γ quasiparticle of wave vector k evolves in a homoge-
neous and isotropic medium, the mean force and the momentum diffusion which it undergoes must be rotationally
invariant around the direction k̂ of the wave vector. They are therefore characterized by functions of the wave number
k only, namely the longitudinal component F(k) of the force, the longitudinal D�(k) and transverse D⊥(k) momentum
diffusion coefficients:

Fi(k) =
ki

k
F(k) and Di j(k) =

kik j

k2 D�(k) +

(
δi j −

kik j

k2

)
D⊥(k) (52)

To leading order, we can easily get the temperature dependence of these coefficients by expressing the phonon wave
vectors in units of kBT/~c in the six-fold integrals of equation (51) and using the equivalent (38) of A to obtain the
power laws (the numerical factor π5/15 is pure convenience)

F(k) ∼
kBT/mc2→0

π5

15
~c
ρ2

(
kBT
~c

)8

F (k) and D⊥,�(k) ∼
kBT/mc2→0

π5

15
~2c
ρ2

(
kBT
~c

)9

D⊥,�(k) (53)

The remaining functions F (k) and D⊥,�(k) are dimensionless. To calculate them, we move to spherical coordinates
of polar axis k̂ on the integration variables q and q′. Energy-conserving Dirac distributions allow easy integration on
the modulus q′, in fine linked to q by (38). The integral on the modulus q of the contributions that are linear in the
occupation numbers pulls out the Riemann ζ function; that of quadratic contributions brings out less studied functions
(s is an integer > 2, x a real number > 0):

Φs(x) =

∫ +∞

0

dQ Qs(
eQ
√

x − 1
) (

eQ/
√

x − 1
) =

∞∑
m=1

+∞∑
n=1

s!
(m
√

x + n/
√

x)s+1
= Φs(1/x) (54)

Due to invariance of the integrand by joint rotation of q and q′ around k, one can reduce to an integral on a single
azimuthal angle, the relative angle ϕ = φ − φ′. In the force, a difficult contribution involving the function Φ7 turns
out to be an antisymmetric function of the cosines u and u′ of the polar angles, of zero integral 33. Such simplification
does not occur in momentum diffusion. It remains with the notations (39, 40, 41) 34:

F (k) =

∫ 1

−1
du

∫ 1

−1
du′(u − u′)

(1 − uek)3

(1 − u′ek)5

∫ 2π

0

dϕ
2π

[Rk(u, u′,w)]2 (55)(
D�(k)
D⊥(k)

)
=

15
16π8

∫ 1

−1
du

∫ 1

−1
du′

 (1 − uek)3

(1 − u′ek)6 8! ζ(9) +
Φ8( 1−uek

1−u′ek
)

[(1 − uek)(1 − u′ek)]3/2


×

∫ 2π

0

dϕ
2π

[Rk(u, u′,w)]2
( (u′ − u)2

(u′ − u)2 e2
k−1
2 + (1 − w)(1 − uek)(1 − u′ek)

)
(56)

Triple integration in (55) can be done analytically 35; the mean force thus has an explicit expression in the parameters
(41), combination of rational functions and a logarithm, unfortunately too long to be written here. The momentum

33. Up to a factor, it is (u − u′) Φ7( 1−uek
1−u′ek

)/[(1 − uek)(1 − u′ek)].
34. In particular, w = u u′ + [(1 − u2)(1 − u′2)]1/2 cosϕ.
35. The only slightly difficult integrals are

∫ 2π
0 dϕ/(1 − w) = 2π/|u − u′ | and

∫ 2π
0 dϕ/(1 − w)2 = 2π(1 − uu′)/|u − u′ |3 where w is written as in

footnote 34.
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Figure 4: Mean force F (black) (upper row), longitudinalD� (black) and transverseD⊥ (red) momentum diffusion coefficients (lower row), after
extraction of the leading order in temperature and rescaling as in equation (53), for a fermionic γ quasiparticle in an unpolarized pair-condensed gas
of fermions at very low temperature, as functions of the quasiparticle wave number k. We have deduced the coefficients (41) from the gas equation
of state (see footnote 36) and from the dispersion relation (9) of γ in the BCS approximation, then we have numerically integrated equations (55,
56). In the BEC-BCS crossover: (a) on the BEC side 1/kFa = 1 (µ/εF ' −0.801, ∆/εF ' 1.332), (b) in the unitary limit 1/kFa = 0 (µ/εF ' 0.591,
∆/εF ' 0.686), (c) on the BCS side 1/kFa = −1 (µ/εF ' 0.954, ∆/εF ' 0.208). Vertical dashed line: position k0 of the minimum of the dispersion
relation. Oblique or horizontal dashed line: analytical predictions (62, 63, 64, 65, 67) and linear approximation ek ' ~(k − k0)/m∗ in equation (62);
in (b1), the nodal point of F is not an inflection point. kF = (3π2ρ)1/3 is the Fermi wave number of the gas, εF = ~2k2

F/2m its Fermi energy, ρ its
uniform density, µ its chemical potential and ∆ > 0 its order parameter at zero temperature, a the s-wave scattering length between opposite spin
fermions of mass m. In the BCS limit (d) kFa → 0−, universal limiting behaviors deduced from equation (57) after multiplication of the force,
diffusion and deviation of k from k0 by well-chosen powers of ∆, in solid line [the limiting law for F is explicit, see equation (58), the one for
D� orD⊥ requires numerical integration]; oblique or horizontal dashed lines: as in (a), (b) and (c) but for ∆/εF → 0; dashed curves for diffusion:
quadratic approximations (58); circles: 1/kFa = −3 (∆/εF ' 9.72 × 10−3) taken numerically from equations (55, 56).

diffusion coefficients must be evaluated numerically. In the BCS approximation, where the dispersion relation εk and
the equation of state at zero temperature have an explicit analytical form (see our equation (9) and reference [36]) 36,
we show in figure 4 the dependence in wave number of the force and the diffusion coefficients for various interaction
regimes.

In the so-called BCS limit kFa → 0−, where the BCS approximation is the most quantitative, simple results can
be obtained by making ∆/εF tend to zero at fixed κ = ~2k0(k − k0)/m∆. The speed of sound becomes proportional to
the Fermi velocity, c ∼ ~kF/m

√
3, the wave number of the minimum of the dispersion relation merges with the Fermi

wave number k0 ∼ kF, the γ quasiparticle is subsonic and stable as long as |κ| < 1/
√

2 and the reduced φ−γ scattering
amplitude, dominated by T1 + T2 + T3 in expression (23) (the diagrams omitted in reference [4] become negligible),
takes the very simple w-independent form: 37

Rk(u, u′,w) κ fixed
∼

kFa→0−

3εF/∆

(1 + κ2)3/2

(u2 − 1/3)(u′2 − 1/3)
(1 − uek)(1 − u′ek)

with ek ∼

√
3κ

(1 + κ2)1/2 (57)

It then becomes reasonable to give the analytical expression of the force and an expansion of the momentum diffusion

36. We have made the expressions of reference [36] more compact using the properties of the elliptical integrals E(ix) = |1 + ix|E(x/|1 + ix|)
and K(ix) = K(x/|1 + ix|)/|1 + ix| valid for all x ∈ R. By setting µ/∆ = sh τ, it comes then −π/2a = (2m∆/~2)1/2I1 and ρ = (2m∆/~2)3/2I2/(2π2)
with I1 = (2e−τ)1/2[eτ ch τK(ieτ) − E(ieτ)] and I2 = (2e−τ/9)1/2[sh τ E(ieτ) + ch τK(ieτ)]. In addition, ek = (~k/mc)(ξk/εk), ekk = (~k/mc)[ξ3

k +

∆2(3ξk + 2µ)]/ε3
k , eρk = −(~k/mc)∆(ξkρ∆′ + ∆ρµ′)/ε3

k , eρ = (∆ρ∆′ − ξkρµ
′)/(~ckεk), eρρ = [(∆ρµ′ + ξkρ∆′)2 + ε2

k (∆ρ2∆′′ − ξkρ
2µ′′)]/(~ckε3

k ). We
noted with a prime the derivate with respect to the density ρ at fixed scattering length a and we setted ξk = ~2k2/(2m) − µ.

37. To be complete, we give eρ ∼ −ek/3, λ→ −1/3, ekk ∼ (2
√

3εF/∆)(1 + κ2)−3/2, eρk ∼ −ekk/3, eρρ ∼ ekk/9.
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coefficients at low speed: 38

F (k) ∼ −
512

14175
(εF/∆)2

(1 + κ2)3

ek(1 + 3e2
k)(33 + 47e2

k)

(1 − e2
k)6

and
(
D�(k)
D⊥(k)

)
∼

(
εF

∆

)2
( 5632

4725 + ( 159232
4725 + 94208π2

14553 ) κ2 + O(κ4)
512
945 + ( 61952

11025 + 38912π2

43659 ) κ2 + O(κ4)

)
(58)

Langevin forces. The Fokker-Planck equation (50) is a deterministic equation on the probability distribution of the
γ-quasiparticle wave vector k. It is however more intuitive, in particular when the notion of temporal correlation
comes into play, to use the stochastic reformulation given by Langevin [37], in terms of a random walk of wave vector
k in Fourier space:

~ dk = F(k) dt + [2dt D(k)]1/2η (59)

Here we use Ito calculus: between the times t and t + dt we randomly select a real Gaussian vector η, with zero mean,
identity covariance matrix, 〈ηiη j〉 = δi j, statistically independent of the vectors η selected at other times. This shows
in particular that F(k) is indeed the mean force, since d〈~k〉/dt = 〈F(k)〉. The usual method of the test function 39

allows to immediately get equation (50) from (59). The rotational invariance having led to the forms (52) suggests to
transform (59) into stochastic equations on the modulus k and the direction k̂ of the wave vector:

~ dk = F(k) dt +
2D⊥(k)
~k

dt + [2dt D�(k)]1/2η� (60)

dk̂ = −
2D⊥(k)
~2k2 dt k̂ +

[2dt D⊥(k)]1/2

~k
η⊥ (61)

where η� and η⊥ are the components of the vector η parallel and orthogonal to k. This gives a physical meaning to
D⊥(k)/(~k)2, that of a diffusion coefficient of the direction of k on the unit sphere.

Near zero speed. Let k0 be a nodal point of the γ-quasiparticle group velocity vk, corresponding to a minimum or to
a maximum of the dispersion relation [effective mass m∗ > 0 or < 0 in expansion (2)]. In this point, at the order T 8 in
temperature, the mean force tends to zero linearly with vk, which gives for the reduced form (53):

F (k) ∼
k→k0
−αek with α =

∫ 1

−1
du

∫ 1

−1
du′ 4(u − u′)2

∫ 2π

0

dϕ
2π

[
lim
k→k0

Rk(u, u′,w)
]2

≥ 0 (62)

The quasiparticle then undergoes a viscous friction force, of reduced friction coefficient α. The longitudinal momen-
tum diffusion coefficient at order T 9, in the reduced form (53), simply tends to α:

D�(k) →
k→k0

α (63)

This emerges from equation (56), with the value Φ8(1) = 8![ζ(8)− ζ(9)] and the expression of α in (62). The physical
explanation is moreover very simple in the case of m∗ > 0: it is, in dimensionless form, the Einstein relation linking
equilibrium temperature, momentum diffusion coefficient and friction coefficient. We write it later in dimensioned
form, see equation (88). It is well known when k0 = 0, but it therefore also holds in the more unusual case k0 > 0

38. In the limit (57), one can also reduce the contribution of Φ8 in (56) to a single integral at the cost of introducing Bose functions or polylog-
arithms gs(z) =

∑
n≥1 zn/ns (the remainder, analytically calculable, is a rational function of ek): by setting fs(u) ≡ gs(exp(−Q(1 − eku)))/(Qek)s,

it comes
∫ 1
−1 du du′(u2 − 1/3)2(u′2 − 1/3)2(u′ − u)2Φ8( 1−uek

1−u′ek
)/[(1 − uek)(1 − u′ek)]7/2 = 2

∫ +∞

0 dQ Q8[A0(Q)A2(Q) − A1(Q)2] with A0(Q) =

[120ek f6(u) + 24(1 − 5eku) f5(u) + 8(7ek − 3u) f4(u) + 16
3 (2 − 3eku) f3(u) + 4

9 (7ek − 6u) f2(u) + 4
9 (1 − eku) f1(u)]1

−1, A1(Q) = [−720ek f7(u) − 120(1 −
6eku) f6(u) + 8(15u − 43ek) f5(u) + 8(13eku − 7) f4(u) + 8

9 (18u − 25ek) f3(u) + 4
9 (8eku − 7) f2(u) + 4

9 (u − ek) f1(u)]]1
−1 and A2(Q) = [5040ek f8(u) +

720(1− 7eku) f7(u) + 40(61ek − 18u) f6(u) + 8(43− 95uek) f5(u) + 8
3 (64ek − 39u) f4(u) + 8

9 (25− 33eku) f3(u) + 4
9 (9ek − 8u) f2(u) + 4

9 (1− eku) f1(u)]1
−1.

Similarly, in Tr D,
∫ 1
−1 du du′(u2 − 1/3)2(u′2 − 1/3)2[(1 − uek)2 + (1 − u′ek)2 − 2uu′(1 − uek)(1 − u′ek)]Φ8( 1−uek

1−u′ek
)/[(1 − uek)(1 − u′ek)]7/2 =

2
∫ +∞

0 dQ Q8[B0(Q)B2(Q) − B1(Q)2] with B0(Q) = A0(Q), B1(Q) = A1(Q) − ekA2(Q) and B2(Q) = A0(Q) − 2ekA1(Q) + e2
k A2(Q). These expres-

sions are numerically ill-posed for Q or |ek | too small, the terms fs(u) becoming separately very large.
39. We express in two different ways the variation of order dt of the expectation 〈 f (k(t))〉 where f is an arbitrary rapidly decreasing smooth

function from R3 to R.
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of an anisotropic momentum diffusion, provided that it is applied toD�(k0). Indeed, the reduced transverse diffusion
coefficient has a nonzero limit in k = k0 different from α if k0 > 0, but equal to α if k0 = 0 (matrix D then becomes
scalar). To write explicit expressions, we must distinguish these two cases. If k0 > 0, we use the limiting expression
(44) of the reduced φ − γ scattering amplitude; after triple angular integration, it comes

α
k0>0
=

(
~k0

2mc

)2 [
128
225

+
32
35

ẽ2
kk +

2944
525

ẽkkẽρk +
384
35

ẽ2
ρk +

(
64
15

ẽkk +
896
45

ẽρk

)
ẽx +

32
3

ẽ2
x

−

(
1088
525

ẽkk +
128
15

ẽρk +
64
9

ẽx

)
ẽρ +

(
32
9
−

1216
525

ẽ2
kk −

128
15

ẽkkẽρk +
128
45

ẽ2
ρk −

64
9

ẽkkẽx

)
ẽ2
ρ +

64
15

ẽkkẽ3
ρ +

32
15

ẽ2
kkẽ4

ρ

]
(64)

D⊥(k)
k0>0
→

k→k0

(
~k0

2mc

)2 [
256
225

+
32

175
ẽ2

kk +
256
175

ẽkkẽρk +
1408
315

ẽ2
ρk +

(
64
45

ẽkk +
512
45

ẽρk

)
ẽx

+
32
3

ẽ2
x −

(
−

64
105

ẽkk +
128
45

ẽρk +
64
9

ẽx

)
ẽρ +

(
32
9

+
128
175

ẽ2
kk +

128
45

ẽkkẽρk +
256
45

ẽ2
ρk

)
ẽ2
ρ +

64
45

ẽkkẽ3
ρ +

32
45

ẽ2
kkẽ4

ρ

]
(65)

As we see on the modulus-direction Langevin form (60, 61), near the extremum (ek ' ~(k − k0)/m∗c), the average
wave number 〈k(t)〉 exponentially tends towards k0 if m∗ > 0 40 or deviates from it exponentially if m∗ < 0 (α is always
≥ 0), and the mean wave vector direction tends exponentially to zero, with rates

Γk =
π5

15
α

~
m∗ρ2

(
kBT
~c

)8

and Γk̂ =
2π5

15
D⊥(k0)

c
ρ2k2

0

(
kBT
~c

)9

(66)

If k0 ≡ 0 you should rather use the limiting expression (46) to get 41

D�(k) k0≡0
∼

k→k0
D⊥(k)

k0≡0
→

k→k0
α

k0≡0
=

8
9


[
ěρ

(
1 +

m
m∗

ěρ

)
− ěx

]2

+ 2ě2
x

 (67)

As the Cartesian form (59) of the Langevin equation shows, the mean wave vector 〈k(t)〉 then relaxes towards zero
with a rate Γk of the same formal expression as Γk in the vicinity of a minimum of the dispersion relation, or on
the contrary deviates from it exponentially with this same rate near a maximum. To be complete, let us note that,
compared to the case k0 > 0, we gain one order in precision in the expansions (62, 63, 67), the relative deviation from
the leading term now being ≈ e2

k . 42

In the BCS approximation, α andD⊥(k0) are shown as functions of the interaction strength in figure 5a. The case
k0 > 0 corresponds to the minimum of the BCS dispersion relation (9) for a chemical potential µ > 0; the case k0 ≡ 0
corresponds either to the minimum of the BCS dispersion relation for µ < 0, or to the maxon, that is to say to the
relative maximum of the dispersion relation, for µ > 0. It is noted that the maxon reduced friction coefficient αmaxon
is connected to the branch µ < 0 of the reduced friction coefficient at the minimum αminon in a differentiable way in
µ = 0, while αminon exhibits a kink. When µ = 0, the quasiparticle dispersion relation varies quartically at the location
k = 0 of its minimum; relation (62) applies, with a simple analytical expression of the friction coefficient deduced

40. The stationary value of 〈k〉 generally differs slightly from k0 > 0. On the one hand, εk contains a small cubic term ∝ (k − k0)3 which distorts
Πst(k) and leads to 〈k − k0〉 ≈ T ; on the other hand, even in the absence of this cubic term, the three-dimensional Jacobian k2 distorts the wave
number probability distribution k2Πst(k) and leads to a difference of the same order. In total, 〈k − k0〉 ∼

T→0
(m∗kBT/~2k0)(2 − k0b).

41. To show thatD⊥(k)−D�(k)→ 0 when k → k0 ≡ 0, we apply the remark of footnote 49 to the function f (u, u′,w) = g(w)[2(1−w)−3(u−u′)2]

where g(w) is arbitrary. We then have
∫ 1
−1 du

∫ 1
−1 du′

∫ 2π
0 dϕ f (u, u′,w) = 0 because 2(1 − w) − 3(u − u′)2 = 2(1 − q̂ · q̂′) − 3[k̂ · (q̂ − q̂′)]2 has zero

mean on k̂ at fixed q̂ and q̂′ therefore at fixed w.

42. We show this by pushing expansion (46) one step further, Rk(u, u′,w)
k0≡0
=

k→0
1
2 (ěx + f ěρw) + ~k

2mc (u + u′)(w f 2 + ěρěρk) + O(k2) with f =

1 + (m/m∗) ěρ and ěρk = limk→0(mc/~k)eρk = ρd(m/m∗)/dρ, and using in the angular integrals on (u, u′, ϕ) the antisymmetry of the integrand under
the transformation (u, u′, ϕ)→ (−u,−u′, ϕ), which preserves w and (u − u′)2.

22



from the BCS equation of state given in footnote 36, 43

lim
µ→0

α
BCS approx.

=

{
36π4

[
1

Γ(1/4)8 +
1

24π4 − Γ(1/4)8/4 + 3Γ(1/4)16/(512π4)

]}−1

= 5.269 833 . . . (68)

but the reduced group velocity ek and therefore the mean force tend cubically to zero with k; as for momentum
diffusion, it is isotropic in k = 0, as equation (67) says. In the unitary limit, as we see in figure 5a, αmaxon vanishes,
which seems to us to be an artifact of the BCS approximation 44, and a more precise value of αminon, going beyond
BCS, was added from the measured values k0 ' 0.92kF and ∆/εF ' 0.44 [16], µ ' 0.376εF [14] and the theoretical
value resulting from dimensional expansion in ε = 4 − d, m∗/m = 0.56 [38]. In the BEC limit kFa → 0+, the
fermion gas is reduced to a condensate of dimers of mass 2m and of scattering length add ' 0.60a [39, 40], and the γ
quasiparticle to an unpaired supernumerary fermion of mass m∗ = m, interacting with dimers with a scattering length
aad ' 1.18a [41, 42, 43, 44], hence the exact limit (not shown in figure 5a): 45

µ =
kFa→0+

~2

2ma2

[
−1 + πρa2add + O(ρa3)3/2

]
∆∗ =

kFa→0+

~2

2ma2

[
1 + πρa2(3aad − add) + O(ρa3)3/2

] =⇒ α →
kFa→0+

8
(

aad

add

)2 (
1 −

3aad

add

)2

' 750 (69)

BCS theory is far from it (it underestimates the limit of α by a factor ' 6) because it estimates the dimer-dimer and
atom-dimer scattering lengths very badly, aBCS

dd = 2a and aBCS
ad = 8a/3.

Mean force at zero speed. At the location k0 of the minimum of the dispersion relation εk, the γ-quasiparticle group
velocity is zero. If k0 = 0, the mean force undergone by γ is then strictly zero, due to parity invariance. If k0 > 0, on
the other hand, the mean force undergone has no reason to be zero, F(k0) , 0. More precisely, at low temperature,
it vanishes at the order T 8, as we saw in the previous paragraph, but not at the order T 9, and we can obtain its exact
expression at this order without needing to know the phonon scattering amplitude beyond its leading order ≈ T ,

F(k0) k0>0
∼

T→0

1
~

d
dk

D�(k0) +
2
~k0

[
D�(k0) − D⊥(k0)

] k0>0
∼

T→0

π5

15

(
kBT
~c

)9

~cρ−2
[

d
dk
D�(k0) +

2
k0

(
D�(k0) −D⊥(k0)

)]
(70)

The order T 9 of the momentum diffusion coefficients is indeed already known. It leads to a third nonzero side of the
equation deducible from equations (63, 64, 65) and from the following expression,

k0
d
dk
D�(k0) =

(
~k0

2mc

)2 64
4725

{630c1ẽ2
kkẽ4

ρ−3(228c1−210c2−175c3−81)ẽ2
kkẽ2

ρ+420(ẽρ+7c1ẽ−1
kk )ẽ3

ρk

+42[3ẽ3
kk +5(3c1+1)ẽkk]ẽ3

ρ+3(90c1−138c2−105c3+19)ẽ2
kk−3(102c1−210c2−175c3−47)ẽkkẽρ

−30[7c1ẽ2
ρ−129c1+98c2−33−7(6ẽkk−5c1ẽ−1

kk )ẽρ]ẽ2
ρk−3[105(8c1−2c2+1)ẽkkẽ2

ρ−(552c1−750c2−490c3+45)ẽkk

−7(6ẽ2
kk−60c1+50c2−5)ẽρ]ẽρk−105[10c1ẽkkẽ2

ρ−(6c1−14c2−15c3−3)ẽkk−30c1ẽ−1
kk ẽ2

ρk−(10ẽkkẽρ+28c1−30c2+9)ẽρk]ẽx

+5λ[81ẽ2
kkẽ2

ρ−49ẽ2
kk +63ẽkkẽρ−294ẽ2

ρk−63(3ẽkk +5ẽρk)ẽx+3(35ẽkkẽ2
ρ−87ẽkk +35ẽρ)ẽρk]+84} (71)

43. At fixed scattering length a > 0, the limit µ → 0+ in BCS theory corresponds to ρ → ρ+
0 , with ρ0a3 = [Γ(1/4)]8/(1536π4); here we only

give the power laws k0 ≈ (ρ − ρ0)1/2 and 1/m∗ ≈ ρ − ρ0, to show that (~ρdk0/dρ)2/m∗ has a finite and nonzero limit.
44. According to BCS theory, there would be cancellation in the unitary limit in Rk(u, u′,w) up to order k when k → 0, Rk ∼ 2δ2k2(w +

2uu′)/(9|3 + 2iδ|) where δ = ∆/mc2 = const by scale invariance, so that F (k) ≈ (~k/mc)5 and D�,⊥(k) ≈ (~k/mc)4, the momentum diffusion
matrix remaining non-scalar at this order. In an exact theory, we would have εk = mc2G((~k/mc)2), where the function G is smooth but unknown,

assuming that the maxon exists and is stable. Then Rk(u, u′,w)
1/a=0

=
k→0

w
9 G(0)[3 + 4G(0)G′(0)]{1 + ~k

2mcG(0) (u + u′)[3 + 4G(0)G′(0)]} + O(k2). In the

usual notations, ěx = 0, G(0) = 3ěρ/2 = ∆∗/mc2 and G′(0) = m/2m∗ so that G(0)G′(0) = ∆∗/2m∗c2, equal to −3/4 in BCS theory
45. Indeed, in the BEC limit, the ground state of the gas has an energy E0 ' (N/2)(−~2/ma2) + (N/2)(N/2 − 1)gdd/(2L3) and the excited state

obtained by breaking a dimer into two free atoms of wave vectors ±k has an energy E1 ' (N/2 − 1)(−~2/ma2) + (N/2 − 1)(N/2 − 2)gdd/(2L3) +

2 × ~2k2/2m + 2 × gad(N/2 − 1)/L3, where gdd = 4π~2add/md and gad = 2π~2aad/mr are the dimer-dimer and atom-dimer coupling constants,
mr = mmd/(m + md) = 2m/3 is the reduced mass of an atom and a dimer, N is the total number of fermions. Needless to say, the fermionic atoms
and the bosonic dimers being distinguishable particles, there is no Hanbury-Brown and Twiss bunching effect in their mean field coupling energy.
In the thermodynamic limit, dE0/dN → µ and (E1 − E0)/2→ εk ' ∆∗ + ~2k2/2m∗. Note that ěx = O(ρ1/2).
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Figure 5: (a) Reduced friction coefficient α and reduced transverse momentum diffusion coefficient D⊥(k0) at the place k0 of an extremum of
the dispersion relation εk , for a fermionic γ quasiparticle in an unpolarized pair-condensed gas of fermions of mass m at very low temperature,
as functions of the interaction strength in the gas identified by the ratio between its chemical potential µ and its order parameter ∆. The reduced
longitudinal momentum diffusion coefficient D�(k0) is identically equal to α, see equation (63). Solid black line: α at the minimum and in the
BCS approximation (k0 = 0 if µ < 0, k0 = (2mµ)1/2/~ if µ > 0). Solid green line: α at the location of the relative maximum (maxon) and in the
BCS approximation (k0 = 0, µ > 0). Solid red line: D⊥(k0) in the BCS approximation where k0 > 0 (elsewhere, it coincides with α); it crosses
the black line so it overcomes D�(k0) around µ/∆ = 1.6. We used equations (64), (65) or (67) depending on the case. Green vertical dashed line:
maxon stability limit as in figure 2a. Symbols: more precise coordinates (beyond the BCS approximation) of the coefficients α (black sign) and
D⊥(k0) (red cross) at the location of the minimum in the unitary limit (µ/∆ ' 0.85, α ' 13.6,D⊥(k0) ' 13.2). Upper horizontal dotted line: value
of α in the BEC limit according to BCS theory [' 5.8 times lower than the exact value (69) not shown here]. Lower horizontal dotted line: limit
(68) of the different branches of α and D⊥(k0) in µ = 0 according to BCS theory. The dashed curves in the weak coupling regime µ/∆ � 1 come
from the dispersion relation (9) and from BCS limiting forms ∆ ' 8e−2εF exp[−π/(2kF |a|)], µ ' εF. (b) Reduced spatial diffusion coefficient of the
γ quasiparticle at equilibrium in the phonon gas, that is to say numerator of the last side of expression (86). Solid black line: BCS approximation.
Horizontal dotted lines: its limit in µ/∆ = 0 or µ/∆ = −∞. Dashed line: its limiting form in weak coupling [dispersion relation (9) and limiting
BCS forms ∆ ' 8e−2εF exp[−π/(2kF |a|)], µ ' εF]. Star: more precise estimate than BCS in the unitary limit.

which has been obtained by taking the derivative with respect to k of the first component of the identity (56), and
involves the additional dimensionless coefficients c1 = k0b, c2 = ρm−1

∗ dm∗/dρ and c3 = ρ2k−1
0 d2k0/dρ2, where

the length b appears at order (k − k0)3 in the expansion (2) of εk. 46 In the BCS approximation, we find that the
expression in square brackets in the third side of equation (70) is positive and tends to zero (+∞) in units of 1/kF

when µ/∆ → 0 (+∞); we did not find it useful to plot it here. An interesting consequence of the results (62, 70) is
that, in the case of k0 > 0, the mean force undergone by the γ quasiparticle at low temperature vanishes a little away
from k0, at a wave number deviation k − k0 or at a speed vk proportional to temperature; need it be specified, this
deviation has no simple relation with the stationary mean 〈k − k0〉 (see notes 40 and 54).

The simplest way to establish equation (70) is to go through the stationary solution Π0 of the Fokker-Planck
equation (50) seen as an equation of continuity in Fourier space. This rotationally invariant distribution Π0(k) is easily
obtained by expressing that the current of probability J(k) which it carries is zero. From the general expression of
the component along Oi, Ji(k) = Fi(k)Π(k)/~ −

∑
j
∂
∂k j

[Di j(k)Π(k)]/~2, we get after replacement of Π(k) by Π0(k),
division by Π0(k)/~ and use of spherical forms (52):

F(k) =
2
~k

[D�(k) − D⊥(k)] +
1
~

d
dk

D�(k) + D�(k)
1
~

d
dk

ln Π0(k) (72)

As we said, Πst(k) ∝ exp(−βεk) is an exact stationary solution of the master equation. However, this is not an exact
stationary solution of the Fokker-Planck equation, since the latter results from a truncated expansion of the master
equation at low temperature. By estimating the error made, knowing that Π0(k) has a width of order T 1/2 around k0, 47

46. We first calculate the derivative of the functions eρ, etc, in k = k0: by noting ˜̃eρ = k0deρ(k0)/dk, etc, we find ˜̃eρ = −ẽρ + ẽρk , ˜̃ek = ẽkk ,
˜̃ekk = (1 + 2c1)ẽkk , ˜̃eρk = 2c1ẽρk − c2ẽkk , ˜̃ex = −ẽx − (λ+ 2c2)ẽρk − c3ẽkk + 2c1ẽ2

ρk/ẽkk; the values ẽρ, etc, in k = k0 are given in equation (43). Then
we expand the reduced amplitude (40) around k0 to first order in k− k0. Finally, we insert the expansion obtained in the first component of equation
(56), which we expand in the same way, and we integrate on ϕ, u and u′, using the first integral of footnote 35.

47. Note that the first terms neglected in the expression of the current along Oi are of the form ∂2

∂k j∂kk
[Ei jk(k)Π0(k)]/~3 and
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we arrive at the exact relation within the width of the distribution:

F(k)
k−k0=O(T 1/2)

=
T→0

2
~k

[D�(k) − D⊥(k)] +
1
~

d
dk

D�(k) − βD�(k)
1
~

d
dk
εk + O(T 9+1/2) (73)

It suffices to apply it in k = k0, where the derivative of εk vanishes, to find result (70) 48.
We can also establish (70) by a fairly long calculation, starting from the general expression (51) of the mean

force and expanding it to order T 9 in the particular case k = k0. We must express q′ as a function of q using energy
conservation one step further than in the calculation of F (k), q′ = q − ~q2(u′ − u)2/(2m∗c) + O(q3), and above all use
an exactly microreversible expression of the φ − γ scattering amplitude on the energy shell:

A(γ : k, φ : q→ γ : k′, φ : q′) =
~c
ρ

(qq′)1/2R
|| k+k′

2 ||

(
q̂ ·

k + k′

||k + k′||
, q̂′ ·

k + k′

||k + k′||
, q̂ · q̂′

)
(74)

where k + q = k′ + q′ and the function Rk(u, u′,w) is that of equation (38). By noting R2
k0

and d
dk R2

k0
the values of the

function R2
k and its derivative with respect to k in k = k0, we obtain for the left-hand side of equation (70):

F(k0) k0>0
∼

T→0

4π5

15
~c
ρ2k0

(
kBT
~c

)9 ∫ 1

−1
du

∫ 1

−1
du′

∫ 2π

0

dϕ
2π

[
3~k0

m∗c
u′(u′ − u)2R2

k0
+ (u′ − u)2k0

d
dk

R2
k0

+

(1 − w)(u − u′)

∂R2
k0

∂u
−
∂R2

k0

∂u′

 − (u − u′)2

u∂R2
k0

∂u
+ u′

∂R2
k0

∂u′

 ] (75)

The different terms in the right-hand side of (70) are deduced from the order T 9 of expression (56) and the derivative
with respect to k of its first component, the whole taken in k = k0 (ek = 0). For form (40) of the function Rk, there
is indeed agreement at order T 9 between the first two sides of equation (70). 49 This explicit calculation allows us
to understand how we can obtain exactly the mean force to sub-leading order T 9 without knowing the scattering
amplitude A to sub-leading order T 2. This is because we restricted to the case k = k0: at this point, the contribution
to F(k) of the first correction toA vanishes due to antisymmetry of the integrand under the exchange of u and u′.

Near the speed of sound. At fixed atomic interaction strength in the superfluid, one of the edges of the γ-quasiparticle
stability domain in the wave vector space (red line in figure 2) corresponds to the sonic regime of a group velocity
equal in absolute value to the speed of sound. However, our expressions (55, 56) of the reduced mean force and
momentum diffusion diverge in the sonic limit ek → ±1, as expected from the denominators 1 − uek and 1 − u′ek.

To see it on the mean force, we carry out in the integrals the changes of variables u = 1− x and u′ = 1− (1− ek)x′

if ek → 1−, u = x − 1 and u′ = −1 + (1 + ek)x′ if ek → −1+, then we take the limit in the integral at fixed x, x′, which

∂3

∂k j∂kk∂kl
[Gi jkl(k)Π0(k)]/~4, where the tensors Ei jk and Gi jkl are moments of order 3 and 4 of the momentum change ~(q − q′) accompanying

phonon scattering, while F and D are the moments of order 1 and 2, see equation (51). By proceeding as for force and diffusion, we find that
to leading order in T , Ei jk ∝ T 10Ei jk and Gi jkl ∝ T 11Gi jkl, where the reduced functions E and G, independent of temperature, have a width in
k space of order T 0, E vanishing linearly in k = k0 (E ≈ ek) and G having a finite limit. Then each differentiation of Π0(k) with respect to
k leaves a factor ≈ T−1/2, and the factor ek is of the order of T 1/2 over the width of Π0(k), so that ∂2

∂k j∂kk
[Ei jk(k)Π0(k)] ≈ T−1+10+1/2Π0 and

∂3

∂k j∂kk∂kl
[Gi jkl(k)Π0(k)] ≈ T−3/2+11Π0 and we get equation (73).

48. By identifying the terms of order k − k0 then of order (k − k0)2 in relation (73), we show that there is a coefficient α already introduced and
a new coefficient ζ such as F (k) = −(αek + ζe2

k + O(e3
k )) and D�(k) = α + ζek + O(e2

k ), so that F (k)/D�(k) = −ek + O(e3
k ) when k → k0. We

arrive at the same results by Taylor expansion of expressions (55, 56) to sub-leading order in ek , considering Rk as a function of ek rather than k.
The value of ζ is easily deduced from equation (71).

49. This conclusion is not specific to form (40) but is ultimately based on the identity
∫ 1
−1 du

∫ 1
−1 du′

∫ 2π
0

dϕ
2π {(u − u′)[(1 − w)(∂u − ∂u′ ) − (u −

u′)(u∂u +u′∂u′ )]R2
k0
− [3(u−u′)2−2(1−w)]R2

k0
} = 0. To establish it, we first notice that 1

4

∫ 1
−1 du

∫ 1
−1 du′

∫ 2π
0

dϕ
2π f (u, u′,w) = 〈 f (q̂, q̂′, k̂)〉 where 〈. . .〉

is the average taken uniformly on the unit sphere for the three directions q̂, q̂′ and k̂, f being a rotationally invariant function or, which amounts
to the same thing, a function of the three scalar products u = k̂ · q̂, u′ = k̂ · q̂′ and w = q̂ · q̂′. So if k̂ 7→ Tq̂,q̂′ (k̂) is a diffeomorphism from the
unit sphere to the unit sphere parametrically depending on (q̂, q̂′) and of Jacobian Jq̂,q̂′ (k̂), we have 〈 f (q̂, q̂′, k̂)〉 = 〈Jq̂,q̂′ (k̂) f (q̂, q̂′,Tq̂,q̂′ (k̂))〉. It
remains to apply this identity to the function f (q̂, q̂′, k̂) = k̂ ·(q̂− q̂′) R2

k0
(k̂ · q̂, k̂ · q̂′, q̂ · q̂′) and diffeomorphism Tq̂,q̂′ (k̂) = (k̂+η

q̂−q̂′
2 )/||k̂+η

q̂−q̂′
2 || =

k̂[1 − η(u − u′)/2] + η(q̂ − q̂′)/2 + O(η2) of Jacobian Jq̂,q̂′ (k̂) = 1 − η(u − u′) + O(η2) where η is infinitesimal.
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eliminates the dependence on the azimuthal angle ϕ, to obtain after integration on x′ ∈ R+ (performing integration on
x is elementary but does not lead to a more compact expression): 50

F (k) ∼
ek→1−

−
1

24

(
~k
mc

)2 (1 + eρ)2

(1 − ek)6

∫ 2

0
dx x2

{
ekk(1 + eρ) +

[
eρk −

1 + λ

2
− (2 + eρ)ekk

]
x + ekk x2

}2

(76)

F (k) ∼
ek→−1+

1
24

(
~k
mc

)2 (1 − eρ)2

(1 + ek)6

∫ 2

0
dx x2

{
ekk(1 − eρ) +

[
eρk +

1 + λ

2
− (2 − eρ)ekk

]
x + ekk x2

}2

(77)

The mean force is negative in the limit ek → 1−. However, this limit always corresponds to the upper edge ksup of
the wave number stability domain of the γ quasiparticle, as we can see in figure 2. The force undergone by the γ
quasiparticle near the edge therefore tends systematically to move its wave vector k away from the supersonic zone 51.
Conversely, when the stability domain of the γ quasiparticle has an edge ek = −1, it is always a lower edge kinf ; the
mean force is positive in the limit ek → −1+ and there also pushes the quasiparticle away from the supersonic zone.
We could however have come to the opposite (and physically incorrect) conclusion if we had ignored the subsonic
destabilization line SC (green line in figure 2c): for ∆/µ < (∆/µ)S, that is to say below the summit point S in the
figure, we would then have ek = −1 at an upper edge of the stability domain, and the mean force near the edge would
bring k closer to the sonic boundary.

In the case of momentum diffusion, we first show that the contribution of the function Φ8 in expression (56),
although divergent, is a negligible fraction in the sonic limit (see footnote 50), then we apply to the rest the same
procedure as for the force, which gives(
D�(k)
D⊥(k)

)
∼

ek→1−

225 ζ(9)
π8

(
~k
mc

)2

(1 + eρ)2
(
6(1 − ek)−7

(1 − ek)−6

) ∫ 2

0
dx x3

{
ekk(1+eρ)+

[
eρk−

1+λ

2
−(2+eρ)ekk

]
x+ekk x2

}2

(78)(
D�(k)
D⊥(k)

)
∼

ek→−1+

225 ζ(9)
π8

(
~k
mc

)2

(1 − eρ)2
(
6(1 + ek)−7

(1 + ek)−6

) ∫ 2

0
dx x3

{
ekk(1−eρ)+

[
eρk +

1+λ

2
−(2−eρ)ekk

]
x+ekk x2

}2

(79)

The longitudinal momentum diffusion coefficient therefore diverges more quickly than the mean force. Should it be
specified, the results (76, 77, 78, 79) are only valid if we make first the gas temperature tend to zero, as in equation
(53), then the speed of the γ quasiparticle tend to ±c. There is nothing to indicate that the divergence remains in an
exchange of the limits.

Spatial diffusion. We now consider times long enough for the γ-quasiparticle wave vector distribution to have reached
its thermal equilibrium. The direction k̂ of the wave vector is uniformly distributed on the unit sphere. The quasipar-
ticle wave number k deviates weakly from the minimum position k0 of the dispersion relation, k − k0 ≈ T 1/2, so we
can replace the mean force F(k) to order T 8 by its linear approximation (62) and the momentum diffusion coefficients
by their value in k0. There is, however, an unsteady degree of freedom which we have not discussed so far, and whose
probability distribution spreads indefinitely in the thermodynamic limit. It is the γ-quasiparticle position r(t), whose
time derivative v(t) is simply the γ-quasiparticle group velocity:

d
dt

r(t) ≡ v(t) =
1
~

dεk

dk
k̂ (80)

50. Suppose that ek → 1− to fix ideas and split the integration domain [−1, 1]2 on the cosines (u, u′) of the polar angles in a large square
[−1, 1 − ε] × [−1, 1 − ε], a small square [1 − ε, 1] × [1 − ε, 1] and two very elongated rectangles, one lying [−1, 1 − ε] × [1 − ε, 1] and the other
standing [1 − ε, 1] × [−1, 1 − ε] where 0 < ε � 1 is fixed when ek → 1−, then tends to zero at end of calculations. The contribution of the large
square has a finite limit when ek → 1− therefore is always negligible. For the force, the contribution of the small square is small ≈ ε3/(1 − ek)6,
that of the lying rectangle is dominant ≈ ε0/(1 − ek)6, that of the standing rectangle is negligible ≈ (1 − ek)0/ε3. This justifies the procedure used
in the text. For the diffusion, there are two types of contributions, that of the same type as in F (k) and that involving the function Φ8. The first one
is treated as before. In the second one, we find that the dominant contribution comes from the small square and that it diverges inD� as (1 − ek)−3

with a prefactor containing the integral
∫ +∞

0 dx
∫ +∞

0 dx′ (x − x′)2Φ8( 1+x
1+x′ )/[(1 + x)(1 + x′)]7/2, and in D⊥ as (1 − ek)−2 with a prefactor containing

the integral
∫ +∞

0 dx
∫ +∞

0 dx′ [(1 + x)(1 + x′)(x + x′)− (x− x′)2]Φ8( 1+x
1+x′ )/[(1 + x)(1 + x′)]7/2 (this results from changes of variables u = 1− x(1− ek)

and u′ = 1− x′(1− ek) and passage to the limit ek → 1− at fixed x and x′ in the integral); the contributions of the rectangles are negligible by virtue
of the upper bound Φ8(x) ≤ (8π8/15)x−7/2 on R+∗ and the equivalent Φ8(x) ∼ (8π8/15)x7/2 when x→ 0+, which also show that Φ8(x) is bounded
and the prefactor integrals are finite.

51. We arrive at the same conclusion by reasoning on the mean wave number: according to equation (60), d〈~k〉/dt = 〈F(k) + 2D⊥(k)/~k〉, but
the transverse diffusion term, of the same sonic-divergence exponent −6 as the force term, is negligible because it is sub-leading in temperature.
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The change of position between 0 and t is given by the integral of the velocity between these two times; its variance
is therefore given by a double time integral of the two-time velocity correlation function. At equilibrium, this matrix
correlation function Ci j only depends on the time difference. We thus set in full generality (without taking into account
the fact that the average velocities 〈vi〉 and 〈v j〉 are obviously zero due to the equilibrium isotropy):

Ci j(τ) = 〈vi(τ)v j(0)〉 − 〈vi〉〈v j〉 (81)

The covariance of the γ-quasiparticle displacements during t along the directions i and j is then 52

Cov (ri(t) − ri(0), r j(t) − r j(0)) =

∫ t

0
dτ (t − τ) [Ci j(τ) + C ji(τ)] (82)

As we will see by distinguishing the cases k0 ≡ 0 and k0 > 0, we find that the velocity correlation matrix, scalar
because of the rotational invariance, decreases rapidly (exponentially) in time. Also the γ-quasiparticle position
always undergoes asymptotically in time an isotropic diffusive spreading, the variance of displacement during t having
a linear divergence independent of the direction of unitary vector n considered:

Var ([r(t) − r(0)] · n) ∼
t→+∞

2Dspat with Dspa =

∫ +∞

0
dτCzz(τ) (83)

In other words, at times much longer than the velocity correlation time, the γ quasiparticle performs in position space a
Brownian motion with a spatial diffusion coefficientDspa, which we have to calculate to leading order in temperature.
For this, as we will see, we can limit ourselves in Czz(τ), if k0 ≡ 0, to a single exponential contribution, of amplitude
≈ T and decay rate Γk given by equation (66):

Ci j(τ)
k0≡0
' δi j

kBT
m∗

e−Γk |τ| (84)

The asymptotic law (83) then applies for Γkt � 1. If k0 > 0, on the other hand, you have to keep two contributions in
Czz(τ), one of amplitude ≈ T and rate Γk, which comes from the faster decorrelation of the wave number k, and the
other of amplitude ≈ T 2 and rate Γk̂ given by equation (66), which comes from the slower decorrelation of the angular
variables k̂:

Ci j(τ)
k0>0
' δi j

kBT
3m∗

e−Γk |τ| +
4m∗kBT
~2k2

0

e−Γk̂ |τ|

 (85)

This second contribution is initially weaker than the first by a factor ≈ T but it decreases more slowly by a factor ≈ T :
it therefore ultimately contributes to the spatial diffusion coefficient to the same order in T as the first contribution;
the asymptotic law (83) then only applies for Γk̂t � 1. Let us collect the two cases in a synthetic expression of the
spatial diffusion coefficient:

Dspa ∼
T→0

kBT
3m∗Γk

[
1 +

2D�(k0)
D⊥(k0)

]
∼

T→0

1
3

(kBT )2
[

1
D�(k0)

+
2

D⊥(k0)

]
∼

T→0

~
m

1
3

[
1

D�(k0) + 2
D⊥(k0)

]
π5

15

(
mc

~ρ1/3

)6 (
kBT
mc2

)7 (86)

using first Einstein’s relation (63) then the equivalents (53). It is recalled that D�(k0) coincides with the reduced
friction coefficient α, always defined by equation (62) and explicit expression (67) for k0 ≡ 0, (64) for k0 > 0.
Similarly, D⊥(k0), which we can always deduce from the limit of equation (56) in k = k0, is equal to α if k0 ≡ 0 and
has the explicit expression (65) otherwise. The spatial diffusion coefficient (86) is shown in figure 5b in dimensionless

52. We are facing Ii j(t) =
∫ t

0 dτ
∫ t

0 dτ′ fi j(|τ − τ′ |) with fi j(|τ − τ′ |) = [Ci j(τ − τ′) + C ji(τ − τ′)]/2; indeed, C ji(τ − τ′) = Ci j(τ′ − τ) even in a
quantum treatment of motion, because vi and v j are Hermitian operators (hence C∗i j(τ) = C ji(−τ)) commuting with the stationary density operator of

γ (hence Ci j(τ) ∈ R). We then successively have Ii j(t) = 2
∫ t

0 dτ
∫ τ

0 dτ′ fi j(τ − τ′) = 2
∫ t

0 dτ
∫ τ

0 dτ′′ fi j(τ′′) = 2
∫ t

0 dτ(t − τ) fi j(τ). We put τ′ = τ − τ′′

in the internal integral, then we integrated by parts on τ.
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form in the BCS approximation, as a function of the fermion gas interaction strength. Note that it is continuous at the
transition between the cases k0 ≡ 0 and k0 > 0 [µ = 0 in the BCS dispersion relation (9)] but presents a kink there.

Let us briefly expose the calculations leading to equations (84,85). Let us start with the case k0 ≡ 0, abundantly
treated in the literature. From the leading order approximations v ' ~k/m∗, F(k) ' −Γk~k, D(k) ' D(0) = D�(0)Id
and Πst(k) ∝ exp(−β~2k2/2m∗), and from the Cartesian Langevin equation (59), we derive the initial value and the
evolution equation of the velocity correlation function:

Ci j(0) ' δi j
kBT
m∗

and dCi j(τ) =
τ>0
〈dvi(τ)v j(0)〉 ' −ΓkdτCi j(τ) (87)

Integration of (87) and use of the relation Ci j(−τ) = C ji(τ) give expression (84) where the coefficient α is that
of equation (67) and, after insertion in expression (83) of Dspa, lead to the announced result (86) with D�(k0) =

D⊥(k0) = α.
The case k0 > 0 is more unusual. To build a minimal model, we now take v = ~[(k−k0)/m∗]k̂, D�,⊥(k) ≡ D�,⊥(k0)

and a stationary distribution Π0(k) ∝ exp[−β~2(k − k0)2/2m∗] (the direction k̂ of k has a uniform distribution on the
unit sphere) 53. The relation (72) then obliges us to include in the mean force not only the expected viscous friction
term, but also the sub-leading-in-temperature contribution at zero speed, which takes a simpler form here because we
neglect the dependence of D� on k:

F(k) = −~Γ(k − k0) +
2
~k0

[
D�(k0) − D⊥(k0)

]
with Γ ≡

D�(k0)
m∗kBT

∼
T→0

Γk (88)

By inserting these elements of the model in the stochastic equations for modulus and direction (60, 61), and by
replacing as in (88) the wave number k by k0 in the denominators, we obtain the minimum Langevin formulation 54

~ dk = −Γdt ~(k − k0) +
2D�(k0)
~k0

dt +
[
2dtD�(k0)

]1/2
η� (89)

dk̂ = −Γ⊥dt k̂ + (Γ⊥dt)1/2η⊥ with Γ⊥ ≡
2D⊥(k0)
~2k2

0

∼
T→0

Γk̂ (90)

The corresponding variation of the velocity along Oi,

dvi =
~k̂i

m∗
dk +

~(k − k0)
m∗

dk̂i +
~

m∗
dk dk̂i = −(Γ + Γ⊥)dt vi +

2Γdt kBT
~k0

k̂i + noise (91)

no longer leads as in relation (87) to a closed equation on the velocity correlation function, but couples to a mixed
direction-velocity correlation function C̃i j(τ) = 〈k̂i(τ)v j(0)〉, hence the differential system at τ ≥ 0:

d
dτ

(
Ci j(τ)

C̃i j(τ)

)
=

(
−(Γ + Γ⊥) 2kBT

~k0
Γ

0 −Γ⊥

) (
Ci j(τ)

C̃i j(τ)

)
(92)

53. As the direction of k thermalizes more slowly than the modulus by one order in temperature according to equation (66), there exists, for an
initial state out of equilibrium, a transient regime in which the distribution of k has reached equilibrium, but that of k̂ not yet (k̂ has not had time to
diffuse on the unity sphere, the constant term in force (88) has not yet really acted), so that Ci j(t) ' (kBT/m∗)〈k̂ik̂ j〉0 exp(−Γkt) where the average
〈. . .〉0 is taken over the initial distribution of k̂. This single-exponential form resembles the case k0 ≡ 0, up to a factor 3 on the trace (the effective
dimension deff , i.e. the number of quadratic degrees of freedom in the approximate form of the energy εk near k = k0, goes from deff = 3 for k0 ≡ 0
to deff = 1 for k0 > 0). At these intermediate times Γ−1

k � t� Γ−1
k̂

, the γ quasiparticle performs a transient Brownian motion of spatial diffusion

matrixDspa, trans
i j = (kBT/m∗Γk)〈k̂ik̂ j〉0, maybe anisotropic but of fixed trace.

54. In a more elaborate formulation taking into account the cubic distorsion of εk and note 48, we replace equation (89) by ~dk = −Γdt ~(k −
〈k〉) + [2dtD�(k0)]1/2η� where the stationary mean 〈k〉 is given by note 40, assuming that m∗vk = ~(k − k0) + ~(k − k0)2b + . . . ' ~(k − k0) +

bm∗kBT/~ ' ~(k− 〈k〉) + 2m∗kBT/~k0 ((k− k0)2 was approximated by its stationary mean) ; equation (90) remains unchanged. As in the minimum
formulation, k(t) and k̂(t) are independant stochastic processes, so that Czz(τ) ' 〈vk(τ)vk(0)〉〈k̂z(τ)k̂z(0)〉 ' (~/m∗)2[〈(k − 〈k〉)2〉 exp(−Γ|τ|) +

(2m∗kBT/~2k0)2](1/3) exp(−Γ⊥ |τ|). This gives again result (86). This also shows that it is the “effective mean force on the modulus " i.e. the
deterministic part of dk, rather than F(k), which vanishes for k − k0 ' 〈k − k0〉.
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The variations d(k − k0) and d[(k − k0)2] have a zero mean at equilibrium, and isotropy imposes 〈k̂ik̂ j〉 = 1
3δi j, so

we obtain the initial values in the Langevin model (89, 90), Ci j(0) = δi j(kBT/3m∗)[1 + 4m∗kBT/(~k0)2] and C̃i j(0) =

δi j(2kBT/3~k0). Integration of the system (92), together with the relation Ci j(−τ) = C ji(τ), gives the announced result
(85) if we neglect in the first exponential the rate Γ⊥ in comparison with Γ, which is legitimate since Γ⊥/Γ = O(T ).

The minimal model that we have just used for k0 > 0, which neglects the wave number dependence of D�,⊥(k)
and the corrections ≈ (k − k0)3 to the dispersion relation, does not provide a mathematical proof. A more solid study
is carried out in Appendix B, using a controlled expansion at low temperature. It leads to the same results (85, 86).
Finally, these calculations of spatial diffusion do not apply to the transition point between the cases k0 ≡ 0 and k0 > 0,
where the mean force is of cubic departure, F(k) ≈ −k3. A separate study of the transition zone, exposed in the same
Appendix B, confirms however the validity of the low temperature equivalent (86).

Appendix A. Complements on φ − γ scattering

The main lines of the computation of the scattering amplitude of a phonon of wave vector q on a stable γ quasi-
particle of wave vector k from an effective low energy Hamiltonian were presented in section 3. We give here some
details and additional points of rigor.

The Hamiltonian. The explicit form of the different contributions to the Hamiltonian (20) is available in the literature,
see for example the most recent references [4, 18]. We recall it for convenience (and to correct a venial error in the
last term in square brackets of equation (4) of [4], wrongly written as a Hermitian conjugate), limiting ourselves in
V̂φφ to the three-phonon processes of Beliaev and Landau, the only ones to be useful here:

V̂φφ =
1

2L3/2

q1,q2,q3<Λ∑
q1,q2,q3

〈φ : q1, φ : q2|Vφφ|φ : q3〉 (b̂†q1
b̂†q2

b̂q3 + b̂†q3
b̂q1 b̂q2 ) (A.1)

Ĥφγ
3 =

1
L3/2

q<Λ∑
k,k′,q

〈φ : q, γ : k|Hφγ
3 |γ : k′〉 (γ̂†k′ γ̂kb̂q + b̂†qγ̂

†

kγ̂k′ ) (A.2)

Ĥφγ
4 =

1
L3

q,q′<Λ∑
k,k′,q,q′

〈φ : q′, γ : k′|Hφγ
4 |φ : q, γ : k〉 γ̂†k′ γ̂k

(
b̂†q′ b̂q +

1
2

b̂qb̂−q′ +
1
2

b̂†−qb̂†q′

)
(A.3)

with the matrix elements for a unit volume between states with one or two phonons, zero or one γ quasiparticle:

〈φ : q1, φ : q2|Vφφ|φ : q3〉 = δq1+q2,q3

mc2

ρ2 ρq1ρq2ρq3

(
λ +

q1 · q2

q1q2
+

q1 · q3

q1q3
+

q2 · q3

q2q3

)
(A.4)

〈φ : q, γ : k|Hφγ
3 |γ : k′〉 = δq+k,k′

1
2
ρq

∂ε(0)
k

∂ρ
+
∂ε(0)

k′

∂ρ
+
~cq
ρq
· (k + k′)

 (A.5)

〈φ : q′, γ : k′|Hφγ
4 |φ : q, γ : k〉 = δq+k,q′+k′

1
2
ρqρq′

∂2ε(0)
k

∂ρ2 +
∂2ε(0)

k′

∂ρ2

 (A.6)

To clarify the notations, we decide that the wave vectors q are always those of the phonons, and the wave vectors k
always those of the γ quasiparticle. Parameter λ is given by equation (41) (see however footnote 55). Kronecker’s
deltas conserve momentum. One introduced the amplitude of the quantum fluctuations of the density of the superfluid
in the phonon mode of wave vector q, 55

ρq =

(
~ρq
2mc

)1/2

(A.7)

55. In all rigor, it would be necessary at this stage to use in ρq and in λ the bare equation of state and the bare speed of sound, which depend on
the ultraviolet cutoff Λ introduced in equations (20) and (A.1,A.2,A.3), see appendix B of reference [32].
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to show that the density fluctuations govern both the interaction between phonons and the interaction between phonons
and γ quasiparticle. In expressions (A.5) and (A.6), the derivative ∂/∂ρ of the bare dispersion relation of the γ
quasiparticle with respect to the density ρ of the superfluid is carried out at fixed wave vector k and interaction
potential between the atoms of the superfluid.

Analysis of orders> 2 in V̂. Let us justify the fact that to leading order in temperature (q, q′ = O(T ) → 0 at fixed
k), we can limit the scattering amplitude (22) to order two in V̂ . The term of arbitrary order n in V̂ is easy to write,
it is the matrix element between 〈f| and |i〉 of the product of n operators V̂ between which we insert n − 1 operators
G0(z) (two successive factors V̂ are always separated by a single factor G0); here, G0(z) = (z − Ĥ0)−1 is the resolvent
of the Hamiltonian without interaction and z = E(0)

i + iη, η → 0+. To understand what’s going on, let’s start with
n = 3: the contribution 〈f|V̂G0(z)V̂G0(z)V̂ |i〉 generates many diagrams after splitting V̂ into elementary processes as
in equation (20), even taking into account the order of magnitude of the matrix elements (the largest are those ∝ q1/2

of Ĥφγ
3 ) and parity changes in the number of phonons (on cannot take three times Ĥφγ

3 in the factors V̂) to eliminate
the sub-leading or zero contributions. But in each diagram appears an arbitrary internal phonon wave vector q′′, not
constrained by the conservation of momentum, and on which it is therefore necessary to make a summation. Indeed,
a factor V̂ annihilates the incident phonon q, a factor V̂ (maybe the same) creates the emerging phonon q′, therefore
one of the three factors V̂ necessarily creates or annihilates a phonon of unconstrained wave vector q′′. We thus end
up with the very simple upper bound

〈f|VG0(z)VG0(z)V |i〉 = O

q′′<Λ∑
q′′

(qq′)1/2q′′

∆E1∆E2

 = O(T 2(qq′)1/2) (A.8)

since (i) each energy denominator is (at fixed k) of order one in the wave vectors of the phonons therefore is ≈ Λ =

O(T ), (ii) in the numerator, each absorption or emission of a phonon of wave number Q is accompanied by a factor
ρQ ∝ Q1/2 = O(T 1/2), and (iii) the summation on the wave vector of the internal phonon takes out as a factor the
volume Λ3 = O(T 3) below the cut-off in Fourier space. In the case of an arbitrary odd order n = 2s + 1 in V̂ ,
conservation of parity of the number of phonons in the transition |i〉 → |f〉 imposes that there is not 2s + 1 but at
least 2s + 2 absorptions or emissions of phonons, therefore at least 2s absorptions or emissions of phonon other than
the incident phonon q and the emerging phonon q′ (each factor V̂ absorbs or emits at least one phonon); it is then
necessary to sum on at least s internal phonons of wave vectors q1, . . . ,qs. In the case of an even order n = 2s, there
are for the same reasons at least 2s − 2 absorptions or emissions of phonons other than q and q′, and we must sum on
at least s − 1 internal phonons q1, . . . ,qs−1. Hence the upper bound on the order n > 2 in V̂ , 56

〈f|V̂[G0(z)V̂]n−1|i〉 =

{
O[(qq′)1/2T n−1] if n odd
O[(qq′)1/2T n−3] if n even (A.9)

This upper bound is valid for a generic value ≈ T of the complex energy z. In the particular case z = E(0)
i + iη which

interests us, certain diagrams of order n > 2 in V̂ like those of figure 3c are in fact infinite and must be removed from
equation (A.9) for it to apply; this problem is discussed in the body of the article in the paragraph below equation (28).

Analysis of order 2 in V̂. It remains to justify the fact that to order two in V̂ , we can keep only the contributions (23)
or, if you prefer, the diagrams in figure 3b. Each contribution quadratic in V̂ contains in the numerator the product
of two matrix elements, chosen among those of Ĥφγ

3 ∝ T 1/2, Ĥφγ
4 ∝ T , Ĥφφ

3 ∼ Ĥφγ
5 ∝ T 3/2, Ĥφφ

4 ∼ Ĥφγ
6 ∝ T 2, etc

(even including the coupling of γ to the cube and the fourth power of the density fluctuations, and the four-phonon
interaction). It contains an energy denominator that can be linearized in the phonon wave vectors and is therefore ∝ T .
The contribution must not be a o(T ). We can therefore a priori take in the factors V̂: (i) twice Ĥφγ

3 (which gives the
terms T2 and T3 in (23)), (ii) twice Ĥφγ

4 (made negligible ≈ (qq′)1/2T 3 by inevitable summation on an internal wave
vector), (iii) once Ĥφγ

3 and once Ĥφγ
4 (zero by non-conservation of the parity of the number of phonons), (iv) once

Ĥφγ
3 and once Ĥφφ

3 (which gives the terms T4 and T5 in (23)), (v) once Ĥφγ
3 and once Ĥφγ

5 (negligible ≈ (qq′)1/2T 3 by
inevitable summation on an internal wave vector).

56. For n = 2, it would overestimate the real result O(qq′) by not taking account of the cancellation in expression (23) of the contributions T2
and T3 to their leading order T 0.
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Matrix S between exact asymptotic states. We follow the approach of reference [33], section BIII.3, by generalizing it
to the case where the incident and emerging phonons, and not just the γ quasiparticle, are dressed by virtual phonons.
Recall the definition of the matrix elements of S between the exact asymptotic states (29):

〈f||S ||i〉 = lim
t→+∞

eiEf t/2~〈f||U(t/2,−t/2)||i〉eiEit/2~ = lim
t→+∞

ei(Ei+Ef )t/2~
∫ −∞+iη

+∞+iη

dz
2iπ

e−izt/~〈f||G(z)||i〉 (A.10)

where η→ 0+, Ei,f are the exact energies (30) (for the moment not necessarily equal), U(tf , ti) is the evolution operator
between the times ti and tf and G(z) = (z − Ĥ)−1 the resolvent of the full Hamiltonian Ĥ. Starting from the obvious
relations (the purely γ-quasi-particulate component of Ĥ commutes with the purely phononic operator B̂†q),

B̂†q(z − Ĥ) − (z − Ĥ)B̂†q = [Ĥ, B̂†q] = [V̂φγ, B̂†q] + [Ĥφφ, B̂†q] (A.11)

we introduce the operator (32) with Q = q as follows to eliminate the phonon Hamiltonian Ĥφφ,

B̂†q(z − Ĥ − ~ωq) − (z − Ĥ)B̂†q = [V̂φγ, B̂†q] + ∆̂†q (A.12)

we divide by z − Ĥ on the left and by z − Ĥ − ~ωq on the right, and we make the result act on the stationary state
||γ : k〉 to obtain

G(z)||i〉 =
1

z − Ei

[
||i〉 + G(z)

(
[V̂φγ, B̂†q] + ∆̂†q

)
||γ : k〉

]
then 〈f||G(z) =

1
z − Ef

[
〈f|| + 〈γ : k′||

(
[B̂q′ , V̂φγ] + ∆̂q′

)
G(z)

]
(A.13)

by doing the same, or by Hermitian conjugation and replacement of (z∗,q,k) by (z,q′,k′). It remains to contract the
first identity in (A.13) on the left by 〈f|| and to use the second identity in (A.13) to obtain

〈f||G(z)||i〉 =
〈f|| ||i〉
z − Ei

+
〈γ : k′||B̂q′

(
[V̂φγ, B̂

†
q] + ∆̂

†
q
)
||γ : k〉 + 〈γ : k′||

(
[B̂q′ , V̂φγ] + ∆̂q′

)
G(z)

(
[V̂φγ, B̂

†
q] + ∆̂

†
q
)
||γ : k〉

(z − Ei)(z − Ef)
(A.14)

In free space L→ +∞ and long time limit, the curvilinear integral (A.10) is dominated by the residue of the integrand
at the poles Ei and Ef of expression (A.14), knowing that the matrix element of G(z) in the numerator has no pole at
these points [33], and it reads according to the theory of distributions [33] 〈f||S ||i〉 = 〈f|| ||i〉 − 2iπδ(Ef − Ei)Afi with the
sought transition amplitude (31) on the energy shell.

Scattering of an unstable phonon. When the acoustic branch of the gas has a convex departure [γφ > 0 in equation
(1)], the incident phonon q is unstable and disintegrates with a rate ∝ q5 into a pair of phonons, themselves unstable.
This Beliaev cascade makes the S matrix theory inapplicable. The idea that saves us is then to limit ourselves to a
scattering time t long enough to ensure a quasi-conservation of undisturbed energy, but short enough to avoid Beliaev
disintegration, by forming spatially localized incident wave packets by linear superposition of plane waves of wave
vectors q for the phonon φ and k for the γ quasiparticle, with a Gaussian amplitude c(q,k) very peaked around the
average values q0 = q0q̂0 and k0 = k0k̂0, i.e. with widths ∆q � q0 and ∆k � k0 (here we omit the problem of the
dressing of asymptotic states and we assume, as we are suggested by (3), that ∆q � ∆k). More precisely, we take as
initial state in free space 57

|ī〉t = e−iĤ0(−t/2)/~
∫

d3q d3k
(2π)6 c(q,k)|φ : q, γ : k〉 (A.15)

Since c(q,k) is real, the wave packets in |ī〉 would be localized in position space around the origin of coordinates
(with widths 1/∆q and 1/∆k) if the state vector had not been moved back in time by t/2 by a free evolution; they are
then localized approximately in −cq̂0t/2 and −vk0 k̂0t/2, therefore well separated and “asymptotically free " (without
interaction) if

vrelt �
1

∆q
with vrel = |cq̂0 − vk0 k̂0| (A.16)

57. In the absence of a quantization box, we use the condition of normalization of plane waves 〈k|k′〉 = (2π)3δ(k − k′).
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the relative speed of the two incident packets. We evolve |ī〉t for a duration t (from time −t/2 to t/2) with the full
Hamiltonian Ĥ. The state becomes free again since the packets have separated, their overlap and their interaction
lasting only a time ≈ 1/(∆qvrel). It remains to project for analysis on the final plane waves |f〉 = |φ : q′, γ : k′〉 of
energy E(0)

f . After cancellation of the free evolution phase factor of 〈f|, we arrive at the effective scattering amplitude

Afī(t) ≡ 〈f|e
iĤ0t/2~e−iĤt/~|ī〉t '

∫
d3q

(2π)3 c(q,k = k′ + q′ − q)
{

Afi(E(0)
f ) − Afi(E(0)

i )

E(0)
f − E(0)

i

cos
(E(0)

i − E(0)
f )t

2~

− i
[
Afi(E(0)

f ) + Afi(E(0)
i )

] sin (E(0)
i −E(0)

f )t
2~

E(0)
i − E(0)

f

}
(A.17)

To obtain the approximation in the third side of equation (A.17), we replaced the evolution operator by its expression
in the form of a curvilinear integral (A.10), used the relation G(z) = G0(z) + G0(z)T̂ (z)G0(z) to make the matrix T
appear with the complex energy z, made the approximation as in reference [33] of keeping in the Cauchy formula
only the residues of the integrand at the poles E(0)

i and E(0)
f originating from the factors G0(z) surrounding T̂ (z) 58,

neglected the contribution of the free evolution term G0(z) under the condition |q′ − q0| � ∆q, and finally posed
Afi(E) = 〈f|T̂ (E + iη)|i〉 with state |i〉 ≡ |φ : q, γ : k = k′ + q′ − q〉 of energy E(0)

i and η→ 0+. The cosine and cardinal
sine prefactors are continuous and bounded functions of E(0)

i ; we can replace them by their value at the center of the
wave packet (E(0)

i ' Ē(0)
i ) if their scale of variation Epref satisfies the condition (see footnote 59)

~
t
�

Var E(0)
i

Epref
with Epref ≈ ~cq0 and Var E(0)

i ≈ (~c∆q)2 (A.18)

Here Ē(0)
i and Var E(0)

i are the mean and variance of E(0)
i ' ~cq + εk=k′+q′−q for q distributed with the Gaussian law

c(q,k′ + q′ − q). In calculating the mean of the cosine and the cardinal sine on the variable q, the same condition
(A.18) allows us to assume that E(0)

i also obeys a Gaussian law 59, in which case

〈cos
(E(0)

i − E(0)
f )t

2~
〉q = exp

[
−t2Var E(0)

i /8~2
]

cos
(Ē(0)

i − E(0)
f )t

2~
(A.19)

〈
sin (E(0)

i −E(0)
f )t

2~

E(0)
i − E(0)

f

〉
q

=
(π/2)1/2

∆E(0)
i

exp

− (E(0)
f − Ē(0)

i )2

2 Var E(0)
i

 Re Φ

∆E(0)
i t

2~
√

2
+ i
|E(0)

f − Ē(0)
i |

√
2∆E(0)

i

 (A.20)

'


(π/2)1/2

∆E(0)
i

exp
[
−(E(0)

f − Ē(0)
i )2/2 Var E(0)

i

]
if |E(0)

f − Ē(0)
i | < t Var E(0)

i /2~

sin (Ē(0)
i −E(0)

f )t
2~

Ē(0)
i − E(0)

f

exp
[
−t2Var E(0)

i /8~2
]

otherwise

(A.21)

58. To second order in the interaction, T̂ (z) ' V̂ + V̂G0(z)V̂ , which suffices here, it is easy to include the contribution of the poles εn de 〈f|T̂ (z)|i〉,

which adds between the braces of equation (A.17) the sum
∑4

n=1(εn − E(0)
i )−1(εn − E(0)

f )−1Zn exp[−it (εn −
E(0)

i +E(0)
f

2 )/~], where ε1 = ε(0)
k+q = ε(0)

k′+q′ ,

ε2 = ~ω(0)
q + ~ω(0)

q′ + ε(0)
k−q′ , ε3 = ~ω(0)

q′ + ~ω(0)
q−q′ + ε(0)

k , ε4 = ~ω(0)
q + ~ω(0)

q′−q + ε(0)
k+q−q′ (i.e. the energies of the intermediate states of diagrams b2

to b5 in figure 3) and the associated residues of 〈f|T̂ (z)|i〉 Zn are regular functions of q,q′,k′. If we take care to exclude in the phonon observation
directions a cone around the direction q̂0 of the incident phonon, that is to say to impose |q̂′ · q̂0 | < cos θc with 0 < cos θc < 1 fixed (to avoid
that the Beliaev process in term T4 or that of Landau in T5 is resonant), we always find that the energy differences |εn − E(0)

i | and |εn − E(0)
f | are

approximately greater than ~cq or ~cq′, and we always have ~cq/2 . |εn − (E(0)
i + E(0)

f )/2|. The contribution of the poles of 〈f|T̂ (z)|i〉 is therefore
an oscillating function of time, which the average over q suppresses and makes negligible by a Gaussian-in-time factor ≈ exp[−(c∆q t)2/2], as in
equation (A.19).

59. Suppose for simplicity that the γ quasiparticle is strongly subsonic, |vk′/c| � 1, and expand the phase shift during t in powers of fluctuations
δq = q − q̄, [E(0)

i − Ē(0)
i ]t/~ ' ctq̂0 · δq + O[ct(δq)2/q0]. The linear term has a Gaussian distribution; the O is not Gaussian but negligible under

the condition (A.18). Conversely, if E(0)
i is a Gaussian variable, it is easy to obtain the condition (A.18) of negligible variation of the prefactors in

(A.17), assuming that these vary linearly with E(0)
i .
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where ∆E(0)
i is the standard deviation (square root of the variance) and Φ(z) = (2/

√
π)

∫ z
0 du exp(−u2) is the error

function 60. Let us choose for example ∆q ∝ ∆k ∝ q3
0 ≈ T 3 (which gives sufficient precision on q, see footnote 28)

and a scattering time t ∝ q−4
0 , and let q0 and the gas temperature tend to zero at fixed k0. Then conditions (A.16)

and (A.18) are asymptotically satisfied, and everything happens as if the S matrix was given by the usual expression
〈f|S |i〉 = 〈f|i〉−2iπ〈f|T̂ (E(0)

i +iη)|i〉δ(E(0)
f −E(0)

i ): this is obvious for the first case of equation (A.21), which can be found
by the usual substitution sin(εt/2~)/ε → πδ(ε); the second case of (A.21) and equation (A.19) do not correspond to
a energy-conserving Dirac distribution but this does not matter because they are exponentially suppressed. As the
scattering time t is infinitely shorter than the lifetime ≈ q−5

0 of the incident and emerging phonons, we can rightly
neglect their Beliaev instability, that is to say their real rather than virtual emission of phonons, in the calculation of
the scattering amplitude on a γ quasiparticle to leading order in q.

Scattering in matter. As scattering of phonon q on the γ quasiparticle actually occurs in a thermal gas of phonons, it
seems incorrect, for the applications of section 4, to calculate the scattering amplitude in vacuum and not to take into
account stimulated emission of internal phonons in the diagrams b4 and b5 of figure 3 in the already populated modes
of wave vectors q−q′ and q′−q. At first glance, it would therefore be necessary to correct the last two terms of result
(23) as follows:

T4
?
−→ (1 + n̄q−q′ )T4 and T5

?
−→ (1 + n̄q′−q)T5 (A.22)

where the n̄ are the average occupation numbers of the modes. But, if the modes q−q′ and q′−q are already populated,
it is necessary to take into account the fact that phonons of these modes can participate temporarily in the scattering
(they must remain in equal numbers in the initial state and in the final state). This introduces two new diagrams. The
first one, of amplitude T ′4 n̄q−q′ , describes the absorption of a phonon q − q′ by the γ quasiparticle of wave vector k
(which brings it directly into its final state k′), then the Beliaev decay of the incident phonon q into two phonons q′
and q − q′, which provides the expected final phonon and restores the mode q − q′ to its original occupation number.
The second one, of amplitude T ′5 n̄q′−q, describes Beliaev’s merging of the incident phonon q with a phonon q′ − q
(which provides the final phonon q′), followed by the emission of a phonon q′ − q by the γ quasiparticle of wave
vector k, which puts it directly in its final state k′ and identically repopulates the mode q′ − q. None of these new
diagrams are related, and they are the only possible ones to leading order. The right correction to apply to (23) is
therefore

T4 −→ (1 + n̄q−q′ )T4 + n̄q−q′T
′
4 and T5 −→ (1 + n̄q′−q)T5 + n̄q′−qT

′
5 (A.23)

In equation (27) [(28)], we see that T ′4 (T ′5) has the same numerator as T4 (T5), that its energy denominator ε(0)
k +

~ω(0)
q−q′ − ε

(0)
k′ (~ω(0)

q + ~ω(0)
q′−q − ~ω

(0)
q′ ) is generally unrelated to that of T4 (T5), except on the energy shell (21) where

it is the exact opposite and where T ′4 = −T4 (T ′5 = −T5). The occupation numbers in the corrected form (A.23) then
cancel exactly, 61 and result (23) established in vacuum also applies in matter.

Appendix B. Calculation of spatial diffusion at low temperature by the regression theorem

Equation (86) gives a low temperature equivalent of the spatial diffusion coefficient of the γ quasiparticle in a
phonon gas. In the case where the dispersion relation εk of the quasiparticle reaches its minimum in a wave number
k0 > 0, the justification provided by the main text, using a minimal Langevin stochastic model, is not fully convincing.
We present here a demonstration based on the regression theorem and on a systematic low temperature expansion of
the solution of the corresponding Fokker-Planck equation. We also justify expression (86) in the transition zone
between the case k0 ≡ and the case k0 > 0, which must be treated separately.

60. We get the error function using sin x/x =
∫ 1
−1 du eiux/2 and exchanging the integrations on u and on energy. The approximate forms in (A.21)

follow from the asymptotic behavior of the error function in the first quadrant: if z = ρ exp(iθ) and ρ tends to +∞ at fixed θ, then Φ(z) → 1 if
θ ∈ [0, π/4[ and Φ(z) ∼ − exp(−z2)/(z

√
π) if θ ∈]π/4, π/2[.

61. A similar cancellation appears in reference [26].
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Regression theorem. Knowledge of the spatial diffusion coefficient requires that of the correlation function Ci j(τ) of
the coordinates of the velocity vector in the stationary state, see equations (80, 81, 82, 83). By isotropy, we limit
ourselves to the calculation of Czz(τ), τ ≥ 0. In the Fokker-Planck framework, we then have the following regression
theorem:

Czz(τ) =

∫
d3k

(2π)3

1
~

dεk

dk
k̂zΠ(k, τ) (B.1)

where the distribution Π(k, τ) has evolved for a time τ according to the Fokker-Planck equation (50) from the initial
condition

Π(k, 0) =
1
~

dεk

dk
k̂zΠ0(k) (B.2)

with Π0(k) the normalized rotationally invariant stationary solution of equation (50), and k̂z = kz/k. Since Π(k, τ) is
of angular momentum one along Oz, we can set Π(k, τ) = Π1(k, τ)k̂z and obtain the equation of motion

∂

∂τ
Π1(k, τ) = −

2F(k)Π1(k, τ)
~k

−
1
~
∂

∂k
[F(k)Π1(k, τ)] +

1
~2

∂2

∂k2 [D�(k)Π1(k, τ)]

+
1
~2k

∂

∂k
{[4D�(k) − 2D⊥(k)]Π1(k, τ)} +

1
~2k2 [2D�(k) − 4D⊥(k)]Π1(k, τ) (B.3)

Equation (72) would allow to express Π0(k) in terms of the mean force F(k) and momentum diffusion coefficients
D�,⊥(k). We find it more enlightening to write it in the form Π0(k) = exp(−βε̃k)/Z, where Z is a normalization factor,
and to eliminate the force F(k) in terms of the effective dispersion relation ε̃k. As we learn from the comparison of
equations (72, 73), this is submitted to the constraint ε̃k − εk = O(T 2) when T → 0 with k − k0 = O(T 1/2), so it can,
as the true dispersion relation εk, be expanded around the location k̃0 of its minimum (equal to ∆∗ by convention); k̃0
is zero if k0 ≡ 0, and depends on temperature but remains very close to k0 if k0 > 0, and the expansion coefficients
depend weakly on temperature too: 62

ε̃k =
k→k̃0

∆∗ +
~2(k − k̃0)2

2m̃∗
+
~2(k − k̃0)3b̃

3m̃∗
+
~2(k − k̃0)4 ˜̀2

4m̃∗
+ O(k − k̃0)5 (B.4)

In other words, one should not believe in the predictions taken from the Fokker-Planck equation (an approximation of
the master equation (47) in the limit (3)) if they involve the small deviation between the effective masses m∗ and m̃∗,
between the lengths b and b̃, between the minimizing wave numbers k0 and k̃0, or if they depend on the length ˜̀ or
on higher order coefficients in expansion (B.4). Let us carry out a last transformation: the operator on the functions
of k defined by the right-hand side of equation (B.3) is not self-adjoint, but can be made so by the change of function
Π1(k) = k−1 exp(−βε̃k/2)ψ(k). After formal temporal integration, we end up for τ ≥ 0 with a beautiful expression (the
factor 3 in the denominator comes from angular integration):

Czz(τ) =
〈ψS| exp(−H1τ)|ψS〉

3~2
∫ +∞

0 dk k2e−βε̃k
=

∑
n∈N

|〈ψS|φn〉|
2e−ωnt

3~2
∫ +∞

0 dk k2e−βε̃k
with


H1 = −

d
dk

D�(k)
~2

d
dk

+ U1(k)

〈k|ψS〉 = k
dεk

dk
e−βε̃k/2

(B.5)

We have introduced the spectral decomposition of the fictitious Hamiltonian H1, which is selfadjoint for the one-
dimensional scalar product 〈φa|φb〉 =

∫ +∞

0 dk φ∗a(k)φb(k), the eigenstate |φn〉 of eigenvalue ωn being normalized. The
potential is equal to

U1(k) =
1
~2

1
4

D�(k)
(
β

dε̃k

dk

)2

−
1
2

D�(k) β
d2ε̃k

dk2 −
1
2

dD�(k)
dk

β
dε̃k

dk
−

D�(k)
k

β
dε̃k

dk
+

1
k

dD�(k)
dk

+
2D⊥(k)

k2

 (B.6)

62. If we accept that the φ − γ scattering amplitude (31) has an expansion in integer powers of q at fixed k, then F(k), D⊥,�(k) and ε̃k have an
expansion in integer powers of T at fixed k, and one has k̃0/k0 = 1 + O(T 2), m̃∗/m∗ = 1 + O(T ), b̃/b = 1 + O(T ), ˜̀/` = O(1).
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In the case k0 > 0. To take the low temperature limit in the case k0 > 0, we carry out a suitable change of scale on
wave vector and time by setting k − k̃0 = xk∗, τ = τ̄/Γ̃, and therefore H1 = H̄1Γ̃, ωn = ω̄nΓ̃ and φn(k) = k−1/2

∗ φ̄n(x),
with thermal wave number k∗ = (m̃∗kBT )1/2/~ and rate Γ̃ build on the model of rate Γ in equation (88). It remains
to expand H̄1 in powers of k∗ at fixed x (x spans R in this limit), then to process successive orders by perturbation
theory:

H̄1 = −
d
dx

D�(k̃0 + xk∗)

D�(k̃0)
d
dx

+
~2k2

∗

D�(k̃0)
U(k̃0 + xk∗)

x fixed
=

k∗→0
H̄

(0)
1 + H̄

(1)
1 + H̄

(2)
1 + . . . (B.7)

We will also need to expand the source wave function to sub-leading order and the denominator of Czz(τ) in equation
(B.5) to leading order:

〈k|ψS〉
x fixed

=
k∗→0

~2k̃0k∗
m̃∗

e−β∆∗/2xe−x2/4
[
1 + x

(
k∗
k̃0

+ k∗b̃
)
−

1
6

k∗b̃x3 + O(k2
∗)
]
,

∫ +∞

0
dk k2e−βε̃k ∼

k∗→0
k̃2

0k∗e−β∆∗

∫ +∞

−∞

dx e−x2/2

(B.8)
At order zero in k∗, we come across a reduced one-dimensional harmonic oscillator Hamiltonian (mass equal to 1/2,
reduced Planck constant equal to 1, angular oscillation frequency equal to 1) and spectrum ω̄(0)

n = n:

H̄
(0)
1 = −

d2

dx2 +
1
4

x2 −
1
2

= â†â with â =
1
2

x +
d
dx

, â† =
1
2

x −
d
dx

, [â, â†] = 1 (B.9)

To leading order, the source wave function is therefore proportional to the wave function φ̄(0)
1 (x) of the harmonic

oscillator first excited state. The contribution of excited states n > 0 in equation (B.5) is thus dominated by n = 1 and
we keep

Cn,0
zz (τ) τ̄fixed

∼
k∗→0

kBT
3m̃∗

e−τ̄ (B.10)

We thus justify the first term in square brackets in equation (85), considering footnote 62. The contribution of n = 0
is more difficult to obtain. Indeed, the overlap of ψS with the ground state φ̄0 is zero at the order of H̄ (0)

1 , and so is
the ground state angular eigenfrequency ω0, which leads to an indeterminate form 0/0 after integration of Czz(τ) over
time as in equation (83). It is necessary to go to order one in k∗ to obtain a nonzero overlap,

H̄
(1)
1 = k∗

dD�

dk (k̃0)

D�(ek̃0)

(
−

d
dx

x
d
dx

+
1
4

x3 − x
)

+ k∗b̃
(

1
2

x3 − x
)
−

k∗
k̃0

x =

k∗
dD�

dk (k̃0)

D�(k̃0)
+

3
2

k∗b̃

 (â†2â + â†â2)

+
1
2

k∗b̃(â†3 + â3) +

(
1
2

k∗b̃ −
k∗
k̃0

)
(â + â†) =⇒ |φ̄0〉 =

k∗→0
|φ̄(0)

0 〉 −

(
1
2

k∗b̃ −
k∗
k̃0

)
|φ̄(0)

1 〉 −
k∗b̃
√

6
|φ̄(0)

3 〉 + O(k2
∗)

=⇒
|〈ψS|φ0〉|

2

3~2
∫ +∞

0 dk k2e−βε̃k
∼

k∗→0

kBT
3m̃∗

(
2k∗
k̃0

)2

(B.11)

and to order two in k∗ to obtain a nonzero ground state angular eigenfrequency:

H̄
(2)
1 =

k2
∗

d2D�

dk2 (k̃0)

2D�(k̃0)

[
−

d
dx

x2 d
dx

+
1
4

x4 −
3
2

x2
]

+
k2
∗

dD�

dk (k̃0)

D�(k̃0)

[
b̃
2

(x4 − 3x2) +
1 − x2

k̃0

]
+

1
4

k2
∗ b̃

2x4 +
1
2

k2
∗

˜̀2(x4 − 3x2)

+
k2
∗

k̃2
0

(1 − k̃0b̃)x2 +
2k2
∗D⊥(k̃0)

k̃2
0D�(k̃0)

=⇒ ω̄0 ∼
k∗→0
〈φ̄(0)

0 |H̄
(2)
1 |φ̄

(0)
0 〉 +

∑
n>0

|〈φ̄(0)
n |H̄

(1)
1 |φ̄

(0)
0 〉|

2

−n
=

2k2
∗

k̃2
0

D⊥(k̃0)
D�(k̃0)

(B.12)

knowing that 〈x2〉 = 1, 〈x4〉 = 3 and 〈 d
dx x2 d

dx 〉 = −3/4 where the expectation value is taken in the state |φ̄(0)
0 〉. We

justify the second term in square brackets in equation (85) and therefore, in total, the equivalent (86) of the spatial
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diffusion coefficient 63 64.

Between cases k0 ≡ 0 and k0 > 0. At the transition point between these two cases, the effective mass m∗ is infinite,
1/m∗ = 0, the dispersion relation εk varies quartically with the wave number near its minimum, and none of the
calculations of the spatial diffusion coefficient presented so far in this work apply. To connect the two limiting cases
(for example when density ρ varies), it is necessary to use an approximation of degree 4 for the dispersion relation,

εk ' ∆0 +
~2k2

2meff

+
~2k2

4m
(kl)2 (B.13)

The length l is essentially constant but the variation of the effective mass meff in k = 0 (not to be confused with that m∗
at the minimum) describes the passage of a dispersion relation reaching its minimum in k = 0 (case 1/meff > 0) to a
dispersion relation reaching its minimum in a nonzero wave number (case 1/meff < 0). We then make a magnification
around the transition point, looking in 1/meff-space and k-space at scales T ν such that the last two terms of equation
(B.13) are of the same order of magnitude ≈ kBT . We therefore introduce the dimensionless wave number κ and the
dimensionless parameter δ controlling the transition:

κ = k
(
~2l2

mkBT

)1/4

and δ =
m

meff

(
~2

mkBTl2

)1/2

(B.14)

It remains to take the limit T → 0 at fixed κ and δ. We approximate the mean force and the momentum diffusion
coefficients by their leading order at the transition point, i.e. in the reduced form (53) by F (k) ' −α0ek and D⊥(k) '
D�(k) ' α0, where α0 is the reduced friction coefficient at the transition 65. It remains to introduce the reduced time

θ = t/t0 with t0 ≡
~

mc2

15
π5

(
mc2

kBT

)17/2 (~ρ1/3/mc)6

α0mcl/~
(B.15)

so that the random walk of the γ quasiparticle in Fourier space is described by a universal dimensionless stochastic
process with a parameter δ and with the same Gaussian noise as equation (59),

dκ = −dθ gradκε(κ) +
√

2dθ η with ε(κ) =
1
2
κ2δ +

1
4
κ4 (B.16)

63. There is a a quick and elegant way to find these results. By restricting the time-dependent Fokker-Planck equation to rotationally invariant
distributions, then applying the same function change as in Π1(k), we get the fictitious self-adjoint Hamiltonian H0. In this isotropic sector, the
Fokker-Planck equation has a nonzero stationary solution Π0. The ground state |ψ0〉 of H0 is therefore known exactly, ψ0(k) = N0k exp(−βε̃k/2)
with N0 = [

∫ +∞

0 dk k2 exp(−βε̃k)]1/2, and its eigenvalue is exactly zero. Now, as the calculation shows, we simply haveH1 = H0 + 2D⊥(k)/(~k)2,
so that H̄1 differs from H̄0 by a second order term 2k2

∗D⊥(k̃0 + xk∗)/[D�(k̃0)(k̃0 + xk∗)2]. The ground state of H1 therefore coincides with
|ψ0〉 to sub-leading order, and we have 〈ψS |φ0〉 ∼ 〈ψS |ψ0〉; to the same order, we can replace dεk/dk by dε̃k/dk in 〈k|ψS〉. A simple inte-
gration by parts (you have to integrate dε̃k

dk exp(−βε̃k) and take the derivative of k2), then the replacement of the slowly varying factors k in
the numerator and k2 in the denominator by k̃0 and k̃2

0 , give the overlap equivalent as in equation (B.11). Similarly, to leading order, the
ground state angular eigenfrequency ω0 of H1 is obtained by treating the difference between H1 and H0 to first order of perturbation theory,
ω0 ∼ 〈ψ0 |2D⊥(k)/(~k)2 |ψ0〉 =

∫ +∞

0 dk 2D⊥(k) exp(−βε̃k)/
∫ +∞

0 dk (~k)2 exp(−βε̃k). By approximating the slowly varying factors 2D⊥(k) and (~k)2

by their value in k̃0, we find the equivalent of ω0 given in equation (B.12).
64. We have also successfully verified the validity at low temperature of the spatial diffusion coefficient predicted by the Fokker-Planck ap-

proximation by numerically solving the master equation (47) with the microreversible φ − γ scattering amplitude (74) for the simple model
εk = ∆∗ + (~2/2m∗)[(k2 − k2

0)/2k0]2 (m∗ > 0, k0 > 0) and Rk(u, u′,w) = (1 − ηu2)(1 − ηu′2), leading to α = 32
1575 (3η2 − 10η + 15)(15η2 − 42η + 35),

D⊥(k0) = 32
1575 (3η2 − 10η+ 15)(3η2 − 14η+ 35) . α and d

dkD�(k0) = 0 thus to a nonzero mean force F(k0) at order T 9 (except if η = 0). The error
made by Fokker-Planck onDspa is < 10% for all η ∈ [0, 3] as soon as k∗/k0 < 1/20. The calculation uses the quantum regression theorem to access
the velocity correlation function, which is then inserted in expression (83) of Dspa. In the zero angular momentum sector, the master equation
writes ∂tΠ0(k, t) = −γ(k)Π0(k, t) +

∫ +∞

0 dk′ γ0(k′ → k)Π0(k′, t); in practice, we ensure probability conservation by numerically calculating all the

feeding rates γ0(k′ → k) then deducing the departure rates from the relation γ(k) =
∫ +∞

0 dk′ (k′/k)2γ0(k → k′). In the unit angular momentum

sector, the master equation writes ∂tΠ1(k, t) = −γ(k)Π1(k, t) +
∫ +∞

0 dk′ γ1(k′ → k)Π1(k′, t) (the departure rates are unchanged). Microreversibility
requires k2 exp(βεk)γn(k′ → k) = k′2 exp(βεk′ )γn(k → k′), n = 0 or 1, which brings us back to integral operators with symmetric kernels (this is
numerically advantageous) by the change of function Πn(k) = k−1 exp(−βεk/2)ψn(k). Expression (B.5) then applies, provided that we replace ε̃k by
εk and −H1 by the integral operator relating ∂tψ1 to ψ1.

65. We check indeed in equation (40) that, for the dispersion relation (B.13) and for a finite limit of d(m/meff )/dρ at the transition δ = 0,
Rk(u, u′,w) → (1/2)(ěx,0 + wěρ,0) where ěx,0 and ěρ,0 are the δ = 0 values of ěx and ěρ defined by equation (45). This is what we get by taking
m/m∗ = 0 in equation (46).

36



To extract the spatial diffusion coefficient as defined by equation (83), we go through the regression theorem and the
Fokker-Planck equation as we did at the beginning of this Appendix B and we get (setting ε′ = dε(κ)/dκ)

Dspa δfixed
∼

T→0

~
m

α−1
0 ∆spa(δ)

π5

15

(
mc

~ρ1/3

)6 (
kBT
mc2

)7 with ∆spa(δ) =
〈s|ĥ−1|s〉

3
∫ +∞

0 dκ κ2e−ε(κ)
and


ĥ = −

d2

dκ2 +
2
κ2 +

1
4
ε′2 −

1
κ
ε′ −

1
2
ε′′

〈κ|s〉 = κε′e−ε(κ)/2

(B.17)
Here we formally integrated over time the velocity correlation function written as in equation (B.5), which introduced
the inverse of the fictitious Hamiltonian operator ĥ. Amazingly we know how to analytically determine the action of
ĥ−1 on the source vector |s〉 (it is easy to verify by action of ĥ on the result):

〈κ|ĥ−1|s〉 = κ2e−ε(κ)/2 =⇒ ∆spa(δ) =

∫ +∞

0 dκ κ3ε′e−ε(κ)

3
∫ +∞

0 dκ κ2e−ε(κ)
(B.18)

A simple integration by parts in the numerator of (B.18) then leads to the remarkable result ∆spa(δ) ≡ 1, 66 in perfect
agreement with the prediction (86), which therefore applies everywhere in the transition zone between the cases k0 ≡ 0
and k0 > 0.
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