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Abstract

We consider in dimension 3 a homogeneous superfluid at very low temperature 7" having two types of excitations, (i)
gapless acoustic phonons with a linear dispersion relation at low wave number, and (ii) gapped y quasiparticles with a
quadratic (massive) dispersion relation in the vicinity of its extrema. Recent works [Nicolis and Penco (2018), Castin,
Sinatra and Kurkjian (2017, 2019)], extending the historical study by Landau and Khalatnikov on the phonon-roton
interaction in liquid helium 4, have explicitly determined the scattering amplitude of a phonon on a y quasiparticle
at rest to leading order in temperature. We generalize this calculation to the case of a y quasiparticle of arbitrary
subsonic group velocity, with a rigorous construction of the S matrix between exact asymptotic states, taking into
account the unceasing phonon-phonon and phonon-y interaction, which dresses the incoming and emerging phonon
and y quasiparticle by virtual phonons; this sheds new light on the Feynman diagrams of phonon-y scattering. In
the whole domain of the parameter space (wave number k, interaction strength, etc.) where the y quasiparticle is
energetically stable with respect to the emission of phonons of arbitrary wavevector, we can therefore characterize
the erratic motion it performs in the superfluid due to its unceasing collisions with thermal phonons, through (a)
the mean force F(k) and (b) longitudinal and transverse momentum diffusion coeficients D y(k) and D, (k) coming
into play in a Fokker-Planck equation, then, at long times when the quasiparticle has thermalized, (c) the spatial
diffusion coefficient D%, independent of k. At the location ky of an extremum of the dispersion relation, where
the group velocity of the quasiparticle vanishes, F(k) varies linearly with velocity with an isotropic viscous friction
coefficient y that we calculate; if k) = 0, the momentum diffusion is also isotropic and F(ky) = O; if kg > 0, it is
not (D (ko) # D.(ko)), and F(ko) is non-zero but subleading with respect to y by one order in temperature. The
velocity time correlation function, whose integral gives D2, also distinguishes between these two cases (ko is now
the location of the minimum): if ky = 0, it decreases exponentially, with the expected viscous damping rate of the
mean velocity; if kp > 0, it is bimodal and has a second component, with an amplitude lower by a factor o« T, but
with a lower damping rate in the same ratio (it is the thermalization rate of the velocity direction); this balances that.
We also characterize analytically the behavior of the force and of the momentum diffusion in the vicinity of any sonic
edge of the stability domain where the quasiparticle speed tends to the speed of sound in the superfluid. The general
expressions given in this work are supposedly exact to leading order in temperature (order T® for F(k), order T° for
D y(k), D (k) and F(ko), order T-7 for D¥?). They however require an exact knowledge of the dispersion relation of
the y quasiparticle and of the equation of state of the superfluid at zero temperature. We therefore illustrate them in
the BCS approximation, after calculating the stability domain, for a fermionic y quasiparticle (an unpaired fermion)
in a superfluid of unpolarized spin 1/2 fermions, a system that can be realised with cold atoms in flat bottom traps.
By the way, we refute the thesis of Lerch, Bartosch and Kopietz (2008), stating that there would be no fermionic
quasiparticle in such a superfluid.
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1. Position of the problem and model system considered

Certain spatially homogeneous three-dimensional superfluids present at low temperature two types of excitations.
The first type corresponds to a branch of acoustic excitation, of angular eigenfrequency w, tending linearly to zero
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where ¢ is the speed of sound at zero temperature, m the mass of a particle and vy a dimensionless curvature; this
branch is always present in a superfluid subjected to short-range interactions, and the associated quanta are bosonic
quasiparticles, the phonons. We recall the exact hydrodynamic relationship mc?> = pdu/dp where u is the chemical
potential and p the density in the ground state. The second type of excitation is not guaranteed: it corresponds to
quasiparticles, called here y for brevity, presenting an energy gap A, > 0 and a behavior of massive particle, i.e. with
a parabolic dispersion relation around the minimum:
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The effective mass m., is positive, but the position kg of the minimum in the space of wave numbers can be positive or
zero depending on the case; the coefficient b has the dimension of a length and is a priori nonzero only if ky > 0. The
excitations of the two types are coupled together, in the sense that a y quasiparticle can absorb or emit phonons, for
example.

At zero temperature, a y quasiparticle of wave number k fairly close to kg, therefore of energy fairly close to
A, has a sufficiently low group velocity, in particular lower than the speed of sound, and cannot emit phonons
without violating the conservation of energy-momentum, according to a fairly classic argument due to Landau. The
quasiparticle is then stable and moves forward in the fluid in a ballistic manner, without damping.

At a nonzero but arbitrarily low temperature 7', the acoustic excitation branch is thermally populated, so that a
phonon gas at equilibrium coexists with the superfluid. The y quasiparticle, which was stable at zero temperature,
now undergoes random collisions with the phonons and performs a random walk in momentum space hk. In the
quasi-classical limit where the width Ak of the wave number distribution of y is large enough, so that the coherence
length 1/Ak of y is much lower than the typical wavelength of thermal phonons,
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we can characterize this random walk by a mean force F(k) and a momentum diffusion matrix D(k) inserted in
a Fokker-Planck equation. The 7y quasiparticle also performs a random walk in position space, a Brownian motion,
which is characterized at long times by a spatial diffusion coeflicient Dyp,. The objective of this work is to calculate the
force and the diffusion to leading order in temperature, for any value of the wave number k where the y quasiparticle
is stable at zero temperature. For this, it is necessary to determine the scattering amplitude of a phonon on the
v quasiparticle to leading order in the wave number g of the phonon for any subsonic speed of y, which, to our
knowledge, has not been done in the literature; references [1, 2] are for example limited to low speeds.

Several systems have the two types of excitations required. In the case of a bosonic system, one immediately
thinks of superfluid liquid helium 4, the single excitation branch of which includes both a linear acoustic departure at
zero wave number and a quadratic relative minimum at nonzero wavenumber; the massive vy quasiparticle associated
with the minimum is a roton according to the terminology used. In the case of a fermionic system, come to mind the
cold atom gases with two spin states T and |: in the non-polarized gas, that is to say with exactly the same number
of fermions in each spin state, at sufficiently low temperature, the fermions form bound pairs T| under the effect of
attractive interactions between atoms of opposite spins, these pairs form a condensate and a superfluid with an acoustic
excitation branch. A pair-breaking excitation would create two fragments, each one being a fermionic y quasiparticle
of gap A. (the half-binding energy of the pair) and of parabolic dispersion relation around the minimum. To have
a single y quasiparticle present, it suffices to add to the unpolarized gas a single T or | fermion, which will remain
unpaired and form the desired quasiparticle. ! The spatially homogeneous case is achievable in a flat-bottom potential
box [3, 4, 5, 6].

1. At nonzero temperature, there is a nonzero fraction of thermally broken bound pairs, but it is a O(T* exp(—A./kgT)) (@ = 1/2 if kg > 0,
a = 3/2if ky = 0) which we neglect in the following.



To fix the ideas, we will make explicit calculations of the stability domain of y at 7 = 0, then of the force and of
the diffusion which it undergoes at T > 0, only in the case of a gas of fermionic cold atoms, using for lack of a better
BCS theory, for any interaction strength since the scattering length a between 7T and | is adjustable at will by Feshbach
resonance [7, 8, 9, 10, 11, 12]. It then seems to us that the random walk of y in the momentum or position space is
accessible experimentally, since we can separate the unpaired fermionic atom from the paired fermions to image it,
by transforming those in strongly bound dimer molecules by fast Feshbach ramp towards the BEC (Bose-Einstein
condensate) limit @ — 0% [13]. This would allow, if not to measure, at least to constrain the scattering amplitude
A between phonons and y quasiparticle, on which F, D and Dy, depend. There is a strong motivation for this: the
exact expression of this amplitude to leading order in ¢ is not yet unanimous, references [1] and [2] remaining in
disagreement, even if we take into account as in the erratum [14] the interaction between phonons omitted in [2].
We will take advantage of this to make more convincing and more solid the computation of A from the effective
low-energy Hamiltonian of reference [2].

2. Stability domain in the momentum space of the y quasiparticle at 7 = 0

Let us consider a y quasiparticle of initial wave vector k in the superfluid at zero temperature, therefore in the
initial absence of phonons or other excitations, and study the stability of this quasiparticle with respect to the emission
of excitations in the superfluid.

Emission of phonons. First, the v quasiparticle can a priori emit any number n > 1 of phonons of wave vectors (;,
1 < i < n, recoiling to conserve momentum. The corresponding energy change is equal to
n
AE = €&-y" o T ( hwqi\’ — & @)
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where we note indifferently wq or w, the angular frequency dispersion relation of phonons and € or ¢ the energy
dispersion relation of the y quasiparticle. When the q; span the existence domain D* of the acoustic branch, and that
n spans N, the energy e + AE of the final state spans an energy continuum. There are thus two possible cases: (i)
AE is always positive, the energy € is at the lower edge of the continuum, 2 the initial state |y : k) of the quasiparticle
remains a discrete state and v is stable at the considered wave vector k; (ii) AE is not always positive, the initial energy
ek of the quasiparticle is inside the energy continuum, the resonant emission of phonons (with AE = 0) is possible,
the initial state |y : k) dilutes in the continuum and gives rise to a complex energy resonance, and the y quasiparticle
is unstable at the considered wave vector k.

To decide between the two cases, we must determine the lower edge e + AEj,¢(k) of the continuum, minimizing
AE on the number and the wave vectors of the emitted phonons. This minimization can be carried out in two stages:
with a fixed total wave vector of emitted phonons, Q = }}"_, q;, the energy is minimized to obtain an effective acoustic
dispersion relation 3
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then we minimize on Q:
AEie(k) = ngn AE(Q) with AE(Q) = €.-q — & + hwes(Q) (6)

If AEi¢(k) < 0, the y quasiparticle is unstable at the wave vector k, otherwise it is stable. It is instructive to carry out
a local study at low emitted total wave number Q: from the behavior (1) and the simplifying remarks which follow,
we derive weg(Q) on cQ + O(Q?) which leads to the expansion

—
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2. To see it, it is enough to make the q; tend to zero in the expression of AE.
3. Since the existence domain D* does not contain the zero wave vector, we must in principle take the infimum on the q;. We reduce ourselves
to taking a minimum by adding the non-physical zero vector to D*, D = D* U {0}, and by extending wq by continuity, wq=g = 0.

3
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Figure 1: The different scenarios of destabilization of a massive y quasiparticle of wave number k by emission of phonons in a superfluid. (a) The
group velocity of the quasiparticle changes from subsonic to supersonic when k crosses k. (for example from left to right); the change of energy
AE(Q) at the emission of a fixed total phonon momentum £Q (see equation (6)) is minimal in Q = 0 for k < k. and in Q = Qo(k) > O for k > k.,
where Qo(k) tends linearly to zero when k — &, as in (al); the absolute minimum AEjy¢(k) of the energy change deviates from zero quadratically
near k. and the transition is second order, as in (a2). (b) The group velocity remains subsonic when k crosses k., but the minimum of AE(Q) in
Q = Qo(k) > 0, which was only relative for k < k., becomes absolute (and negative) for k > k., as in (bl); AEj,¢(k) deviates from zero linearly and
the transition is first order, as in (b2).

where the direction of Q, chosen to minimize the energy, is that of k if the group velocity vy = de;/hdk of the y
quasiparticle is positive, and that of —k otherwise. This provides a first, well known scenario of instability: if the y
quasiparticle is supersonic ([vx| > ¢), it can slow down by emitting phonons of arbitrarily low wave number. If the
transition from an interval of k where 7 is stable to an interval of k where 7y is unstable takes place according to this
scenario, that is to say by crossing the speed of sound in the critical number k., AEjs(k) varies quadratically in the
neighborhood of k. on the unstable side, according to the law deduced from equation (7) *:
1 d2Ek 2 3
AEini(k) S T2 de k:k((k — k)" + Ok — k) (3)

For the internal consistency of this scenario, the second derivative of € must be positive in k = k.: we have |y | = ¢
and AE(k = k., Q) must reach its minimum in Q = 0; otherwise, the transition to AEj,¢(k) < 0 would have taken
place before the sonic threshold. We are therefore dealing here with a second order transition, see figure la. A
second scenario of instability is that the group velocity remains subsonic but that AE(Q) admits an absolute negative
minimum in Qy(k) > 0: the y quasiparticle reduces its energy by emitting phonons of necessarily not infinitesimal
total momentum. When k passes from the stable zone to the unstable zone, the position of the minimum of AE(Q)
then jumps discontinuously from zero to the nonzero value Qg (k) in k = k., AEjy¢(k) varies linearly in the vicinity of
k. on the unstable side and the transition is first order, see figure 1b.

Let us explicitly determine the stability map of a y quasiparticle in a pair-condensed gas of fermions, using the
approximate BCS theory. The dispersion relation of the y quasiparticle is then given by
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where m is the mass of a fermion, u is the chemical potential of the gas and A > 0 its order parameter. If i > 0, the
minimum of ¢, is reached in ky = (2mu)'/?/h > 0, is equal to A, = A and leads to an effective mass m, = mA/2u.
If on the other hand u < 0, the minimum of ¢, is reached in ky = 0, is equal to A, = (A? + 1*)"/? and leads to the
effective mass m, = mA,/|u|. The phonon dispersion relation is deduced from Anderson’s RPA or, which amounts
to the same thing, from time-dependent BCS theory linearized around the stationary solution. It has been studied in

4. The simplified notation AEj,¢(k) takes advantage of the rotational invariance of AEjs(k). Very close to k., on the supersonic side, the
quadratic approximation (7) reaches its minimum in Qo(k) = (Jvkl/c — Dhc/(d%€/dk?), and this minimum is equal to AEjr(k) = —[hc(l —
2
[viel/e)1?/(2d2 € /dk?). Tt remains to linearize the group velocity in the vicinity of k = k., hvy ~ +he + %Ik:kr (k — k¢), to obtain (8).
5. We take the derivative of AEjn(k) = AE(k, Qo(k)) with respect to k (with obvious notations) and we use the fact that JpAE = 0in Q = Qp(k)

to obtain dAE;n (k)/dk = rAE(k, Qo(k)), which a priori has a nonzero limit in k = k..

4



detail in references [15, 16, 17]. Let’s just say that it has a rotationally invariant existence domain D of the connected
compact form g < g, for a scattering length a < 0 (that is 0 < A/u < 1.162 according to BCS theory), of the
unconnected form g < gy OF > ginr for 1.162 < A/u < 1.729, and given by R? for A/u > 1.729 or u < 0. The
calculation of Aw.r(Q) by numerical energy minimization on the number of phonons n and their wave vectors q; at
fixed total wave vector, as in equation (5), is facilitated by the following remarks: ®

(a) if D is connected, we can impose without losing anything on the energy that all q; are collinear with Q and of
the same direction, as we do in the continuation of these remarks. It remains to minimize on n and the wave
numbers g;.

(b) if w, is concave over the interval [g,, g5], and two test wave numbers g; and ¢g; are in this interval, we lower
the energy at fixed Q by symmetrically moving them apart from their mean value (g; + ¢;)/2 until one of the
two wave numbers reaches g, or g,. If there were s > 2 test numbers in the interval, we are thus reduced to a
configuration with s, wave numbers in g,, s in g, and zero or one in the interval.

(c) if wy is convex over the interval [g,, ¢5], and two test wave numbers ¢; and ¢; are in this interval, we lower the
energy at fixed Q by making them converge symmetrically towards their average value (g; + g;)/2. If there are
more than two test numbers in the interval, they are all coalesced to their average value.

(d) if in addition g, = 0, the energy is lowered at fixed Q by replacing the coalesced test wave number Q.,, by a
divergent number S of phonons of identical infinitesimal wave numbers Qc,/S, which allows us to linearize
the dispersion relation in ¢ = 0 and leads to the coalesced energy ficQcoa-

Let us give a first example of reduction of the problem in the case 1.221 < A/u < 1.710, by limiting ourselves to
the lower connected component of the existence domain D, the ball of center 0 with radius gg,p, where the acoustic
branch presents two inflection points g, and g;: w, is convex over the interval [0, g,], concave on [g,, 5] and again
convex on [gp, gsupl. We can therefore parametrize the energy of the phonons in this ball as follows,

hwes(Q) = heQ) + hwgy, + n3hwy,  or  heQy + n3hw,, (10)

with the constraint Q = Q; + ¢ + n3q3 or Q = Q) + n3q3, Q) any positive number, ¢, €lq,,qpl, n3 € N and
g3 € [qp,gsupl. We can simplify further by noting that there can be a phonon g, only if Q; = 07. Tt remains to
numerically minimize ficQ; + n3hw,, or hw,, + n3hw,, with respect to the remaining independent parameters. Let
us give two other examples: in the case A > 1.729u or u < 0, the acoustic branch exists and is convex on all R*, so
that hweg(Q) = hcQ; in the case 0 < A/u < 0.869, the acoustic branch is concave over its entire existence domain
q €10, gsupl, s0 that hweg(Q) = Mansup + nhquup where 7 is the integer part of Q/¢qup.

The stability map obtained in the plane (wave number, interaction strength) in the case ¢ > 0 is shown in figure 2a.
The stability domain is limited lower right of k = ko by the asymptotically parabolic positive sonic line v, = ¢, %, to
the left of k = k first by the first order transition line CS then by the negative sonic line SA (on which vy = —c). The
ascending part BS of this sonic line (dashed line in the figure), is masked by the instability at finite Q and therefore
has no physical meaning. We note that the dispersion relation (9) has a parabolic maximum in k = 0 (here u > 0):
the corresponding massive quasiparticle is sometimes called maxon. BCS theory therefore predicts that the maxon is
stable for fairly strong interactions, A/u > (A/u)c =~ 0.35. In the opposite limit of a weak interaction, the stability
domain is reduced to the narrow interval centered on ko and of half-width mA/ V2h%ky. The case u < 0, shown in

6. Here are brief justifications, knowing that w, is an increasing positive function of g. (a): if D = B(0, gsup) and P projects orthogonally on
Q, then (i) D is stable by the action of P, (ii) the substitution q; — Pq; does not change the total wave vector and does not increase the energy;
we can therefore limit ourselves to g; collinear with Q. If q; and q; are collinear but with opposite directions, with g; > g;, we lower the energy
with fixed total wave vector (without leaving D) by the substitution (q;, q;) — (q; + q;,0); we can therefore limit ourselves to q; collinear with Q
and in the same direction. (b), (¢): if g; < g, are in a concavity (convexity) interval of w,, and we set Q;; = g; + g, the function g — w, + wW,i—q
is of positive (negative) derivative in ¢ = g; < Q;;/2, because the derivative of w, is decreasing (increasing), so we lower the energy by reducing
(increasing) g; at fixed Q;;.

7. If Q1 > 0 in the presence of a phonon g3, let’s perform the variation (Q1,492) — (Q1 + 1,92 — 1) where 7 is infinitesimal of any sign.
The corresponding energy change in (10) is 6E = fi[c — v(¢g2)1n + (1/2)A[dv(g2)/dqlif* + O@?), where v(g) = dw,/dg is the group velocity of the
phonons. JE must always be positive since we deviate from the minimum energy. The coefficient of 7 must therefore be zero, which is not excluded
a priori; that of 7> must be positive, which is prohibited by the strict concavity of the acoustic branch in g,. If Q1 = 0, 5 is necessarily positive and
this reasoning only imposes v(q2) < c.

8. Foru > 0, we find A/u ~ y(k/ko)? if k/kg — +oo at fixed vi/c = 1. Here y ~ 1.828 is the positive solution of y(1+y?) = % 0= 3(Y+1/Y)
=
with ¥ = 72/[2I*(3/4)].
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Figure 2: Stability map of a fermionic y quasiparticle in a non-polarized pair-condensed gas of fermions at zero temperature, in the plane (wave
number k of y, interaction strength), predicted by BCS theory. (a) Case of a chemical potential £ > 0. (b) Case of a chemical potential 1 < 0. (c)
Enlargement of the case (a) around the critical point S, after refocusing on S (6k = k — ks and 6A = A — Ag with ks = 0.731k, and Ag = 0.408u);
in solid lines, the results of (a) [the green line is actually an interpolation of the points (circles) actually calculated], in dotted lines the quadratic
departures (13) with A =~ 1.121 k;l, B =~ 14.]78uklj3, C =~ 5.929;11933. Red: sonic lines vy = +c of second order transition (destabilization by
emission of phonons of infinitesimal wave numbers), where vy is the group velocity of y and ¢ the speed of sound. In green: first order transition
line (destabilization by emission of phonons with finite total wave number). In black: lines of destabilization by breaking a bound pair T] [we
take (n = 0, s = 1) in equation (16); for 4 > 0 and k < 3k, these are the lower bound cancellation lines in equation (17)]. Dashed lines: already
mentioned destabilization lines that are placed below other destabilization lines and therefore do not change the stability map. k is in units of
ky = Q@mlu))'/? /1 (for u > 0, it is also the wave number ko minimizing the energy € of the y quasiparticle; for 4 < 0, kp = 0). The strength of the
interactions is identified by A/|u|, where A > 0 is the order parameter of the fermion gas.

figure 2b, is poorer: the stability domain is simply limited on the right by the positive sonic line, given by fk/m = ¢
in the BEC limit (i.e. with a slope 4 at the origin in figure 2b in BCS theory) and by A = yA?k?/2m in the limit y = 0~
(i.e. an asymptotic parabolic law in figure 2b), with the same coefficient y as in footnote 8.

A study of the transition lines in the vicinity of the summit point S of figure 2a can be performed analytically.
The dispersion relation (9) is conveniently considered as a function e(k, A) of k and A at fixed scattering length a;
similarly, the acoustic branch is seen as a function w(g, A). On the sonic line SA (SB), the second derivative 0/%6 is
positive (negative), as shown in the discussion below equation (8), and vanishes by continuity at the summit point.
The coordinates (ks,Ag) of S in the plane (k, A) are therefore deduced from the system

h&ls = —hels and  digls =0 (11)

Near the critical point S, we find that 6k = k — kg and the minimizer Qy(k) are infinitesimals of the first order, while
O0A = A — Ay is an infinitesimal of the second order. It then suffices to expand AE(Q) to order three, using the fact that
Q is antiparallel to k as it is said below equation (7), and that w.(Q) = w(Q, A) in the concave case (A < 0.869u) at
low @ (Q < gsup),

| 1 A= akaAéls + haAC|S >0
+ EQZB(Sk + 5Q3c +0(0Y  with B=0d,els >0 (12)

1
AE(Q) =0 [A SA + zB((Sk)2 )
e C= %B+ %hcy(%) s >0

where the coefficient y is that of equation (1) and the signs are predicted by BCS theory, to obtain the quadratic
departure of lines SC and BSA of point S as in figure 2c:°

sc BB-8C)B,_ , Bsa B 5
Sk—0~ 16AC (Gk)", oA sk—0 2A (Bk) (13)

Non-zero spectral weight. For v to be a truly stable quasiparticle at wave vector Kk, it is not enough that its energy e is
at the lower edge of the energy continuum to which it is coupled by phonon emission. It must also be a quasiparticle,
that is to say it has a nonzero spectral weight. Mathematically, this means that its retarded propagator, considered as a

9. Let us write the right-hand side of (12) in the form AE = ¢;Q + 2 02/2 + ¢30°/3. On the sonic transition line, we simply have ¢; = 0. On
the first-order transition line, there is Q. such that AE(Q.) = dAE(Q.)/dQ = 0, as figure 1b1 suggests, i.e. the discriminant of the polynomial of
degree 3 in Q vanishes, (c1c2/2)* - (4/3)636? = 0; we find Q. = —3c¢2/4c3, which must be > 0, which imposes 6k < 0.

6



function of the complex energy z, has a nonzero residue Z in the eigenenergy z = €. To leading order in the y-phonon
coupling 17¢y, the propagator is given by the one-loop diagram of figure 3a:

1 one loop 1
kl——ly k) = 14
(v:Kl - Hly ) D0 [ S ekl a5
< k g<A 2n)° z—(ﬁwilu)+el(£>q)

The complete Hamiltonian A and the interaction operator \7¢y are given by equation (20) of the following section
and their volume matrix elements in Appendix A, in an low-energy effective theory in principle exact in the limit of
low phononic wave numbers [18]. elio) and hwilo) are the bare excitation energies and A is an ultraviolet cutoff on
the phonon wave number. By taking the derivative of the denominator in (14) with respect to z, and by replacing to

leading order the bare quantities by their effective value, we obtain the residue

one loop 1

$q Ke:q.yk—qlVeyly:k)?
g<A 2n)*  [e&—(hwq+e—q))?

k 5)

1+

In this expression, in the denominator of the integrand, the energy difference cannot vanish for q # 0, by supposed
stability of the y quasiparticle; it tends linearly to zero when ¢ — 0. In the numerator of the integrand, the matrix
element of ‘A/m, tends to zero as g'/2, see equations (A.5) and (A.7) of Appendix A. It is a robust property: it simply
expresses the fact that y couples directly to the density quantum fluctuations in the superfluid, which are of volume
amplitude (hpg/2mc)'/? in the phonon mode of wave vector q (p is the average density), as predicted by quantum
hydrodynamics [18]. The integral in (15) is therefore convergent. Thus, at the order considered, in a superfluid gas
of fermions in dimension 3, the effective theory of Landau and Khalatnikov excludes any suppression of the spectral
weight of the fermionic quasi-particle by infrared singularity, whatever the value of the scattering length a or the
interaction strength 10 This directly contradicts and, it seems to us, refutes the conclusions of reference [19], which
is based on a one-loop calculation, but in a microscopic model ''.

Emission of broken pairs. Our previous stability discussion only takes into account the emission of phonons. In a
gas of paired fermions, it neglects the fact that the initial fermionic y quasiparticle can, by collision with bound pairs,
break one or more, say a number s, if it has sufficient energy. In this case, the final state contains n phonons and
2s + 1 fermionic quasi-particles, including the initial quasiparticle which recoiled, and expression (4) of the change
of energy must be generalized as follows:

2s n
AE = 652 w5t q +| D6 |+ [Z hwq,,] - & (16)
j=1 i=1
Let us show however that the emission of broken pairs does not change the BCS stability map of figure 2. Suppose
indeed that s > 1. As g > A, and hwgq > 0 for all wave vectors, we have the lower bound

AEC?0 > 3A, — g (17)

So there can be instability by broken pair emission only if e > 3A.. We verify however that, within the framework
of BCS theory, the zone €, > 3A, is strictly included in the unstable zone of phonon emission '2. To be complete, we
calculate and show in black dashed lines in figure 2 the line of destabilization by emission of a broken pair (s = 1 and
n = 0 in equation (16)); it reduces in figure 2a (u > 0) to ¢ = 3A because k is < 3kg, and in figure 2b (u < 0) to
ek = 3€3 because k — ¢ is increasing convex.

10. For example, even in the BEC limit kra — 0* and for k — 0, equation (15) predicts a finite correction 1 — Z ~ mcA?/hp.

11. Even if the authors do not not explicitly say so, their approach predicts a divergence oc g~!/? of the matrix element of the ¢ — y coupling , as
shown by the explicit integration of their equations (9) and (10) on the Matsubara frequency, i.e. on the energy component of their P quadrivector.
The integral in our equation (15) would effectively present, in this case, a logarithmic infrared divergence.

12. For u > 0, we verify first in figure 2a that the line e = 3A, that is to say A = |h2k%/2m — |/ V8, is below the lines of instability CSA and
vk = c [the only dubious case is the limit k/k,, — 0, where the line dashed line seems to join the green line in A/u = 1/ V8; the chain of inequalities
AESZO(h) < A+ hwyiy) — € < 3A — & < AEC*9 allows to conclude, the first inequality coming from the choice n = 1 and q; = (1 — ko/k)k in
equation (4), the second from /iwgq < 2A over the whole existence domain of the acoustic branch [15, 17] and the third from equation (17)]. Then
we check it outside the frame of the figure, using in particular the equivalent given in footnote 8. For u < 0, we verify numerically that vy > ¢ on
the line e = 3(A? + p2)!'/2, which is obvious in the BEC limit  — —co, and in the limit u — 0~ taking into account the same footnote 8.
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Figure 3: Useful diagrams resulting from the interaction between y quasiparticle (straight line or curve) and phonons (wavy line). (a) One-loop
contribution to the propagator of the y quasiparticle, see equation (14). (b) Contributions to the scattering amplitude |¢ : q,y : K) = |¢ : @',y : k)
of a phonon on the y quasiparticle to leading order in temperature (¢,q" = O(T) — 0, k fixed); the numbering of (bl) to (b5) corresponds, in this
order, to the terms 77 to 75 of equation (23). (c) Examples of infinite diagrams of order three in the interaction in the perturbative series of the
scattering amplitude (23) between bare states; as an explicit calculation shows, they do not appear in the scattering amplitude (31) between exact
asymptotic states.

3. Scattering amplitude of the y quasiparticle on a low energy phonon

In the problem which interests us, the y quasiparticle, with an initial wave vector k ensuring its stability at zero
temperature within the meaning of section 2, is immersed in the phonon gas of the superfluid at nonzero but very
low temperature T, in particular kg7 < mc?, A,. The y quasiparticle cannot absorb phonons while conserving the
energy-momentum, since its group velocity vy is subsonic. To see it, it suffices to expand the energy variation after
absorption of n phonons of wave vectors q; to first order in ¢; = O(kgT'/ hic):

n n Vi A )
AE s = €k+y q (ek + Z hwqi] ~ —Z heq; (1 - ?kk . (li) <0 (18)
i=1 i=1

where we have introduced the directions of the wave vectors k = k/k and §; = q;/g;- On the other hand, nothing
prevents the quasiparticle y from scattering phonons, that is to say from absorbing and reemitting a certain nonzero
number. At low temperature, the dominant process is the scattering of a phonon,

ly:Ko:q)—>ly:K,¢:q) with K =k+q-q andq’ #q (19)
whose probability amplitude on the energy shell must now be calculated in the limit ¢, ¢" — 0. '3

The Hamiltonian. For that, we start from the effective low energy Hamiltonian obtained by quantum hydrodynamics
for the phononic part and by a local-density approximation, valid in the quasi-classical limit (3), for the coupling
between phonons and y quasiparticle, in the quantization volume with periodic boundary conditions [0, L]* whose
size will be made to tend to infinity [18, 21, 1, 2]:

g<A
A Hy=Eo+ > hoPbib, + 0)575,
H=Hy+V with 0= 50 ; “a %47 Zkle" Nk (20)

R T T A L
V—V¢¢+V¢y and V¢y—H3 +H4

13. On may wonder why y could not scatter an incident phonon of infinitesimal wave vector q in a finite wave vector mode q’. However, if this
were the case, q" would have a nonzero limit qj when q — 0 and the process |y : k) — |y : k — q;, ¢ : q() would conserve energy, in contradiction
with the assumption of stability of the y quasiparticle.



Let us content ourselves here with qualitatively describing the different contributions, since their explicit expressions
are given elsewhere (in particular in Appendix A):
— The interaction-free Hamiltonian Hj is quadratic in the creation and annihilation operators bll and bq of a

phonon of wave vector q, ifl and 9y of ay quasiparticle of wave vector K, operators obeying the usual bosonic
commutation relations for phonons, and fermionic anticommutation relations for the y quasiparticle of a su-
perfluid of fermions, for example [Bq, IA);,] = 0gq,q - It involves the bare eigenenergies hwflo) and el((o) of quasipar-
ticles, which will be shifted by the effect of interactions to give true or effective eigenenergies Awq and €. It
comprises a cutoff A on the wave number of the phonons preventing an ultraviolet divergence of these energy
shifts; this is inevitable in an effective low energy theory, which cannot describe the effect of interactions for
large wave numbers. The simplest cutoff choice here is A = AkgT /hc, with a constant A > 1; once the ¢ — y
scattering amplitude calculated to leading order in temperature, one can make A tend to +oco without triggering
any divergence, as we will see.

— The interaction Hamiltonian V' consists of the interaction operator between phonons, denoted Vs, and the
interaction operator between phonon and y quasiparticle, noted Vr/)y We omit here the interaction operator Vw
between y quasiparticles, since there is only one in the system '4.

— The interaction between phonons results to leading order from 3 -body processes, of the type b'h'b (Beliaev-
like decay of a phonon into two phonons) or b"bb (Landau recombination of two phonons in one), which can
be resonant (conserve energy-momentum) if the acoustic branch is initially convex, or of the type b'b'b" or
bbb, never resonant. Paradoxically, the interactions b"bb and b'b'h between phonons contribute to the ¢ —
scattering amplitude to leading order [1]; their unfortunate omission in reference [2] has been corrected [14].
To sub-leading orders, \7¢¢ has 4-body [18, 21], 5-body [22], etc. processes, as quantum hydrodynamics allows
in principle to describe, 1> but which do not play a role in our problem.

— The interaction of the y quasiparticle with the phonons consists to leading order in an absorption 599 or
emission 5799 process of a phonon; these terms being cubic in the creation and annihilation operators, we
store them in Flfy. To sub-leading order, it involves the direct scattering of a phonon b*b3'9, the direct
absorption of 2 phonons (double absorption) 5b%"% and the reverse process of double emission b"59%, quartic
contributions all stored in FIZW. It will not be useful here to go beyond this, which the approach of reference
[2] as such would not allow us to do anyway (see our footnote 15).

— The matrix elements of \7¢¢ in quantum hydrodynamics only depend on the equation of state of the gas at
zero temperature, i.e. chemical potential (o) considered as a function of the density p in the ground state,
and its derivatives with respect to p at fixed interatomic scattering length a.'® The matrix elements of V,,
deduced from local density approximation depend on the dispersion relation of the y quasiparticle and its first
and second derivatives with respect to p at fixed wave vector k and scattering length a.

The usual S matrix. Let us calculate the ¢ — y scattering amplitude as the transition probability amplitude between
the initial state |[i) = |y : k, ¢ : q) and the final state |f) = |y : K/, ¢ : q’) as in equation (19), by the method of the S
matrix (section Byyy.1 of reference [24]), that is in the limit of an infinite evolution time. As the asymptotic states are
taken as eigenstates of Hy, the transition is only allowed if it conserves the corresponding energy, i.e. the sum of the
bare energies:

EY =) + hwg = E” = ) + o) Q21

The transition amplitude is then given by the matrix element of the operator 7(z) between i) and |f) on the energy
shell, i.e. for z = Ei(o) +in, n — 0*:

A 1 .
A?:GW+V7$———7WD (22)
E7 +in—H

14. In a microscopic theory of fermion gas, it would be different, the effective ¢ —y interaction appearing as a sub-diagram of a y — y interaction
not conserving the total number of y quasiparticles (except modulo 2) [20].

15. Inorder to be consistent, account should then be taken of so-called “gradient corrections " in the lower-order terms, in the sense of references
[25, 26], as it is done in section V.D of reference [21].

16. As long as we have not got rid of the A cut-off, we must take the bare equation of state in the matrix elements [23].



To leading order at low temperature (¢, = O(T) — 0 at fixed k), a general analysis of the perturbative series in V
of result (22), exposed in Appendix A and which we will come back to, suggests that we can limit ourselves to order
two in V, that is replace A by Hj in the denominator of equation (22). We then eliminate the remaining sub-leading
contributions, as explained in Appendix A, to obtain:

A ~ Ti+ T+ T3+ T4+ (23)
with
T = L*3<¢:q’,y:k’l(]{fquﬁ:q,y:k) 24)
oo aleidy K|H Iy - k+q)y : K+ qH|p: q,7 : K ’s
T 1o 4 0 _ O 25)
Wy + € ~ €iq
S 2 KIH 16 q.y  k—q'Xo:q.y: k- qH ly: k) 2
BT O _ 1y® _ 0 (26)
& —hwy -,
o s KIH16:q— a7 : kXS : q b q—q1Viold : @) .
£ 100 — h© ©) @7
Wq —hu)q_q,—hwq,
g 3 aVeld d -a¢: 6 q —qy: K[ H;ly : k) 08)
>~ 0 _ O _p 0
€ € Wyr_q

The successive terms in the right-hand side of (23) are represented by diagrams (b1) to (b5) of figure 3, and the volume
matrix elements in the numerator are given by equations (A.4), (A.5) and (A.6) of Appendix A, sometimes up to a
Hermitian conjugation; in the last term, we used the fact that k —k’ = q’ — q. Bare eigenenergies differ from effective
energies by O(T?) terms as shown by ordinary perturbation theory '7; however, to leading order for A, which is of
order one in 7, it suffices to expand the numerators and the denominators of the second and third terms of (23) up to
the sub-leading relative order T i.e. up to order 72, the rest can be written directly to leading order '®. One can thus
replace the bare energies by the effective energies in the energy denominators and the matrix elements of (23), as well
as in the conservation of energy (21), which gives exactly expression (3) of reference [14].

Our § matrix calculation is however not fully convincing. The general analysis of Appendix A mentioned above
ignores the existence, at orders in V greater than or equal to three, of infinite (and not divergent) diagrams. In these
diagrams, one of the energy denominators, giving the difference between Ei(o) = Eﬁo) and the energy of the intermediate
state, is exactly equal to zero, and not on a zero measure set '°. This phenomenon occurs each time the intermediate
state returns to the initial state |i) or passes in advance to the final state |f). Examples are given in figure 3c, to order
three in V. In addition, as we will see, in the limit of a zero group velocity vy — 0, our scattering amplitude (23) is
not even in agreement with that of reference [1], which encourages us to be more rigorous.

Exact asymptotic states. The catastrophic appearance of infinite terms in the perturbative series of amplitude (22) is a
phenomenon known in quantum field theory and is not surprising. Indeed, the expression of the § matrix at the origin
of relations (21, 22) comes from ordinary quantum mechanics, where the total number of particles is a conserved
quantity, as in the collision of two atoms.

17. The energy shift dex of a single y quasiparticle or idwq of a single phonon is nonzero to order 2 in V. To this order, it is therefore deduced

. . . N Bq Ke:q.yk=alVyyly k)P

from a one-loop diagram as in figure 3a. From equation (14), we get de, ~ fq <A T 761({0)+in—(hw£10)+6{((i)q)
B (o $:0-4' [ Vold:0) /2

O r0®
q q-q’

and the denominator is expanded using equation (1) keeping the curvature term near the zero angle between q” and q, which gives Re hwg ~ T°InT

; the numerator and the denominator of the

integrand are of order 7, like the cutoff A, so de is of order T3. Similarly, fidwq =~ f

; the numerator is ~ g¢’|q — ¢’
9<A @07 7D vin-—(he ; qq’lqa - q|

and, if y > 0, an nonzero imaginary part Im hwflo) ~T°.
18. Indeed, the contributions of the second and third terms exactly cancel to their leading order 79, while those of the other three terms are
immediately of order 7.

19. If the energy denominator were canceled inside an integral on the wave vector of an internal phonon, the infinitesimal purely imaginary shift
+in of Ei(o) would give a finite integral in the theory of distributions.
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Here, on the other hand, the Hamiltonian H conserves the number of v quasiparticles, but not the number of
phonons. The y quasiparticle in fact never ceases to interact with the phononic field, even at the moments infinitely
anterior to or infinitely subsequent to its collision with the incident phonon, by emitting and reabsorbing virtual
or captive phonons, which the conservation of energy-momentum prevents from escaping to infinity. The correct
asymptotic states of the y quasiparticle to consider in scattering theory are therefore its true stationary states ||y : k)
and ||y : K’) of eigenenergy e and €, dressed by captive phonons, rather than the bare non stationary states |y : k) =
?llvacuum) and |y : k') = &i,lvacuum) 20, Likewise, the incident |¢ : q) or emerging |¢ : q’) phonon never ceases to
interact with the phononic field; it can disintegrate virtually into two phonons, which can continue to disintegrate into
pairs of phonons or, on the contrary, recombine to restore the initial phonon, etc. These processes are non-resonant,
and the phonons created are virtual if the acoustic branch is initially concave [y < 0 in equation (1)]; we thus construct,
as in footnote 20, the true stationary states ||¢ : q) and [|¢ : q’), of eigenenergies fiwg and hwy , dressed by captive
phonons and to be used as correct asymptotic states. The convex case is of another nature, since |¢ : q) and |¢ : )
are unstable and can really disintegrate into phonons going to infinity; as it is shown in Appendix A, we are saved by
the slowness (rate ~ ¢°) of this decrease, which formally allows to ignore it in the calculation of the ¢ — vy scattering
amplitude to leading order.

We must therefore resume the construction of the S matrix using as initial and final states the exact asymptotic
states 2!

iy = Bily : k) and [If) = Bl lly : K (29)

where B;; is the creation operator of a dressed phonon || : q) of wave vector q >*. In the limit of an infinite evolution
time, the transition occurs on the exact (rather than bare) energy shell

Ei = & + hwq = Ef = ¢ + hwy (30)

with the probability amplitude

A 7 Aty AT itk © A 1 7 ATy AT
As = (v K IBy (Vi BT+ &) ly : Ky + <y KNI By Vo] + Ag ) ———— (V. BiT+ A Iy : ) | (3D)

E; + iT] -H
We had to introduce the operator
g<A
A} = Ay, Byl - hwoBYy  with  Hag = > hwdblby + Vs (32)
q#0

20. To give a precise definition of |ly : k), consider the subspace & generated by repeated action of the interaction Hamiltonian ¥ on the
vector |y : k), that is to say on a bare y quasiparticle in the presence of the phonon vacuum. & is thus the superposition of states with arbitrary
number of phonons and arbitrary wave vectors, in the presence of a bare y quasiparticle having recoiled. It is stable under the action of the
complete Hamiltonian A. Under the condition of acoustic stability stated below equation (6), we expect that A has in & only one discrete
energy e, corresponding to the ground state ||y : k), and located at the lower edge of a continuum of eigenenergies. e is the pole of the exact
propagator in the left-hand side of equation (14); the associated residue gives the weight of the bare quasiparticle in the dressed quasiparticle,
Zx = [y : K||ly : k)|?, and must be > 0.

21. Unlike the case of resonant scattering of a photon by a two-level atom initially in the ground state, whose perturbative series has a zero
energy denominator each time the atom goes into the excited state in the presence of the radiation vacuum [24], we cannot cure the naive S matrix
(22) by renormalizing for example the propagator of the incident y quasiparticle by resummation of diagrams with n disjoint loops (bubbles) (figure
3cl represents the case n = 1, and the loop in question is that of figure 3a). The expansion in bubbles with complex energy z leads to a geometric
series of reason Aeg(z — hwfl(»)/ (z—- Ei(o)) where Aeg(z) is the function giving the eigenenergy shift of y to order two in chw (for L = 400, it is the

integral in the denominator of (14)). The resummation of the bubbles in the initial state |y : k) therefore transforms the amplitude of the diagram
- . £ . . . . .
of figure 3b1 into WL_3<¢ :q,y: k’|7-(fy|¢ : q,7v : k), which gives zero if we make z tend to Efo) as prescribed by equation (22),
=B -Agc(z-hwg
or infinity if we heuristically make z tend to E; written to order two in \7¢,y. A resummation of the bubbles on the energy shell both in the final state
and in the final state of y leads to the same conclusion.
22. To simplify, we limit here the interaction Hamiltonian between phonons \7¢¢ to the Beliaev 5*h™h and Landau bbb terms, as in equation

necessary to construct a dressed vacuum |[vacuum) on which IASTI and B;, would act.
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Here I:I¢¢ is the purely phononic part of the complete Hamiltonian A and the factor wq is the exact angular eigen-
frequency, not the bare angular frequency. Contrary to appearances, Ag is not zero, even if its action on the phonon

vacuum gives zero, Al lvacuum) = 0 (see however footnote 22). The calculation leading to expression (31), detailed
in Appendix A, takes up that of photon-atom scattering in sections Byy.2 and Byy.3 of reference [24], and generalizes
it by dressing the asymptotic state of the photon (in other words, of the phonon) and not only that of the atom (in other
words, of the y quasiparticle). It is easy to be convinced that the perturbative series of expression (31) no longer has
infinite diagrams. As the dressed parts of asymptotic states dilute the bare parts in a continuum, they cannot lead to
a risk of zero denominator (except on a zero-measure set) and we can, to understand what is happening, focus on the
contribution to Ag of the bare parts |¢ : q) and ¢ : ), |y : k) and |y : K'):

Aalss = (ZuZiw ZaZg)'"? |y K lbg [V, Bi1ly - k) + (y 1 K[ By, vmm[vm, bily : k)| (33)

where the quasiparticle residues Zx, Zx, Zq and Z are the weights of the bare states in the dressed states, so that
Bglgﬁf = Z(ll/ 213; for example. The presence of commutators in equation (33) forces the absorption of the incident
phonon q as the first event and the emission of the phonon ¢’ as the last event. Indeed, only the terms of VM containing
at least one factor 13(1 (B;,) can give a nonzero contribution to the commutator with 5?1 (iaq/). But, the absorption of
the phonon q erases the memory of the initial state, and before emission of the phonon ¢, we have no knowledge
of the final state, therefore (i) if the we replace E; by Ei(o) in (33), we cannot have zero energy denominators in
the perturbative series (except inside an integral on an internal phonon wave vector), and (ii) if we keep the value
of E; in (33), we cannot have small denominators (of the order of the difference O(V?) between the bare and exact
eigenenergies) which would invalidate our perturbative expansion.

Let us now analyze result (31) at leading order. The general analysis of Appendix A, which leads us to limit (22)
to order two in V, can be applied to it. As each contribution to Ay is at least of order one in V, it suffices to determine
the dressing of the y quasiparticle and of the incident or emerging phonon to first order of perturbation theory:

1 Z<¢:Q,7:k—QI7{§”I7:k>

ly:k) = ly:kK+-—5 - 6:Q,y:k-Q)+... (34)
L3712 Q70 el((o) +in — (El((o_)Q + hwg))
s o 1 :QL,0:Q-Q'|V : P
Bl = b+ ST > 0 (0? ‘_b Q %)l ¢¢|¢(>0) Q>bg,bg_0, +... (35)
Q'£0£Q th +in — (th, + thfo)

In writing (34), we immediately neglected the correction due to A? that is to say to the double emission of phonons
by 7 (its matrix elements of a higher order in temperature and the occurrence of a double sum on the wave vectors of
the phonons make it negligible in front of the single emission). From expression (35), we get that the operator Ag is

of order one in V (just like the commutator of BQ or Bg with VM)’ and that its action on exact asymptotic state ||y : k)

is of order two,
Ablly 1 k) = 0(V%) (36)

Indeed, the action on the bare part of the y quasiparticle gives zero, NQI)/ : k) = 0, since Ag is purely phononic
and gives zero on the phonon vacuum. In the second contribution to (31), the one containing the resolvent of H, we
can then directly neglect any dressing of the phonons and of the y quasiparticle, that is neglect A;; and Aq/, replace
the dressed operators f?fl and Bq/ by the bare operators 1311 and Bq», the dressed states |y : k) and (y : K’|| by bare
states |y : k) and (y : K’|, and finally keep only FI;M in the interaction \7¢y and approximate E; — H by Ei(o) - AO
in the denominator; we thus find exactly the contribution 7, of the naive theory (23), that is to say the non-crossed
absorption-emission diagram of figure 3b2. In the first contribution to (31), we carry out a second order expansion to

obtain directly interpretable expressions:
first contribution to (31) = (y : K'|bg [y, i 1ly : k) + (v : K bg [AY, b 1lly : KOV + Dy : Kby [, b1y : k)+
G KBRS billy - k) + (y : K |bg [, By - k) + ¢y - Kby Ajlly : )V + ... (37)

12



where BS)T is the first deviation, or first order deviation, between the creation operators of a dressed phonon 3(3 and

of a bare phonon [A?I), and ||y : k)(! is the first deviation, or deviation of order one, between the dressed state ||y : k)
and the bare state |y : k) of the y quasiparticle. The first term of (37) contains no dressing, and gives exactly the
direct scattering diagram 77 of the naive theory (23), shown in figure 3bl, since the component PAI;” of \7¢y gives
zero contrarily to ﬁfy. The second term of (37) takes into account the dressing of the y quasiparticle in the initial
state and gives the contribution 73 of the naive theory, that is to say the crossed diagram of figure 3b3; we interpret
it physically by saying that the emitted phonon q’ was a virtual phonon of the y quasiparticle that the arrival of the
phonon q made real, allowing it to escape to infinity without violating conservation of energy-momentum. The third
term of (37) is zero since the involved transition is scalar vis-a-vis the phononic variables, which allows Bq/ to act
right on the phonon vacuum and give zero. For the same reason, up to the replacement of qu with Bill,), the fourth
term of (37) is zero. The fifth term of (37) gives 74, represented by the diagram of figure 3b4: it corresponds to the
absorption by the y quasiparticle of a phonon belonging to a pair of virtual phonons dressing the incident phonon,
the other phonon of the pair then being deconfined and leaving at infinity. Finally, the sixth term of (37) gives again
T, represented by the diagram of figure 3b5: it results from the scattering of the incident phonon on a halo phonon
dressing the y quasiparticle. >3

To leading order at low temperature, ¢,q" = O(T), T — O, there is therefore perfect agreement between the
phonon-y scattering amplitude (22) predicted by ordinary quantum mechanics theory and that (31) of field theory with
exact asymptotic states, both leading to expression (23), which reproduces that of reference [14] after replacement
(legitimate at this order, as we have seen) of the bare eigenenergies by the effective eigenenergies. Consequently, our
disagreement with the scattering amplitude of reference [1] for a y quasiparticle of zero group velocity vy, raised by
reference [14] and in contradiction with the hasty note 8 of the same reference [1], persists and remains unexplained.

Final result at order q. Our calculation of the ¢ —y scattering amplitude is based on the “hydrodynamic" low energy
effective Hamiltonian (20) and is only valid to leading order in g. It is therefore useless to keep a dependence on all
orders in g in the energy denominators and in the matrix elements in the numerator of the different terms of expression
(23). We then pass to the limit ¢ — with fixed wave vector k of the y quasiparticle, without assuming (as did references
[1,2]) that its speed vy tends to zero; a calculation a little long but without particular difficulty thus gives on the energy
shell the (to our knowledge) original result >*:

xed 1—
g 0g)) | 639)

, , kfixed Ncq [ 1 —ue
ﬂﬁzﬂ(V:k,¢3q—>73ks¢:q)kﬁ~d_q(—k :
q—0 l—uek

12
) Ri(u,u’,w) with
-0 p \l—-ue

We had to introduce some notations: the volume transition amplitude A = L>Aj (i.e. for a unit quantization volume),
the cosines of the angles between the three vectors q, q’ and k (with directions § = q/g, etc),

A7

u=q-ku=q -kw=q-q (39)

23. To complete these calculations, we only need, with regard to the dressing of phonons, the properties (36) and (¢ : q’ |1§511)T|¢ :q'—q)=0and
the expression of Bﬁ:ﬁlvacuum) ‘We can then pretend that IABEII "o 1) Gg(hwgo) +in) VMIA?T , by restriction to the subspace of n < 1 phonon. Here O
is the orthogonal projector on the single phonon space and Gg(z) =(z—- ﬁgd’)" is the resolvent of the non interacting part of the purely phononic
Hamiltonian. We also give the identity AT = 732 2q{:a,9:q —qVylo: q’)lAJi'l,lA;qr,q.

24. The heaviness of the calculation comes from the fact that the terms 75 and 773 are of order ¢° and compensate in the sum (23) to leading
order, which obliges to expand their numerator and their denominator up to the sub-leading order, that is to say with a relative error O(¢g*) and
absolute error O(¢>) [2]. We arrive at a notable simplification for a more symmetrical configuration of the incoming and outgoing wave vectors,
by expanding the amplitude A(y : k — %, ¢ :q-ovy: k+ %,d} : ') at k fixed, which remains equivalent to the original amplitude to
order ¢q. We can thus reduce ourselves to expressions to be expanded that are even or odd in q or q’, for example in the energy denominator

hwq + € o—q — €  q+q Of 72, which automatically cancels the odd or even order. In particular, the expression of ¢’ as a function of ¢ on the
q T €, dq Kt 4 y p p
2 2

energy shell given in equation (38) now presents, as it is, the required sub-sub-leading error O(¢>). We must also think about replacing €K; — €k,
with hwg — hwg in the denominator of 75. We then notice that to leading order, we go from 73 to 75 by changing |q — q'| to —|q — q’[; to this
order, T4 + 75 is in fact a rational function of |q — q’|?, which makes it possible to eliminate the square root contained in |q — q’|.
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the following dimensionless expression (a symmetric function of u and "), called reduced scattering amplitude,

R , hk 1 w+ =4 1+/l
k', w) = 5 g ex = wep = ex(l + exep)u —u 0% T = ueod _Mk)(l -

(u+e,)u +ep)lexw —uu’) + un’ ey ] + (u + e,)(1 — w'e)(w + uey) + (' + ep)(1 — ue)(w + u'epr)
+
(1 —uer)(1 — uw'ex)
and the dimensionless physical parameters constructed from the chemical potential u(p) of the superfluid gas at zero
temperature, from the dispersion relation €(p) of the y quasiparticle and their derivatives with respect to the wave

number k of the quasiparticle or to the density p of the gas (at fixed interaction potential between the atoms of mass m
of the gas):

} (40)

Vi 1 0 P aek azek pd*u/dp? dlnc
6= — = —— e, = epp = = =2 -1
¢ hc 0k hke ap hkc 6p du/dp dlnp
e :E%zﬁ_azek e _p@vk_ﬁﬁzek ey =€, — e
W70k T he ok? T dp  he opdk *T e
(41

We have related the quantity A, a bit apart because the only one not to depend on the wave number k, to the Griineisen
parameter dInc/dInp by means of the exact hydrodynamic relation on the speed of sound, mc> = pdu/dp. The
quantity e, is only an intermediate of calculation and contributes to the scattering amplitude only through e,; it will
hardly appear in the following. Contrary to appearances, the function Ry therefore the scattering amplitude have no
divergence in w = 1, taking into account the inequality (u — u’)* = K - @G@-q)° < @-4q)* = 2(1 —w). From
expression (38), it is easy to verify that our scattering amplitude obeys the principle of microreversibility to leading
order in g on the energy shell:

Ay : Ko q-oy:K,0:q)=Aly:K,¢:q >y:Kk¢:q 42)

taking into account the link between g and ¢’ which exists there and the invariance of the function R; under the
exchange of u and u’.

At zero speed. The function R; is much simplified in the limit of a zero group velocity for the y quasiparticle. The
calculation is simple: we use the expansion (2) of the dispersion relation of y in the vicinity of an extremum to second
order to calculate the behavior of quantities (41) in this limit. We must take into account the fact that the coefficients
A, ko and m,. in equation (2) depend on the density p, and separate the cases ko(p) > 0 and ko(p) = 0. (i) If ky(p) > O,
only coeflicient e; a priori tends to zero when k& tends to ky; the limits of the other coefficients are identified by a tilde:

k0 Tk — ko) >0 . p dA, oo - p* |dPA. dPu/do?dA. R (dk )
e ~ —— e — 8, = —— ey — ey = > - —+ —|—
k—ky  mC k—ko heko dp k—ko heko | dp du/dp dp do
ko>0 _ hk() ko>0 _ pﬁ dk()
€k — Ckx = €pk — €pk = — -
k—ko m.c k—ko m,c dp
43)
and we obtain the reduced scattering amplitude in k = kq in agreement with reference [14] but not with [1]:
k0>() hk()
Ri(u, v W) = e [(u +u + )W+ &, +enu(u+8é,)+ ey u (' + &) + & uu "(u+ ep)(u + ep)] (44)

In the problem of fermion gas which interests us, this corresponds to a positive chemical potential u in the BCS
dispersion relation (9), considered in the vicinity of its minimum. (ii) If ko(p) = 0, coefficients ey, ey and e, tend
linearly to zero when k — kg, and the others diverge as 1/k, with coefficients (marked by a Czech accent) which must
be kept track of:

K=o Tk hke W0 P dA. @e k0 _i(%_d%/dﬁ%)
k=0 m,c me? 150"~ me dp me 50 T m2 A2 T “dujdp dp 45)
k=0 ik k=0 @ dm,,

K S0 mac Pk o0 m2c dp
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to write the final result, which corrects a hasty affirmation of reference [2] 25,

ko=0 1
Ri(u,u’,w) —» =
(i, )k_)ko >

*

B+ wd, (1 + mﬂép)] (46)

In our fermionic problem, this case corresponds to a negative chemical potential u in the BCS dispersion relation (9)
considered in the vicinity of its minimum, or again to a positive chemical potential y in this same relation, considered
this time in the vicinity of its relative maximum in k = O; this second situation, of effective mass m, < 0, is that of the
maxon, seen in figure 2a to be stable according to BCS theory in a fairly strong interaction regime.

4-phonon scattering. To end this section, let us emphasize that the central result (38) is very general. It applies
whatever the quantum statistics of the y quasiparticle or its isotropic dispersion relation €. In particular, as reference
[1] emphasizes, it must describe the scattering of a soft phonon (of infinitesimal wave vector q) on a hard phonon (of
fixed wave vector Kk, in particular k > g), with the production of a soft phonon q’ and a hard phonon k’. This four-
phonon problem has been studied in the context of superfluid helium 4, and the corresponding scattering amplitude
can be calculated exactly with quantum hydrodynamics in the limit 7k < mc where €, ~ hck [18]. In this case, only
the quantity ey tends to zero; e; tends to one (sonic limit), e, and e, tend to (1 + 4)/2, e,, tends to (p2 /o) d?c/ dpz,
and our scattering amplitude (38) effectively reproduces that of equation (111) of reference [21] applied to the linear
dispersion relation w, = cq, which constitutes a good test. The four-phonon problem can also be studied in a weakly
interacting gas of bosons with the Bogoliubov method, which makes it possible to get rid of the constraint hk < mc;
at the location of a rotonic minimum (k — ko > 0), reference [27] was thus able to successfully test the result of
reference [14], that is to say in fine (44).

4. Characterizing the random walk: mean force, momentum diffusion, spatial diffusion

Our y quasiparticle is now immersed in the phonon thermal gas of the superfluid of arbitrarily low temperature T';
by incessant interaction with phonons, it undergoes a stochastic dynamic in the momentum and position space, which
we will now describe.

Master Equation. The y quasiparticle is initially prepared in a stable wave vector k in the meaning of section 2,
in particular with a subsonic group velocity v;. It cannot therefore emit phonons, it would be an endo-energetic
process. For the same reason, it cannot absorb phonons, it would be an exo-energetic process, see equation (18).
There remains therefore, to leading order in temperature, the process of scattering of a phonon of wave vector ¢
studied in section 3. Let us write a master equation on the wave vector distribution Il(k, ¢) of the y quasiparticle,
negatively counting the departure processes (k) + (q) — (k’) + (q’) from the mode |y : k) and positively the feeding
processes (k') + (q") — (k) + (q) of this mode, sum being taken at fixed k on all the distinct wave vectors q and q" of
the phonons, the wave vector k’ being deduced by momentum conservation:

0 1 21 , 2 _ _
EH(k, H = ~T6 %; - |ﬂ(7 kKo:qov:K,9:q )| O(ex + hwq — e — hwg ) fig(1 + 7ig)II(K, £)
1 2n , , 2 _ _ ,
76 Z - Ay K. ¢:q > y:ko: Q| s + hwg — & — hwg) fig (1 + A)IK 1) (47)
q.9’

To calculate the rate of the processes, we used Fermi’s golden rule, which involves the factor 27r/h and the Dirac
distribution reflecting energy conservation (30), including the bosonic amplification factors accompanying absorption
(factor 71) or emission (factor 1 + 77) of a phonon in a mode with thermal mean occupation number 7iq = [exp(Bhwq) —

25. Reference [2] thought wrongly to deduce the case k — ko = O from the case k — ko > 0 by making ko tend to zero in its equation (10),
therefore in our equation (44), see the sentence after this equation (10). In reality, to obtain the equivalent (44), we made e, tend to zero at fixed
ek, while e ~ e — 0 in the limit k — ko = 0. As a result, the cancellation of the two terms uu’ in the subexpression eg(wuu’) + uu’ ey in square
brackets in (40) cannot be taken into account (the subexpression is ~ exw and not ~ uu’ ey if k — ko = 0); however, this sub-expression is assigned
a divergent weight and gives a nonzero contribution to the final result (46). Let us note that footnote 37 extends (46) to order one in k.
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117!, where B = 1/kgT.?® We recall that the golden rule implicitly deals with the scattering process in the Born
approximation. We cannot therefore apply it directly to the interaction Hamiltonian V/, in this case to its component
ny in equation (20), which would amount to taking into account only the direct scattering diagram of figure 3b1.
Rather, it is applied to an effective interaction Hamiltonian W of the same form as the part le, @q of ﬁf7 in equation
(A.3) but with volumic matrix elements given directly for q # q’ by the true volume transition amplitude A(y : Kk, ¢ :
q— v:K.,¢:q).? Wisa Hermitian operator, due to the microreversibility property (42); by construction, it
leads in Born’s approximation to the desired ¢ — y scattering amplitude. The same microreversibility and the relation
1 + 7 = exp(Bhw) i1 ensure that [T (k) o« exp(—Beg) is an exact stationary solution of the master equation (47): the y
quasiparticle is well thermalized by the phonon gas phonons at long times.

Fokker-Planck equation. In this work, we always assume that the wave number distribution of the y quasiparticle
has a width Ak much larger than that of the phonons, like in equation (3). This condition is moreover automatically
satisfied when v is at thermal equilibrium (at sufficiently low temperature), the parabolic dispersion relation (2) of
y imposing on Ty (k) a width o« 7'/2 much larger than that o T typical of a linear dispersion relation (1). In the
regime (3), the vy quasiparticle undergoes with each scattering a change of wave vector 6k = +(q — q’) very weak
compared to Ak and the finite difference equation (47) can be simplified into a partial differential equation by second
order expansion in 6k/Ak ~ T'/2. To do this, we introduce the probability flux leaving k by q — q’ scattering (a
functional of IT):

’ 2n ’ NV - —
o,(Klq,q') = - |?{(7 kKo:qoy:K,0:q )| O(ex + hwq — € — hwg )ing(1 + g )TI(K, 1) (48)

and, by simple exchange of the dummy variables q and q’ in the feeding term then passage to the thermodynamic
limit, we rewrite master equation (47) as follows:

9 B d’q &g’ , , ,
EH(k, H= fRS 21 Ju 0P [©:(k+q —qlg,q") - D,(Kklq,q")] 49)

This form makes obvious conservation of the total probability f BTk, 1)/ 2n)3, equal to one, and leads to order two
in q — ¢/, to the three-dimensional Fokker-Planck equation

0 1 8 1 8
o k1) = —— 2 a0k, 0] + 2 i;”;ﬂ W[Di JOTI(K, 1)] (50)

with the coefficients of the mean force F(k) and of the momentum diffusion matrix D(k) in the Cartesian basis,

2 L L q)z(k|(l,q')
h*(gi — q;)(q; q,)—H(k’t) (51

d3q d3q’ l
Qn)e 2

d3q d3q/
(2m)S

o,(klq,q")

File) = TI(k, 7)

I(g: — g;) and D;;(k) =

independent of TI(k, r) and time. In this form, the matrix D(K) is clearly symmetric real positive.
Force and momentum diffusion to leading order in T. As the y quasiparticle of wave vector k evolves in a homoge-

neous and isotropic medium, the mean force and the momentum diffusion which it undergoes must be rotationally
invariant around the direction k of the wave vector. They are therefore characterized by functions of the wave number

26. We have taken here a Bose law of zero chemical potential because the total number of phonons Ny is not a constant of motion of the purely
phononic dynamics. When the acoustic branch is initially convex, the dominant collisional processes conserving the energy-momentum are those
of Beliaev-Landau with three phonons; they obviously do not conserve Ng. In the concave case, the dominant collisional processes are those with
four phonons ¢¢ — ¢¢ of Landau-Khalatnikov, and we must invoke sub-leading processes (with five phonons [22] or with three phonons allowed
by non-conservation of energy between unstable states [28]) to change Ny: the phonon gas could then present a thermal pseudo-equilibrium state
of chemical potential ug < O for a duration of the order of T [22) or T79 [28].

27. The more powerful approach of the quantum master equation in the Born-Markov approximation [24] would also predict a reactive effect
of the phonon reservoir on the y quasiparticle, namely a change of its temperature-dependent dispersion relation, in particular under the effect of
the diagonal terms q = q’ and the off-energy-shell terms of W, not given here. We can assume in the following that g is this modified dispersion
relation, without this affecting the reduced scattering amplitude Ry (u, u’, w) to leading order in temperature.
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k only, namely the longitudinal component F'(k) of the force, the longitudinal Dy (k) and transverse D, (k) momentum
diffusion coefficients:

ki kik; ik;
Fik) = —F(k) and  Dy;(k) = D//(k)+( )DL(k) (52)

2
To leading order, we can easily get the temperature dependence of these coefficients by expressing the phonon wave
vectors in units of kgT'/hc in the six-fold integrals of equation (51) and using the equivalent (38) of (A to obtain the
power laws (the numerical factor ° /15 is pure convenience)

F(k)

he

n hc kgT
he

7 h%c (kBT

) F(k) and D, y(k) )Z)J_ (k) (33)

k,;T/chHO 15 0?2 kBT/mCZHO 15 p?

The remaining functions # (k) and D, ,(k) are dimensionless. To calculate them, we move to spherical coordinates
of polar axis k on the variables q and q’. Energy-conserving Dirac distributions allow easy integration on the modulus
q’, in fine linked to g by (38). The integral on the modulus ¢ of the contributions that are linear in the occupation
numbers pulls out the Riemann ¢ function; that of quadratic contributions brings out less studied functions (s is an
integer > 2, x a real number > 0):

e dg o SES
O (x) = D (1 54
@ fo (e 1) (e ;;(W/—MN—)M (1/x) (54)

Due to invariance of the integrand by joint rotation of q and q’ around k, one can reduce to an integral on a single
azimuthal angle, the relative angle @ = ¢ — ¢’. In the force, a difficult contribution involving the function ®; turns
out to be an antisymmetric function of the cosines u and «’ of the polar angles, of zero integral >®. Such simplification
does not occur in momentum diffusion. It remains with the notations (39, 40, 41)%°:

1 _ 3 2 d
fduf du’(u - ((1_:?:)5[ o —[Re(u,u', w)]? (35)
(@//(k>) _ f f uek)3 04— DO
D,.(k) 167r8 (1— 81¢ [(1 — uep)(1 — wep)*?

da W - uy?
fo Z[Rk(u, ', w)] ((u’ 2 ekz 1 )

w)(1 — uer)(1 — u'ex)

Triple integration in (55) can be done analytically **; the mean force thus has an explicit expression in the parameters
(41), combination of rational functions and a logarithm, unfortunately too long to be written here. The momentum
diffusion coefficients must be evaluated numerically. In the BCS approximation, where the dispersion relation € and
the equation of state at zero temperature have an explicit analytical form (see our equation (9) and reference [30]) 3!,
we show in figure 4 the dependence in wave number of the force and the diffusion coefficients for various interaction
regimes.

In the so-called BCS limit kga — 07, where the BCS approximation is the most quantitative, simple results can
be obtained by making A/er tend to zero at fixed x = h?ko(k — ko)/mA. The speed of sound becomes proportional to

7 (k)

X

(56)

28. Up to a factor, it is (u — u”) ©7( I_L':eekk )1 — uep)(1 —u'ey)].

29. In particular, w = uu’ + [(1 — u®)(1 — w'?)]'/% cos a.

30. The only slightly difficult integrals are fOZK da/(1 = w) = 21/|u — u’| and J(‘)ZK da/(1 —w)? = 27(1 — uw’)/Ju — o> where w is written as in
footnote 29.

31. We have made the expressions of reference [30] more compact using the properties of the elliptical integrals E(ix) = |1 + ix|E(x/|1 + ix|)
and K(ix) = K(x/|1 + ix])/|1 + ix| valid for all x € R. By setting u/A = sh, it comes then —7/2a = 2mA/h*)'/2I} and p = 2mA/R?)*? 1,/ (2x%)
with I; = (2¢™)!/2[e” ch7 K(ie") — E(ie")] and I, = (2¢77/9)"/*[shT E(ie") + ch7 K(ie")]. In addition, e; = (hk/mc)(é/e). e = (hk/mo)[&] +
NGB+ 240)/€ ep = ~(hkImOMEPD + App')]€), ep = (Bl — Expu’)(hicker), egp = [(App’ +ExpA' ) + (AP A” — Exp i) [ (cke)). We
noted with a prime the derivate with respect to the density p at fixed scattering length a and we setted & = h2k*/(2m) — .
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Figure 4: Mean force ¥ (black) (upper row), longitudinal D Y. (black) and transverse D, (red) momentum diffusion coefficients (lower row), after
extraction of the leading order in temperature and rescaling as in equation (53), for a fermionic y quasiparticle in an unpolarized pair-condensed gas
of fermions at very low temperature, as functions of the quasiparticle wave number k. We have deduced the coefficients (41) from the gas equation
of state (see footnote 31) and from the dispersion relation (9) of y in the BCS approximation, then we have numerically integrated equations (55,
56). In the BEC-BCS crossover: (a) on the BEC side 1/kra = 1 (u/ep = —0.801, A/ep =~ 1.332), (b) in the unitary limit 1/kpa = 0 (u/eg =~ 0.591,
A/er ~ 0.686), (c) on the BCS side 1/kpa = —1 (u/ep =~ 0.954, A/er ~ 0.208). Vertical dashed line: position k¢ of the minimum of the dispersion
relation. Oblique or horizontal dashed line: analytical predictions (62, 63, 64, 65, 67) and linear approximation e =~ fi(k — ko)/m. in equation (62);
in (bl), the nodal point of ¥ is not an inflection point. kg = (37%p)'/3 is the Fermi wave number of the gas, € = hzk% /2m its Fermi energy, p its
uniform density, u its chemical potential and A > 0 its order parameter at zero temperature, a the s-wave scattering length between opposite spin
fermions of mass m. In the BCS limit (d) krpa — 0—, universal limiting behaviors deduced from equation (57) after multiplication of the force,
diffusion and deviation of k from ko by well-chosen powers of A, in solid line [the limiting law for F is explicit, see equation (58), the one for
Dy or D, requires numerical integration]; oblique or horizontal dashed lines: as in (a), (b) and (c) but for A/er — 0; dashed curves for diffusion:

quadratic approximations (58); circles: 1/kra = =3 (A/ep = 9.72 X 1073) taken numerically from equations (55, 56).

the Fermi velocity, ¢ ~ hkg/m \/5, the wave number of the minimum of the dispersion relation merges with the Fermi
wave number ky ~ kp, the y quasiparticle is subsonic and stable as long as || < 1/ V2 and the reduced ¢ — v scattering
amplitude, dominated by 77 + 7, + 73 in expression (23) (the diagrams omitted in reference [2] become negligible),
takes the very simple w-independent form: 32

V3«

cived  de/A (@ —1/3)w? - 1/3)
(1 +2)12

ith
ka0~ (1+ 122 (1 —uen( —we)

Ri(u,u’,w) (57)

ep ~

It then becomes reasonable to give the analytical expression of the force and an expansion of the momentum diffusion
coefficients at low speed: 33

) - 2l SO SDE ) g (D10 (e (s 00
WSy -y D) ")\ i e o )

32. To be complete, we give ¢, ~ —ex/3, 1 = —1/3, ex ~ R V3er/ A1 + k)2, ep ~ —exe/3, epp ~ exr /9.

33. In the limit (57), one can also reduce the contribution of @g in (56) to a single integral at the cost of introducing Bose functions or polylog-
arithms g,(z) = X,,»1 2"/n® (the remainder, analytically calculable, is a rational function of e): by setting fs(u) = gs(exp(—0(1 — exu)))/(Qex)®,
it comes f,ll dudi’ G = 1/3)% % = 1/372(’ — u)*g({= )11~ uep)(1 ~ w'ep)]”? = 2 | 7 dQ 0% [An(Q)A2(Q) — A1(Q)*] with Ay(Q) =
[120ex fi(u) +24(1 = Sexue) fs(u) + 8(Tex — 3u) fa(u) + 122 = Beru) f3(u) + 5 (Tex — 6u) fr(u) + 3 (1 — e fiw)]!,, Al(Q) = [-720e f7(u) — 120(1 -
6exu) fi(u) + 8(15u — 43ex) fs(u) + 8(13exut — 7) fa(u) + §(18u — 25¢x) f3(u) + §(Bexu — 7)fa(u) + 5 (u — ex) fi(w)]l! | and A2(Q) = [5040e f(u) +
720(1 = Texu) fr(u) +40(61 ey — 18u) fo (1) + 8(43 — OSuey) f5(u) + %(64ek —39u) fy(u) + & § (25 =33eu) f3(u) + 4(9ek —8u)fo(u) + é(1 —exut) fi(u)]* 1-
Similarly, in Tr D, [ dudi (2 = 1732w = 1732001 — uep? + (1 = w'er)? — 2uu' (1 — ueg)(1 — u' eg)] g1k /(1 = ue)(1 — w'e)]? =
2 Om dQ Q¥[Bo(Q)B2(Q) - B1(Q)*] with Bo(Q) = Ao(Q), Bi(Q) = A1(Q) — exA2(Q) and Ba(Q) = Ao(Q) - ZekA1(Q) +€;A2(Q). These expres-

sions are numerically ill-posed for Q or |ex| too small, the terms f;(u) becoming separately very large.
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Langevin forces. The Fokker-Planck equation (50) is a deterministic equation on the probability distribution of the
y-quasiparticle wave vector k. It is however more intuitive, in particular when the notion of temporal correlation
comes into play, to use the stochastic reformulation given by Langevin [29], in terms of a random walk of wave vector
k in Fourier space:

hdk = F(k) dr + [2dr D(K)]'/*q (59)

Here we use Ito calculus: between the times ¢ and 7 + df we randomly select a real Gaussian vector i, with zero mean,
identity covariance matrix, {,17;) = 0;;, statistically independent of the vectors 5 selected at other times. This shows
in particular that F(Kk) is indeed the mean force, since d(ik)/d¢ = (F(k)). The usual method of the test function 34
allows to immediately get equation (50) from (59). The rotational invariance having led to the forms (52) suggests to
transform (59) into stochastic equations on the modulus k and the direction k of the wave vector:

2D, (k

hdk = F(k)dr+ th( )dt+[2dtD//(k)]1/2n// (60)
. 2D, (k) . ~ [2dtD,(k)]'?

dk = - h;kg)dtm[ gk( )l n, (61)

where 17/ and 57, are the components of the vector i parallel and orthogonal to k. This gives a physical meaning to
D (k)/(kk)?, that of a diffusion coefficient of the direction of k on the unit sphere.

Near zero speed. Let ky be a nodal point of the y-quasiparticle group velocity v, corresponding to a minimum or a
maximum of the dispersion relation [effective mass m, > 0 or < 0 in expansion (2)]. In this point, at the order 7% in
temperature, the mean force tends to zero linearly with v;, which gives for the reduced form (53):

2

1 1 27 g
Fk)y ~ —ye, with y= f duf du’ 4(u — u')? f ca [lim Ri(u, v, w)} >0 (62)
k—ko 1 1 0 27‘[ k—ko

The quasiparticle then undergoes a viscous friction force, of reduced friction coefficient y. The longitudinal momen-
tum diffusion coefficient at order T7?, in the reduced form (53), simply tends to :

Dyk) =y (63)

This emerges from equation (56), with the value @g(1) = 8![{(8) — £(9)] and the expression of vy in (62). The physical
explanation is moreover very simple in the case of m, > 0: it is, in dimensionless form, the Einstein relation linking
equilibrium temperature, momentum diffusion coefficient and friction coefficient. We write it later in dimensioned
form, see equation (88). It is well known when ky = 0, but it therefore also holds in the more unusual case ky > 0
of an anisotropic momentum diffusion, provided that it is applied to D (ko). Indeed, the reduced transverse diffusion
coefficient has a nonzero limit in k = ko different from vy if ky > 0, but equal to y if ky = 0 (matrix D then becomes
scalar). To write explicit expressions, we must distinguish these two cases. If ko > 0, we use the limiting expression
(44) of the reduced ¢ — vy scattering amplitude; after triple angular integration, it comes

ko0 [ Tiko \2 [ 128 L2, 204 384, 64e L8396\ 32,
= |l— | = é — —
Y Ime) | 225 T 355 T 505 Mk 35 Gk T Tk T 5k 3
1088 128 64\, (32 1216, 128 128, 64 )\, 64 325
S35 ot T3kt 5|8 | T~ 535t~ 3 ikt Gz — 5 s |8+ seu, + 582
(64)
Dk ko \? 256 32, 256 1408, (64 512\
) T\ ame ) 225 T 1755k T 175 MR T 375 ok T | g5 O T g5 Gk [ €
32 64 128 64 \_ (32 128 128 256 64 . 32,
£y )2(—( 105 Crk + 75 ——Cp + 5 ex) ep+(3 17562,( 15 —Clpk + —— 15 ;2)1() 2+ 15 ekkeg + 456£ke4} (65)

34. We express in two different ways the variation of order dt of the expectation (f(k(#))) where f is an arbitrary rapidly decreasing smooth
function from R? to R.
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As we see on the modulus-direction Langevin form (60, 61), near the extremum (e; ~ A(k — ko)/m..c), the average
wave number (k(¢)) exponentially tends towards ky if m, > 0 or deviates from it exponentially if m, < 0, and the
mean wave vector direction tends exponentially to zero, with rates

P h (kT 8 210 ¢ [(kgT o
= — = d Ty="-9D (ko)== |— 66
k 15ym*p2(hc) and T = 757D O)pzkg(hc) (66)

If ko = 0 you should rather use the limiting expression (46) to get 3

2

+282 (67)

k=0 k=0 k=0 8 || m._\
Dy [ Dut0 5 2 Sl 14 2 -

As the Cartesian form (59) of the Langevin equation shows, the mean wave vector (k(#)) then relaxes towards zero
with a rate I'y of the same formal expression as I’y in the vicinity of a minimum of the dispersion relation, or on
the contrary deviates from it exponentially with this same rate near a maximum. To be complete, let us note that,
compared to the case ky > 0, we gain one order in precision in the expansions (62, 63, 67), the relative deviation from
the leading term now being ~ 7.7’

In the BCS approximation, y and D, (ko) are shown as functions of the interaction strength in figure Sa. The case
ko > 0 corresponds to the minimum of the BCS dispersion relation (9) for a chemical potential ¢« > 0; the case ky = 0
corresponds either to the minimum of the BCS dispersion relation for ¢ < 0, or to the maxon, that is to say to the
relative maximum of the dispersion relation, for u > 0. It is noted that the maxon reduced friction coefficient ymaxon
is connected to the branch u < 0 of the reduced friction coefficient at the minimum yinen in a differentiable way in
u = 0, while yminon €xhibits a kink. When u = 0, the quasiparticle dispersion relation varies quartically at the location
k = 0 of its minimum; relation (62) applies, with a simple analytical expression of the friction coefficient deduced
from the BCS equation of state given in footnote 31, 3

1 1
[(1/4)8 " 247* —T(1/4)3/4 + 3T (1/4)19/(5127%)

BCS zg)prox. {3671’4 [

-1
Lil)l;l))/ }} =5.269833... (68)
but the reduced group velocity e; and therefore the mean force tend cubically to zero with k; as for momentum
diffusion, it is isotropic in k = 0, as equation (67) says. In the unitary limit, as we see in figure 5a, ymaxon Vanishes,
which seems to us to be an artifact of the BCS approximation *°, and a more precise value of Yiinon, g0ing beyond
BCS, was added from the measured values ky =~ 0.92kp and A/ep =~ 0.44 [31], u = 0.376€r [12] and the theoretical
value resulting from dimensional expansion in € = 4 — d, m,/m = 0.56 [32]. In the BEC limit kpga — 0%, the
fermion gas is reduced to a condensate of dimers of mass 2m and of scattering length aqq =~ 0.60a [33, 34], and the y

35. The stationary value of (k) generally differs slightly from kg > 0. On the one hand, ¢ can contain a small cubic term o (k — ko) which
distorts Tl (k) and leads to (k — ko) ~ T'; on the other hand, even in the absence of this cubic term, the three-dimensional Jacobian k2 distorts the
wave number probability distribution k211 (k) and leads to a difference of the same order between (k) and k.

36. To show that Z)J_(k)—Z)//(k) — 0 when k — ko = 0, we apply the remark of footnote 44 to the function f(u, u’, w) = g(w)[2(1 —w)=3u—u')?]

where g(w) s arbitrary. We then have [ du [ du’ [ daf(u,u’,w) = 0 because 2(1 = w) = 3(u = u')? = 2(1 = § - &) - 3[k - (@ — §)] has zero
mean on k at fixed § and §’ therefore at fixed w.

k=0
37. We show this by pushing expansion (46) one step further, Ry (u, u’, w) kO:O %(éx + fépw) + %(u + u’)(wf2 + &pépk) + O(k?) with f=

1+ (m/m.)é, and &, = limy_,o(mc/hk)ey; = pd(m/m.)/dp, and using in the angular integrals on (u, u’, @) the antisymmetry of the integrand under
the transformation (u, u’, &) — (—u, —u’, @), which preserves w and (1 — u’)?.

38. At fixed scattering length a > 0, the limit 4 — 0% in BCS theory corresponds to p — pj, with poa® = [[(1/4)18/(15367*); here we only
give the power laws ko = (p — po)'/? and 1/m, ~ p — po, to show that (fipdko/dp)? /m, has a finite and nonzero limit.

39. According to BCS theory, there would be cancellation in the unitary limit in Rg(u,u’,w) up to order k when k — 0, R, ~ 26%K2(w +
2uu’)/(9]3 + 2i6]) where 6 = A/mc? = const by scale invariance, so that 7 (k) ~ (fik/mc)’ and D yRGE (hk/mc)*, the momentum diffusion
matrix remaining non-scalar at this order. In an exact theory, we would have ¢ = mc2G((hk/mc)?), where the function G is smooth but unknown,
1’(/%:)0 5GO)[3 +4GO)G' (01 + %k(o)(” +u")[3 +4G(0)G’ (0)]} + O(k?). In the
usual notations, é; = 0, G(0) = 3¢,/2 = A, Jmc? and G’ (0) = m/2m, so that G(0)G’(0) = A,/2m..c?, equal to —3/4 in BCS theory

assuming that the maxon exists and is stable. Then Ry (u, u’, w)
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Figure 5: (a) Reduced friction coefficient y and reduced transverse momentum diffusion coefficient D, (ko) at the place ko of an extremum of
the dispersion relation ¢, for a fermionic y quasiparticle in an unpolarized pair-condensed gas of fermions of mass m at very low temperature,
as functions of the interaction strength in the gas identified by the ratio between its chemical potential ¢ and its order parameter A. The reduced
longitudinal momentum diffusion coefficient D (ko) is identically equal to y, see equation (63). Solid black line: y at the minimum and in the
BCS approximation (kg = 0 if u < 0, kg = (2mu)'/? /1 if u > 0). Solid green line: 7 at the location of the relative maximum (maxon) and in the
BCS approximation (kg = 0, u > 0). Solid red line: D, (ko) in the BCS approximation where ko > 0 (elsewhere, it coincides with y); it crosses
the black line so it overcomes D //(ko) around /A = 1.6. We used equations (64), (65) or (67) depending on the case. Green vertical dashed line:
maxon stability limit as in figure 2a. Symbols: more precise coordinates (beyond the BCS approximation) of the coefficients y (black sign) and
D, (ko) (red cross) at the location of the minimum in the unitary limit (/A =~ 0.85, y = 13.6, D, (ko) ~ 13.2). Upper horizontal dotted line: value
of y in the BEC limit according to BCS theory [~ 5.8 times lower than the exact value (69) not shown here]. Lower horizontal dotted line: limit
(68) of the different branches of y and D, (ko) in 4 = 0 according to BCS theory. The dashed curves in the weak coupling regime p/A > 1 come
from the dispersion relation (9) and from BCS limiting forms A ~ 8¢ 2ep expl[—n/(2kglal)], 4 =~ ep. (b) Reduced spatial diffusion coefficient of the
v quasiparticle at equilibrium in the phonon gas, that is to say numerator of the last side of expression (86). Solid black line: BCS approximation.
Horizontal dotted lines: its limit in /A = 0 or u/A — —oco. Dashed line: its limiting form in weak coupling [dispersion relation (9) and limiting
BCS forms A = 8¢ 2¢p exp[—n/(2kglal)], 4 = er]. Star: more precise estimate than BCS in the unitary limit.

quasiparticle to an unpaired supernumerary fermion of mass m, = m, interacting with dimers with a scattering length
a,q =~ 1.18a [35, 36], hence the exact limit (not shown in figure 5a): 40

hz

_ _ 2 313/2
u 0 I [ 1 + mpa“aqq + O(pa’) ]

2 2

a 3 a

—y - 8(2) (1—2) ~750  (69)
kpa—0* add Aadd

. = 1 + 7pa*(3ayg — agq) + O(pa®)*’?
o gz |1+ 70 G — aan) + 0o’y |
BCS theory is far from it (it underestimates the limit of y by a factor ~ 6) because it estimates the dimer-dimer and
atom-dimer scattering lengths very badly, a5 = 2a and a2%5 = 84/3.

Mean force at zero speed. At the location k( of the minimum of the dispersion relation €, the y-quasiparticle group
velocity is zero. If ky = 0, the mean force undergone by 7y is then strictly zero, due to parity invariance. If ky > 0, on
the other hand, the mean force undergone is not zero, F(ky) # 0. More precisely, at low temperature, it vanishes at the
order T8, as we saw in the previous paragraph, but not at the order 7°, and we can obtain its exact expression at this
order without needing to know the phonon scattering amplitude beyond its leading order ~ T

k0>0

1d 2
Flko) = gDy ko) + 7= [ Dy ko) = Dutko)] =

k>0 n° kBT
0 hdk

o T2 [mw+(m%)a%ﬂwm

40. Indeed, in the BEC limit, the ground state of the gas has an energy Eo =~ (N, 12)(=H2 /ma®) + (NJ2)(N/2 — 1)gada/ (2L3) and the excited state
obtained by breaking a dimer into two free atoms of wave vectors +k has an energy E; = (N/2 — 1)(~R2/md®) + (NJ2 = 1)(N/2 — 2)gaa/(2L?) +
2 x h2k2/2m + 2 % 8ad(N/2 — 1)/L3, where 8dd = 4nh2agq/mqg and 8ad = 272 aaq/m; are the dimer-dimer and atom-dimer coupling constants,
my = mmg/(m + mg) = 2m/3 is the reduced mass of an atom and a dimer, N is the total number of fermions. Needless to say, the fermionic atoms
and the bosonic dimers being distinguishable particles, there is no Hanbury-Brown and Twiss bunching effect in their mean field coupling energy.
In the thermodynamic limit, dEg/dN — p and (E; — Ep)/2 — e = A, + h2k?/2m,. Note that &, = O(pl/z).
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The order T° of the momentum diffusion coefficients is indeed already known. It leads to a third nonzero side of the
equation deducible from equations (63, 64, 65) and from the following expression,

d ko \* 64 2 s dns
Z)//(ko)—( mc) 4725{630clekke —3(228¢1-210c,— 175¢3-81)8, 2, +420(8,+7¢18,, )&,

+42[3ékk+5(3cl +1)8412) +3(90c; —138¢2—105¢3+19)2, —3(102¢1 —210c,— 175¢3—47)842,
—~30[7¢18;—129¢1 +98¢, =33 =7(68—5¢18, 12,16, —3[105(8c1 —2¢2+ 1)éw&; —(552¢1 — 7500, —490c3 +45)2
—7(68;,—60c1 +50c2—5)2, 18,4 —105[ 10, 248, —(6¢1 — 14c2—15¢3—3)e—30c1 & &, — (108142, +28¢1 =302 +9)2 12,
+51[812y,2, —492y, + 63218, — 2942, —63(38u +58,)8,+3 (3581, — 8Ty +352,)¢,4]+84}  (71)

which has been obtained by taking the derivative with respect to k of the first component of the identity (56), and
involves the additional dimensionless coefficients ¢; = kob, ¢, = pm_'dm./dp and ¢ = p2k5 1d2ky/dp?, where
the length b appears at order (k — ko)® in the expansion (2) of &.*' In the BCS approximation, we find that the
expression in square brackets in the third side of equation (70) is positive and tends to zero (+oo) in units of 1/kp
when y/A — 0(+00); we did not find it useful to plot it here. An interesting consequence of the results (62, 70) is
that, in the case of ky > 0, the mean force undergone by the y quasiparticle at low temperature vanishes a little away
from ky, at a wave number distance k — kg or at a speed v, proportional to temperature.

The simplest way to establish equation (70) is to go through the stationary solution ITy of the Fokker-Planck
equation (50) seen as an equation of continuity. This rotationally invariant distribution ITy(k) is easily obtained by
expressing that the current of probability j(k) which it carries in Fourier space is zero. From the general expression of
the component along 0i, j;(k) = F;KI(Kk)/h - 3 ; aikj[Di IOTI(K)]/ h?, we get after division by I1y(k)/h and use of
spherical forms (52):

d 1d
5 5720 + Dy (k)5 InTho(k) (72)

As we said, I (k) oc exp(—fe) is an exact stationary solution of the master equation. However, this is not an exact
stationary solution of the Fokker-Planck equation, since the latter results from a truncated expansion of the master
equation at low temperature. By estimating the error made, knowing that IT(k) has a width of order 7''/? around ko, +*
we arrive at the exact relation within the width of the distribution:

2
Fk) = 221D (k) = DL (k)] +

k—k=0(T') 2 1d 1d 9+1/2
Fiy"~ =, AR (k) =D, (k)] + - ,BD//(k) 36+ 0T (73)
It suffices to apply it in k = ko, where the derivative of € vanishes, to find result (70) **.

We can also establish (70) by a fairly long calculation, starting from the general expression (51) of the mean
force and expanding it to order T° in the particular case k = ko. We must express ¢’ as a function of ¢ using energy

41. We first calculate the derivative of the functions e,, etc, in k = ko: by noting Ep = kodep(ko)/dk, etc, we find Ep = =&, + Ep, er = e,
G = (1+201)8kk, 8ok = 20180k — C28py 8y = =8¢ — (A + 202)8pk — C384k + 2c1é§k/ékk; the values &, etc, in k = ko are given in equation (43). Then
we expand the reduced amplitude (40) around kg to first order in k — kg. Finally, we insert the expansion obtained in the first component of equation
(56), which we expand in the same way, and we integrate on a, u and u’, using the first integral of footnote 30.

42. Note that the first terms neglected in the expression of the current along Oi are of the form ﬁk‘j—;kk[E,~ﬂ((k)l'[o(k)]/l‘z2 and

%[Gi_/u(k)ﬂo(l{)] /13, where the tensors E;jx and Gjy are moments of order 3 and 4 of the change of wave vector q — q' accompanying

phonon scattering, while F and D are the moments of order 1 and 2, see equation (51). By proceeding as for force and diffusion, we find that
to leading order in 7', E;j o T108; jk and Gjjx o T'gG; k1> where the reduced functions & and G, independent of temperature, have a width in
k space of order T°, & vanishing linearly in k = ko (& ~ ¢;) and G having a finite limit. Then each differentiation of ITy(k) with respect to

k leaves a factor ~ T~1/2, and the factor ¢ is of the order of T'/2 over the width of II(k), so that ﬁk‘j—;kk[Ei k(K)o (k)] ~ T-1+10+1/21] and
#ljk‘dk, (G (K)o (k)] ~ T-3/2*1T1j and we get equation (73).

43. By identifying the terms of order k — k¢ then of order (k — ko)? in relation (73) we show that there is a coefficient y already introduced and a
new coefficient ¢ such as F (k) = —(yey + {ei + O(ei)) and Dy (k) =y + {ex + O(ek) so that F(k)/D (k) = —ex + O(e;) when k — ko. We arrive at
the same results by Taylor expansion of expressions (55, 56) to sub-leading order in e, considering Ry as a function of e, rather than k. The value
of £ is easily deduced from equation (71).
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conservation one step further than in the calculation of F(k), ¢’ = g — hq*(u’ — u)*/(2m..c) + O(q?), and above all use
an exactly microreversible expression of the ¢ — vy scattering amplitude on the energy shell:

k+k ., k+k | A,)

(74)

hc
'k, ¢: K,0:q) = —(gq) *R e, [ § - - ’
Ay :ko:q-oy:K,¢:q) p(qq) e\ e 4 ey 4

where k + q = k’ + q' and the function R (u, u’, w) is that of equation (38). By noting R]%O and %Rﬁo the values of the
function R]% and its derivative with respect to k in k = kg, we obtain for the left-hand side of equation (70):

ko 4m° T ksT\’ z”da/ 3hk0, y o, o, d o,
F(ko) < o 15 pzko( du u'(u' — u) Rk0 + (W —u) kodkRk°+

Ry, ORy, L OR:,  OR
(1—w)(u—u)[ » (,m,)—(u—u’) ( » " ” (75)

The different terms in the right-hand side of (70) are deduced from the order T° of expression (56) and the derivative
with respect to k of its first component, the whole taken in k = &y (e = 0). For form (40) of the function Ry, there
is indeed agreement at order T° between the first two sides of equation (70).* This explicit calculation allows us
to understand how we can obtain exactly the mean force to sub-leading order 7° without knowing the scattering
amplitude A to sub-leading order 72. This is because we restricted to the case k = ko: at this point, the contribution
to F(k) of the first correction to A vanishes due to antisymmetry of the integrand under the exchange of u and u’.

Near the speed of sound. At fixed atomic interaction strength in the superfluid, one of the edges of the y-quasiparticle
stability domain in the wave vector space (red line in figure 2) corresponds to the sonic regime of a group velocity
equal in absolute value to the speed of sound. However, our expressions (55, 56) of the reduced mean force and
momentum diffusion diverge in the sonic limit ¢, — +1, as expected from the denominators 1 — ue; and 1 — u’ey.

To see it on the mean force, we carry out in the integrals the changes of variablesu = 1 —xand ' = 1 — (1 — ¢;)x’
ife, > 1, u=x—1landu = -1+ (1 +¢)x" if ¢ > —1*, then we take the limit in the integral at fixed x, x’, which
eliminates the dependence on the azimuthal angle a, to obtain after integration on x’ € R™ (performing integration on
x is elementary but does not lead to a more compact expression): +°

2 (1+ ep)2

2
FR 24( )mfdxxz{ekk(l+e”)+

(1—e)? )
7:(]() eklﬁ 24( ) mf dxx {ekk(l —ep) +

44. This conclusion is not specific to form (40) but is ultimately based on the identity f_l 1 du f_ 11 du’ fOZH Gl"{(u — [ = w)dy — ) — (u—
u')(udy + M'au')]Rfo = [3u—u')? - 2(1 - W)]R%O} = 0. To establish it, we first notice that } fl duf du’ fozn 2 fu, ' w) = (f(G.6.K)

where (...) is the average taken uniformly on the unit sphere for the three directions §,§’ and K, f belng a rotatlondlly invariant functlon of
these three directions or, which amounts to the same thing, a function of the three scalar products u = k- §, ' = k-§ and w = q . Soif
k- T4, /(k) isa d1ffeom0rph15m from the unit sphere to the unit sphere parametrically depending on (g, §") and of Jacobian Jg 4 r(k) we have
(f@a.q, k)) = (Jg, /(k)f(A q, /(k))> It remains to apply this identity to the function f(§,q’,k) = k- (§ — q’)RzO(lA( -4,k -q,q4-q) and

diffeomorphism 74 4 (K) = (k + nT)/Hk + nTn = K[1 - 5(u — u")/2] + (@ — §)/2 + O(?) of Jacobian Jq 4 (K) = 1 — n(u — ') + O(7).

45. Suppose that ¢, — 17 to fix ideas and split the integration domain [~1, 1]> on the cosines (u,u’) of the polar angles in a large square
[-1, 1 — €] x[-1, 1 — €], a small square [1 — €, 1] X [1 — ¢, 1] and two very elongated rectangles, one lying [-1,1 — €] X [1 — €, 1] and the other
standing [1 — €, 1] X [-1,1 — €] where 0 < € < 1 is fixed when e, — 17, then tends to zero at end of calculations. The contribution of the large
square has a finite limit when ¢; — 1~ therefore is always negligible. For the force, the contribution of the small square is small ~ €3 /(1 — ¢;)°,
that of the lying rectangle is dominant ~ €*/(1 — ¢;)°, that of the standing rectangle is negligible ~ (1 — ¢;)°/€>. This justifies the procedure used
in the text. For the diffusion, there are two types of contributions, that of the same type as in ¥ (k) and that involving the function ®g. The first one
is treated as before. In the second one, we find that the dominant contribution comes from the small square and that it diverges in D s as (1 — e

1+ g
epk — T -2+ ep)ekk X+ €kkx2} (76)

2
X+ ekkx2} (77)

+A4
€pk + T - (2 - ep)ekk

1+x
T+x

the integral ;" "dx [[""dx’ [(1+x)(1 +x)(x +x) = (x = )2 [O( ) /[(1 + x)(1 + x')]7/2 (this results from changes of variables u = 1 - x(1 — e;)
and ' = 1 — x’(1 — ¢;) and passage to the limit ¢, — 1~ at fixed x and x’ in the integral); the contributions of the rectangles are negligible by virtue
of the upper bound ®g(x) < (87%/15)x~7/% on R** and the equivalent ®g(x) ~ (87°/15)x"/2 when x — 0*, which also show that ®g(x) is bounded

and the prefactor integrals are finite.

with a prefactor containing the integral f(;mdx f(;mdx’ (x — x')2Dg( Y +x)(1 +x)]17/2, and in D, as (1 — ex)"2 with a prefactor containing
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The mean force is negative in the limit ez — 1—. However, this limit always corresponds to the upper edge kg, of
the wave number stability domain of the y quasiparticle, as we can see in figure 2. The force undergone by the y
quasiparticle near the edge therefore tends systematically to move its wave vector k away from the supersonic zone “°.
Conversely, when the stability domain of the y quasiparticle has an edge e; = —1, it is always a lower edge kiys; the
mean force is positive in the limit ¢, — —1* and there also pushes the quasiparticle away from the supersonic zone.
We could however have come to the opposite (and physically incorrect) conclusion if we had ignored the subsonic
instability line S C (green line in figure 2c): for A/u < (A/w)s, that is to say below the summit point S in the figure,
we would then have ¢, = —1 at an upper edge of the stability domain, and the mean force near the edge would bring
k closer to the sonic boundary.

In the case of momentum diffusion, we first show that the contribution of the function ®@g in expression (56) is
sub-leading in the sonic limit (see footnote 45), then we apply to the rest the same procedure as for the force, which
gives

D (k) 225£09) ( hk \* 5(6(1 = er)”? f G
~ == a d l+e,
(Z)l(k)) W s \me) TF (e ) ), dF (emdren)t
D (k) 225£09) ( ik o(6(1 + ) f 2
~ 1- dx x 1-
(Z)L(k)) aote 18 \me ( )’ (146 ) ), o emtd—e)t
The longitudinal momentum diffusion coefficient therefore diverges more quickly than the mean force. Should it be
specified, the results (76, 77, 78, 79) are only valid if we make first the gas temperature tend to zero, as in equation

(53), then the speed of the y quasiparticle tend to +c. There is nothing to indicate that the divergence remains in an
exchange of the limits.

2
x+ekkx2} (78)

1+A4
Cpk = —(2+ep)ew

2
1+4
epk+T—(2—ep)ekk x+ekkx2} (79)

Spatial diffusion. We now consider times long enough for the y-quasiparticle wave vector distribution to have reached
its thermal equilibrium. The direction k of the wave vector is uniformly distributed on the unit sphere. The quasipar-
ticle wave number k deviates weakly from the minimum position kq of the dispersion relation, k — ky ~ T'/2, so we
can replace the mean force F(k) to order T® by its linear approximation (62) and the momentum diffusion coefficients
by their value in k. There is, however, an unsteady degree of freedom which we have not discussed so far, and whose
probability distribution spreads indefinitely in the thermodynamic limit. It is the y-quasiparticle position r(f), whose
time derivative v(¢) is simply the y-quasiparticle group velocity:
1 dEk

r(t) v(t) = K k (80)
The change of position between 0 and 7 is given by the integral of the velocity between these two times; its variance is
therefore given by a double time integral of the two-time velocity correlation function. At equilibrium, this correlation
function only depends on the time difference. We thus set in full generality (without taking into account the fact that
the average velocities (v;) and (v;) are obviously zero due to the equilibrium isotropy):

Cij(t) = (vi(m)v;(0)) = (vi){v;) (81)
The covariance of the y-quasiparticle displacements during ¢ along the directions i and j is then*’

Cov (ri(1) = ri(0), rj(1) = rj(0)) = fo dr (1 - 1) [Cij(T) + Cji(7)] (82)

As we will see by distinguishing the cases kyp = 0 and ky > 0, we find that the velocity correlation matrix, scalar
because of the rotational invariance, decreases rapidly (exponentially) in time. Also the y-quasiparticle position

46. We arrive at the same conclusion by reasoning on the mean wave number: according to equation (60), d(hk)/dt = (F(k) + 2D, (k)/hk), but
the transverse diffusion term, of the same sonic-divergence exponent —6 as the force term, is negligible because it is sub-leading in temperature.

47. We are facing I;j(r) = [ dr [} d7’ fij(lr—7'|) with f;j(Ir—7']) = [Cij(t =)+ Cji(r—7')]/2 because Cji(t—1') = Cyj(’ —). We successively
have 1;;(r) = 2 [ dr [ d’ fij(r = ') = 2 [ dr [ de” fi;(x"") = 2 [ dz(t = 7)f;j(7). We put 7/ = 7 — 7" in the internal integral, then we integrated
by parts on 7.
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always undergoes asymptotically in time an isotropic diffusive spreading, the variance of displacement during ¢ having
a linear divergence independent of the direction of unitary vector n considered:

Var ([r(r) —r(0)] -m) ~ 2D%% with D = f ) dr C (1) (83)
t oo 0

—+

In other words, at times much longer than the velocity correlation time, the y quasiparticle performs in position space a
Brownian motion with a spatial diffusion coefficient D*P?, which we have to calculate to leading order in temperature.
For this, as we will see, we can limit ourselves in C,,(7), if ky = 0, to a single exponential contribution, of amplitude
~ T and decay rate I'; given by equation (66):

kT 1

ko=0
Cij(r) "= 6y~ —

(84)
The asymptotic law (83) then applies for I > 1. If ky > 0, on the other hand, you have to keep two contributions in
C..(1), one of amplitude ~ T and rate ['y, which comes from the faster decorrelation of the wave number k, and the
other of amplitude ~ 72 and rate ['; given by equation (66), which comes from the slower decorrelation of the angular

variables k:
k>0 o kgT | _ppy . 4mkpT oy
C,'j(‘(') o~ (5,‘1‘% € + hZ—kée k (85)
This second contribution is initially weaker than the first by a factor ~ T but it decreases more slowly by a factor = T':
it therefore ultimately contributes to the spatial diffusion coefficient to the same order in T as the first contribution;
the asymptotic law (83) then only applies for I';# > 1. Let us collect the two cases in a synthetic expression of the
spatial diffusion coefficient:

1 1 2
o ksT 2Dy (k 1 1 2 hﬁ[o(k>+mk)]
pa o1y, 2200 Ly + ~ I - (86)
7-0 3m,I} D, (ko) | 7-0 3 Dy(ko)  Dy(ko) | 7-0 m gt )6(1ﬂ)7
15 \ hp'/3 mc?

using first Einstein’s relation (63) then the equivalents (53). It is recalled that D (ko) coincides with the reduced
friction coefficient vy, always defined by equation (62) and explicit expression (67) for ky = 0, (64) for ky > 0.
Similarly, D, (ko), which we can always deduce from the limit of equation (56) in k = ko, is equal to y if ko = 0 and
has the explicit expression (65) otherwise. The spatial diffusion coefficient (86) is shown in figure 5b in dimensionless
form in the BCS approximation, as a function of the fermion gas interaction strength. Note that it is continuous at the
transition between the cases ky = 0 and ky > O [ = 0 in the BCS dispersion relation (9)] but presents a kink there.
Let us briefly expose the calculations leading to equation (85). Let us start with the case kp = 0, abundantly
treated in the literature. From the leading order approximations v =~ fik/m., F(k) =~ -I'thk, D(k) ~ D(0) = D 4(0)Id

and TIg(K) o« exp(—Bh*k*/2m,), and from the Cartesian Langevin equation (59), we derive the initial value and the
evolution equation of the velocity correlation function:

kgT
Ci;(0) = 51‘_;':1;

*

and dC;;(r) = (dvi(T)v;(0)) = —T'xd7 C;j(7) (87)

Integration of (87) and use of the relation C;;(—1) = Cji(t) give expression (84) where the coefficient vy is that of
equation (67) and, after insertion in expression (83) of D%, lead to the announced result (86) with D, (ko) = D (ko) =
.

The case ko > 0 is more unusual. To build a minimal model, we now take v = A[(k—ko)/m.]k, Dy (k) = Dy , (ko)
and a stationary distribution ITy(k) oc exp[—Bh*(k — ko)?/2m.] (the direction k of k has a uniform distribution on the
unit sphere) *®. The relation (72) then obliges us to include in the mean force not only the expected viscous friction

48. As the direction of k thermalizes more slowly than the modulus by one order in temperature according to equation (66), there exists, for an
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term, but also the sub-leading-in-temperature contribution at zero speed, which takes a simpler form here because we
neglect the dependence of D on k:

D (ko)
m*kBT T—-0

F(k) = —hT(k — ko) + 2 |D (ko) - D (ko)] with T = Iy (88)
kg

By inserting these elements of the model in the stochastic equations for modulus and direction (60, 61), and by
replacing as in (88) the wave number & by kq in the denominators, we obtain the minimum Langevin formulation

2D //(ko) 1/2
hdk = ~Tdth(k = ko) + — —dr + [2dtD (ko)| "y (89)
0
. . . 2D (ko)
— 1/2 — L .
dk = -TI,dtk+ @, d0)/"n, with T, = hz—k(z) o I (90)
The corresponding variation of the velocity along Oi,
hki  hk—ko) . h . . 2CdtkgT . .
dv; = —dk + udki + —dkdk; = (T + T )drv; + ——2—k; + noise 91)
m, m, m, hko

no longer leads as in relation (87) to a closed equation on the velocity correlation function, but couples to a mixed
direction-velocity correlation function C;;(t) = (k;(t)v;(0)), hence the differential system at 7 > O:

i(Cij(T)) _ (—(F +T) z;ionI“) (Cij(T))

dr C',-j(T) - 0 -, éij(T)

92)

The variations d(k — ko) and d[(k — ko)*] have a zero mean at equilibrium, and isotropy imposes (kik )= %(2 j» SO We
obtain the initial conditions in the Langevin model (89, 90), C;;(0) = 6;;(kgT /3m.)[1 + 4m.kpT/ (hiko)?] and C; i(0) =
0;j(2kpT [3hko). Integration of the system (92), together with the relation C;;(-1) = Cj;(1), gives the announced result
(85) if we neglect in the first exponential the rate I'; in comparison with I', which is legitimate since I, /T" = O(T).

The minimal model that we have just used for ko > 0, which neglects the wave number dependence of D , (k)
and the corrections ~ (k — ko)® to the dispersion relation, does not provide a mathematical proof. A more solid study
is carried out in Appendix B, using a controlled expansion at low temperature. It leads to exactly the same results (85,
86). Finally, these calculations of spatial diffusion do not apply to the transition point between the cases ko = 0 and
ko > 0, where the mean force is of cubic departure, F(k) ~ —k>. A separate study of the transition zone, exposed in
the same Appendix B, confirms however the validity of the low temperature equivalent (86).

Appendix A. Complements on ¢ — y scattering

The main lines of the computation of the scattering amplitude of a phonon of wave vector q on a stable y quasi-
particle of wave vector k from an effective low energy Hamiltonian were presented in section 3. We give here some
details and additional points of rigor.

The Hamiltonian. The explicit form of the different contributions to the Hamiltonian (20) is available in the literature,
see for example the most recent references [2, 14]. We recall it for convenience (and to correct a venial error in the

initial state out of equilibrium, a transient regime in which the distribution of k has reached equilibrium, but that of k not yet (k has not had time to
diffuse on the unity sphere, the constant term in force (88) has not yet really acted), so that C;;(f) ~ (kgT'/ m. )ik o exp(=I'x#) where the average
(.. Yo is taken over the initial distribution of k. This single-exponential form resembles the case kg = 0, up to a factor 3 on the trace (the effective
dimension deg, i.e. the number of quadratic degrees of freedom in the approximate form of the energy € near k = ko, goes from deg = 3 for kg = 0
to deg = 1 for kg > 0). At these intermediate times l",;l <t l"li(l, the y quasiparticle performs a transient Brownian motion of spatial diffusion
spa, trans

matrix Di/ = (kgT/ m*Fk)(lAc,-lAc 10, maybe anisotropic but of fixed trace.
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last term in square brackets of equation (4) of [2], wrongly written as a Hermitian conjugate), limiting ourselves in
Ve to the three-phonon processes of Beliaev and Landau, the only ones to be useful here:

N 1
Voo = 5132 Z <<Z53(11,<151(12|(V¢>¢>|€751q3>(bT bTb +bT by by,) (A.D)
q1,92,93
AY = o D6 ay KHP K Gunba + Bl A2
k.k'.q
Y = = Z @ qy KA 10 0y 10 i (Bl ba + 2hyboy + 25 b (A-3)
-4”q
4 kk - 5 5 k' 7k q 2 ) qPq .

with the matrix elements for a unit volume between states with one or two phonons, zero or one y quasiparticle:

mc? qQ 9@ 4q1°93 Q- q3
(D :q1,0 : @|Vesld: qz) = 6 s 3(/l+ + ~ + ) (A4)
¢:4q1,¢: @[Veld - qs q1+42.93 pz Lq1Pq:Pq; 019 9 a0
1 66(0) (96(0) he
@y KA KD = S5y >t a,]; L (A.5)
. 32 (0) 6261((0)
(@:q,y:KIHp:qy:k) = 5q+k,q’+k’§pqpq’( 2 + apZ] (A.6)

To clarify the notations, we decide that the wave vectors q are always those of the phonons, and the wave vectors k
always those of the y quasiparticle. Parameter A is given by equation (41) (see however footnote 49). Kronecker’s
deltas conserve momentum. One introduced the amplitude of the quantum fluctuations of the density of the superfluid
in the phonon mode of wave vector q, *°
12
hpq
pg = (—) (A7)

2mc

to show that the density fluctuations govern both the interaction between phonons and the interaction between phonons
and vy quasiparticle. In expressions (A.S) and (A.6), the derivative d/dp of the bare dispersion relation of the y
quasiparticle with respect to the density p of the superfluid is carried out at fixed wave vector k and interaction
potential between the atoms of the superfluid.

Analysis of orders> 2 in V. Let us justify the fact that to leadlng order in temperature (q,q’ = O(T) — 0 at fixed
k), we can limit the scattering amplitude (22) to order two in V. The term of arbitrary order n in V is easy to write,
it is the matrix element between (f| and [i) of the product of n operators V between which we insert n — 1 operators
Go(z) (two successive factors V are always separated by a single factor Gy); here, Go(z) = (z — Hpy)™! is the resolvent
of the Hamiltonian without interaction and z = E; + in, n — 07. To understand what’s going on, let’s start with
n = 3: the contribution (f|VGy(z)VGo(z)V[i) generates many diagrams after splitting ¥ into elementary processes as
in equation (20), even taking into account the order of magnitude of the matrix elements (the largest are those o ¢'/2
of I:Ify ) and parity changes in the number of phonons (on cannot take three times I:Ify in the factors V) to eliminate
the sub-leading or zero contributions. But in each diagram appears an arbitrary internal phonon wave vector ¢’’, not
constrained by the conservation of momentum, and on which it is therefore necessary to make a summation. Indeed,
a factor V annihilates the incident phonon q, a factor ¥ (maybe the same) creates the emerging phonon ¢, therefore
one of the three factors V necessarily creates or annihilates a phonon of unconstrained wave vector q”. We thus end
up with the very simple upper bound

qq )1/2 7"

(fIVGo@VGo() Vi) = [Z (AE AE;

] = 0(T*(qq)'") (A.8)

49. In all rigor, it would be necessary at this stage to use in p, and in A the bare equation of state and the bare speed of sound, which depend on
the ultraviolet cutoff A introduced in equation (20), see appendix B of reference [23].
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since (i) each energy denominator is (at fixed k) of order one in the wave vectors of the phonons therefore is ~ A =
O(T), (ii) in the numerator, each absorption or emission of a phonon of wave number Q is accompanied by a factor
po o« Q2 = O(T'/?), and (iii) the summation on the wave vector of the internal phonon takes out as a factor the
volume A® = O(T?) in Fourier space. In the case of an arbitrary odd order n = 2s + 1 in V, conservation of parity of
the number of phonons in the transition [i) — [f) imposes that there is not 25+ 1 but at least 25 + 2 absorption/emission
of phonons, therefore at least 2s absorption/emission of phonon other than the incident phonon q and the emerging
phonon q’ (each factor V absorbs or emits at least one phonon); it is then necessary to sum on at least s internal
phonons of wave vectors qj, . .., qs. In the case of an even order n = 2s, there are for the same reasons at least 2s — 2
absorption/emission of phonons other than q and q’, and we must sum on at least s — 1 internal phonons qy, ..., qs1.
Hence the upper bound on the order n > 2 in V,%°

Ol(ggH)"*T™'1 ifnodd

0[(qq’)1/2T”‘3] if n even (A.9)

({IVIGo@ V1" i) = {
This upper bound is valid for a generic value ~ T of the complex energy z. In the particular case z = Ei(o) + i which

interests us, certain diagrams of order n > 2 in V like those of figure 3¢ are in fact infinite and must be removed from
equation (A.9) for it to apply; this problem is discussed in the body of the article in the paragraph below equation (28).

Analysis of order 2 in V. It remains to justify the fact that to order two in V, we can keep only the contributions (23)
or, if you prefer, the diagrams in figure 3b. Each contribution quadratic in V contains in the numerator the product
of two matrix elements, chosen among those of I:Ify oc T2, I:IZ’V o T, I:I;/"/’ ~ I:Ig’y o T332, I-AIZ’"’ ~ I:I‘g’y o« T2, etc
(even including the coupling of y to the cube and the fourth power of the density fluctuations, and the four-phonon
interaction). It contains an energy denominator that can be linearized in the phonon wave vectors and is therefore oc T'.
The contribution must not be a o(T"). We can therefore a priori take in the factors V: (i) twice I-AI;” (which gives the
terms 75 and 73 in (24)), (ii) twice FIZ”' (made negligible = (qq’)l/ 73 by inevitable summation on an internal wave
vector), (iii) once 1:1‘3’57 and once FIZ’V (zero by non-conservation of the parity of the number of phonons), (iv) once
I:Ify and once I:If¢ (which gives the terms 77 and 75 in (24)), (v) once I-Alfy and once I:Ify (negligible ~ (g¢’)'/*T> by
inevitable summation on an internal wave vector).

Matrix S between exact asymptotic states. We follow the approach of reference [24], section Byy.3, by generalizing it
to the case where the incident and emerging phonons, and not just the y quasiparticle, are dressed by virtual phonons.
Recall the definition of the matrix elements of S between the exact asymptotic states (29):

. . . o qy
KIS IEY = Lim e Z 20U /2, —t/2)|l)e' B7?! = lim e Ei+EDH2h f L eI IG (2) I (A.10)
t—+00 t—+00 “Footin 21

where 7 — 0%, Ej are the exact energies (30) (for the moment not necessarily equal), U(t, #;) is the evolution operator
between the times # and # and G(z) = (z — H)~! the resolvent of the full Hamiltonian H. Starting from the obvious
relations (the purely y-quasi-particulate component of H commutes with the purely phononic operator BZ),

Bi(z— H) - (z - H)B} = [H,B}] = [V4,, B}1 + [Hyy, B}] (A.11)
we introduce the operator (32) with Q = q as follows,
Bi(z - H - hwg) - (z — H)B], = [V, B{1 + A} (A.12)

we divide by z — H on the left and by z — H — hwq on the right, and we make the result act on the dressed state ||y : k)
to obtain

1
G@lli) = .

[0+ 6@ (19 B+ Ay 10| then (616G = [+ &+ K (1B 91 + B ) 602

(A.13)

50. For n = 2, it would overestimate the real result O(gq’) by not taking account of the cancellation in expression (23) of the contributions 77
and 73 to their leading order 7°.
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by doing the same, or by Hermitian conjugation and replacement of (z*, q, k) by (z, q’, k). It remains to contract the

first identity in (A.13) on the left by (f]| and to use the second identity in (A.13) to obtain

@iy 7 WIBy (Vi Byl + A Iy - &) + ¢y - Kl (IBy, Vi) + Ag) G (Vi BY1 + AY) Iy - k)
+

tIGQ@IIL) = - E (z— E))(z - Ey)

(A.14)
In free space L — +oo and long time limit, the curvilinear integral (A.10) is dominated by the residue of the integrand
at the poles Ej and Ef of expression (A.14), knowing that the matrix element of G(z) in the numerator has no pole at
these points [24], and it reads according to the theory of distributions [24] (f||S||i) = (f]||[i} — 2in6(Es — E;)Ag with the
sought transition amplitude (31) on the energy shell.

Scattering of an unstable phonon. When the acoustic branch of the gas has a convex departure, the incident phonon q
is unstable and disintegrates with a rate oc ¢> into a pair of phonons, themselves unstable. This Beliaev cascade makes
the S matrix theory inapplicable. The idea that saves us is then to limit ourselves to a scattering time ¢ long enough
to ensure a quasi-conservation of undisturbed energy, but short enough to avoid Beliaev disintegration, by forming
spatially localized incident wave packets by linear superposition of plane waves of wave vectors q for the phonon ¢
and k for the y quasiparticle, with a Gaussian amplitude c(q, K) very peaked around the average values qo = go{o and
ko = koko, i.e. with widths Ag < qo and Ak < kg (here we omit the problem of the dressing of asymptotic states and

we assume, as we are suggested by (3), that Aq < Ak). More precisely, we take as initial state in free space '
- 0 dqdk
=i [ o gy k) (A.15)
(2m)

Since c(q, k) is real, the wave packets in [i) would be localized in position space around the origin of coordinates
(with widths 1/Aq and 1/Ak) if the state vector had not been moved back in time by #/2 by a free evolution; they are
then localized approximately in —cqo?/2 and —vkoﬁot/ 2, therefore well separated and “asymptotically free " (without
interaction) if

1 A~
Vyell > A_ with v = [cqo — Vk0k0| (A.16)
q

the relative speed of the two incident packets. We evolve [i), for a duration ¢ (from time —¢/2 to #/2) with the full
Hamiltonian A. The state becomes free again since the packets have separated, their overlap and their interaction
lasting only a time = 1/(Agvy). It remains to project for analysis on the final plane waves |f) = |¢ : q',y : k") of
energy EEO). After cancellation of the free evolution phase factor of (f|, we arrive at the effective scattering amplitude

" S dq Ag(EDY - A4 E®) (B9 - EOy
_ _ iHot/2h ,—iHt/h7\ 1,/ ’r_ f i i f
Ag (1) = (fle'="e 1), = f 2 c(q, k=K +q q){ EEO) 0 cos 7
1

(EO-E)

: © ON

—i[A(E) + An(E| )]W (A.17)

i~ Ff

To obtain the approximation in the third side of equation (A.17), we replaced the evolution operator by its expression
in the form of a curvilinear integral (A.10), used the relation G(z) = G(z) + Go(2)T'(2)Go(z) to make the matrix T
appear with the complex energy z, made the approximation as in reference [24] of keeping in the Cauchy formula
only the residues of the integrand at the poles Ei(o) and EEO) originating from the factors Go(z) surrounding 7'(z) 2,

51. In the absence of a quantization box, we use the condition of normalization of plane waves (k|k’) = 236k —K).

52. To second order in the interaction, 7'(z) = V + VGo(z)V, which suffices here, it is easy to include the contribution of the poles €, de T @),
©), £(0)

. . . L+

which adds between the braces of equation (A.17) the sum Zizl (&, — E;O))‘I (&, — E(fo))"Z,, exp[—it (&, — = L_)/h], where € = el(((i)q = el(glq,,
_ 0) 0) 0) _ (0) (0) ) _ (0) (0) 0) : : : : :

€ = hwq + )‘z,wq, G g 6= ﬁwq, + hwqiq, te &= hwq + hwq,iq + Qg g (i.e. the energies of the intermediate states of diagrams b2

to b5 in figure 3) and the associated residues of (f|T'(z)[i) Z, are regular functions of q, q’, k’. If we take care to exclude in the phonon observation
directions a cone around the direction o of the incident phonon, that is to say to impose |§’ - §o| < x with y < 1 fixed (to avoid that the Beliaev
process in term 74 or that of Landau in 75 is resonant), we always find that the energy differences |e, — Ei(o)l and |g, — EEO)I are approximately
greater than ficq or hicq’, and we always have ficq/2 < |e, — (Ei(o) + E;O))/ZI. The contribution of the poles of (1T @)N) is therefore an oscillating
function of time, which the average over q suppresses and makes negligible by a Gaussian-in-time factor ~ exp[—(cAq 1)?/2], as in equation (A.19).
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neglected the contribution of the free evolution term Gy(z) under the condition |q" — qg| > Ag, and finally posed
AR(E) = (fIT(E +in)li) with state [i) = |¢ : .y : k = K’ + ¢’ — ) of energy E{” and 7 — 0*. The cosine and cardinal
sine prefactors are continuous and bounded functions of Ei(o); we can replace them by their value at the center of the
wave packet (Ei(o) ~ Ei(o)) if their scale of variation Epr satisfies the condition (see footnote 53)

h o VarE? ) ) )
n > E—l with  Eper = icqo  and  VarE;” = (hcAq) (A.18)
pref

Here Ei(o) and Var Ei(o) are the mean and variance of Ei(o) ~ hcq + €=k +q—q for q distributed with the Gaussian law
c(q, kK’ + ¢’ — q). In calculating the mean of the cosine and the cardinal sine on the variable q, the same condition
(A.18) allows us to assume that Ei(o) also obeys a Gaussian law 33 in which case

(EQ - EMy (EQ - EO)

i

{cos — T )q = €xp [—tzVarEi(O)/Shz]cos o7 (A.19)
- EV-ED) © _ 02 0) O _ 50
sin ——=* (m/2)'1? (E;" —E7) AE”t  |E;” —E”
0 _ L0 = © P © t1 o) (A.20)
E” - E; AE; 2 Var E 2hV2  V2AE
2)1/2 _ _
WD 7 o [~(E© - EO22varE?| if |[EY - EQ| < tvarE? /2R
o  XP £ i i f i i
AE.
= g B (A21)
TM(O) exp [—tzVar Ei(o) / 8712] otherwise
E” - E

where AEi(O) is the standard deviation (square root of the variance) and ®(z) = (2/ V) foz duexp(—u?) is the error
function>*. Let us choose for example Ag o Ak o qS ~ T? (which gives sufficient precision on g, see footnote 24)
and a scattering time ¢ qa“, and let g and the gas temperature tend to zero at fixed k9. Then conditions (A.16)
and (A.18) are asymptotically satisfied, and everything happens as if the S matrix was given by the usual expression
fIS) = <f|i>—2iﬂ<f|T(Ei(0) +in)|i)6(E§0) —Ei(o)): this is obvious for the first case of equation (A.21), which can be found
by the usual substitution sin(et/2h)/e — nd(€); the second case of (A.21) and equation (A.19) do not correspond to
a energy-conserving Dirac distribution but this does not matter because they are exponentially suppressed. As the
scattering time ¢ is infinitely shorter than the lifetime ~ qas of the incident and emerging phonons, we can rightly
neglect their Beliaev instability, that is to say their real rather than virtual emission of phonons, in the calculation of
the scattering amplitude on a y quasiparticle to leading order in g.

Scattering in matter. As scattering of phonon q on the y quasiparticle actually occurs in a thermal gas of phonons, it
seems incorrect, for the applications of section 4, to calculate the scattering amplitude in vacuum and not to take into
account stimulated emission of internal phonons in the diagrams b4 and b5 of figure 3 in the already populated modes
of wave vectors q—q’ and q’ — q. At first glance, it would therefore be necessary to correct the last two terms of result
(23) as follows:

To— (1 +7iqq)Ts and Ts —> (1 +7ig-g) Ts (A.22)

where the 7 are the average occupation numbers of the modes. But, if the modes q—q’ and q’ —q are already populated,
it is necessary to take into account the fact that phonons of these modes can participate temporarily in the scattering

53. Suppose for simplicity that the y quasiparticle is strongly subsonic, [vi /c| < 1, and expand the phase shift during ¢ in powers of fluctuations
6q=q-q, [Ei(o) - Ei(o)]t/ h = ctfo - q + O[ct(69)?/qo]. The linear term has a Gaussian distribution; the O is not Gaussian but negligible under
the condition (A.18). Conversely, if Ei(o) is a Gaussian variable, it is easy to obtain the condition (A.18) of negligible variation of the prefactors in
(A.17), assuming that these vary linearly with Ei(o).

54. We get the error function using sin x/x = ﬂ , du ¢!"* /2 and exchanging the integrations on u and on energy. The approximate forms in (A.21)

follow from the asymptotic behavior of the error function in the first quadrant: if z = pexp(if) and p tends to +co at fixed 6, then ®(z) — 1 if
6 € [0, /4] and ®(z) ~ — exp(—zz)/(z V) if 6 €ln/4, 7 /2.
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(they must remain in equal numbers in the initial state and in the final state). This introduces two new diagrams. The
first one, of amplitude 77y, describes the absorption of a phonon q — q’ by the y quasiparticle of wave vector k
(which brings it directly into its final state k’), then the Beliaev decay of the incident phonon q into two phonons q’
and q — q’, which provides the expected final phonon and restores the mode q — q’ to its original occupation number.
The second one, of amplitude 7.7y -4, describes Beliaev’s merging of the incident phonon q with a phonon q" - q
(which provides the final phonon q’), followed by the emission of a phonon ¢’ — q by the y quasiparticle of wave
vector k, which puts it directly in its final state k” and identically repopulates the mode q' — q. None of these new
diagrams are related, and they are the only possible ones to leading order. The right correction to apply to (23) is
therefore

To — (1 +7g-q)Ta +iq-¢T, and Ts5s — (1 +iig_q)T5 + ig—qT+ (A.23)
In equation (24), we see that 7, (77) has the same numerator as 74 (7s), that its energy denominator 61((0) floj o~ 61(3)
(hwflo) + hwgf)_q - hwff)) is generally unrelated to that of 74 (75), except on the energy shell (21) where it is the exact
opposite and where 7, = —74 (7{ = —75). The occupation numbers in the corrected form (A.23) then cancel
exactly, 3 and result (23) established in vacuum also applies in matter.

+hw

Appendix B. Calculation of spatial diffusion at low temperature by the regression theorem

Equation (86) gives a low temperature equivalent of the spatial diffusion coefficient of the y quasiparticle in a
phonon gas. In the case where the dispersion relation €, of the quasiparticle reaches its minimum in a wave number
ko > 0, the justification provided by the main text, using a minimal Langevin stochastic model, is not fully convincing.
We present here a demonstration based on the regression theorem and on a systematic low temperature expansion of
the solution of the corresponding Fokker-Planck equation. We also justify expression (86) in the transition zone
between the case ko = and the case ko > 0, which must be treated separately.

Regression theorem. Knowledge of the spatial diffusion coeflicient requires that of the correlation function C;;(t) of
the coordinates of the velocity vector in the stationary state, see equations (80, 81, 82, 83). By isotropy, we limit
ourselves to the calculation of C_.(7), 7 > 0. In the Fokker-Planck framework, we then have the following regression

theorem: s
d’k 1de -

_ — R TI(K, B.1
QP bk (k,7) (B.D)

where the distribution I1(k, 7) has evolved for a time 7 according to the Fokker-Planck equation (50) from the initial
condition

C.(r) =

1 dfk A
I1(k,0) = = —k.I1 B.2
(k,0) hdkkz o(k) (B.2)
with Ily(k) the normalized rotationally invariant stationary solution of equation (50), and lAcz = k;/k. Since II(k, 1) is

of angular momentum one along Oz, we can set I1(k, ) = IT; (k, 7)k, and obtain the equation of motion

0 2F(I (k,T) 10 1 &
EHI(]CT) = _h—kl - ﬁ&[F(k)Hl(k’T)] + ﬁ(ﬁ[D//(k)Hl(k’T)]
1 0 1
+ 73z g APy (k) = 2D L (L (k. D)} + 575 [2D (k) = 4D (]I (k. 7) - (B.3)

Equation (72) would allow to express I1y(k) in terms of the mean force F(k) and momentum diffusion coefficients
Dy, (k). We find it more enlightening to write it in the form I1y(k) = exp(—p&)/Z, where Z is a normalization factor,
and to eliminate the force F(k) in terms of the effective dispersion relation &. As we learn from the comparison of
equations (72, 73), this does not differ from the real dispersion relation ¢, before order 4 in k — ko:

+ Ok = ko)’ (B.4)

2k — ko)> Bk —ko)’b  R2(k — ko)*£?
- IRV 0 0 0
€k k—_>k(] € + O(k ko) o A* + . + I, + am.

55. A similar cancellation appears in reference [21].
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In other words, one should believe in the predictions taken from the Fokker-Planck equation (an approximation of the
master equation (47) in the limit (3)) only if they involve the effective mass m. and the length b, common to & and
€, but not the length £ nor the higher order coefficients in expansion (B.4). Let us carry out a last transformation: the
operator on the functions of k defined by the right-hand side of equation (B.3) is not self-adjoint, but can be made so
by the change of function IT;(k) = k~' exp(—B&./2)y(k). After formal temporal integration, we end up for 7 > 0 with
a beautiful expression (the factor 3 in the denominator comes from angular integration):

d Dyk) d
Hi= - =+ Ui (k)
Wslexp(=HiD)lYs) [Wslpn)Pe " : dk > dk
C..(1) = — == L —  with (B.5)
3p2 [ dkkPeFE AR 3R [ dk ke der 4o 1
(klys) = kd—ke‘ﬁf“

We have introduced the spectral decomposition of the fictitious Hamiltonian H,, which is selfadjoint for the one-
dimensional scalar product {¢,|¢p) = f0+00 dk ¢ (k)py(k), the eigenstate |¢,) of eigenvalue w, being normalized. The
potential is equal to

11 dg\* 1 d’¢, 1dDy(k) dg Dyk) de, 1dDy(k) 2D, (k
“®=ﬁhww@§yiwwwﬁ——” o, S 20

B.6
dk? 2 dk dk k de  k dk k? (B-6)

In the case ko > 0. To take the low temperature limit in the case ko > 0, we carry out a suitable change of scale on
wave vector and time by setting k — kg = xk., 7 = 7/, and therefore H; = HT, w, = &, and ou(k) = k, 1 2(13,,(x),
with thermal wave number k. = (m.kgT)"/?/h and rate T given by equation (88). It remains to expand H, in powers
of k. at fixed x (x spans R in this limit), then to process successive orders by perturbation theory:

_ D y(ky + )Ck* h2k2 x fixe
__dDjkotxk)d = Wk Ulko + xk,) “ 2
dx Dytky) dx D jlko) kS0

HO + HO + A 4 (B.7)

We will also need to expand the source wave function to sub-leading order and the denominator of C,,(7) in equation
(B.5) to leading order:

k* 1 +00 . +00
L+ x| = + kb| — —kbx® + O], f dkk?e P&~ Idk,e PN f dxe "2
ko 6 0 k=0 —c0
(B.3)
At order zero in k., we come across a reduced one-dimensional harmonic oscillator Hamiltonian (mass equal to 1/2,

reduced Planck constant equal to 1, angular oscillation frequency equal to 1) and spectrum (I)ELO) =n:

2
(klyrs) *iixed P okoks e P2y /4
k.—0 m,

_ d? 1
©) _ 2
Ho=—ga 3% -

1 1 d 1 d 4
_ata wih A — S 5 oAt =

- = th ==X+ — N - AT T ) - l B'9
3 a'a wi a 2x dxa 2x i [a,a'] (B.9)
To leading order, the source wave function is therefore proportional to the wave function (2)(10)(x) of the harmonic
oscillator first excited state. The contribution of excited states n > 0 in equation (B.5) is thus dominated by n = 1 and
we keep

Tﬁjed kB_T e_-r

n#0
G, ~, 3. (B.10)
We thus justify the first term in square brackets in equation (85). The contribution of n = 0 is more difficult to obtain.
Indeed, the overlap of ys with the ground state ¢ is zero at the order of HO?, and so is the ground state angular

eigenfrequency wy, which leads to an indeterminate form 0/0 after integration of C,.(7) over time as in equation (83).
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It is necessary to go to order one in k. to obtain a nonzero overlap,

D L] oy

_ Lhko)y({ d d 1 1 k koL (ko) 3

1 _ s 3_ _ o “dk_ 2 a2 + ata?

H,"’ = k. D//(ko) ( % + i x)+k b(zx x) kox —D//(ko) 2k bl@ a’)
. R k. R 1 k.\ -

+ kb( 34 a3>+( kb——)(a+a*)=>|¢o> |¢<°>>—(5k*b—5)|¢5°>> \f|¢“”>+0<k£>

Kusléod?  ksT 2@)2 BA1
342 fo+°° dk k2e-B& k-0 3m, \ ko '

and to order two in k. to obtain a nonzero ground state angular eigenfrequency:

2d D// k 2dD//
7(2) _ ki g2 (ko) dzd 14 3, k*dk(kO) 4_3,2 Lo a oo 4 2
=— + =X+ — + + kb X" + kit -3
1T 72D (ko) [ A’ dx 2 D,k |2 ) glbrat R =30
k2 2k2D, (k “’) HPIGW 212 D, (k
+ = (1 = kob)x® + 2—l(°) =@y ~ <¢<°>|ﬂ<2>|¢<°>> + Z M == D.tko) g 1)
kg kgD (ko) e -n ks D (ko)
knowing that &3 =1, (x* = 3 and (ddxx dx) —3/4 where the expectation value is taken in the state Iq_ﬁg))). We

justify the second term in square brackets in equation (85) and therefore, in total, the equivalent (86) of the spatial
diffusion coefficient ¢ 7.

Between cases ko = 0 and ky > 0. At the transition point between these two cases, the effective mass m, is infinite,
1/m, = 0, the dispersion relation ¢, varies quartically with the wave number near its minimum, and none of the
calculations of the spatial diffusion coefficient presented so far in this work apply. To connect the two limiting cases,
it is necessary to use an approximation of degree 4 for the dispersion relation,

o) S I o

+ ——(kl)? (B.13)

~ Ay +
& 0 2meg 4m

The length / is essentially constant but the variation of the effective mass m.g in k = 0 (not to be confused with that m,
at the minimum) describes the passage of a dispersion relation reaching its minimum in k = 0 (case 1/m.g > 0)to a

56. There is a a quick and elegant way to find these results. By restricting the time-dependent Fokker-Planck equation to rotationally invariant
distributions, then applying the same function change as in IT;(k), we get the fictitious self-adjoint Hamiltonian Hy. In this isotropic sector, the
Fokker-Planck equation has a nonzero stationary solution ITy. The ground state |o) of Hy is therefore known exactly, yo(k) = Nok exp(—B&/2)
with Np = [ foﬂo dk k* exp(—,BEk)]l/ 2 and its eigenvalue is exactly zero. Now, as the calculation shows, we simply have H; = Hy + 2D (k)/ (hk)?,
so that A, differs from Ho by a second order term 2k2D (ko + xk,)/[D //(ko)(ko + xk.)?]. The ground state of H; therefore coincides with
[¥o) to sub-leading order, and we have (Yslpo) ~ (¥slpo); to the same order, we can replace de;/dk by dé&/dk in (kls). A simple inte-
gration by parts (you have to integrate C:ii,f exp(—B&,) and take the derivative of k%), then the replacement of the slowly varying factors k in
the numerator and k* in the denominator by ko and k2, give the overlap equivalent as in equation (B.11). Similarly, to leading order, the
ground state angular eigenfrequency wq of H; is obtained by treating the difference between H; and Hy to first order of perturbation theory,
wo ~ Wol2D L (k) (k)2 |wro) = O+w dk 2D, (k) exp(—P&)/ f0+°° dk (hk)? exp(—fB&). By approximating the slowly varying factors 2D, (k) and (hk)?
by their value in ko, we find the equivalent of wg given in equation (B.12).

57. We have also successfully verified the validity at low temperature of the spatial diffusion coefficient predicted by the Fokker-Planck ap-
proximation by numerically solving the master equation (47) for the simple model e = A, + (h? /2m*)[(k2 k2)/2k0]2 (m, > 0,kg > 0) and
R,/ w) = (1 = qu?)(1 — qu'?), leading to y = 2=(3n* — 10 + 15)(157% — 4257 + 35), D (ko) = 7223 — 10y + 15)3r* - 145 + 35)
and a nonzero mean force F(kg) at order T° (except if n = 0). The calculation uses the quantum regression theorem to access the veloc-
ity correlation function, which is then inserted in expression (83) of D2, In the zero angular momentum sector, the master equation writes
Ok, t) = —y(k)p(k, 1) + f(;oo dk’ yo(k’ — k)Ip(k’, 1); in practice, we ensure probability conservation by numerically calculating all the feeding
rates yp(k" — k) then deducing the departure rates from the relation y(k) = O+°° dk’ (K [k)*yo(k — k’). In the unit angular momentum sector,
the master equation writes 9,1 (k,t) = —y(k)I1; (k, 1) + fom dk’ y1 (K — k)I1;(k’,t) (the departure rates are the same). Microreversibility requires
K2 exp(Ber)yn (k' — k) = k% exp(Bew Yyn(k — k), n = 0 or 1, which brings us back to integral operators with symmetric kernels (this is numerically
advantageous) by the change of function I, (k) = k! exp(—Bex/2)¥n (k). Expression (B.5) then applies, provided that we replace & by €, and —H
by the integral operator relating 0,1 to 1.
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dispersion relation reaching its minimum in a nonzero wave number (case 1/m.r < 0). We then make a magnification
around the transition point, looking in 1/meg-space and k-space at scales T such that the last two terms of equation
(B.13) are of the same order of magnitude ~ kgT. We therefore introduce the dimensionless wave number « and the
dimensionless parameter ¢ controlling the transition:

e\ m ("
K (kaT) an Mefg (kale) ( )

It remains to take the limit 7 — O at fixed x and 6. We approximate the mean force and the momentum diffusion
coefficients by their leading order at the transition point, i.e. in the reduced form (53) by ¥ (k) ~ —yper and D, (k) ~
D (k) = yo, where vy is the reduced friction coeflicient at the transition 8 It remains to introduce the reduced time

0=t/ty with fy=

15 (mc? 17/2 (hp'"3 Imc)®
_ (B.15)
kgT

me2 5 yomcel/h

so that the random walk of the y quasiparticle in Fourier space is described by a universal dimensionless stochastic
process with a parameter ¢ and with the same Gaussian noise as equation (59),

1 1
dk = —df grad,s(k) + V2don with (k) = §K25 + ZK4 (B.16)

To extract the spatial diffusion coefficient as defined by equation (83), we go through the regression theorem and the
Fokker-Planck equation as we did at the beginning of this Appendix B and we get (setting &' = de(k)/dk)

2 2 1, 1, 1

=

e B % AV) . st ls e tat T e
Dspd 6ﬁ£ed s ’yO with Aspd(é‘) — +§x}| | > and dk K 4 K 2
10 m g (e )6(u)7 37 dex2ee®
15 \ hp'/3 mc? 0 (K|s) = Kg’e—8(K)/2

B.17)
Here we formally integrated over time the velocity correlation function written as in equation (B.5), which introduced
the inverse of the fictitious Hamiltonian operator 4. Amazingly we know how to analytically determine the action of
h~" on the source vector |s) (it is easy to verify by action of / on the result):

f0+o° dkk3e’e e
- (B.18)

3 f()+°° dk k2e~®W

KIA7s) = k2e™2W2 — AP3(§) =

A simple integration by parts in the numerator of (B.18) then leads to the remarkable result A3(5) = 1, in perfect
agreement with the prediction (86), which therefore applies everywhere in the transition zone between the cases ko = 0
and ko > 0.
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