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Abstract

We extend a method (E. Cancés and L.R. Scott, STAM J. Math. Anal., 50, 2018, 381-410)
to compute more terms in the asymptotic expansion of the van der Waals attraction between
two hydrogen atoms. These terms are obtained by solving a set of modified Slater—Kirkwood
partial differential equations. The accuracy of the method is demonstrated by numerical
simulations and comparison with other methods from the literature. It is also shown that
the scattering states of the hydrogen atom, that are the states associated with the continuous
spectrum of the Hamiltonian, have a major contribution to the Cg coefficient of the van der
Waals expansion.

1 Introduction

Van der Waals interactions, first introduced in 1873 to reproduce experimental results on simple
gases [29], have proved to also play an essential role in complex systems in the condensed phase,
such as biological molecules |7, 24] and 2D materials [14]. The quantum mechanical origin of the
dispersive van der Waals interaction has been elucidated by London in the 1930s [19]. The rigorous
mathematical foundations of the van der Waals interaction have been investigated in the pioneering
work by Lieb and Thiring [18], and later by many authors (see in particular [3, 4, 5, 6, 8, 17] and
references therein).

In a recent paper [10], a new numerical approach was introduced to compute the leading order
term —CgR % of the van der Waals interaction between hydrogen atoms separated by a distance
R. Here we extend that approach to compute higher order terms —C,, R™", n > 6. The coefficients
C), have been computed by various methods. On the one hand, both [22] and [12] apparently
failed to include key components in the computation of Cig, computing only one component out
of three that we derive here. On the other hand, our result differs by approximately 200% and
agrees with [21]. One of the objects of this paper is to clarify this discrepancy.

The computation of the expansion coefficients can also be derived through techniques using
polarizabilities [21] which is exact but might involve slightly different numerical computations
than the perturbation method used here. In order to get the right values, one has to use a high
enough order of perturbation theory. Computations using up to the second order [2, 11, 27| fail
for Cha, C14 and Cig (with errors of approximately 1%, 5%, and 10%) for which computations
up to the fourth order [20] are needed. The third order [32] is sufficient for Cyq1, C13 and Cis.
Moreover, the polarizabilities method can be derived also for other atoms than hydrogen as well as
for three-body interaction [11]. A comparison of the numerical results is explored in Section 3.1.

One can also compute the expansion coefficients using basis states as in [13]. However, this leads
to a substantial error even for Cs. The discrepancy observed between the basis states method and
the other methods can be interpreted as the missing contribution to the energy from the continuous
spectrum.

The perturbation method of [26] is remarkable because, in the case of two hydrogen atoms,
the problem splits, for any of the C), terms, exactly into terms constituted of an angular factor
and a function of two one-dimensional variables (the underlying problem is six-dimensional). The
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first term in this expansion has been examined in [10] and gave a value of Cy agreeing with [21].
This article extends this analysis and allows computation of all C),. The linearity and the nature
of the angular parts allows treatment of these problems separately in a way analogous to the first
term of the expansion. Although the partial differential equations (PDE) defining the functions of
these two variables are not solvable in closed form, they are nevertheless easily solved by numerical
techniques.

In Section 2, we present an extended and modified version of Slater and Kirkwood’s deriva-
tion, in order to manipulate more suitable family of PDEs for theoretical analysis and numerical
simulation. These modified Slater-Kirkwood PDEs are well posed at all orders and, when their
unique solutions are multiplied by their respective angular factor, the resulting function, after
summation of the terms, solves the triangular systems of six-dimensional PDEs originating from
the Rayleigh—Schrodinger expansion. We finally check that the so-obtained perturbation series are
asymptotic expansions of the ground state energy and wave function (after applying some “almost
unitary” transform) of the hydrogen molecule in the dissociation limit. In Section 3, we use a
Laguerre approximation [25, Section 7.3] to compute coefficients up to Cig, given that Cg has
been computed in [10]. Our approach also allows us to evaluate the respective contributions of
the bound and scattering states of the Hamiltonian of the hydrogen atom to the Cy coeflicient of
the van der Waals interaction. Numerical simulations show that the terms in the sum-over-states
expansion coupling two bound states only contribute to about 60%. The mathematical proofs are
gathered in Section 4. Lastly, some useful results on the multipolar expansion of the hydrogen
molecule electrostatic potential in the dissociation limit and on the Wigner (2n 4 1) rule used in
the computations are provided in the Appendix.

2 The hydrogen molecule in the dissociation limit

As usual in atomic and molecular physics, we work in atomic units: & = 1 (reduced Planck
constant), e = 1 (elementary charge), m. = 1 (mass of the electron), g = 1/(4m) (dielectric
permittivity of the vacuum). The length unit is the bohr (about 0.529 Angstroms) and the energy
unit is the hartree (about 4.36 x 10718 Joules).

We study the Born-Oppenheimer approximation of a system of two hydrogen atoms, consisting
of two classical point-like nuclei of charge 1 and two quantum electrons of mass 1 and charge —1.
Let r; and ry be the positions in R3 of the two electrons, in a cartesian frame whose origin is
the center of mass of the nuclei. We denote by e the unit vector pointing in the direction from
one hydrogen atom to the other, and by R the distance between the two nuclei. We introduce
the parameter ¢ = R~! and derive expansions in € of the ground state energy and wave function.
Note that in [10], we use instead ¢ = R~/3. The latter is well-suited to compute the lower-order
coefficient Cg, but the change of variable e = R™! is more convenient to compute all the terms of
the expansion.

Since the ground state of the hydrogen molecule is a singlet spin state [15], its wave function
can be written as

[T — 14D

V2o
where 1) > 0 is the L?-normalized ground state of the spin-less six-dimensional Schrédinger equa-
tion

Ye(r1,12) (1)

Hewe = )\eweu HwEHLQ(R?’XR?’) = 17 (2)

where for € > 0, the Hamiltonian H, is the self-adjoint operator on L?(R3 x R3) with domain
H?%(R? x R3) defined by

1 1 1 1 1 1 1

He - __Ar __Ar - - - - )
2N TN T T 20 Te| e — (26) 16| It + (26 6| [rat (26 Te| -1

where A, is the Laplace operator with respect to the variables r; € R3. The first two terms of H,
model the kinetic energy of the electrons, the next four terms the electrostatic attraction between
nuclei and electrons, and the last two terms the electrostatic repulsion between, respectively, elec-
trons and nuclei. The ground state of H, is symmetric (¢¢(r1,r2) = 9(r2,r1)) so that the wave



function defined by (1) does satisfy the Pauli principle (the anti-symmetry is entirely carried by
the spin component). It is well-known [10] that

Ae=—-1-Cs%+0 (66) .
The computation of A (and %) to higher order by a modified version of the Slater—Kirkwood
approach, is the subject of this article.

2.1 Perturbation expansion

The first step is to make a change of coordinates. Introducing the translation operator
T f(ri,ra) = f(r1+ (2¢) 'e,ra — (2¢)"'e) = f(r1 + Re,ro — Re), R=¢ 1,

the swapping operator C and the symmetrization operator S defined by

Corr,rs) = d(ra,r1),  S= %mc»

where Z denotes the identity operator, as well as the “asymptotically unitary” operator

T. = Sr.. (3)

It is shown in [10] that

H.T: = T(Ho + Vo), (4)
where Hj is the reference non-interacting Hamiltonian

1 1 1 1

Hy=—2Ap — — — 2Apy — —,
T2 | 2T
and V; the correlation potential
1 1 1

‘4(1‘1,1‘2) = €. (5)

—~ —~ + +
r1 —ele|] |ratele] |rp—ro—ele
The linear operator T; is “asymptotically unitary” in the sense that for all f,g € L?(R® x R3),

(Tl Teg) = (f.9) +(Cf.7ep29) —2 ([ 9)-

€E—>

It follows from (4) that if (), ¢) is a normalized eigenstate of Hy + V¢, that is (), ¢) satisfies

(Ho+ V) = Ao, [|#llL2@sxrs) = 1,

then
H.Tep = NTc.

In addition, we know from Zhislin’s theorem [10, 33] that both H, and Hy+ V; have ground states,
that their ground state eigenvalues are non-degenerate, and that their ground state wave functions
are (up to replacing them by their opposites) positive everywhere in R3*3. Since 7. preserves
positivity, we infer that H, and Hy + V¢ share the same ground state eigenvalue A\, and that if ¢,
is the normalized positive ground state wave function of Hy+ V;, then v, := 7;¢6/H7;¢€HL2(R3X]RS)
is the normalized positive ground state wave function of H..

The next step is to construct for € > 0 small enough the ground state (A, ¢.) of Hy + Vi by
the Rayleigh—Schrodinger perturbation method from the explicit ground state

Xo=-1,  ¢o(ri,ra) =7 te (mltinD (6)

of Hy. Using a multipolar expansion, we have

+oo
V;(I‘l,rg) = ZE"B(")(rl,rg), (7)

n=3



where homogeneous polynomial functions B(™, n > 3 are specified below (see equation (14)), the
convergence of the series being uniform on every compact subset of R® x R3. Assuming that A
and ¢, can be Taylor expanded as

—+o00 —+o0
Ae = Ao — Z Cre" and ¢ = Z € n, (formal expansions) (8)

n=0

(we use the standard historical notation —C,, instead of A,, for the coefficients of the eigenvalue A.)
inserting these expansions in the equations (Ho + Ve)¢e = Ac@e, ||dc||L2(r3xr3) = 1, and identifying
the terms of order n in €, we obtain a triangular system of linear elliptic equations (Rayleigh—
Schrodinger equations). The well-posedness of this system is given by the following lemma, whose
proof is postponed until Section 4.2.

Lemma 1. The triangular system

Vn>1,  (Ho—Xo)én=— B®én = Citnr, (9)
k=3 k=1
1 n—
<¢07¢n> = _5 <¢ka ¢n*k>7 (10)
=1
where we use the convention Y ;_ -+ =0 if m > n, has a unique solution ((Cy,dn))nen- in

(R x H?(R? x R*)N'. In particular, we have (Cy,¢1) = (Ca, ) =0 and C3 = Cy = C5 = 0. In

addition, the functions ¢, are real-valued.

Note that (C1, ¢1) = (Ca, ¢2) = 0 directly follows from the fact that the first non-vanishing term
in the expansion (7) of V; is €2B®). The formal expansions (8) are in fact asymptotic expansions
as established in the following theorem. Its proof is provided in Section 4.2.

Theorem 2. Let ). € H*(R? x R?) be the positive L*(R3 x R?)-normalized ground state of H.
and A\¢ the associated ground-state energy:

Hebe = Acthe, |||l r2mexrey =1, e >0 ae. on R® x R®. (11)

Let (g0, Xo) be as in (6), ((Cpn, dn))nen- the unique solution of (9) in (R x H2(R? x R®)),en+, and
Te the “almost unitary” symmetrization operator defined in (3). Then, for all n € N, there exists
€n > 0 and K,, € Ry such that for all 0 < € < ¢,

’ 1/)5 - 1/)£n) H2(R?xR3) = K e 17 ) < Kn€n+17 )‘ - 2(n+1) (12)
where
7; (<Z50 + 2273 6k¢k) - k
P = k= coA =0 =Y ety Y| H, o™
AT S S — 0= 2 Cuets ™ = (WIHAV)

Let us point out that in view of the last two bounds in (12), the series expansion of ME") in e
up to order (2n + 1), which can be computed from the ¢;’s for 0 < k < n, is given by

2n-+1
p™ =X = Y Cret +0(e22).
k=6

Therefore, the knowledge of the ¢x’s up to order n allows one to compute all the C}’s up to order
(2n+ 1) (Wigner’s (2n + 1) rule).

Remark 3 (van der Waals forces). It follows from the Hellmann-Feynman theorem that the van
der Waals force F. acting on the nucleus located at (2¢)~'e is given by

—(2¢)1
F, — /R3 %pe(r) dr  with pe(r) =2 /}R3 [ (r, e )2 dr’  (electronic density).



n
€

Introducing the approximation F" of F¢ computed from 1/)271) as

~ (20 le) |
F(") :/ L (n) d th (n) _ 2/ (n) / 2d ’
¢ R3 T — (25)*1e|3p5 (r)dr  wi p (r) - 1™ (x,x") |7 dr’,

we obtain from the Cauchy-Schwarz inequality, the Hardy inequality in R3, and (12) that
[Fe — F| < 8l[the — ) || i1 mo ey 9 + 00 | 11 roxrey < Kpe™™!

(n)

for some constant K| € R, independent of € and € small enough. Since F¢’ can be Taylor
expanded at € = 0, we obtain that the force F. satisfies for all n > 6

F.=— (Z nCne"H) e+ O(e").
k=6

This extends the result F. = —6Cge’e 4+ O(e%) proved in [5, Theorem 4] for any two atoms with
non-degenerate ground states, to arbitrary order in the simple case of two hydrogen atoms.

2.2 Computation of the perturbation series

The coefficients B(") are obtained by a classical multipolar expansion, detailed in Appendix A.1 for
the sake of completeness. Using spherical coordinates in an orthonormal cartesian basis (e1, €2, €3)
of R? for which es = e, so that

r; = r;(sin(6;) cos(¢;)er + sin(6;) sin(¢; ez + cos(6; )e),

13
cos(f;) =r;-e, and r;=]|r;, i=12, (13)
it holds that for all n > 3,
B™(ry, 1) = Z Ty Z Ge(lr, b2, m)Y[ " (61, 61)Y, ™ (02, ¢2), (14)
(l1,l2)EBy, —min(l1,l2)<m<min(l1,l2)
= Z riirl Z Gr(ly, o, m)Y)T (01, 1)V (02, ¢2), (15)
(l1,l2)EBy, —min(l1,l2)<m<min(l1,l2)
where (Y, )ien, m=—1,— 141, i—1,0 and (V")ieN, m=—1,—i+1,.-- 1—1, are respectively the complex and
real spherical harmonics , and where
Bn: {(11,12) : ll—l—lg :n—l, 11,12§£0}: {(l,n—l—l) : 1§l§n—2} (16)
The coefficients G¢(l1, 12, m) and G, (11,12, m) are respectively given by
Ar(ly + 1o)!
Gellr, boym) 1= (~1)1 R a7

(20 + 1)(2ls + 1) (1 — m)!(ly + m)!(ly — m)!(ly +m)!)*

Gr(ll, ZQ, m) = (—1)mGC(ll, ZQ, m)

Both expansions (14) and (15) are useful: (14) will be used in the proof of Theorem 5 to establish
formula (26), which has a simpler and more compact form in the complex spherical harmonics
basis. On the other hand, (15) allows one to work with real-valued functions.

One of the main contributions of this article is to show that the functions ¢,,, hence the real
numbers \,, can be obtained by solving simple 2D linear elliptic boundary value problems on the

quadrant
Q=R} xR7.

For each angular momentum quantum number [ € N, we denote by

(+1 1 1 (l+1 1 1
() 2r2 r 270 212 r + 2’ (18)




and we consider the boundary value problem: given f € L*(Q)

findT € Hy(Q) such that
(19)

_%AT(rl, ro) + (ki (1) + ki (ra)) T = f(r1,m0)  in D'(S).

It follows from classical results on the radial operator —%j—:z +#; on L2(0, +00) with form domain
H}(0, +00) encountered in the study of the hydrogen atom (see Section 4.1 for details) that for all
l1, Iz €N, (I1,12) # (0,0), the problem (19) is well posed in H}(Q2). For I; = Iz = 0, this problem
is well-posed in

I?IE(Q) = {U € Hy(Q) : / v(ri,r2)e” " T ryrg drydry = 0} :
Q
provided that the compatibility condition
/ f(ri,ra)e” " 72 ryrgdridre = 0 (20)
Q

is fulfilled. Problem (19) is useful to solve the Rayleigh-Schrédinger system (9)-(10) thanks to the
following lemma, proved in Section 4.1. We denote by

¢y = {v € L*(R®* x R?) : (¢o,) =0}.

Note that the condition (20) is equivalent to (¢, M> =0.

rT17Tr2
Lemma 4. Let l1,l> € N, my,ma € Z such that —l; < m; < l; for j = 1,2, and f € L*(Q).
Consider the problem of finding v € H*(R? x R3) N ¢g- solution to the equation

f(ri,m2)

rirs

(HO - /\0)1/) =F with F := }/lznl (91, d)l)}/l;nz (92, ¢2) (21)

1. If (I3,12) # (0,0), then the unique solution to (21) in H?(R® x R3) is

b= T2y g, )y 0, 00), )

rir2
where T is the unique solution to (19) in HJ(Q);

2. If (I1,12) = (0,0), and if the compatibility condition (20) is satisfied, then the unique solution
to (21) in H?(R® x R3) N ¢p- is
2/] _ 4i T(Tl, 7‘2)
m T1T9
where T is the unique solution to (19) in H}(S2).
In addition, if f decays exponentially at infinity, then so does T', hence 1, in the following sense:
for all 0 < « < /3/8, there exists a constant C,, € Ry such that for all p > «, l1,ls € N,
mi,mg € Z such that —l; < mj <l; for j = 1,2, and all f € L*(Q2)
”ea(rl-‘rrz)T”Hl(Q) < CQ[Hen(n-ﬁ-rz)f”L2(Q)7 (23)
||ea(\r1|+\rz\)¢”L2(R3XRS) < OaHen(‘rl‘HQDFHL?(RE'><]R3)a (24)

Hea(|r1|+\rzl)¢”Hl(R3XRs) < Co(1+ 4l (L + 1)+ 4lo(ly + 1))1/2||€n(|r1‘+|r2‘)FHL2(R3><]R3)- (25)
Lastly, if f is real-valued, then so is T.

The properties of the functions ¢,, upon which our numerical method is based, are collected in
the following theorem, proved in Section 4.2.



Theorem 5. Let ((Cy,, ¢n))nen+ be the unique solution in (R x H?(R3 x R?)),en+ to the Rayleigh—
Schrodinger system (9). Then, ¢p1 = ¢2 =0, C,, =0 for 1 <n <5 and for each n > 3, there exists
a positive integer Ny, such that

T(n) (Tl TQ) min(l1,l2)
11,0 ! n m —m
bn= Y, > ol Y (01, 60)Y,, ™ (02, 62) |, (26)
172 _ -
(I 1)L, m=—min(ly,l2)

where L, is a finite subset of N? with cardinality N,, < oo, where T((ﬁ)b) is the unique solution
to (19) in H(Q) (or in HY(Q) if I, = Iy = 0) for f = f((l?)b)’ where f((l?)b) is a real-valued
(n)

unction that can be computed recursively from the 7" s, for n' < n, and where «
) (

n
(1.0 b da,m) 4T
real coefficients. Moreover, there exists c,, > 0 such that
e DT iy < oo, (27)
||ean(\r1|+\rzl)¢n||H1(R3X]R3) < 0. (28)
The number N,, = |£,| (number of terms in the expansion) for 6 < n < 9 are displayed in

Table 1, whose construction rules are given in the proof of Theorem 5 (see Section 4.2). For
3<n <5, L, = B,, where the latter set is defined in (16), and N,, = |B,| = n — 2. For general
n, B, C L,. For n > 6, additional terms appear, as indicated in Table 1.

N,, | pairs of angular momentum quantum numbers (I1,l2) in £,\ B,
8 (0,2;0,2)

13 | (0,2;1,3), (1,3;0,2)

18 | (0,2;0,2,4), (1,3;1,3), (0,2,4;0,2)

27 | (0,2;1,3,5), (1,3;0,2,4), (1,3,5;0,2), (0,2,4;1,3), (1,3;1,3)

© w1 o3

Table 1: Additional spherical harmonics appearing in each ¢, for 6 < n < 9. N,, is the number
of terms in the spherical harmonics expansion (26). The condensed notation (l1,1};12,15) (resp.
(I, 19; 12,15, 15) or (I1,14,17;12,15)) stands for the four (resp. six) pairs (I1,12), (I1,12), (I1,15), etc.

Table 1 can be read using the following rule: for a given n, if (11, l2) appears in the corresponding
row of the table, then there may exist m such that Y;" (61, ¢1)Y;, ™ (02, $2) might appear with a

non-zero coefficient aEZ) la,m) in the spherical harmonics expansion (26) of ¢,. Conversely, if a
given (l1,l2) does not appear in the table, then <¢n, MKT1(91,¢1)YIT2 (92,¢2)> = 0, for all

r17T9

my,me and all v € L?(). The relative complexity of Table 1 is due to fact the first term in the
right-hand side of (9) is a sum of bilinear terms in B*) and ¢,,_j. The angular parts of both B*)
and ¢, are finite linear combinations of angular basis functions ;™ ® Yl;m When multiplied,
they give rise to a still finite but longer linear combination of Y;™* @ Y, ™’s (see (69)). By contrast,
the corresponding table for the B(™)’s is quite simple, since all the rows have the same structure:
for all n > 3, we have

n | n—2 | (kkn—k) forl<k<n-2. (29)

From (¢x)o<k<n, we can obtain the coefficients A; up to j = 2n + 1 using Wigner’s (2n + 1)
rule. Another, more direct, way to compute recursively the \,’s is to take the inner product of
¢o with each side of (9) and use the fact that (¢o, (Ho — No)én) = ((Ho — No)do, ¢n) = 0. Since
(C1, ¢1) = (Ca2, ¢2) = 0, we thus obtain

n—3 n—3
Co= = (60, B9, 1) = 3 Cildo, bnr), (30)
k=3 k=3
where we use the convention Zzzm ...=01if m >n. It follows that C3 = Cy = C5 = 0.



Using (14), (26) and the orthonormality properties of the complex spherical harmonics, the
Bk

terms <7,/10, ) k> (30) can be written as
(0, BM ) = (B g, ¢
min(ll,lg)
= il/rl; Z Gc(llal27 ) I (917¢1) (927¢2) (T1+T2)7
(ll lz)EBk mzfmin(ll,lg)
T(nfk)(r1 rs) min(l},15)
(l/ 7[/) b n—=k m/ 7m/
P D DR A R R (2} ¢2)>
(VL 05)ELn m/=—min(l/,l5)
_ (n—Fk) (n—k)
- Z ﬂ(llql2)tl1;l2 ’ (31)
(ll,lz)eﬁnfkﬂBk
where
min(ll,l2) ( )
-1 n
B(h,lz) -7 Z a(ll,lg,m)GC(ll’ 12, m) (32)
m=—min(ly,l2)
tgz)h) /Q plitt l2+1 _(”"'TQ)T((l )l )(7”17T2) dry drs, (33)
with the convention that B(l 1) = tEn) =0if (I1,12) ¢ L,,. In view of Table 1, we see in particular
that since the sum in (31) is empty
<¢078(k)¢n> =0 Vkan:374557 k#na (34)

and that many other vanish, e.g.

(00, B®¢6) =0, (¢0,BY5) =0, {(¢0,B%¢s) =0, (¢o,B9¢p3)=0. (35)

Additional pairs k,n can be examined by comparing the sets By and L,,_.
Furthermore, if the chosen numerical method to solve the boundary value problem (19) giving
the radial function Tl’f*l,k is a Galerkin method using as basis functions of the approximation
122
space tensor products of 1D Laguerre functions (that are, polynomials in 7 times e~"), then the

computation of ¢, can be done explicitly, at least for the approximate solution [25, Section 7.3].
Using the fact that

po = 4e” "IV (01, 61) Y (02, 62), (36)
we then have
T(") (Tl TQ) min(l},05)
—(r s (l/ xl,) ’ n m’
(¢0, dn) = <46 (ra+ 2)5/()0(91,¢1)Y00(92,¢2)7( z): I;T Z( ) El’)l’ anYi" (01, ¢1)
U, 15)eLy m/=—min(l/,l},
(n)  ,(n)
= 4O‘(o,o,o)t(o,o)
(37)

As a consequence, <¢)0, ¢n> =0if (0,0) ¢ L,, so that in particular

{0, p3) = (b0, b1) = (¢o, P5) = 0. (38)

Then, C,, can be computed from (30) as

o — (n—k) (n k) (n—k)
_Z Z B(ll l2) (ll l2) _420’“0‘(000 t ’ (39)
=3 (l1,l2)ELn

li+lo=k—1
11,127#0

Yl;m/ (6, ¢2)>



2.3 Practical computation of the lowest order terms

We detail in this section the practical computation of ¢3 (already done in [10]), ¢4 and ¢5, as well
as C), for n < 11. Recall that ¢ = ¢ =0, and C,, =0 for n < 5.

Computation of ¢3. We have

B® =riry < Z Ge(1,1,m))Y{" (01, 61)Y; (927952)) ; (40)
m=—1

(Ho — o)z = —B® ey, (41)

{¢0,¢3) =0, (42)

with G¢(1,1,m) = —Z(8 — 4|m|) and therefore

1
(HO - )\0)¢3 - _T1T267(T1+T2) < Z 7-‘-716;(C(15 17m)Ylm(915 gbl)}/l_m(oQa ¢2)> 5

m=—1
<¢07 ¢3> =0
As a consequence, using Lemma 4, it holds that £3 = {(1,1)},
T(S) 7‘1, 2)
¢3 = Z 048)1 oy Y17 (01, 61) Y1 " (02, 62) (43)
T1T2 me——1
where 048?1,@ = -1 1Gc(1,1,m) = —1(8 — 4/m|) and where T((l?’)l) € H}(2) can be numerically
computed by solving the 2D boundary value problem
1 3 3 - .
_§AT((1,)1) + (k1(r1) + k1(r2)) T((1 )1) =r2re(mtr2) in Q

with homogeneous Dirichlet boundary conditions.

Computation of ¢,. To compute the next order, we first expand B® as

) =rir3 Z Ge(1,2,m)Y™(01,¢1)Y5 ™ (62, d2) + 1772 Z o(2,1,m)Yy" (01, ¢1)Y5 ™ (02, ¢2),

m=—1 m=—2
with G.(1,2,1) = Ge(1,2,—1) = 47//5, G.(1,2,0) = 47v3/V5, Go(2,1,m) = —Gc(1,2,m).
From (9)-(10), we get
(Ho = Xo)¢a = =B g1 — BWgy,
(¢, ¢4) =0,
since ¢1 = ¢ = 0 and Cj, = 0 for 1 < k < 5. We therefore have £, = {(1,2),(2,1)} and

7&) (4 1
Ta(rr) T (rir2)
¢y = DT ;104(1 o.my Y1 (01, 01)Yy " (02, ¢2) + . Z a! 2 1 Y2 (01, 01)Y7 " (02, d2),
where O‘E?l),lz,m) = -1 'Ge(ly, 12, m), ((4)) € Hi () solves
1 .
—§A2T((24)1)(T1, r2) + (ko(r1) + K1(r2)) T(( )) =7rirje """ in Q, (44)

and T((i)Q)(Tl, re) = T((;)l)(rg, r1). A representation of T((24,)1) can be seen in Figure 1.
Computation of ¢5. We have

B®) =ryr3 Z Ge(1,3,m)Y{" (61, ¢1)Ys " (02, 02) + 1375 Z Ge(2,2,m)Y5" (01, 61)Y; ™ (62, $2)

m=—1 m=—2

+’l°1’f'2 Z G 3717m)YE’> (917¢1) (927¢2)

m=—1
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Figure 1: Shape of T((247 )1) (a) and T((247 )1)(7‘1, r2)/(r17m2) (b), using the Laguerre function approxima-
tion scheme [25, Section 7.3].

and

(Ho — Mo)¢ps = —B®) gy,
<¢07 ¢5> =0

since ¢1 = ¢o = 0 and Cj, = 0 for 1 < k < 5. We thus have L5 = {(1,3),(2,2),(3,1)} and

(5) T(5 7‘1,7‘2 !
¥ T e Z O‘ 13m) (01, 01)Y5 " (02, ¢2)
(5 2
T 7"1,7"2
1Ty Z 0‘22m) (01, 61)Y5 ™ (02, ¢2)
T() 7‘1,7‘2 g ) .
7‘17'2 Z a31m) 17¢1) ( 27¢2) ( )

where agfl),l%m) = -1 1Ge(l, 12, m), ((5)) € Hi () solves

AT, (1) - (sa(ra) + ms(r2)) T = rirde(+7), (46)

)

(2.3) € H () solves

AQ 2 2)(7“177“2) + (k2(r1) + K2(r2)) T((§)2) = rirje” (7, (47)

and T((;)l)(rl, ro) = T((i)g)(rg, r1).

Computation of )\, for 6 < n < 11. From (30) and the fact that C,, = 0 for 3 < n < 5, we
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obtain, using (31), (38), (39), Table 1, and the symmetries of the coefficients B((Z)lz) and tEZ)lz)’

Co = _<¢078(3)¢3> = B((i)l)tg),)l)v (48)
Cr = —{¢0, B®¢s) — (¢o, B ¢3) = 0,
Cs = —(b0, B d5) — (b0, BV 4) — (d0, BV ¢3) = (g0, BY¢s)
= Byt + Bt = 26( 212
Co = —(¢0, B¥¢6) — (¢0, BV 5) — (¢0, B®)p1) — (0, B ¢3) — Cs(¢bo, ¢3) = 0,
7

7
Cio=— Z (¢0,B® p19_1) — ch<¢o, dro-1) = — (0, B ¢5)

k=3 k=6
A 45 a®) 5, a®) 5 o 5, 4) )
= Bistas T Baate T Banteny = 280t T Btz (49)
8 8
Cpp=— Z (b0, BF 11_) — ch<¢0, $11-k) = — (b0, B ¢7) — (0, B ¢s)
k=3 k=6
A D (D, a6) 6
= Batie T Bantien T Bezti: (50)

As agz)lz m) = —7T_1G(117127m) for n = 374755 (11712) € ﬁn and _min(llal2) <m < min(llal2)a

we obtain, using (17), that

(a(n) )2 _ 16 ((h +12)1)?
CRERD) (21 + 1)(2l2 + 1)(ln — m)!(I1 +m)! (I — m)!(la +m)!’

and therefore

1
(3) _ (3) s 16 64 16 32
By = Z (O‘(l,l,m)) =9 + 9 + 9 - 3

m=—1
ﬂ((i)z) = ﬂ((;l,)n = zl: (aéf?zym))Q = %6 +3 x %6 + %6 — 16,
m:l—l 2
== 3 @lam? =50 A= 3 @@ =5
so that
Co= %t&)”’ Cr =0, Cs=32(),, Co=0, Cio = I_?tﬁ),)m + L?ltg,)zy (51)

It is optimal to use (51) to compute Cg, Cs, Cip since only ¢,, is needed to compute Cs,. On the
other hand, computing C7; using (50) requires computing ¢g and ¢7, and it is therefore preferable
to use Wigner’s (2n + 1) rule that allows computing C1; from ¢s, ¢4 and ¢5.

Computation of higher-order terms. For n > 6, the right-hand side of (9) contains terms of
the form B(’“)qbn,k with £ > 3 and n — k > 1. The computation of ¢,, therefore requires solving
2D boundary value problems of the form

1)
for some (I1,l2) € Ly, I} + 1, =k —1 and (I{,14) € L,,—k. The right-hand side of this equation is

not explicit, but the above equation can nevertheless be solved numerically since T((ﬁfl,]f; has been
1972

1 ’ ! n—
—G AT (it (r1) + iy (r2)) T = it T

previously computed numerically during the calculation of ¢,, .

3 Numerical results

3.1 Comparison between different approaches

The following tables contain the results of the approximated values of the C), coefficients computed
by Ovsiannikov and Mitroy [21], by Choy [12], by Pauling and Beach [22], and by the techniques
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described in this paper. The latter consist in solving recursively the Modified Slater—Kirkwood
boundary value problems of type (9) using a Galerkin scheme in finite-dimensional approximation
spaces constructed from tensor products of 1D Laguerre functions with degrees lower of equal to
k. With basic double-precision floating-point arithmetics, the latter approach is numerical stable
up to k = 11 and provides results with excellent precision (relative error lower than 1077). It is
well-known that the conditioning of spectral methods for PDEs using orthogonal polynomial spaces
grows exponentially. However, in the present case, the entries of the Galerkin matrix are square
roots of rational numbers so that arbitrary precision can be obtained using symbolic computation.
The method of Choy [12] is based on the Slater-Kirkwood algorithm [26], whereas the method of
Pauling and Beach [22] is different. Although Slater and Kirkwood are referenced in [22], Pauling
and Beach were motivated by a method of S. C. Wang [31].

Method Cﬁ Cg CIO Cll
[22] 6.49903 124.399 1135.21
[12] 6.4990267 124.3990835 1135.2140398
This work | 6.49902670540 [10] | 124.399083 3285.82841 -3474.89803
[21] 6.499026705406 124.3990835836 | 3285.828414967 | -3474.898037882

Table 2: Comparison of the coefficients Cg to C71 between various papers and the basis states
method and our method based on numerical solutions of boundary value problems of type (19)
in tensor products of Laguerre functions up to degree 11 (for which round-off error is suitably
controlled). These results agree at least to 9 digits with the results in [11, 20, 21, 27, 32].

The discrepancy between the Choy and Pauling—Beach results (who agree to the digits given)
and the other methods for Cj has the following origin. According to (49), we have

_ 9p3() 45 (5) 4(5)
Cro = 2ﬁ(1,3)t(1,3) + ﬁ(272)t(272)'

It appears that Choy in [12], who also was guided by [26], only computed the second term

Blohytisy = 1135.214. . (52)
Method 012 013 014 015
This work | 122727.608 -326986.924 6361736.04 -28395580.6
[21] 122727.6087007 | -326986.9240441 | 6361736.045092 | -28395580.6

Table 3: Comparison of the C), coefficients C12 to C15 between [21] and our method based on nu-
merical solutions of boundary value problems of type (19) in tensor products of Laguerre functions
up to degree 11 (for which round-off error is suitably controlled). These results agree at least to 9
digits with the results in [20, 21, 32] for C13 and Cj5 and [20, 21] for C12 and Ci4.

Method Cie Ch7 X 10~? Chg X 10~10 Chg X 1011
This work | 441205192 -2.73928165 3.93524773 -3.07082459
[21] 441205192.2739 | -2.739281653140 | 3.93524773346 | -3.07082459389

Table 4: Comparison of the C,, coefficients Ci6 to C19 between [21] and our method based on nu-
merical solutions of boundary value problems of type (19) in tensor products of Laguerre functions
up to degree 11 (for which round-off error is suitably controlled). These results agree at least to 9
digits with the results in [20, 21].
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3.2 Role of continuous spectra in sum-over-state formulae

It follows from (41), (42) and (48) that the leading coefficient Cg of the van der Waals expansion
can be written as

Co = (B® gy, (Ho — /\0)113(3)%%

where (Hop — /\0) | is the inverse of the restriction to Hy— Ag to the invariant subspace ¢g- (which is
U

well-defined since \q is a non-degenerate eigenvalue of the self-adjoint operator Hy. This expression
is sometimes wrongly rewritten as a sum-over-state formula

(3
=3 Tl DOE (rong), (53)
with g := ¢, Eo := A\g = —1, where the 1;’s form an orthonormal family of excited states of H

associated with the eigenvalues F;. This is not possible because Hy has a non-empty continuous
spectrum. Using (53) with a sum running over the excited states of Hy (and omitting an integral
over the scattering states of Hy) leads to an error that we are going to estimate. We have

Wy, B®o) |
Cg = Z - ]E EOO = —(B™ o, ¢ pp),

where ¢35, is the projection of ¢3 on the Hilbert space spanned by the eigenfunctions of Hy.
Recall that the eigenvalues and associated eigenfunctions of the hydrogen atom Hamiltonian A :=

—sA - ‘ r» which is a self-adjoint operator on L?(R?), are of the form
1
En:_ﬁv 1/}n,l.,’m(r) :<Pn,l(r)}/lm(9;¢)a TLGN*, Oélgn_lv _lémglv (54)
with

o= (2) a2 (2 )i ()

where the associated Laguerre polynomials of the second type LS”), n,m € N, are defined from
the Laguerre polynomial L,, and are given by

L (@) = (-1 i gy L Z () o (56)

The eigenvalues and associated eigenfunctions of H( are therefore given by

1 1

gnl-,'n«2 =Eny T Eny = — - om2’ \I/nl-,llyml§n27l2-,m2 = 1/}711711-,7”1 ® wnmlz-,mza
2

2n?
forn; e N, 0<1; <n; —1, =l; <m; <I;. Note that ¢g = ¥1,0,0,1,0,0. We therefore have

ny— 1n2 1

TR D ob Sl o o R

(n1,m2)e(N*xN*)\{(1,1)} 11=0 l2=0 mi=—11 ma=—I2

Using (40) and the L?(S?)-orthonormality of the spherical harmonics, we get

1

<\Iln1,l1,m1;ng,l2,m27B(S)w0> = 77-_157115712 Z Gc(lu 17m)6l1,15l2716m,m15—m7m27

m=—1

where

13



The latter expression is derived in Appendix C. We finally obtain

] 2.8, 3 52,8
Ci=rt Y 161, P s s nie b D DS s wes we C
m=—1 ni,ng>2 2n3 2n3 ny,no>2 2n? 2n2

Summing up the terms of the above series for ni,ns < 300 (note that S, ~p, 0 82%/2), we obtain

the approximate value
Cg ~ 3.923

which shows that the continuous spectrum plays a major role in the sum-over-state evaluation of
the Cg coefficient of the hydrogen molecule (recall that Cs ~ 6.499).

4 Proofs

We now establish the results stated above, starting from Lemma 4.

4.1 Proof of Lemma 4

Recall that the Hydrogen atom Hamiltonian hy = ——A T introduced in the previous section is a
self-adjoint operator on L?(R?) with domain H 2(R3) and that its ground state is non-degenerate:

1 . _ _r
hot1,00 = —51/11,0,0 with 1,00 = p1,0(r)Y(0,0) =7 /%, l141,0,0ll L2 (rsy = 1.

Since Ho = ho @ L 2rs) + L2ws) ® ho, Ho is a self-adjoint operator on L?(R? x R?) with domain
H?(R3 x R?) and it also has a non-degenerate ground state

Hopo = Xodo  with o = 1,00 @ Y100 =7 e ") ||@g|[p2msxpsy =1 and A= —1.

Given (a, F) € R x L?(R? x R3), the problem consisting of seeking (1, ¥) € R x H2(R? x R3) such
that
(Ho = Xo)V = F — pgo, (b0, V) =, (59)

is well-posed and its unique solution is given
\Ij:(HO_)\O)|;iH¢(J)-F+O‘¢O7 n= <¢07F>7
0
where (HO_)\Q)L;}_ is the inverse of Hy— )¢ on the invariant subspace ¢ and H¢>é F := F—{(¢o, F)po
0
the orthogonal projection of F' on ¢3. Consider the unitary map
U: L*(Q) ® L*(S?) ® L3(S?) — L*(R? x R?*) = L*(R?) @ L*(R?)

induced by the spherical coordinates defined for all f € L?(), l1,ls € N, —; <m; < l; by

U ® 51 52))(r1, 1) = 2L 12D (—> 5 (_> |

r1 ] |r2f |r1] T2
Since (Y;™)ien, —1<m<: is an orthonormal basis of L?(S?), we have
e reore - @ & &
l1,lo0€ENmM1=—11 mo=—Io

where #;""* 1= L*(Q)@CY,"" @ CY,". Tt follows from classical results for Schrédinger operators
on L2(R3) Wlth central potentlals (see e.g. [23, Section XIIT.3.BJ) that each ;"™ is an invariant
subspace for U* Hold and that

U*H0U|H;7111l,2m2 =H,1,® ]l(CY;lnl ® ]l(cyl;nz,
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where the expression of Hj, ;, can be derived by adapted the arguments in [10, Section 3|, that we
do not detail here for the sake of brevity: Hj, , is the self-adjoint operator on L?(Q) with form
domain HY(2) defined by

1
Hll7l2 = _EA + Ky (Tl) + Ki, (TQ) + Ao- (60)

Note that the operator Hj, ;, on L*(Q) = L?(0, +00) ® L?(0, +00) can itself be decomposed as

1 1
21 +1)2  2(ly +1)2

Hyp, =, ® 11L2(O,-i-<>o) + 11L2(0,-|-oo) ®hy, > —

where for each | € N, hy is the self-adjoint operator on L?(0,+00) with form domain H{ (0, +00)
defined by
Ld*> I(l+1) 1 1 d? 1

h = —=— ——=——— - —.
! 2 dr? + 212 r 2 dr? L

This well-known operator allows one to construct the bound-states of hydrogen atom with orbital
quantum number [. It satisfies h; > _2(l+;1)2 and its ground state eigenvalue —m is non-
degenerate. It follows from this bound that

Hy 1, — o= Hy g, +1> <= forall (It,12) € N*\ {(0,0}. (61)

ool w

Choosing @ = 0 in (59) amounts to enforcing that the solution W is in ¢3. Taking o = 0 and
F = L0nm2lym g, 61)Y (05, ¢2) = U(f @Y™ @Y,"?), with f € L2(Q), it follows that (21) has

r1r2

a unique solution in H?(R3 x R?) if and only if u = (¢o, F) = 0, that is

8(1,12)=(0,0) / flri,re)e” D py dry drg = 0,
Q

in which case the solution is given by ¥ =U(T' ® Y""' @ Y}**) where

T:=(Hp 1, — o) ' f if (I1,12) # (0,0),
T := (Hoo — /\0)|(rfr26—m+m)¢f if (11,12) = (0,0).
We therefore have 7( )
r1,7T2 m m
=~ 27Yy"™ (0 Y™ (0
P e (01, $1)Y,)"* (02, $2),

where T is the unique solution to (19) in H}(Q) if (I1,12) # (0,0) and T is the unique solution to
(19) in HY(Q) = HI(Q) N (ryrge~Ttr2)) L if (14, 15) = 0.
The fact that if f decays exponentially at infinity, then so does T', hence 1, is a consequence

of the following result, whose proof follows the same lines as in [10, Section 3.3] where this result
is established for the special case when (Iy,13) = (1,1) and f = rire(r+72),

Lemma 6. If the function f of (19) decays exponentially at infinity at a rate n > 0, in the sense
that

[€71F72) £]| L2y < oo, (62)
then the unique solution T of (19) also decays exponentially at infinity. More precisely, for all

0 < a < +/3/8, there exists a constant C,, € Ry such that for all n > « and all f € L*(Q)
satisfying (62), it holds

[T g1y < Calle”™ 72 £l 12 (63)

Proof. We limit ourselves to the case when (I1,13) # (0,0). The special case (I1,l2) = (0,0) can
be dealt with similarly, by replacing Hg(2) by H (). Let a be the continuous bilinear form on
HY(Q) x H}(Q) associated with the positive self-adjoint operator Hy, j, — Ao:

1
Yu,v € Hy (), a(u,v) = 5 Vu- Vo + / (Kiy (r1) + Ky (r2))u(ry, r2)v(r1, r2) dry dro.
Q Q
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Recall that the continuity of a can be shown directly (without using the fact that HJ(£2) is the
form domain of Hj,;,) as a straightforward consequence of the one-dimensional Hardy inequality

Vg € Hy (0, +00), /Ooo(g(r)/r)zdr < 4/000 g (r)?dr. (64)

It follows from (61) that a > 2 (in the sense of quadratic forms on L*(R)). For 0 < o < /3/8, we
introduce the continuous bilinear form a, on HE(Q) x H}(Q2) defined by

ov

Vu,v € Hy(R), aal(u,v) = a(u,v) — / au(r) (g—:l(r) + 8_7"2(r)) dr — /Q o?u(r)v(r)dr,

Q
for which

3
Vo€ YD) anlos0) = alv.0) = ol = (§ - 0?) ol
————’

>0

Using either the fact that r;(r) > % (for [ > 1) or the Hardy inequality (64) (for I = 0), we also
have .
Vo€ B, aa(v0) = a(o,) = ol 2 7 [ Vo — 2ol
Q
Since a > % and a, > (g — az) > 0, the above bound implies that a and a, are both continuous
and coercive on Hg(€2). The function T € H}(Q2) solution to (19) is also the unique solution to
the variational equation

Vw € Hy (), a(T,w) = / fw.
Q

Proceeding as in [10, Section 3.3], we obtain that for all u € H}(S2) such that e*("1+72)y € H}(Q)
and w € C®(Q), we have

aa(eo‘(””?)u, w) = a(u, eO‘(T1+T2)w). (65)
Consider now f € L?(Q) satisfying (62) for some 1 > a. The function e®("1+72) f is in L?(9), so
that the problem of finding v € H'(2) such that

Yw € HY(Q),  aa(v,w) :/ea(rﬁ-rz)fw
Q

has a unique solution v, satisfying |[v[| g1 () < Calle®™1772) f|l 12(q) < Co[€"TF72) f||12(q), Where
Co, > 1 is the ratio between the continuity constant and the coercivity constant of a,. Let
u=e Mtr2)y € HY(Q). In view of (65), we have

Vw € C(Q),  alu, e w) = aq (v,w) = / eI fry = (T, i) ),
Q

Hence, T'= u and ”ea(n-‘rrz)T”Hl(Q) _ ”ea(n-‘rrz)uHHl(Q) — HUHHl(Q) < Ca||e77(r1+r2)f||L2(Q)_ 1
As a consequence, we have
e IHm2Dap|| Lo (s sy = € HIT| L2y < (e THHIT gy
< Ca||e77(r1+T2)f||L2(Q) — CaHen(\rl\+|r2\)F||L2(RG)7

which proves (25). In addition, a simple calculation using (64) shows that for all g € H}(Q)

2 2 2
g vt ey = llgllFn (@) + b +1) 7 +h+1) | L
rir2 H'(R3xR3) 1 lL2 () T2l L2(q)
< (44l + 1) + 4l + 1) |9l 7,
yielding

||€°‘(|r1‘HmDUJHHl(WxD@) < (L+4L (1 + 1) + dla(ls + 1))1/2”ea(nJrrz)T”Hl(Q)
< Co(l+4l (I + 1) + 4la(lo + 1))/ ||en(mlH 2D py o ).

Lastly, since Hj, 4, is a real operator in the sense that Hj, 1,¢ = Hy, 1, for all ¢ € D(H,, 1,), it is
obvious that T is real-valued, whenever f is.
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4.2 Proof of Lemma 1 and Theorem 5

We have seen in the previous section that for each (a, F) € R x L?*(R? x R3), (59) has a unique
solution (y,%) in R x H?(R3 x R3). For n = 1, we have

(Ho — Mo)¢1 = —Ci¢o, (o, 1) =0

and it is clear that (C1,¢1) = (0,0) is a solution, hence the solution, to this system. Likewise, for
n = 2, we have

(Ho — XNo)pp2 = —C1¢1 — Capg = —Caga, (9o, ¢2) = —%<¢1, ¢1) =0

so that (Cq, ¢2) = (0,0). To prove that the Rayleigh-Schrédinger triangular system (9)-(10) is
well-posed and that ¢,, is of the form (26), we proceed by induction on n. It is proven in [10] that
for n = 3,
T(g) (7‘1 7‘2) L
1,1\t 3
b = # Zjl o) Y (01, 61) Yy ™ (02, 62),

with aE ) my = —7Ge(1,1,m) and [T/} 1)(7“1,rg)e"il(”JFM)HHl(g) =:C} | <oo. Let L3 ={(1,1)}
and assume that for some n > 3 the following recursion hypotheses are satisfied (this is the case
forn =3): forall 3 <k <n,

T(k) (7'1 7‘2) min(ly,l2)
l1,l ’ k m —m
o = E ) E O‘Ell),lz,m)yh (01, 01)Y,, " (02, 92) | , (66)
r17ro _ -
(I1,l2)ELy, m=—min(ly,l2)

for some finite set £, C N? with cardinality Ny < oo, where T((l )l ) is the unique solution to (19)
in HY(Q) (or in HY(Q) if Iy = Iy = 0) for f = i, € L*(2) and that for all (Iy,l5) € L, there

exists 77, ;, > 0 such that
k
|| (l l (7‘1,7‘2)67711’[2(T1+T2)||H1(Q) =: Clkl_’lz < 00. (67)
From (14), the fact that ¢ = ¢2 = 0 and the recursion hypothesis (66), we obtain that for all
3<k<n+1,

min(ly,l2) min(l},15)

LI YD VS S 5

litla=k—1 (I ,l5)ELr 41—k m=—min(l1,l2) m’=—min(l],l})
I1,127#0

U (7t © VYT @YY ), (68)
where , 0 )
f;ﬁ);jll/l,lml/z(?nl’?b) = Gc(ll,lg, )’rlll'rl; (l’ L, /)T(ljg,l;)(ﬁ’r?)'

In addition, we have

I+
DY Cﬁ/%YITJF where G = 0if I +1"+1" ¢ 2N, (69)
=]

where the coefficients (ﬁ,’?,, € R can be computed explicitly using Wigner’s 3-j symbols [9, p. 146]:

Cm,m/:(—l)erm/\/ @+ DRI+ 1) (1o (LT "
L 0 0 O ! r)e

47 m m  —m-—m

This implies that

n+1 n-+1
- Z B® ¢, 1 g, — Z CrOnti—k
f an;l)(T17 7”2) min(l1,l2) i
- Z ( - ;)17.2 Z agll),l%m)}/ll (917 (bl) (927 ¢2) ) (70)
(l1,l2)ELn 41 m=—min(l1,l2)
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(n+1),

for some £,,1 C N? with finite cardinality, where the fi, 1, s are linear combinations of the

functions rllrlzT((l]/)l,) €eL*(N),3<j<n ,lbel;, i+l +j < n+ 1, and therefore satisfy in
view of (67)

n ntl (4o

LA s ra)efinna 2 ) < oo (71)
for some 5"“ > 0. Therefore the problem consisting in seeking (Cp, 11, ¢nt1) € R x H?(R? x R?)
satisfying

n+1 n+1 1 n
(Ho — Xo)@n+1 = ZB( ) brs1—ks —ch¢n+1 ks (0, Pnr1) = 52 Dk, Prt1—k )
k=1
is well-posed and we deduce from Lemma 4 that
T(nJrl)(’r'l T2) min(ll,lg)
R (ll l2) ’ ( ) m —m
Gny1 = Z T Z g, gy Vi (01, 01)Y, (02, 02) |
(l1,02)ELp 41 m=—min(l1,l2)

where T((l"Jlrl)) is the unique solution to (19) in H*(Q) (orin H*(Q) if l; = Iy = 0) for f = f(l”zl)) In
addition, it follows from (71) that (67) holds true for K = n+1. Therefore, the Rayleigh-Schrodinger
triangular system (9)-(10) is well-posed and the T((IT)Q) 's decay exponentially at infinity in the sense

of (67). From (66) we obtain that for a,, = ming, 1,)ec, (7]} ;,) > 0, we have

”ean(\rl|+\I‘2|)¢nHH1(R3XRS) < Cn Z ||ean(T1+T2)T ||H1(Q)
(l1,l2)€Ln

+
<C, Z ”en(zl 1)(71 TZ)T((l?)lg)HHl(Q) < 00,
(l1,l2)ELR
for some C,, € Ry, so that ¢,, decays exponentially at infinity in the sense of (28). Lastly, we infer

from Wigner’s (2n + 1) rule and the fact that ¢; = ¢ = 0, that C,, = 0 for 1 < n < 5. This
completes the proof of both Lemma 1 and Theorem 5.

Let us finally explain how to construct Table 1. We have already shown that £3 = {(1,1)}, and
from (68)-(70) and the fact that ¢ = ¢ = 0, we see that

n—2
Lnt1 C <U Mk,n+1k> UMnJrl,OU U Ly |,
k=3

3<k<n—5 | Crt1-,7#0
where for k,n > 3,
Mio={(1,l) e N*xXN" |1 +lo=k -1} ={(1,k—-2),--- , (k—2,1)},
My ={(l1,12) € Nx N | 3(11,15) € My, I, 15) € Ly, s.t.
[ =17 <1 <V 415, I +15+1] € 2N, j =1,2}.
Consequently, we have

Ly = Myp;
= Ms 0;
Lo = M3z3UMeo with Mszz={(0,2;0,2)};
Lr=MzsUMyzUM7o with Mszy=Mys= {(0, 2;1,3), (1, 3;0, 2)};
Lg=M3zsUMgsUMs3UMgy with Mss=M;s3 = {(O, 2;2,4), (1, 3;1,3), (2,4; 0, 2)},
My =1{(0,2;0,2,4),(0,2,4;0,2),(1,3;1,3)}
Lg=MzeUMysUMszsUMgzUMgoULs with
Mes C Mg ={(0,2;3,5),(1,3:2,4),(2,4;1,3),(3,5;0,2), (1,3:1,3)},
Mys =Ms4=1{(0,2;1,3,5),(1,3;0,2,4),(2,4; 1, 3),(1,3;2,4),(0,2,4;1,3),(1,3,5;0,2) },

where we recall that (I1,11;12,15) (vesp. (I1,1];12,15,1%), (I1,17,11;12,15)) stands for the four (resp.
six) pairs (I1,12), (14,12), (I1,15), etc. After eliminating redundancies, we obtain Table 1.
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4.3 Proof of Theorem 2

As in [10], we introduce the space
V={veL*R®xR?) : v(r;,r2) = v(ra, 1) Vr1,r2 € R*}, (72)

the functions (™ € V N H? (R? x R?) normalized in L?(R3 x R?),

dCol

p™ = (v, Hayp™) (74)

L2(R3xR3)

U = m T (640) where 67 1= 00 + 3 b and m
k=3
as well as the Rayleigh quotient

and the approximation
A =X — Z Cpre”

of Ae. When e — 0, we have T (¢9) — 1 and therefore m{™ = 1. We know from [10, Section 2.4]
that there exists a constant C' € R such that for € > 0 small enough

e — 03 | meroxrsy < Cety e — pP| < C, and [\ — A9 < Ce".

It follows from Theorem 5 that the ¢,’s are in H2(R? x R3). Since 7, continuous on this space,
we obtain that for all n > 3, there exists ¢, € R, such that for e > 0 small enough

”"/16 - wgn)HHQ(]Rg'x]R?') < Cn€4

We infer from [10, Lemma 2.2 and Appendix A] that there exists a constant C' € R such that for
all n > 3 there exists € > 0 such that for all 0 < e < ¢,,

e — u{| < CIHA™ — pp™ (122 55 gsys (75)
e — U™ | Le@axrsy < ClHa™ — P || L2 (s xpsy (76)

(the first estimate above follows from the Kato-Temple inequality [16]). To proceed further, we
need to evaluate the L2-norm of the residual ré") = Hewé") — ME")wﬁ"). We have

Has™ = m BT (60) = mT; [(Ho +V)o0)] = T,

(Ho + Vo) (o + Z €k¢k)] ;
k=3
and thus,

) = mT, [(Ho+ Voot = uetr)]

= m§”>7; (Ho + Vo) (o + Zekgbk (Mo — Z C'ke V(o + Z k¢k )\(n _ uﬁ”’)gbﬁ")]

L k=3

=m"T, (Ho +° ekB(k)> (do + Z For) — (Ao — Z Cre®) (0 + Z Fér)
L k=3 k=3

k=3 k=3

+ AP — ™ (v, — Z FBE) g ] .
Using (9), we get

(Ho+ > "B™)(go + Y ¥dr) — (Mo — Y Cre*) (o + > ")
k=3 k=3 k=3

(77)

n

:e"Zek ZB(J)¢n+k J+ZCg¢n+k J

k=1 =k
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Since BY) are degree (7 — 1) homogeneous functions (in cartesian coordinates) and the ¢,,’s decay
exponentially in the sense of (28), there exists K,, € Ry and ¢, > 0 such that for all 0 < € < ¢,

H(Ho + ) FBR) (g + D F k) — (Mo — Y Cre)(do + D ")
k=3 k=3 k=3

k=3

< K™t (78)

L2(R3xR3)

It remains to bound ||(Ve — Y 7_, ek8<k>)¢£">||L2(Rsst). From (6), (28) and (73), there exists
€n >0, a, > 0 and M,, € R such that for all 0 < e < ¢,

||ean(|r1\+lr2\)¢gn)||H1(R3X]R3) < M,,

Introducing

Q. = {(I‘l,I‘Q) S Rg X RB : |I‘1| + |I‘2| < (26)71} . (79)
and the potentials defined by

vgl)(rl,rz) =r — e te| 7Y, v§2> (r1,r9) := |ro 4+ ¢ te| 71, 023)(r1,r2) = r; —ro — ¢ le| 7,
(80)
we have,
(Ve = B8N Logoxmsy < (Ve = D "B || 20,y + > ¥ IBEI G 12 )
k=3 k=3 k=3
3 .
+ Z [0 () lL2(e) + €H¢£n)|\L2(Qg)-
j=1

We first see that
||¢£n)||L2(Qg) < e—an(2e)*1Hean(|r1\+|r2\)¢£n)”Lz(ﬂg) < Mne—an(Qe)*l

Next, as B*) is a polynomial function, there exists a constant B,, such as for all 0 < e < ¢,,,

n

Z ’“HB(’“%(" Il 22 Q) < Z ’“||B e~ 0n \“1|+\‘f‘2|)HLOO(QC)Hean(|l‘1\+|l‘2\ ¢( HLQ(QQ
k=3 k=3

< M Z k”B —Qn ‘r1|+‘r2|)||Loo QC) < B 6 e O‘n(zf)

In addition, we have

3
S I sy < 3 o 40
Jj=1 =1

3

< 3O e D e
=1

et e 1D 600 s sy = 8=

where we have used the Hardy inequality in dimension 3

Vo € HY(R?), / [¢(x |2d <4/ |Vo(r)|? dr
R3

[

to show that for any 1 € H*(R? x R3),

i) ,012 _ |1/1(I‘1,I‘2)|2
||'U£_])1/)||L2(R3X]R3) == /]Rs (/Rs |I‘j ( 1)-76_1e|2 d dI‘g j

</ 4( / |vrjw<r1,r2>|2drj) drs—j < 4 Ve, ¥l 3acrois)
R3 R3
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for 7 =1,2, and

2 / - /Y |2
) |¢ r17r2 | d d — l/ / |¢ (r1+r27r1 _r2)| d / d /
||U w||L2(R3><R3 /]R3 /]R3 Ity — 15 — ¢ lef? Ty ars 8 Jus Jus r, — e~ le|? Ty dary

_/R3 R3|(v[‘1 _vrg)w (I‘/l—f—r/%r’l _rl2) |2drl1 drl2
=4(Ve, = Ve ) aus ) = SV

From the multipolar expansion of V,, we know that there exist ¢,, € Ry

n

Ve(ry, o) = Y €BY(r1,12)

=3

<, K" whenever |rq| + |ro| < K < (2¢)7L (81)

Let us now show that (81) implies that there exists ¢, € R4 such that for all 0 < K < (2¢)71,

n

Vi(r1,1r2) — Zei[g(i)(rhrz)‘e—an(lr1\+|r2\) < Gt (82)

sup
r1[+[r2| <K i—a

This is immediate from (81) for K < 1, taking ¢, = ¢,. Now we let K > 1. Then (81) implies

sup Ve(ri,ra) — ZeiB(“(rhrz)‘e_an(lrl‘ﬂrz‘) S
(K/2)<(Jr1]+[r2) <K i=3

Applying this repeatedly for 277 K replacing K until 277K < 1 yields (82), with

Cp = Cp SUP the—ont/2,

t>0

Applying (82) for K = (2¢)7! yields

n

||(VE _ ZekB(k))efan(\rﬂnL\rzl)||Lao(ﬂ€) < fC"nenJrl7
k=3

from which we obtain

(Ve — ZékB(k))ébE")HL?(Qe) < I(Ve - Zekl’j’(k))e*a"““‘*'”‘)||Lm(96)||e°‘"(|”1‘+|”2‘)¢£")||L2(Q
k=3 k=3
< Gy M, et
Finally, we get

1

(Ve =3 B o| L2 sy < EnMue™™ + (8 + € + Bpe®) My 29 (83)
k=3

Together with (78), this proves that there exists ¢/, € Ry such that for all 0 < € < ¢,
&) 2 s xms) = 1HE™ = p 90| 2 s sy < e (84)
It follows from (75)-(76) that for n > 3 fixed, there exists C' € Ry such that for all 0 < € < ¢,,

Ae —pl™] < 0 and e — ™ || L2 (rexrsy < Cem T (85)

Mgn) — )\gn) — <¢ (") g, ¢ A(")¢(")>

=m£"><¢§">,7;[<v; 3B 4y k(28<j>¢n+k_j+ch¢n+k_j)]>

k=3 k=1 “j=k j=k
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so that there exists a constant ¢,, such that for 0 < € < ¢,,

< 2H(Ve - z”: GkB(k)Wgn) +e€" z": e ( i B(j)¢n+k—j + zn: Cj¢n+k—j)

k=3 k=1 ji=k j=k

‘uﬁ"’ -

L2(R3 xR3)

The error bounds on the eigenvalue errors in (12) follow from (85) and the above inequality.
Finally, the error §§") =) — 1/16"), as defined in [10], satisfies
HE = Ape — Hp(™ = Ae = p(") — v =2 ().

From (84)-(85), there exists a constant ¢, € Ry such that for all 0 < € < ¢,

+1 +1

1€ | Lageowra) < cn€™™t and (] Lo ) < cne”

In addition,
1
—LAEP) = W) ), 0

where

1 1 1 1 1
- - - - + +
vy — (2¢)~le| |ro—(2¢)~le] |r1+ (2¢)7te| |ra+ (2¢)te| |r1 —rof

We(rl, I'Q) =

€.

Proceeding as in [10, Section 2.4], we use the Hardy inequality in R® and the Cauchy-Schwarz
inequality to obtain that

SIVED 2 sy = (€8, ~ Wbl 4+ 7)

< (10HV§€(”)||L2(R3xR3) + €||§e(n)||L2(R3xR3) + ||77£n)HL2(R3><R3))H§s(n)||L2(]R3 xR3)
%||A§e(n)||L2(R3><R3) = || - Weel™ + ngn)||L2(R3><R3)

< 10|W§€(n)||L2(R3xR3) + €||§e(n)||L2(R3xR3) =+ ||77£n)HL2(R3><R3)-

It follows from (86) that there exists a constant ¢,, € Ry such that for all0 < € < ¢, HA{E") | 23 xmrs) <

cn€™ 1, and thus ||€€(n)HH2(R3><R3) < cpe™tl.
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A Appendix

A.1 Multipolar expansion of V,

1
|[r—Re|

1 1 [ r-e\ [|r| b
- = P.—) = f
It — Re| R(ICZ_% k(|r|)(R) ) orlr| < &, (87)

which is a straightforward consequence of the definition of Legendre polynomials via their gener-
ating function [30]

We start from the well-known multipolar expansion of in terms of Legendre polynomials

Vol<ae<l, (1-2et+6) 7" =3 Payt, (88)
k=0
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taking o
r-e r

—1<rxr=—<Z1, t=—.

ST R

Since the Legendre polynomials are at most 1 in magnitude on the interval [—1, 1], the sum in (88)
converges absolutely for all |¢| < 1, and

o0 o0 t"
‘kz: Pk(x)tk‘ < ;tk = <2, forallff] < 3

Consequently,
! ! nip (r'e) Y | <o o an t| < R/2 (89)
—_— —) (= - r .
r—Re] R\&= "\Ir|/\R = “RotU =
Recalling that Py(z) =1, Pi(z) = = and
1 1 1
Ve(ri,rg) = — T —cTo]  Tra fele| + E—— + €.
with e = R™1, we deduce from (89) that
Ve(ry,ra) — ZEkB(k)(I‘l,I‘g) <6K"e" T whenever |r1| + |r2| < K < (2¢) 71, (90)
k=3

where the polynomial functions B*) are given by

ry —r e _ ry-e _ I -€e _
B®(ry,1r5) 1= Py (M ) Ity —ro[F =Py <1— > Iyt —Pey <—2— ) rg |

vy — 1o 1] 2]
This proves (81). To derive the expression (14) for the B(*)’s, we first use the identities

l

A o) = (557) 3 N V) = 3

valid for all € N, =1 < m <, 0,0’ € S? (recall that e is the unit vector of the z-axis), and get

[ Arm ry—r r r
B(k) - YO # _ k—1 _ YO _1 k—1 _ YO __2 k—1 .
(r17r2) 2% — 1 k—1 |I‘1 _ I‘2| |I‘1 I‘2| k—1 |I‘1| |I‘1| k—1 |I'2| |I‘2|

We next use the addition formula [28] stating that for | € N, ry,ro € R3,

min(l1,l2)
47 ry —ro 1 I 1 _ Iro
\/ v ol = > > Ge(lh,1 D e R Al
20+1"" (|1“1—1“2|>|rl r| el b, m)r Y e )20 el )

l1+1l2=l mzfmin(ll,b)
where
A L) (1 + 1\
Gelly, I, m) = (~1)12 :
C( 1, 27m) ( ) ((211"‘1)(212—"1))1/2 (ll—i—m) ll —m ’
= (-1) dn(h 1 1)

(20 + D)2 + 1)(11 + m)(lz + m)l(ly — m)(lz — m)H)1/2"

As for G.(1,0,0) = G.(0,1,0) = T and Yy = ——_ we finally obtain (14).

4
(2141) Var’
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B Wigner (2n+ 1) rule

Using the notation in (73), we consider the Rayleigh quotients
(4 (n) (Ho § oy eiB(i)) ¢gn)>

||¢€n ||L2(]R3 xR3)

pl = (" Hopl™My  and ™ =

(recall that H’lﬂgn)HLz(Rsst) =1). Let

2n-+1

n = (Ho+ Vol v i= (Ve 3 @B and € = (777 — 1ol

=3

We deduce from the boundedness of the ¢,,’s in H%(R3 x R3), the Hardy inequality in R3, and the
estimates (28) and (81), that there exist C' € Ry, 5, > 0 and ¢, > 0 such that for all 0 < e <,

H¢£n)|\L2(R3xR3) <2, ||77£n)|\L2(R3x1R3) <C, ||U£n)||L2(1R3xR3) < et ||§€(n)HL2(R3><]R3) < CePne,

proceeding as in the proof of (83) to establish the third inequality. It follows from (12) and the
above bounds that

A = A+ i = pl + O H)
(o). (Ho+ T EBO) o) (o (h1y 1 Vo)

= Ae + n n n + O(€2n+2)
H(bg )H%2(R3><R3) <7;*7;¢e ), g )>
(¢! (m) (n)> . <§E(n) (n)> <§(n),¢gn)><¢gn),n£n)> +O(2 )
<¢en) € > <¢€n) € >+< 6(")7¢£”)>
2n—+1
oy =1 3 Gy o,
k=6

Thus, the coefficients C}, for k < 2n 4+ 1 can be computed from the Taylor expansion of ﬁg") up to

order (2n 4 1), which only involves the ¢’s for k < n, and the B%*)’s for k < (2n+1). To obtain a
computable expression of the coefficients Cs,, and Ca,41, we first use Equation (9), which can be
rewritten as

k k k
Hogp + Y BDgp_j = —Cos = > Cionj = — . Cin—j, (91)

j=3 j=6 j=0
with Cy =1 and C; =0 for i = 1,...,5, to get that for all n > 1

2n+1
v = (g, <H0+ > eBY ) ¢t")

1=3
n l l—1 n n n4l—1 -1
== > 60> Cidrig)y+ D> e =D (i Y Cidnpimig)y+ > ¢z723n+l ey
=0 =0 =0 =1 i=l =0 i=0 j=0
4 62'n,+1 i <¢“ i3(2n+lfifj)¢j> 4 O(€2n+2). (92)
i=0 j=0
In addition, we have
n n n k n n
N2 = (D> €00 Y o) =1+> > (i, dhi) +€" > D (i, bnpri)
i=0 i=0 k=1 =0 k=1 i=k

and, using the relation Zf:o <¢Z—, ¢k,i> = 0 derived from (10), we get

H(bgn)HQ = 1+€nzekz (bzv(anrk z (93)
k=1 i=k
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11 follows from (92)-(93) that

(n) v anél k (e2n+2)
= En =— Cre™ 4+ O(e*"7),
=

with
n n—1 n n n—=k n—k—1

Con = (o0 3 Cutn )5 (038 0)3 (S s ) 5 003 i
7=0 1=0 7=0 k=1 \i=k 1=0 7=0

and

n n n+1l— n+l—k—i

Curn = =3 (0 28 00) 3 (S o)) S (6 i)

i=0 §=0 k=1 \i=k i=0

C Computation of the integrals S, in (57)

Recall that N
Sh :/ r3e_T<pn,1(r)dr,
0

i () 2 ) ()

where the associated Laguerre polynomials of the second kind L${”)

properties [1, Section 22.2]:
e forall k,k',m e N,

where

, n,m € N, satisfy the following

o (m m e k4 m)!
/ x L,(c )(x)L,(c, )(:C)e dz = %6&;@/; (94)
0 .
e for all v € C such that R(y) > —3, and m € N,
io v (m)
e 7 = — ;" (2); (95)
k+m+1 "k ’
= (1+7)
e for all k,m € N,
m+1 m m
L (@) = (k- m o+ DLY () = (k+ DL (). (96)
By a change of variable, we obtain
2 — 9! +oo o
Sp = n (n ) I, with I, := / 174L£L3226771””e*x dx.
8\ (n+1) 0

Applying (95) for v = 21 and m = 4, then (96) for m = 3, and finally (94) for m = 3, we obtain

+oo 10 55 k
_ 47 (3) 2°(n — " () -
In = /0 Xz Ln—2 (Z mlxk (JI) (& dx

k=0
+o0 +0o0 55 n— 1)k
- /0 LY, (Z %& 1),35 ((k + LY (2) — (k+ VLY (= ))) e da
k=0
X 95 n — k . .
= Z (271171)]35 ((k +4) (k ;3)'5“_2 —(k+ 1)%6“1,”_2)
k=0 ' '
2%(n —1)n2 (n+1) 25(n—1)"3 (n+1)
- W("”)(n— 2)l  (n+ nt2 (- 2)(n— 2)!

26n(n —1)" =3 (n +1)!
(n+1)nt3  (n—2)I
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Finally, we get
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