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EQUILIBRIUM STATES OF ENDOMORPHISMS OF P* I:
EXISTENCE AND PROPERTIES

FABRIZIO BIANCHI AND TIEN-CUONG DINH

Dedicated to the memory of Professor Nessim Sibony

ABSTRACT. We develop a new method, based on pluripotential theory, to study the transfer
(Perron-Frobenius) operator induced on P* = [Pk(C) by a holomorphic endomorphism and a
suitable continuous weight. This method allows us to prove the existence and uniqueness of the
equilibrium state and conformal measure for very general weights (due to Denker-Przytycki-
Urbariski in dimension 1 and Urbanski-Zdunik in higher dimensions, both in the case of Holder
continuous weights). We establish a number of properties of the equilibrium states, including
mixing, K-mixing, mixing of all orders, and an equidistribution of repelling periodic points.
Our analytic method replaces all distortion estimates on inverse branches with a unique, global,
estimate on dynamical currents, and allows us to reduce the dynamical questions to comparisons
between currents and their potentials.
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Notation. Throughout the paper, P* denotes the complex projective space of dimension k
endowed with the standard Fubini-Study form wgs. This is a Kéhler (1, 1)-form normalized so
that wlg is a probability measure. We will use the metric and distance dist(-,-) on P* induced
by wrs and the standard ones on C*¥ when we work on open subsets of C*. We denote by
Bpx(a,r) (resp. B¥, D(a,r),D,) the ball of center a and radius 7 in P* (resp. the ball of center
0 and radius 7 in C*, the disc of center a and radius r in C, and the disc of center 0 and radius
r in C). Leb denotes the standard Lebesgue measure on a Euclidean space or on a sphere. The
oscillation €(-), the modulus of continuity m(,-), and the semi-norms |||, ,» of a function are
defined in Section 21 The currents w, and their dynamical potentials w, are introduced in
Section 241

The pairing (-,-) is used for the integral of a function with respect to a measure or more
generally the value of a current at a test form. If S and R are two (1, 1)-currents, we will write
|R| < S when R((R) < S for every function £: P¥ — C with €] < 1, i.e., all currents S — R(£R)
with ¢ as before are positive. Notice that this forces S to be real and positive. We also write
other inequalities such as |R| < |R;| + |Re| if |R| < S + S2 whenever |R;| < S7 and |Ra| < So.
Recall that d° = ﬁ@ —0) and dd° = %35. The notations < and 2 stand for inequalities up to
a multiplicative constant. The function identically equal to 1 is denoted by 1. We also use the
function log*(+) := 1 + |log(+)|.

Consider a holomorphic endomorphism f: P¥ — P* of algebraic degree d > 2 satisfying the
Assumption (A) in the Introduction. Denote respectively by T, u = T*, supp(u) the Green
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(1,1)-current, the measure of maximal entropy (also called the Green measure or the equilibrium
measure), and the small Julia set of f. If S is a positive closed (1, 1)-current on P*, its dynamical
potential is denoted by ug and is defined in Section If v is an invariant probability measure,
we denote by Ent¢(v) the metric entropy of v with respect to f.

We also consider a weight ¢ which is a real-valued continuous function on P¥. The transfer
operator (Perron-Frobenius operator) £ = Ly is introduced in the Introduction together with
the scaling ratio A = Ay, the conformal measure mgy, the density function p = pg, the equilibrium
state j15 = pmyg, the pressure P(¢), see also Section 3l The measures my and p4 are probability
measures. The operator L is a suitable modification of £ and is introduced in Section 411

1. INTRODUCTION AND RESULTS

Let f: P¥ — P* be a holomorphic endomorphism of the complex projective space P¥ = P*(C),
with & > 1, of algebraic degree d > 2. Denote by u the unique measure of maximal entropy
for the dynamical system (P*, f) [Lyu83; BD0Y; DS10a; BM01]. The support supp(p) of p
is called the small Julia set of f. The measure u corresponds to the equilibrium state of the
system in the case without weight, i.e., when the weight is zero. In this paper, we will consider
the case where the weight, denoted by ¢, is not necessarily equal to zero. This problem has
been studied for Holder continuous weights using a geometric approach, in dimension 1, see,
e.g., Denker-Przytycki-Urbanski [Prz90; [DU91a; [DU91b; IDPU96] and Haydn [Hay99] just to
name a few, and in higher dimensions, see Szostakiewicz-Urbanski-Zdunik [UZ13; ISUZ14]. We
will develop here an analytic method which will allow us to obtain more general and more
quantitative results. Many results are new even when for k = 1.

Throughout this paper, we make use of the following technical assumption for f:

(A) the local degree of the iterate f := fo---o f (n times) satisfies

lim 1 log max deg(f",a) = 0.

n—oo n acPk
Here, deg(f™, a) is the multiplicity of a as a solution of the equation f™(z) = f"(a). Note that
generic endomorphisms of P* satisfy this condition, see [DS10b]. Our study still holds under a
weaker condition that the exceptional set of f (i.e., the maximal proper analytic subset of P¥
invariant by f~!) is empty or more generally has no intersection with supp(x) (in particular,
this condition is superfluous in dimension 1). However, this situation requires more technical
conditions on the weight ¢. We choose not to present this case here in order to simplify the
notation and focus on the main new ideas introduced in this topic. Our main goal in this paper
is to prove the following theorem (see Theorem B.I] and Section [ for more precise statements).

Theorem 1.1. Let f be an endomorphism of P* of algebraic degree d > 2 and satisfying
the Assumption (A) above. Let ¢ be a real-valued logd-continuous function on P¥, for some
q > 2, such that Q(¢) := max ¢ —min¢ < logd. Then ¢ admits a unique equilibrium state juy,
whose support is equal to the small Julia set of f. This measure py is K-mizing and mizing
of all orders, and repelling periodic points of period n (suitably weighted) are equidistributed
with respect to pg as n goes to infinity. Moreover, there is a unique conformal measure mg
associated to ¢. We have pgy = pmgy for some strictly positive continuous function p on P* and
the preimages of points by f" (suitably weighted) are equidistributed with respect to my as n
goes to infinity.

We say that a function is logZ-continuous if its oscillation on a ball of radius r is bounded by
a constant times (log*r)~9, see Section [Z]] for details. See also Section 1] for the K-mixing
and mixing of all orders.

An equilibrium state as in the statement above is defined as follows, see for instance |[Rue72;
Wal00; [PU10]. Given a weight, i.e., a real-valued continuous function, ¢ as above, we define the
pressure of ¢ as

P(¢) := sup { Ents(v) + (v, ¢>},



where the supremum is taken over all Borel f-invariant probability measures v and Ent(v)
denotes the metric entropy of v. An equilibrium state for ¢ is then an invariant probability
measure /iy realizing a maximum in the above formula, that is,

P(¢) = Enty(ug) + (g, 6)-

On the other hand, a conformal measure is defined as follows. Define the Perron-Frobenius (or
transfer) operator £ with weight ¢ as (we often drop the index ¢ for simplicity)

(1.1) Lg(y) == Log(y) = Y, " Pg(a),
2l (y)

where ¢g: PF — R is a continuous test function and the points x in the sum are counted with
multiplicity. A conformal measure is an eigenvector for the dual operator £* acting on positive
measures.

Notice that, in the case where ¢ is Holder continuous, a part of Theorem [I.T] was established
by Urbariski-Zdunik [UZ13] (also under a genericity assumption for f), see also [Prz90; DU9]1a;
DU91H; IDPU96] for previous results in dimension £ = 1. When ¢ is constant, the operator £
reduces to a constant times the push-forward operator f, and we get pgs = pu. For an account
of the known results in this case, see for instance [DS10a].

A reformulation of Theorem [I1] is the following: given ¢ as in the statement, there exist
a number A > 0 and a continuous function p = pg: P* — R such that, for every continuous
function ¢g: P¥ — R, the following uniform convergence holds:

(1.2) AL g(y) = cqp

for some constant ¢, depending on g. By duality, this is equivalent to the convergence, uniform
on probability measures v,

(1.3) ALY ' — my,

where my is a conformal measure associated to the weight ¢. The equilibrium state p4 is then
given by iy = pmg, and we have ¢, = (my, g).

To prove Theorem [[1] in Section ] we develop a new and completely different approach
with respect to [UZ13] and to the previous studies in dimension 1. As we will see in the
second part of this work [BD2(], the flexibility of this method will allow for a more quantitative
understanding of the convergences ([2]) and (L3)), and for the direct establishment of several
statistical properties of the equilibrium states.

The main idea of our method is the following. Let us just consider for now the case where
both of the functions g and ¢ are of class C? (the general case is technically quite involved and
requires suitable approximations of g and ¢ by C? functions). Given such a function g, first we
want to prove that the ratio between the maximum and the minimum of £™g stays bounded
with n. This allows us to define the good scaling ratio A and to get that the sequence A™"L"g is
uniformly bounded. Next, we would like to prove that this sequence is actually equicontinuous.
This, together with other technical arguments, would imply the existence and uniqueness of the
limit function p.

In order to establish the above controls, we study the sequence of (1,1)-currents given by
dd°L™g. First we prove that suitably normalized versions of these currents are uniformly
bounded by a common positive closed (1, 1)-current R. This is the core of our method which
replaces all controls on the distortion of inverse branches of f™ in the geometric method of
[UZ13] by a unique, global, and flexible estimate. Namely, for every n € N we can get an
estimate of the form

0o eﬂ(¢) j(f*)jw ) .
52( d ) d(k—l)is with ¢, = ||g[le2 (whs, £"1).
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Here, wps denotes the usual Fubini-Study form on P* normalized so that w{ﬁs is a probability
measure. Notice that the last infinite sum gives a key reason for the assumption Q(¢) < logd
made on the weight ¢ as the mass of the current (f,)/wps is equal to dk=13,

We will establish in Section [2] some general criteria, interesting in themselves, which allow
one to bound the oscillation of ¢;;'£"g in terms of the oscillation of the potentials of the current
in the RHS of (L4). This latter oscillation is actually controllable. Assumption (A) allows
us to have a simple control which makes the estimates less technical but such a control exists
without Assumption (A).

Combining all these ingredients, the existence and uniqueness of the equilibrium state and
conformal measure, as well as the equidistribution of preimages and the equality P(¢) = log A,
follow from standard arguments that we recall in Sections [£.]] and for completeness. We
also prove that the entropy of p, is larger than klogd — Q(¢) > (k — 1)logd, and that all the
Lyapunov exponents of 4 are strictly positive, see Proposition 4.9l This also leads to a lower
bound for the Hausdorff dimension of j. In Section B3] we establish the equidistribution of
repelling periodic points with respect to py, see Theorem .10, which completes the proof of
Theorem [[LTl This result is due to Lyubich [Lyu83] (for k¥ = 1) and Briend-Duval [BD99] (for
any k > 1) when ¢ = 0, and is new even for k = 1 otherwise.

In the second part of our study [BD2(], we will prove that the Perron-Frobenius operator
and its complex perturbations admit spectral gaps, and deduce several statistical properties of
the equilibrium states through a unified method.

Outline of the organization of the paper. In Section 2] we introduce some useful notions
and establish comparison principles for currents and potentials that will be the technical key
to prove Theorem [[LTI We also present the estimates on the sequence fl'wrs (and on their
potentials) that we will need in the sequel. Section 3] is dedicated to the proof of Theorem Bl
For this purpose, we develop our method to get the uniform boundedness and equicontinuity
for the sequence L™g, properly normalized, that lead to the good definition of the scaling ratio
A. Once this is done, we will complete the proof of Theorem [Tl in Section [4l
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2. DYNAMICAL POTENTIALS AND SOME COMPARISON PRINCIPLES

2.1. logP-continuous functions. We will use the following notations throughout the paper.
Definition 2.1. Given a subset U of P¥ or C* and a real-valued function g: U — R, define the
oscillation Qu(g) of g as

Qu(g) :==supg —infg
and its continuity modulus my(g,r) at distance r as

my(g,r) = sup l9(z) — g(y)l.
z,yeU: dist(z,y)<r

We may drop the index U when there is no possible confusion.

Definition 2.2. The semi-norm ||[|;,,» is defined for every p > 0 and g: Pk — R as

19llhogr = Sup, l9(a) — g(b)] - (log™ dist(a, b))” = sup Qg (a,)(9) - (1 + [logr|)?,
a,be r>0,ac

where Bpx(a,r) denotes the ball of center a and radius r in P*.
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The following technical lemma will be used in Section [Bl

Lemma 2.3. For every logP-continuous function g: P* — R, p >0, s > 1, and 0 < € < 1,
there exist continuous functions gél) and g£2) such that

1/
g=g" + g%, 19 les < cllgll o e/, and 9P lse < cllglliogr €

where ¢ = ¢(p, s) is a positive constant independent of g and €. In particular, for every n > 1
(2

there exist g,(f) of class C* and gy, continuous such that

9= +97. ol <cllglooex™™.  and 9Pl < cllglhogn >

Proof. Clearly, the second assertion is a consequence of the first one by taking € = 2Pn~2 and
replacing ¢ by 2Pc. We prove now the first assertion. Using a partition of unity, we can reduce
the problem to the case where g is supported by the unit ball of an affine chart C* ¢ P¥.

Consider a smooth non-negative function y with support in the unit ball of C* whose integral
with respect to the Lebesgue measure is 1. For v > 0, consider the function x,(2) := v=2#y(z/v)
which has integral 1 and tends to the Dirac mass at 0 when v tends to 0. Define an approximation
of g using the standard convolution operator g, := g*Yx,, and define gél) = g, and g£2) =g—gy.
We consider v = e~ V/M9Y" {51 some constant M > 0 large enough. It remains to bound
lge” = amd g .

By standard properties of the convolution we have, for some constant x > 0,

198 loe < m(g, k) S llglhoge (08" 1) P S g llogr €

and, by definition of g,,

190les S 1lglloo Ixulles Leb(BE) < gl v8 S gl e

where we use the fact that M is large enough. This ends the proof of the lemma. O

1/p
)

2.2. Dynamical potentials. Let 7" denote the Green (1,1)-current of f. It is positive closed
and of unit mass. Let S be any positive closed (1, 1)-current of mass m on P¥. There is a unique
function ug: P¥ — R U {—o00} which is p.s.h. modulo mT and such that

S =mT + dd°ug and (u,ug) = 0.

Locally, ug is the difference between a potential of S and a potential of mT. We call it the
dynamical potential of S. Observe that the dynamical potential of T is zero, i.e., up = 0.

Recall that T has Holder continuous potentials. So, ug is locally the difference between a
p-s.h. function and a Hélder continuous one. The dynamical potential of S behaves well under
the push-forward and pull-back operators associated to f. Indeed, because of the invariance
properties of T, we have

f*S=md-T+dd(ugo f) and  f,.8=md" ' T+ dd°(f.us),
which, together with the invariance properties of u, imply

upeg =ugo f and ufp, s = fxus.

We refer the reader to [DS10a] for details. In this paper, we only need currents S such that ug
is continuous.

2.3. Comparisons between currents and their potentials. A technical key point in the
proof of our main theorem will be based on the following general idea: if u and v are two
functions on some domain in C* such that |dd°u| < dd®v, then u inherits some of the regularity
properties of v. This section is devoted to make this idea precise and quantitative for our
purposes. We start with the simplest occurrence of this fact in the first case in terms of the
sup-norm.
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Lemma 2.4. There exists a positive constant A such that, for every positive closed (1,1)-
current Sy on P* of mass 1 and for every positive closed (1,1)-current S on P* with S < Sy,
we have Q(ug) < A+ Q(ug,), where us, and ug denote the dynamical potentials of Sy and S,
respectively.

Proof. We assume that Q(ug,) is finite, since otherwise the assertion trivially holds. Observe
that the mass m of S is at most equal to 1 because S < Sy. Recall that ug and ug, satisty

S =mT +dd°ug, Sop=T+ dd°us,, {(u,us)=0, and (u,us,) =0.

The last identity implies that sup ug, is non-negative.

We first prove that ug is bounded above by a constant. As mentioned above, the
correspondence between positive closed (1,1)-currents and their dynamical potentials is a
bijection. Moreover, we know that quasi-p.s.h. functions (i.e., functions that are locally difference
between a p.s.h. and a smooth function) are integrable with respect to p [DS104, Th. 1.35]. Since
the set of positive closed (1,1)-currents of mass less than or equal to 1 is compact, ug belongs
to a compact family of p.s.h. functions modulo m7T. We deduce that there is a constant A > 0
independent of S such that ug < A/2 on P*, see [DS10a, App. A.2] for more details. It follows
that supug < supus, + A/2 because sup ug, is non-negative.

Consider the current S’ := Sy — S which is positive closed and smaller than Sy. By the
uniqueness of the dynamical potential, we have ug: = ug, — ug, which implies ug = ug, — ug.
Since S’ < S, as above, we also have supug: < A/2. Tt follows that

inf ug > infug, — supug > infug, — A/2.
This estimate and the above inequality supug < supug, + A4/2 imply the lemma. O

Corollary 2.5. There ezists a positive constant A such that for every positive closed (1,1)-

current Sy on P¥ and for every continuous function g: P* — R with |dd°g| < Sy we have
Qg) < A||Soll + 32(us,)-

Proof. By linearity we can assume that Sy is of mass 1/2. Define R := dd®g and write it as a
difference of positive closed currents, R = (R + Sp) — Sp. Since R + Sp and Sy belong to the
same cohomology class, they have the same mass 1/2. We denote as usual by ugr4gs, and ug,
the dynamical potentials of R 4+ Sy and Sy respectively.

A direct computation gives dd°(g — ur+s, + us,) = 0 which implies that g — uprys, + us, is
a constant function. Thus,

Qg) = Uurts, — usy) < QUurts,) + Qus,).

The assertion follows from Lemma [Z4] applied to R + Sp, 25y instead of S, Sy. We use here the
fact that R+ Sy = dd°g + Sy < 2S5y and that 25 is of mass 1. We also use a constant A which
is equal to twice the one in Lemma [2.4] O

The following result gives a quantitative control on the oscillation of u in terms of the
oscillation of v. Notice in particular that it implies that, if v is Holder or logP-continuous
for some p > 0, then u enjoys the same property with possibly a loss in the Holder exponent,
but not in the logP-exponent.

Proposition 2.6. Let u and v be two p.s.h. functions on [Blg such that dd‘u < ddv and v
is continuous. Then u is continuous and for every 0 < s < 1 there is a positive constant A
(independent of u and v) such that, for every 0 <r < 1/2, we have

m[B’f (u7 7“) < Tn‘[B’Qc (U7 TS) + Am[Bg (u7 748)74178 < m[Bg (Ua Ts) + AQ[B’Qc (u)rlis'

Proof. The continuity of u is a well-known property. Indeed, since dd“v — ddu is a positive
closed (1,1)-current, there is a p.s.h. function «’ such that dd‘u’ = dd°v — dd“u. So, both u+ v/
and v are potentials of dd°v. We deduce that they differ by a pluriharmonic function. Hence
u~+u' is continuous. We then easily deduce that both u and «’ are continuous because both are
p.s.h. (and hence u.s.c.).
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We prove now the estimate in the lemma. Let 2,y € B¥ be such that ||z —y|| < r. We need to
bound u(y) — u(x). Without loss of generality, we can reduce the problem to the case k = 1 by
restricting ourselves to the complex line through = and y. Moreover, by translating and adding
constants to u and v, we can assume that z =0, |y| <r, u(x) = v(z) =0, and u(y) > 0. It is
then enough to prove that

u(y) < mp, (v,7°) + AQp, . (u)r'~*
for some positive constant A and for u, v defined on Dy. Note that Qp, . (u) < 2mp, (u,7°).

Claim. We have, for some positive constant A,

1 1-s
u(y) < Tob(@D.") /|z|rs u(z)dLeb(z) + AQp, (u)r —*.

Assuming the claim, we first complete the proof of the lemma. Let @ (resp. v) be the radial
subharmonic function on Dy such that @(z) (resp. v(z)) is equal to the mean value of u (resp.
v) on the circle of center 0 and radius |z|. Using the Claim, in order to obtain the lemma, it is
enough to show that u < v.

Recall that v — w is a subharmonic function vanishing at 0. Therefore, v — u is a radial
subharmonic function vanishing at 0. Radial subharmonic functions are increasing in |z|. Thus,
v — u is a non-negative function and the lemma follows. O

Proof of the Claim. Define u'(2) := u(zr®) and 3’ := y/r°. We need to show that, for |y/| < r'=%

1
u'(y) < 7/ W' (2)dLeb(z) + AQp, (u')r' =%,
W) < ooy g, M(MLeb(E) + A%, (o)

We can assume, without loss of generality, that ' = o € RT and a < r'~*. Consider the
automorphism ¥ of the unit disc given by ¥(z) = fjo‘fz The map W satisfies ¥(0) = 3 and
moreover ¥ extends smoothly to dD; and tends to the identity in the C! norm as a — 0. It
follows that H\Ifil - idHC1 < Ala < A'r1=5 for some positive constant A’.

Define u” := u/ o ¥ and denote by v the normalized standard Lebesgue measure on the unit
circle. We deduce from the last inequalities that W,v — v is given by a smooth 1-form on 0D
and ||V,v — v||e = O(r'=*). Applying the submean inequality to the subharmonic function u”
we get

u'(y) = u"(0) < (") = (v, o W) = (W, 1) = (v,u) + (Vv — ).

Since ¥,v and v are probability measures, the integral (V,v — v, u’) does not change if we add
to u' a constant c. With the choice ¢ = —infp, u’ (observe that v’ is continuous on D;) we get

u'(y') < / u' dv +sup |[u’ + ¢ O(r17%) < / ' dv + AQp, ()t
0D1 Dy oDy

for some positive constant A. This implies the desired inequality. O

Corollary 2.7. Let v be a continuous p.s.h. function on [B]?f. Let w be a continuous real-valued
function on [B’?f such that |dd°u| < ddv. Then for every 0 < s < 1 we have for 0 <r <1/2

mgk (u,r) < 3mg (v, 7°) + A <Q[B§ (u) + Qg (v)) =
where A is a positive constant independent of u and v.

Proof. Since |dd“u| < dd‘v, we have dd°(u + v) = dd°u + ddv > 0. So the function u + v is
p.s.h.; observe also that dd®(u+v) = dd“u+ dd°v < 2dd°v. Therefore, we can apply Proposition
to u + v, 2v instead of u,v. This gives

g (u,7) < mge (u -+ v,7) + mge(v,7) < mgy(20,7°) + AQgg (1 +0)r1= + mgy (v, 7)
< 3y (0,7%) + A (Qgy () + Qg (v)) 7',

which is the desired estimate. O



Corollary 2.8. Let Sy be a positive closed (1,1)-current on P* with continuous local potentials.
Let F(So) denote the set of all continuous real-valued functions g on P* such that |ddg| < Sp.
Then F(Sp) is equicontinuous.

Proof. Let g be as in the statement. We cover P* with a finite family of open sets of the form
®;(BF /2) where ®; is an injective holomorphic map from B to P*. Write Sy = ddv; for some
continuous p.s.h. function v; on ®;(Bf) and define V; := ®;(BY).

We apply Corollary 27 to g, v; restricted to V; instead of u, v and to s = 1/2. Taking into
account the distortion of the maps ®;, we see that for all » smaller than some constant 79 > 0

mpk(g,7) < 3max my; (vy, eVr) + A<Q[Pk (9) +max Qy, (vj)) N/
J J

where ¢ > 1 is a constant. Since Qpx(g) is bounded by Corollary 2.5] the RHS of the last
inequality is bounded by a constant €, which is independent of g and tends to 0 when r tends
to 0. It is now clear that the family F(Sy) is equicontinuous. O

2.4. Dynamical potentials of (f").wps. In this section we consider the action of the operator
(f™)« on functions and currents. Some results and ideas here are of independent interest. Recall
that we always assume that f satisfies the Assumption (A) in the Introduction.

We start by giving estimates on the potentials of the currents (f™).wrs. As explained in the
Introduction, these estimates will allow us to globally control the distortion of f™. Define

wp = d=FUP () wops.

Recall that f, multiplies the mass of a positive closed (1,1)-current by d*~!. Therefore, all
currents w, have unit mass. We denote by u, the dynamical potential of w,. In particular, ug
is the dynamical potential of wgs. It is known that wg is Holder continuous, see [Kos97; [DS10a].

Observe that d~! f*wpg is a smooth positive closed (1,1)-form of mass 1. Therefore, there is
a unique smooth function v such that

ddv = d™* f*wps — wrs and (u,v) = 0.

Lemma 2.9. We have
Up = d”F=OP () 0 and ug = — Zd_"v o f™.
n=0

Proof. We prove the first identity. Denote by u), the RHS of this identity, which is a continuous
function. By the definition of u,, and the invariance of T', we have

dd®(up — ) = (wp —T) —d~F D7) (wps = T) = (wn — T) — (wn —T) = 0.

Therefore, u,, — u/, is plurtharmonic and hence constant on P¥. Moreover, the invariance of
implies that
<:U'7 u;’t> = d_(k_l)n<(fn)*u7 u0> = dn(/% u0> = 0.

By the definition of w,, we also have (u,u,) = 0. We deduce that u, = u
first identity in the lemma.

It is clear that the sum in the RHS of the second identity in the lemma converges uniformly.
Therefore, this RHS is a continuous function that we denote by wj. The invariance of p also
implies that (u,u() = 0. A direct computation gives

!/
n?

which implies the

N—oo

N-1
dd°ufy = lim ( — Y d"dd(vo f”)) = lim wps — AN (VY wps = wps — T,
n=0

where the last identity is a consequence of the definition of 7. Since dd‘ug is also equal to
wrs — T, we obtain that ug — u(, is constant on P*. Finally, using that

(w0} = (p,up) =0,

we conclude that up = uf. This ends the proof of the lemma. O
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In the sequel, we will need explicit bounds on the oscillation Q(u,,) of u,. These are provided
in the next result.

Lemma 2.10. For every constant A > 1, there exists a positive constant ¢ independent of n
such that ||uy ||, < cA™ and Q(uy) < cA™ for all n > 0.

Proof. Observe that the second assertion is deduced from the first one by replacing ¢ with 2ec.
We prove now the first assertion. By Lemma 2.9 we have, for any given z € P¥,

un(2) = d-FI" ("), u0) (2) = (02, d"FD" (f7), u >
= d"{d~F () 5Z,u0>—d"<d_k" Y6, — Zd vofm>

—d"<d_k"(f")*5z,id_mvofm> (a7t (e, Z o [,
m=0

m=n+1

The absolute value of the second term in the last line is bounded by ||v|| because d=*™ (f™)*§
is a probability measure. Observe that (f™),(vo f™) = d*™(f*~™),v for all n > m. Hence, the
absolute value of the first term is equal to

(2.1) \Zdn {6z, a7 () ) < deud 5 (f9)0]|so-

Under the Assumption (A), it is known that ||d=*/( fJ)*vHoo < 67 for every 0 < § < d. Indeed,
the Assumption (A) implies the property (A1) below, see [DS10b, Cor. 1.2].

(A1) Let g: P¥ — R be C? and such that (u,g) = 0. For every constant 1 < § < d, there is a
positive constant ¢ independent of g and n such that

ld=*"(f™)glloo < ellglle2d"

By choosing 6 > d/A, we can bound the RHS of (2] by a constant times A™. This ends the
proof of the lemma. O

As an application of the previous estimates, we have the following lemma that can be used
to study the regularity of functions g: P*¥ — R.

Lemma 2.11. Let g: P¥ — R be a continuous function and 0 < 8 < 1 a constant such that
o

(2.2) |dd°g| < Zﬁ"wn.
n=0

Then, for every q > 0, there is a positive constant ¢ = ¢(q, ) independent of g such that
19llioge < c-

Proof. We bound the continuity modulus m(g,r) of g by means of Corollary 2.7l We only need
to consider 0 < r < 1/2. For this purpose, since T has Hélder continuous local potentials, it
suffices to bound the continuity modulus of the dynamical potential of the RHS of (2:2]). This

dynamical potential is equal to
o
U= Z B Uy,
n=0

Fix a constant 1 < A < 1/8. By Lemma 210] we have |lu,||,, < A™. Hence, for every N, we

have
S B mlun, )+ Y (AB)" <Y B m(un, ) + (AB)N.
n<N n>N n<N
Applying [DS10b, Cor. 4.4] inductively to some iterate of f, we see that the Assumption (A)
implies:
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(A2) for every constant x > 1, there are an integer n, > 0 and a constant ¢, > 0 independent
of n such that for all 2,y € P* and n > n, we can write f~"(2) = {z1,..., g} and f"(y) =
{y1,...,ygen} (counting multiplicity) with the property that

dist(z;,y;) < ¢ dist(z,y)/*" for j=1,...,d".

By definition, the function ug is y-Holder continuous for some Hoélder exponent v because
T has Holder continuous local potentials. The above property (A2) implies that (f™).ug is
vk~ "-Holder continuous for all n > n,. More precisely, we have

m(d=F (™) ug, r) < " and hence m(up,r) < ddhr* "

for some positive constant ¢’ independent of n > n,, and r. Observe also that for 0 < n < n,, all
the u, are a,-Holder continuous for some «, > 0. Indeed, as the multiplicity of f™ at a point
is at most d*", we have (see again [DS10b, Cor.4.4]):

(A2’%) there is a constant ¢y > 0 such that for every n > 0, for all z,y € P*, we can write
f™(z) ={z1,...,zqn } and f7"(y) = {y1,...,Ygen} (counting multiplicity) with the property
that

dist(z;,y;) < co dist(x,y)l/dkn for j=1,...,d".
Therefore, we have

(2.3) mu,r) S+ Y (Bd)

N <n<N

n

+ (Ap)N.

Choose k close enough to 1 so that 2qlogx < |log(AB)| and take

= log |1
STog r 08 11087

(recall that we only need to consider < 1/2). Then, the last term in ([2.3]) satisfies

(A,B)N _ eNlog(AB) < 672quogn _ Hog?"‘iq.

It remains to prove that the sum in (23]) satisfies a similar estimate. We have

‘1 ’ logd
—n -N -N logd o1 —1 log | log 7| og r|2logr
E (Ba)" ™ < E BraN T < gNpRTT = e2losn ogflogr| ,(log r)e =1 .

n<N n<N e’V [logr]

The last expression is smaller than a constant times |log7|~¢ because e’ > tM when t — oo
for every M > 0. This, together with the above estimates, gives m(u,r) < |logr|~? and ends
the proof of the lemma. O

3. EXISTENCE OF THE SCALING RATIO AND EQUILIBRIUM STATE

In this section we prove the existence of a good scaling ratio A, see Theorem [B.1] below.

3.1. Main statement and first step of the proof. Recall that the Perron-Frobenius operator
L is defined as in (LI)). A direct computation gives

L(g)(y) = Z @)+ @)+ 40" () g (),
fr(z)=y
Theorem 3.1. Let [ and ¢ be as in Theorem[I 1l There exist a number A > 0 and a continuous
function p > 0 on P* such that for every continuous function g: P¥ — R the sequence \™"L"(g)
is equicontinuous and converges uniformly to cyp, where c4 is a constant depending linearly
on g. Moreover, if g is strictly positive, then cq is strictly positive and the sequence E”(g)l/"

converges uniformly to A as n tends to infinity.
10



We will first study the case where g is equal to 1. The general case will be deduced from this
particular case. Define 1,, := £"(1). Denote by p," and p,, the maximum and the minimum of
1,,, respectively. Consider also the ratio 6, := p;’ /p,, and the function 17 := (p;;)~'1,. Observe
that the last function satisfies min 1} = 1. The following result will be crucial for us.

Proposition 3.2. Under the hypotheses of Theorem [31], the sequence {6,} is bounded and the
sequence of functions {1} is uniformly bounded and equicontinuous.

The proof of this result will be given in Section B3] and uses the technical tools that were
presented in Section 2l Before giving it, we need to first introduce some auxiliary objects.
By Lemma 23] applied to ¢ instead of g, we can find functions ¢, and v, such that

1n2/q

(3.1) 0=dn+¥n  Noullez <cllglloe™,  and [l < clllogen >

Consider two integers J > 0 and N > 0, whose values will be specialised later. Define for
n>N+1

(3.2) ﬁn(g)(ﬂf) — Z e¢n+](1')+¢n+.771(f($))+"'+¢J+N+1(f”—N—1(x))g(x)‘
fr(x)=y

This operator will be used to approximate £". The gain here is the fact that the involved

functions ¢,, have controlled C? norms. As above, we define

1,:=L,1, pf :=maxil,, p, :=mind,, 6,:=p /p;, and 1 :=(p;) ',
The following lemma allows us to reduce our problem to the study of the functions 1,.
Lemma 3.3. There ezists a positive constant ¢ = ¢(N) such that, for allmn > N >0 and J,
M <pb/py <e and M <p,/p, <ec
In particular, the sequence {én} is bounded if and only if the sequence {0,} is bounded.
Proof. We have
o = max 1, = max Z @) +o(f (@) ++o(f" 1 (2))
@)=y
— max Z eOn+7(@) 4o N1 (F NN @) | p¥ng s @)+ Yre v (TN T (@)
Y @)=y

PN @) o (1 (2)
and similarly for p,. So, both pt/pt and p, /p, are bounded from above and below by
eV max‘me ~,s and elVmin¢ /Cn N, respectively, where

Co N i= ellvntillooHlvnt s—1lloot - Hllbsr Nl

It follows from the estimate on 1), given above that (), n ; is bounded from above by a positive
constant which does not depend on n, .J and N. Therefore, both p;' /p:" and p;, /p;, are bounded
from below and above by positive constants as in the statement. The lemma follows. O

3.2. An estimate for dd°1,,. Proposition will be obtained using the following crucial
estimate for dd°1,,. We will see here the role of the estimate of the C2 norm of ¢,,. Recall that
q > 2, see Theorem [T We also refer to Section 2.4] for notation.

Proposition 3.4. There exists a sub-exponential function n(t) = 3D with q positive

constant ¢ = c(|[¢|| ;o0 » [|¢ll) independent of n,J and N such that for alln > N >0 we have

n—N n
|ddcﬁn‘ < Z n(m)emmaxqbﬁ;r_md(k—l)mwm + Z den(m)e(n—N) max¢d(k_1)mwm,
m=N+1 m=ng

where ng := max(n — N +1, N +1).
11



Recall that the function 1,, is given by
1n(y) = Z Pt 1 (@) +0ns7-1(f(@)++drin41(F N (2)
fr(x)=y

In order to estimate dd°l,, we will use a now classical construction due to Gromov |Gro03].
Define the manifold T',, C (P*)"*! by

Lo = {(z, f(x),...,["(2)) : & € P¥},

which can also be seen as the graph of the map (f, f2,..., f?) in the product space (P*)"+1,
Consider the function h on (P*¥)"*+! given by

h(zo, ..., xp) == ePnt7(T0)+enyr-1(T1)++Pr N1 (Tn-N-1)

The function 1,, on P* is equal to the push-forward of the function hir, to the last factor P* of
(P*¥)"+1 Indeed, denoting by 7, the restriction of the projection z + x, to I',, we have

(m). O = > @)= Y el TTERO) 1, )

(205 yTn)ElR: Tn=Yy zef"(y)

Recall that, since dd°1,, is real, estimating |dd°1,,| means finding a good positive closed (1, 1)-
current S on PF such that both S + dd°1,, are positive. According to the identities above, we
have

dd1, = (m,), (dd°h).

Thus, we need to estimate dd’h on (P¥)"*! and T,,. We define w(™ as the pullback of the
Fubini-Study form wgg to (P¥)**1 by the projection & +— z,,. Equivalently, w is a (1,1)-form
on (P¥)"*1 such that w(™ (z) = wys (@)

(t+J)?/a

Lemma 3.5. There exists a sub-exponential function n(t) = ct3e with a positive constant

¢ = c([[¢lloga + 19llos) independent of n,J, and N such that

n—N-—1
|dd°h| < h Z n(n —m)w™.
m=0
Proof. A direct computation gives
B n—N-—1 _ n—N-—1 _
i00h = [h( Z iaa¢n+J—m(xm) + Z Z‘8¢n—|—J—m(xm) A 8¢n+J—m’(xm’)) .
m=0 m,m’=0

For the first sum, observe that
’165¢n+J—m($m)‘ < |’¢n+J—m|’C2w(m) (.%') < e(n-i—J—m)?/qw(m) (z).

For the second sum, consider m’ < m < n — N — 1. By using Cauchy-Schwarz’s inequality, we
have

(3:3)  1i0¢nts—m(Tm) A 5an—l—J—m’ (@m)]
< (m—-m'+ 1)72ia¢n+J—m(xm) N 5(ﬁn—i-J—m(%n)
+(m — m' + 1)22‘8¢n+J7m’ (@) A 5¢n+me/ (Tm)
(m=m' + 1) bn s -mlgrw™ (@) + (m = m' +1)%[[dnp g [210™ ) ()

(m —m + 1)726(”+J*m)2/qw(m) (z) + (n —m + 1)2e(n+me/)2/qw(m/)(x).
12
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This and the fact that Z;’;l 572 is finite imply that

(34) ‘ Z Z‘8¢n—|—J—m(xm) A 8¢n+J7m’ (xm/)
0<m’'<m<n—N-1
n—N-—1 n—N-—1
S Z 6(n-l—J—m)Q/qW(m) (x) + Z (’I’L —m + 1)3e(n+J—m’)2/qw(m’)(x)
m=0 m/=0
n—N-—1
S Z (TL _ m)Se(n-i-J—m)Q/qw(m) (x)
m=0

We obtain by symmetry a similar estimate for the case where m <m’ <n — N — 1.
Finally, combining all the above identities and estimates we get
n—N-1
li00h| < h Z (n— m)?’e(”‘LJ*m)Q/qw(m).
m=0

The lemma follows. O

Proof of Proposition [3.f]. We are only interested in the restriction of h to the graph I',,. We
deduce from Lemma that
n—N-—1
(3.5) |dd°1,| = |(mn), ddB] < > n(n —m)(m), (ha'™).
m=0

We split the last sum into the two sums corresponding to m < N and m > N. Note that
when n < 2N, in the sum in ([B.5]) we always have m < N and the first sum in the statement
of the proposition vanishes. So, for simplicity, we assume that n > 2N and we will see in the
proof below that the arguments also work when n < 2N.

For m < N, using the definition of ¢,, we have ||¢ — ¢mlloc = ||[¥mllc < ¢m~2 and hence
max ¢, < max ¢+ c'm~2 for some positive constant ¢’ which may depend on ||¢Hlogq. It follows

that h < e(n=N)maxé Thep using the definition of I';,, we have for m < N
(ﬂ_n)* (lhw(m)) < e(an) max ¢ (ﬂ_n)* (w(m)) _ e(an) maxtbdkm(fnfm)*(wFs)

~

e(n—N) max ¢dkmd(k—1)(n—m)

= W
Thus,
N-1 N-1
S n — m)(ma), (™) S 3 n(n — m)eln—N) maxsgem g Dnm)y,
m=0 m=0
(36) < Z de,r}(m)e(an) maxtbd(kfl)mwm.
m=n—N+1

The last expression is the second sum in the statement of the present proposition (this step
also works for n < 2N but in this case the above sums Zév ~! and > m_n41 are replaced by

g_N_l and )%, respectively). In order to finish the proof, it is enough to have a similar
estimate for m > N (this step is superfluous when n < 2N, see (3.5)).

As above, using the definition of h and the estimates on max ¢, and ||¢ — ¢, ||oc, Wwe have

< (n—m)max g b(@o)+é @)+ +(Em-n_1) < p(n—m)maxpp/

with

= ePmti(@0)+dmys-1(z1)++driNt1(@m-N-1)
Note that the sum in the definition of B contains m — N terms while the one of h contains
n — N terms. The specific choice of I is convenient for our next computation as it is related to

the function 1,,.
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Consider the map 7’ : T, — (P¥)"~™+! defined by 7/(x) := 2’ := (¥, ..., x,). Denote by T”
the image of T',, by #’. Tt is the graph of the map (f,..., f*™™) from P* to (P¥)"~™. We also
have for 2’ € T’

W'_l(x') = {(y,f(y),...,fm_l(y),x') with y € f_m(xm)}.
So 7’ : T, = I'" is a ramified covering of degree d*.
Consider the map 7" : I — P* defined by 7" (2') := x,,. We have, for z,, € P¥,

71'”_1(3:”) = {(z,f(z), o ,f"_m(z)) with 2z € f_""'m(xn)}

So 7" : T" — P* is a ramified covering of degree d*"=") We have m, = 7" o /. Observe that
7’ (Ww™) is a (1,1)-form on I such that

A (W) = ( 3 6¢m+1(y)+---+¢.i+N+1(fm_N_l(y)))wFS(xm)
yef ™ (xm)
< phwes(@m) = phw’(2),

where we define w’ as the pull-back of wpg to IV by the map 2’ — z,,. We also have

T (W) (an) = Z wrs(@m) = (f"™)s(wrs) (zn) = d(kil)(nim)wn—m(xn)-

xm€f7n+m($n)

Thus,
(ﬂ'n)*([hw(m)) S e(n—m) max¢7_r>/kl7_‘_>/k([h/w(m)) < e(n—m) max¢ﬁ;d(k—1)(n—m)wn_m
and
n—N-1 n—N-—1
S an—m)m), (™) S S aln = m)elrmImdgE g0,
m=N m=N
n—N
(3.7) = Z n(m)emmaxtbﬁ:imd(kfl)mwm.
m=N+1
Finally, we deduce the proposition from B3], (3.6]), and B.7) by multiplying n with a large
enough constant. O

3.3. Proof of Proposition We are working under the hypotheses of Theorem B We
will obtain Proposition using Lemmas and [3.7] below.

Lemma 3.6. Under the hypotheses of Theorem [3 1], given an integer J > 0, we have 6,, < dkN

for alln > N, with N large enough. In particular, the sequences (6,,) and (0,) are bounded for
all J >0 and N > 0.

Proof. Observe that the last assertion is a consequence of the first one. Indeed, we can first fix
J and N satisfying the first assertion of the lemma. Then, by Lemma B3] the sequence (6,,) is
bounded. Applying again Lemma B3] for arbitrary J and N gives that the sequence (én) is also
bounded. We prove now the first assertion in the lemma with J fixed and N large enough.

Observe that, by the definition of ﬁf,én, and €(-), for every K > 1 the two inequalities
0, < K and Q(1,) < (K — 1)p; are equivalent. Hence, in order to get the first assertion in
the lemma, it is enough to show that Q(1,,)/p;; < d*V /2. The constants that we use below are
independent of N and n. Fix a constant § such that eX?) < § < d. By the estimate on |1,
in (3.1)), for every j sufficiently large, we have Q(¢;) < Q(¢) + Q(1)j) < logé. Since we assume
that N is large enough, the last inequality holds for all j > N.

We use Proposition 34and Corollary 5 in order to estimate Q(1,,) in terms of Q(u,,). Recall
that u,, is the dynamical potential of w,,. We also use Lemma[2.10 which gives Q(u,) < d™6'™™
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for any ¢’ such that § < ¢’ < d. More precisely, we obtain from those results that

n—N n
Q(ﬁn) g Z 77(Tn)em max (bdkmé/fmﬁ;ll—_m + Z den(m)e(an) max ¢dkm(slfm.
m=N+1 m=max(n—N+1,N+1)

Since § < ¢ and N is large, the fact that n is sub-exponential and independent of n and N
implies that

n—N n
(38) Q(ﬂn) g Z /M max ¢dkm5_mﬁ:,m + Z dee(n—N) max ¢dkm5—m
m=N+1 m=max(n—N+1,N+1)

We now distinguish two cases.

Case 1. Assume that N < n < 2N. In this case, the first sum in (3.8]) is empty. We thus
deduce from (B.8]) that

qk(N+1) dkn dkn
2 ) < gkN_(n—N)max¢® |
5N+1 + + on > ~ d*"e on

On the other hand, by the definitions of p;, we have the following general estimates (with n > N
in the first inequality and n —m > N in the second one)

(3.9) pr = dFrem—N)mine ang p

Q(:ﬁ-n) 5 dee(n—N) max¢<

- > dkmemminqbﬁ—

~ n ~ n—m:

The first inequality and the above estimate of Q(1,,) imply that

Q1) < e(n=N)Q(¢) <N e UP) ‘

on o o

Hence, Q(1,)/p;, < d*N/2 because N is chosen large enough and § > e4#). The lemma in this
case follows.

Case 2. Assume now that n > 2N. By induction on n and the previous case, we can assume
that Q(1,,)/p,, < d*V/2, which implies g, < d*Vp, for all m < n. We need to prove the
same inequality for m = n. From (B.8) and the induction hypothesis, we have

n—N n
Q(ﬂn) S de Z /M max ¢dkm5_mﬁ;7m + de Z e(n—N) max ¢dkm5—m
m=N+1 m=n—N+1
n—N
S de Z /M max qﬁdkm(s—mﬁ;im + dee(n—N) max ¢dkn5—n
m=N+1

This and the second inequality in (3.9]) imply that

n—N
Q(ﬁn) g de Z em9(¢)5fm[3; + dk:Ne(an) max¢dkn57n.
m=N-+1

Then, by the first inequality in (8.9) and using that § > e and n > 2N, we obtain

0 ﬂ n—N
(A_n) g de Z emﬂ(¢)5—m + dk;Ne(n—N)Q(¢)5—n S deeNQ(¢)5—N
P m=N+1

Recall that all the constants involved in our computations do not depend on n and N. Since
N is chosen large enough, we obtain that Q(1,)/p, < d*N/2. This ends the proof of the
lemma. U

Lemma 3.7. Under the hypotheses of Theorem [31], for all J > 0, N > 0, and p > 0, the
sequence |1}, |[1ogr is bounded. In particular, the sequence of functions 13, is equicontinuous.
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Proof. We only need to consider n > 2N, and the 1mp1101t constants below may depend on
N. We will use Lemma 21T and need to estimate dd°1*. By Lemma B0 the sequence (6,,) is
bounded. This and Proposition B.4] imply that

n—N
‘dch;kL Z n(m) mmaxqb A d(k 1)m W + Z n(m)e(n—N) max ¢d(k—1)mwm> ]
" T m=N+1 m=n—N+1

Then, using the two inequalities in (3.9]), we obtain

n—N n
‘ddcﬁ;‘ 5 Z n(m)emQ(zﬁ)dfmwm + Z n(m)e(an)Q(qﬂ d(kfl)mfknwm
m=N+1 m=n—N+1
S Y n(m)e™ M
m=0
Finally, since 7 is sub-exponential and e?®) < d, Lemma ZIT] implies the result. O

End of the proof of Proposition [3.2. By Lemma B.6] we already know that the sequence (6,,)
is bounded. Since min1} = 1, we have max 1} = 6,, hence the sequence (1}) is uniformly
bounded. In order to show that this sequence is equicontinuous, it is enough to approximate it
uniformly by an equicontinuous sequence.

Take N = 0. Fix an arbitrary constant 0 < € < 1. Since ||¢ — ¢m|loc < m~2 by B, we can
choose an integer J large enough so that for every n > 0 we have

1-el, <1, <1461,

This implies
1-— 1+e€.
]l* <1’ < 1r.
1+e€ "T1l-e "
Therefore, |1 — 1%| is bounded uniformly by a constant times e. By Lemma 7] the sequence
(1) is equicontinuous. We easily deduce that the sequence (1) is equicontinuous as well. [

3.4. Proof of Theorem [3.1l We first define the scaling ratio . By definition of p;', we easily
see that the sequence (p;) is sub-multiplicative, that is, p; m < phpt for all mon > 0. Tt
follows that the first limit in the following line exists

T “1/n . \1/n
b= i (o) = lm (o)™

where the last identity is due to the fact that (6,) is bounded, see Lemma We have the
following lemma.

Lemma 3.8. The sequences (A\""p,}) and (\""p;;) are both bounded above and below by positive
constants. In particular, the sequence ()\*”1”) is uniformly bounded and equicontinuous.

Proof. 1t is clear that the second assertion is a consequence of the first one and Proposition
We prove now the first assertion. Since the sequence p;’ is sub-multiplicative, it is well-known
that inf, (o))" is equal to A. Hence, we have A\™"p} > 1. Since 6, is bounded, we have
o < It follows that both A= ff are bounded from below by positive constants. Similarly,
the sequence pn is super-multiplicative, i.e., p, ., > p;,p, for all m,n > 0, and we deduce that

that both A™"p¥ are bounded from above by positive constants. The lemma follows. O
We can extend the above result to all continuous test functions.

Lemma 3.9. Let F be a uniformly bounded and equicontinuous family of real-valued functions
on P*. Then the family

Fnu:={A"L"(g) : g€ F,n>0}

is also uniformly bounded and equicontinuous.
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Proof. By Lemma B8 the family Fy is uniformly bounded. We prove now that it is
equicontinuous. Given any constant € > 0, using a convolution, we can find for every g € F a
smooth function ¢’ such that ||g — ¢'||c < € and ||¢'||c2 is bounded by a constant depending on

€. Denote by F’ the family of these ¢’. Observe that
ALY (g) = ALY (G) = ALY (g — g S edTML, < ed Ty

and the last expression is bounded by a constant times e. Therefore, in order to prove the lemma,
it is enough to show that the family Fj, defined in a similar way as for Fy, is equicontinuous.
For simplicity, we replace F by F' and assume that ||g||¢c2 is bounded by a constant for g € F.
The constants involved in the computation below do not depend on g € F.

We continue to use the notation introduced above. Consider an arbitrary constant € > 0.
Take N = 0 and choose J large enough depending on €. From the definitions of £ and Ln (see
B2)) and the fact that ||¢ — ¢mleo < m ™2 we obtain that

—n pn —n A —n x )4 n=1(g
ALY (g) (@) = AT La(g) ()| S AT D eP@TOUENT AT g ().
fr(x)=y
This and Lemma 3.8 imply that

INTL™(g) = A" L)oo < AT |glloe S

So, in order to prove that the family A™"L"(g) is equicontinuous, it is enough to show the same
property for the family AL, (g).

We will use the same idea as in Proposition B4 and Lemma Instead of the function h,
we need to consider the following slightly different function (recall that N = 0)

[H(xo, o ’xn) = 6¢”+J(mo)+¢"+‘]_1(ml)+"'+¢J+1(x”—1)g(x0) — lh(xo, o ,$n)g($o)-
We have
i00H = (i00h)g(z0) + h(i0dg(wo)) + i0h A Dg(z¢) — i0h A Og(z0).

Applying Cauchy-Schwarz’s inequality to the last two terms, and since g has a bounded C?
norm, we obtain

[i0OH| < |(i00h)g(z0)| + |h(i0dg(x0))| + ih ™ 0h A Oh + ihdg(zo) A Dg(z)
< 1i00h| + hwes(z0) + ih~1oh A Oh + hwes(z)
<

|i00h| + hwgs(xg) + ih~10h A Oh.

We claim that the last sum satisfies
. _ n—1
|i00h] + hwps(zo) + ih'Oh AN Sh > n(n — m)wl™.
m=0

Lemma shows that the first term [i09h| of the LHS is bounded by the RHS. The second
term clearly satisfies the same property (consider m = 0 in the above sum). For the last term,
by Cauchy-Schwarz’s inequality and using a computation as in the proof of Lemma[3.5] we have
(recall that N = 0)

n—1 n—1
ITORATN =0 D i00nss-m(m) N DD () S Dl —m)e™.
m,m’=0 m=0

This implies the claim and gives a bound for [i00H|.
Since L,,(g9) = (m)«(H), we obtain as in the proof of Proposition B.4] that

|ddNT" L ()] S AT p(m)em ¥ Opt akmlmey,
m=1
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By Lemmas B3 and B8 we have g, < pf < A"~™. Therefore, we obtain

~ F'n—m n~v

\ddc)\_"ﬁn(g)\ < Z n(m)e™ max ¢ \—m glk=1m,
m=1
Finally, since A > d*e™"? by definition of ), the last estimate implies that

dd°N"" L (9)] < Z n(m)e™H P g—my,
m=1

Lemma 21T and the fact that d > e*?) imply the result. O

We now construct the density function p on P*. Recall that the sequence A\~"1,, is uniformly
bounded and equicontinuous. Therefore, the Cesaro sums

1n71
T, =~ A1,

also form a uniformly bounded and equicontinuous sequence of functions. It follows that there
is a subsequence of 1,, which converges uniformly to a continuous function p. Observe that
p > inf, A™"p, . Hence, by Lemma[3.8 the function p is strictly positive. A direct computation
gives

-~ 1
Ao, -1, = ~(A"y — 1o).

Since A™"1,, is bounded uniformly in n, the last expression tends uniformly to 0 when n tends
to infinity. We then deduce from the definition of p that A™1L(p) = p.

End of the proof of Theorem [31l Observe that we only need to show that A™"L"(g) converges
to cgp for some constant c¢,. The remaining part of the theorem is then clear. Let G denote
the family of all limit functions of subsequences of A™"L"(g). By Lemma [3.9] the sequence
AT"L"(g) is uniformly bounded and equicontinuous. Therefore, by Arzela-Ascoli theorem, G is
a uniformly bounded and equicontinuous family of functions which is compact for the uniform
topology. Observe also that G is invariant under the action of A~!1£. Define

M :=max{l(a)/p(a) : | €G,aecP*}.
We first prove the following properties.
Claim 1. We have maxpx({/p) = M for every [ € G.

Assume by contradiction that there is a sequence A™" L™ (g) which converges uniformly to
a function [ € G such that [ < (M — 2¢)p for some constant € > 0. Then, for j large enough, we
have A" L" (g) < (M — €)p. Fix such an index j. For n > n; we have

ALY (g) = ALY (AT LY (g) < (M= AT LT (p) = (M~ €)p
Since this is true for every n > n;, we get a contradiction with the definition of M. This ends
the proof of Claim 1.
Claim 2. We have [/p = M on the small Julia set supp(u) for every I € G.

Consider an arbitrary function [ € G and define 1, := A™"L"(l) € G. By Claim 1, there is a

point a, € P¥ such that l,,(a,) = Mp(a,). By definition of M, we have | < Mp and hence
Mp(an) = ln(an) = A7"L"(1)(an) < ALY (Mp)(an) = Mp(an).

So the inequality in the last line is actually an equality. This and the definition of £ imply
that [/p = M on f~"(a,). Observe that when n tends to infinity, the limit of f~"(a,,) contains
supp(p), see, e.g., [DS10b, Cor. 1.4]. By continuity, we obtain I/p = M on supp(u). This ends
the proof of Claim 2.

Applying the above claims to the function —g instead of g, we obtain that [/p is equal on

supp(u) to minpi(I/p). We can now conclude that I = Mp on P¥ for every | € G. Define
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cg == M. We obtain that A™"L"(g) converges uniformly to cyp. This completes the proof of
the theorem. O

4. PROPERTIES OF EQUILIBRIUM STATES

In this section we conclude the proof of Theorem [[LTl In Sections 1] and [£.2] we deduce the
main properties of the equilibrium states in Theorem [I.T] from Theorem Bl In Section [13] we
prove the equidistribution of repelling periodic points, which concludes the proof of Theorem

L1

4.1. Equidistribution of preimages and mixing properties. We have seen that the operator
L acts on the space of continuous functions g: P¥ — R. It is also positive, i.e., £(g) > 0 when
g > 0. Therefore, £ induces by duality a linear operator L£* acting on the space of measures
and preserving the cone of positive measures.

Proposition 4.1. Under the assumptions of Theorem [I1], there exists a unique conformal
measure associated with ¢, that is, there ewists a unique probability measure my which is an
eigenvector of L*. We also have L*(mg) = Amg, supp(mg) = supp(p), and if v is a positive
measure, \~"(L")*(v) converges to (v,p)mgy when n tends to infinity. Moreover, if F is a
uniformly bounded and equicontinuous family of functions on P*, then \™"L"(g) —cgp converges
to 0 when n goes to infinity, uniformly on g € F, where ¢y := (Mg, g).

Proof. For any probability measure my as in the first assertion, there is a constant A’ > 0 such
that £*(mg) = X'my. It follows that, for every continuous function g,

(Mg g) = lim (X"(£")*(my),g) = lim (m, N"L"(g).

We necessarily have M = )\ because we know from the end of the proof of Theorem B.I] that
AT"L"(g) converges uniformly to cp and ¢4 is not always 0. We conclude that (mg,g) =
cg(meg, p). Since (mg,g9) = ¢4 = 1 when g = 1 (because mg is a probability measure) we
deduce that (mg, p) = 1 and hence (mg, g) = ¢4 for every continuous function g. This gives the
uniqueness of m.

Consider now an arbitrary probability measure v on P*. We have

ATHLY) (v), 9) = W, ALY () = Wicgp) = (v, p) (Mg, 9)-

It follows that A™"(L"™)*(v) converges to (v, p)mg. If v is supported by supp(x) and g vanishes on
supp(p), by definition of £, the function £™(g) also vanishes on supp(u) and the last computation
implies that (mg,g) = 0. Equivalently, the measure m is supported by supp(su).

In order to show that supp(me) = supp(i), we assume by contradiction that there is a
continuous function g > 0 on P* such that ¢ > 0 on some open subset U of supp(y) and
(mg,g) = 0. The A\~!L*-invariance of m, implies that (mg,L"g) = A"(mg,g) = 0 and the
definition of £ implies that £"(g) > 0 on f"(U). It follows that my has no mass on f"*(U)
and hence on U,>f™(U). On the other hand, we have for every z € P* that d=*"(f")*(5,)
converges to u, see, e.g., [DS10b, Cor. 1.4]. Therefore, f~"(d,)NU # & for some n or equivalently
x € Up>0f™(U). So we have U,>of™(U) = P*. This contradicts the fact that m, has no mass
on this union. So we have supp(my) = supp(u) as desired.

For the last assertion of the proposition, we can replace g with g —c4p in order to assume that
cg = 0 for g € 7. By Lemma [3.9] the family 7y is uniformly bounded and equicontinuous. So
the limit of the sequence of sets A~ L™ (F) is a compact, uniformly bounded and equicontinuous
family of functions that we denote by F.. This family is invariant by A™'£ and we also have
cg = 0 for g € Foo. We want to show that it contains only the function 0.

Define

M := max{l(a)/p(a) : | € Fu,a € P*}.
Choose a function [ € F, and a point a such that l(a)/p(a) = M. There are an increasing
sequence of integers (n;) and a sequence (g;) C F such that A= £L"(g;) converges uniformly
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to . For every n > 0, choose a limit function I_,, of the sequence A\~ "L ~"(g;). We have
l=X"L"(_,) and I, € F.

As in the end of the proof of Theorem [B.], we obtain that [_,,/p = M on the set f~"(a) and
if [_ is a limit of the sequence [_,, then [_, belongs to Foo and I /p = M on the small Julia
set supp(u). Since my is supported by the small Julia set and (mg, g) = ¢4 = 0 for g € Foo, we
conclude that M = 0. Using the same argument for —g with g € F, we obtain that the minimal
value of the functions in F, is also 0. So F contains only the function 0. This ends the proof
of the proposition. O

Proposition ] in particular gives the following equidistribution result for the (weighted)
preimages of a given point.

Corollary 4.2. Under the assumptions of Theorem [T, for every x € P¥ the points in f~"(x),
with suitable weights, are equidistributed with respect to the conformal measure mgy when n tends
to infinity. More precisely, if 6, denotes the Dirac mass at a, then

lim A" Z Pt o Ha) s — p(x)my

n—o0
fr(a)=z
for every x € P¥.

Proof. Denote by p, the measure in the LHS of the last identity. Let g be any continuous
function on P*. We have

-n a)+-- n=l(q —n/prn
(i, g) = A" Y Pt @l g () = A7(L7g) ().
fr(a)==
The last expression converges to cgp(x) = p(x)(me, g). The result follows. O

For our convenience, define the operator L by L(g) := (Ap) "1L(pg). Define also the positive
measure fiy by pe := pmg. We have the following lemma.

Lemma 4.3. For any continuous function g: P* — R, the sequence L™(g) converges uniformly
to the constant cp,g = (14, 9) = (Mg, pg). We also have that pe is an f-invariant probability
measure such that supp(ue) = supp(p).

Proof. Define ¢’ := pg. We have ¢y = (mg,pg) = (ie,g). The first assertion is a direct
consequence of the fact that A™"L"(g’) converges uniformly to ¢y p.

For the second assertion, we have seen in the proof of Proposition @1l that (mg,p) = 1. It
follows that 4 is a probability measure. Moreover, we obtain from the A~1L*invariance of my
that

(1,90 f) = (mg,plgo f)) = (AN"1L (my), p(g o £)) = (me, A~ L(p(g © f))) = (ug, L(g © f))-
Using that A='£(p) = p and the definition of £, we can easily check that L(go f) = g. So the
previous identities imply that (ug,g 0 f) = (ug,9). Hence, ug is an invariant measure. The
assertion on the support of 14 is clear because supp(mg) = supp(p) by Proposition 1] and p
is strictly positive. O

The operator £ can also be extended to a continuous operator on L?(us) and L%(my). Since
iy = pmg and p is positive and continuous, these two spaces are actually the same and the
corresponding norms are equivalent.

Lemma 4.4. Under the assumptions of Theorem [, the operator L extends to a linear
1

continuous operator on L*(mg) whose norm is bounded by ez Moreover, there exists

a positive constant ¢ such that H)\_"E"HLg(md)) <c for allmn > 0.

Proof. By Cauchy-Schwarz’s inequality and using the A~ £*-invariance of m, we have

2 2 2 2
(mg, 1L"g]") < (mg, (L"1) - (L™ [g)) < py (mg, L7 |gl” ) = o A" (mg, g]”)
for every g € L?*(my) and n > 0. The second assertion of the lemma follows because p,7 < A™.
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For the first assertion, take n = 1. From the definition of p,; and A, we have p{ < dFemax e
and A\ > d*e™" % The above inequality implies that

(mg, |Lg*) < PPN (my, |g]*).
The first assertion in the lemma follows. O

Proposition 4.5. Under the assumptions of Theorem [L1, the measure gy = pmg is K-mizing
and mixing of all orders.

Proof. We start with the second property. Let {go,...,gr} be any finite family of continuous
test functions on P¥. We need to show that, for 0 =ng <ny <--- < n,,

T

{tigrg0(g1 0 f™) .. (gr o f)) = [ [ (1or 95) = 0
7=0
when n := info<j<,(nj41 — n;) tends to infinity. This property is clearly true for r = 0. Take
r > 1. By induction, we can assume that the above convergence holds for the case of r — 1 test
functions. We prove now the same property for r test functions.
By the f.-invariance of u4 and the induction hypothesis, we have

T

(pg, (g1 0 f™) - (gr o f™)) = (pgrg1(g2 o f27™) o (gr 0 £ ™)) = [ [ (o0 95)-

j=1
So the desired property holds when gg is a constant function. Therefore, we can subtract from gg
a constant and assume that (ie, go) = 0, which implies that the product H;-L:()(,u(b, gj) vanishes.

Using that A™'L(p) = p, the A~!L*-invariance of mg, and the definition of £, we can easily
check by induction that for all functions g,[ we have

(e 9) = (ug, L"(g))  and  L"(g(lo f")) = L"(g)l.
We then deduce that

(o g0(gro ™). (grof)) = (pg, L" (golgr o f™) .. (gr © f™)))
= (pg, L™ (g90)g1 - - (gr o [ 7).

By Lemma (3] the sequence L™ (gg) converges uniformly to 0 as n; tends to oco. So the last
integral tends to 0 because the function g ... (g, o f* ™) is bounded. We then conclude that
e is mixing of all orders.

We prove now that u, is K-mixing, that is, that given g € L?(u,), when n tends to infinity
the difference

(11g, gL o f)) = (1gs 9){1g, 1)

tends to 0 uniformly on test functions | whose L?(ugs)-norm is bounded by a constant. As
above, we can assume that (i, g) = 0. We can also assume that the L?(p,)-norms of g and !
are bounded by 1. Fix an arbitrary constant € > 0. It is enough to show the existence of an
integer N = N (e) independent of [ such that |(ue,g(l o f))| < 2€ for n > N.

Choose a continuous function g’ such that (ug,g') = 0 and ||g — ¢[|r2(,,) < € Using the
invariance of 4 we have

g, g(Lo f1) = (kg g (Lo fNI = Kugs (9 =g )Lo N < Mlg = g2 10 F L2y

= 9= 9'lz2up)lllllz2 () < e

It remains to show that |(ug, ¢'(l o f™))| < € when n > N for some N large enough. As above,
we have

{1, 9" (1 o S = [, L™(¢)D] < I () |oo-

Lemma 3] and the identity (u4,¢’) = 0 imply the result. O
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For positive real numbers ¢, M, and € with ¢ > 2 and Q < logd, consider the following set
of weights

Plq, M, Q) == {¢: PF 5 R ¢ ||¢|loge < M, Q(¢) < Q}

and the uniform topology induced by the sup norm. Observe that this family is equicontinuous.
In the two lemmas below, we study the dependence on ¢ € P(q, M, Q) of the objects introduced
in this section. Therefore, we will use the index ¢ or parameter ¢ for objects which depend on
¢, e.g., we will write Ay, Lg, pg, 1,(¢) instead of X, L, p and 1,,.

Lemma 4.6. Let q, M, and Q) be positive real numbers such that ¢ > 2 and 2 < logd. The maps
O = Ng, @ = My, ¢ pg, and ¢ — pg are continuous on ¢ € P(q, M,Y) with respect to the
standard topology on R, the weak topology on measures, and the uniform topology on functions.
In particular, py is bounded from above and below by positive constants which are independent
of » € P(q, M,Q). Moreover, H)\;"ﬁgH(x, is bounded by a constant which is independent of n
and of ¢ € P(q, M, ).

Proof. Fix q, M, and () as above. Observe that when we add to ¢ a constant c¢ the scaling ratio
A and the operator L4 are both changed by a factor e®. It follows that the operator )\;15@
the measures my, 14, and the density function pg do not change. So, for simplicity, it is enough
to prove the lemma for ¢ in the family

Polq, M, Q) := {¢: P* = R : ming =0, [[¢logr < M, Q(¢) < Q}.

Notice that this family is compact for the uniform topology.

Consider two weights ¢ and ¢’ in this space. From the definition of Ay and Ay, we have
e~ lle=¢lle < Mg/ Ay < elo=¢lle Tt follows that ¢ — Ag is continuous. When ¢/ — ¢, any limit
value of mgy is a probability measure invariant by A;lﬁ’; thanks to the invariance of mgy by

A;,lﬁ;z,. Since my is the only probability measure which is invariant by A;lﬁ;;, this limit value
must be mg. Thus, ¢ — my is continuous.

We deduce from the proof of Proposition that 6,,(¢) = p(¢)/p;, (¢) is bounded by a
constant independent of n and ¢. Moreover, the family of functions

{15(¢) with n>0 and ¢ € Polq,M,Q)}

is uniformly bounded and equicontinuous. Recall that 1%(¢) = (p, (¢)) " '1,.(¢) and p;, (¢) <
Ay < p(¢), see the proof of Lemma B8 Tt follows that )\;"]ln(qﬁ) belongs to a uniformly
bounded and equicontinuous family of functions.

From the definition of pg and pg, we also see that these functions belong to a uniformly
bounded and equicontinuous family of functions. When ¢’ — ¢, if p’ is any limit of py, then
p' is continuous and invariant by A;lﬁ(b because py satisfies a similar property. It follows from
Theorem Bl that p' = cpy for some constant c¢. On the other hand, since py = pymey is
a probability measure, any limit of pgyme is a probability measure. Thus, p'mg = cug is a
probability measure and hence ¢ = 1. We conclude that py — py and also pg — 1. In other
words, the maps ¢ — pug and ¢ — p, are continuous. Since py is strictly positive and the
family Py(q, M, Q) is compact, we deduce that py is bounded from above and below by positive
constants independent of ¢.

The last assertion in the lemma is also clear because [|A;"LE o0 = AJ"[|1n(¢)]loc < On(9).
This ends the proof of the lemma. O

Lemma 4.7. Let g, M, and ) be positive real numbers such that ¢ > 2 and Q) < logd. Let F be
a uniformly bounded and equicontinuous family of real-valued functions on P¥. Then the family

{A"LE(9) + n>0, 9 € Pp,M,Q), g F}

is equicontinuous. Moreover, ’)\;"ﬁg(g) — <m¢,g>Hoo tends to 0 uniformly on ¢ € P(p, M,Q)
and g € F when n goes to infinity.
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Proof. As in Lemma [1.6] we can assume that ¢ € Py(p, M,2). The first assertion is clear from
the proof of Lemma 391 We prove now the second assertion. By Lemma [£.6] m, belongs to
a compact family of probability measures. It follows that |(mg,g)| is bounded by a constant
independent of ¢ and g. It follows that the family

Fi={A"L3(9) — (mg,g) : n>0, ¢ € Po(p,M,Q), g € F}

is uniformly bounded and equicontinuous. Denote by F. the set of all functions I’ obtained as
the limit of a sequence

hyj = Xy L3 (95) = (Mg, 95)
in Fj, with n; — co. By taking a subsequence, we can assume that ¢; converges uniformly
to some function ¢ € Po(p, M, Q). Since (mg;,h;) = 0, we also obtain that (mg,l’) = 0 by
the continuity of ¢ — mg. Now, as in the end of the proof of Proposition B.I], we obtain that
'=X;"Ly(IL,) for some I”,, € F and then deduce that I' = 0. The lemma follows. O

4.2. Pressure and uniqueness of the equilibrium state. Using the results in the previous
section, to prove the next proposition we only need to follow the arguments in [UZ13, Sections
6 and 7] and [PU10, Section 5.6].

Proposition 4.8. The probability measure pg is a unique equilibrium state associate to ¢.
Moreover, the pressure P(¢) is equal to log \.

Proof. We follow the approach in [PUL(0, Th. 5.6.5]. To simplify the notation, set S,(g) :=
Z?:_& g o fJ for any function g: P¥ — R. Recall that, given ¢’: P¥ — R with [¢/||pge < o0 and
Q(¢') < logd, we denote by Ay, pg the objects associated to L.

Claim 1. We have Ent(ug) + (ug,¢') = P(¢') = log Ay for all ¢/: P* — R such that
H(b/Hlogq < oo and Q((ﬂ) < log d.

Proof of Claim 1. The proof of the inequality P(¢’) < log Ay is an adaptation of Gromov’s
proof of the fact that the topological entropy of f is bounded above by klogd, see [Gro03]. We
refer to [UZ13, Th. 6.1] for the complete details. To complete the proof, it is enough to show

that Entf(u¢/) + <M¢/, ¢,> > log Agr.

It follows from [Par69] that Enty(ug) > (e, logJ, ¢,>, where Jy,, is defined as the Radon-
Nikodym derivative of f*jq with respect to pg (when this derivative exists). In our setting, it
follows from a straightforward computation that J, o is well defined and given by

Tuy = Mgy e (pgr o f)-

Indeed, denoting by J' the RHS in the above expression, for every continuous function g: P*¥ —
R, we have

(g, J'g) = (Mg, e (pgr 0 f)g) = (Liymer, e (pgr © £)g) = (mer, Lo (e (g © f)g))
= (mgr, por Lo (e 9)) = (ngr, f29) = (f1er9),

which proves that J = J We then have, using the f,-invariance of f4,

Mgt *
/ /
Ent s (pg)+{pgr, ¢') > (pgr,10g Ju,, ) +{pgr, @) = (par,10g(pg © f) —log pgr) +1og Ay = log Ay
and the proof is complete. O

Claim 2. Let M and Q be positive real numbers such that Q < logd, and g: P* — R a
continuous function. Then, for every y € P¥, we have

1 X po(a)=y Salg) (@)es )
n £ 1(y)

(4.1) — <,u¢/,g>

where the convergence is uniform on ¢’ € P(q, M, Q).
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Proof of Claim 2. Observe that the LHS of (41]) is equal to

1A @)=y Sn(g)(x)eS(¥)@)
n AL a(y) :

The denominator of the last quotient converges to pg (y) and the numerator satisfies

n—1
Z Sn(g)(@)e N = AP N " £ (g o ) (y A¢,ZA Hg- L,1)(y).
=y Jj=0
It follows from Lemma [£.7] that
(43) )\‘7 nﬁg, J(g . E‘;/:ﬂ_) — <’I’I’L¢/,g . ﬁ‘;/]]_>p¢/

as n — j — oo, where the convergence is uniform on ¢ € P(¢d,M,Q). We deduce from (Z.2),
(#3), and the fact that A, ]Ed),]l — py as j — oo that, as n — oo, the LHS in (1) tends to

n—1

o L —j i) _
Jim —~ ZO Ao (g - £31) = (g, g por) = (g1, 9) -
j=
The proof is complete. O

Claim 3. For every +: P* — R such that [l jpge < oo the function t — P(¢ + t¢) is
differentiable in a neighbourhood of 0.

Proof of Claim 3. Fix y € P and set

- _4p 1Y o (a)=y Sn(9) () )
P.(t) = -1 S| . l .
"0 n %8 Lorully) and Qn®) dt n(t) n L4 1p1(y)

Notice that Q(¢+ty) < logd for ¢ sufficiently small. A direct computation and Claim 2 (applied
with ¢+ t1, 1 instead of ¢', g) imply that Qn(t) = (Ugtty, ) as n — oo, locally uniformly with
respect to t. We also have P, (t) — log Ap4+y = P(¢ + t1p), where the convergence follows from
Lemma [3.8 and the equality from Claim 1 applied with ¢’ instead of ¢ +t¢. We deduce that the
pressure function P, in a neighbourhood of ¢ = 0, is the uniform limit of the C! functions P, (t),
whose derivatives @, (t) are also uniformly convergent. Thus, the function P is differentiable in
a neighbourhood of ¢ = 0, with derivative at ¢ equal to (figteyp, ). O

It follows from Claim 1 that 4 is an equilibrium state. By [PU10, Cor. 3.6.7], the fact that
the pressure function t — P(¢ + ti) is differentiable at ¢ = 0 with respect to a dense set of
continuous functions v implies the uniqueness of the equilibrium state for the weight ¢. Since
this property holds by Claim 3 for all ¢ such that |[¢)]|},,¢ < 00, the proof is complete. O

In the second part of this work, we will prove that, when ¢ and  are Holder continuous, the
pressure function P(t) defined above is actually analytic, see [BD20, Theorem 1.3].

We conclude this section with the following properties of the equilibrium state p, that we
will use in the next section.

Proposition 4.9. Under the assumptions of Theorem[L1, the metric entropy Ent¢(ug) of pe is
strictly larger than (k —1)logd. In particular, j1y has no mass on proper analytic subsets of P¥,
its Lyapunov exponents are strictly positive and at least equal to 5 (Entf(p¢) (k—1)logd), and
the function log|Jac D f| is integrable with respect to py. Moreover the Hausdorff dimension
of g satisfies

(k—1)logd n Ents(pg) — (k—1)logd

A1 Ak
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Proof. Since s maximizes the pressure and Ent () = klogd, we have

Enty(pg) + (g, @) > Enty(u) + (1, ¢) > klogd + min ¢.
Since by assumption we have Q(¢) < logd, it follows that

Ents(ug) > klogd + min¢ — (ug, ¢) > klogd — Q(¢) > (k —1)logd.

The Lyapunov exponents of every ergodic invariant probability measure satisfying this property
are bounded below as in the statement, and in particular the function log |Jac| is integrable
with respect to it, see de Thélin |De 08] and Dupont [Dupl2]. The bound on the Hausdorff
dimension of p is then a consequence of [Dupll], see also [DV15].

Let now X be a proper analytic subset of P¥. Assume by contradiction that m = pu(X) > 0.
We choose such an X which is irreducible and of minimal dimension p. So, for all n > 0, f™(X)
is also an irreducible analytic set of dimension p. We have

po(f*(X)) = ne(f (S (X)) = po(X) = m.

It follows that ps(f™(X) N f7 (X)) > 0 for some n’ > n > 0. The minimality of the dimension
p implies that f*(X) = f™(X).

Replacing X, f, and ¢ by f*(X), f* " and ¢+ --- + ¢ o f*' "1 we can assume that X is
invariant and pg(X) > 0. Since p is mixing, it is ergodic. We then deduce that e (X) = 1.
Therefore, the metric entropy of 14 is smaller than the topological entropy of f on X. But this

is a contradiction because the last one is at most equal to plogd, see [DS104, Th.1.108 and
Ex.1.122]. The result follows. O

4.3. Equidistribution of periodic points and end of the proof of Theorem [I.1l Because
of Proposition Al Corollary [£2] Lemma B3], and Propositions and 48], to prove Theorem
[T it only remains to establish the equidistribution of (weighted) repelling periodic points of
period n with respect to g, as n — oo.

Theorem 4.10. Let f: P* — P* be a holomorphic endomorphism of P¥ of algebraic degree
d > 2 and satisfying Assumption (A). Let ¢: PF — R satisfy [@[ljpga < 00 for some g > 2 and
Q(p) < logd. Let p4 be the unique equilibrium state associated to ¢, and X the scaling ratio.
Then for every n € N there exists a set P), of repelling periodic points of period n in the small
Julia set such that

(4.4) nh—%o A" Z 6¢>(y)+¢>(f(y))+---+¢>(f”‘1(y))5y = 1.
yery]

Note that a related equidistribution property for Holder continuous weights was proved by
Comman-River-Letelier [CR11] for (hyperbolic and) topologically Collect-Eckmann rational
maps on P'.

To prove Theorem .10 we follow a now classical strategy due to Briend-Duval [BD99] for
the measure of maximal entropy (which corresponds to the case ¢ = 0). We employ a trick due
to X. Buff which simplifies the original proof. An extra difficulty with respect to the case ¢ =0
is due to the fact that there is no a priori upper bound for the mass of the left hand side of
(#4) when P}, is replaced by the set of all repelling periodic points of period n.

Given any point = € P¥ we denote by a.n the measure

Lian = A""p(x) " Z e¢(a)+¢(f(a))+---+¢(f”_l(a))p(a)ga_
f(a)==
It follows from Corollary that, for every continuous function g: P¥ — R, we have
n _ a @)k n—1(q _
(om,g) = N "p(a) ™t D ed@TeU @0l @) p(a)g(a) — p(a) ! (p()my, pg) = (1, 9)
fr(a)=z

as n — oo. This means that, for all z € P*, we have Han — ey S 1 — 0O.
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We denote by 0 < Ly < --- < Ly, the Lyapunov exponents of p14, see Proposition .9 We fix
in what follows a constant 0 < Ly < L1. Given € X, a ball B of center x, and n € N, we say
that g: B — B’ is an m-good inverse branch of f of order n on B if

go f"=idjp and diam fiB" < e (=Dl for all 0 <1 < n.

Notice that the definition in particular implies that diam(B) < e~™. We denote by ug?l the
measure
M%’fﬁ = A () S @U@ @) p )5,
a=g(z)
where the sum is taken on the m-good inverse branches g of f of order n on B. Since we have
,ugngl < figp for all n > 0, it follows that any limit value py of the sequence {,ugngl} satisfies
W < pg. In particular, we have ||p/z]| < 1.
Given m > 1 we say that a ball B centred at x is m-nice if

(i) infp p > (1 — 1/m)supp p;

(ii) Hug?LH > 1—1/m for every n sufficiently large.
Observe that the second condition implies that diam(B) < e~ for every m-nice ball B.

(m)

Moreover, we have ||pjp[| > 1 —1/m for every limit value i of the sequence pp ;.

Lemma 4.11. For pg-almost every x € P*, every sufficiently small ball centred at x is m-nice.

The proof of Lemma [ 1Tlis elementary but makes uses of the natural extension of the system
(P, £, e), see for instance [CES12, Sec. 10.4]. We denote by Xo,C¢, PCy the small Julia set,
the critical set and the postcritical set PCt := Up>of"(Cy) of f, respectively. We also set
X == Xo \ Unenf""(PCy). By Proposition .9 we have uy(f~"(PCy)) = 0 for every m € N,
hence (X) = 1. We denote by X the set

X ={2:= (vp)nez: zn € X, f(zp) = Tny1},

by m, : & — x, the natural projection from X to X and by f: X — X the map

Fl. o, @ 1, ) = (.o, fx_1), fzo), f(z1),...) = (..., z0, 21, @2, ... ).

Observe that 7, o f = fom, for all n € Z. Let us consider on X the o-algebra B generated by
all cylinders, i.e., the sets of the form

Ay p =7, (B) ={i: 2, € B} forn <0and B C P* a Borel set
and set
fip(Ap B) := pe(B) for all A, p as above.

It follows from the invariance of py and the fact that =, € B if and only if ,_,, € f~™(B)
(with m > 0) that fi, is well defined on the collection of the sets A, p and

fip(An.B) = figp(An—m,B) for all m > 0.
Similarly, for every m > 0 and Borel sets By, B_1, ..., B_,, C P¥ we then have
fip({Z: xo € Bo,x—1 € B_1,...,2_m € B_p})
= ({5 2 € F(Bo) O f~"D(BL) A B}
— (S (Bo) O f " D(By) 1+ 1 By,
We then extend fis to a probability measure, still denoted by fig, on B. Observe that flp is
f-invariant by construction and satisfies (7). flp = fig-

For n > 0 we denote by f. " the inverse branch of f™ defined in a neighbourhood of zy and

such that f."(xo) = —y,. This branch exists for all zg € X. We have the following lemma.
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Lemma 4.12. For every 0 < L < Ly there exist two measurable functions nr,: X = (0,1]
and Sp: X — (1,400) such that, for [iy-almost every & € X, the map f." is defined on
Bp (20, nL(2)) with Lip(f;™) < Sp(&)e™™F for every n € N.

Sketch of proof. The statement is a consequence of Proposition .9 A direct proof in the case
¢ = 0 is given in [BD9Y, Sec. 2] and [BDMO8, Thm. 1.4(3)]. The case n = 1 comes from a
(quantitative) application of the inverse mapping theorem, which is then iterated to get functions
nr, and Sy, valid for all n. The main point in the proof is an application of the Birkhoff ergodic
theorem to the function log | Jac D f|. This function is integrable with respect to the measure of
maximal entropy g, which has continuous potentials, because of the Chern-Levine-Nirenberg
inequality [CLNG9]. Since this function is integrable with respect to p14 by Proposition 43} the
same proof applies in our setting. O

Proof of Lemma [{.11] Since p is continuous and strictly positive, we only need to check that, for
Hg-almost every x € P*, every sufficiently small ball B centred at x satisfies H,u(m) H >1—-1/m
for every n sufficiently large.

Let us consider the disintegration of the measure jis with respect to p4 and the projection
mg. We denote by ,&2 the conditional measure on {z¢g = z}. The measure ,&2 is uniquely defined
for pg-almost all € X and characterized by the identity

(fig,9) = (pg, u(x)) , where u(z) := (fig, g)

for all bounded measurable functions g: X — R. Since (m0)sfly = Mo, fi, 1s a probability
measure for pg-almost every x.
We will need a more explicit description of the conditional measures /12“;. For n > 0 and

x € X we consider the measure /i on X defined as follows. First, let us consider the projection
X — X"t given by

A= (T_py v oy T—1,70).
For every element (y_,,...,%0) € X" we choose a representative 2 € X such that zj = y; for
all —n < j < 0. For any given yo and any n > 0 we then have d*” distinct such representatives,

and we denote by Z,, their collection. We then set
R AT S R )b
2€2y: 20=x
Since this is a finite sum, the measures /1], are well defined on X.

Claim. We have limy, o0 fiy; = fig, for pig-almost every z € X.

Proof. It is enough to check the assertion on the cylinders A_; g for ¢ > 0 and B C P* a Borel
set. It is clear that, for all n > 0, we have i (Ag p) = d,(B), which implies that

/Mn(Ao B)te(z /5 Jtg(@) = pe(B).
Moreover, for all n > i, using the invariance of p by A~1£ we have
(A B) = fin(A-ip Ny (x)
=ATpla) 3 P T o )0: (A )
2€2y: zo=x
=ATp(x)h D (L7 p) () e O )5 (A )

2621’ T 2=

_ )fip(x)fl Z p(z_i)e¢(z7i)+¢>(27¢+1)+---+¢>(2—1)52(A_LB)
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In order to conclude it is enough to prove that

/,&f(A_i,B),u(b(x) = py(B) for all i > 0.
We have
()\_ip(x)_l 3 6¢(Z—i)+¢(z—i+l)+~..+¢(Zfl)p(zii)62(1471.73))qu(x)

QGZAZ':Z()::L'
:/()\—ip(x)—l Z e¢(a)+¢(f(a))+---+¢(fi’1(a))p(a)]lB(a))%(x)
fi(a)=x
<M¢>7)\ pLfi (oot dof 1p]lB)>
< pebtooft ol

(fi)*ﬂ¢,]lB> = pg(B),

where in the last step we used the fact that the Jacobian of pug (ie., the Radon-Nidokym

derivative %) is given by Ap~te~?(po f), which implies that

3 i Sl o i 1
(f) s = Xple 220 (po fiyu,
This completes the proof of the Claim. U

Ai(po fi

Let us now fix an integer m > 0, a constant Lo < L < L1, and a second positive integer ~.
For every integer N > 0 we set

Xy :={#€X:n(#) > N"and Sp(&) < N}.

Observe that /1¢(XN) — 1 as N — oo. In particular, there exists Ny = No(m,~y) such that, for

every N > Ny, we have fiy(Xy) > 1 —1/(2m7+1). It follows by Markov inequality that there
exists a subset X, C X with py(X,) > 1 —1/m?" such that, for all N > Np,

fh(Xn N {xg =2}) > 1—1/(2m) for all x € X,.

It is enough to prove the property in the lemma for all z € X,. Let us fix one such
x. By Lemma and the definition of X N, for every & € X Ny and n > 0 the inverse
branch f;" is defined on the ball Bpk(zo, N71) with Lip(f;") < Ne L. In particular,
diam(f; " (Bpx(z0,e"™/(2N)))) < e=™ L0 for all n > 0. It follows that all inverse branches
on Bpi(xz,e"™/(2N)) corresponding to elements & € Xy N {zg = x} are m-good for all n.

The Claim above implies that

(2 (Xn N{zg =2z}) >1—1/m for all n large enough.

This precisely means that, for all n sufficiently large, we have H Mg?z“ > 1—1/m, where B =
Bpi(x,e”™/(2N)). This implies that such a ball B is m-nice. The proof is complete. O

Lemma 4.13. There exists a positive constant C' = C(Lg,q) such that, for all n € N;m > 0,
and every m-good inverse branch g: B — B’ of f of order n on a ball B, and for all sequences
of points {z;}, {y;} with 0 <1< n—1 and 27,y € fY(B') we have

Z’Gﬁxl $(y)] < Cm~@7Y,

Proof. Since g is m—good we have dist(z,y;) < e~m=(=0Lo for all 0 <1 < n — 1. Hence,

n—1
> o) — o(w) |<Z||¢Hlogq|log dist(x7, y)| 77 < ||¢||logq2|1 +m 4 1Ly "7 Sm~ Y,
=0 = =1

where the implicit constant depends on Ly, g and we used the assumption that ¢ > 2. O
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Lemma 4.14. Let U be a finite collection of disjoint open subsets of P*. For every m > 0
there exists n(m,U) > m and, for every n > n(m,U), a set Qm,n of repelling periodic points of
period n in the intersection of the union of the sets in U with the small Julia set such that, for

allU el,

(1—1/m)ug(U) < A" Z SWHEF W)+ (/" () < (14 1/m)ug(U).
yEQm,nmU

Proof. We can assume that U consists of a single open set U, the general case follows by taking
n(m,U) to be the maximum of the n(m,U), for U € U. We can also assume that pys(U) > 0
because otherwise we can choose n(m,U) = m+1 and @, , = @. Fix integers mo > mq > m.
By Lemma B.IT], for ji4-almost every point a, every ball of sufficiently small radius centred at
a is mo-nice. Hence, we can find a finite family of disjoint ms-nice balls B; € U, such that
pe(U\UB;) < p1y(U)/ma. It is then enough to prove the lemma for each B; instead of U. More
precisely, let B = Bpk(a,r) be an mo-nice ball. It is enough to find an n(mgy) > ms and, for all
n > n(ms), a set @ of repelling periodic points of period n in B Nsupp(ug) such that

(4.5) (1—1/my)ug(B) <A™ Z W+ W+-+3(" () < (1+1/m1)pug(B).
yeQ

We fix in what follows an integer mg > ma/pue(B) and a second ball B* = Bpi(a,r*), with
r* < r, such that p4(B*) > (1 — 1/ma)ue(B). Choose a finite family of disjoint mg-nice balls
D; with the property that ;14(UD;) > 1—1/m3. We set D := UD; and let b; be the center of D;.
We also fix balls D} € D; centred at b; and such that ps(UD}) > 1—1/m3 and set D* := UD?.

Claim 1. There is an integer My = M (me, B, B*, D;) such that, for all N > M;, we have
(4.6) (1= 4/ma)ug(B) < pih % (B*) < (1+ 4/ma)ug(B)  for all i.
Proof. Since the balls D; are ms-nice and m3 > ma/uy(B), for every i we have

Hu%ﬂ,” > (1 — py(B)/my2) for all N large enough.
Hence, since ugfl,bj”]z, < pp; v and || s, N || < 1+0(1), we have Hpth—pg?’sz,H < pp(B)/ma+o(1).
Therefore, in order to prove the claim it is enough to show that
(1= 2/ma)is(B) < pn x(B*) < (1+ 2/ma)us(B)
for all ¢ and all N large enough. This is a consequence of Corollary and of the inequality
1o(B*) > (1= 1/ma)piy(B). O
Similarly, we also have the following.

Claim 2. There is an integer My = Mjy(mg, B, D*) such that, for all N > My, we have
(4.7) 1—4/my < p§'3) (D) < 1+4/ms.
Proof. Since the ball B is mo-nice, we have

H,ug?ﬁf)H > (1 —1/mg) for all N large enough.

Hence, by the fact that ugjfv) < po,N and ||pg,n]| < 14 0(1), in order to prove the claim it is
enough to show that
1-— 2/m2 < ,uayN(D*) <1+ 2/m2

for all N large enough. This is again a consequence of Corollary and of the inequality
o(D*) > (1= 1/ms). O

For every N; sufficiently large, every point in the support of 1z« ”%?1271 corresponds to an
mg-good inverse branch of f of order Ni mapping D; to a relatively compact subset of B.
Similarly, for every Ny sufficiently large every point in the support of 1p« Mg?f\% corresponds

to an mso-good inverse branch of f of order No mapping B to a relatively compact subset of
29



D. Composing such inverse branches we get inverse branches g; of f Ni+N2 defined on B whose

images are relatively compact in B. In what follows, we only consider these inverse branches
. We al i : @D 62D wh (2)

g;. We also write g; as g;* o g;”", where g;

(whose image is then in D) and g§1)

also set i = i(j), where g§2)(B) C D;.

Each inverse branch g; as above contracts the Kobayashi metric of B, and thus admits a
unique fixed point y;, which is attracting for g; and hence repelling for fMHN2 Up to possibly
increasing the integers M; and Mj given by the Claims above, we can assume that the above
properties hold for Ny = M; and Ny = M. We set n(m) := Mj(mg) + Ma(msz) for a fixed
choice of sufficiently large mq,mgy, m3 and, for all n > n(m), we define the set @ as the union
of all such fixed points constructed as above with N3 = My (m2) and Ny = n — Ny > My(ms).
The points in @) are then repelling periodic points of period n = Nj + N» for f. Observe that,
for all j and all z € B, since g;(B) € B we have gé»(z) — gy as | — oo. Since B intersects the
small Julia set, by taking z in the small Julia set we see that y; belongs to the small Julia set.
To conclude, we need to prove ([4.5]) for this choice of Q). We set

= Y W)U W) g = 3 ) o W)

yeQR J

is the corresponding inverse branch of f¥2 on B

is the corresponding inverse branch of fM on 9(2)( B). We

and

1) o p(gP (b))
ni= AT Z( (bi))+9(fogs” (bigs) )+ +o(FN1Log P (b)) PAIs Vi)
p(bi(j))

(2
A0 @) 4700 @) 482 ogP (@) LIS (@) ¢ )
pla) 0
Observe that there is a correspondence between the terms in u, and those in fi,,. Moreover,
since all the balls B and D; are ms-nice, we have

1p(gs" (b)) /p(a) — 1] S myt and |p(g'” (a))/plbi)) — 1 < my " for all i and j.

It follows from these inequalities and Lemma ET3] that |, (B) — jin(B)| < fin(B)my*. Hence,
in order to conclude it is enough to prove that

(1= 1/(2m)po(B) < fin(B) < (14 1/(2m1))us(B)

because mq is chosen large enough. By construction, we have

Z MB N2 Mgw}z;l (B¥).
By Claim 1, this implies that
(1 —4/m2)uy(B Zﬂgﬁl Df) < fin(B) < (1+4/m2)pe(B Zﬂgﬁ Dy).

The assertion then follows from Claim 2 and the fact that ), 11 E:n ;,2 (Dy) = u%mi,l (D*), by taking
mg large enough. O

We can now conclude the proof of Theorem [£I0l As mentioned at the beginning of the
section, this also completes the proof of Theorem [I.11

End of the proof of Theorem [{.10} For every i € N we construct a finite family of disjoint open
sets U; == {U; j }1<j<J, with the following properties:
(1) po(Ur<j<rUij) = 1;
(ii) for all 1 < j < J; we have diam(U; ;) < 1/3;
(iii) for all ¢ > 2 and 1 < j < J; there exists 1 < j' < J;_y such that U; ; C U;_q .
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We can construct these sets using local coordinates and generic real hyperplanes which are
parallel to the coordinate hyperplanes. Observe also that, by the first condition, we have
pe(0U; ) =0 for all i and 1 < j < Jj.

For every n, we define i,, := max{m < n: n > n(m,Uy,)}, where n(m,U,,) is given by Lemma
AI4l Observe that i, — oo as n — oco. We define P}, C U;U;, ; as the union of the sets of
repelling periodic points of period n in the small Julia set obtained by applying Lemma [£.14] to
the collection Uf;, instead of U, and set

L= AT Z e )+t (f7 l(y))(gy_
yePR;,
By Properties (i) and (ii) of the open sets U; ; and Lemma .14} any limit z' of the sequence

{u1,} has mass 1. So, since py(U;U;, ;) = 1 for all n and diam(U; ;) < 1/ for all 4, it is enough
to prove that

(4.8) linl)inf fony(Uix j*) > pip(Ups j») for all i* € N and 1 < j* < Jjs.

Indeed, given any open set A C P*, we can write A as a countable union of compact sets of
the form U; ; € A, overlapping only on their boundaries. We then see that (4.8]) implies that
pe(A) < p/(A) for every open set A, and the facts that ||| = ||¢/]] and p4(9U; ;) = 0 for all
i, imply that pg = p'.

We can then fix ¢*, j* as in (£.8) and a positive number ¢, and it is enough to prove that

(Ui j=) > p1p(Uix j«) — € for all n sufficiently large.

We only consider in what follows integers n such that 4,, > * and the sets U;, ; which
are contained in U« j». For all such n, we have py(Uis j+) = >, 1p(Us, 5) and iy, (Uis jx) =
> Hn(Ui, ). It follows by the definition of y;, and Lemma 414 that

Z\Mn i) = 1o (Ui )| <Y (Ui, ) = i s (U).
i

|Mn Ui*,j*) ’L* *

The assertion follows. O

Remark 4.15. One could improve the argument in the proof of LemmalT4lto obtain that P, can
be taken to be a subset of the repelling periodic points with a good control of the eigenvalues,
see for instance [BDMOS; [BD19]. This implies that, setting ¥; := Ly_;41 + - -+ + Ly, we have

o= lim AT > L ow+otr@)+-+6(m ) IOgH N Dy

n—00 n
yeP),

and, in particular,

Sp= 3L = lim A" Y WG+t 0 1og | Jac D).

- n—00
Jj=1 yeP),

Here, DfP: T,P* — Tpn(z) P* denotes the differential of f™ at z. This is a linear map from

the complex tangent space of PF at z to the one at f™(zx). It induces the natural linear map
N Df? from the exterior power A\’ T,P* to A/ Tpn () PE.
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