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EXISTENCE AND PROPERTIES OF EQUILIBRIUM STATES
OF HOLOMORPHIC ENDOMORPHISMS OF P*

FABRIZIO BIANCHI AND TIEN-CUONG DINH

ABSTRACT. We study the transfer (Perron-Frobenius) operator induced on P* = P*(C) by a
generic holomorphic endomorphism and a suitable continuous weight. We prove the existence
and uniqueness of the equilibrium state and conformal measure and the existence of a spectral
gap for the transfer operator and its perturbations on various functional spaces. Moreover, we
establish an equidistribution property for the backward orbits of points, with exponential speed
of convergence, towards the conformal measure, as well as the equidistribution of repelling
periodic points with respect to the equilibrium state. Several statistical properties of the
equilibrium state, such as the K-mixing, mixing of all orders, exponential mixing, ASIP, LIL,
CLT, LDP, local CLT, almost sure CLT are also obtained. Our study in particular applies
to the case of Holder continuous weights and observables, and many results are already new
in the case of zero weight function and even in dimension £ = 1. Our approach is based on
pluripotential theory and on the introduction of new invariant functional spaces in this mixed
real-complex setting.
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Notation. Throughout the paper, P*¥ denotes the complex projective space of dimension k
endowed with the standard Fubini-Study form wgs. This is a Kéhler (1, 1)-form normalized so
that wky is a probability measure. We will use the metric and distance dist(-,-) on P* induced
by wrs and the standard ones on C*¥ when we work on open subsets of C*. We denote by
Bpx(a,r) (resp. BF, D(a,r),D,) the ball of center a and radius 7 in P* (resp. the ball of center
0 and radius 7 in C*, the disc of center a and radius r in C, and the disc of center 0 and radius
r in C). Leb denotes the standard Lebesgue measure on a Euclidean space or on a sphere. The
currents w, and their dynamical potentials u,, are introduced in Section B.1l

The pairing (-,-) is used for the integral of a function with respect to a measure or more
generally the value of a current at a test form. If S and R are two (1, 1)-currents, we will write
|R| < S when R(£R) < S for every function &: P¥ — C with [¢] < 1, i.e., all currents S — R(ER)
with £ as before are positive. Notice that this forces S to be real and positive. We also write
other inequalities such as |R| < |R;| + |Rq| if |R| < S + S2 whenever |Ry| < S7 and |Ra| < So.
Recall that d° = #(5 —0) and dd° = %35. The notations < and 2 stand for inequalities up to
a multiplicative constant. The function identically equal to 1 is denoted by 1. We also use the
function log*(+) := 1 + |log(-)|.

Consider a holomorphic endomorphism f: P¥ — P* of algebraic degree d > 2 satisfying the
Assumption (A) in the Introduction. Denote respectively by T, u = T*, supp(u) the Green
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(1,1)-current, the measure of maximal entropy (also called the Green measure or the equilibrium
measure), and the small Julia set of f. If S is a positive closed (1, 1)-current on P*, its dynamical
potential is denoted by ug and is defined in Section If v is an invariant probability measure,
we denote by Ent¢(v) the metric entropy of v with respect to f.

We also consider a weight ¢ which is a continuous function on P*. We often assume that
¢ is real. The transfer operator (Perron-Frobenius operator) £ = Ly is introduced in the
Introduction together with the scaling ratio A = A4, the conformal measure m, the density
function p = pg, the equilibrium state p4y = pmy, the pressure P(¢), see also Section @l The
measures mg and 4 are probability measures. The operator L is a suitable modification of £
and is introduced in Section

The oscillation €(-), the modulus of continuity m(-,-), the semi-norms |[|-[|,,,» and [|-||, of a
function are defined in Section 2.1l Other norms and semi-norms [|-||,,, [, o> [l 5.0y .01,
for (1, 1)-currents and functions are introduced in Section Bland the norms ||-||,, , [|-|,, in Section
(.3l The semi-norms we consider are almost norms: they vanish only on constant functions. It
is easy to make them norms by adding a suitable functional such as g — [(mg, g)|. However,
for simplicity, it is more convenient to work directly with these semi-norms. The versions of
these semi-norms for currents are actually norms. The positive numbers qqg, g1, g2 are defined in
Lemmas B.10] B.13] and the families of weights P(q, M,Q), Po(q, M,Q), Qp are introduced
in Sections and

1. INTRODUCTION AND RESULTS

Let f: P¥ — P* be a holomorphic endomorphism of the complex projective space P* = [Pk((D),
with k > 1, of algebraic degree d > 2. Denote by p the unique measure of maximal entropy
for the dynamical system (P¥, f) [Lyu83, BD09, [DS10a]. The support supp(u) of p is called
the small Julia set of f. The measure u corresponds to the equilibrium state of the system in
the case without weight, i.e., when the weight is zero. In this paper, we will consider the case
where the weight, denoted by ¢, is not necessarily equal to zero. This problem has been studied
for Holder continuous weights using a geometric approach, in dimension 1, see, e.g., Denker-
Przytycki-Urbanski [Prz90), [DU91al [DU9Ib, [DPU96] and Haydn [Hay99|] just to name a few,
and in higher dimensions, see Szostakiewicz-Urbanski-Zdunik [UZ13| [SUZ14]. We will develop
here an analytic method which will allow us to obtain more general and more quantitative
results. Many results are new even when ¢ = 0 and even for k = 1.

Throughout this paper, we make use of the following technical assumption for f:

(A) the local degree of the iterate f := fo---o f (n times) satisfies

1
lim — log maxdeg(f™,a) = 0.

n—oo n acPk

Here, deg(f™,a) is the multiplicity of a as a solution of the equation f™(z) = f"(a). Note that
generic endomorphisms of P* satisfy this condition, see [DS10b]. Our study still holds under a
weaker condition that the exceptional set of f (i.e., the maximal proper analytic subset of P¥
invariant by f~!) is empty or more generally has no intersection with supp(x) (in particular,
this condition is superfluous in dimension 1). However, this situation requires more technical
conditions on the weight ¢. We choose not to present this case here in order to simplify the
notation and focus on the main new ideas introduced in this topic. Our first goal in this paper
is to prove the following theorem (more precise statements will be given later).

Theorem 1.1. Let f be an endomorphism of P* of algebraic degree d > 2 and satisfying

the Assumption (A) above. Let ¢ be a real-valued logd-continuous function on P¥, for some

q > 2, such that Q(¢) := max ¢ —min¢ < logd. Then ¢ admits a unique equilibrium state juy,

whose support is equal to the small Julia set of f. This measure pg is K-mizing and mizing

of all orders, and repelling periodic points of period n (suitably weighted) are equidistributed

with respect to pg as n goes to infinity. Moreover, there is a unique conformal measure mg
2



associated to ¢. We have pgy = pmgy for some strictly positive continuous function p on P* and
the preimages of points by f" (suitably weighted) are equidistributed with respect to my as n
goes to infinity.

We say that a function is log?-continuous if its oscillation on a ball of radius r is bounded by
a constant times (log*r)~9, see Section 2] for details. See also Section for the K-mixing
and mixing of all orders.

An equilibrium state as in the statement above is defined as follows, see for instance [Rue72,
Wal00L [PUI10]. Given a weight, i.e., a real-valued continuous function, ¢ as above, we define the
pressure of ¢ as

P(¢) :=sup { Ents(v) + (v, ¢) },
where the supremum is taken over all Borel f-invariant probability measures v and Ent(v)
denotes the metric entropy of v. An equilibrium state for ¢ is then an invariant probability
measure [y realizing a maximum in the above formula, that is,

P(¢) = Enty(ug) + (e, 6)-

On the other hand, a conformal measure is defined as follows. Define the Perron-Frobenius (or
transfer) operator £ with weight ¢ as (we often drop the index ¢ for simplicity)

(1.1) Lg(y) = Logly) == Y e*Pyg(a),

zef~1(y)

where ¢g: PF — R is a continuous test function and the points x in the sum are counted with
multiplicity. A conformal measure is an eigenvector for the dual operator £* acting on positive
measures.

Notice that, in the case where ¢ is Holder continuous, a part of Theorem [I.T] was established
by Urbanski-Zdunik [UZ13] (also under a genericity assumption for f), see also [Prz90), [DU91a,
DU91bl, [DPU96| for previous results in dimension k = 1. When ¢ is constant, the operator £
reduces to a constant times the push-forward operator f, and we get pg4 = pu. For an account
of the known results in this case, see for instance [DS10a].

A reformulation of Theorem [I1] is the following: given ¢ as in the statement, there exist
a number A > 0 and a continuous function p = pg: P* — R such that, for every continuous
function ¢g: P¥ — R, the following uniform convergence holds:

(1.2) AL g(y) = cqp

for some constant ¢, depending on g. By duality, this is equivalent to the convergence, uniform
on probability measures v,

(1.3) ALY " — my,

where my is a conformal measure associated to the weight ¢. The equilibrium state p4 is then
given by iy = pmg, and we have ¢; = (my, g).

To prove Theorem [[T] in Section d we develop a new and completely different approach with
respect to [UZ13] and to the previous studies in dimension 1. As we will see later, the flexibility
of this method will allow for a more quantitative understanding of the convergences (L2]) and
([L3)), and for the direct establishment of several statistical properties of the equilibrium states.

The main idea of our method is the following. Let us just consider for now the case where
both of the functions g and ¢ are of class C? (the general case requires suitable approximations
of g and ¢ by C? functions). Given such a function g, first we want to prove that the ratio
between the maximum and the minimum of £™g stays bounded with n. This allows us to define
the good scaling ratio A and to get that the sequence A™"L"g is uniformly bounded. Next, we
would like to prove that this sequence is actually equicontinuous. This, together with other
technical arguments, would imply the existence and uniqueness of the limit function p.

In order to establish the above controls, we study the sequence of (1,1)-currents given by
dd°L™g. First we prove that suitably normalized versions of these currents are uniformly
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bounded by a common positive closed (1,1)-current R. This is the core of our method which
replaces all controls on the distortion of inverse branches of f™ in the geometric method of
[UZ13] by a unique, global, and flexible estimate. Namely, for every n € N we can get an
estimate of the form

(1.4) ‘ddcﬁ
Cn

— () j(f*)jWFs . k "
SZO( d > Jhon;  Vith o en = llgllcz (wrg, £71).

Here, wpg denotes the usual Fubini-Study form on P* normalized so that w{jﬁs is a probability
measure. Notice that the last infinite sum gives a key reason for the assumption Q(¢) < logd
made on the weight ¢ as the mass of the current (f,) wrs is equal to d*~1J,

We will establish in Section [2] some general criteria, interesting in themselves, which allow
one to bound the oscillation of ¢, '.£"g in terms of the oscillation of the potentials of the current
in the RHS of (I4). This latter oscillation is actually controllable. Assumption (A) allows
us to have a simple control which makes the estimates less technical but such a control exists
without Assumption (A).

Combining all these ingredients, the existence and uniqueness of the equilibrium state and
conformal measure, as well as the equidistribution of preimages and the equality P(¢) = log A,
follow from standard arguments that we recall in Sections and for completeness. We
also prove that the entropy of 4 is larger than klogd — Q(¢) > (k — 1)logd, and that all
the Lyapunov exponents of p are strictly positive. This also leads to a lower bound for the
Hausdorff dimension of ji4. In Section .7 we establish the equidistribution of repelling periodic
points with respect to pi4, see Theorem .20, which completes the proof of Theorem [Tl This
result is due to Lyubich [Lyu83] (for £ = 1) and Briend-Duval [BD99] (for any & > 1) when
¢ =0, and is new even for k = 1 otherwise.

Without extra arguments, given a continuous test function g the convergence as n — oo
in (L2) is not uniform in g. Our next and main goal is to establish an exponential speed
of convergence in (L2]). This requires to build a suitable (semi-)norm for (or equivalently, a
suitable functional space on) which the operator A~'£ turns out to be a contraction.

Establishing the following statement is then our main goal in the current paper. As far
as we know, this is the first time that the existence of a spectral gap for the perturbed
Perron-Frobenius operator is proved in this context even in dimension 1, except for hyperbolic
endomorphisms or for weights with ad-hoc conditions (see for instance [Rue92, IMS00]). This is
one of the most desirable properties in dynamics.

Theorem 1.2. Let f,q,¢,p,mg be as in Theorem [L1l and L, \ the above Perron-Frobenius
operator and scaling factor associated to ¢. Let A > 0 and 0 < Q < logd be two constants.
Then, for every constant 0 < v < 1, there exist two explicit equivalent norms for functions on
P*: depending on f,v,q and independent of ¢, and |||, depending on f,o,v,q, such
that

||'||<>1’ 027

lloe + lhoge S [llo; 2 -lley S N-llev -
Moreover, there are positive constants ¢ = ¢(f,7v,q,A,Q) and 8 = B(f,v,q,A,Q) with 8 < 1,
both independent of ¢ and n, such that when ||¢||, < A and Q(¢) < Q we have

VL o S e plley S 11/pllo, S and [N Lg]l,, < Bllgl,

for every function g: P* — R with (mg,g) = 0. Furthermore, given any constant 0 < 6 <
dV/ @2 when A is small enough, the norm [ll5, can be chosen so that we can take 3 =1/6.

The construction of the norms |[-|[, and |||, is quite involved. We use here ideas from
the theory of interpolation between Banach spaces [Tri95] combined with techniques from
pluripotential theory and complex dynamics. Roughly speaking, an idea from interpolation
theory allows us to reduce the problem to the case where v = 1. The definition of the above
norms in this case requires a control of the derivatives of ¢ (in the distributional sense), and
this is where we use techniques from pluripotential theory. This also explains why these norms
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are bounded by the C! norm. Note that we should be able to bound the derivatives of Lg
in a similar way. A quick expansion of the derivatives of Lg using (L)) gives an idea of the
difficulties that one faces. The existence of these norms is still surprising to us.

Let us highlight two among these difficulties. First, the objects from complex analysis and
geometry are too rigid for perturbations with a non-constant weight: none of the operators fi,
d, and dd® commutes with the operator £. In particular, the dd®-method developed by the
second author and Sibony (see for instance [DS10al) cannot be applied in this context, even for
small perturbations of the weight ¢ = 0. Moreover, we have critical points on the support of
the measure, which cause a loss in the regularity of functions under the operators f, and £ (see
Section [B]). Notice that we do not assume that our potential degenerates at the critical points.

Our solution to these problems is to define a new invariant functional space and norm in this
mixed real-complex setting, that we call the dynamical Sobolev space and semi-norm, taking into
account both the regularity of the function (to cope with the rigidity of the complex objects)
and the action of f (to take into account the critical dynamics), see Definitions and
The construction of this norm requires the definition of several intermediate semi-norms and
the precise study of the action of the operator f, with respect to them, and is carried out in
Section Bl Some of the intermediate estimates already give new or more precise convergence
properties for the operator f, and the equilibrium measure pu, see for instance Theorem

A spectral gap for the Perron-Frobenius operator and its perturbations is one of the most
desirable properties in dynamics. It allows us to obtain several statistical properties of the
equilibrium state. In the present setting, we have the following result, see Appendix [Al for the
definitions.

Theorem 1.3. Let f,¢,uy,mg,|ll,, be as in Theorems [L1 and [L.2 , X the scaling ratio
associated to ¢, and assume that [|¢||, < oo. Then the equilibrium state pg is exponentially
mizing for observables with bounded |||, norm and the preimages of points by f" (suitably
weighted) equidistribute exponentially fast towards mg as n goes to infinity. The measure fi4
satisfies the LDP for all observables with finite ||-||,, norm, the ASIP, CLT, almost sure CLT,
LIL for all observables with finite ||-||,, norm which are not coboundaries, and the local CLT for
all observables with finite ||-[|,, norm which are not (||-||,,, , ¢)-multiplicative cocycles. Moreover,
the pressure P(¢) is equal to log A and is analytic in the following sense: for ||¢|lo, < oo and t
sufficiently small, the function t — P(¢ + t) is analytic.

In particular, all the properties in Theorem [[.3] hold when the weight ¢ and the observable
are Holder continuous and satisfy the necessary coboundary/cocycles requirements. In this
assumption, some of the above properties were previously obtained with ad hoc arguments,
see [PUZK9, DUI9Ta, [DUIIL, DPU96, Hay99|, DNSO7, [SUZ15] when &k = 1, [UZ13, [SUZ14] for
mixing, CLT, LIL when k£ > 1, and [Dupl0] for the ASIP when k& > 1 and ¢ = 0. Our results
are more general, sharper, and with better error control. Note that the LDP and the local CLT
are new even for ¢ = 0 (for all £ > 1 and for all £ > 1, respectively). Our method of proof of
Theorem [[.3] exploits the spectral gap established in Theorem and is based on the theory
of perturbed operators. This approach was first developed by Nagaev [Nagh7] in the context
of Markov chains, see also [RE83, [Bro96, [Goul5)], and provides a unified treatment for all the
statistical study.

For the reader’s convenience, the above statistic properties (exponential mixing, LDP, ASIP,
CLT, almost sure CLT, LIL, local CLT) and the notions of coboundary and multiplicative
cocycle will be recalled in Section [6] and Appendix [Al at the end of the paper.

Outline of the organization of the paper. In Section 2] we introduce some useful notions

and establish comparison principles for currents and potentials that will be the technical key

to prove Theorems [[.T] and In Section Bl we introduce the main (semi-)norms that we will

need, and study the action of the operator f, with respect to these (semi-)norms. Section Ml

is dedicated to the proof of Theorem Il For this purpose, we develop our method to get the

uniform boundedness and equicontinuity for the sequence L£™g, properly normalized, that lead to
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the good definition of the scaling ratio A. Once this is done, the deduction of most of Theorem
[T is classical, and we just recall the proof of this in Sections and for the reader’s
convenience. Section [Blis dedicated to the proof of Theorem [[2] which is built on the method
developed in Section Ml made quantitative with respect to the semi-norms that we introduced
in Section Bl Finally, in Section [6] we develop the statistical study of the equilibrium states.
This section contains the proof of Theorem [I[.3] and more precise statements. In Appendix [A]
we recall statistical properties and criteria in abstract settings that we use to prove results in
Section
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2. PRELIMINARIES AND SOME COMPARISON PRINCIPLES

2.1. Some definitions. We collect here some notions that we will use throughout the paper.

Definition 2.1. Given a subset U of P¥ or C*¥ and a real-valued function g: U — R, define the
oscillation Qu(g) of g as
Qu(g) :=supg —infyg
and its continuity modulus my (g, r) at distance r as
my(g,r) = sup l9(z) — g(y)|-
z,yeU: dist(z,y)<r

We may drop the index U when there is no possible confusion.

The following semi-norms will be the main building blocks for all the semi-norms that we
will construct and study in the sequel.

Definition 2.2. The semi-norm |[-[|,,» is defined for every p > 0 and g: P*¥ = R as
19llogr := sup |g(a) —g(b)| - (log" dist(a,b))” = sup Qg (0 (g) - (1+[logr])”,
a,bePk r>0,aEPk

where Bp(a,r) denotes the ball of center a and radius r in P¥.

Definition 2.3. The norm ||-||, of a (1,1)-current R is given by
|22]l, := inf {|.5]]

where the infimum is taken over all positive closed (1,1)-currents S such that |R| < S, see
the Notation at the beginning of the paper. When such a current S does not exist, we put
|R||, := 4+oc0. The semi-norm ||-||, of an integrable function g: P¥ — R is given by

gl := llddg]], -

Note that when R is a real closed (1, 1)-current the above norm is equivalent to the usual
one defined as
IR]l, = inf(|ST + IS~
where the infimum is taken over all positive closed (1,1)-currents S* on P* such that R =
St —S~. In particular, for R = ddg, the currents ST and S~ are cohomologous and thus have
the same mass, i.e., ||ST| = ||S™||, see [DS10al, App. A.4] for details.
6



In this paper we only consider continuous functions g. So the above semi-norms (and the
others that we will introduce later) are almost norms: they only vanish when g is constant.
In particular, they are norms on the space of functions g satisfying (v, g) = 0 for some fixed
probability measure v. We will use later v = mgy or v = g4 to obtain a spectral gap for the
Perron-Frobenius operator and to study the statistical properties of /1.

2.2. Dynamical potentials. Let 7" denote the Green (1,1)-current of f. It is positive closed
and of unit mass. Let S be any positive closed (1, 1)-current of mass m on P*. There is a unique
function ug: P¥ — RU {—o00} which is p.s.h. modulo mT and such that

S =mT + dd°ug and (u,ug) = 0.

Locally, ug is the difference between a potential of S and a potential of mT. We call it the
dynamical potential of S. Observe that the dynamical potential of T is zero, i.e., up = 0.

Recall that T" has Holder continuous potentials. So, ug is locally the difference between a
p-s.h. function and a Hélder continuous one. The dynamical potential of S behaves well under
the push-forward and pull-back operators associated to f. Indeed, because of the invariance
properties of T, we have

f*S=md-T+dd(usof) and  f.S=md" ' T+ dd(fius),
which, together with the invariance properties of p, imply
uprg =ugo f and up.s = fius.

We refer the reader to [DS10a] for details. In this paper, we only need currents S such that ug
is continuous.

2.3. Comparisons between currents and their potentials. A technical key point in the
proof of our main theorems will be based on the following general idea: if u and v are two
functions on some domain in C* such that |dd°u| < dd°v or iOu A Ou < dd°v, then u inherits
some of the regularity properties of v. This section and the next are devoted to make this idea
precise and quantitative for our purposes. We start with the simplest occurrence of this fact in
the first case in terms of the sup-norm.

Lemma 2.4. There exists a positive constant A such that, for every positive closed (1,1)-
current Sy on P* of mass 1 and for every positive closed (1,1)-current S on P* with S < Sy,
we have Q(ug) < A+ Q(ug,), where ug, and ug denote the dynamical potentials of Sy and S,
respectively.

Proof. We assume that Q(ug,) is finite, since otherwise the assertion trivially holds. Observe
that the mass m of S is at most equal to 1 because S < Sp. Recall that ug and ug, satisty

S =mT +dd°us, So=T+ dd°us,, (u,us)=0, and (u,us,) =0.

The last identity implies that sup ug, is non-negative.

We first prove that ug is bounded above by a constant. As mentioned above, the
correspondence between positive closed (1,1)-currents and their dynamical potentials is a
bijection. Moreover, we know that quasi-p.s.h. functions (i.e., functions that are locally difference
between a p.s.h. and a smooth function) are integrable with respect to p [DS10al, Th. 1.35]. Since
the set of positive closed (1, 1)-currents of mass less than or equal to 1 is compact, ug belongs
to a compact family of p.s.h. functions modulo m7T. We deduce that there is a constant A > 0
independent of S such that ug < A/2 on P¥, see [DS10a, App. A.2] for more details. It follows
that supug < supus, + A/2 because sup ug, is non-negative.

Consider the current S’ := Sy — S which is positive closed and smaller than Sy. By the
uniqueness of the dynamical potential, we have ug = ug, — ug, which implies ug = ug, — ug.
Since S’ < S, as above, we also have supug < A/2. It follows that

inf ug > inf ug, — supug > infug, — A/2.

This estimate and the above inequality supug < supug, + A/2 imply the lemma. O
7



Corollary 2.5. There exists a positive constant A such that for every positive closed (1,1)-
current Sy on P¥ and for every continuous function g: P* — R with |dd°g| < Sy we have

Q(g) < AllSoll + 32(us,)-

Proof. By linearity we can assume that Sy is of mass 1/2. Define R := dd®g and write it as a
difference of positive closed currents, R = (R + Sp) — Sp. Since R + Sy and Sy belong to the
same cohomology class, they have the same mass 1/2. We denote as usual by ugrts, and ug,
the dynamical potentials of R 4+ Sy and Sy respectively.

A direct computation gives dd°(g — ur+s, + us,) = 0 which implies that g — urys, + us, is
a constant function. Thus,

Q(g) = Qur+ts, — usy) < Qupr+ts,) + Qus,).

The assertion follows from Lemma 2.4l applied to R + Sp, 25y instead of S, Sy. We use here the
fact that R+ Sg = dd®g + Sy < 25y and that 25 is of mass 1. We also use a constant A which
is equal to twice the one in Lemma 2.4 O

The following result gives a quantitative control on the oscillation of » in terms of the
oscillation of v. Notice in particular that it implies that, if v is Holder or logP-continuous
for some p > 0, then u enjoys the same property with possibly a loss in the Holder exponent,
but not in the logP-exponent.

Proposition 2.6. Let u and v be two p.s.h. functions on [B’§ such that dd‘u < ddv and v
is continuous. Then u is continuous and for every 0 < s < 1 there is a positive constant A
(independent of u and v) such that, for every 0 <r < 1/2, we have

Mgk (u,r) < Mgk (v,7%) + Amg (u, 7)1 ™% < Mgk (v,r®%) + AQgy (u)rt=s.

Proof. The continuity of u is a well-known property. Indeed, since dd“v — dd°u is a positive
closed (1,1)-current, there is a p.s.h. function u’ such that dd°uv’ = dd“v — dd°u. So, both u+ v’
and v are potentials of dd°v. We deduce that they differ by a pluriharmonic function. Hence
u+u' is continuous. We then easily deduce that both u and u’ are continuous because both are
p.s.h. (and hence u.s.c.).

We prove now the estimate in the lemma. Let 2,y € B¥ be such that ||z —y|| < r. We need to
bound u(y) — u(x). Without loss of generality, we can reduce the problem to the case k = 1 by
restricting ourselves to the complex line through = and y. Moreover, by translating and adding
constants to u and v, we can assume that z =0, |y| <r, u(x) = v(z) =0, and u(y) > 0. It is
then enough to prove that

uy) < mp, (v,7°) + AQp, . (u)r'~*
for some positive constant A and for u, v defined on Dy. Note that Qp . (u) < 2mp, (u,r°).

Claim. We have, for some positive constant A,

u(y) ! / u(z)dLeb(z) + AQp,, (u)r' ™.
|z|=r*

<
~ Leb(9D,s)

Assuming the claim, we first complete the proof of the lemma. Let @ (resp. v) be the radial
subharmonic function on Dy such that @(z) (resp. v(z)) is equal to the mean value of u (resp.
v) on the circle of center 0 and radius |z|. Using the Claim, in order to obtain the lemma, it is
enough to show that u < v.

Recall that v — w is a subharmonic function vanishing at 0. Therefore, v — u is a radial
subharmonic function vanishing at 0. Radial subharmonic functions are increasing in |z|. Thus,
v — u is a non-negative function and the lemma follows. O

Proof of the Claim. Define v'(z) := u(zr®) and y := y/r°. We need to show that, for |y/| < r!~

1ot 1 / / n,1—
< L AQ s,

u'(y') < Teb(@D1) Jop, u'(z)dLeb(z) + AQp, (u')r

8



We can assume, without loss of generality, that ' = o € Rt and a < r!7%. Consider the
automorphism ¥ of the unit disc given by ¥(z) = 12:0?‘2. The map ¥ satisfies ¥(0) = ¢ and
moreover ¥ extends smoothly to D; and tends to the identity in the C' norm as a — 0. It
follows that H\Ifﬂ — id”cl < A'a < A'r17# for some positive constant A’.

Define u” := v/ o ¥ and denote by v the normalized standard Lebesgue measure on the unit
circle. We deduce from the last inequalities that W,v — v is given by a smooth 1-form on 9D
and || W,v — v||oo = O(r'~*%). Applying the submean inequality to the subharmonic function u”

we get

u(y) =" (0) < (n,u")y = (v, u 0 W) = (V1) = (v, ) + (Vv — v,0).

Since W,r and v are probability measures, the integral (U, — v, ') does not change if we add
to u’ a constant ¢. With the choice ¢ = —infp, v’ (observe that «’ is continuous on D;) we get

u'(y') < / u' dv + sup |[u’ + ¢ O(r17%) < / ' dv + AQp, (u)r
oD1 Dy oDy

for some positive constant A. This implies the desired inequality. O

Corollary 2.7. Let v be a continuous p.s.h. function on [B]?f. Let w be a continuous real-valued
function on [B’?f such that |dd°u| < ddv. Then for every 0 < s <1 we have for 0 <r <1/2

(7)< S (1:17) + 4 (g (1) + g (1)) 7'
where A is a positive constant independent of u and v.

Proof. Since |dd‘u| < dd°v, we have dd°(u 4+ v) = dd“u + dd°v > 0. So the function u + v is
p.s.h.; observe also that dd®(u+v) = dd°u+ dd‘v < 2dd°v. Therefore, we can apply Proposition
to u + v, 2v instead of u,v. This gives

Mgk (u,r) < Mgk (u+wv,7)+ Mgk (v,7r) < Mgk (2v,7r%) + AQg (w+v)rt™ + Mgk (v,7)
< 3mgg(v,7°) + A (Q[Bg (u) + Qg (v)> s
which is the desired estimate. O

Corollary 2.8. Let Sy be a positive closed (1,1)-current on P* with continuous local potentials.
Let F(So) denote the set of all continuous real-valued functions g on P* such that |ddg| < Sp.
Then F(Sp) is equicontinuous.

Proof. Let g be as in the statement. We cover P* with a finite family of open sets of the form
<I>j([B’f/2) where ®; is an injective holomorphic map from [BQC to P*. Write Sy = dd‘v; for some
continuous p.s.h. function v; on ®;(BY) and define V; := ®;(B5).

We apply Corollary [Z7] to g, v; restricted to V; instead of u, v and to s = 1/2. Taking into
account the distortion of the maps ®;, we see that for all » smaller than some constant 79 > 0

mpr(g,) < 3maxmy, (vj, cV/r) + A<Qu>k (9) + max Qy, (Uj)) VT,
J J

where ¢ > 1 is a constant. Since Qpx(g) is bounded by Corollary 2.5] the RHS of the last
inequality is bounded by a constant €, which is independent of g and tends to 0 when 7 tends
to 0. It is now clear that the family F(Sp) is equicontinuous. U

2.4. Further comparisons. In our study we will be naturally lead to also consider currents of
the form iOu A Ou. These currents are always positive. In this section we study the regularity
of u under the assumption that i0u A Ju < dd°v for some v of given regularity. Recall that,
given a smooth bounded open set Q2 C C*, the Sobolev space W12(Q) is defined as the space
of functions u: Q — R such that [|uly1.2q) = l[ullp2@) + [|[0ul|L2(q) < 0o, where the reference
measure is the standard Lebesgue measure on ). The Poincaré-Wirtinger’s inequality implies
that [ully12q) S 10ullp2q) + | Jqu dLeb|. We will need the following lemmas.
9



Lemma 2.9. There is a universal positive constant ¢ such that
/ luld Leb < ¢Leb(K)(log* Leb(K))Y/2.
K
for every compact set K C Dy with Leb K > 0 and function u: D1 — R such that Hu||W1,z([D1) <
1.

Proof. By Trudinger-Moser’s inequality [Mos71], there are positive constants ¢y and « such that
/ e2elul® g1 ,eh < ¢p.
Dy

Let m denote the restriction of the measure Leb to K multiplied by 1/Leb(K). This is a
probability measure. It follows from Cauchy-Schwarz’s inequality that

1/2
/ea|u2dm < </620‘“|2dm> / < Leb(K)™1/2.

Observe that the function ¢ +— e is convex on Rt and its inverse is the function ¢

ofl/Q(log t)1/2. By Jensen’s inequality, we obtain
1/2
/|u|dm < V2 [log/eO"“Qdm} < (log* Leb(K))l/Q.

The lemma follows. (]

Lemma 2.10. Let u: Dy = R be a continuous function and x: D2 — R a smooth function
with compact support in Dy and equal to 1 on Dy. Set x, := dx/0z. Then we have, for all
O<r<s<l,

(2.1) u(0) — u(r) i<i(9u, x(s712) = dE> + i<u, Xz(s_lz)+idz A dE>

T on zZ(z—r) 27 sz(z—r)
Proof. Denote by ¢ the Dirac mass at £ € C. Observe that
i dZ
i _ — dd°1 _ £l =
27783—5 dd®log |z — &| = 0g,

where the equalities are in the sense of currents on C. Hence, for |{] < s,

1e Xe(sTR)idz A dZ
ol 2 ¢ omsz gy T =TT

Applying this identity for £ =0 and £ = r, and since u(0) — u(r) = (u, 5y — d,), we obtain

u(0) —u(r) = %<u,i8 {X(S*Iz)<i — = ! )d2]> - L<u,xz(s*1,z)(% — = ! >idz A dZ>

Ly [X(slz)dz] _ Xa(57"2)idz N dz ‘.

zZ zZ-r 21s zZ zZ—r
1 T 1 r
= w2 ) b (a7 = e A
2 <Z X( Z)z(z— r) 7)) on U, Xz (8 z)sz(z— r)Z s
The assertion is proved. (]

The following is a main result in this section. It will be a crucial technical tool in the
construction of the norms with respect to which the transfer operator has a spectral gap.

Proposition 2.11. Let u: B — R be continuous and such that HaUHLz([BIg) < 00. Assume that

iOu A Ou < dd°v where v: [B’g — R is continuous, p.s.h., and such that

1
(2.2) / Mgk (v,t)(log log* t)*t~tdt < +oo0.
0
Then there is a positive constant ¢ such that, for all 0 < r < 1/2, we have
r1/2 1/2
(2.3) Mgk (u,r) < c(/ Mgk (v,t)(log log* t)2f1dt)
0

+ emge (v, 7“)1/39[81Z (v)Y¢ (log* r)1/% + e (0) 2012 (log* r) /2.
10



Proof. Let z,y € BY be such that dist(z,y) < r < 1/2. We need to bound |u(z) — u(y)| by
the RHS of (23]). We can assume without loss of generality that dist(x,y) = r. By a change
of coordinates and restricting to the complex line through z and y we can reduce the problem
to the case of dimension 1. More precisely, we can assume that x = 0 and y = r in C and
that u,v are defined on D4. By subtracting constants, we can assume that v(0) = 0 and
leg u(z)idz A dZ = 0. By multiplying « and v by suitable constants v and 72, we can assume
that mp,(v,1) = 1/8, which implies that |[v] < 1 on D3. In order to establish (Z3)) it is enough
to show that |u(0) — u(r)| is bounded by a constant times

1/2

r 1/2
(2.4) (/0 mp, (v, t)(log log* t)Qt_ldt) / + mp, (v, T)l/?’(log* r)1/2 + rl/Z(log* 7“)1/2.

Since v is bounded, by Chern-Levine-Nirenberg’s inequality [CLNG9] the mass of dd“v on Do
is bounded by a constant. Thus, by the hypotheses on u and v, the L?-norm of Ou on Dy is
bounded by a constant and therefore, by Poincaré-Wirtinger’s inequality, [[ul[y1.2(p,) is also
bounded by a constant.

Fix a smooth function 0 < x(z) < 1 with compact support in Dy and such that y = 1 on D;.
Define x, := 0x/0z and set

s := rmin {7”71/2,7771[1)3(’0,7“)71/3}.
We have
(2.5) Vor<s<rt? <1

because mp,(v,r) < mp,(v,1) = 1/8 and 0 < r < 1/2. The functions u and x satisfy the
assumptions of Lemma 210l Thus, (Z1]) holds for the above s and r. The second term in the
RHS of (2J) is an integral over Dys \ Ds because x, has support in Dg \ D;. Moreover, for
z € Das \ Ds, we have % = O(rs™3) because of (ZF). Using that ullwrzp,) S 1 and
that Leb(Dgs) < s2, Lemma implies that the considered term has modulus bounded by a
constant times

rs (log* s)'/? < max {7"1/2, mp, (v, r)l/g}(log* )2,

The last expression is bounded by the sum in (2.4]).

In order to conclude, it remains to bound the first term in the RHS of (21]). Choose a
smooth decreasing function h(t) defined for ¢ > 0 and such that h(t) := (—logt)(log(— logt))?
for ¢ small enough and h(t) = 1 for t large enough. Define n(2) := h(|z|) + h(|z — 1]). We
will also use the function 9(z) := v(z) — r~lv(r)R(z). This function satisfies dd°s = dd°v and
0(0) = 9(r) = 0. By Cauchy-Schwarz’s inequality we have for the first term in the RHS of (2]

2

s7lz T
’ < (ibu A Ou, X(sflz)n(rflz» / j;((rlz)) PEIEsE idz N dZ.

Using the change of variable z — rz, the fact that 0 < x < 1, and the definition of 1 we see
that the last integral is bounded by

r

‘<i8u,x(silz)fd2>

zZ(z—r)

/ idz \Ndz
c [A(2]) + h(lz = 1))]|22(2 = 1)?|

Using polar coordinates for z and for z — 1 and the definition of h it is not difficult to see that
the last integral is finite. Therefore, since i0u A du < dd°v = dd°v, we get

‘ <i8u, X(s_lz)ﬁd§> ‘2 < {ddD, x (s t2)n(r~tz)).

Define 0(z) := 9(sz). The RHS in the last expression is then equal to

(dd°0, x(2)n(r~'sz)) = (dd°®, x(2)h(r~'s|z|)) + (dd“D, x(2)h(|r'sz — 1])).
11



In order to conclude the proof of the proposition, it is enough to show that each term in the
last sum is bounded by a constant times

(2.6) / mp, (v, t)(log* |log t|)%t~1dt + mp, (v, 7)?/3 log* r.
0

We will only consider the first term. The second term can be treated in a similar way using
the coordinate 2’ := z — rs~!. Since h is decreasing, the first term we consider is bounded by

(dd0, x(2)h(|2])).
Claim. We have

(2.7) (o x((J)) = [ oy P D CIR:D)L

We assume the claim for now and conclude the proof of the proposition. Notice that the
assumption (2.2)) will be used in the proof of this claim.
Using the definitions of h and x, we can bound the RHS of (2.7) by a constant times

/ [5(2)22|(log log* |2|)%idz A dZ = |9(2)22|(log log* |2/s|)%idz A dZ
[Dg\{o} [D2s\{0}

< / |5(2)272|(log log* |2|)?idz A dZ,
D25\ {0}

where we used the change of variable z — sz and the fact that log* |z/s| < log
0 < |z|] < 2s < 2. Moreover, by the definition of v and using that v(0) = 9(0) = 0, we
have for |z| < 2s

[5(2)] < mpy (v, [2]) + 17 o(r)R(2)] < mp, (v, [2]) + mp, (v, 7)r 2]

Therefore, using polar coordinates, we see that the last integral is bounded by a constant times
2s
mp, (v, t)(loglog* t)2t ' dt + mp, (v, 7)r " s(log log*(2s))%.
0
The first term in this sum is bounded by a constant times the integral in (2.6) because
mpg (v, t') < dmp,(v,t) for s/2 <t < s <t < 2s. The second one is bounded by a constant
times the second term in (2.6]) by the definition of s and (2.5]). The proposition follows. O

Proof of the claim. Observe that h(|z|) tends to infinity when z tends to 0. Let ¥ : R — R be a
smooth increasing concave function such that ¥(¢t) = ¢ for ¢ <0 and ¥(¢) = 1 for ¢ > 2. Define
In(t) := Y¥(t —n) +n. This is a sequence of smooth functions increasing to the identity. Define
[(z) :== x(2)h(|z|). Using an integration by parts, we see that the LHS of (2.7)) is equal to

lim (dd0,9,(l(z))) = lim 0(2)dd“Y,(1(2))

n—o0 n—oo |D3

= lim 0(2)9],(1(2))ddl(z) + lim 0(2)90 (1(2))dlL(z) A d°U(2).
n—o0 |D3 n—oo |D3
The first term in the last sum converges to the RHS of the identity in the claim using Lebesgue’s
dominated convergence theorem and (2.2). We need to show that the second term tends to 0.
Since x(z) = 1 for z near 0, for n large enough, the considered term has an absolute value
bounded by a constant times

lim |0(2)|i0h(|z]) A Oh(|z]) < lim |9(2)272|(log log* |2|))Yidz A dZ.
"0 J{h(|z])>n} "0 J{h(|2])>n}
Using the arguments as at the end of the proof of Proposition 2I1] and the assumption (Z2])
on v, we see that the last integrand is an integrable function on D;y. Since the set {h(|z|) > n}
decreases to {0} when n tends to infinity, the last limit is zero according to Lebesgue’s dominated
convergence theorem. This ends the proof of the claim. O
12



Corollary 2.12. Let Sy be a positive closed (1,1)-current on P* whose dynamical potential ug
satisfies |luglljogr < 1 for some p > 1. Let F(Sp) denote the set of all continuous functions

g: PP — R such that idg A 0g < Sy. Then for any positive number ¢ < min (p%l,%) we
have ||ngogq < ¢ for some positive constant ¢ = ¢(p,q). In particular, the family F(Sp) is
equicontinuous.

Proof. Notice that (2.2) is satisfied for all v such that [|v[|,,» < 0o for some p > 1. It follows

that if v and v are as in Proposition 2.11] and v is logP-continuous for some p > 1 then u
1/2

BE log?
positive constant ¢ independent of w,v. The result is thus deduced from Proposition 2111 by
means of a finite cover of P*, in the same way as in the proof of Corollary P8l O

is log?-continuous on B¥ for all ¢ as in the statement, with ||u||[B‘f logt < cllv]l for some

3. SOME SEMI-NORMS AND EQUIDISTRIBUTION PROPERTIES

In this section we consider the action of the operator (f™). on functions and currents. We
also introduce the semi-norms which are crucial in our study. Some results and ideas here are
of independent interest. Recall that we always assume that f satisfies the Assumption (A) in
the Introduction.

3.1. Bounds on the potentials of (f").wrs. We start by giving estimates on the potentials
of the currents (f").wps. As explained in the Introduction, these estimates will allow us to
globally control the distortion of f™. Define

Wy = df(kfl)"(f")*wps.

Recall that f, multiplies the mass of a positive closed (1,1)-current by d*~!. Therefore, all
currents w, have unit mass. We denote by u, the dynamical potential of w,. In particular, ug
is the dynamical potential of wrg. It is known that ug is Holder continuous, see [Kos97, [DS10a].

Observe that d~! f*wpg is a smooth positive closed (1,1)-form of mass 1. Therefore, there is
a unique smooth function v such that

ddv = d7! f*wps — wrs and (u,v) = 0.

Lemma 3.1. We have
Uy = d”FOP () 0 and ug = — Zd_"v o f™.
n=0

Proof. We prove the first identity. Denote by u/, the RHS of this identity, which is a continuous
function. By the definition of u,, and the invariance of T', we have

dd®(up —ul) = (wp —T) —d=*F D) (wps = T) = (wn = T) — (wy — T) = 0.

Therefore, u, — u}, is pluriharmonic and hence constant on P*. Moreover, the invariance of x
implies that
(o) = d= =DM, w0) = d™ (pa, ug) = 0.

By the definition of u,, we also have (u,u,) = 0. We deduce that u,, = u
first identity in the lemma.

It is clear that the sum in the RHS of the second identity in the lemma converges uniformly.
Therefore, this RHS is a continuous function that we denote by uj. The invariance of u also
implies that (u,uy) = 0. A direct computation gives

/
ns

which implies the

N—oo

N-1
dd°ufy = lim ( — Y ddd(vo f”)) = lim wps — AN (VY wps = wps — T,
n=0

where the last identity is a consequence of the definition of T'. Since dd‘ug is also equal to
wrs — T, we obtain that ug — u(, is constant on P*. Finally, using that
<,U,,U,0> - <M,U6> =0,

we conclude that up = uf. This ends the proof of the lemma. O
13



In the sequel, we will need explicit bounds on the oscillation Q(u,,) of u,. These are provided
in the next result.

Lemma 3.2. For every constant A > 1, there exists a positive constant c independent of n such
that ||up |, < cA™ and Q(uy,) < cA™ for alln > 0.

Proof. Observe that the second assertion is deduced from the first one by replacing ¢ with 2c.
We prove now the first assertion. By Lemma 3.1 we have, for any given z € P¥,

un(2) = d” D ("), u0) (2) = (82, d= 70" (), >
— " <d—kn (fn) 6Zau0> — dn<d—kn fn 8y, — Z d- ’L)Ofm>

:—d”<dk"(f”)*6z,idmvofm> (a7t ()., Z o .
m=0

m=n+1

The absolute value of the second term in the last line is bounded by ||v||, because d=¥" (f™)* ¢,
is a probability measure. Observe that (f"),(vo f™) = d*™(f*~™),v for all n > m. Hence, the
absolute value of the first term is equal to

(3.1) \Zdn (o, aHOmm ()0 < Zdﬂud 5 (f9)0] -

Under the Assumption (A), it is known that ||d=* (fj)*vHOO < 67 for every 0 < § < d. Indeed,
the Assumption (A) implies the property (A1) below, see [DS10b, Cor. 1.2].

(A1) Let g: P¥ — R be C? and such that (u,g) = 0. For every constant 1 < § < d, there is a
positive constant ¢ independent of g and n such that

ld(f")+glle < cllglle267"

By choosing 6 > d/A, we can bound the RHS of (3] by a constant times A™. This ends the
proof of the lemma. O

As an application of the previous estimates, we have the following lemma that can be used
to study the regularity of functions ¢g: P*¥ — R.

Lemma 3.3. Let g: P¥ — R be a continuous function and 0 < 8 < 1 a constant such that
oo

(3.2) |dd°g| < B wn.
n=0

Then, for every q > 0, there is a positive constant ¢ = ¢(q, ) independent of g such that
”ngogq <c

Proof. We bound the continuity modulus m(g,r) of g by means of Corollary 2.7 We only need
to consider 0 < r < 1/2. For this purpose, since T has Hoélder continuous local potentials, it
suffices to bound the continuity modulus of the dynamical potential of the RHS of (8.2)), see
also Lemma B.7] below. This dynamical potential is equal to

o
U= Zﬁ"un.
n=0

Fix a constant 1 < A < 1/8. By Lemma B2 we have ||u,|, S A™. Hence, for every N, we

have
S B mlun, )+ Y (AB)" S Y B m(un,r) + (AB)N.
n<N n>N n<N
Applying [DS10b, Cor.4.4] inductively to some iterate of f, we see that the Assumption (A)
implies:
14



(A2) for every constant x > 1, there are an integer n, > 0 and a constant ¢, > 0 independent
of n such that for all 2,y € P* and n > n, we can write f~"(2) = {z1,..., g} and f"(y) =
{y1,...,ygen} (counting multiplicity) with the property that

dist(z;,y;) < ¢ dist(z,y)/*"  for j=1,...,d"".

By definition, the function ug is y-Hoélder continuous for some Hoélder exponent v because
T has Holder continuous local potentials. The above property (A2) implies that (f™).ug is
vk~ "-Hélder continuous for all n > n,. More precisely, we have

m(d=F (™) ug,r) < " and hence m(up,r) < ddhrv "

for some positive constant ¢’ independent of n > n,, and r. Observe also that for 0 < n < n,, all
the u, are a,-Holder continuous for some «, > 0. Indeed, as the multiplicity of f™ at a point
is at most d*", we have (see again [DSI0b, Cor.4.4]):

(A2’) there is a constant ¢y > 0 such that for every n > 0, for all z,y € P*, we can write
f™(z) ={z1,...,zqn } and f7"(y) = {y1,...,Ygen} (counting multiplicity) with the property
that

dist(z;,y;) < co dist(x,y)l/dkn for j=1,...,d".
Therefore, we have

(3.3) m(u,r) S ré + Z (Bd)" re

Ne<nN

n

+ (AN,

Choose k close enough to 1 so that 2qlogk < |log(AB)| and take

= log |1
STog r 08 1087

(recall that we only need to consider r < 1/2). Then, the last term in (B.3]) satisfies
(A,B)N _ eNlog(AB) < e—2quogm _ llogr\_q.

It remains to prove that the sum in (B:3]) satisfies a similar estimate. We have

log d
—-n -N -N logd 1., — 3 log | log 7| log r|2los =
§ : (5d)n P < § : 5ndN7m/n S dNrwm — e3logn og| Ogr\ey(logr)e _ ‘ ’ )

n<N n<N e’V [logr]

The last expression is smaller than a constant times |log 7| =9 because e' > t when ¢t — oo
for every M > 0. This, together with the above estimates, gives m(u,r) < |logr|~? and ends
the proof of the lemma. O

Remark 3.4. The conclusion of Lemma [3.3] stays true if the assumption (3.2) is replaced by

i0g N Og < Z B"wn,.
n=0

It suffices to use Corollary instead of Corollary 271

3.2. Bounds with respect to the semi-norm ||'||1ogp. In this section we study the action of
the operator f, on functions with bounded semi-norm ||-||1ng. We first prove that, with respect
to this semi-norm, the operator f, is Lipschitz.

Lemma 3.5. For every constant A > 1, there exists a positive constant ¢ = c¢(A) such that for
everyn >0, p > 0, and continuous function g: P¥ — R, we have

Hd*’f”(f")*ngogp < cPAPT ”ngog”'
15



Proof. We use the notations in the proof of Lemma B3] and the properties (A2) and (A2’)
stated there. We have

17 ™)l = 5D 7 |(F)eg(@) = (F)ug(w)] - (log” dist(x, ).

x,yePk
We need to bound the RHS by ¢ AP" ||g||),,». Fix £ < A. We have, for n > n,,
A N(F)eg(x) = (FM)=9(y)| (log™ dist(z,y))” < max]g(a;) = g(y;)] (log" dist(w, ))”
max Hngogp
i (log™ dist(z;, y;))P
log™ dist(zx, y)
k™ log™* dist(z;, y;

<

(log* dist(z,y))?

P

— pn

= max ( 5) Nhoge ="
We need to check that the expression in the last parentheses is bounded by a constant. Fix a

large constant M > 0. Since log* dist(z;, y;) is bounded from below by 1, when log* dist(z, y) is

bounded by 2M k™ the considered expression is bounded by some constant ¢ as desired. Assume

now that log* dist(z,y) > 2M«k™. Since M is large, we deduce that log dist(z,y) < —2Mrk"+1 <

—M&£". Hence, by (A2), since M is large, we have
1
log dist(z;,y;) < logc, + k™" logdist(x,y) < 5%;_" log dist(z, y).

It is now clear that x"log*dist(z,y;) > 3log*dist(z,y) which implies that the considered
expression is bounded, as desired. This implies the lemma for n > n,.
When n < n,, it is enough to use (A2’) instead of (A2). Since n, is fixed it is clear that

wﬂ < dlmﬂ, which is bounded. The proof is complete. O
og™ dist(z;,y;) ~

We will need the following result which is an improvement of [DSI0b, Th.1.1] in the case
where f satisfies the Assumption (A). This assumption is likely necessary here to get the
estimate in the norm ||-|| .

Theorem 3.6. Let f be an endomorphism of P of algebraic degree d > 2 and satisfying the
Assumption (A). Consider a real number p > 0. Let g: P¥ — R be such that ||dd°g|, < 1,

(,9) =0 and ||gllogr < 1. Then, for every constant n > d=P/®+Y) there is a positive constant
¢ independent of g such that for everyn >0

[ (f ™) | o < en™

Proof. Set gn := d~*"(f").g. Recall (see, e.g., [Sko72, [DNSI(]) that there exists a positive
constant ¢y independent of g and n such that

(34) / edn‘gn| < o,
Pk

where the integral above is taken with respect to the Lebesgue measure associated to the volume
form wkg on P,

Fix a constant A > 1 such that n > (A4/d)” ®*Y . Suppose by contradiction that for infinitely
many n there exists a point a,, € P¥ such that |g,(a,)| > 31" for some g as above. Choose
o= emeAA" TP with ca the constant given by Lemma (we write cy4 instead of ¢ in order
to avoid confusion). By that lemma, when dist(z, a,) < r, we have

19n(2)] = |gn(an)| = lgn(2) = gn(an)| = 30" — A" (1 + [logr[) ™" = ™.
This implies that
co > / ed”|gn| > / edn‘gn(z” Z T2k6dnnn Z 672kcAAnn—n/p+dnnn.
Pk dist(z,an)<
By the choice of A, the last expression diverges when n tends to infinity. This is a contradiction.

The theorem follows. U
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3.3. The semi-norm ||-||,,. In this section we combine the semi-norms ||-|},,» and ||-||, to build
a new semi-norm ||| , and study its first properties. For our convenience we will use dynamical
potentials of currents, but this is avoidable.

For every positive closed (1,1)-current S on P¥ we first define

15115 == 151 + lles hog?
where ug is the dynamical potential of S. When R is any (1, 1)-current we define
IR]],, = min S]],

where the minimum is taken over all positive closed (1, 1)-currents S such that |R| < S, and we
set [|R||, := oo when no such S exists. Finally, for all g: P¥ — R, define

lgllp == lldd°gl|,-

The following lemma shows in particular that the norm ||-[|,, is equivalent to the norm HH;} when
both are defined. We will thus just consider the norm |-, in the sequel.

Lemma 3.7. Let S be a positive closed (1,1)-current on P* and let g: P¥ — R be a continuous
function. Then

luslly < 21181, ISI, < IS, <cllSl,,  and  llglog < cllgll,

for some positive constant ¢ = c(p) independent of S and g.
Proof. Define m := ||S]|. We have ||S]|;, > m. Since ur = 0, we have || T, = [T}, = 1 and
luslly = lldd“usllp = 1S = mT |, < [IS[l, +m/| T, < [IS]l} +m < 2[|S]],-
This proves the first assertion in the lemma.
We prove now the second assertion. The first inequality is true by definition. For the

second one, it is enough to prove that if S is also positive closed, and such that S < S, then
HSH; < CHSH; for some constant ¢ independent of S, 5. It is clear that [|S|| < ||S||. So we can

assume that HSH = 1 and we only need to check that ||us||jogr is bounded by (1 + [Jug/liogr) for
some constant ¢. For this purpose, we will apply Corollary 7] for the charts <1>]'([B{4C ) of a finite
atlas of P* as in Corollary 2.8l

By Corollary 25, we have that Q(ug) is bounded by a constant. Let h; denote a potential
of T on ®;(BY). This is a Hélder continuous function. By definition of dynamical potential,
vj := ug+ h; is a potential of S on <I>j([B§). Using the notation in the proof of Corollary 2.8 as
in that corollary, we obtain for r < rg

mex(us, ) S maxmy; (vj, ev/r) + V1 S (14 Juglhoge)|log |-

This proves the second assertion.
Finally, let us consider the last inequality in the statement. By linearity, we can assume that
there exists a positive closed (1,1)-current S of mass HS H = 1 such that |dd°g| < S and prove

that [[g[ljoer < c(1+ Hungogp) for some positive constant ¢ independent of g and S. Observe

that dd®g+ S is a positive closed current and dd®g + S < 25. So we can apply the arguments in
the previous paragraph to g+ ug, 2ug instead of ug,ug. We obtain [|g+uglliogr S 1+ [[ug|liogr-
This implies the last assertion, and completes the proof of the lemma. O

The following lemma can be applied to a non-convex C? function x as it can be written as the
difference of two convex functions. We can also apply it to x Lipschitz and convex because such
a function can be approximated by smooth convex functions with bounded first derivatives.
The statement for the smooth convex case that we need is however simpler.

Lemma 3.8. There is a positive constant ¢ = c(p) such that for all continuous functions
g,h: PP — R with finite ||||p semi-norms and any C? convex function x : R — R we have

189 AR, < c(Qg)lIR]lp + gllpR(h)  and [Ix(9)]p < cllX' (@) locllglp-
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Proof. We can write |dd°g| < S with ||| < [lgll, and |Jus|iegr S [lgllp- We first prove the
second inequality. Set A :=||x'(9)|lco. We have

1 = . 1 A
dd"x(9) = X'(g)dd°g + —"(9)idg 7 Dg = X (g)dd°g + AS + —x"(9)idg A Dg| — [AS].

Write the last expression as Rt — R~ where RT (resp. R™) is the expression in the first (resp.
second) brackets. Using the definition of A, the inequality |dd®g| < S, the convexity of y, and
the fact that i0g A Og is always positive, we deduce that both Rt and R~ are positive currents.
Clearly, the current R™ is closed and its mass is < A||g|,. The current R™ is cohomologous to
R~ because dd°x(g) is an exact current. It follows that R™ is also a positive closed current of
mass S A g,

We have [[ug-[logr = Allus|liogr < Allg[l,- This and the above estimate for the mass imply
that ||R™|l, < Allgll,- On the other hand, the above identities imply that x(g) + ug- differs
from up+ by a constant. We deduce that

lurs lhog? < lup-llogr + 1X(9)lhogr S llwr-lhogr + Allgllogr < Allgll, -

Therefore, we also have |[R* ||, < Allgll, It is now clear that ||dd°x(g)l, < Allgll,- Hence, we
get the second assertion in the lemma.

For the first assertion, we first consider the case where g = h. We can replace g by g —ming
in order to assume that min g = 0 and hence ||g||cc = £2(g). The above computation gives

0<idgAdg = W(ddch — didcg) < dd®q* + 2||g]|oo S-
We thus have
199 A dgllp S ldd°g?llp + gl ISy S Iddg*llp + llglloc 191l -

We obtain the desired estimate by applying the second assertion in the lemma to ||dd®g?|,,
using the function x(t) := ¢2.

Finally, let us consider the first inequality for ¢ and h. As above, we can assume that
minh = 0 and hence ||h]|o = Q(h). It follows from Cauchy-Schwarz’s inequality that

_ _ h _ _
|09 A Oh £ 0h A Dg| < %i@g A Og + %iah A Oh.

The assertion thus follows from the particular case considered above. This completes the proof
of the lemma. O

3.4. The dynamical norm |-[|, ,. In this section we define the main norms |-[|,, , for (1,1)-

currents that we will use to quantify the convergence (L2)). Based on the results in the previous
sections, we will see later that these norms satisfy the inequalities

g < MHllpa S M-l

for some explicit ¢ depending on p, o, and d. In particular, the new norms are at the same time
weaker than the previous norm ||-||,,, but still inherit the main properties of a similar norm ||-[|,
which are obtained in the previous section.

Definition 3.9. Given a positive closed (1,1)-current S on P* and a real number « such that
d~! < a < 1, we define the current S, by

Sai=)_a (d(k)—l()n)'

n=0

For any (1,1)-current R on P* and real number p > 0, we define
(3.5) IR, = inf {c € R: 35 positive closed: [|S||, <1,|R| < cSa}

and we set [|R|[, , := oo if such a number ¢ does not exist.
18



Note that when [[R|, , is finite, by compactness, the infimum in (3.5) is actually a minimum.

We have the following lemma where the assumption d~' < a < d=1/®+D) ig equivalent to
0<qo<p

Lemma 3.10. Let a and p be positive and such that d* < o < d=/®+) " Then, for every
0<qg<q:= ulzig‘;"(p + 1) — 1, there are positive constants ¢c; = c1(p,«) and ca = ca(p, @, q)
such that, for every (1,1)-current R,

1Bllp0 < c1lIE]l, and 1Ry < ca Bl q -

Proof. The first inequality holds by the definition of [-[|,, , and Lemma[3.7l We prove the second
inequality. Consider a current R such that || R/, = 1. We have to show that || R|; is bounded
by a constant.

From the definition of [|-||,, ,, we can find a positive closed current S such that [|S[|, =1 and
|R| < S,. By the definition of the norm ||-[|, and Lemma 3.7 applied to S,, it is enough to
show that [S,||;, is bounded. Denote by u, the dynamical potential of S,. Since the mass of
S is bounded, we only need to show that ||uq[|10ge is bounded. By definition of S, we have

n (fn)*us
Uo = ZO‘ qd—Dn

n=0

It follows that, for every positive number N,

m(ta,r) < ad”FIP|(f7) g iogr (log™ r) P +2 > adFTI () us | -
n<N n>N

Fix constants A > 1 close enough to 1, n > d~?/+1) close enough to d=?/®*+Y and o/ > AP
close enough to a. In particular, by the assumption on « and the choice of 7, we have that
adn is close to ad'®*1) and smaller than 1. By Lemma and Theorem we know that
[(f")xuslhogr S d* AP and ||(f™)susllo, S d*™n™. This, the above estimate on m(uq,7), and
the fact that o/’d > ad > 1 imply that

m(ua,r) < Z ad" AP (log™ r) 7P + Z o d™n" < (&' d)N (log* r) 7P + (adn)N .
n<N n>N

Finally, choose N = & ;Z

the last sum is equal to 2(log* r)~%. So, this sum is bounded by a constant times (log*r)~9 for
q < qo because o is chosen close to a and adp is close to ad'/ P+, This concludes the proof
of the lemma. O

log log* 7. Observe that if we replace o/ by a and adn by ad"/ P+,

The following shifting property of the norm ||-[|,, , is very useful when we work with the action
of f, and is the key property that we need of this norm.

Lemma 3.11. For every n > 0 and every (1,1)-current R on P¥, we have

a7, Rl <

P, = Jnaon HRHI%@ :

Proof. We can assume that || R||,, , = 1, so that there is a positive closed current S with [|S]|, = 1

and |R| < S,, see the Notation at the beginning of the paper. Consider any function &: P* — C
such that |{] < 1 and define &, := £ o f™. Since [¢,| < 1, we have

—knpn Lo ("), (€aR) 1o oy ™ () 1
§R<§d SGON R) = d7§R< J(—T)n > S Jngn ZO‘ +]d(k—1)n d(k—l)jS < dnanso"

The lemma follows. (]
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3.5. The dynamical Sobolev semi-norm ||-[|;,, ,y. We can now define the first semi-norm for

functions ¢g: P* — R with respect to which we will be able to prove the existence of a spectral
gap for the transfer operator. We can also define this norm for 1-forms.

Definition 3.12. Let « be a real number such that d~! < a < 1. For any function g: P¥ — R

we set
1/2

Hg”(?ﬂ) = Hz@g A ag”p,a :

The following two lemmas give the main properties of the semi-norm |||, .y that we will
need in Section 5, together with Lemma B.IIl Recall that gg is defined in Lemma BI0l Note
that the hypothesis p > 1 ensures that d~' < d~2/(°*1) and the hypothesis on a ensures that

qo > 1, and hence that ¢ is positive.

Lemma 3.13. Let o and p be positive numbers such that p > 1 and d™' < o < d~2/+1),

Then, for every 0 < ¢ < ¢p := min (q();l, %0), there are positive constants ¢; = c1(p, o, q) and

co = ca(p, @) such that for every g: P¥ — R we have

”gHIqu < ”g”<p,a) ) ”gH<p,a> < ”ng7 and Hg”<p,a) < Hg”cl :

Proof. We can assume that [|g[|,, ., < 1. By the definition of the norm |||, . and Lemma
B.I10 Hz’@g A 5qu is bounded by a constant for any ¢ < qo. Therefore, we have i0g A 0g < R

for some positive closed current R such that || R| and |ug||,,e are bounded by a constant. The
first inequality follows from Corollary 2121 The second assertion follows from Lemmas B.10] and
B8l The last assertion follows from Definition B2 O

Lemma 3.14. Let a and p be positive numbers such that d™* < o < 1. Then for all functions
g,h: P = R we have

9Pl gy < V2( 19l g0 1ol o + 9l 18]l )-

Proof. Using an expansion of id(gh) A 9(gh) and Cauchy-Schwarz’s inequality we have

[i0(gh) A O(gh)||, . < IIBllZ [lidg Adgl, . + llgls [[ioh A ORI, ,
+ 19l 1]l o Hz’@g A Oh + i0h A 59“12704
< |[Pl% [|idg A dgl|,, ., + llgll% [|idh A DR,
ol Il (o= 309 1 3, + 2= 00 1 01,
< 201kl li0g A dgll,, + 219l [li0h A Oh],,,.
The assertion follows from Definition O

3.6. The semi-norm ||-[|, . .. The following semi-norm defines the final space of functions
that we will use in our study of the transfer operator. We use here some ideas from the theory
of interpolation between Banach spaces, see also [Tri95].

Definition 3.15. For all real numbers d~! < a < 1,~ > 0 and p > 0, we define for a continuous
function g: P¥ — R

91l .0,y = Inf {c >0:V0<e<13gWM ¢,

(3.6)
9= 0" + 92, 90| oy < 1/, 92, < ce}.
When such a number ¢ does not exist, we set ||g|[, .y, = o0

The following two lemmas are the counterparts of Lemmas B.13] and .14] for the semi-norm
Il (.04~ Recall that qi is defined in Lemma 3.131
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Lemma 3.16. For all positive numbers p,a,~,q satisfying p > 1, d~' < a < d=2/P+) gnd
q<q:= #ql, there is a positive constant ¢ = c(p,a,~,q) such that

||g||log‘1 < CHQH(p,a),’y and HgH<p,a>;y < HgH<p,a>

for every continuous function g: P¥ — R. Moreover, if x : I — R is a Lipschitz function with
Lipschitz constant k on an interval I C R containing the image of g, then we have

HX(g)H(p, Yoy > KHQH (p,ax
Proof. Let us prove the first inequality. We can assume that || el payy S L Lemma B I3l implies

that gél) has ||-||logq/ semi-norm bounded by a constant times (1/€)'/7 when ¢’ < ¢;. Therefore,
we have for » > 0

(1/)'
mig,r) < mlol ) +m(o, 1) S by e

Choosing ¢ = (log” )~ with K = ¢'/(1+1/7) gives
m(g,r) S (log* 7)™ TE/7 4 (log* )~ = 2(log* r)~7/(+1/7),

The first assertion of the lemma follows by choosing ¢’ close enough to ¢j.

The second inequality follows from the definition of the semi-norm ||| ;, 4 ., by taking g£2) =0
ORIE)

in the decomposition g = g¢” + ge~ for every e.

We prove now the last assertion. Since we can approximate x uniformly by smooth functions
Xn With |x},| < 1, we can assume for simplicity that x is smooth. Define h := x(g) and recall
that we are assuming that |||, .y, < 1. For every 0 <€ <1, we have the decomposition

g=gW +¢?  with Hg Hpa < (1/e)Y7  and Hg H <e.
Write
h=hV+nr® with AL = x(g) and AP :=h—nD,
We have
12 lloo = 1x(9) = x(g)lso S Kllg = 9V lloe = K19 lloo < re
and also
11 .0y = 80X () A DX (g < wllidg™ A BgiV1E = kllgi Nl ey < w(1/€)7.
It follows that ||A||(.qy,y < #. This completes the proof of the lemma. O

Lemma 3.17. For all positive numbers p, o,y such that d' < o < 1 we have
IRl .0y < BCNG oy o 1l + 9o 1Rl ) )

for every continuous functions g, h: P* — R.
Proof. We can assume that ||g[|, oy = [[hll¢y, = 1. For every 0 <'e <1 we need to find a
decomposition gh = Lgl) + Lg) with Lgl), Lg) such that

1Dy < 3019l + IRV and Lo < 3(lglls + Il )e.
Case 1. Assume that ||g|lcc < 3¢ and ||h||cc < 3e. Choose LW = 0and L? = gh. Clearly,
these functions satisfy the desired estimates.
Case 2. Assume now that ||g||co + ||h]|co = 3€. By the definition of the semi-norm H'H<p7a)n/ we
have the decompositions g = gél) + g£2) and h = hE” + hEQ) with

190 ey < /YT, Ng@o < € 1D oy < (1/V, 1D < e
Observe that Hgél)Hoo <|lgllo + € and Hh(l)H < ||h||o + €, which imply that

9| + 19|, < 2(llgllse + 1Allso)-
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Set
Lgl) — gél)hgl) and L(2) _ g( )h(2) + g( )h(l) + 9(2)h£ )

The desired estimate for HLEl) | (p,ay follows from Lemma[3.T4and the one for HLE |loo is obtained
by a direct computation. This ends the proof of the lemma. O

3.7. Approximations for Hélder and logP-continuous functions. We end this section
with the following technical lemmas. The first one will be used in Section @l

Lemma 3.18. For every logP-continuous function g: P* - R, p >0, s > 1, and 0 < € < 1,
there exist continuous functions ggl) and g£2) such that

1
9=+, gWlles < cllgll o eV

where ¢ = c(p, s) is a positive constant independent ofg and €. In particular, for every n > 1

there exist gn of class C* and gr(L) continuous such that

_2/
g=90 442, NgWle: <elgloez™”,  and |92 |oc < € llgllogr n 2

and ”g£2)|’00 <c ”gHIng €

Proof. Clearly, the second assertion is a consequence of the first one by taking € = 2Pn~2 and
replacing ¢ by 2Pc. We prove now the first assertion. Using a partition of unity, we can reduce
the problem to the case where g is supported by the unit ball of an affine chart C* c P¥,
Consider a smooth non-negative function y with support in the unit ball of C* whose integral
with respect to the Lebesgue measure is 1. For v > 0, consider the function x,(2) := v~=2*x(z/v)
which has integral 1 and tends to the Dirac mass at 0 when v tends to 0. Define an approximation

of g using the standard convolution operator g, := g*Yx,, and define gél) = g, and g£2) =g—gy.

—1/(Me)t/P

We consider v := e for some constant M > 0 large enough. It remains to bound

(1) d I1e
g’ [les and [[ge™ [|oo-

By standard properties of the convolution we have, for some constant x > 0,

192 00 S Mg, K1) S Nlglhoge (08" 1) S [19ll1ogo €
and, by definition of g,,
_ 1/
19 llex S N9lloe X s Leb(BE) S llglloo v < Nlgllog €/,

where we use the fact that M is large enough. This ends the proof of the lemma. O

The following lemma applied for s = 1 implies that ||| ;, oy , < [I*ll¢y because ||, oy < [I-lle1,
see Lemma [3.131

Lemma 3.19. Let 0 < v < 1 be a constant. Then, for every C7 function g: P* — R, s > 1,
(1)

and 0 < € < 1, there exist a C° function g’ and a continuous function g£2) such that

g=9 40, 190e <cllgla /07 and (¢ < cllgller .

where ¢ = c(v, s) is a positive constant independent of g and e.
Proof. Tt is enough to follow the proof of Lemma BI8 and take v := ¢'/7. We have in this case
1 k — -
19 s S alloo I lles Leb(BY) < Nlgllae v S lgllog e

and

192 loe < m(g, 5v) < llgller (k)Y S llgllen €
The lemma follows. O

4. EXISTENCE OF THE SCALING RATIO AND EQUILIBRIUM STATE

In this section we prove Theorem [[LT] We divide the exposition in two parts. In the first part
(Sections 1] to A4]) we prove the existence of a good scaling ratio A using a new approach, see
Theorem [A.1] below. In the second part (Sections and [4.6]), we deduce Theorem [I1] from
Theorem [£1] using some classical arguments.
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4.1. Main statement and first step of the proof. Recall that the Perron-Frobenius operator
L is defined as in (LI)). A direct computation gives

L"(g9)(y) = Z @) +O(f (@) F++(F 1 (2))

=)=y

The following result gives the scaling ratio .

g9(z).

Theorem 4.1. Let f and ¢ be as in Theorem[I1. There exist a number A > 0 and a continuous
function p > 0 on P¥ such that for every continuous function g: P*¥ — R the sequence A™"L"(g)
is equicontinuous and converges uniformly to cyp, where ¢4 is a constant depending linearly
on g. Moreover, if g is strictly positive, then cq is strictly positive and the sequence E”(g)l/"
converges uniformly to A as n tends to infinity.

We will first study the case where g is equal to 1. The general case will be deduced from this
particular case. Define 1,, := £™(1). Denote by p;" and p,, the maximum and the minimum of
1,,, respectively. Consider also the ratio 6,, := p;" /p. and the function 17 := (p,,)~'1,. Observe
that the last function satisfies min1} = 1. The following result will be crucial for us.

Proposition 4.2. Under the hypotheses of Theorem[{.1, the sequence {6,} is bounded and the
sequence of functions {1} is uniformly bounded and equicontinuous.

The proof of this result will use the technical tools that were presented in Sections 2 and [Bl
Before giving it, we need to first introduce some auxiliary objects.
By Lemma [B.I8 applied to ¢ instead of g, we can find functions ¢,, and ,, such that

1,2/ _
(4.1) 6=bn+vn  lduller <clldloed™,  and ol < cll@llogen >

Consider two integers J > 0 and N > 0, whose values will be specialised later. Define for
n>N+1

(4.2) Lolg)(@)i= 3 ebrrs@tonesalf@) ot rinn () g (),
fr(@)=y

This operator will be used to approximate L£". The gain here is the fact that the involved
functions ¢, have controlled C? norms. As above, we define

1,:=L,1, p :=maxl,, p, :=minl,, 6,:=p;/p,, and 1¥:=(p,) 'd,.
The following lemma allows us to reduce our problem to the study of the functions 1,,.

Lemma 4.3. Both pi_N/,é;t and p, /P, are bounded from below and above by positive

constants which are independent of n,J, and N. In particular, the sequence {én} s bounded if
and only if the sequence {0,} is bounded.

Proof. We have

p n =max1,_y = max Z @) +(f (@) ++o(f* N1 (2)
fr=N(z)=y
= max Z e¢n+J($)+”'+¢J+N+1(fn7N71(5’3))ewn+J(m)+“‘+wJ+N+1(fn7N71(m))
frN(z)=y
and similarly for p, . So, both p! \/p} and p, n/p, are bounded from above and below
by Cp n,s and 1/Cy, n,j respectively, where
CoNJ = ellvntillooHllvnt s—1lloot - +llvsi Nl
It follows from the estimate on 1), given above that (), n ; is bounded from above by a positive
constant which does not depend on n,J and N. Therefore, both pt . /pt and p /p, are

bounded from below and above by positive constants. The lemma follows. U
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4.2. An estimate for dd°l,. Proposition will be obtained using the following crucial
estimate for dd®l,,. We will see here the role of the estimate of the C2 norm of ¢,. Recall that
q > 2, see Theorem [T We also refer to Section BT for notation.

Proposition 4.4. There exists a sub-exponential function n(t) = BN with q positive
constant ¢ = c(|[¢lpga » |0]lo,) independent of n,J and N such that for all n > N > 0 we have

n—N n
|ddc:ﬁ_n‘ < Z n(m)emmaxzﬁﬁz_md(kfl)mwm + Z den(m)e(an) maxd)d(k:fl)mwm,
m=N+1 m=ng

where ng := max(n — N + 1, N +1).
Recall that the function 1,, is given by
1n(y) = Z P+ (@) +0ny g1 (f(@)++dsen1(F N 2)
fr(z)=y

In order to estimate dd°l,, we will use a now classical construction due to Gromov [Gro03|.
Define the manifold T',, C (P*)"*! by

U= {(z, f(2),..., f"(2)) : = € P¥},

which can also be seen as the graph of the map (f, f2,..., f?) in the product space (P*)?*1,
Consider the function h on (P*)"*! given by

h(zo, ..., xn) = et s (zo)ténts—1(z1)++éri N1 (@n-N-1)

The function 1,, on P* is equal to the push-forward of the function b, to the last factor P* of
(P¥)"*1, Indeed, denoting by 7, the restriction of the projection z +— x, to I',, we have

(), (h)(y) = Z h(z) = Z eOn+ (@)t orn 1 (F N (@) 1, ().

(%0, sTn) €T Tn=y zef~"(y)

Recall that, since dd°1,, is real, estimating |dd°1,,| means finding a good positive closed (1,1)-
current S on P* such that both S + dd°1, are positive. According to the identities above, we
have

dd1, = (m,), (dd°h).
Thus, we need to estimate dd°h on (P¥)"*! and T,,. We define w(™ as the pullback of the

Fubini-Study form wgg to (P¥)"*! by the projection x — z,,. Equivalently, w(™ is a (1, 1)-form
on (P¥)"*1 such that w(™ (z) = wps(zm).

(t+J)?/a

Lemma 4.5. There exists a sub-exponential function n(t) = ct3e with a positive constant

¢ = c([[¢lloga + 19]los) independent of n,J, and N such that

n—N-1
|dd°h| < h Z n(n —m)w™.
m=0

Proof. A direct computation gives

n—N-—1 n—N—-1
i00h = Ih( Z i85¢n+J,m($m) + Z ia¢n+me(xm) A 5¢n+J—m’(xm’)) :
m=0 m,m’=0

For the first sum, observe that

W AYAY m n —m / m
1100615 —m(@m)| S [Dntd—mlle2w™ (&) S e HT =m0 (),
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For the second sum, consider m’ < m < n — N — 1. By using Cauchy-Schwarz’s inequality, we
have

(4.3)  [i0¢ntg—m(Tm) A 5¢n+J—m’(xm’)|
< (m—-m'+ 1)72ia¢n+J—m(xm) N 5(ﬁn—i-J—m(%n)
+(m — m' + 1)22‘8¢n+J7m’ (@) A 5¢n+me/ (Tm)
(m=m' + 1) bn s -mlgrw™ (@) + (m = m' +1)?[[dnp g [210™ ) ()
(m—m'+ 1)_26("+J_m)2/qw(m) () + (n—m'+ 1)26("+J_ml)2/qw(m/)(x).

This and the fact that zjoil 472 is finite imply that

S
S

(4.4) ‘ S 00t som(@m) A Dt (T
0<m’'<m<n—N-1
n—N-1 n—N—-1
g Z e(nJrme)?/qw(m) (.%') + Z (n —m + 1)3e(n+me’)2/qw(m/)(x)
m=0 m/=0
n—N-1
< Z (n— m)36(n+me)2/‘1w(m) (z).
m=0

We obtain by symmetry a similar estimate for the case where m <m’ <n—- N — 1.
Finally, combining all the above identities and estimates we get
n—N-—-1
|i00h| < h Z (n— m)3e(”+‘]*m)2/qw(m).
m=0

The lemma follows. O

Proof of Proposition [{.4 We are only interested in the restriction of h to the graph I',,. We
deduce from Lemma that
n—N-—1
(4.5) |dd°1,| = [(m0), ddB| < Y n(n—m)(m,), (hw'™).
m=0

We split the last sum into the two sums corresponding to m < N and m > N. Note that
when n < 2N, in the sum in ([£5]) we always have m < N and the first sum in the statement
of the proposition vanishes. So, for simplicity, we assume that n > 2N and we will see in the
proof below that the arguments also work when n < 2N.

For m < N, using the definition of ¢,, we have ||¢ — ¢mlloc = ||[¥mllc < ¢m~2 and hence
max ¢, < max ¢+ c'm~2 for some positive constant ¢’ which may depend on ||¢Hlogq. It follows

that h < e(n=N)maxé Thep using the definition of I';,, we have for m < N

(ﬂ'n)* ([hw(m)) S e(an) max ¢ (ﬂ'n)* (w(m)) _ e(an) maxtbdkm(fnfm)*(wFS)
e(an) max ¢dkmd(k71)(nfm)

= Wn—m-
Thus,
N-1 N-1
S n — m)(ma), (™) S 3 n(n — m)eln—N) maxsgem gD n-m),
m=0 m=0
(46) < Z de,r}(m)e(an) maxtbd(kfl)mwm.
m=n—N+1

The last expression is the second sum in the statement of the present proposition (this step

also works for n < 2N but in this case the above sums Zév ~!and > m_n41 are replaced by

g_N_l and Y N 41 respectively). In order to finish the proof, it is enough to have a similar

estimate for m > N (this step is superfluous when n < 2N, see ([LH)).
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As above, using the definition of h and the estimates on max ¢, and ||¢ — ¢ ||c0, We have
B < o(n—m)max é(w0)+d(z1)++d(@m-n-1) < oln—m)maxdp/

with
= ePmts(@0)témis—1(z1)++dsiNt1(@m-N-1)

Note that the sum in the definition of b’ contains m — N terms while the one of h contains
n— N terms. The specific choice of I is convenient for our next computation as it is related to
the function 1,,.

Consider the map 7’ : T, — (P¥)"~™+! defined by 7/(x) := 2’ := (¥, ..., x,). Denote by T”
the image of T',, by «’. Tt is the graph of the map (f,..., f"™™) from P* to (P¥)"~™. We also
have for 2’ € T

77'_1(3:') = {(y,f(y), . ,fm_l(y),:c') with y € f_m(xm)}
So 7’ : T, = I'" is a ramified covering of degree d*™.
Consider the map 7" : I — P* defined by 7" (2') := x,,. We have, for z,, € P¥,

" xy,) = {(z,f(z), ... ,f"_m(z)) with z € f_"+m(xn)}.
So 7" : I’ — P* is a ramified covering of degree d¥(=™). We have 7,, = 7" o 7/. Observe that
7! (Ww™) is a (1,1)-form on I such that
(W™ = ( 3 6¢>m+J(y)+---+¢J+N+1(f’”‘N‘l(y)))wFS(xm)
yEf~™ (Tm)
< pwrs(Tm) =1 pnw’(2'),
where we define w’ as the pull-back of wpg to IV by the map 2’ — z,,. We also have

T (W) (2n) = Z wrs(Tm) = (f"™)s(wrs) (zn) = d(kil)(nim)wn—m(xn)-

xm€f7n+m($n)

Thus,
(Wn)*(lhw(m)) 5 e(nfm) max¢ﬂi/ﬂi(hlw(m)) < e(nfm) maxtbﬁ%d(kfl)(nfm)wnim
and
n—N-1 n—N-—1
S = m)(m), (™) S S pln — m)enmmmaxe it g-Dn-m)y,
m=N m=N
n—N
(47) = Z n(m)e™ max¢ﬁ:7md(k—1)mwm.
m=N+1
Finally, we deduce the proposition from (@5]), ([@6]), and (A7) by multiplying n with a large
enough constant. O

4.3. Proof of Proposition We are working under the hypotheses of Theorem 41l We
will obtain Proposition using Lemmas and [4.7] below.

Lemma 4.6. Under the hypotheses of Theorem[{.1], given an integer J > 0, we have 6,, < d?N

for allm > N, with N large enough. In particular, the sequences (0,) and (6,,) are bounded for
all J >0 and N > 0.

Proof. Observe that the last assertion is a consequence of the first one. Indeed, we can first fix

J and N satisfying the first assertion of the lemma. Then, by Lemma [£3] the sequence (6,,) is

bounded. Applying again Lemma 3] for arbitrary J and N gives that the sequence (én) is also

bounded. We prove now the first assertion in the lemma with J fixed and N large enough.
Observe that, by the definition of ﬁf,én, and €(-), for every K > 1 the two inequalities

0, < K and Q(1,,) < (K —1)p; are equivalent. Hence, in order to get the first assertion in the

lemma, it is enough to show that Q(1,)/p,, < d**V /2. The constants that we use below are
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independent of N and n. Fix a constant ¢ such that eX?) < § < d. By the estimate on |1,
in (1), for every j sufficiently large, we have Q(¢;) < Q(¢) + Q(1p;) < logé. Since we assume
that NV is large enough, the last inequality holds for all j > N.

We use Proposition B4l and Corollary 2 in order to estimate Q(1,,) in terms of Q(u,,). Recall
that u,, is the dynamical potential of w,,. We also use Lemma[3.2, which gives Q(u,,) < d"™6'~™
for any ¢’ such that § < ¢’ < d. More precisely, we obtain from those results that

n—N n
Q(]Aln) g Z 77(Tn‘)em max ¢dkm51—mﬁ:7m + Z den(m)e(n—N) max ¢dkm5/—m.
m=N+1 m=max(n—N+1,N+1)

Since § < ¢ and N is large, the fact that n is sub-exponential and independent of n and N
implies that

n—N n
(48) Q(ﬁn) g Z emmaxtbdkméfmﬁ:im + Z dee(an) maxd)dkm(sfm.
m=N+1 m=max(n—N+1,N+1)

We now distinguish two cases.

Case 1. Assume that N < n < 2N. In this case, the first sum in (48] is empty. We thus
deduce from (4] that

dk(N+1) dkn dkn
2 ) < gkN_(n—N)max¢® |
gN+1 + + on > ~ d*"e on

On the other hand, by Lemma [4.3] and the definitions of p;,; and p,, we have the following

general estimates (with n > N in the first inequality and n > m in the second one)

(4.9) o 2 PN > dF(n=N) o(n—N) min ¢ and po > dkmemming ;-

Pr—m:-

Q(:ﬁ-n) 5 dee(n—N) max¢<

The first inequality and the above estimate of Q(1,,) imply that
Q(1,) < J2kN elr= M@ < J2kN enﬂ((b)‘
pA:L ~ on - om
Hence, Q(1,)/p; < d**V/2 because N is chosen large enough and § > ¢®(®). The lemma in

this case follows.

Case 2. Assume now that n > 2N. By induction on n and the previous case, we can assume
that Q(1,,)/p,, < d**V /2, which implies p;; < d?*Nj— . for all m < n. We need to prove the
same inequality for m = n. From (4.8) and the induction hypothesis, we have

0@, < J2kN rg emmaxqbdkm(s—mﬁ;im L gy i (n—N) max ¢ gkm g—m
m=N+1 m=n—N+1
n—N
< @*N Z maAx S ghimg—m o= | kN o(n=N) max  ghn s—n.
m=N+1
This and the second inequality in (£.9) imply that
Qi) < N niv em U g 4 RN eln—N)maxdghn s=n.
m=N+1
Then, by the first inequality in (£.9) and using that § > e and n > 2N, we obtain
% < J2kN Tiv eMUAS) s=m 4 g2kN (n=N)QA(¢) =1 < g2kN NAS) 5N
pn m=N+1 -

Recall that all the constants involved in our computations do not depend on n and N. Since
N is chosen large enough, we obtain that Q(1,)/p; < d**V/2. This ends the proof of the
lemma. O
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Lemma 4.7. Under the hypotheses of Theorem [{.1, for all J > 0, N > 0, and p > 0, the
sequence ||1};|[1ogr is bounded. In particular, the sequence of functions 1y, is equicontinuous.

Proof. We only need to consider n > 2N, and the implicit constants below may depend on

A~

N. We will use Lemma B3 and need to estimate dd°1*. By Lemma the sequence (6,,) is
bounded. This and Proposition 4.4l imply that

n—N n
‘ddc:ﬁ_m 5 é ( Z 77(,’,nj)em max d)ﬁ;_md(k:fl)mwm + Z n(m)e(an) max ¢d(k71)mwm> )
P m=N+1 m=n—N+1
Then, using the two inequalities in ([4.9]), we obtain
n—N n
‘ddcﬁ;‘ 5 Z n(m)emQ(zﬁ)dfmwm + Z n(m)e(an)Q(qﬂ d(kfl)mfknwm
m=N+1 m=n—N+1
o
N Z n(m)e™H P gmy,
m=0
Finally, since 7 is sub-exponential and e(?) < d, Lemma B3 implies the result. O

End of the proof of Proposition [{.2. By Lemma L6, we already know that the sequence (6,,)
is bounded. Since min1} = 1, we have max 1} = 6,, hence the sequence (1}) is uniformly
bounded. In order to show that this sequence is equicontinuous, it is enough to approximate it
uniformly by an equicontinuous sequence.

Take N = 0. Fix an arbitrary constant 0 < € < 1. Since ||¢ — |00
choose an integer J large enough so that for every n > 0 we have

(1- e)ﬂn <1, <(1+ e)ﬂn

< m~2 by (@), we can

~

This implies

1+e€-,

" < q* < i*,

1+e "7 "7 1—¢
Therefore, |1 — 1*| is bounded uniformly by a constant times e. By Lemma F7] the sequence
(1) is equicontinuous. We easily deduce that the sequence (1) is equicontinuous as well. [

Remark 4.8. The method of the proof of Proposition 4.2l developed above is based on deducing a
bound on (1) and ||} ||},.» from estimates on dd°1y,, by means of Proposition 2.6, Corollaries
27 and 28, and Lemma 33l We could reach the same goal by estimating i01* A 017 and using
Proposition 2-T1], Corollary 2Z12] and Remark 341

4.4. Proof of Theorem [4.1l We first define the scaling ratio A. By definition of p;;, we easily
see that the sequence (p;7) is sub-multiplicative, that is, p; m < phpt for all mon > 0. Tt
follows that the first limit in the following line exists
T \1/n . \1/n
A= Jim (o) = Jim (o)
where the last identity is due to the fact that (6,,) is bounded, see Lemma We have the
following lemma.

Lemma 4.9. The sequences (A\""p;") and (\""p;,) are both bounded above and below by positive
constants. In particular, the sequence ()\_"]ln) is uniformly bounded and equicontinuous.

Proof. 1t is clear that the second assertion is a consequence of the first one and Proposition

We prove now the first assertion. Since the sequence p;’ is sub-multiplicative, it is well-known

that inf,(p;7)'/" is equal to A\. Hence, we have A\™"pf" > 1. Since 6, is bounded, we have

ot < prr. Tt follows that both A™"piF are bounded from below by positive constants. Similarly,

the sequence p,; is super-multiplicative, i.e., p,, ., > p,,p,, for all m,n > 0, and we deduce that

that both A™"p are bounded from above by positive constants. The lemma follows. O
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We can extend the above result to all continuous test functions.

Lemma 4.10. Let F be a uniformly bounded and equicontinuous family of real-valued functions
on P*. Then the family
Fnu:={A"L"g) : g€ F,n>0}

is also uniformly bounded and equicontinuous.

Proof. By Lemma B9 the family Fy is uniformly bounded. We prove now that it is
equicontinuous. Given any constant € > 0, using a convolution, we can find for every g € F a
smooth function ¢’ such that ||g — ¢'||c < € and ||¢'||c2 is bounded by a constant depending on
€. Denote by F’ the family of these ¢’. Observe that

AL (g) = AL = AL (g — o) S e S ey
and the last expression is bounded by a constant times €. Therefore, in order to prove the lemma,
it is enough to show that the family Fy, defined in a similar way as for Fy, is equicontinuous.
For simplicity, we replace F by F' and assume that ||g||c2 is bounded by a constant for g € F.
The constants involved in the computation below do not depend on g € F.
We continue to use the notation introduced above. Consider an arbitrary constant € > 0.

Take N = 0 and choose J large enough depending on €. From the definitions of £ and L (see
(@2)) and the fact that ||¢ — dm|leo S m ™2 we obtain that

—n pn —n A —n x )4 n=1(g
AL (g)(@) = A La(g) (@) < ex T Y TNt el g ().
fr(x)=y
This and Lemma [£9 imply that
IATL™(g) = A" La(9) oo < Xt llglloo S

So, in order to prove that the family A™"L"(g) is equicontinuous, it is enough to show the same
property for the family )\_"ﬁn(g).

We will use the same idea as in Proposition £.4] and Lemma Instead of the function h,
we need to consider the following slightly different function (recall that N = 0)

H(zo, ..., @) = e¢n+.7($0)+¢n+J71($1)+"'+¢J+1(1'n71)g(x0) = h(zo, ..., 2n)g(x0).
We have
i00H = (i00h)g(z0) + h(i0dg(wo)) + i0h A dg(zq) — i0h A Ag(z0).

Applying Cauchy-Schwarz’s inequality to the last two terms, and since g has a bounded C?

norm, we obtain
i00H| < |(i00h)g(wo)| + [h(i0Dg(x0))| + ih~t0h A Oh + ihdg(zo) A Dg(wo)

< i00h| + hwps(z0) + ih~10h A Oh 4 hwgs(z0)

< i00h| + bhws(20) + ih~'0h A Oh.

We claim that the last sum satisfies

n—1
|i00h] + hwps(zo) + ih'Oh AN Sh > n(n — m)w™.
m=0
Lemma shows that the first term [i09h| of the LHS is bounded by the RHS. The second
term clearly satisfies the same property (consider m = 0 in the above sum). For the last term,

by Cauchy-Schwarz’s inequality and using a computation as in the proof of Lemmald.5] we have
(recall that N = 0)

n—1 n—1
T ONATh=h Y i0bntsm(tm) ADbns s () SHY - n(n —m)w™.
m,m’=0 m=0

This implies the claim and gives a bound for [{00H|.
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Since £,(g) = (mn)+(H), we obtain as in the proof of Proposition @4 that

n—m me

[ddN Lalg)] S AT D0 m(m)em Ot dEDmy
m=1

By Lemmas B3 and B9 we have g, < pi . < A"™™. Therefore, we obtain
n
|dd N L ()] S D n(m)emmOATmgB My,
m=1
Finally, since A > d*e™"? by definition of ), the last estimate implies that

|dd° A" Lo(g)] S m(m)e™ M d .

m=1
Lemma 33 and the fact that d > e(®) imply the result. O

We now construct the density function p on P*. Recall that the sequence A™"1,, is uniformly
bounded and equicontinuous. Therefore, the Cesaro sums

1 n—1
Iy 1=~ > A,
j=0

also form a uniformly bounded and equicontinuous sequence of functions. It follows that there
is a subsequence of 1,, which converges uniformly to a continuous function p. Observe that
p > inf, A™"p, . Hence, by Lemmal4.9] the function p is strictly positive. A direct computation

gives
~ o~ 1
Ao, -1, = E()r”ﬂn — o).

Since A™"1,, is bounded uniformly in n, the last expression tends uniformly to 0 when n tends
to infinity. We then deduce from the definition of p that A™1L(p) = p.

End of the proof of Theorem[{.1] Observe that we only need to show that A™"L"(g) converges
to cgp for some constant c,. The remaining part of the theorem is then clear. Let G denote
the family of all limit functions of subsequences of A™"L"(g). By Lemma .10, the sequence
AT"L"(g) is uniformly bounded and equicontinuous. Therefore, by Arzela-Ascoli theorem, G is
a uniformly bounded and equicontinuous family of functions which is compact for the uniform
topology. Observe also that G is invariant under the action of A~!'£. Define

M :=max{l(a)/p(a) : | € G,a e P*}.
We first prove the following properties.
Claim 1. We have maxpx(l/p) = M for every | € G.

Assume by contradiction that there is a sequence A\~ L"i(g) which converges uniformly to
a function | € G such that [ < (M — 2¢)p for some constant € > 0. Then, for j large enough, we
have ™" L" (g) < (M — €)p. Fix such an index j. For n > n; we have

AL (g) = ALY (AT LY (g) < (M= AT LT (p) = (M~ €)p.
Since this is true for every n > n;, we get a contradiction with the definition of M. This ends
the proof of Claim 1.
Claim 2. We have [/p = M on the small Julia set supp(u) for every [ € G.

Consider an arbitrary function [ € G and define [, := A\™"L"(]) € G. By Claim 1, there is a
point a, € P¥ such that l,,(a,) = Mp(a,). By definition of M, we have | < Mp and hence
Mp(an) = ln(an) = A7"L*(1)(an) < ALY (Mp)(an) = Mp(an).

So the inequality in the last line is actually an equality. This and the definition of £ imply
that [/p = M on f~"(a,). Observe that when n tends to infinity, the limit of f~"(a,,) contains
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supp(u), see, e.g., [DS10b, Cor. 1.4]. By continuity, we obtain [/p = M on supp(u). This ends
the proof of Claim 2.

Applying the above claims to the function —g instead of g, we obtain that [/p is equal on
supp(u) to minpk(l/p). We can now conclude that | = Mp on P* for every I € G. Define
cg := M. We obtain that A™"L"(g) converges uniformly to cyp. This completes the proof of
the theorem. O

4.5. Equidistribution of preimages and mixing properties. We have seen that the operator
L acts on the space of continuous functions g: P¥ — R. It is also positive, i.e., £(g) > 0 when
g > 0. Therefore, £ induces by duality a linear operator L£* acting on the space of measures
and preserving the cone of positive measures.

Proposition 4.11. Under the assumptions of Theorem [I1, there exists a unique conformal
measure associated with ¢, that is, there ewists a unique probability measure my which is an
eigenvector of L*. We also have L*(mg) = Amy, supp(mg) = supp(p), and if v is a positive
measure, \~"(L")*(v) converges to (v,p)mgy when n tends to infinity. Moreover, if F is a
uniformly bounded and equicontinuous family of functions on P*, then \™"L"(g) —cgp converges
to 0 when n goes to infinity, uniformly on g € F, where ¢y := (Mg, g).

Proof. For any probability measure my, as in the first assertion, there is a constant A’ > 0 such
that £*(mg) = X'my. It follows that, for every continuous function g,

(14, 6) = lim (X" (L") (mg),g) = Tim (mg, X""L"(g)).

We necessarily have A = )\ because we know from the end of the proof of Theorem ATl that
A7"L"(g) converges uniformly to cyp and ¢, is not always 0. We conclude that (mg,g) =
cg(mg,p). Since (mg,g) = ¢ = 1 when g = 1 (because my is a probability measure) we
deduce that (mg, p) = 1 and hence (mg, g) = ¢, for every continuous function g. This gives the
uniqueness of m.

Consider now an arbitrary probability measure v on P*. We have

ALY (W), 9) = W, ATLM(g)) = (Wi cqp) = (v, p) (Mg, 9)-

It follows that A™"(L"™)*(v) converges to (v, p)my. If v is supported by supp(x) and g vanishes on
supp(p), by definition of £, the function £™(g) also vanishes on supp(u) and the last computation
implies that (mg, g) = 0. Equivalently, the measure my is supported by supp(u).

In order to show that supp(mg) = supp(u), we assume by contradiction that there is a
continuous function g > 0 on P* such that ¢ > 0 on some open subset U of supp(u) and
(mg,g) = 0. The A~1L*-invariance of m, implies that (mg, L") = A"(mg,g) = 0 and the
definition of £ implies that £"(g) > 0 on f™(U). It follows that m, has no mass on f™(U)
and hence on U,>qf™(U). On the other hand, we have for every z € P* that d=*"(f")*(6,)
converges to (, see, e.g., [DS10b, Cor. 1.4]. Therefore, f~"(d,)NU # & for some n or equivalently
T € Up>0f™(U). So we have U,>of™(U) = P*. This contradicts the fact that m, has no mass
on this union. So we have supp(m,) = supp(u) as desired.

For the last assertion of the proposition, we can replace g with g —c4p in order to assume that
cg = 0 for g € F. By Lemma .10, the family Fy is uniformly bounded and equicontinuous. So
the limit of the sequence of sets A™"L"(F) is a compact, uniformly bounded and equicontinuous
family of functions that we denote by F,,. This family is invariant by A~!£ and we also have
cg = 0 for g € Foo. We want to show that it contains only the function 0.

Define

M :=max{l(a)/p(a) : | € Fa,a € P*}.
Choose a function | € F, and a point a such that l(a)/p(a) = M. There are an increasing
sequence of integers (n;) and a sequence (g;) C F such that A= £L"(g;) converges uniformly
to [. For every n > 0, choose a limit function [_,, of the sequence A~ L™ ~"(g;). We have
l=X"L"(_y) and [, € Fuo.
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As in the end of the proof of Theorem ], we obtain that [_,,/p = M on the set f~"(a) and
if [_ is a limit of the sequence [_,, then [_, belongs to Foo and I /p = M on the small Julia
set supp(u). Since my is supported by the small Julia set and (mg, g) = ¢4 = 0 for g € Foo, we
conclude that M = 0. Using the same argument for —g with g € F, we obtain that the minimal
value of the functions in F, is also 0. So F contains only the function 0. This ends the proof
of the proposition. O

Proposition .11] in particular gives the following equidistribution result for the (weighted)
preimages of a given point.

Corollary 4.12. Under the assumptions of Theorem[I 1, for every x € P* the points in f~"(x),
with suitable weights, are equidistributed with respect to the conformal measure my when n tends
to infinity. More precisely, if 6, denotes the Dirac mass at a, then

n—oo
fr(a)=z
for every x € P*.

Proof. Denote by u, the measure in the LHS of the last identity. Let g be any continuous
function on P*. We have

—n a)4--- n—1(, -n n
(s g) = A7 Y @U@ g(a) = AL ) ().
fr(a)=z
The last expression converges to cyp(x) = p(x)(me, g). The result follows. O

For our convenience, define the operator L by L(g) := (Ap)~'£(pg). Define also the positive
measure [y by pg := pmgy. We have the following lemma.

Lemma 4.13. For any continuous function g: P¥ — R, the sequence L"(g) converges uniformly
to the constant c,qg = (g, 9) = (mg,pg). We also have that pg is an f-invariant probability
measure such that supp(je) = supp(u).

Proof. Define ¢’ := pg. We have ¢y = (mg,pg) = (ig,g). The first assertion is a direct
consequence of the fact that A™"L"(g’) converges uniformly to ¢y p.

For the second assertion, we have seen in the proof of Proposition 11l that (mg,p) = 1. It
follows that (14 is a probability measure. Moreover, we obtain from the A~1L*invariance of my
that

(Bg-go [) = (mg,p(go f)) = (A1 L (mg), p(g o f)) = (mg, A" L(p(g 0 £))) = (g, L(g o f))-

Using that A™'£(p) = p and the definition of £, we can easily check that L(go f) = g. So the
previous identities imply that (ue,g o f) = (ue,9). Hence, py is an invariant measure. The
assertion on the support of p is clear because supp(mg) = supp(u) by Proposition E.I1] and p
is strictly positive. O

The operator £ can also be extended to a continuous operator on L?(us) and L%(my). Since
iy = pmg and p is positive and continuous, these two spaces are actually the same and the
corresponding norms are equivalent.

Lemma 4.14. Under the assumptions of Theorem [ 1], the operator L extends to a linear

continuous operator on L*(mg) whose norm is bounded by Ae2 @) Moreover, there exists a
positive constant ¢ such that ||)\_"£"||L2(m¢) <c for alln > 0.

Proof. By Cauchy-Schwarz’s inequality and using the A~!£*-invariance of m, we have

(mg, |L7g)*) < {mg, (L"1) - (L™ |g*)) < pit-(mg, L7 [g]* ) = pf A (mg, |g]*)

for every g € L?(my) and n > 0. The second assertion of the lemma follows because p,7 < A™.
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For the first assertion, take n = 1. From the definition of p,; and A, we have p{ < dFemax e
and A\ > d*e™" % The above inequality implies that

(mg, |Lg*) < PPN (my, |g]*).
The first assertion in the lemma follows. O

Proposition 4.15. Under the assumptions of Theorem[L1], the measure j1y = pmy is K-mizing
and mixing of all orders.

Proof. We start with the second property. Let {go,...,g-} be any finite family of continuous
test functions on P¥. We need to show that, for 0 =ng <ny <--- < n,,

T

{tigrg0(g1 0 f™) .. (gr o f™)) = [ [ (1or 95) = 0
7=0
when n := info<j<,(nj41 — n;) tends to infinity. This property is clearly true for r = 0. Take
r > 1. By induction, we can assume that the above convergence holds for the case of r — 1 test
functions. We prove now the same property for r test functions.
By the f.-invariance of 4 and the induction hypothesis, we have

T

(pg, (g1 0 f™) - (gr o f™)) = (pgrg1(g2 o f7™) o (gr o £ ™)) = [ [ (a0 950

j=1
So the desired property holds when gg is a constant function. Therefore, we can subtract from gg
a constant and assume that (ie, go) = 0, which implies that the product H;-L:()(,u(b, gj) vanishes.

Using that A™1L(p) = p, the A~!L*-invariance of mg, and the definition of £, we can easily
check by induction that for all functions g,[ we have

(1o 9) = (ug, L"(g))  and  L"(g(lo f")) = L"(g)l.
We then deduce that

(o g0(gro ™). (gro f)) = (g, L" (golgr o f™) .. (gr © f™)))
= (pg, L™ (g90)g1 - - (gr o [ 7).

By Lemma 13] the sequence L"!(gy) converges uniformly to 0 as n; tends to co. So the last
integral tends to 0 because the function g ... (g, o f* ™) is bounded. We then conclude that
g is mixing of all orders.

We prove now that u, is K-mixing, that is, that given g € L?(u,), when n tends to infinity
the difference

(11g, gL o f)) = (1gs 9) (g, 1)

tends to 0 uniformly on test functions I whose L?(us)-norm is bounded by a constant. As
above, we can assume that (14, g) = 0. We can also assume that the L?(p,)-norms of g and !
are bounded by 1. Fix an arbitrary constant € > 0. It is enough to show the existence of an
integer N = N (e) independent of [ such that |(ue,g(l o f))| < 2€ for n > N.

Choose a continuous function g’ such that (ug,g') = 0 and [|g — ¢[|r2(,,) < € Using the
invariance of 4 we have

g, g(Lo f1) = (pgs g’ (Lo fNI = Kpgs (9 =g )To N < Mg — g2 10 F 1 L2(uy)

= g = 9'lz2up) U2y < €

It remains to show that |(ug, g'(l o f™))| < € when n > N for some N large enough. As above,
we have

(1, g (Lo f"N ] = Kpgs L™ (¢")D] < IL"(9)|loo-
Lemma T3] and the identity (u¢,¢’) = 0 imply the result. O
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For positive real numbers ¢, M, and € with ¢ > 2 and Q < logd, consider the following set
of weights

Plq, M, Q) :={¢: PP 5 R : [[§lloge < M, Q) < Q}

and the uniform topology induced by the sup norm. Observe that this family is equicontinuous.
In the two lemmas below, we study the dependence on ¢ € P(q, M, Q) of the objects introduced
in this section. Therefore, we will use the index ¢ or parameter ¢ for objects which depend on
¢, e.g., we will write Ay, Lg, pg, 1,(¢) instead of X, L, p and 1,,.

Lemma 4.16. Let q,M, and Q be positive real numbers such that ¢ > 2 and < logd.
The maps ¢ — Ay, ¢ — Mg, ¢ — g, and ¢ — pg are continuous on ¢ € P(q, M,Q) with
respect to the standard topology on R, the weak topology on measures, and the uniform topology
on functions. In particular, pg is bounded from above and below by positive constants which
are independent of ¢ € P(q, M,Q2). Moreover, ||A;"Li|l is bounded by a constant which is
independent of n and of ¢ € P(q, M, ).

Proof. Fix q, M, and €2 as above. Observe that when we add to ¢ a constant ¢ the scaling ratio
Ay and the operator L4 are both changed by a factor e®. It follows that the operator A;lﬁ(b,
the measures my, 14, and the density function pg do not change. So, for simplicity, it is enough
to prove the lemma for ¢ in the family

Po(g, M, Q) := {¢: P* = R : ming =0, [|¢]oge < M, Q(¢) < Q}.

Notice that this family is compact for the uniform topology.

Consider two weights ¢ and ¢’ in this space. From the definition of A\, and Ay, we have
e~ lle=¢lle < Ao/ A < elo=¢'lle . 1t follows that ¢ — Ay is continuous. When ¢/ — ¢, any limit
value of mgy is a probability measure invariant by )\;152 thanks to the invariance of mg by
)\;,lﬁz/. Since my is the only probability measure which is invariant by )\;IE;‘), this limit value
must be my. Thus, ¢ — my is continuous.

We deduce from the proof of Proposition that 0,(¢) = p,(¢)/p;, (¢) is bounded by a
constant independent of n and ¢. Moreover, the family of functions

{15(¢) with n>0 and ¢ e Polq, M,Q)}

is uniformly bounded and equicontinuous. Recall that 1%(¢) = (p;, (¢)) " '1,(¢) and p;, (¢) <
g < o (@), see the proof of Lemma L0 Tt follows that )\d_)"]ln(qﬁ) belongs to a uniformly
bounded and equicontinuous family of functions.

From the definition of pg and pg, we also see that these functions belong to a uniformly
bounded and equicontinuous family of functions. When ¢’ — ¢, if p’ is any limit of py, then
P’ is continuous and invariant by A;lﬁ(b because py satisfies a similar property. It follows from
Theorem 1] that p' = cpy for some constant c. On the other hand, since py = pymey is
a probability measure, any limit of pgyme is a probability measure. Thus, p'mg = cpy is a
probability measure and hence ¢ = 1. We conclude that py — py and also pg — pg. In other
words, the maps ¢ — pug and ¢ — p, are continuous. Since py is strictly positive and the
family Py(q, M, Q) is compact, we deduce that py is bounded from above and below by positive
constants independent of ¢.

The last assertion in the lemma is also clear because [|A;"LE|loc = Ay"[|1n(¢)]loc < On(9).
This ends the proof of the lemma. O

Lemma 4.17. Let q, M, and € be positive real numbers such that ¢ > 2 and Q) < logd. Let
F be a uniformly bounded and equicontinuous family of real-valued functions on P*. Then the
family

{A"L3(9) = n>0, g€ Plp,M,Q), g€ F}

is equicontinuous. Moreover, ’)\;"ﬁg(g) — <m¢,g>Hoo tends to 0 uniformly on ¢ € P(p, M,Q)
and g € F when n goes to infinity.
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Proof. As in Lemma[£.16] we can assume that ¢ € Py(p, M, Q). The first assertion is clear from
the proof of Lemma I0 We prove now the second assertion. By Lemma TG m, belongs to
a compact family of probability measures. It follows that |(mg,g)| is bounded by a constant
independent of ¢ and g. It follows that the family

Fi={A"L3(9) — (mg,g) : n>0, ¢ € Po(p,M,Q), g € F}

is uniformly bounded and equicontinuous. Denote by F. the set of all functions I’ obtained as
the limit of a sequence

hyj = Xy L3 (95) = (Mg, 95)
in ), with n; — co. By taking a subsequence, we can assume that ¢; converges uniformly to
some function ¢ € Po(p, M,Q). Since (mgy,,hj) = 0, we also obtain that (mg,l’) = 0 by the
continuity of ¢ — mg. Now, as in the end of the proof of Proposition B.II] we obtain that
I'=X;"Ly(IL,) for some I”,, € F and then deduce that I = 0. The lemma follows. O

4.6. Pressure and uniqueness of the equilibrium state. Using the results in the previous
section, to prove the next proposition we only need to follow the arguments in [UZ13| Sections
6 and 7] and [PU10, Section 5.6].

Proposition 4.18. The probability measure g is a unique equilibrium state associate to ¢.
Moreover, the pressure P(¢) is equal to log \.

Proof. We follow the approach in [PUI0, Th. 5.6.5]. To simplify the notation, set S,(g) :=
Z?:_& g o fJ for any function ¢g: P¥ — R. Recall that, given ¢’: P¥ — R with [¢/[|pge < o0 and
Q(¢') < logd, we denote by Ay, pg the objects associated to L.

Claim 1. We have Ent(ug) + (ug,¢') = P(¢') = log Ay for all ¢/: P* — R such that
H(b/Hlogq < oo and Q((ﬂ) < log d.

Proof of Claim 1. The proof of the inequality P(¢’) < log Ay is an adaptation of Gromov’s
proof of the fact that the topological entropy of f is bounded above by klogd, see [Gro03]. We
refer to [UZ13, Th. 6.1] for the complete details. To complete the proof, it is enough to show
that Entf(u¢/) + <,u¢/, ¢,> > log Agr.

It follows from [Par69] that Enty(ue) > (e, logJ, ¢,>, where Jy,, is defined as the Radon-
Nikodym derivative of f*jq with respect to pg (when this derivative exists). In our setting, it
follows from a straightforward computation that J, o is well defined and given by

Tug = Mgy e (pgr o f)-

Indeed, denoting by J’ the RHS in the above expression, for every continuous function g: P* —
R, we have

(g, J'g) = (Amy, e (pgr 0 f)g) = (Liymer, e (pgr © £)g) = (mgr, Lo (e (g © f)g))
= (mgr, por Lo (e 9)) = (ngr, f29) = (F s 9),

which proves that J = J We then have, using the f,-invariance of f4,

Kt *
/ /
Ent s (pg)+{pgr, ¢') > (pgr,10g Ju,, ) +{pgr, ¢') = (par,10g(pg © f) —log pgr) +1og Ay = log Ay
and the proof is complete. O

Claim 2. Let M and Q be positive real numbers such that Q < logd, and g: P* — R a
continuous function. Then, for every y € P¥, we have

1 X poa)=y Salg)(@)es @)
n £ 1(y)

(4.10) = (g, 9)

where the convergence is uniform on ¢’ € P(q, M, Q).
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Proof of Claim 2. Observe that the LHS of (£10]) is equal to

1A 2 pn(a)=y Sn(g) () (@)@)
n AL a(y) :

The denominator of the last quotient converges to pg (y) and the numerator satisfies

n—l
(4.11) Z Sn(g)(x)e ) = A7 Zﬁw go f(y) = Ny (g £, 1) (y)-
f”(:v 7=0 j=0
It follows from Lemma [£.17] that
(4.12) Ny L (g - L) = (mgrg - L1)py

as n — j — oo, where the convergence is uniform on ¢ € P(¢',M,Q). We deduce from (£I1]),
(£12]), and the fact that )\q}]ﬁfﬁ,]l — py as j — oo that, as n — oo, the LHS in (@.I0) tends to

n—1

i — —J ’ . J = ’ . ’) = ’
JLI%OnZOAW (mg.g- Liy1) = (mg,g-py) = (He9)
j=
The proof is complete. O

Claim 3. For every 7: P — R such that [lhoge < oo the function t — P(¢ + t1) is
differentiable in a neighbourhood of 0.
Proof of Claim 3. Fix y € P and set

a
dt

an(x):y S, (1) (z)eSn(@Ft)(z)

1
Pa(t) = = -
v n L4 41p1(y)

Po(t) = %log £houl(y) and  Qu(t) =
Notice that Q(¢+ty) < logd for ¢ sufficiently small. A direct computation and Claim 2 (applied
with ¢ +t1, 1 instead of ¢', g) imply that Qn(t) — (pgtty, ) as n — oo, locally uniformly with
respect to t. We also have P, (t) — log Ap4+y = P(¢ + t1p), where the convergence follows from
Lemma [£9 and the equality from Claim 1 applied with ¢’ instead of ¢ +t¢. We deduce that the
pressure function P, in a neighbourhood of ¢ = 0, is the uniform limit of the C' functions P, (t),
whose derivatives @, (t) are also uniformly convergent. Thus, the function P is differentiable in
a neighbourhood of ¢t = 0, with derivative at ¢ equal to (tgity, V). O

It follows from Claim 1 that 4 is an equilibrium state. By [PUI0, Cor. 3.6.7], the fact that
the pressure function t — P(¢ + ti) is differentiable at ¢ = 0 with respect to a dense set of
continuous functions ¢ implies the uniqueness of the equilibrium state for the weight ¢. Since
this property holds by Claim 3 for all 1 such that [|¢[|;,4¢ < 00, the proof is complete. O

We will prove in Section [f] that, when ¢ and v are Holder continuous, the pressure function
P(t) defined above is actually analytic, see Proposition We conclude this section with the
following properties of the equilibrium state p, that we will use in the next section.

Proposition 4.19. Under the assumptions of Theorem[L1), the metric entropy Ents(ue) of e
is strictly larger than (k—1)logd. In particular, pg has no mass on proper analytic subsets of P¥,
its Lyapunov exponents are strictly positive and at least equal to 5 (Entf(p¢) (k—1)logd), and
the function log|Jac D f| is integrable with respect to pg. Moreover the Hausdorff dimension
of g satisfies

(k—1)logd n Ents(pg) — (k—1)logd

A1 Ak
36

dimp (pg) =



Proof. Since s maximizes the pressure and Ent () = klogd, we have

Enty(pg) + (g, @) > Enty(u) + (1, ¢) > klogd + min ¢.
Since by assumption we have Q(¢) < logd, it follows that

Ents(ug) > klogd + min¢ — (ug, ¢) > klogd — Q(¢) > (k —1)logd.

The Lyapunov exponents of every ergodic invariant probability measure satisfying this property
are bounded below as in the statement, and in particular the function log |Jac| is integrable
with respect to it, see de Thélin [DT08] and Dupont [Dupi2]. The bound on the Hausdorff
dimension of p is then a consequence of [Dupll].

Let now X be a proper analytic subset of P¥. Assume by contradiction that m = pu(X) > 0.
We choose such an X which is irreducible and of minimal dimension p. So, for all n > 0, f™(X)
is also an irreducible analytic set of dimension p. We have

po(f*(X)) = ne(f (S (X)) = po(X) = m.

It follows that ps(f™(X) N f7 (X)) > 0 for some n’ > n > 0. The minimality of the dimension
p implies that f*(X) = f™(X).

Replacing X, f, and ¢ by f*(X), f* " and ¢+ --- + ¢ o f*' "1 we can assume that X is
invariant and pg(X) > 0. Since p is mixing, it is ergodic. We then deduce that e (X) = 1.
Therefore, the metric entropy of 14 is smaller than the topological entropy of f on X. But this

is a contradiction because the last one is at most equal to plogd, see [DS10al Th.1.108 and
Ex.1.122]. The result follows. O

4.7. Equidistribution of periodic points and end of the proof of Theorem [I.1l Because
of Proposition 1Tl Corollary 12l Lemma T3], and Propositions and I8, to prove
Theorem [[T] it only remains to establish the equidistribution of (weighted) repelling periodic
points of period n with respect to g, as n — oo.

Theorem 4.20. Let f: P* — P* be a holomorphic endomorphism of P¥ of algebraic degree
d > 2 and satisfying Assumption (A). Let ¢: PF — R satisfy [¢lljpga < 00 for some ¢ > 2 and
Q(p) < logd. Let p4 be the unique equilibrium state associated to ¢, and X the scaling ratio.
Then for every n € N there exists a set P), of repelling periodic points of period n in the small
Julia set such that

(4.13) lim \~" Z 6¢>(y)+¢>(f(y))Jr---+¢>(f”‘1(3/))5y = pg

n— oo
yeby,

Note that a related equidistribution property for Holder continuous weights was proved by
Comman-River-Letelier [CRLII] for (hyperbolic and) topologically Collect-Eckmann rational
maps on PL.

To prove Theorem [£.20] we follow a now classical strategy due to Briend-Duval [BD99] for
the measure of maximal entropy (which corresponds to the case ¢ = 0). We employ a trick due
to X. Buff which simplifies the original proof. An extra difficulty with respect to the case ¢ =0
is due to the fact that there is no a priori upper bound for the mass of the left hand side of
(#I3) when P} is replaced by the set of all repelling periodic points of period n.

Given any point = € P¥ we denote by a.n the measure

Lo = A" p(z) ! Z @ Fo(f (@) 48" 0) ()5,
f(a)=z
It follows from Corollary that, for every continuous function g: P¥ — R, we have
(s g) = X p(x)™ Y @U@0 D) p(a)g(a) — p(x) ™ (p(x)mg, pg) = (1o, 9)
fr(a)=z

as n — oo. This means that, for all z € P*, we have Han = [y S 1 — 0O.
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We denote by 0 < Ly < --- < Ly, the Lyapunov exponents of 114, see Proposition .19 We
fix in what follows a constant 0 < Lo < L;. Given x € X, a ball B of center x, and n € N, we
say that g: B — B’ is an m-good inverse branch of f of order n on B if

go f"=idjp and diam fiB" < e~ (=Dl for all 0 <1 < n.

Notice that the definition in particular implies that diam(B) < e~™. We denote by ug?l the
measure
M%’fﬁ = A () S @U@ @) p )5,
a=g(z)
where the sum is taken on the m-good inverse branches g of f of order n on B. Since we have
,ugngl < fign for all n > 0, it follows that any limit value py of the sequence {,ugngl} satisfies
Wy < pg. In particular, we have ||p/z]| < 1.
Given m > 1 we say that a ball B centred at x is m-nice if

(i) infp p > (1 — 1/m)supp p;

(ii) Hug?LH > 1—1/m for every n sufficiently large.
Observe that the second condition implies that diam(B) < e~ for every m-nice ball B.

(m)

Moreover, we have ||pjp[| > 1 —1/m for every limit value p of the sequence pp ;.

Lemma 4.21. For pg-almost every x € P*, every sufficiently small ball centred at x is m-nice.

The proof of Lemma 2] is elementary but makes uses of the natural extension of the system
(P, £, e), see for instance [CES12, Sec. 10.4]. We denote by Xo,Cy¢, PCy the small Julia set,
the critical set and the postcritical set PCt := Up>of"(Cy) of f, respectively. We also set
X := Xo \ Upenf~"(PCy). By Proposition we have py(f~"(PCy)) = 0 for every m € N,
hence 1(X) = 1. We denote by X the set

X ={2:= (vp)nez: zn € X, f(zn) = Tny1},

by m, : & — x, the natural projection from X to X and by f: X — X the map

Fl. o, @o 1, ) = (.o, fz_1), fzo), f(z1),...) = (..., z0, 21, @2, ... ).

Observe that 7, o f = fom, for all n € Z. Let us consider on X the o-algebra B generated by
all cylinders, i.e., the sets of the form

Anp =7, (B) ={i: 2, € B} forn <0and B C P* a Borel set
and set
fip(Ap B) := pe(B) for all A, p as above.

It follows from the invariance of py and the fact that =, € B if and only if ,—,, € f~™(B)
(with m > 0) that fi, is well defined on the collection of the sets A, p and

frp(An.B) = figp(An—m,B) for all m > 0.
Similarly, for every m > 0 and Borel sets By, B_1, ..., B_,, C P¥ we then have
fip({Z: xo € Bo,x—1 € B_1,...,2_m € B_p})
= ({5 7 € F(Bo) O f~"D(BL) A B}
— (S (Bo) O f " D(By) N+ 1 By,
We then extend fis to a probability measure, still denoted by fig, on B. Observe that flp is
f-invariant by construction and satisfies (7). flp = fig-

For n > 0 we denote by f. " the inverse branch of f™ defined in a neighbourhood of zy and

such that f."(zo) = _y,. This branch exists for all zg € X. We have the following lemma.
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Lemma 4.22. For every 0 < L < Ly there exist two measurable functions nr,: X = (0,1]
and Sp: X — (1,400) such that, for [iy-almost every & € X, the map f." is defined on
Bp (20, nL(2)) with Lip(f;™) < Sp(&)e™™F for every n € N.

Sketch of proof. The statement is a consequence of Proposition A direct proof in the
case ¢ = 0 is given in [BD99l Sec. 2] and [BDMO8, Thm. 1.4(3)]. The case n = 1 comes
from a (quantitative) application of the inverse mapping theorem, which is then iterated to
get functions 7y and Sy, valid for all n. The main point in the proof is an application of the
Birkhoff ergodic theorem to the function log|Jac D f|. This function is integrable with respect
to the measure of maximal entropy g, which has continuous potentials, because of the Chern-
Levine-Nirenberg inequality [CLNG9]. Since this function is integrable with respect to pg by
Proposition .19, the same proof applies in our setting. O

Proof of Lemma [{.21 Since p is continuous and strictly positive, we only need to check that, for
Hg-almost every x € P*, every sufficiently small ball B centred at x satisfies H,u(m) H >1—-1/m
for every n sufficiently large.

Let us consider the disintegration of the measure fis with respect to p4 and the projection
mg. We denote by ,&2 the conditional measure on {z¢g = x}. The measure ,&2 is uniquely defined
for pg-almost all € X and characterized by the identity

(fig,9) = (pg, u(x)) , where u(z) := (fig, g)

for all bounded measurable functions g: X — R. Since (M0)sfly = Mo, fi, 1s a probability
measure for pg-almost every x.
We will need a more explicit description of the conditional measures /12“;. For n > 0 and

x € X we consider the measure /i on X defined as follows. First, let us consider the projection
X — X"t given by

A= (T_py oy T—1,70).
For every element (y_,,...,%0) € X" we choose a representative 2 € X such that zj = y; for
all —n < j < 0. For any given yo and any n > 0 we then have d*" distinct such representatives,

and we denote by Z,, their collection. We then set
O D D G
2€2y: 20=x
Since this is a finite sum, the measures /1], are well defined on X.

Claim. We have limy, o0 fiy; = fig, for pig-almost every = € X.

Proof. It is enough to check the assertion on the cylinders A_; g for ¢ > 0 and B C P* a Borel
set. It is clear that, for all n > 0, we have i (A p) = d,(B), which implies that

/Mn(Ao B)te(T /5 Jug(@) = pe(B).
Moreover, for all n > i, using the invariance of p by A™1£ we have
fin(Asip) = i (A p Ny (@)
=ATpla)t 3 P e o )0: (A )
2€2y: zo=x
= )\—"p(x)—l Z (ﬁn_ip)(Z_i)e¢(z‘i)+¢(z‘i“)+"'+¢(Z*1)52(A_i,B)
2€Z;: zo=x

_ )fip(x)fl Z p(z_i)e¢(z7i)+¢>(27¢+1)+---+¢>(2—1)52(A_LB)
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In order to conclude it is enough to prove that

/,&f(A_i,B),u(b(x) = py(B) for all i > 0.
We have
()\_ip(x)_l 3 6¢(Z—i)+¢(z—i+l)+~..+¢(Zfl)p(zii)62(1471.73))qu(x)

QGZAZ':Z()::L'
:/()\—ip(x)—l Z e¢(a)+¢(f(a))+---+¢(fi’1(a))p(a)]lB(a))%(x)
fi(a)=x
<M¢>7)\ pLfi (oot dof 1p]lB)>
< pebtooft ol

(fi)*ﬂ¢,]lB> = pg(B),

where in the last step we used the fact that the Jacobian of pug (ie., the Radon-Nidokym

derivative %) is given by Ap~te~?(po f), which implies that

3 i Sl o i 1
(f) s = Xple 220 (po fiyu,
This completes the proof of the Claim. U

Ai(po fi

Let us now fix an integer m > 0, a constant Lo < L < L1, and a second positive integer ~.
For every integer N > 0 we set

Xy :={#€X:n(#) > N"and Sp(&) < N}.

Observe that /1¢(XN) — 1 as N — oo. In particular, there exists Ny = No(m,~y) such that, for

every N > Ny, we have fiy(Xy) > 1 —1/(2m7+1). It follows by Markov inequality that there
exists a subset X, C X with py(X,) > 1 —1/m?" such that, for all N > Np,

fh(Xn N {xg =2}) > 1—1/(2m) for all x € X,.

It is enough to prove the property in the lemma for all z € X,. Let us fix one such
x. By Lemma and the definition of X N, for every & € X Ny and n > 0 the inverse
branch f;" is defined on the ball Bpk(zo, N71) with Lip(f;") < Ne L. In particular,
diam(f; " (Bpx(z0,e"™/(2N)))) < e=™ L0 for all n > 0. It follows that all inverse branches
on Bpi(xz,e"™/(2N)) corresponding to elements & € Xy N {zg = x} are m-good for all n.

The Claim above implies that

(2 (Xn N{zg =2z}) >1—1/m for all n large enough.

This precisely means that, for all n sufficiently large, we have H Mg?z“ > 1—1/m, where B =
Bpi(x,e”™/(2N)). This implies that such a ball B is m-nice. The proof is complete. O

Lemma 4.23. There exists a positive constant C' = C(Lg,q) such that, for all n € N;m > 0,
and every m-good inverse branch g: B — B’ of f of order n on a ball B, and for all sequences
of points {z;}, {y;} with 0 <1< n—1 and 27,y € fY(B') we have

Z’Gﬁxl $(y)] < Cm~@7Y,

Proof. Since g is m—good we have dist(z,y;) < e~m=(=0Lo for all 0 <1 < n — 1. Hence,

n—1
> o) — o(w) |<Z||¢Hlogq|log dist(x7, y)| 77 < ||¢||logq2|1 +m 4 1Ly "7 Sm~ Y,
=0 = =1

where the implicit constant depends on Ly, g and we used the assumption that ¢ > 2. O
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Lemma 4.24. Let U be a finite collection of disjoint open subsets of P*. For every m > 0
there exists n(m,U) > m and, for every n > n(m,U), a set Qm,n of repelling periodic points of
period n in the intersection of the union of the sets in U with the small Julia set such that, for

allU el,

(1—1/m)ug(U) < A" Z SWHEF W)+ (/" () < (14 1/m)ug(U).
yEQm,nmU

Proof. We can assume that U consists of a single open set U, the general case follows by taking
n(m,U) to be the maximum of the n(m,U), for U € U. We can also assume that pys(U) > 0
because otherwise we can choose n(m,U) = m+1 and @, , = @. Fix integers mo > mq > m.
By Lemma B.2T], for ji4-almost every point a, every ball of sufficiently small radius centred at
a is mo-nice. Hence, we can find a finite family of disjoint ms-nice balls B; € U, such that
pe(U\UB;) < p1y(U)/ma. It is then enough to prove the lemma for each B; instead of U. More
precisely, let B = Bpk(a,r) be an mo-nice ball. It is enough to find an n(mgy) > ms and, for all
n > n(ms), a set @ of repelling periodic points of period n in B Nsupp(ug) such that

(4.14) (1= 1/m)pe(B) < XY PWHAFOT+0U" W) < (14 1/my)pg(B).
YeEQ

We fix in what follows an integer mg > ma/pue(B) and a second ball B* = Bpi(a,r*), with
r* < r, such that p4(B*) > (1 — 1/ma)ue(B). Choose a finite family of disjoint mg-nice balls
D; with the property that ;14(UD;) > 1—1/m3. We set D := UD; and let b; be the center of D;.
We also fix balls D} € D; centred at b; and such that ps(UD}) > 1—1/m3 and set D* := UD?.

Claim 1. There is an integer M; = M;(me, B, B*, D;) such that, for all N > M;, we have
(4.15) (1 —4/ma)py(B) < ng%(B*) < (1+4/ma)py(B)  for all i.
Proof. Since the balls D; are ms-nice and m3 > ma/uy(B), for every i we have

Hu%ﬂ,” > (1 — py(B)/my2) for all N large enough.
Hence, since ugfl,bj”]z, < pp; v and ||y, N || < 1+0(1), we have Hpth—pg?’sz,H < pp(B)/ma+o(1).
Therefore, in order to prove the claim it is enough to show that
(1= 2/ma)is(B) < i x(B*) < (1+ 2/ma)us(B)
for all ¢ and all IV large enough. This is a consequence of Corollary and of the inequality
1o(B*) > (1= 1/ma)pio(B). O
Similarly, we also have the following.

Claim 2. There is an integer My = Mjy(me, B, D*) such that, for all N > My, we have
(4.16) 1—4/my < p§'3) (D) < 1+ 4/ms.
Proof. Since the ball B is mo-nice, we have

H,ug?ﬁf)H > (1 —1/mg) for all N large enough.

Hence, by the fact that ugjfv) < pg,N and ||pg,n]| < 14 0(1), in order to prove the claim it is
enough to show that
1-— 2/m2 < ,uayN(D*) <1+ 2/m2
for all N large enough. This is again a consequence of Corollary and of the inequality
o(D*) > (1= 1/my). O
For every N; sufficiently large, every point in the support of 1z« ”%?1271 corresponds to an

mg-good inverse branch of f of order Ni mapping D; to a relatively compact subset of B.

Similarly, for every Ny sufficiently large every point in the support of 1p« Mgnf\% corresponds

to an mso-good inverse branch of f of order No mapping B to a relatively compact subset of
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D. Composing such inverse branches we get inverse branches g; of f Ni+N2 defined on B whose

images are relatively compact in B. In what follows, we only consider these inverse branches
. We al i : @D 62D wh (2)

g;. We also write g; as g;* o g;”", where g;

(whose image is then in D) and g§1)

also set i = i(j), where g§2)(B) C D;.

Each inverse branch g; as above contracts the Kobayashi metric of B, and thus admits a
unique fixed point y;, which is attracting for g; and hence repelling for fMHN2 Up to possibly
increasing the integers M; and Mj given by the Claims above, we can assume that the above
properties hold for Ny = M; and Ny = M. We set n(m) := Mj(mg) + Ma(msz) for a fixed
choice of sufficiently large mq,mgy, m3 and, for all n > n(m), we define the set @ as the union
of all such fixed points constructed as above with N3 = My (m2) and Ny = n — Ny > My(ms).
The points in @) are then repelling periodic points of period n = Nj + N» for f. Observe that,
for all j and all z € B, since g;(B) € B we have gé»(z) — gy as | — oo. Since B intersects the
small Julia set, by taking z in the small Julia set we see that y; belongs to the small Julia set.
To conclude, we need to prove ([4.14) for this choice of ). We set

= Y W)U W) g = 5 ) o W)

yeQR J

is the corresponding inverse branch of f¥2 on B

is the corresponding inverse branch of fM on 9(2)( B). We

and

1) o p(gP (b))
ni= AT Z( (big))+9(fogs” (bigs) )+ +o(FN1Log P (b)) PAIs Vi)
p(bi(j))

(2
A0 @) 4700 @) 482 ogP (@) LIS (@) ¢ )
pla) 0
Observe that there is a correspondence between the terms in u, and those in fi,,. Moreover,
since all the balls B and D; are ms-nice, we have

1p(gs" (b)) /p(a) — 1] S myt and |p(g'” (a))/plbi)) — 1 < my " for all i and j.

It follows from these inequalities and Lemma E23] that |, (B) — jin(B)| < fin(B)my*. Hence,
in order to conclude it is enough to prove that

(1= 1/(2m)po(B) < fin(B) < (14 1/(2m1))us(B)

because mq is chosen large enough. By construction, we have

Z MB N2 Mgw}z;l (B¥).
By Claim 1, this implies that
(1 —4/m2)uy(B Zﬂgﬁl Df) < fin(B) < (1+4/m2)pe(B Zﬂgﬁ Dy).

The assertion then follows from Claim 2 and the fact that ), 11 E:n ;,2 (Dy) = u%mi,l (D*), by taking
mg large enough. O

We can now conclude the proof of Theorem .20l As mentioned at the beginning of the
section, this also completes the proof of Theorem [I.11

End of the proof of Theorem [{.20} For every i € N we construct a finite family of disjoint open
sets U; == {U; j }1<j<J, with the following properties:
(1) po(Ur<j<rUij) = 1;
(ii) for all 1 < j < J; we have diam(U; ;) < 1/3;
(iii) for all ¢ > 2 and 1 < j < J; there exists 1 < j' < J;_y such that U; ; C U;_q .
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We can construct these sets using local coordinates and generic real hyperplanes which are
parallel to the coordinate hyperplanes. Observe also that, by the first condition, we have
pe(0U; ) =0 for all i and 1 < j < Jj.

For every n, we define i,, := max{m < n: n > n(m,Uy,)}, where n(m,U,,) is given by Lemma
@24l Observe that i, — oo as n — oco. We define P}, C U;U;, ; as the union of the sets of
repelling periodic points of period n in the small Julia set obtained by applying Lemma [£.24] to
the collection Uf;, instead of U, and set

= A Z e¢>(y)+¢>(f(y))+---+¢>(f"*1(y))(gy_

yePp),

By Properties (i) and (ii) of the open sets U; ; and Lemma £.24] any limit z of the sequence
{u],} has mass 1. So, since py(U;U;, ;) = 1 for all n and diam(U; ;) < 1/i for all ¢, it is enough
to prove that
(4.17) lim inf o, (Ui j») > pp(Uix j+) for all i € N and 1 < j* < Jix.
Indeed, given any open set A C P*, we can write A as a countable union of compact sets of
the form U; ; € A, overlapping only on their boundaries. We then see that (£I7) implies that
pe(A) < p'(A) for every open set A, and the facts that ||ue| = ||¢/]| and p4(0U; ;) = 0 for all
i,j imply that pg = 4.

We can then fix i*, j* as in ([£I7) and a positive number ¢, and it is enough to prove that

(Ui j») > p1p(Uix j«) — € for all n sufficiently large.

We only consider in what follows integers n such that 4,, > * and the sets U;, ; which
are contained in U« j». For all such n, we have py(Ups j+) = >, 1p(Us, j) and i, (Uis jx) =
> Hn(Ui, j). It follows by the definition of y;, and Lemma that

< i) = p6Ui )] < i Y 19(Ui ) = i o (U).
j J

|1, (Uir j*) — 11 (Uir jv)

The assertion follows. O

Remark 4.25. One could improve the argument in the proof of LemmalE24lto obtain that P, can
be taken to be a subset of the repelling periodic points with a good control of the eigenvalues,
see for instance [BDMOS, BD19]. This implies that, setting ¥; := Ly_;41 + - -+ + Ly, we have

1 1
1 —n E : Z W) +o(f )+ +o(f" 7 (y)
Y= nlgn A ne log

N Dy

yePp),

and, in particular,

k
Y = ZLJ — lim A" Z PW IS WN 40" W) 1og | Jac D, |-

n—oo
j=1 yer;,
Here, Df7: T,P* — Tpn(z) P* denotes the differential of f* at z. This is a linear map from
the complex tangent space of P* at = to the one at f™(x). It induces the natural linear map
N’ Df2 from the exterior power N\’ T,P* to A T, P¥.

5. SPECTRAL GAP FOR THE TRANSFER OPERATOR

In this section we prove our main Theorem We already defined in the previous section
the scaling ratio A, the density function p as an eigenfunction for the operator £ = L4, and the
probability measures my and pg, all under the hypothesis that [|¢[],,qe < oo for some g > 2.
The semi-norms ||-[|,, oy and |||, 4y, Were introduced in Sections and [3.6], respectively.
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5.1. Main result and first step of the proof. The following is the main result of this section.
We will use it in order to prove Theorem with a suitable norm and another value of .

Theorem 5.1. Let f,¢,\,mgy,p be as in Theorem [L.1l and L the Perron-Frobenius operator
associated to ¢. Let p,a,y, A, be positive constants and qs as in Lemmal[318 such that p > 1,
d' < a < d Pt Q < log(da), and qo > 2. Assume that ]l .0y y < A and Q) < Q.

Then we have

INTL iy S € Mol payy S and 11/l 0, < ¢

for some positive constant ¢ = c(p,a,v, A, Q) independent of ¢ and n. Moreover, for every
constant 0 < 8 < 1 there is a positive integer N = N (p, a,y, A,Q, 3) independent of ¢ such that

(51) H)\iNﬁNgH(p,a),’y = B ”g”@ya)ﬁ

for every function g: P* — R with (mg,g) = 0. Furthermore, we can take § = 5N for every
constant 0 < § < (da)"/®+2) | provided that A is small enough.

Notice that Lemma B.16] and the assumption g2 > 2 imply that [[¢|,,¢ < oo for some
q > 2. Hence, the scaling ratio A, the density function p, and the measures my and pg are well

defined by Theorem [l Notice also that go > 2 implies that the condition o < d~2/(P+1) g
automatically satisfied.

As it was the case for Theorem [4.T] the proof of Theorem 5.1l will be reduced to a comparison
between suitable currents and their norms. Theorem BTl will then follow from some interpolation
techniques (see Section [5.3]). A crucial estimate that we will need here is the following.

Proposition 5.2. Let f be as in Theorem [L1l Take 0 < a <1 and p > 0. Given n functions
WPk SR forj=1,...,n, set

(I)m = aimd(kil)mezﬁl max(¢(j)) and ﬁmm = £¢(m) 0---0 £¢(n).

Then there exists a positive constant ¢ = c(p, «), independent of &), such that

12109 oy < NL1RTILE D12 gl g0y + € D 16T oy ™ >0 L1 m L [ Lm09 o

m=1
or ever unction q: U k — U%
f Y f g

Proof. By Definition B.I2] of the semi-norm |[-||, ), We need to bound the current i0Ly 59 A

5£1,ng. We will use here the map m, introduced in Section We have, using a direct
computation,

3(e¢<">(m)+---+¢>“>(mn—ﬂg(mo)) =0+ 6
with
n—1

01 :=h'dg(xo), ©2:=h"g(xo) Z 96" ™ (2,), and b= e @o) A6 (1),
m=0

Using Cauchy-Schwarz’s inequality, we obtain

iaﬁl,ng A 5ﬁl,ng = Z(ﬂ'n)*(gl + 92) A (Wn)*(@l + @2)
< 2i(7m0)«(01) A ()4 (01) + 2i(mn )+ (O2) A ()« (O2).
We need to bound the norm ||-||,, , of the two terms in the last sum by the square of the RHS

of the inequality in the proposition.
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For the first term, using again Cauchy-Schwarz’s inequality, the definition of ®,, as in the
statement, and Lemma BI1] we get (notice that (7). (h") = £ ,1)

i)« (©1) A () @D, < () *<fh”><w ). (W'idg(x0) A Dg(an) |,
< Lot e || (57, (0g A Bg)|
||£17n]l||oo d, Hz@g A (9ng,a

This gives the desired estimate for the first term. B
For the second term, observe that i(m,).(©2) A (7,)«(02) is equal to

> i(mn)e (0 g(20)06 ™™ (@) A (70 )e (0 g(20) D" ™) (211))

0<m,m/<n

< 20 D ima)e (0 g(20) "™ (@) A () (g (20) 6" (@)

0<m/<m<n

IN

Using Cauchy-Schwarz’s inequality as in (£.3]) and (£4]) we can bound the current in the absolute
value signs by

(m =m0+ 1)2i(,). (2 g(w0)00" ) (@) A (). (Wg(0)D6 ™ (2,,))
+(m —m’ 4 1)%i(m0)x (0 g(20)0™ ™) (@) A (1)« (0 g(20) ™™ ()
and deduce that i(7,)«(02) A (7,)«(©2) is bounded by a constant times
> (= m)Pi(mn)« (0 g(20)06™ ™ (@m)) A (7n) (0 g(20)0™ ™ ().

0<m<n

Therefore, in order to get the proposition, setting n := (m,)« (Ih”g(xo)aqb("_m) (xm)) we only
need to show that

lin ATilly e < 11677, 0 @rm 1210-mL g | £n-mt1,n911%
Now, using 7" as in the proof of Proposition [£.4], we see that
n= 71';'(En,mﬂmg(xm)ﬂ\m@(ﬁ(”*m) (mm)) with b, := " @m) 4o (@na)
It follows from Cauchy-Schwarz’s inequality that
AT < LamirnglZm (D)) (hnidd "™ (@) A D" (2n))
< Ln-mr1ng 217 () lloo B loo (F7 ™)« (06 A Dgt—™).
Thus, by Lemma [3.11] and the definition of 7”7, we get

lin ATillp.a < 1£n-m+1,09l31£10-m 1o ®nm|[i07 ™ A DS ™| 4.
p7 b b p7
This ends the proof of the proposition. O

5.2. Proof of Theorem 5.1l We will need the following elementary lemma.

Lemma 5.3. Let ¢, ¢ ¢: P¥ — R be such that Z;’;l Hqﬁ— (ﬁ(j)Hoo < a for some positive
constant a. Define 9 : Rt — RT by 9(t) := t~1(e! — 1) and 9(0) = 1, which is a smooth
increasing function. Then we have

(1) Lo — Lyl <O — lloo) 1£L6]l o Il — TZJHOO,
(ii) L — Ly o0 O£¢<n>H I(a)a||L7|

Proof. Observe that for ¢,1: P¥ — R we have, using the definition of Ly and Ly,
1£6(9) = Lyl < |1 =€*"P)lglloo | o I€6M o = (|1 = €* 7]l 1€l 191106

The first item in the lemma follows. For the second item, notice that

H(¢+¢of_|_...+¢ofn*1) _ <¢(n)+¢(n*1)of+...+¢(1)Ofn*1>HOO gzn:“¢_¢(j)|’
j=1
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Therefore, using this estimate and the expansions of £"(g) and £¢(1) 0---0 £¢(n) (g9), we obtain
the result in the same way as the first item. O

We continue the proof of Theorem 5.1l We first prove the following result.

Proposition 5.4. Under the hypotheses of Theorem [3 1], there exists a positive integer Ny =
No(p, o, v, A, Q, B) independent of ¢ and g and such that (5.1]) holds for all N > Nj.

As in Lemmas and B.17] we can assume that ¢ belongs to the family of weights
Q :={¢: P" >R : ming =0, [6llpay, <A 2p) < Q}.

Observe that we can apply Lemmas and [LIT because, by Lemma B.I6l and the assumptions
on « and p, the family Qg is contained in Py(g, M, ) for suitable ¢ > 2 and M. Observe also
that [|¢]lc = Q(¢) < Q and [|¢]lc < 16l (0,0 < A

Consider two constants K > 1 and K’ > 1 whose values depend on 3 and will be specialised
later. We will not fix A but we assume A < A for some fixed constant Ag > 0. For a large part
of this section we can take A = Ag, but at the end of the proof of Theorem [5.1] we will consider
A — 0. This is the reason why we will keep the constant A in the estimates below. Note that
the constants hidden in the signs < below are independent of the parameters A, 8, K, K',n and
also of the constant 0 < € < 1 and the integer j that we consider now.

Since [|@l(p,a),y < A, for every j > 1 there are functions $U) and 1) such that

o =0V +u0, oD ) < AR/, and [0V < AK TN

Observe that ||¢)|| is bounded by a constant since ||¢|| is bounded by a constant.
We can assume for simplicity that [lg|[, .y, < 1, which implies that £(g) is bounded by a

constant. Since (mg,g) = 0 by hypothesis, we deduce that ||g||« is bounded by a constant. By

(1) (2)

the definition of the semi-norm ||-[|, we can find two functions ¢ge ’ and g¢” satisfying

g=g"M+

(p,)yy?

<K (/e) 1P < 2K Y, (mg, g) = (my, gtP) = 0.

19110

Notice that without the condition (myg, gé )> = 0 we would not need the coefficient 2 in the
above estimate of || g£2) |loo- We obtain this condition by adding to g£2) a suitable constant and

)

subtracting the same constant from gél). The condition (mg,ge’) = 0 is deduced from the

hypothesis (my,g) = 0 when we have <m¢,g£2)> = 0. Since ||g||oc is bounded by a constant,

”ggl) |loo is also bounded by a constant.
Define as above Ly, 5, := Lym) 0+ 0 Lym) and write

(5.2) AL g = AT"LypngM + ALY — L1,90) + XL P = G+ GP)L 4+ G

€ € n, n,

Lemma 5.5. When K and K’ are large enough, we have for everyn > 1

|69, < 56 and G, < 56e

© = 2
Proof. The above estimate on |[1)\7)||o implies that 3 |[1)¥)||oc < AK~'e. Therefore, using
Lemma [5.3] and the fact that the sequence A™"L"1 is bounded uniformly on n and ¢ (see

Lemma [4.16]), we get

oo

|G| S AKel|gV]l o0 S AK e < AgK ™

n,

because || ggl) |loo is bounded by a constant. So we get the first estimate in the lemma when K
is large enough (depending on Aj and f3).
For the second estimate, using again that the sequence A™"L"1 is uniformly bounded, we
obtain
16T S 9 oo < K7 Me.
The result follows provided that K’ is large enough. U
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Lemma 5.6. When K > 1 and K' are fized, there is a constant 0 < ¢y < 1 independent of ¢
and g such that, for all n large enough and 0 < € < ¢q,

1
1G] 0y < BO/EM.
Proof. Fix an ¢y > 0 small enough. We will apply Proposition First, using the estimates
S YD |leo S AK1e < Ag and A > d¥e™® ¢ we obtain
®,, g afmd(kfl)memma)((b g afmdfm)\memﬂ(tb) < afmdfm)\memﬂi
By Lemmas 5.3 and [2.16] we have
[L1mLllc S NL™1loo S A™  and  [|Lmy1ndlloo S [IL" "1 loe S A*T™
and also, again by Lemma [5.3]
1277 g |oo + 1 Lmi1.ng™ = £777 g [0
1277 gM oo + 12771 lool 98" loo AK e
1277 glloo + 1£77 g [loo + A" AK e
Hﬁn_mgHoo + )\n—mK-/—l6 + )\n—mAK—1€.

This, Proposition £.2] and the estimates in the definitions of ggl) and ¢U) allow us to bound

||£m+1,ng£1) ||oo

S
S
S
S

HG&%H (p0) by a constant times
(5.3)

K”/v(ﬁ)"/z + i AK Y m2/+3/2
da — m

e

(5™ 2 (INLglloe + (K11 4 AK ™ Yeo) [ e/,

Recall that g belongs to a uniformly bounded and equicontinuous family of functions, see
Lemma[B.I6l It follows from Proposition .11 and Lemma [LI7 that | A~"T™L" ™|, tends to
0, uniformly on ¢ and g, when n — m tends to infinity. This and the fact that e < do imply
that, when n tends to infinity, the sum between brackets in (£.3)) converges to

o0 Q
YA Kl/wm2/w+3/2(€_

do
m=1

)" (K'Y 4 AR Ve

This sum is smaller than 8 because ¢ is chosen small enough. Therefore, we get the estimate
in the lemma for n large enough, independently of ¢ and g, because the last convergence is
uniform on ¢ and g. O

Proof of Proposition [5.]]. Take N large enough, independent of ¢. It suffices to show that we
can write

ANeNg =GV + GV, with ||GY

,€

iy <80/ and(|GRL, < Be

We apply Lemmas[B.5 and 5.6 to n := N. When € < ¢, it is enough to choose Gg\lf) = Gg\?)e and

G%)E = Gg\l})e + Gg\c,)e. Assume now that ¢ < € < 1 and choose GE\PE ;=0 and G%)E = )\*NENg.
With N large enough, we have HGE\Z,LHOO < Bep < Be because [[A\""L"g||o tends to 0 uniformly
on ¢ and g when n goes to infinity, see Lemma [.I71 Thus, we have the desired decomposition

of A=V £Ng and hence the property (5.1)) for all N large enough. O

Proposition 5.7. Under the hypotheses of Theorem [5], there is a positive constant ¢ =
c(p, a7y, A, Q) independent of ¢ and n such that

I L ey ¢ ol ayy ¢ and [1/pllgpay, < e

Proof. We prove the first inequality. We will use the above computations for K = K’ = ¢y = 1.
Consider any function g: P¥ — R such that [|g ¢y, < 1. We do not assume that (mg, g) = 0.
As before, for any 0 < € < 1 we can write
9=+ with [oM|| ., <1/ and [¢?| <e.
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We also consider as above the decomposition

AL =Gl + G with G =G and G =GP+ GY)

n,€ n, n, n,€’

see (5.2). The computations in Lemmas[5.5and (.6 give ||G£L2,l||oo S eand HG,%ZH@,O{) < e We

use here the fact that |\~ L""™Mg| . is bounded by a constant, see Lemma[LI7l Therefore,

[AT"L"gl|(p,a),y 18 bounded by a constant. Thus, the first inequality in the proposition holds.
Consider now the second inequality. Observe that

o
p=lim AL =1+ ALV with g:=A"'L1-1.
n—o0
n=0
The A~!L*invariance of m, implies that (mg,g) = 0. Therefore, Proposition [5.4] and the
first inequality in the present proposition imply that [[A™"L"gl|p.ay 5 S BN, We deduce that
o]l (p,a) v is bounded by a constant.
For the last inequality in the lemma, observe that p is bounded from above and below by

positive constants which are independent of ¢, see Lemmal[4.16l The result is then a consequence
of Lemma [3.T6 applied to the function x(¢) := 1/t. The proof is complete. O

End of the proof of Theorem [52.1l By Propositions 5.4l and [5.7] it only remains to prove the last
assertion in this theorem. We continue to use the computations in Lemmas and and
take K =1, K’ = &N, and €y = 1 for some & and d’ such that § < & = dV/@*+2) and d’ < do.
As above, we consider the decomposition

AN NLNg = Gg\lf?e + Gg?,’)e with Gg\l,?g = G%?E and Gﬁ’)e = GES?E + GE\C,?E.
Take A — 0, which also implies that Q(¢) — 0. So we can fix an £ as small as needed and
assume that d < e da. Then, the estimates in Lemmas and give

1GW .l pay < (KM 7d™N2 4 O(A)) e and [|GR||oe < c(E'™1 + O(A))e,

where ¢ is a positive constant. With N large enough and A small enough, since § < ¢’ and
K' = 5’N, we get
2 _ 1 -
HGSV,)eHoo <9 Ne and HGg\[lea) <4 N€1/»y.

In other words, we can take 5 = ¢ V. This completes the proof of the theorem. O

5.3. Proof of Theorem The statement is a consequence of Theorem (.1l namely, of the
estimate (5.I). Note that the constant 8 in Theorem [[.2]is not the one in (5.1I)). Given ¢ as in
the statement, we first choose « sufficiently close to 1 so that Q(¢) < log(ad). Then, we choose
p large enough so that ¢ < g2, where g and -y are as in the statement and ¢ is defined in Lemma
(this also implies that a < d=%®+1) since ¢ > 2). Recall that the semi-norm 1l a9, 18
almost a norm. Define

-lloy = [lloe + 11+l gp,ap. -
This is now a norm, which is independent of ¢. By Lemmas and [3.19] we have

oo + l-lhoge < 1-lloy S H-llev -

By Lemma[.T6] the quantities [|A\""L"||c0, ||plloc, and ||1/p||s are bounded by a constant when
[9ll,, < A. By Theorem BIL [[A7"L"([(p.a),4s [12ll(p,a) v @a0d [[1/p]l(p,a),4 are also bounded by a
constant. We deduce that [|A7"L"||s,, ||pllo,, and ||1/p||o, satisfy the same property.

Let N and fy be as in Theorem . (we write (g instead of § to distinguish it from the
constant that we use now for Theorem [[2)). Fix a constant S such that ,Bé/ N < B8 < 1 and
consider the following norms

o0
lglls = legl + (|9l oy, 2nd lgllo, = !%HZOB"I!A"E"g’HWM
=

for every function g: P¥ — R, where ¢, := (mg, g) and ¢’ := g — cyp.
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Lemma 5.8. We have ||ghlle; < 3||gllo; |Pllo, for all functions g,h: P* — R. Moreover, both of
the norms |||, and [|-||,, are equivalent to |||, -

Proof. The first assertion is a direct consequence of Lemma B.I7. We prove now the second

assertion. Since my is a probability measure and [|p||(, ), is bounded, we have

lglle = legl +llg = cgpllip.a)n < legl + gllip.a) v + leglllPllpary S I9lloc + 19l im0, = llgllor-

Conversely, assume that ||g||, < 1, then [¢g| < 1 and [|g/[|, 0y, < 1. It follows that [|g[[,, 4 .
is bounded by a constant because it is bounded by [|g'[|, 4y - + |¢gl |2l 0y, By Lemma .16
Q(g) is also bounded by a constant. This and the inequality |(mg,g)| = |cg| < 1 imply that
|9/l is bounded by a constant. We deduce that [|-||,, is equivalent to |||, .

Observe that |-||, < [|-||,- To complete the proof, it is enough to show that ||gllo, < Il9llo
for every function ¢g. Recall that p is invariant by A~'£ and (mg,p) = 1. Therefore, we have
(mg,g') = 0. Theorem BTl and Proposition 5.7 imply that [A™"L"g' (| 0y 5 S ﬁg/NHg'H@,aM.
Hence

o
_ N
lgllex S legl + 119 ey 2 87"85™ S legl + 119 llgp.ay s = llgllo-

n=0

The last infinite sum is finite because § > Bé/ N This ends the proof of the lemma. O

Consider now a function g with ¢, = (mg,g9) = 0, which implies ¢ = ¢’. We also have
(mg, A\"1Lg) = 0 because my, is invariant by A~'L*. From the definition of 1, We get

N2l = 8(lgll., — llgll.) < Bllgll, -

This is the desired contraction. Finally, the last assertion in Theorem [[.2]is a direct consequence
of the last assertion in Theorem [B.1] by taking « close enough to 1. The proof of Theorem
is now complete.

5.4. Spectral gap in the limit case. The semi-norm ||-[|;, ,y can be seen as the limit of the

semi-norm ||| (pya)y S 7Y goes to infinity. In order to complete our study, we will prove here a

7’y
spectral gap with respect to this limit norm. The following is an analogue of Theorem G.11

Theorem 5.9. Let f,¢,\,mgy,p be as in Theorem [L.1l and L the Perron-Frobenius operator
associated to ¢. Let p,a, A, be positive constants and q as in Lemma [313 such that p > 1,
d~' < a <d?etD) O <log(da), and g > 2. Assume that [l .0y < A and Q($) < Q. Then

we have
AT Ly < ¢ lollpay < e and [[1/pll 0 < ¢

for some positive constant ¢ = c(p, a, A, Q) independent of ¢ and n. Moreover, for every constant
0 < B < 1 there is a positive integer N = N(p,a, A, Q, B) independent of ¢ such that

MLl ) < Bl

for every function g: P* — R with (mg,g) = 0. Furthermore, we can take § = 5N for every
constant 0 < & < (da)'/?, provided that A is small enough.

Notice that Lemma B.I3 and the assumption ¢; > 2 imply that [¢l|,,. is finite for some
q > 2. Hence, the scaling ratio A, the density function p, and the measures my and py are well
defined by Theorem [Tl Notice also that ¢; > 2 implies that the condition a < d=2/t1) g
automatically satisfied.

Proof. The proof follows the same lines as the one of Theorem [5.1l It is however simpler because
the definition of the semi-norm |[[-[| , ,, is simpler than the one of |||, ,) .- In particular, we do
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not need any decomposition of A™"L"g. Applying directly Proposition with ¢U) := ¢ for
all 7 > 1 and recalling that ||1,||cc S A we obtain

~

A2l S gl (o)™ 4 ey 3 m2 ()2 xmmtm g
Il p,ay ~ 11911p,y (7 (p,a) — do Glloo-

With this estimate, the rest of the proof is the same as that of Theorem B.11 O

As in the last section, we obtain the following counterpart of Theorem as a consequence
of the last result.

Theorem 5.10. Let f,p,a, A,Q,¢,p,\,mg and L be as in Theorem [2.9. Then there is an
explicit norm |||, depending on f,p,c, ¢ and equivalent to ||-[|o + |||l ), such that when

||¢H<p7a) < A and Q(¢) < Q we have

X"y S e Mollgpay < IL/pll gy S e and [|A'Lgll,, < Bllgl,

for every g: P* — R with (mg,g) = 0, and for some positive constants ¢ = c(f,p,a, A, Q)
and = B(f,p,a, A, Q) with 5 < 1, both independent of ¢,n, and g. Furthermore, given any
constant 0 < 6 < (da)'/?, when A is small enough, the norm [Il,, can be chosen so that we can
take B =1/6.

Note that Lipschitz functions have finite ||-[|, ,, semi-norm (this follows from Lemma .13,

since Lipschitz functions can be uniformly approximated by C' ones whose norm is dominated
by the Lipschitz constant, see also the proof of Lemma [3.16]). So the last theorem can be applied
to Lipschitz functions. For such functions we can take any p large enough and « close to 1. The
rate of contraction is then almost equal to d=1/2 when A is small enough (i.e., when ¢ is close
to a constant function). This rate is likely optimal as it corresponds to known results obtained
in the setting of zero weight, see [DS10a).

6. STATISTICAL PROPERTIES OF EQUILIBRIUM STATES

In this section we prove Theorem [[.3l The definitions of the statistical properties that we
consider are all recalled in Appendix [A], as well as criteria ensuring their validity in an abstract
setting. We work under the hypotheses of Theorems and [[3] and with the equivalent norms
[Il, and ||-|l,, as in Theorem [L.2] see Section B3l Recall also that the operator L is defined by

L(g) == (Ap)~'L(pg).

6.1. Speed of equidistribution for preimages of points. The following result gives a
quantitative version of Corollary L.12l Because of Lemma [B.19 and of the definition of the norm

[Il5,» it applies in particular to Hélder continuous test functions.

Theorem 6.1. Under the hypotheses of Theorem [1.2, for every x € P*, as n tends to infinity
the points in f~"(x), with suitable weights, are equidistributed exponentially fast with respect to
the conformal measure mg. More precisely, we have

‘<)\—n Z P+ +o(f" M a) 5 p(x)m¢,g>‘ < ¢B"gllo,
fr(a)=z
for all g: P* — R, where 0 < 8 < 1 is the constant in Theorem [I.2 and c is a positive constant
independent of x and g.

Proof. For simplicity, assume that ||g|lo, = 1. Define ¢’ := g — ¢4p with ¢4 := (mgy,g). By
Lemma [B.8 both |cy4| and [|¢’[|s, are bounded by a constant. Since the norms ||-||, and ||,
are equivalent, we deduce from Theorem [[.2] that |A\""L"(¢')|lo, < 8". As we have seen in the
proof of Corollary ET2], the LHS of the inequality in the theorem is bounded by

AL (g) ~ Cngoo = [|]AT"L™ (g - CgP)Hoo - H)‘_nﬁn(g,)uoo SR

This implies the result. O
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We also have the following useful result.

Proposition 6.2. There exists a positive constant ¢ such that, for every g: P¥ — R with
HgH<>1 < 1, setting cpg := (Mg, pg) = (11g,g) we have

<Iu¢’eﬁfn|Ln(g)—Cpg\> <c¢ and ||L"g- cpg”ol < cpn.

Proof. Clearly, the first inequality follows from the second one by increasing the constant ¢ if
necessary. For the second inequality, define § = pg and ¢’ := g — czp. We have (mgy,§’) = 0. By
Lemma [5.8 and Theorem [[L2] we have that [|g]|,, is bounded by a constant because it is at most
equal to 3 ||pll,, [lgll,,- We deduce that cz and hence [|§’|,, are both bounded by a constant.
Using again Lemma [5.8] and Theorem [[L2] we also obtain

179 = cplle, = N7 L7 = cqll,, = o AL, <307y, XL L, < 8™

The result follows. O

6.2. Mixing speed for the equilibrium state. The speed of mixing in Theorem [I.1] is not
controlled for go,...,gr, 9,1 € L*(ug), see Proposition We establish here some uniform
exponential bound for the speed of mixing of the system ([Pk, 1, u¢) for more regular observables.
In the case of Holder continuous weight ¢ and observable g, this was established in [Hay99] for
k=1 (see also [DPU96] for a uniform sub-exponential speed) and in [SUZ14] for k£ > 1, see also
[DS10a] for the case when ¢ is constant.

Theorem 6.3. Under the hypotheses of Theorem [, for every integer r > 0, there is a positive
constant ¢ = ¢(r) such that

Jj=0

r r—1
(tgr 90 (g1 0 F™) -+ (gr o f77)) = [ (16 95) ( < cﬁ"(H lg;ll., ) 19l 0,
=0

for0=mnp <ny <--- <np and n:= ming<j<,(njy1 — nj). Here, the constant 0 < 5 < 1 is the
one from Theorem [L.2.

Proof. We prove the theorem by induction on r. Since when r = 0 the assertion is trivial, we
can assume that the theorem holds for » — 1 and prove it for r.

The fact that the statement holds for r — 1 and the invariance of pg imply the result for r
when go is constant. So, by subtracting from gg the constant c,g, := (mg, pg0) = (1¢, go), We
can assume that (ug4,g0) = 0. Setting ¢’ := g1 (g2 © f*>7"1)---(gr o f"7~™) and recalling that
L(:) = (\p)~1L(p-), computing as at the end of the proof of Theorem [[LT] we get

(g 90(g" © F))| = (s L (909" © f™1)))] = | (s L™ (90)9) |
< L™ (90)lloo 19'][ 11,
< 1L (90)lloo 91 lo - - - gr=1llos 97 © 77 |
= 1L (90)ll o0 1911log - - - Nlgr—1llo llgrll L1y ) -

The assertion follows from Proposition applied to gg instead of g. O

6.3. Central Limit Theorem (CLT). We prove here the CLT for observables g such that
lgll,, < oo and which are not coboundaries, see Appendix [Al for the definitions. In the case of
Holder continuous weight ¢ and observable g, this was established in [DPU96] for & = 1 and in
[SUZ14] for k > 1, see also [DS10a] for the case when ¢ is constant. We start with the following
version that does not need the introduction of perturbed operators. More refined versions of
this theorem will be given later in Sections and
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Theorem 6.4. Under the hypotheses of Theorem[L.2, consider a function g: P* — R such that
9lls, < oo and (pg,g) = 0. Assume that g is not a coboundary. Then g satisfies the CLT with
variance o > 0 given by

(6.1) 0% = (g, °) +2) (ug,g-(go f).

n>1

We refer to Definition [AT] for the statement of the CLT. Recall that g is a coboundary if
there exists h € L?(p1,) such that g = ho f — h, and this is the case if and only if o = 0. It is
not difficult to check that a coboundary cannot satisfy the CLT as in Definition [A1]

Proof. Let B denote the Borel o-algebra on P¥. By Gordin Theorem [A.2] we only need to show
that

_ 2
> lE(glsf nB)HLQ(;%) < .
n>1
We will transform the above series into a series of the norms ||[L"g|| ;2 (1g)> that we will bound
by means of Proposition [6.21 Recall that (14, (L"g)h) = (pe, g(h o f)) for all g, h: P* — R. So

(g, g (ho [) = (pg, (L"g)h) = (pg, (L"g) o f7) (ho f1)),

where in the last passage we used the f,-invariance of 4. This precisely says that E(g, f~"B) =
L™(g) o f. Note that the norm of f* on L?(p,) is 1. So we have

S IE @ B) 52, < ZHL" M2y < D 127(9)

n>1 n>1

The last sum converges because of Proposition and the hypothesis (ug,g) = 0. This
completes the proof. O

We have the following characterization of coboundaries with bounded ||-||,, norm that will
be used in Section

Proposition 6.5. Let g be a coboundary and assume that ||g||,, < oo. Then there exists a
function h such that ||h||s, < oo and g = ho f —h on the small Julia set of f.

Proof. By the definition of coboundary, there exists a function h € LQ(M¢) such that g = hof—h
in L?(ug). This identity implies that (ug,g) = 0. By adding a constant to h we can assume
that (ug, h) = 0. Since

L(ho f)=X"p"" L(p(ho f)) = A""p " L(p)h = h

a direct computation gives
Lg+---+L"g=h—L"h.

Since (g, h) = 0, as in the proof of the K-mixing at the end of the proof of Theorem [L.T] we have
L™h — 0 in L?(mg) when n tends to infinity. Proposition [6.21and the identity (14, g) = 0 imply
that the LHS of the last identity converges to a function h with finite |- o, norm. We conclude

that h = h pg-almost everywhere. Therefore, we have g = ho - h tg-almost everywhere, and
thus everywhere on supp(ue) as both sides are continuous functions. The proposition follows
because the support of p is equal to the small Julia set, see Theorem [L.T] U

6.4. Properties of perturbed Perron-Frobenius operators. The next statistical properties
will be proved by means of spectral methods, and more precisely by the introduction of suitable
(complex) perturbations of the operator £ = L4. This method was originally developed by
Nagaev [Nagh7] in the context of Markov chains. More details are given in Appendix [Al
We introduce here some notations and prove some preliminary results. We mainly follow the
approach as presented in [Bro96, [DNSO7, RES3].
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Definition 6.6. Given functions ¢, g: P* — R, h: P* — C, and a parameter § € C we set
£¢+ggh = £¢+gg§Rh + i£¢+gg%h,
where the operator in the RHS is the natural extension of (ILT)) in the case with complex weight.

Since from now on we fix ¢ and g, we will just denote the above operator by Ly when no
possible confusion arises. In particular, we have Ly = L. By means of Definition [6.6] we
extended the operator £ to complex weights and complex test functions. We naturally extend
the norms |-, and [-[|,, to these function spaces by setting

1Pllo, = IRAlls, +[IShllo, and Al = [[Rh[,, + [Shll, -

We will be in particular interested in the case where 6 is small or pure imaginary. We may
develop our study given in the previous sections for a complex weight directly, but we prefer
to use a shortcut which only requires to treat the real case. The next lemma collects the main
properties of the family of operators Ly that we need.

Lemma 6.7. Assume that ||g|,, is finite. Then the following assertions hold for both of the
norms H'Hol and [|-|.,,-
(i) Loy = Lo;
(ii) For every 8 € C, Lig) is a bounded operator;
(iii) The map 0 — L) is analytic in 0;
(iv) For everyn € N, 6 € C, and h: P¥ — C, we have

(6.2) [G}h ‘C[O]( GSn(g)h)7
where
(6.3) So(g) :==0 and S,(g) := Zgo f7 forn>1.
j=0

Proof. The first item is true by definition. For the second and the third items, it is enough to
prove them for the norm ||-[|, since the norm ||-||,, is equivalent, see Lemma 5.8 By Lemma

.8 we have, for all h: P¥ — C and n € N,
101" M), < 1€l 9" Rllo, < 3™ 1Ll Ngll5, 1Al -

So, the series >, (0" /n!)Lg(g"h) converges normally in norm |[-[|,,. The limit is equal to
Lig)(h) and we have

L1y (R)

This proves the second and the third items.
The last item follows by a direct induction. The case n = 0 is trivial and we have

(e OR) = Ly (£ (o S 0n) )

_ E[O] <609£n—1(605n71(g)h)> — E[ ]ﬁn 1( GSnfl(g)h) — £[9}£n 1h

I,, <& Mle |2l IR,

[0] [0] 6]

The proof is complete. O

Recall that the operator )Flﬁ[o] has p as its unique (up to a multiplicative constant)
eigenfunction of eigenvalue 1. It is a contraction with respect to the norm |[-|[,, (which is
equivalent to [|-]|, ) on the space of functions whose integrals with respect to mg are zero, see
Theorem The following is then a consequence of the Rellich perturbation method described
n [DS58, Ch. VII], see also [Bro96, Proposition 5.2] and [Katl3l [LP82]. Note that the last
assertion of Theorem [[L3] is a direct consequence of the analyticity of « given by the fourth
item.
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Proposition 6.8. Assume that ||g|,, is finite and let 0 < 8 < 1 be the constant in Theorem
[.2. Then, for all B < B’ < 1, the following holds for 6 sufficiently small and all n € N: there
exists a decomposition
ALy = a(6)" @y + U
as operators on {h : |h||, < oo} such that
(i) a(0) is the (only) largest eigenvalue of Lig, a(0) =1 and | (0)| > B;
(ii) Py is the projection on the (one dimensional) eigenspace associated to a(0) and we have
(bO(h) = <m¢7 h> Ps
(iii) Wg is a bounded operator on {h : ||h||, < oo} whose spectral radius is < ' and
\IJ(,OCI)@:CI)(;o\I/(;:O;
(iv) the maps 0 — Wy, 0 — Py, and 0 — a(0) are analytic.

The last property that we will need is the second order expansion of «(6) for € near 0. It is
a consequence of the above results.

Lemma 6.9. Assume that ||g||,, is finite and (ug,g) = 0. Let o >0 be as in [GI) and a(0) be
given by Proposition [6.8. Then we have

22

af)=¢e2

2 2
+o(0%) _ 1 | GTU +o(67).

Proof. We know from Lemma and Proposition that a(0) = 1 and that 6 — «(f) is
analytic near 0. So, we only need to prove that /(0) = 0 and o”(0) = o>
We start with the first equality. First of all notice that, for all n € N and h: P* — C, the

invariance of my implies
(6.4) (g 1) = (mis, ph) = (g, ALty (0h))

Applying these identities to e%7(9)/™ instead of h (with S,(g) as in [63)) and using [6-2), we
get
(10, 5 O) = g X ().

Then, the decomposition given in Proposition (applied with 1/n instead of ) gives

(6.5) (g, €59y = a(1/n)" (mg, D1/n(p)) + (Mg, U1, (p))-
By Proposition [6.8] the second term in the RHS goes to zero exponentially fast as n — oo .
Using that a(f) = 14a/(0)0 4+ 0(0) and ®y(p) = p+o0(1) as  — 0 and the identity (mg, p) = 1,
we get

lim <M¢,€Sn(g)/n> — ' (0)

n—o0
Recall that 14 is mixing and hence ergodic. Moreover, g is continuous and (14, g) = 0. Birkhoff’s
ergodic theorem then implies that S,(g)/n — 0 pg-almost surely as n goes to infinity. We
conclude that o/(0) = 0 as desired.
Let us now prove that o’(0) = 2. The f-invariance of ie and a direct computation give

) SngH 2 Sng\ 2 0?
2 _ 2nd 7 T (0/\/m)Sng ‘
"= <“¢’ < \/ﬁ> > and <“¢’ < \/ﬁ> > 962 <“¢’e > o=0
We use again ([6.2]) and Proposition (applied with 6/+/n instead of ) to get

(10- VD59 ) = a(B)v/m)" (s By i(0)) + (o Wy (o))

A direct computation, together with the identities a(0) = 1, &/(0) = 0, (mgy,p) = 1 and the
properties in Proposition [6.8], gives
82
062 <,u¢, B(G/ﬁ)5n9> ‘9:0 = a"(0) +o(1).
It is now clear that o’(0) = 2. This completes the proof of the lemma. O
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6.5. Local Central Limit Theorem (LCLT). We establish here an improvement of the CLT,
see Definition [A.4], for observables satisfying a further cocycle condition. Our result is new for
k =1, ¢ non-constant, and for k > 1, even when ¢ = 0; for k = 1 and ¢ = 0, see [DNS07]. We
need the following definition.

Definition 6.10. Let g: P* — R be a measurable function. We say that ¢ is a multiplicative
cocycle if there exist t > 0, s € R, and a measurable function ¢: P — C, not equal to zero s
almost everywhere, such that e®9(*)¢(z) = e¢(f(z)). We say that g is a (C°, ¢)-multiplicative
cocycle (vesp. (|||, ,¢)-multiplicative cocycle) if there exist ¢ > 0, s € R, and : P¥ — C, not
identically zero on the small Julia set of f, which is continuous (resp. with finite [-[|,, norm),

such that ¢®9()¢(2) = €*¢(f(2)) on the small Julia set of f.

Recall that the supports of p14 and my are both equal to the small Julia set of f, see Theorem
L1

Theorem 6.11. Under the hypotheses of Theorem I3, let g: P¥ — R be such that lglls, s
finite, {114, 9) = 0, and g is not a (|||, , ¢)-multiplicative cocycle. Then g satisfies the LCLT
with variance o given by ([6.1]).

We first need some properties of multiplicative cocycles. Note that the following lemma still
holds if we only assume that ¢ and g have bounded ||-[|; ¢ norms for some g > 2.

Lemma 6.12. There is a positive constant ¢ independent of g,t, and n such that H)ﬁ"ﬁﬁﬂ lloo <

c. Let K be a compact subset of R\ {0} (e.g., a singleton in R\ {0}). Let F be a uniformly
bounded and equicontinuous family of functions on P*. Then the family

Fi={\"Ligh : te K, heF, neN}

is also uniformly bounded and equicontinuous. Furthermore, if K C (0,00) and g is not a
(C°, ¢)-multiplicative cocycle, then H)ﬁ"ﬁﬁﬂhHo@ tends to 0 when n goes to infinity, uniformly
inte K and h € F.

Proof. Define ¢; := ¢+itg. Observe that |e?t| = e?. It follows that Hﬁﬁt}um <L oo < €A™ for
some positive constant ¢, according to LemmalL9. Using this, we can follow the proof of Lemma
AT0 with ¢; instead of ¢, and obtain that .7:“{,( is uniformly bounded and equicontinuous. It
remains to prove the last assertion in the lemma.

We will use the ideas in the proof of Theorem Il Let FX denote the family of the limit
functions of all sequences )\_"J'Egij](hj) with t; € K, h; € F, and n; going to infinity. By
Arzela-Ascoli theorem, this is a uniformly bounded and equicontinuous family of functions
which is compact for the uniform topology. Define

M :==max{|l(a)/p(a)| : 1€ FE

> @ in the small Julia set}.

Claim 1. If M = 0, then FX only contains the zero function.

Proof of Claim 1. Assume that M = 0. Consider a function / in FX. We show that [ = 0. As
in the proof of Theorem AT}, we can find functions I_,, € FX such that | = )\*"Eﬁﬂl_n for some
t € K (take t as a limit of ¢t; above). Since M = 0, the function [_,, vanishes on the support of
mg (which is the small Julia set) and we have ¢j;_ | = (mg, [l_,|) = 0. Moreover, we also have

1] = [N LRglon] < AL,

By the last assertion of Proposition .11}, applied to the family {|h| : h € FX}, the last function
converges to 0 when n tends to infinity. The claim follows. O

Claim 2. There is [ € FX such that |I/p| = M on the small Julia set.
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Proof of Claim 2. Choose a function [ in FX such that max|l/p| = M. Consider |_,, and ¢ as
in the proof of Claim 1. Let a in the small Julia set be such that |l(a)/p(a)|] = M. Then we
have

—n prn —n n—1
1(a)] = A" Lyl -n(a)] = ‘A 3 OO ()
bef~"(a)
<A Z PO+ ("1 O) A p(b) = Mp(a).
bef~"(a)

So the last inequality is actually an equality. In particular, we have |l_,/p| = M on f~"(a).
Recall that when n goes to infinity, f~"(a) tends to the small Julia set. Therefore, if [, is
a limit of [_,,, we have |l_»/p| = M on the small Julia set. Replacing | by [_ gives the
claim. O

Claim 3. There are t € K and [ € FX such that A=V,

it] l| = Mp on the small Julia set for
every N > 0.

Proof of Claim 8. Choose [ satisfying Claim 2 and ¢ as in its proof. Define [_,, and [_., as in
the proof of that claim. Fix an N > 0. For every n > N, on the small Julia set we have
Mp = |l| = ]AN"Loylp| = A~ "+Nc?ﬂN(A Negylon)l
S)\fnJrNﬁan‘)\ NﬁN]l_n‘<)\ n+N£n N)\ NﬁN(Mp) Mp.
So the two last inequalities are in fact equalities and we deduce that [A~V Eth l_p| = Mp. Tt
follows that A=V EN l_oo\ = Mp for every N > 0. Replacing I by [_., gives the claim. O

Assume now that g is not a (C%, ¢)-multiplicative cocycle. By Claim 1, we only need to show
that M = 0. Assume by contradiction that M 7 0. Consider ¢ and [ as in Claim 3. Define
£(a) := I(a)/p(a) for a € P¥ and ¥(a) := ¢*9(9¢(a)/€(f(a)) for a in the small Julia set. These

functions are continuous and we have [{(a)] = M and |[J(a)| = 1 on the small Julia set. We
have for a in the small Julia set
pa— — .o n_]‘
Mp(a) = N"Lygl@)] = |7 3T Ot O
bef~(a)
<A N PO U O M p(b) = Mp(a).
bef=(a)

So, the last inequality is an equality. Using the function &, we can rewrite this equality as (we
remove the factors A™" and also the factors |£(f™(b))| and M as they are both equal to |£(a)]
and independent of b € f~"(a))

Z 9(b I 1( )e ¢(b)+...+¢(f”—1(b))p(b)‘ _ Z 6¢(b)+~~~+¢(f”_l(b))p(b).
bef—"(a) bef~m(a)

As 9] = 1, we deduce that if b and V' are two points in f~"(a) then

D) .. (D) = 9 .. 9(fHD)).

This and a similar equality for f(b), f(b'),n — 1 instead of b,b’,n imply that 9(b) = ¥(b'). We
conclude that ¢ is constant on f~"(a) for every m. As f~"(a) tends to the small Julia set
when n going to infinity, it follows that ¢ is constant. From the definition of 1}, and since £ is
continuous, we obtain that g is a (C°, ¢)-multiplicative cocycle for a suitable real number s such
that ¢ = . This is a contradiction. So we have M = 0, as desired. U

Recall that ¢ and g have bounded ||-[|,, norms.
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Lemma 6.13. Let K be a compact subset of R. There is a positive constant ¢ such that

||)\_"Eﬁﬂ||<>1 < c for everyn > 0 and t € K. If K C R\ {0} and g is not a (|||, ,®)-

multiplicative cocycle, then there are constants ¢ > 0 and 0 < r < 1 such that H)F"Eﬁﬂ oy < cr™
for everyt € K and n > 0.

Proof. Consider the functional ball F := {h : [[h]|, < 1}. By Arzela-Ascoli theorem this ball

is compact for the uniform topology. Define FX as in the proof of Lemma Using that
lemma, we can follow the proof of Proposition 5.7 and obtain that ||)\_"£ﬁﬂ | (p,a) 4 i bounded
uniformly on n and ¢ € K. It follows that a similar property holds for the norm |[-[|, . This
gives the first assertion in the lemma. We also obtain that the family FX is bounded in the
[|]l,, norm and, using again Arzela-Ascoli theorem, we obtain that it is compact in the uniform
topology.

Consider now the second assertion and assume that g is not a (||-|[,, , ¢)-multiplicative cocycle.
We first show that FX reduces to {0}. Assume by contradiction that this is not true. Consider
t and [ as in Claim 3 in the proof of Lemma[6.12l Recall that both [|{||,, and [|1/p]|,, are finite,
see Theorem By Lemma [BI7], the function £ := [/p satisfies the same property and we
conclude, as at the end of the proof of Lemmal[6.12] that g is a (||-||,,, , ¢)-multiplicative cocycle.
This contradicts the hypothesis.

So FE is reduced to {0}. By definition of FX, we obtain that )\_"ﬁﬁt]h converges to 0
uniformly on h € F and ¢t € K. Using this property, we can follow the proof of Proposition 5.4
(take 8 = 1/4) to obtain that H)\*Nﬁ%hﬂ@ﬂm < 1/4 for N large enough and for all h € F
and t € K. When N is large enough, we also have H)\_Nﬁ%hHm < 1/4. Therefore, we have

H)\*Nﬁ% llo, < 1/2 which implies the desired property with r = 2=/~ O

We have the following characterizations of multiplicative cocycles.

Proposition 6.14. Let g: P* — R be such that lglls, is finite. Then the following properties
are equivalent:
(ia) g is a multiplicative cocycle;

(ib) g is a (C°, ¢)-multiplicative cocycle;

(ic) g is a (||-|l,, , #)-multiplicative cocycle;

(iia) there exists a number t > 0 such that the spectral radius with respect to the norm ||-||,,,
of A_lﬁ[it] 15 > 1.

(iib) there exists a number t > 0 such that the spectral radius with respect to the norm ||-||,,
of A_lﬁ[it] is equal to 1.

Moreover, every coboundary with finite ||-||,, norm is a (||-|,, , ¢)-multiplicative cocycle.

Proof. The last assertion is a direct consequence of Proposition Indeed, if g is such a
coboundary, we have g = ho f — h on the small Julia set for some h with ||A]ls, < co. So g is a
([lls, » ¢)-multiplicative cocycle as in Definition for t ;== 1, s := 0 and ¢ := ¢". We prove
now the equivalence of the above five properties. It is clear that (ic) = (ib) = (ia) and (iib) =
(iia). Lemma implies that (ila) = (ic). The following implications complete the proof.
(iia) = (iib). By Lemma [6.13] ||)\_"Eﬁt
radius of A_lﬁ[,ﬂ with respect to the norm |||, is at most equal to 1. We easily deduce that
(ifa) = (iib).

}||<>1 is bounded uniformly on n. Thus, the spectral

(ia) = (iia). Assume by contradiction that (ia) is true and (iia) is not true. Consider ¢, s,
and ¢ as in Definition If £(z) # 0 we divide it by [£(2)|. This allows us to assume that £
is bounded. Define h := &p. Using the cocycle property of g and the A~!L-invariance of p, we
have
A Lggh = AT1L(eMEp) = ePATIL((E o f)p) = €PENTL(p) = €”h.
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It follows that A™" 6 t}h = ¢™3h for n > 1. Fix an arbitrary positive constant ¢ and choose

a smooth function h such that || — hl| Li(my) < € Since (iia) is not true, A~ "Ly h converges

t]
uniformly to 0. Moreover, we have
Al = XMLy Al < IR R+ N LRy (= B)| < INTLEh] + AL B — .
This and the A~!£*-invariance of mg imply that
1Rl Ltmg)y < I Ll L my) + 1h = Bl ngy < IA" Ll L1y + €

By taking n going to infinity, we obtain that [|h||;1(y,) < €, which implies that h = 0 and hence
§ = 0, both mg-almost everywhere. This contradlcts the requirement on £ in Definition [G.10]
and ends the proof of the proposition. O

Proof of Theorem [6.11. We follow here the proof of [DNS07, Th. C|, which is based on [Bre92,

Theorem 10.17]. Let ¢ be any real-valued function in L!(R) whose Fourier transform

1 —itx
(o) = = [ vt ar

is a continuous function with support contained in some mterval . Define
(6.6) An(2) 1= oV/21n (pg, ) (x + Sp(g)) — e/ @7 / o)

By [Bre92, Th. 10.7], it suffices to show that A, (z) converges to 0 as n goes to infinity, uniformly
on .

Claim. We have
(6.7)

NN R S
_ itz /(o\/n) —n pn . itz /(oy/n) —12/2
Ap(z) = /50\/ﬁ¢<0\/ﬁ>6 {mg, A E[z‘t/(a\/ﬁ)}p>dt (0) /Ooe e dt.

Proof of Claim. The second term in the RHS of (6.6]) is equal to the second term in the RHS
of ([6.7) because

—x2/(20%n) / lt:v/(o\/_ 7t2/2d h 1 /

e t and 0) = — t)dt
\/277 v V2T 7oo¢( )
It remains to compare the first terms. Using the identities

<m¢,€it5n(g)h> — <m¢’)\—n£n(eit5n(g)h)> — <m¢7)‘_n£ﬁt]h> and 1/}(2,) _ \/__/ 1[}( ) itzdt

and the fact that s = pmg, we obtain

0
oV 2rn (e, Y (x + Sn(g)) = U\/ﬁ/ Tz)(t)eit:l:<’u¢’eitsn(g)>dt
== 0'\/_/ 'IJZ) th m )\ [’lt} >d

The last expression is equal to the first term in the RHS of (6.1) by the change of variable
t +— t/(o+/n). This ends the proof of the claim. O

Notice that for any constant dp > 0 we have the following partial estimate for the second

term in the RHS of (6.7)):

(6.8) lim ‘/ eim/(”\/ﬁ)efﬁﬂdt‘ < lim e 12t =0
n—00 t|>500f n—00 ‘t|>500'\/ﬁ

Moreover, it follows from Proposition [6.8, Lemma [6.9], and the identity (mg, p) = 1, that
: N t —n pn N —t2

(6.9) nlinéow<m) (M "Ll o yyp) = $(0)e” " =0 forall t €R,
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and, for dy < ¢ sufficiently small,
A t —n n A ) 42 N
(6.10) ‘¢<—Jﬁ><m¢7)\ ﬁ[it/(o\/ﬁ)]p> —P(0)e” /2‘ Se! [ 0o

Since the RHS in (6.10) defines an integrable function of ¢ € R, (6.9]) and (6.10]) imply that

doo/n ¢ ) doo/m
: P itz /(o\/n) —n pn 0 it/ (ov/m) —t2/2 1,
i _Wﬁw(a\/ﬁ)e (Mg, X" Ly )t = $(0) /_éwﬁe e /%dt =0.
Using this, (G.8]), and the above claim, it is enough to prove that (compare with the first term
in the RHS of (6.7]))

ot .
Al — itx/(o/n) —n pn dt
n(2) /60§t/(o\/ﬁ)|<6 v (o\/ﬁ> ¢ (6 A" Ll ) P)

converges to 0. Here is where we use the assumption that g is not a multiplicative cocycle. By
Lemma [6.13] and Proposition [6.14], we can find two constants ¢ > 0 and 0 < r < 1 such that
H)\_"Eﬁt/(oﬁ)] Hol < er™ for |t/(oy/n)| € [0p,0]. This shows that the term (-, -) in the definition
of Al (x) goes to zero exponentially fast, and we deduce that A} (z) = O(y/nr™) as n goes to
infinity. This completes the proof of the theorem. U

when [t| < doov/n.

6.6. Almost Sure Invariant Principle (ASIP) and consequences. We can now prove the
ASIP for observables which are not coboundaries, see Definition [A.5l The ASIP was proved by
Dupont [Dupl0] in the case where ¢ = 0 for observables which are Holder continuous, or admit
analytic singularities, by using [PS75], see also Przytycki-Urbanski-Zdunik [PUZ89| for £ = 1
and ¢ = 0.

Theorem 6.15. Under the hypotheses of Theorem [L3, let g: P* — R be such that ||g||,, is
finite and (g, g) = 0. Assume that g is not a coboundary. Then g satisfies the ASIP with error
rate o(n4) for all ¢ > 1/4.

Proof. We will prove that the assumptions of Theorem [A.6 are satisfied by the system f: P¥ —
P* and the operators 7; = )\*lﬁ[it] for t € R. These operators act on the functional space
H :={h : [|h]|,, < oo} which is endowed with the norm ||-||,,. We consider here the probability
measures v := [i4, V* 1= mg, the function £ := p, and the constant p (of Theorem [A.€]) large
enough. We only need to check the strong coding condition in Theorem Indeed, the
spectral description is a consequence of Theorem [[L2] the weak regularity follows from Lemma
or Lemma [6.13] and the last condition is satisfied since g is continuous.

Let us prove that the strong coding condition holds for all tg,...,t,—1 € R. As in the proof
of ([6.2]), we obtain

i nol — ity,_1go0fm— i n—2 °
ﬁ)](elzlzo tlgoflﬂ) = Ly <£fg} L(eitn-r907 Ll i tig f’p))

— Ly <6itn_1gﬁﬁ)]—1(6i2?;02 tlgoflp))
_ . n—2 o 1
= L, L[ H(e 2= 19°T ).
Hence, by induction, we get
- n—1 ° 1
E?[ﬁb](elzl:() tlg f p) — E[itn—l} [ INe) ‘C[Zto}p
The identity (6.4]) and the last one imply
. n—1 o 1 _ . n—1 ° l _
<Iu¢,elzl:0 tlg f > g <m¢,)\ nﬁ%](elzlzo tlg f p)> — <m¢’)\ nﬁ[’l‘tnfl] O+++0 ‘c[lt()]p> .
This is the desired strong coding condition. Applying Theorem gives the result. O

We also have the following direct consequence of the ASIP and Theorem [A.3] see Definitions
[A7 [A8 and Theorem The LIL was established in [SUZI4] in the case where both the
weight ¢ and the observable g are Holder continuous.
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Corollary 6.16. Under the hypotheses of Theorem [L3, let g be such that ||g||,,, is finite and
(g, g) = 0. Assume that g is not a coboundary. Then g satisfies the ASCLT, the LIL, and the
CLT with error rate O(n=1/?).

Remark 6.17. The LCLT is stronger that the CLT, even in its quantitative version given in
Corollary [6.161 On the other hand, notice that it requires a stronger assumption on the
observable g.

6.7. Large Deviation Principle (LDP). We conclude the statistical study of (P*, f, phe) with
the following property, see Definition [A.10l This is new in this generality for all k¥ > 1, even for
¢ = 0 (see [CRLLI] for the case when k& = 1 and some kind of weak hyperbolicity is assumed).
The LDP in particular implies the Large Deviation Theorem, which is proved in [DNS10] in the
case ¢ = 0, see also [PS96, [DS10a].

Theorem 6.18. Under the hypotheses of Theorem L3, let g: P¥ — R be such that lglls, s
finite and (p4,9) = 0. Assume that g is not a coboundary. Then g satisfies the LDP.

Proof. We apply Theorem [A ] for the random variables S, := S,,(g) (see (6.3])) with respect to
the probability fi4, and for A(#) := log a(f), where a(f) is defined in Proposition So, A(6)
is analytic and well defined for 6 small enough. Since ¢ is not a coboundary, we have o > 0 and
the convexity of A follows from the expansion of a/(#) given in Lemma Finally, as in (6.5]),
using € instead of 1/n, we get

<:u'¢7 e@Sn(g)> = a((g)n <m¢7 ®9(p)> + <m¢7 \Ifg(p)>
which implies (note that (mg, ®g(p)) does not vanish for 6 small as it is equal to 1 when 6 = 0)

. 95n(9)y _ _
Jim —log (pg, € ) =loga(f) = A(6).
Thus, Condition (A.H]) in Theorem [A.TT]is satisfied. Applying that theorem gives the result. O

APPENDIX A. ABSTRACT STATISTICAL THEOREMS

We provide here the precise definitions for the statistical properties studied in Section [6] as
well as the criteria, used in the previous section, ensuring their validity in an abstract setting.
We will consider in what follows a dynamical system 7": (X, F) — (X, F), where F is a given o-
algebra, and v a probability measure which is invariant with respect to T'. Given any observable
(real-valued measurable function) g € L'(v) and n > 1 we denote by S,(g) the Birkhoff sum
Sn(g) == Z?:_& goTJ. We are interested in comparing the behaviour of the sequence S, (g)
with that of a sum of independent identically distributed random variables Z,, of mean (v, g).
Notice that the invariance of v precisely implies that the functions g o T7, considered as random
variables, are identically distributed. The goal is to prove that, under suitable assumptions,
the sequence of weakly dependent random variables g o T/ and their sums S, (g) enjoy many of
the statistical properties of the sequences Z,, and Z?:_& Z;. For simplicity, we only consider
observables g of zero mean, i.e., such that (v,g) = 0. It is easy to extend the discussion to the
case of non-zero mean.

In what follows, we will denote by E(h|G) the conditional expectation of an F-measurable
function h with respect to a o-algebra G C F. The og-algebra T~ "F is generated by the sets
of the form T~™(B) with B in F. We will say that h is a coboundary if there exists h € L?(v)
such that h = hoT — h. A coboundary belongs to L?(v) and has zero mean.

Definition A.1 (CLT - Central Limit Theorem). Let T: (X,F) — (X,F) be a dynamical
system and v an invariant probability measure. Let g be a real-valued integrable function with
(v,g) = 0. We say that g satisfies the Central Limit Theorem (CLT) with variance o > 0 if for

any interval I C R we have
1 _
/ ¢ 20 dt.
2o Jr

(A1) JLH;OV{%Sn(g) el}=
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We give two criteria to ensure that an observable g satisfies the CLT. The first one, due to
Gordin (see also [Liv96]), is more classical and easier to use.

Theorem A.2 (Gordin [Gor69]). Let T: (X, F) — (X,F) be a dynamical system and v an
invariant probability measure. Let g be a real-valued function in L*(v) which is not a coboundary.
Assume that

(A.2) STE (g7 F) Hig(y) < 0.

n>1

Then g satisfies the CLT with variance o > 0 given by
(A3) o= (v,g*) +2> (v,g-(goT)).

n>1

Note that under the hypothesis (A.2]), the observable g is not a coboundary if and only if the
constant o defined in ([A.3]) is non-zero. Note also that this hypothesis implies that g has zero
mean because each term in the infinite sum in ([(A.2)) is larger than or equal to |(v, g)|* thanks
to Cauchy-Schwarz’s inequality and the invariance of v.

The second criterion is based on the theory of perturbed operators, which also allows to study
the speed of convergence in (A, i.e., to get a version of Berry-Esseen theorem. Recall that the
spectrum of a linear operator 7, from a complex Banach space to itself, is the closure of the set
of z € C such that the operator zI — 7T is not invertible. The essential spectrum is obtained from
the spectrum by removing its isolated points corresponding to eigenvalues of finite multiplicity.
The spectral radius r(7) and the essential spectral radius ress(7) are the radii of the smallest
disks centered at the origin which contain the spectrum and the essential spectrum, respectively.
The following criterion, based on ideas on Nagaev and Guivarc’h [Nagh7, I(GHSS], is a translation
in our setting of |Goul5, Th.3.7].

Theorem A.3 (Nagaev-Guivarc’h-Gouézel). Let T: (X, F) — (X, F) be a dynamical system
and v an invariant probability measure. Let g be a real-valued integrable function. Assume that
there exist a complex Banach space H, a family of operators Ty acting on H, for t € [—6,0] with
some constant 6 > 0, and elements £ € H and v* € H* such that

(i) coding: for allm € N and all t € [-6,6], we have <l/, eitS”(9)> = (v*, T"&);

(ii) spectral description: we have Tess(To) < 1, and Ty has a unique eigenvalue of modulus

> 1; moreover, this eigenvalue has multiplicity 1 and is located at 1;

(iii) reqularity: the family t — T; is of class C>.
Assume also that the largest eigenvalue a(t) of Ty for t near 0 admits the order 2 expansion
at) = eiAt=0?t?/2+0(t?) for some A,o0 € R with o > 0. Then g — A satisfies the CLT with
variance o and the speed of convergence in (A1) is of order O(n=1/2).

The following is an improvement of the CLT, see also Remark [6.17]

Definition A.4 (LCLT - Local Central Limit Theorem). Let T: (X,F) — (X,F) be a
dynamical system, and v an invariant probability measure. Let g be a real-valued integrable
function with (v, g) = 0. We say that g satisfies the Local Central Limit Theorem (LCLT) with
variance o > 0 if for every bounded interval I C R the convergence

1 2 2
li +8,(g) € I} — ——e /@) 1| =
Jim|ov/nv{z (9) €I} oz 1]

holds uniformly in # € R. Here |I| denotes the length of I.

Partial sums of independent and identically distributed random variables can be compared
with Brownian motions of suitable variance, and one can get precise estimates for the fluctuations
around the mean value. In the context of dynamical systems, we have the following analogous
definition.
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Definition A.5 (ASIP - Almost Sure Invariant Principle). Let T: (X, F) — (X,F) be a
dynamical system and v an invariant probability measure. Let g be a real-valued integrable
function with (v, g) = 0. We say that g satisfies the Almost Sure Invariance Principle (ASIP)
of variance o > 0 and error rate n7 if there exist, on some probability space X, a sequence of
random variables (S,,)n>0 and a Brownian motion W of variance o such that

(i) S, = W(n) 4+ o(n?) almost everywhere on X’;

(ii) Sn(g) and S, have the same distribution for any n > 0.

General criteria that allow one to establish the ASIP in various contexts are given in [PS75].
We state here the following criterion by Gouézel, see |[Goul(, Th. 1.2] and [Goul5, Th. 5.2].
Notice that Gouézel’s result actually holds in the more general case of random variables with
values in R?.

Theorem A.6 (Gouézel). Let T: (X, F) — (X, F) be a dynamical system and v an invariant
probability measure. Let g be a real-valued integrable function. Assume that there exist a complex
Banach space H, a family of operators Ty acting on H, fort € [0, 5] with some constant § > 0,
and elements & € H and v* € H* such that

(i) strong coding: for alln € N and all ty, ..., t,—1 € [—6,0], we have
(v, KDy tjgoTj> = (v, T,y 0 0 Tié);

(ii) spectral description: we have Tess(To) < 1, and Ty has a unique eigenvalue of modulus
> 1; moreover, this eigenvalue has multiplicity 1 and is located at 1;
(iii) weak regularity: eithert — Ty is continuous, or ||T;"||y_» < ¢ for some constant ¢ > 0
and for all t € [=6,0] and n > 0;
(iv) there exist p > 2 and ¢ > 0 such that ||g o T"(| 5,y < ¢ for alln > 0.
Assume also that the largest eigenvalue a(t) of Ty for t near 0 admits the order 2 expansion
a(t) = eiAt=0t? [2+0(t?) for some A, € R with o > 0. Then g— A satisfies the ASIP of variance
o and error rate o(n?) for all q such that
P 1 1

p_4 4 -4

q>

The following properties are general consequences of the ASIP, see for instance [PS75], [LP89,
CGO7].

Definition A.7 (LIL - Law of iterated logarithms). Let T: (X, F) — (X, F) be a dynamical
system and v an invariant probability measure. Let g be a real-valued integrable function such
that (v,g) = 0. We say that g satisfies the Law of Iterated Logarithms (LIL) with variance

o>0if
S,
lim sup ¢
n—oo 0y/2nloglogn
Definition A.8 (ASCLT - Almost sure Central Limit Theorem). Let T': (X, F) — (X, F) be
a dynamical system and v an invariant probability measure. Let g be a real-valued integrable
function such that (v,g) = 0. We say that ¢ satisfies the Almost Sure Central Limit Theorem
(ASCLT) with variance o > 0 if, for v-almost every point = € X,

=1 wv-almost everywhere.

n

1 1
Tog ]Zl 051128, (0) @)~ N(0,0).

In particular, v-almost surely
n t2

1 1 1 to —
lOgnZ:_']l{j*l/QSj(Q)Sto}—> e 202dt

= i 270 J_oo

for all tg € R.
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Theorem A.9. Let T: (X, F) — (X, F) be a dynamical system and v an invariant probability
measure. Let g be a real-valued integrable function with (v,g) = 0. Assume that g satisfies the
ASIP with variance o > 0 and error rate nY for some v < 1/2. Then g satisfies the LIL and
the ASCLT, both with the same variance o.

The last property that we recall is the Large Deviation Principle. It gives very precise
estimates on the measure of the set where the partial sums are far from the mean value. It
implies in particular the Large Deviation Theorem, which only requires an upper bound for the

measure in (A.4]) below.

Definition A.10 (LDP - Large Deviation Principle). Let T': (X, F) — (X, F) be a dynamical
system and v an invariant probability measure. Let g be a real-valued integrable function such
that (v,g) = 0. We say that g satisfies the Large Deviation Principle (LDP) if there exists a
non-negative, strictly convex function ¢ which is defined on a neighbourhood of 0 € R, vanishes
only at 0, and such that, for all ¢ > 0 sufficiently small,

1 S
(A.4) lim —log V{x €X: Snl9)() > e} = —c(e).
n—oo N n
The following result, established in [BL85], is a local version of Géartner-Ellis Theorem [GAr77,
ElI84, [DZ98] which can be used to prove the LDP, see [HHO1, Lem. XIII.2].

Theorem A.11 (Bougerol-Lacroix). For all n > 1 denote by P,, a probability distribution, by
£, the corresponding expectation operator and by S, a real-valued random variable. Assume
that on some interval [—0q, 0], with 8y > 0, we have

1
(A.5) lim —log E,(e’5") = A(9),

n—oo M

where A is a C1, strictly convex function satisfying A'(0) = 0. Then, for all 0 < e < A(6p) /0o,
we have

1
lim —log P, (S, > ne) = —c(e) <0,
n—oo n

where c(e€) := sup{fe — A(e): |0] < Oy} is the Legendre transform of A, which is non-negative,

strictly convex, and vanishes only at 0.

Notice that the symmetric statement for the measure of the set where n=15,(g) < —e in
([A.4) can be obtained by applying the result above to the sequence of random variables —S,,.
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