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ENERGY-DISSIPATION BALANCE OF A SMOOTH MOVING CRACK

MAICOL CAPONI, ILARIA LUCARDESI, AND EMANUELE TASSO

ABSTRACT. In this paper we provide necessary and sufficient conditions in order to guarantee
the energy-dissipation balance of a Mode III crack, growing on a prescribed smooth path.
Moreover, we characterize the singularity of the displacement near the crack tip, generalizing
the result in [10] valid for straight fractures.
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1. INTRODUCTION

In this paper we compute the kinetic+elastic energy associated to a particular dynamic crack
evolution, in which the fracture lips open vertically (anti-plane case) and the crack set is smooth
and preassigned.

We consider as reference configuration a bounded open set Q of R? with Lipschitz boundary.
We fix a time interval [0, T, a vertical volume force f, and we prescribe a boundary deformation
on a portion of J2. We assume that, in response to the external loads, the material breaks
along a fixed C®! curve I' C Q with end-points on 9. In this case, the crack set I'(t) at time
t is identified by the crack-tip position on I', described by an arc-length parameter s(¢). Here
we assume t +— s(t) non decreasing (irreversibility assumption) and of class C*1([0,77]). Far
from the crack set, the material undergoes an elastic deformation: the (vertical) displacement u
satisfies a wave equation of the form

i(t) — div(AVu(t)) = f(t) in Q\T(t), (1.1)

where A is a suitable tensor field (satisfying the usual ellipticity conditions); the equation is
supplemented by boundary conditions, that we choose Neumann homogeneous on I'(t) (traction
free case), and initial conditions.

The well-posedness of (1.1) has been widely investigated. We limit ourselves to cite the
papers [2] and [10]: in the former, the authors work under the sole assumption of finite measure
of the crack set, provide a notion of solution, and show its existence, using a variational time-
discretization approach; in the latter, the authors work under stronger regularity assumptions
and, following a change of variables approach, prove existence of solutions in a suitable weak
sense. Later, in [4], the regular case has been resumed: following the same approach of [10],
the authors obtain uniqueness of solutions and their continuous dependence on the data. These
results have been extended to the vector case in [1].

In this paper we move the natural step forward in the study: the computation of the ki-
netic+elastic energy and its relation with the crack growth. This computation has a crucial
role, in view of the so-called energy-dissipation balance which underlies the dynamics (see, e.g.,
[6, 5]): the kinetic + elastic energy released during the elastodynamics and the energy dissipated
to create the fracture (the latter proportional to the crack surface increment) balance the work
done by the external loads. In formulas, denoting by £(t) the energy

E(t) == 1/ [|u(t)|2 + AVu(t) - Vu(t)] dx, (1.2)
2 Jo\r)

and fixing homogeneous Dirichlet-Neumann boundary conditions on 952, the energy-dissipation
balance states that, for every time ¢ € [0, T,

E(t) — £(0) + H (T (1) \ T(0)) = / (7). i) ey T (1.3)
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The difficulty of computing (1.2) is twofold: on one hand, the displacement has a singular
behavior near the tip; moreover, the domain of integration appearing in (1.2) is irregular and
varies in time. To handle the first issue, a representation result for u is in order: we prove that,
for every time ¢, the displacement is of class H' in a neighborhood of the tip and of class H? far
from it, namely wu is of the form

u(t) = ul(t) + C(t)k(t)S(2(1)) (1.4)

where uf*(t) € H2(Q\T'(t)), ¢(t) is a cut-off function supported in a neighborhood of the moving
tip of I'(¢), k(t) € R, S € H*(R?\ {x1 > 0}), and ®(¢) is a diffeomorphism of  (constructed in
a suitable way, according to the properties of T', A, and s). Once fixed ¢, S, and ®, the function
u® and the constant k are uniquely determined. Actually, the coefficient & only depends on A,
I, and s (see Theorem 3.10 and Remark 3.11). In addition, we provide another decomposition
for u which is more explicit and better explains the behavior of the singular part (see §3.4). The
second issue is technical and we overcome it exploiting Geometric Measure Theory techniques
(see Section 4). The computation leads to the following formula:

E(t)—é’(O)—i—%/O K3 (r)a(r)3(7) dT:/O (), () gy (1.5)

where a is a positive function which depends on A, I', and s, and is equal to 1 when A is the
identity matrix; see Theorem 4.7 for the proof of (1.5) when A = I, and Remark 4.9 for the
general case. By comparing (1.3) and (1.5), we deduce the following necessary and sufficient
condition on the crack evolution (in the class of smooth cracks), in order to guarantee the energy-
dissipation balance: during the crack opening, namely when $(¢) > 0, the function k(t), often
called stress intensity factor, has to be equal to 2//ma(t).

We mention that a computation for a horizontal crack I'(t) = QN {y = 0, x < ct} moving
with constant velocity ¢ (4 a suitable boundary datum) can be found in [3, §4].

The representation result stated in (1.4) extends that of [10] for straight cracks (near the
tip) and A the identity matrix. Here we adapt their proof to the case of a curved crack and a
constant (in time) operator A, possibly non homogeneous; moreover, we remove one restrictive
assumption on the acceleration § (see Remark 2.2). The main steps in the proof of (1.4) are the
following: performing four changes of variables, we reduce problem (1.1) to a second order PDE
of the form

() — div(A(t)Vo(t)) + Lot. = f(t) in Q\Ty, (1.6)

with Q Lipschitz planar domain and fo a C3®1 curve straight near its tip. The tensor field A has
time-dependent coefficients but at the tip of Iy it is constantly equal to the identity. Finally,
the decomposition result for v, solution to (1.6), obtained via semi-group theory, leads to the
one for u, solution to the original problem (1.1).

The plan of the paper is the following. In the next section we fix the notations, the standing
assumptions on the crack set and on the operator A; moreover, we introduce the changes of
variables which transform (1.1) into (1.6). Then, in Section 3 we adapt the proof of the de-
composition result [10, Theorem 4.8] to our more general case, underlying the main differences.
Finally, in Section 4, we prove the energy balance (1.5).

2. PRELIMINARIES

2.1. Notation. We adopt standard notations for Lebesgue and Sobolev spaces on bounded
open sets of R2. The boundary values of a Sobolev function are always intended in the sense
of traces, and the one dimensional Hausdorff measure is denoted by H!. Given an open set Q
with Lipschitz boundary, we denote by n the outer unit normal vector to 02, defined a.e. on the
boundary. Moreover, given a non negative summable function w in €, we denote by LP(Q, wdx)
the weighted LP-space on 2 with respect to the measure w dx.

Given a normed vector space X and its topological dual X*, the norm in X is denoted by
I - |x and the duality product between X* and X is denoted by (-, )x. We adopt the same
notations also for vector valued functions in X. When no ambiguity may arise, we write | - ||
for the L*°-norm of scalar and vector functions, computed in their domain of definition. Given
an interval I C R and a Banach space X, LP([; X) is the space of LP functions from I to X.
Given u € LP(I; X), we denote by @ € D'(I; X) its distributional derivative.
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We write SO(2)" to represent the space of 2 x 2 orthonormal matrices whose determinant is
equal to 1.

2.2. Standing assumptions. We consider a bounded open set Q C R? with Lipschitz boundary
090, we take a Borel subset Op§) of 9 (possibly empty), and we denote by dx§? its complement.
We fix a C*! curve v : [0,] — Q parametrized by arc-length, with end-points on 9€); namely,
denoting by T" the support of v, we assume I'N 9N = v(0)U~(¢). Let T > 0 and s : [0,T] — (0, £)
be a non decreasing function of class C3'. We set

It):={y(o) : 0<0o<s(t)}.

FIGURE 1. The endpoints of T' are v(0) and vy(£) and belong to 0. We study
the evolution of the fracture along T from ~y(s(0)) to v(s(T')).

Given a tensor field 4 : @ — R2x? with smooth (C*' would be enough) coefficients satisfying
the ellipticity condition

(A(2)§) - € > colé* V2 e, £€R?, (2.1)
a function f € C°([0,T]; H*(Q)) N Lip([0, T]; L?(12)), and suitable initial data u® and u! (for the
precise regularity, see Theorems 3.4 and 3.10), we consider the differential equation
i(t) — div(AVu(t)) = f(t) in Q\T(¢), (2.2)
with initial conditions
u(0) = u”, 4(0) = u',
and boundary conditions

u(t) =0 on dpfl, (AVu(t))-n=0 ondnQUTI(?), (2.3)

where n denotes the unit normal vector. The equation (2.2) has to be intended in the following
weak sense: for every t € (0,7T)

(U(t), ) \ry) + (A Vut), Vo) rzrey) = (), Vo) 2@\ (2.4)

for every test function ¢ in the space H5(Q \ I'(t)) of H! functions in the fractured domain
Q\ I'(t) which vanish on dpQ. We implicitly require u(t) to be in Hh(Q \ I'(t)) and ii(t) to be
in its dual H5'(Q\ T(t)), for every t € (0,T) (see also [4, Definition 2.4]).

Furthermore, we assume that the velocity of s is bounded by the constant ¢y as follows:

1$(1)? <co—6 Vte[0,T], (2.5)

for some constant 0 < § < ¢.

The importance of this bound is twofold: on one hand, the relation with the ellipticity constant
¢p of A will guarantee the resolvability of the problem (see also (2.13) in Lemma 2.1); on the
other hand, the estimate will allow us to work locally in time, and then, repeating the procedure
a finite number of times, to obtain a global result in [0,7]. Another interpretation of (2.5) is
that the crack evolves more slowly than the speed of elastic waves.
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2.3. The change of variables approach. We fix tg,t; € [0,7T] such that 0 < ¢, — tg < p,
with p sufficiently small. A comment on the value of p is postponed to Remark 2.3. In the
following, we perform 4 changes of variables: first we act on the operator A, transforming it into
the identity on the fracture set; then we straighten the crack in a neighborhood of v(s(tp)); then
we recall the time-dependent change of variables introduced in [4], that brings T'(¢) into T'(¢¢) for
every t € [tg, t1]; finally, we perform a last change of variables in a neighborhood of the (fixed)
crack tip, in order to make the principal part of the transformed equation equal to the minus
Laplacian. For the sake of clarity, at each step, we use the superscript ¢, ¢ = 1,...,4, to denote
the new objects: the domain Q)| the fracture set I'¥), and the time-dependent crack I'(¥ (t).
We will also introduce the tensor fields A®) | which characterize the leading part (with respect
to the spatial variables) — div(A®Vv) of the PDE (2.2) transformed.

Step 1. Thanks to the standing assumptions on A, we may find a tensor field @ of class
C?1(Q;R?%?) such that, for every = € Q,

Q) A@)QT () = I (2.6)
being I the identity matrix. In particular we can choose Q(z) to be equal to the square root
matrix of A~1(z), namely Q(x) = Q7 (z) and Q?(x) = A~!(z). It is easy to prove the existence
of a smooth diffeomorphism y (again, C®! would be enough) of Q which is the identity in a
neighborhood of 99 and satisfies Dx(x) = Q(z) on ' NV, being V a suitable neighborhood of
~v(s(to)). Notice that the constraint Dx = @ cannot be satisfied in the whole domain, since the
lines of @ in general are not curl free. We set

QW =, T .= (), TV (1) := x(T'(t)),
AD(z) := [Dx ADX"](x " (2)).
Clearly, the tensor A(Y) satisfies an ellipticity condition of type (2.1) for a suitable constant

C; > 0 and it equals the identity matrix on I'"). Moreover, we may easily write an arc-length
parametrization 71 of I'™) exploiting that of T, by setting

10 = xore8, with 57(0)i= [ eyl dr.
0

Accordingly, the time-dependent fracture I‘(l)(t) is parametrized by
M) =W (sMt)), with s :=p"1os.

Note that the function s() is of class C*! and, thanks to (2.6) and (2.5), satisfies the following
bound:
2

@) < max [IDx(@)EPS(0F <1 -ch),  (2.7)

€=, zelNV

00 =4 600

where, for brevity, we have set ¢? := §/cy. Moreover, for the sake of clarity, we also fix a notation
for the maximal acceleration: we set ¢ as

co = max [§D(t)]. (2.8)
tE€(to,t1]

A direct computation proves that ¢y is bounded and depends on cg, 6, , v/, and D?y.

Step 2. Now we provide a change of variables A of class C%! which straightens the crack in
a neighborhood of v (s()(ty)). First, up to further compose A with a rigid motion, we may
assume that the crack-tip of F(l)(to) is at the origin, and the tangent vector to I'") at the origin
is horizontal, namely

YW (M (to) =0, (yV)(sW(to)) = ex = (1,0).

For brevity, we set oy := s(l)(to). We begin by transforming a tubular neighborhood U of the
fracture near 0 into a square: setting

U:={yY(oo+0)+mmWV (oo +0) : 0 €(—c,8),7 € (—c,¢)}

with n() := (y)L and ¢ > 0 such that U cC Q, we define A: U — (—¢,¢)? as the inverse of
the function (o,7) = v (o 4 09) + 70V (0 4 09). The global diffecomorphism is obtained by
extending A to the whole Q. Accordingly, we set

Q@ = AQW), T® .= ACW), T@ (1) := ATD (1)),
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AP (z) .= [DA AY DAT)(A ().
The tensor field A still satisfies an ellipticity condition of type (2.1), for a suitable constant.
For z € T® in a neighborhood of the origin, setting 3 := A~!(z) € '), we have
AP (z) = DA(y) AV (y) DAT (y) = DA(y) DA™ (y) = [(D(A™")" (2) DA™ ) ()] ' = 1.
The last equality follows from
oAt oAt
do or
and the fact that here we consider x of the form x = (0,0). In particular, we may be more

precise on the ellipticity constant of A®) restricted to a neighborhood of the origin: for every
0 < € < 1, there exists r > 0 such that

(AP (2)€)-€> (1 —e)|¢)* VE€R?, W]z <r. (2.10)

Finally, we underline that if p :== t; — to is small enough (see also Remark 2.3), the whole set
T () \ T™M(tg) is contained in U, so that the time dependent fracture I'®)(t) satisfies

L&) =1 (to) U{(0,0) : 0< o <sV(t) —sP(t)},
for every t € [to, t1]-

(0,7) = (Y1) (00 + o) + 7(nV) (00 + 7) , (o,7) =nM(oo+0), (29

Step 3. Here we introduce a family of 1-parameter C? diffeomorphisms W (¢, ), t € [to, t1], which
transform every Q) \ T'®)(¢) into Q) \ T(®(¢y). All in all, we map the non cylindrical domain
{(z,t) : 2 € QP\TP)N(t), t € [to, 1]} into the cylindrical one (2 \ T3 (tg)) x [to,t1]. This
construction can be found in [10] and [4, Example 1.14], thus we limit ourselves to recall the
main properties: the diffeomorphism W : [to,#;] x Q — Q satisfies
U(to) =id, W(t),, =1id, V)T () =T (t),
being id the identity map. The corresponding tensor field is
A®(t,z) == [DT AP DUT — ¥ @ U)(T(t,z)).

Note that A does not depend on time, while A®) does.
In a neighborhood of the origin,

Lo

Ut z)=ax — (sDt)—sM(tg))er and Ut z) =z + (sM(t) — sV (tg))er, (2.11)
so that DU = I, ¥ = —$(We;, and for z = (1,0) with z; small enough in modulus,
— 1MW ()]2
®) _ (=B ®E o
At x) = ( 0 e

Step 4. In this last step we apply a change of variables P near the origin (namely the crack-tip

of T(?)(ty)), in order to make the tensor field A, constructed as in the previous steps, satisfy

AW(t,0) = I for every t € [tg,t1]. To this aim, we recall the construction introduced in [10, §4].
We define o : [tg,t1] = RY and d : [to, t1] x Q — Q as

a(t) =1 =[50 @)?,
d(t, x) = a(t)ky(|z]) + (1= ky([z]))er

where k,, is the following cut-off function:

1 if0< 7 <n/2
T 2 T 1
k(7)== (25 - 2) (45 - 1) if /2 <7 <n (2.12)
0 ifr>n.

Here 7 is a positive parameter, whose precise value will be specified later, small enough such
that B, (0) C Q. Eventually, we set

P(t,z) = (d(ﬁ;)’”) .

For every t € [to,t1], P defines a diffeomorphism of € into its dilation in the horizontal direction

QW .= {(xl,xg> T x € Q} ,
C1
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which maps 0 in 0 and T'®)(t) := T'®)(t) into a fixed set ') (y), horizontal near the origin.
Accordingly, the tensor field A®) associated to this transformation reads

AN (t,2) = [DPA® DPT — P P - DPY(U )@ P - P DP Y (U H]|(P ' (t,2)).
The properties of A are gathered in the following

Lemma 2.1. There exists a constant ¢y > 0 such that, for every t € [to,t1] and x € QW

(AD(t,2)€) - € > calé?, VEER. (2.13)
Moreover, for every t € [to,t1], there holds
AD(,0)=1. (2.14)

Finally, there exists a vector field W : OnQ® UTW(ty) — R? such that, for every t € [to,t]
and x € ONQD UTW (),
(AT (t, 2)n(z) = W(z), (2.15)

and W (z) = n(x) = e in a neighborhood of the tip of T™ (to).
Proof. Let t € [to,t1] and z € Q*) be fixed. Setting y := P~1(¢,z) € Q, we distinguish the three
cases |y| <n/2, n/2 < |y| <n, and |y| > n, where 7 is the constant introduced in (2.12).

Without loss of generality, up to take n smaller, recalling (2.11), we may assume that in B, (0)

DU, T (t,y) =1, U(t, T (y)=—5Y(t)er,
so that
A®(t, Pt 7)) = AP (t,y) = AB(y) — 3V () Per @ e .

Moreover, we take 1 < r with 7 associated to € = ¢2/2 as in (2.10), so that the ellipticity constant
of A® in B,(0) is (1 — ¢%/2).

If |y| < n/2 we have

% 0 > —Y1 dz(t))
DP(t,y) = ¢ P(t,y) = a(t
=77 1) Pen=( 0
thus

1 1 HOIOE 25D (#)a(t &2(t)
A(4)(t7x) - ( a(t) 0 )A(Q)(y)( a(t) 0 ) — ( | a(t()2)| + v aé(i)()—i_y%a‘lgt) 0 > .

0 1 0 0

Since P~1(¢,0) = 0 and A®)(0) = I, we immediately get (2.14). For ¢ arbitrary vector of R?,
we have
1—ci/2 - [5W()P sWta(t) 6%t
AW (¢ £ L ~2 — i T+ (1-cl/2)8.
( ( ,.’E)f) g e aQ(t) n Oég(t) U 0(4(t) 51 +( Cl/ )52

In view of the bounds (2.5), (2.8), and (2.7), we get

6B <2, o <|at) <1,
C1

in particular

2 2 2
(@) s (G 92 2% &
(4000 €2 (L - 2% -pD )&+ 2.

The coefficient of &; is bounded from below, provided that 7 is small enough. This gives the
statement (2.13) for y € B, /2(0).

Let now 7/2 < |y| < n. In this case we have
o 1 d—ylald —ylﬁgd . o 1 —ylatd
DP(t7y)_d2( 0 d2 ) P(t>y)_ﬁ 0 :

Again exploiting the ellipticity of A with constant (1 — ¢?/2) > % and setting
m = y2(0d)? + 2y15 (£)(8pd) (d — y101d), p = (d —y1hd), q:=—y10ad,
we get

(AN (¢, 2)6) - € 2 SIDPT (6, y)el? - et = -

ot [P+ a* = 2m)&} + 2d°€16 + A3
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1 1 1
>3 [ (2-1) @ -2l &+ 0 -0, (2.16)
where in the last inequality we have have used d < 1 and the Young’s inequality, with 0 < e < 1,
whose precise value will be fixed later. Let us prove that, if  and e are well chosen, the coercivity
of A® is guaranteed. The identities

s ()5
vmww=m@—mﬁmmu D,d(t,y) = — @>§me

yl a(t) ’
together with the bounds
3
0<k,<1, aa<d<a<l, —=<k <0,
n
give
1
@ 2 ]-a
yi
p=d+ m(a —c)lky ()l =d>er,
2 nyyg 2 2
/
7 =(a—c1) 2 (kn(ly)” <90 — )",
42¢5(1 = 3 c2(1—c?
| |§ 2( 1)n+ 2( ; 1),,72.
C1 (&)

Inserting these estimates into (2.16), we infer that

29 /1 42¢o(1 — ¢2) c3(1—c?) 1—¢
A@ s A2 (2 ) (12 22 1) G 1) 2| s2 2
( (tax)f) §> 9 2\ = ( Cl) 1 n C% N7 &+ 9 &
Taking
9(1—01)2

= € (0,1

A/2+9(1 —cp)? 0,1)
we have

2 2
g 9/1 5 Cf
G _Z(Zo1)a-ea2=2.
2 2(5 )( o) =7

Thus, taking n small enough, we obtain the desired coercivity of A®).

Finally, if |y| > n we have
1 9 .
pren=( 5 V). a0

and condition (2.13) is readily satisfied in view of the ellipticity of A®).

The assertion (2.15) is clearly verified for A): the tensor field does not depend on time and
equals to the identity on the fracture, in a neighborhood of the origin. The last diffeomorphisms
VU and P both act in a neighborhood of the origin modifying the set only in the horizontal
component; in particular they don’t modify the normal to the fracture in a neighborhood of the
origin. As for the external boundary, ¥ is the identity and P acts as a constant dilation, so that

W(z) = ( Cd 1 >A(2)(C1$1,$2) ( 001 1 )n(x) on AyQW .
O

Remark 2.2. The idea of the proof of Lemma 2.1 is taken from [10, Lemma 4.1]. Let us underline
the main differences: in [10] the authors deal with the identity matrix as starting tensor field
(here instead we have A®)) and consider only the dynamics for which the acceleration of the tip
is bounded by a precise constant depending on ¢; (in place of our bound ¢, not fixed a priori).
We also point out that in [10] the study of the ellipticity of the transformed tensor field, in the
annulus 7/2 < |y| < n, is carried out forgetting the coefficients out of the diagonal.
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Remark 2.3. In our construction, a control on the maximal amplitude p of the time interval
[to, 1] is needed only in Step 2: roughly speaking, in order to straighten the set T'() (1) \ T (¢0)
and to remain inside 2, we need to have enough room. A sufficient condition is that the
length of the set, which is at most pmax,cjo 1) é(l)(t), has to be less than or equal to the
distance of the crack-tip (1) (s()(¢)) from the boundary 99, which is, thanks to the assumption
rO(T)\TM(0) cc Q, bounded from below by a positive constant. Notice that if we considered
also a further diffeomorphism which is the identity in a neighborhood of T'™"W(T) \ '¥)(0) and
stretches ) near the boundary, then our results could be stated for every time ¢ € [0, T.

3. PROOF OF THE REPRESENTATION RESULT

In this section we derive the decomposition result (1.4) locally in time, namely in a time
interval [tg,¢;] small enough (see §2.3 and Remark 2.3). Finally, in §3.4, we give a global
representation of u, valid in the whole time interval [0, T.

3.1. Preliminaries on semigroup theory. Here we recall some classical facts of semigroup
theory. Standard references on the subject are the books [11] and [8].

Let X be a Banach space and A(t) : D(A(t)) C X — X a differential operator. Consider the
evolution problem

V() + ALV () = G(t), (3.1)

with initial condition V' (0) = V}, (the boundary conditions are encoded in the function space X).

Definition 3.1. A triplet {4; X, Y} consisting of a family A = {A(¢), t € [0,T]} and a pair
of real separable Banach spaces X and Y is called a constant domain system if the following
conditions hold:
i) the space Y is embedded continuously and densely in X;
ii) for every t¢ the operator A(t) is linear and has constant domain D(A(t)) =Y
iii) the family A is a stable family of (negative) generators of strongly continuous semigroups
on X;
iv) the operator 0;A is essentially bounded from [0,7] to the space of linear functionals
from Y to X.

Theorem 3.2. Let {A;X,Y} form a constant domain system. Let V° € Y and G €
Lip([0,T]; X). Then there exists a unique solution V € C([0,T];Y) N C*([0,T]; X) of (3.1)
with V(0) = VO.

3.2. Local representation result in the cylindrical domain. The chain of transformations
introduced in §2.3 defines the family of time-dependent diffeomorphisms

B(t) = P() o U(t) o Aoy, ®(t): 00, (3.2)
which map T into I'), T'(¢) into T (t) for every t € [to, 1], and S into 9N, More precisely,
the Dirchlet part dpQ is mapped into dpQY := {(A1(z)/ca, Ax(x)) : x € IpQ}, the Neumann
one Ay into IyQW = {(A1(z)/co, Aa(z)) : = € OnSY}. For the sake of clarity, we denote by
z the variables in © and by y the new variables in Q(%).

Looking for a solution u to (2.2) is equivalent to look for v := u o ®~!, solution to

B(t) — div(AD V(b)) + p(t) - Vo(t) — 2q(t) - Vo(t) = g(t) in QW \ THW (1), (3.3)
supplemented by the boundary conditions
v=0 ondpQ®  Gpv=0 on QW UTW (1), (3.4)

and by suitable initial conditions. Here W is the vector field introduced in (2.15) - Lemma 2.1,
and (see also [4])

pt,y) = —[AD(t, )V (det DO (t,9)) + Dy (q(t, y)det DO~ (£, y))|det DD(t, D~ (1, y)) ,
Q(t7 y) = 7(i)(ta ®71(ta y)) )
g(t,y) = f(t, 27 (t,y)).
The equation (3.3) has to be intended in the weak sense, namely valid for every ¢ € (0,T) in

duality with an arbitrary test function in the space H},(Q® \ T™)(ty)) of H' functions in the
(fixed) fractured domain Q®) \ T4 (to) with zero trace on dpQ*). We implicitly require v(t)
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and 9(t) to be in Hj(Q®W \ T™(ty)), and @(t) to be in the dual Hp'(QW \ T (ty)), for every
te(0,7).

The characterization of u will follow from that of v, slightly easier to be derived. As already
pointed out in the Introduction, the advantages in dealing with problem (3.3) are essentially 3:
first of all, the domain is cylindrical and constant in time; then, the fracture set is straight near
the tip; finally, even if the coefficients depend on space and time, the principal part of the spatial
differential operator is constant at the crack-tip.

Before stating the result, we define

H={ve H(QW\TW(t,)) : (3.4) hold true} @ {k(S : k € R},

where ( is a cut-off function whose support contains the origin and

S(y) == Im(\/y1 + iyz) . (3.5)

0 € [—m, ]
E‘T_l_g 0, To = 0} G_

FIGURE 2. In polar coordinates, the function S reads S(r,0) = r'/?sin(6/2),
where r is the distance from the origin and 0 € [—m, 7| is the angle which has a
discontinuity on the horizontal half line {z1 < 0}.

Proposition 3.3. Take v° € H, v' € HL(QW \TW(ty)), and g € Lip([to, t1]; L>(QW)). Then
there exists a unique solution v to (3.3)-(3.4) with v(ty) = v°, ¥(tg) = v! in the class

v € C([to, t1]; H) N C*([to, ta]; Hp(QW \TW(t0))) N C*([to, ta); L (™))
Proof. Once we show that the triplet {A; X;Y} defined by

0 -1
A(t) = ( —div(AD V() +p(t) - V() —2q(t) - V() ) ’
X = Hb(QW\ T®W(#g)) x L2 QW)
Y= H x H5(QW\ T® (1)),

is a constant domain system in [to,?1] (cf. Definition 3.1), we are done. Indeed, we are in a
position to apply Theorem 3.2 with
0
G(t) .= ,
0=( 4 )

and the searched v is the second component of the solution V' to (3.1).

The detailed proof of properties (i)-(iv) in Definition 3.1 can be found in [10, Theorem 4.7],
with the appropriate modifications (see Remark 2.2). Here we limit ourselves to list the main
ingredients.

First of all, the domain of div(A®) (¢)V(-)) is constant in time: in view (2.14), its princi-
pal part, evaluated at the crack tip, is the Laplace operator for every ¢, thus the domain of
div(A®(t)V(+)) can be decomposed as the sum {v € H2(Q®W \T®W(ty)) : (3.4) holds true} @
{¢S} =: H (cf. [7, Theorem 5.2.7]); moreover, in view of (2.15), the boundary conditions (3.4)
do not depend on time.

Other key points are the equi coercivity in time of the bilinear form

(wo, wi) = (AW () Vwg) - Var
in H5(Q®W \ T™(ty)), guaranteed by (2.13), and the property

1 .
/ (a(t) - Vo) pdy = —3 / @ divq(t)dy,
QAT (¢) QAT (¢)

valid for every ¢ € HE(Q®W \ TW(ty)).
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Finally, the needed continuity of the differential operator is ensured by the following regularity
properties of the coefficients: for every i, 7,k € {1, 2},

A (1) € COQW) Vit € [to, 1]
A pi, 4 € Lip([to, t1]; L=(QW)),

4 .
10k AL ()| o) » 1 div (D) = oo < €
for a suitable constant C' > 0 independent of t. O

3.3. Local representation result in the time-dependent domain. We are now in a position
to prove the following representation result for u.

Theorem 3.4. Let f € C%([to, t1]; H*(Q)) NLip([to, t1]; L2(2)). Consider u® and u' of the form
u® — kOCS(®(to)) € H*(Q\ T'(tp)), (3.6)
ul — vl (qul(to, @(to))cb(to)) e HY(Q\T(ty)), (3.7)

with u® satisfying the boundary conditions (2.3), u' =0 on dpS, ¢ cut-off function with support
in a neighborhood of v(s(to)), and k° € R. Then there exists a unique solution to (2.2)-(2.3)
with initial conditions u(tg) = u®, u(ty) = u' of the form

u(t,z) = uf(t,2) + k(t)C(t, 2)S(D(t,x)) t € [to,t1], = € A\ (1), (3.8)

where ((t), t € [to,t1], is a C? (in time) family of cut-off functions with support in a neighborhood
of ¥(s(t)), and k is a C? function in [to,t1] such that k(to) = kY. Moreover, for everyt € [to,t1]
we have u®(t) € H*(Q\T'(t)), and

uft € C?([to, t1]; L2(Q)),  Vul* € CY([to, t1]; L2(QR?)),  V2ul* € CO([to, t1]; L (4 R?*?)) .
Remark 3.5. Notice that the equality u(t,z) = v(t, ®(¢,x)) implies that
u® = 00(®(tg)), ul =Y (D(to)) + VO (D(to)) - D(to) .

The last term reads ®(to) = P(to, WoAox)+DP(ty, WoAoy)-¥(ty, Aox). A priori, Vo© is just
in L? in a neighborhood of the origin and its gradient behaves like |y|_3/ 2: nevertheless, since

P(t,y) ~ (y1,0), we recover the L? integrability of the gradient of Vo°(®(to))-P(to, PoAox). The
same reasoning does not apply for the term Vv°(®(ty))- (DP(tO, ToAox) U(tg,Ao X)), since

the singularity of Vo° in a neighborhood of the orgin is not compensated by DPW. Therefore
we are not free to take u! € HL (2 \ T'(to)) (as, on the contrary, is done in [10]).

Remark 3.6. Note that the solution u to (2.2)-(2.3) displays a singularity only at the crack-tip.
Clearly, the fracture is responsible for this lack of regularity. On the other hand, the Dirichlet-
Neumann boundary conditions do not produce any further singularity, due to the compatible
initial data chosen.

3.4. Global representation result in the time-dependent domain. We conclude the sec-
tion by showing an alternative representation formula which can be expressed for every time.
This is done providing another expression for the singular function, as in [9], whose computation
does not require to straighten the crack. To simplify the notation we reduce ourselves to the
case A = I, so that the diffeomorphism x coincides with the identity.

The chosen singular part of the solution to problem (2.2)-(2.3) is a suitable raparametrization
of the function S introduced in (3.5). More precisely, fixed tg,t; € [0,T] with 0 < t; —to < p,
for every t € [to, 1] and z in a neighborhood of r(t) := v(s(t)), the singular part reads

Ai(z) — (s(t) — s(to))
s( — ,Ag($)> . (3.9)

To compute (3.9) it is necessary to know the expression of A, which is explicit only for small
time and locally in space. We hence provide a more explicit formula for the singular part, which
has also the advantage of being defined for every time: for every t € [0,T] we set

$(t,x) = Im <\/ @ =) VW) ;0 ey n(S(t))) , (3.10)

T— 0P
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where n(c) L 7/(0) and S(t) is given by the unique continuous determination of the complex
square function such that in = = r(t) + /1 — [5(¢)[?7/(s(t)) takes value 1 and its discontinuity
set lies on I'(¢). Roughly speaking, if we forget the term /1 — [$(¢)|2, the function (3.10) is the
determination of Im(y/y; + iy2) in the orthonormal system with center v(s(t)) and axes 7'(s(t))
and n(s(t)).

FIGURE 3. A possible choice of determination of Im(\/y1 + ty2), with I'(t) as
discontinuity set.

For every ¢t € [0,T] let R(t) € SO(2)* be the matrix that rotates the orthonormal system
with axes 7/(s(t)) and n(s(t)) in the one with axes e; and e;. Thanks to our construction of A,
and in particular to (2.9), the matrix R(¢) coincides with DA(r(t)) in [to, t1]. By setting

1
L(t) := ( \/1—(|)5(t)|2 (1) > . ®(t,x) := L{t)R(t)(x — (1)),
Qt) == d(t,Q), TL(t):=d(t,T(t)),

we may also write S (t,2) :~§ (t,®(t,x)), where S(t,-) is given by the continuous determination
of Im(\/y1 + 1y2) in Q(¢) \ T'(¢) such that in y = (1,0) takes the value 1.

Lemma 3.7. Let ((t), t € [to,t1], be a C? (in time) family of cut-off functions with support in
a neighborhood of r(t). Define the function

wit,z) = C(t,2)S(@(t, ) — St a) € [to, ], 7 € Q\T(E). (3.11)
Then w(t) € HX(Q\ T'(t)) for every t € [to,t1].

Proof. Let us fix t € [to,t1]. The function w(t) is of class C? in Q \ I'(¢) and belongs to the
space HL(Q\ T(t)) N H2((Q\ T'(t)) \ Be(r(t))) for every e > 0. Hence it remains to prove the
L?-integrability of its second spatial derivatives in B(r(t)). Let us choose € > 0 so small that
¢(t) =1 on B(r(t)). For every i,7 = 1,2 in B¢(r(t)) we have

d
= [0nS(2(1))05;Pn(t) — OnS(t, B(t))D7, P (t)]

h=1
d
Z (071, S (®(£))0; @ (£)Di P (1) — O3y, S (t, (£))0; D (£)0i D (1)]

()+12(),

where ®;(t) and ®;(t) are the i-th components of ®(t) and ®(t), respectively.

Notice that VS(®(t)), VS(t,®(t)) € L*(B(r(t)) \ T'(t);R?), while D>®(t) and D?®(t) are
uniformly bounded in €. Therefore I1(t) € L?(Bc(r(t)) \ I'(t)) and there exists a positive
constant C, independent of ¢, such that

I, (t,z)| < Clz —r(t)|"2 for every z € B.(r(t)) \ (1),

provided that € > 0 is small enough.
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As for I1(t), we estimate it from above as

d
LI < Y 10pS(@(1) — G S(E, B(1))]10; P (1)]|0: D1 (1))
h,k=1
’ (3.12)

d
+ > |07 S(D(1))]10; P (1) 0; 0 () — 0; Pk (£)0i P (1)) -
h k=1

Let us study the right-hand side of (3.12). By choosing € small enough and by using the
definitions of ®(¢) and ®(t), we deduce that for every = € B(r(t))
- ~ 2
0 (t, 2)0i®n(t, ) — 0 (t, 2)0i®n (¢, 2)| < S[IDAoo| D*Alloolz = r(®)], (3.13)
1
since || D2 (t)]|oo < & [DAllo, [DB(t) o < & DAlos, and
~ 1 1
[D®(t,z) = VO(t,2)| < —[DA(z) = R(t)] < —|[D*Afloc|z = r(1)] -
1 1

< Mly|=% in B2\ {(0,0) : o < 0} for a positive

Moreover, the function S satisfies |V2S(y)|
,x)| > |x|. This allows us to conclude that

constant M, while A is invertible and |P(¢
|07,.8(®(t,x))| < M||DA*1||§O|::: —r(t)|7% for every x € B(r(t)) \ T(¢). (3.14)
For the analysis of the second term in the right-hand side of (3.12), we fix x € B.(r(t)) and we

consider the segment [®(t, z), ®(t, z)] := {\®(t,x) + (1 — \)®(t,z) : A € [0,1]} and the function

d(t,x) := dist([®(t, z), @(¢,x)],0). We claim that we can choose € > 0 so small that
1
d(t,x) > §|x —r(t)] for every x € B(r(t)). (3.15)

Indeed, let y € [®(t, z), ®(t, x)] be such that |y| = d(t,z), then
|D(t )] < |yl +1D(t, ) —y| < |yl +[2(¢,2) — @(t, )|
Since |P(t,z)| > |x| and R(t) is a rotation, for ¢ small we deduce that |®(¢,z)| > |z — r(¢)|. On
the other hand, by Lagrange’s theorem there exists z = z(t,z) € B.(r(t)) such that
O(t,x) = B(t,r(t)) + DO(t,r(t))(x — r(t)) + D?*®(t, 2)(x — r(t)) - (x — r(t))
= ®(t,z) + D*®(t, 2)(x — r(t)) - (x — (1)) .

Hence we derive the estimate

|®B(t,z) — O(t, z)| < é||D2A||oo|x —r(t)|* for every x € B.(r(t)), (3.16)
which implies

d(t,z) > |z —r(t)] — é||D2A||OO|:c —r(t)]* for every x € B.(r(t)).

In particular, we obtain (3.15) by choosing € < ¢1/(2||D?Al|). Notice that ¢ does not depend
onte [to,tl].

Let us now fix € Be(r(t)) \ I'(t). Thanks to our construction of ® and ®, it is possible
to find two other determinations S*(t) of Im(y/y1 + iyz) in R? such that their discontinuity
sets T=(t) do not intersect the segment [®(t,x), ®(¢,x)], which is far way from 0. Moreover,
we choose them in such a way that S*(¢) is positive along {(0,0) : ¢ < 0}, while S™(¢) is
negative, and S(®(t,z)) = SE(t, ®(t, x)) if and only if S(t, ®(t,x)) = SE(t, ®(t,x)); notice that
IV3S£(t,y)| < Mly|~% for a positive constant M and for every y € R2\ I['#(t). By using
Lagrange’s theorem, (3.15), and (3.16), we deduce that

|07 S(@(t,2)) — Ok S(t, B(t,2))| = |97 S™ (¢, @(t, ) — TS (L, (1, 2))|
V35 (L, 2)||0(t, ) — D(t, )|

IN

IN

M s

— D Allocld(t, )| 2 | — r(t)? (3.17)
1

42M

ID?A |||z — (1) "%,
C1

IN
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where z = z(t,z) € [®(t,z), ®(t, z)]. Hence, by combining (3.12) with (3.13), (3.14), and (3.17),
we obtain the existence of a positive constant C' such that

[Io(t, z)| < Cla — r(t)|_% for every x € B.(r(t)) \ I'(t).
In particular we get the following bound for V2w
IV2w(t,z)| < Clz —r(t)| "% for every @ € B(r(t)) \ T'(¢), (3.18)
and consequently w(t) € H?(Q\ T'(t)) for every t € [to,t1]. O
In the following two lemmas, we investigate the regularity in time for w.

Lemma 3.8. Under the same assumptions of Lemma 3.7, the function w introduced in (3.11)
belongs to the space C°([to,t1]; L*(Q2)). Moreover, we have Vw € C°([tg,t1]; L?(Q;R?)) and
Vw e CO([to,tl];LQ(Q;R2X2)).

Proof. The function ((So®) is in C([to, t1]; L*(€2)), since S € C*(R*\{(0,0) : & < 0})NLE, . (R?)
and ® is continuous in [tg,t1] x €. We also claim that S = S o ® € C%to,t;] x (2\T)) N
L>((to,t1) x §2). Indeed, let (t*,2%) € [to, t1] x (Q\T) and let ((t;,2;))en C [to,t1] x (2\T') be a
sequence of points converging to (t*, z*). By the convergence ®(t;,z;) — ®(t*, z*) € Q(t*)\I'(t*)
as j — oo, there exists j € N such that

S(tj, ®(t;,2;)) = S(t*, (tj,x;)) for every j > 7.

This allows us to conclude that S(t;,z;) — S(t*,2*) as j — oo, since the function S(t*) is
continuous in Q(¢*) \ [(¢*). Furthermore, there exists M > 0 such that |S(t,z)| < M|®(t, z)|2
for z € Q\T and ¢ € [to, t1] which yields that S is uniformly bounded in Q\T. We hence derive
the claim, which implies S € C([to, #1]; L?(€2)), by the dominated convergence theorem.

By arguing as before, we can easily derive that V({(S o ®)) belongs to C°([to, t1]; L*(£;R?)),
while VS = D@T(VS o ®) € C%to,t1] x (2 \ I');R?). Therefore, thanks to the estimate
\VS(t, ®(t,z))] < M|d(t, m)|_’ for x € Q\T and t € [to,t1], and the dominated converge
theorem, we conclude that VS € CO([to, t1]; L2(; R?)).

Finally, notice that the function V2w is continuous in [tg,#1] x (2 \ I'). Let us now fix
t* € [to, t1] and let (t;) en be a sequence of points in [to, 1] such that t; — t* as j — oo. Thanks
to the estimate (3. 18) we can find j € N and € > 0 such that

|V2w(t;,z)| < Clz — r(tj)\_% for every z € Be(r(t;))\T and j > j,

with C' independent of j. Here we have used the fact that the constant in (3.18) can be chosen
uniform in time. Furthermore, the functions V?w(t;) are uniformly bounded with respect to
j outside the ball B.(r(t;)). We can apply the generalized dominated convergence theorem
to deduce that VZw(t;) converges strongly to V2w (t*) in L*(Q;R?>*?), which implies Vw? €
CO([t07t1];L2(Q;R2X2)). O

Lemma 3.9. Under the same assumptions of Lemma 3.7, the function w introduced in (3.11)
is an element of C%([0,T); L*(Q2)); moreover Valt € C1([0,T]; L?(£;R?)).

Proof. For every x € Q\ T" the function ¢ — w(t, z) is differentiable in [to,¢;] and
d : . _. B
u')(t,x) - aw(t :L’) C(t,x)S(@(t, IE)) + C(t,l’)VS(@(t,l’)) ’ q)(ta {E) - VS(tv (I)(t,lL')) : (I)(tax) :
Indeed, fixed (t*,z*) € [to,t1] x (Q\T),
S(t* 4 h, ®(t* + h,z*)) — S(t*, ®(t*, z*)) B S(t*, ®(t* + h,z*)) — S(t*, d(t*, x*))
h B h ’
thanks to the fact that ®(t* + h, z*) — ®(t*, z*) € Q(t*) \ ['(t*) for every z* € Q\T'as h = 0.
In particular, 7[S(t* + h, ®(t* 4 h,x*)) — S(t*, &(t*, 2%))] — VS(t*, ®(t*, z*)) - D(t*, z*), since
S(t*) € C?(Q(t*) \ T(t*)). Hence for every (t,z) € [to,t1] x (2 \ ) and h € R such that
t+ h € [to, t1] we may write

B 1 [tk
wit+ h’x})L wtz) _ E/ w(r,x)dr .
t

we can find h > 0 such that for every |h| < h
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By arguing as in the proof of the previous lemma we deduce that w € C%([tg,t1]; L*(£2)). There-
fore we obtain that as h — 0
1

t+h
E/ w(T)dr — (t) in L*(Q) for every t € [to, 1],
t

and consequently +[w(t + h) — w(t)] = w(t) in L*(Q).
Similarly, for every € Q\ ' the map ¢ — (¢, z) is differentiable in [to, 1], with derivative
Ww(t,z) = %w(mx) = ((t,2)S(D(t, x)) + 2(t,2)VS(®(t, x)) - DL, x)
+C(t2)VS(®(L, 7)) - B(t,z) — VS(E, B(t,x)) - D(t, z)
F () VES(D(L, 7)) - [B(t,2) @ D(t,2) — B(t, ) © B(t, z)]
+[C(t,2) VS (B(t, ) — V2S(t, B (1, 2))]®(t,2) © B(t, ).
We may find ¢ > 0 so small that |®(t, z) — B(t,z)| < Cla — r(t)| in B(r(t)) for every t € [to, t1]

and for a positive constant C. Therefore, we can proceed as in the proof of Lemma 3.7 to obtain
that 1i(t) € L2(Q) for every t € [to,t1], with

(¢, )| < Cle — r(t)| "2 for every @ € Be(r(t)) \ T'(¢).

In particular, arguing as in Lemma 3.8, this uniform estimate implies that w € C°([to,t1]; L?(Q2)).
We can hence repeat the same procedure adopted before for w to conclude that as h — 0
w(t+ h) —w(t)
h
which gives that w € C?([to, t1]; L*(Q)).
Finally, also the function ¢ — Vw(¢, z) is differentiable in [to,¢;] for every z € Q\ T and

—w(t) in L*(Q) for every t € [to, 1],

Vuw(t,z) = £Vw(t,x)
= V{(t,2)S(2(t,2)) + V((t,2)VS(®(t, 2)) - D(t, 2) + ((t,2) DB (t,x) "V S(&(t, )
+ ((t,2)Dd(t, 2)TVS(®(t,z)) — DD(t, 2)TVI(t, b(t, x))
+ [¢(t,2)DO(t,2)" — DO(t,2)T|V2S(®(t, 2))D(t, )
+ ¢(t, z)DO(t, )T V2S(D(t, x))[D(t, ) — ( x)]
+ DOt 2)T[C(L 2)VES(B(L, ) — V2S(t, B(t, 2))]D(t, z) .
Moreover there exists e > 0 so small that for every t € [to, t1]
\Vii(t, )| < Cla—r(t)|"2 for every z € Be(r(t)) \T'(t),

which implies the continuity of the map t — Vii(t) from [to,t1] to L?(Q;R?). Therefore, as
h — 0 we get that

Vw(t + h) — Vw(t)
h
and in particular Vw € C1([t, t1]; L*(Q; R?)). O

— Vi(t) in L?(9;R?) for every ¢ € [to, 1],

Thanks to the previous lemmas we derive the following decomposition result.
Theorem 3.10. Let f € C°([0,T); H'(Q)) NLip([0, T]; L*(Q2)). Consider u® and u' of the form
u® — k°5(0) € H2(Q\ I'(0)),
ul — k08(0) € HL(Q\ T(0)),

with u® satisfying the boundary conditions (2.3), ul =0 on dpQ, and k° € R. Then there exists
a unique solution to (2.2)-(2.3) with initial condition u(0) = u® and @(0) = u' of the form

u(t,x) = af(t,x) + k(t)S(t,x) te[0,T], z e Q\[(t), (3.19)
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where k € C2([0,T)) and af(t) € H*(Q\ T'(t)) for every t € [0,T]. Moreover

a' e C*([0,T]; L*(Q)), Va' e CY([0,T]; L* (4 R?)), V2" € C°([0,T]; L*(2; R**?)).
(3.20)

In particular the function k does not depend on the choice of ®, but only on I' and s.

Proof. Thanks to our assumptions on f, u and u! we can apply Theorem 3.4 with tq = 0.
Indeed, in view of the computations done before, we have

$(0) = ¢(0)S(2(0)) € H*(Q\T(0)),
which gives (3.6). In particular
Vu® — k°¢(0)D®(0)TVS(®(0)) € H(2\ T(0)),
from which we derive

K0S(0) — Vul - (Dq)—l(o, <1>(0))<i>(o)) e H(Q\ T(0)),

since S(O) — ¢(0)D®(0)TVS(®(0)) € HY(Q \ T'(0)), by arguing as in the previous lemmas.
Therefore, also condition (3.7) is satisfied. This implies the representation formula (3.8) in
[0,t1], with t; < p. By combining (3.8) with Lemma 3.7, we deduce (3.19) in [0, ¢1]. Indeed, we
can write R

u(t) = aft(t) + k(t)S(t) in Q\T(t), t € [0,t1],
where a7 (t) := uB(t) 4+ k(t)[C(£)S(D(t)) — S(t)] € H>(Q\ T(¢)).

We can repeat this construction starting from ¢; and we find a finite number of times (¢;)7,
with 0 =: ¢p < t; < -+ < tp—1 < &, := T such that the solution u to (2.2)-(2.3) with initial
conditions u(0) = u° and 4(0) = u! can be written for i = 1,...,n as

u(t) = aff(t) + ki(£)S(t) in Q\T(t), t € [ti1,t].
Define k: [0,7] — R and a%: [0,7] — H%(Q\T) as k(t) := k;(t) and 4 := 4t in [t;_y, ;] for
every i = 1,...,n, respectively. The functions k and @ are well defined and do not depend on
the particular choice of (¢;)_,. Indeed, if we have

u(t) = af' (1) + ka(8)S(t) = a5'(t) + ka(£)S(t)  in Q\T(t)

for a time ¢ € [0, 7], then we derive

ar' () — a5’ (t) = [ka(t) — k1 (D]S() in Q\T(t).

Since the left-hand side belongs to H2(Q\ T'(¢)) while S(¢) is in H'(Q\ T'(¢)) \ H2(Q \ I'(t)),
such identity can be true if and only if k; (t) = k() and af*(t) = ai¥(t). Hence, we deduce that
k € C?([0,T]) and that u satisfies the decomposition result (3.19) in [0, 7.

Finally, by combining the regularity in time of w, proved in Lemmas 3.8 and 3.9, with the
definition of 4, we conclude that 4! satisfies (3.20). O

Remark 3.11. When A # I all the previous result are still true if we define

8t ) e I | [AT@®) (@ — (@) (s(?) | (2 —7(t) -n(s(?))
S(tx) =1 (\/cA,y(t)\/l—cA,W/(t)|2|é(t)|2+ ean®® ) (3.21)

where ca ./ (t) == [ATY2(r()Y (s()], can(t) == |AY2(r(t))n(s(t))|, with A2 and A~1/2
the square root matrices of A and A~!, respectively, and where S*(t) is given by the
unique continuous determination of the complex square function such that in z = r(t) +
V1/lea )]? —1$(t)[>v/(s(t)) takes the value 1 and its discontinuity set lies on T'(t). Indeed,
by exploiting the following identities in [to, ¢1]
ATY2(r () (s(t AV2(r(t t

Oy () = ATy AL OI(0)
[AZL2(r(8))y" (s(1))] |AL2(r(t))n(s(t))]

s () = [AT2(r(0)y (s(0))]3(),  Dx(r(1)) = A7 (r(1)),
where (7(1))’ and nV are, respectively, the tangent and the normal unit vectors to the curve
' in the point v(M (s(M(¢)), the function (3.21) can be rewritten as

o [Pxe®) @ =) GOy D @)
ESIOE

+1iDx(r(t)) (z —r(t)) - n“)(s(”(t))> :
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In this case it is enough to set ®(t,z) := L(t)R(t)Dx(r(t))(z — r(t)), where L and R are
constructed starting from 4" and s(*), and we can proceed again as in Lemmas (3.7), (3.8),
and (3.9), thanks to the fact that for every ¢ € [to,?1] and x € B.(r(t))

|®(t, ) — (L, x)| < Clz —r(t)]?, |DD(t,z) — DB(t,z)| < Clz —r(t)],
|D(t,z) — ®(t,2)| < Clz —r(t)].

We hence obtain the decomposition result (3.19) with singular part (3.21). As a byproduct,
arguing as in Theorem 3.10, we derive that the values of k£ do not depend on the particular
construction of ®, but only on A, I', and s.

We point out that the condition |5(¢)|? < 1/|ca~(t)|?, which we need in order to define S, is
implied by (2.5). Indeed

L= Dx(r(0)A(r()DxT (r(t))7'(s(2)) - 7' (s(t)) = col A(r(1)) ™24 (s())I* = coleaq (8)]*.

4. THE ENERGY-DISSIPATION BALANCE

In this section we derive formula (1.5) for the energy

1. 1
Et) = S liu®)lIZ) + S 1A Vu)F2 02

associated to u, solution to (2.2)-(2.3) with initial conditions u(0) = u°, (0) = u®.

The computation is divided into three steps: first, in Proposition 4.5 we consider straight
cracks when A is the identity matrix; then, in Theorem 4.7 we adapt the techniques to curved
fractures; finally, in Remark 4.9 we generalize the former results to A # I. To this aim, some
preliminaries are in order: first, in Remark 4.1 we compute the partial derivatives of u in a more
convenient way, then in Lemmas 4.2 and 4.3 we provide two key results, based on Geometric
Measure Theory. Once this is done, we deduce formula (1.3) in the time interval [tg,t;] where
the decomposition (3.8) holds.

For brevity of notation, in this section we consider [tg,t1] = [0,1]. All the results can be
easily extended to the general case. The global result in [0,T] easily follows by iterating the
procedure a finite number of steps, and using both the additivity of the integrals and the fact
that k depends only on A, T, and s (see Theorem 3.10 and Remark 3.11).

Remark 4.1. Let us focus our attention on a fracture which is straight in a neighborhood of
the tip. Without loss of generality, we may fix the origin so that for every ¢ € [0, 1]

L) \T(0) = {(z1,22) €R? : 0 < zy < s(t) —s(0), 2o =0}.

The diffeomorphisms x and A introduced in §2.3 can be both taken equal to the identity, so
that, in a neighborhood of the origin, the diffeomorphisms ®(¢) defined in (3.2) simply read

_ [z = (s(t) — 5(0))
O(t,x) = ( 0] ,xg) .

Accordingly, the decomposition result in Theorem 3.4 states that the solution u to the wave
equation (2.2)-(2.3) can be decomposed as

u(t, ) = ul(t,z) + k(t)C(t, 2)S(t, ), (4.1)
where, for brevity, we have set S(¢,z) := S(®(t,z)). We recall that u? € C2([0, 1]; L3(Q)), Vu €
C(0, 1) (@ R), V2u € CO(0. 1 L0 RE), u(t) € HHQ\T(0) for every ¢ € [0,1],
2 1
ke C4(]0,1]), ¢ € C*([0,1] x 2), and S(z) = ﬁ\/m
Let us now compute the partial derivatives of u. Since

1 —x2
v5) = s (e Vi)

2x129 + 2|z 9

62 S == s S = —
11 (SL’) 4\/§|x‘3\/m 22 (:E)

025 (x) — 08, S(x) = V1 Tf"j'?) 20)

2x 129 + 2|

T EVEED
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we get
Vu(t,z) = Vul(t, x) + k(t)V((t, 2)S(t, 2) + k(t)C(t, 2)VS(t, z), (4.2)
u(t, ) = al(t,z) + k(t)C(t, 2)S(t, x) + k(t)C(t, 2)S(t, x) + k(t)C(t, x)S(t, x) . (4.3)
We claim that .
W(t)Vu(t) — k()¢ () S(VS(t) € WHH(Q\T(t);R?),
for every ¢ € [0,1]. ’ _
In fact Vuf*(t, ), ((t,2)S(t,x), uf(t, ), ((t,2)S(t,x), and k(t)((t,7)S(t,z) are functions in

W2(Q\T'(t)) for every t € [0, 1]; by the Sobolev embeddings theorem we deduce that «each of the
previous functions belongs to LP(£2) for every p > 1; using also the explicit form of S(¢,z) and

S(t,x), one can also check that both of these functions are elements of W14/3(Q\ T'(t)). Having
this in mind, we can easily conclude that the products of each term appearing in (4.2) with each

term appearing in (4.3), except k2(¢)¢%(t)S(t)VS(t), are functions in W1(Q\T'(t); R?) for every
te0,1].

Lemma 4.2. Let a,b € R with a < 0 and b > 0 and define HT := {(x1,22) € R? : x5 > 0} to
be the upper half plane in R%. Let g: HT — R be bounded, continuous at the origin, and call w
a modulus of continuity for g at x = 0. Then

1 € b T
,/ (/ 9(1‘1,$2)WQ2 dx1> dxq —Wg(0,0)‘ < HQHLOC(H+)(2€1/2|I)—CL| +9(€)) —|—7Tw(61/4),
0 a

€ 1T T3
(4.4)
! b a
T — arctan | — | — arctan (| — | dxo
0 €T €T

In particular, for every g: HT — R bounded and continuous at the origin, we have

1 [ b T2
lim = —=d dxy = 0,0).
6_1>I(I)1Jr 6/0 (/a 9($1,$2)w%+$g $1> z2 = 7mg(0,0)

Proof. After a change of variable on the integral in (4.4), we can rewrite it as

1 b exo
——d dzsy .
[ ([ ot an ) o
Note that

b b
€x T b a

/ 2722 dxy = / 01 arctan -1 dz; = arctan | — | — arctan [ — |,
o T3+ (ex2) a €Ty €Xo €To

therefore

1 b
€T
L) 2 day | dag — 7g(0,0
([ stz an ) an-m0.0)

1 b
€T
< —_ e
< ‘/0 </a [9(z1, ex2) g(0,0)]x% - dx1> dzs
€T

1
< z1,€xs) — g(0,0)] ————= dxy | dx
B ‘/0 </(a,b)\(—el/4,el/4[)g( 1 622) = o )]ﬁ + (€x2)? 1) 2

Using the estimate

where

O(e) :=

+ ¢(0,0)0(e)

+ mw(e/*) 4 ¢(0,0)6(e) .

1/2
€T3 et/ 1/2
sup

<
vel(ap)\(—e1 /4, e/ x(0,1) (27 + (€x2)?) — 14 €¥/2 =

valid for every e € (0,1), we can continue the above chain of inequalities with

1
e | </ lg(a1, ex2) — 9(0,0)] d%) dary + 7o) + 9(0,0)9()
0 (a,b)\(761/4,€1/4)

+mw(e!/) + 9(0,0)6(c)
which is (4.4), and the proof is concluded. O

< 2¢"2(|g|| poe (s |b — @
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Lemma 4.3. Let Q C R?, let v: [0,] — Q be a Lipschitz curve, and set T :={y(c) €Q : o€
[0,£]}. For every e > 0 define pc(x) := w A 1. Then for each uw € WHL(Q\T) and for each
v: @ = R bounded and such that

lim v(z) = v(T) for everyT €T,

T—T
we have
lim u(@)o(@) Vo) dz = [ ()ely) W (0),
=0T Jdistt (z,I)<e r
where ut is the trace on T' from above and
{dist*(z,T) < €} := U B(yo)n{z e Q : z-(v'(0))* >0}.
c€(0,4]
Equivalently,
lim (@) (@) Vo)l de = [ u” w)el) (),
=0T Jdist— (z,I')<e r

where u~ s the trace on I' from below and

{dist™ (z,T) < €} := U B(vlo)n{zeQ : z-(v'(0))* <0}.
o€[0,4]

Proof. Tt is enough to apply the coarea formula to the Lipschitz maps . O

Remark 4.4. In what follows we compute the energy balance in the case of homogeneous
Neumann conditions on the whole 0€2. However, the same proof applies with no changes to
the case of Dirichlet boundary conditions. For example, to treat the homogeneous Dirichlet
condition on dp§) C J9, it is enough to check that the time derivative of the solution u(t) has
still zero trace on 0f2, in such a way that it still remains an admissible test function. But this is
simply because the incremental quotient in time [u(¢ + h) — u(¢)]/h converges to u(t) as h — 0,
strongly in H' in a sufficiently small neighborhood of dp(2, so that @ has still zero trace on the
Dirichlet part of the boundary.

Analogously, if we prescribe a regular enough non-homogeneous Dirichlet boundary condition,
we can rewrite the wave equation changing the forcing term f appearing in its right-hand side,
and turn the non-homogeneous Dirichlet condition into a homogeneous one. Also in this case,
the computations follow unchanged.

Proposition 4.5. Let Q C R? be a Lipschitz reqular domain, and let (F(t)) be a family of

rectilinear cracks inside €2, of the form
D)\ T(0) := {(x1,22) €R? : 0 <z < s(t) — s(0), z2 =0},

where s € C?([0,1])and 5(t) > 0 for every t € [0,1].
Suppose that a function u: [0,1] x Q2 — R can be decomposed as in (4.1) and satisfies the wave
equation with homogeneous Neumann boundary conditions on the boundary and on the cracks:

i(t) — Au(t) = f(t) in Q\T(t), (4.5)

for a.e. t €[0,1], with initial conditions u(0) = u® and @(0) = u'. Then for every t € [0,1], u
satisfies the energy balance

E(t) = £(0) + H'(T(H)\T(0)) = /O (F(7), i) L2 AT (4.6)

t€(0,1]

if and only if the stress intensity factor k is constantly equal to % in the set {$ > 0}.

Proof. By hypothesis the function u can be decomposed as u(t, z) = uf(t, ) + k()¢ (¢, z)S(t, z),
where uf(t) € H2(Q\T'(t)), ¢(t) is a cut-off function supported in a neighborhood of the moving

tip of T'(¢), and
ORI
S(t, ) S( ]_—|s(t)|2 ) 2>a

X2

where S(x1,x2) = Vol e
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Fix t € [0,1]. For every € > 0 define ¢, (z) = w A 1. Since g u(t) € HY(Q\T(t)),
we can use it as test function in (4.5), and we get

/<a(t)a¢ei¢(t)>H1(Q\r(t))dt+/ (Vu(t), Vi(t)pe) L2 (ore) dt

0 07 B

+/0 <Vu(t),Vg050(t)>Lz(Q;Rz) dt:\/0 (f(t),u(t)go6>L2(Q) dt( )
4.7

Using integration by parts with the fact that t — [|a(t)[2, (Q,p.dz) 1S absolutely continuous, we
obtain

L . 1 /tad .
0. it dt =5 [ GO0,

1,. - 1. .
= 5”“@)“%2(97%@) - 5”“(0)”%2(9,@5@) ;

and passing to the limit as € — 0T, by dominated convergence Theorem, we have
d 1, 1
GET& ; (U(t), petv(t)) mr(o\r(ry) dt = §||u(t)||%2(9) - 5””4(0)”%2(9) :
Analogously, taking the limit as ¢ — 0 in the second term in the left-hand side and in the
right-hand side of (4.7), we have, respectively,

t

. . 1 _ 1
fimy [ (Vult), Vit)go) azen at = 5IVu@ a0z — 5 IVHO a0

t

lim [ (F(2), i(t)pe) 2o At = / () (1)) 2oy .

e—0 0

The most delicate term is the third one in the left-hand side of (4.7). First of all, we write the
partial derivatives explicitly:

VIk(t)¢(t,x)S(t, z)] = k(t)V{(t,2)S(t,x) + k() (t,2)VS(t, x),
d (K(L)C(t, 2)S(t, )] = E(£)C(t, 2)8(t, x) + k() (8, 2)S(t, x) + k()C(t )8 (¢, ).

dt
Moreover, if we set ®1(t,z) = %, we have
— 1
VS(t, {E) = (1|(t)|2815(<1>1(t, IE)7 1’2), 825(@1@, {E)7 1’2))
—1$

and

. S5 P + 5050 @1 — (s) — 5(0))
= | TEEGREE Jorstesc.a).z

= &y (t,2)\/1— |5(t) 20, S(t, ).

Thanks to Remark 4.1, we know that the only contribution to the limit as e — 0 is given by the
following term:

/0 K2()(C2(t, ) VE(t, 2), Voo ()5 (¢, 2)) 12 oz .

Therefore, we need to compute

7 .
lim </ E2(t)C3(t, 2)VS(t,x) - Vipe (2)S(t, ) dx) dt. (4.8)
0 {dist(z,I'(t)\T'(0))<e}

e—0t

To this aim, we set I.(t) := f{dist(x F(O\L(0)) <€) E2(t)C3(t, 2)VS(t,x) - Vo (x)S(t, x) dz and we
decompose I, as I7 + I, where I is the integral I, restricted to the upper half plane {z5 > 0}
and I is the integral I, restricted to the lower half plane {zo < 0}.
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Let us focus on I (¢).
For brevity, we write r(t) := (s(t) — s(0),0) for every ¢ € [0, T]. Then the gradient of ¢, reads

& in{zeR? : 0< 2 <s(f)—s(0), 0<z9 <€}
o, — E\ZI in {z €R? : z€ B(0), 21 <0, 22 >0}
PTG w2 BO), m > 5O - 50), 72 20)
0 otherwise on {z3 > 0}.

Thus we get

Ij(t)zl/ (/T = BOPC(E, 2)05(t, 7)1 (£, 2)0, S (t, ) da
€ [Os(f)fs(O)]x(Od
(

€ JB. O)ﬁ{zl<0}><{a:2>0}

1

+ - D

2 1’ X T( i x S x X
(VT — [5(0)2C3(¢, <VSt )- | T(t”)@l(t, )01 5(t, z)d

/B (T(t))ﬁ{w1>8( ) (0)}><{I2>0} (4.9)

We notice that the last two terms in (4.9) have integrands which are bounded on the domains of
integration, and so passing to the limit as € goes to 0 they do not give any contribution. Thus
we only have to analyze the first term of (4.9). Recalling that ((z,t) = ((®1(¢, x), 22), S(t,z) =

S(®1(t,2),22), P1(t,z) = %};‘;T?)), and making the change of variable z}/1 — [$(¢)]? =
x1 — (s(t) — s(0)), we rewrite the first term of (4.9) as

— M (/6 " 42(1'1, x2)315($1, x2)625(x11 ‘TQ) dxldx2)
€ 0 Jay (410)

€ by
(/ / 1’1C2($17$2)als($1,1'2)825(£C1,$2) d.’Elde) s
0 ay

where the interval (ay, b;) denotes the segment {0<$1<S(t\)/1 (‘ )(}t ‘is(t) s(0)

Notice that

K2 (£)3(t)3(t)
L—1[3(8)?

2 . € bt
_’”W)( / <2(x1,x2>als(x1,x2>825<m,mdmdwz)
0 at

K2(t)s(t € b

and that the function (z1,z2) — (?(x1,22) is bounded and continuous in (0, 0), therefore we are
in a position to apply Lemma 4.2, which gives, in the limit as ¢ — 0T,

k2 : € by
Eli%l+(’28('f)</o / CQ(”“’”””JTQP dxldx2> = TR (03()C(0,0).

Arguing in the very same way, we can show that the limit as e — 0% of the second term of
(4.10), thanks to the presence of z1, is zero. This means that the limit of I (¢) is

lim IF(t) = ( tE(t)

e—0t

and, similarly,
lim I S (t) -
Tim 17 () = S3(0K(0)
All in all,
lim I.(t) = lim [IF(8) + 17 (8)] = SK2()8(2)
lim [e(t) = lim [I7(2) + I (8)] = 2k7(8)3(2)
Thanks to the estimate in (4.4), we infer that the family of functions (I} (¢))cso are dominated
on [0, 1] by a bounded function, and the same holds for (I (¢))e>0; by the dominated convergence
Theorem, we can pass the limit in (4.8) inside the integral in time, and we can write

t

lim [ I.(t)dt = /t ng(t)é(t) dt .

e—0t 0 0
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So we deduce that the energy balance in (4.6) holds for every ¢ € [0, 1] if and only if the stress
intensity factor k(t) is equal to % whenever §(t) > 0. O

Remark 4.6. We underline that our approach is different to that of Dal Maso, Larsen, and
Toader [3, §4]: in order to derive the energy balance associated to a horizontal crack opening
with constant velocity ¢, they prove that the kinetic+elastic energy of u(t) is constant in the
moving ellipse E,.(t) = {(z1,22) € R? : (21 —ct)?/(1 — ) + 23 < r?} centered at the crack tip
(ct,0), for some small 7 > 0, and they make the explicit computation of the energy in R?\ E,.(t).

We now generalize the previous result to non straight cracks.

Theorem 4.7. Let Q C R? be a Lipschitz regular domain, and let (I'(t) re[0.1]
of growing cracks inside ). Assume that there exists a bi-Lipschitz map A: Q — Q with the
following properties:

(1) AC@E)\T(0) = {(z1,22) €R? : 0 <z < s(t) —s(0), z2 = 0}, where s € C([0,1])

and $(t) > 0 for every t € [0,1],

(2) HY(A@@)\T(0))) =H (T () \T(0)) for every t € [0,1],

(3) lim,z VA(z) = VA(T) € SO(2)", for every T € T(1) \ I'(0).
Suppose that a function u: [0,1] x Q@ — R can be decomposed as in (4.1) and satisfies the wave
equation with homogeneous Neumann boundary conditions on the boundary and on the cracks:

iW(t) — Au(t) = f(t) in Q\T(¢), (4.11)
for a.e. t €[0,1], with initial conditions uw(0) = u® and @(0) = u'. Then for every t € [0,1], u

satisfies the following energy balance

E(t) = £(0) + H(D() \I(0)) = /0 (F(r), (7)) L2 (@) AT (4.12)

be a family

if and only if the stress intensity factor k is constantly equal to % in the set {5 > 0}.

Proof. In view of (4.1), we have u(t,z) = uf(t,z) + k(t)((t,A(z))S(t, A(z)), with uf(t) €
H2(Q\T(t)), ¢(t, A(+)) a cut-off function supported in a neighborhood of the moving tip of T'(t),

and
S(t, A(z)) = s(Al(”C) IES&;'QS(O)) : Az<w)) ;

where S(z1,x2) = \/5\/% )

As in the proof of Proposition 4.5, we fix ¢ € [0,1] and, for every € > 0, we define ¢ (z) =
w A 1. Since pu(t) € HY(Q\T'(t)), we can use it as test function in (4.11), and we
get

G 7
/ (ii(t), petin(t)) mr(enr(ey) At + / (Vu(t), Vi(t)pe) r2(ore) dt
0 0

t

" / (Vut), Vpein(t)) 12 aze) dt = / (). () e) e .

(4.13)
Integrating by parts, we easily obtain
. i ) df — 1.~ e 1. 2
Jim [ i), i) e dt = 51DI ) ~ 5150 o). (4.14)

. K . 1 _ 1
Jim ; (Vu(t), Vi(t)pe) L2 re) dt = §||Vu(t)ll2m(g;w> - §||VU(0)II%2(Q;R2>, (4.15)

t

im [ (), i(t)pe) g dt = / (). i(t)) 2y d (4.16)

e—01 Jo

The asymptotics as € — 0 of the third term in the left-hand side of (4.13) is more delicate to
handle. To simplify the notation, we set

C(t,2) = ((t, Ax)) and B () = (A7} ().
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Using Lemma 4.3 and Remark 4.1, as in the proof of the previous proposition in the rectilinear
case, we have that the only contribution to the limit as € — 0 is given by the term

[ O 0.0 V(.M @) - Ve @] 5 Aw) do

= /Qk:Q(t)a(t) [DAT(Z‘)Vg(t,A(LL')) . che(x)]ZQ(t,x)@l(t,A(x))alg(tA(x))dx

= [ FaO[DAT(A @) VS (6. 0) - VoA~ (@)]¢? b, 2) (1:2)01 (0, ) |7 )] da
_ /Q k2(£)a(t) [VS(t,2) - BA(2)) VP, (2)] (L, )@y (t, )01 S(t, z) [ JA™ ()| dz,

(4.17)

where @4 (t,x) := %, B(x) := DA(x)DAT (x), and a(t) := /1 —|$(t)|2. In the last

equality we used the coarea formula applied with the Lipschitz Change of variables A~!.
Thanks to our construction of A, for any = belonging to a suitable small neighborhood of

{A(T'(1))} we have
@) = (" ).

where bj;: R? — R is a continuous function such that by;(x1,0) = 1. The last term in (4.17)
can be split as

/Qkz(t)a(t)bn(fv)a@e(x)éz(t,l’)‘bl(t, 2)[015(t,2)]* |[JAT ()] dw

+/Qkz(t)a(t)f)gg(t,x)agﬁi(sc)g (t,z) D, (t,2)0,S(t, ) | JA~ ()| dx.

By construction of A, each line parallel to {zz = 0} is mapped by A~ into a level set of (.; more
precisely o (A~ ({z2 = s})) = £A1, and this means that on the set of points {dist(z, A(T'(1))) <
€}, we have

& in {reR? : 0<x; <s(f) —5(0), 0< 25 < ¢}
o Efil in{z €R? : z€ B(0), 21 <0, x5 >0}
V(@) = 6‘1 T((?)I in {x € R? : z € B(r(?)), z1 > s() — s(0), z2 > 0}
0 otherwise on {x2 > 0},

where, for brevity, we have set r(t) := (s(t) — s(0),0) for every t € [0,1].
Since A is a bi-Lipschitz map, |JA~!| is bounded, thus by hypothesis (3) we have

lim JA™ =1
z—(s(t)— 3(0) o)l (@) ’

for every ¢ € [0,1].

Moreover, in view of assumption (3), we have that |JA~!| is continuous on the compact
set T'(1)\ T(0), hence uniformly continuous; therefore, proceeding exactly as in the proof of
Proposition 4.5, we can write

lim Qkz(t)a(t)82§(t,x)agae(x)( (t,2)®1(t, 2)0,5(t, z) | JA™ (a )|dx:%k2(t)s(t). (4.18)

Again by hypothesis (3), we can apply estimate (4.4) and deduce that the sequence of integrands
in (4.18) is dominated in ¢, so that we can apply the Dominated Convergence Theorem to deduce

lim </ E2(t)a(t)0aS(t, )0, ()2 (t, 2) D1 (t, 2)01 S(t, ) [JA ™ (2 )|dx> dt
0 Q _ (4.19)

7
= / Tr2(t)s(t) dt .
0 4
By combining (4.13) with (4.14)-(4.16) and 4.19, we infer that

£() / B0 = [ (10,0 0 . (4.20)
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Hence, the energy-dissipation balance (4.12) is satisfied if and only if
t
/ %kQ(t)é(t) dt = s(t) = H' (AT(#) \ T(0))) = H'(T'(?) \ ['(0)) for every f € [0,1],
0

which is true if and only if k(t) is equal to % whenever $(t) > 0. This concludes the proof. O

Remark 4.8. Our approach is constructive and allows us to show the existence of pairs
(T(t),u(t)) satisfying the energy-dissipation balance (4.12). Under the standing assumptions
on I'(t), it is enough to take f associated to 2/+/7&(®(t,x))S(®(t,z)) (which of course is u(t)),
where £ is a suitable cut-off function supported in a small neighborhood of the origin. In order to
ensure the homogeneous Neumann condition on the fracture, we choose £ satisfying 92£(y1,0) = 0
for every y; € R. This can be achieved, e.g., by taking £(y1,y2) = ¢©(y1)e(y2), where ¢ € C2°(R)
has compact support contained in (—¢,¢) and satisfies ¢ =1 in (—¢/2,¢/2), for some € > 0.

Remark 4.9. When in equation (1.1) the matrix A is (possibly) not the identity, an energy
balance similar to (4.20) is still valid: for every ¢ € [0, 1], there holds

™

t t
E(t) —£(0) + ) / E*(t)a(r)s(r) dr = / (f(1),a(T)) L2 dT, (4.21)
0 0
where a is a function depending only on A, I', and s, and it is given by

a(t) = [A2(r(t)y (s(t)] - A2 (r(D)n(s(t)] - V/det A(r(2)) -
Here A'/2 and A~'/2 denote the square root of the symmetric and positive definite matrices A
and A~!, respectively, and +/(s(t)) and n(s(t)) are the tangent and normal unit vectors to I" at
the point r(t) := v(s(t)), respectively. In this case, the energy-dissipation balance (1.3) holds
true if and only if the stress intensity factor k(t) satisfies

2

k(1) =
®) ma(t)

during the crack opening, namely when $(¢) > 0.
In order to derive formula (4.21), we use the decomposition result (3.8) rewritten as

u(t’ I) = uR(tv :E) + k(t)C(t7 I)?(t, X(:E)) ’

where S(t,z) is the singular part of the solution relative to the transformed curve I'") = x(T').
Then we proceed as in the previous theorem and proposition: we test the PDE with ().

(where @ (z) = w A1), and as before, we note that the only delicate term is the one
that converges to the integral in the left hand-side of (4.21):

lim gk2(t) (

e—0t 0

A G2 (t, 2)[A(2) VS (t, x(2)) - Vepe()] S(t, x(x) dx) dt.

1

By applying the change of variables x ™", we can rewrite the space integral in the previous

expression as follows:
/QCQ(t, ) [DYADX")(x "} (#)VE(t,2) - Dx T (2) Ve (x () S(t, )| Jx ()] dar.

Finally, we work on the transformed curve ') exactly as in the previous theorem, using
the property of the singular part S(¢,z) together with the following facts: by construction,
[DxADXT](x~!(x)) is a continuous function which agrees with the identity on the points of
T'D: Dx~T(2)Ve(x ! (z)) is a continuous function equal to é\Al/Q(r(t))n(s(t)ﬂn(l)(s(l)(t))
on the points of I'V), where n(")(s(1)(¢)) denotes the normal unit vector to IT'™) at the point
7D (s ()); the velocity §(V) of the curve T'M) satisfies 50V (t) = [A=Y2(r(t))7'(s(t))|5(t); finally,
|Jx~*(x)| is a continuous function equal to y/det A(r(t)) on the points of T(}),

Remark 4.10. We underline that Proposition 4.5, Theorem 4.7, and Remark 4.9 give an im-
portant quantitative information on k and s: for every ¢ € [0,T]

[:a(t) - k(t)] 5(t) = 0.

In particular, in the set {¢ : $(¢t) > 0} C [0,7] the stress intensity factor k coincides with the
function 2/y/ma. On the other hand, nothing can be said for the times for which $ = 0.
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