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Multi-dimensional backward stochastic differential equations of
diagonally quadratic generators: the general result™

Shengjun Fan*,  Ying Hu**,  Shanjian Tang!

Abstract

This paper is devoted to a general solvability of a multi-dimensional backward stochastic differ-
ential equation (BSDE) of a diagonally quadratic generator g(¢,y, z), by relaxing the assump-
tions of Hu and Tang [15] on the generator and terminal value. More precisely, the generator
g(t,y,z) can have more general growth and continuity in y in the local solution; while in the
global solution, the generator g(¢,y, z) can have a skew sub-quadratic but in addition “strictly
and diagonally” quadratic growth in the second unknown variable z, or the terminal value can
be unbounded but the generator g(t,y, z) is “diagonally dependent” on the second unknown
variable z (i.e., the i-th component ¢¢ of the generator g only depends on the i-th row 2% of the
variable z for each i = 1,--- ,n ). Three new results are established on the local and global
solutions when the terminal value is bounded and the generator g is subject to some general as-
sumptions. When the terminal value is unbounded but is of exponential moments of arbitrary
order, an existence and uniqueness result is given under the assumptions that the generator
g(t,y, z) is Lipschitz continuous in the first unknown variable y, and varies with the second un-
known variable z in a “diagonal” , “component-wisely convex or concave”, and “quadratically
growing” way, which seems to be the first general solvability of system of quadratic BSDEs with
unbounded terminal values. This generalizes and strengthens some existing results via some

new ideas.
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1. Introduction

Fix a terminal time 7' € (0,+00) and two positive integers n and d. Let (Bi);eo,1) be a
d-dimensional standard Brownian motion defined on some complete probability space (€2, F,P),
and (]:t)te[o,T} be the augmented natural filtration generated by the standard Brownian motion

B. Consider the following backward stochastic differential equation (BSDE in short):

T T
Y = f—l—/ 9(s,Ys, Zs)ds — / ZsdBs, te€[0,T], (1.1)
t t

where the terminal value £ is an Fp-measurable n-dimensional random vector, the generator
function g(w,t,y, z) : Qx [0, T] x R™ x R"*4 — R™ is (F;)-progressively measurable for each pair
(y,2), and the solution (Y;, Z;);c(o, is a pair of (F)-progressively measurable processes with
values in R” x R™*4 which almost surely verifies BSDE (1.1). The history of BSDEs (1.1) can
be dated back to Bismut [2] for the linear case, and to Bismut [3] for a specifically structured
matrix-valued nonlinear case where the matrix-valued generator contains a quadratic form of
the second unknown. In 1990, Pardoux and Peng [24] established the existence and uniqueness
result for a multidimensional (n > 1) nonlinear BSDE with a uniformly Lipschitz continuous
generator. Subsequently, there has been an increasing interest in BSDEs with applications in
various fields such as stochastic control, mathematical finance, partial differential equations
(PDEs).

The class of BSDEs, with generators having a quadratic growth in the state variable z, has
attracted a lot of attention in recent years. On the one hand, the existence and uniqueness theory
is well developed in the scalar (n = 1) case. Kobylanski [19] established the first existence and
uniqueness result for scalar-valued quadratic BSDEs with bounded terminal values, and some
subsequent intensive efforts can be founded in Tevzadze [26], Briand and Elie [4], Fan [10] and
Luo and Fan [22] for the bounded terminal value case, and in Briand and Hu [5, 6], Delbaen et al.
[8, 9], Barrieu and El Karoui [1] and Fan et al. [11] for the unbounded terminal value case. On
the other hand, Frei and Dos Reis [13] constructed an example of multidimensional quadratic
BSDE with a simple generator and a bounded terminal value to show that the equation might fail
to have a global bounded solution on [0, 7], which illustrates the difficulty of the quadratic part
contributing to the underlying scalar generator as an unbounded process. Moreover, it is well
known that some tools used when n = 1, like Girsanov’s transform and monotone convergence,
can no longer be applied when n > 1 in most cases. Consequently, multidimensional quadratic
BSDEs, the focus of the present paper, pose a great challenge. Solutions of multidimensional
quadratic BSDEs with unbounded terminal values have been listed as an open problem in

Peng [25, Section 5, page 270].



Nevertheless, motivated by their intrinsic mathematical interest and especially by diverse
applications in various fields, such as nonzero-sum risk-sensitive stochastic differential games,
financial price-impact models, financial market equilibrium problems for several interacting
agents, and stochastic equilibria problems in incomplete financial markets, many scholars have
studied systems of quadratic BSDEs in recent years. First of all, by the theory of BMO (bounded
in mean oscillation) martingales and using the contract mapping argument, Tevzadze [26] proved
a general existence and uniqueness result for multi-dimensional quadratic BSDEs when the ter-
minal value is small enough in the supremum norm, which has inspired subsequent works under
some different types of “smallness” assumptions on the terminal value and the generator, see for
example Frei [12], Kardaras et al. [17], Jamneshan et al. [16], Kramkov and Pulido [21, 20] and
Harter and Richou [14]. We also note that some different ideas and methods have been applied in
these works mentioned above. Secondly, in the Markovian setting, Cheridito and Nam [7] proved
the solvability for a special system of quadratic BSDEs, and Xing and Zitkovié [27] obtained,
by virtue of analytic PDE methods, the global solvability for a large class of multidimensional
quadratic BSDEs with weak regularity assumptions on the terminal value and the generator.
Finally, by utilizing the Girsanov transform and adopting a distinct idea from the above works,
which is to search for some sufficient conditions on the generator such that the corresponding
system of quadratic BSDEs admits a (unique) local or global solution for any bounded terminal
values rather than some certain terminal values, Cheridito and Nam [7], Hu and Tang [15] and
Luo [23] respectively established several existence and uniqueness results of local and global
solutions for systems of BSDEs with some structured quadratic generators. More specifically,
Cheridito and Nam [7] investigated system of BSDEs with projectable quadratic generators and
subquadratic generators, Hu and Tang [15] addressed a kind of multi-dimensional BSDEs with
diagonally quadratic generators, in which the ith (i = 1,--- ,n) component g* of the generator
g has a quadratic growth only on the ith row of the matrix z, and Luo [23] considered a class
of multi-dimensional BSDEs with triangularly quadratic generators. We would like to mention
that all of these results mentioned in this paragraph are obtained under the bounded termi-
nal value condition, and up to our best knowledge, in existing literature there seems to be no
positive general solvability result on the system of quadratic BSDEs with unbounded terminal
values.

The present paper is the continuation and extension of Hu and Tang [15]. Under more general
assumptions on the generator and the terminal condition than those used in [15], we are devoted
to the general solvability of multidimensional diagonally quadratic BSDEs. A local solution is

first constructed by virtue of uniform a priori estimates on the solution of scalar-valued BSDEs



and the fixed-point argument, where the terminal value is bounded and the generator g can have
a general growth in the variable y. We note that a simpler and more direct idea than that used in
the proof of [15, Theorem 2.2 ] is used to obtain the radius of the centered ball within which the
constructed mapping is stable. Then, by stitching local solutions we proved two existence and
uniqueness results on global solution of system of diagonally quadratic BSDEs with bounded
terminal values, where the generator g needs to satisfy an additional one-sided growth condition
with respect to the variable y. In particular, we eliminate the restriction condition used in [15]
that the ith component of the generator ¢ is bounded with respect to the jth (j # i) row of the
matrix z by imposing a strictly quadratic condition on the generator g (see assumption (H5) in
Section 2). Finally, assuming that for each i = 1,--- , n, the ith component ¢* of the generator
g is Lipschitz continuous in the state variable y, depends only on the ith row z° of the state
variable z, and is either convex or concave with quadratic growth in 2%, utilizing the iterative
algorithm together with uniform a priori estimates and the f-method, we prove existence and
uniqueness of the global solution to the multidimensional diagonally quadratic BSDE with the
terminal value of exponential moments of arbitrary order, which seems to be the first result on
the general solvability of system of quadratic BSDEs with unbounded terminal values.

The rest of the paper is organized as follows. In Section 2, we introduce some notations
used later, and state the main results of this paper. In Sections 3-5, we respectively prove
our existence and uniqueness results on the local and global solution for our multi-dimensional
diagonally quadratic BSDEs with bounded and unbounded terminal values. Finally, in the
Appendix we present some auxiliary results for scalar-valued quadratic BSDEs with bounded

and unbounded terminal values, including existence, uniqueness and several a priori estimates.

2. Notations and statement of main results

2.1. Notations

Let aAb and a Vb be the minimum and maximum of two real numbers a and b, respectively.
Set at := aV 0 and a~ := —(a A0). Denote by 14(-) the indicator of set A, and sgn(z) :=
150 — 1a<o.

Throughout this paper, all the processes are assumed to be (.Ft)te[O,T}—progressively measur-
able, and all equalities and inequalities between random variables and processes are understood
in the sense of P—a.s. and dP x dt —a.e., respectively. The Euclidean norm is always denoted by
||, and || - || denotes the L>°-norm for one-dimensional or multidimensional random variable

defined on the probability space (€2, F,P).



We define the following four Banach spaces of stochastic processes. By SP(R™) for p > 1,

we denote the totality of all R"-valued continuous adapted processes (Y;);c[o,7] such that

1/p
1Y ||sp := (E[ sup ]Yt\p]> < 4.
te(0,7

By §°°(R"), we denote the totality of all Y € (1,5, SP(R") such that

sup |Vi||| < +oo.

te[0,7)

1Y s = ess sup [Yi(w)| =

(w,t)

By HP(R™?) for p > 1, we denote the totality of all R"*%-valued (Ft)tefo,r)-progressively

measurable processes (Z)ie[o,r] such that

1Z|np = {IE [(/OT |Zs|2ds>p/2] }w < 4o0.

By BMO(R™ ), we denote the totality of all Z € H?(R™*?) such that

T
E, [/ |ZS|2d5]

Here and hereafter the supremum is taken over all (F;)-stopping times 7 with values in [0, 77,

1/2
< +00.

| Z]|Bmo := sup
T 0o

and E; denotes the conditional expectation with respect to F-.

The spaces S[’;’b] (R"), Siry (R™), Hfa’b] (R™*4), and BMOy, ;) (R™*%) are identically defined
for stochastic processes over the time interval [a,b]. We note that for Z € BMO(R"*9), the
process fot ZsdBg,t € [0,T], is an n-dimensional BMO martingale. For the theory of BMO
martingales, we refer the reader to the monograph Kazamaki [18].

For i = 1,--- ,n, denote by 2%, y* and g’ respectively the ith row of matrix z € R"*?  the
ith component of the vector y € R™ and the generator g.

Finally, we write Y € £(R") if

exp ([Y]) € (1) SP(R™),
p>1
and Z € M(R™*%) if
Ze (\Hr@E™).
p=>1
2.2. Statement of the main results

Throughout the paper, we always fix an (F;)-progressively measurable scalar-valued non-
negative process (au)ic(o,1], @ deterministic nondecreasing continuous function ¢(-) : [0, +-00) —
[0, 400) with ¢(0) = 0 and several real constants 5 > 0,0 <5 <~, A >0and ¢ € [0, 1).

The first main result of this paper concerns local solutions for the bounded terminal value

case. We need the following three assumptions.
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(H1) For i =1,--- ,n, ¢' satisfies that dP x dt — a.e., for each (y,z) € R" x R"*9,

9" (w,t, 9, 2)| < ar(w) + o(|yl) + 5\2’1I2 +AD T
i

(H2) Fori =1,---,n, ¢ satisfies that dPx dt—a.e., for each (y, 7, z, Z) € R? xR" x R"*9 x R"*¢,

’gi(wa t) Y, Z) - gi(wa ta ga 2)|

< oIyl v 131) | 0+ J21+ 120 (ty = 1+ 12° = 270) + (14 [0+ 2°) D0 129 - 27
J#i

(H3) There exists two non-negative constants C1 and C3 such that

T
/ atdtH S 02.
0 0o

In the first two assumptions (H1) and (H2), it creates no essential difference to replace both

€]l <C1 and

terms ., |27|1%9 and D it |27 — 77| with |z|'*® and |z — Z|, respectively. The underlying way

of formulation is more convenient for subsequent exposition.
Theorem 2.1. Let assumptions (H1)-(H3) hold. Then, there exist a real € > 0 (depending only

on constants (n,~y, A\, d,C1,Cs) and function ¢(-)) and a bounded subset B of the product space

Sr_e) (R™) x BMOjp_. 7 (R™*9) such that BSDE (1.1) has a unique local solution (Y, Z) on

the time interval [T' — e, T| with (Y, Z) € Be.

Remark 2.2. Assumptions (H1) and (H2) of Theorem 2.1 are more general than those of Hu
and Tang [15, Theorem 2.2, p. 1072] in that the former relaxes the growth and continuity of
the generator in the first unknown variable y. For example, the following generator g satisfies

the former, while not the latter:
gi(w, by, 2) = (jy2 +sin [2))|2] + |23 + |2, i=1,--- ,n.

The second and third main results of this paper concern global solutions of quadratic BSDEs

with bounded terminal values. The following two assumptions are further required.
(H4) For i =1,--- ,n, ¢' satisfies that dP x dt — a.e., for each (y,z) € R" x R"*9,
sen(y')g'(w, by, 2) < ar(w) + Blyl + Al + S

(H5) Fori=1,---,n, it holds that dP x dt — a.e., for each (y,z) € R® x R"*¢,

N |21

g (w,t,y,2) = 5|2 = an(w) = Blyl = Alz'** (2.1)

or
9wty 2) < =2 | + aulw) + Bly| + A= (2:2)
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Remark 2.3. Assumption (H5) holds for the generator g if some components of g satisfy (2.1),
and the others satisfy (2.2).

Theorem 2.4. Let assumptions (H1)-(H/j) be satisfied. If the constant X in (H/) vanishes,
then BSDE (1.1) admits a unique global solution (Y, Z) € S®(R™) x BMO(R™ %) on [0, T].

Theorem 2.5. Let assumptions (H1)-(H5) hold. Then BSDE (1.1) admits a unique global
solution (Y, Z) € S®(R™) x BMO(R™ ) on [0,T).

Remark 2.6. Assumption (H/) is some kind of one-sided linear growth condition of the gen-
erator g with respect to the variable y, and assumption (H5) can be regarded as some kind of
strictly quadratic condition of g* with respect to z*. A generator g satisfying assumptions (H1)-
(H5) can still have a general growth in the variable y. For example, the following generator g

satisfies all these assumptions:
gi(w7tayaz) = (e_yi + cos |ZZ|)|Z| - |Z|% + (_]‘)i|zi|2? = ]-7 T, N
Note that this g does not satisfy the corresponding assumptions used in Hu and Tang [15].

For the sake of studying global solutions of multidimensional diagonally quadratic BSDEs
with unbounded terminal values, we introduce the following four assumptions on the data (g, &)

of BSDEs.

(B1) Fori=1,---,n, g'(w,t,y, 2) varies with (w, t,y) and the ith row 2’ of the matrix z € R"*¢

only, and grows linearly in y and quadratically in 2%, i.e., dP x dt — a.e.,
19 (w, t,y,2)| < aw(w) + Bly| + %\z\z for each (y, z) € R® x R1*4,
(B2) g is uniformly Lipschitz continuous in y, i.e., dP x dt — a.e.,
l9(w,t,y,2) — g(w,t,4,2)| < Bly —y| for each (y,7,2) € (R")* x R
(B3) dP x dt — a.e., for each i = 1,--- ,n and y € R", g*(w, t,¥,-) is either convex or concave;

(B4) The terminal value ¢ is of exponential moments of arbitrary order as well as fOT aodt. That

is, we have for each p > 1,

E {exp {p <§| + /OT atdt> H < too.

Remark 2.7. Assumption (B3) holds for the generator g if some components of g are convex

i z, and the others are concave in z.



The following theorem seems to be the first result on the general solvability of systems of

quadratic BSDEs with unbounded terminal values, and constitutes the last main result of the

paper.

Theorem 2.8. Let assumptions (B1)-(B4) be in force. Then BSDE (1.1) admits a unique
global solution (Y, Z) € E(R™) x M(R™%) on [0,T].

Remark 2.9. In the case of unbounded terminal values, the martingale part of the first known
process Y goes beyond the space of BMO martingales, and some delicate and technical computa-
tions are developed in the proof of Theorem 2.8, in which a priori estimates on one-dimensional
quadratic BSDFEs, the 0-method for convex functions and Doob’s mazximal inequality for mar-

tingales play a crucial role.

3. Local solution with bounded terminal value: proof of Theorem 2.1

For each i = 1,--- ,n, H € R™? and z € R'*¢, define by H(z;i) the matrix in R"*¢ whose
ith row is z and whose jth row is H7 for any j # i.
Let assumptions (H1)-(H3) hold. For a pair of processes (U, V) € S®(R") x BMO(R"*9),

we consider the following decoupled system of quadratic BSDEs:
Yi—g +/ G (5, Us, Va(Z:1))ds — / ZidB,, te (0T i=1,-.n.  (3.1)
t ¢

For each fixed i = 1,--- ,n, in view of assumptions (H1) and (H2), it is not difficult to verify

that dP x dt — a.e., for each (z, z) € (R'*%)2,

9" (8, U, Vi(z:0))| < e + $(|U:) + nA[Vi| '+ + %IZI2

and

9" (8, Ur, Vilz59)) — 9" (8, Up, Ve(2:0)| < S(|U]) (1 + 2| Vi| + |2] + [2]) |2 — 2.

This means that the generator g(t, Uy, Vi(2;1)) satisfies assumptions (A1) and (A2) defined in
Appendix. Then, in view of assumption (H3), it follows from Lemma A.l that for each i =
1,---,n, one-dimensional BSDE with the terminal value &' and the generator ¢*(¢, Uy, V;(2;1))
has a unique solution (Y%, Z*) such that Y is (essentially) bounded and Z*-B := (fg Z;st)te[O?T}

is a BMO martingale. That is to say, the system of BSDEs (3.1) has a unique solution
(Y, Z) € S®(R™) x BMO(R™*).

Now, define the solution map I' : (U, V) — I'(U, V) as follows:

DU, V) :=(Y,Z), ¥ (UV)eS®R") x BMOR™?).
8



It is a transformation in the space S*(R™) x BMO(R™*4). Moreover, it follows from Lemma A.1
that for each i =1,--- ,n, t € [0,T] and stopping time 7 with values in [t,T],

4 1 . T
Wi < Sl [ o]

1+6

6 (10lsze,, ) (7 = 1) AT =)

T .
E, U |Z;|2ds}

1 . 1
< —exp(27[[§'floc) + —exp | 2v
v ¥

(2]

where the constant Cjs )y, is defined in (A.4) of Appendix. Therefore, in view of assumption

and

sup ||
s€t,T)

)

1+5
+26 (10l ) (7 = 0+ 20l VIEhst, (T 1))

o0

(H3), for each t € [0,T], we have

IVllsx, < “In2+n(Cy+Cy)
S 3.2
(3.2)
16 (Ul ) (T =) + 1715 ConnIVIhedy, o, (T — 1)
and
n n
1200 < 23 @230+ exp (1Y gz,
p1s (3.3)
- (1 +2C5 +26 (Wllszey, ) (7 = )+ 2Cs 00V Iighedy oy (T - t)) .
Define
Ky = %1112 +n(Cy + Cy),
n n
Ky = ? exp(27C1) + ; exp (4vK1) (1 + 2C5)
and

g =

<>|

Kl Lexp (—4vK1) Ky
1+ /\ 155 > 0.
¢ (2K1) -+ n’yl 5 Cg A n(2K2) 2¢ (2K1) -+ 205’)\,,1(2}(2) 1-6

By virtue of (3.2) and (3.3), we can verify directly that for each € € (0, g¢], if

Ul <2K1 and [Viniog . < 2K
then
HYH5°° o S 2K and HZHBMO[T o S 2K

This means that
U, V)yeB., V(UYV)ebB.,
9



where

B. .= {(U, V) € S®(R") x BMO(R™?) :

HU||S°° | S 2K, and HVHBMO[T o] 2K2}

e, T

is a Banach space with the following norm

IO = W0 +1VIEso,_. ., ¥ (UV) €B-

That is, the mapping I is stable in the Banach space B for each ¢ € (0, g¢].
It remains to show that there exists areal e € (0, £0] depending only on constants (n,~, A, d, Cq, Ca)
and function ¢(-) such that I' is a contraction in B.. Indeed, for any fixed ¢ € (0,g0], and

(U,V) € Bz and (U, V) € Bz, we set

Y, 2):=T(U,V), (Y,Z):=DI(U,V).

That is, for i = 1,--- ,n and t € [0,T],
. T . . T .
:§l+/ g’(s,Us,Vs(Z;;i))ds—/ ZidB,,
t t

T ~ ~ ~ . T ~ .
:§i+/ gi(s,US,X/fg(Z;;i))ds—/ ZidB,.
t t
Define for i = 1,--- ,n and s € [0, 7],

AL = gi(s,Us, Vi(Z1510)) — (5, Us, Vs (Z530)), A% = gi(s,Us, Vs(Z151)) — g (s, Us, Vs (Z539)).

S

Then,
. ~ . T . ~ . T . T .
Yi - Y +/ (Z; - Z;) dB, —/ Alids = / AZids,  te[o,T). (3.5)
t t t
It follows from assumption (H2) that dP x ds — a.e., for each i = 1,--- | n,
AV < (U)) (1+2Val + 12| + 12, 122 - Z] (3.6)
and
A2 < QU T [(1+ Vil + Vel +124] +1Z01) U, = T
_ _ _ 3.7)
+ v/ (14 VAl + Tl + 2AZ0) 1V, = Vi |
Fori=1,---,n, by (3.6) we can define the R%valued process G(i) in an obvious way such that

Ai’i:(zé—gé)Gs(i) and |G5(i)] < ¢(|U;)) (1+2!VSI+IZS\+\Z!), s€[0,7]. (3.8)

Finally, in view of the fact that all pairs of processes (U, V), (U,V) and (Y, 2), (Y, Z) are in
B. together with definition (3.4) of B, and inequalities (3.5)-(3.8), using Girsanov’s transform,
Holder’s inequality, the energy inequality for BMO martingale and Lemma A.4 in Hu and Tang
[15] we can follow the argument in pages 1078-1079 of Hu and Tang [15] to get the desired

conclusion. Theorem 2.1 is then proved.

10



4. Global solution with bounded terminal value: proof of Theorems 2.4 and 2.5
We need the following lemma.

Lemma 4.1. Let assumption (H3) hold. Assume that for some h € (0,T], the BSDE (1.1) has

a solution (Y, Z) € Sir_pq X BMOr_p 1) on time interval [T — h,T). We have

(i) If the generator g satisfies assumption (Hj) with A = 0, then

1Y |lsee < (2n)R8TIH20 4 <2n +(2n)2 + -+ (2n)[2”’3T]+2> Cs,

[T—h,T] —

where and hereafter [x] denotes the mazximum of integers smaller than or equal to x.

(ii) If the generator g satisfies assumptions (H/) and (H5), then
Hy”sf’%’_h,m < (4n)[4nﬁT]+2cl + (4n +(4n)2 4+ (4n)[4nBT]+2> Cs,
where Cs is a positive constant depending only on (n,3,7,7, X, 06, T, C3).
Proof. For i =1,---  n, it follows from assumption (H4) that

sgn(Yy' (w)g' (w, £, Yi(w), Ze(w)) < ae(w) + BIYi(w)| + AlZe(w) [0 + %!ZZ(OJ)IQ, te[T'—h,T]

which means that the generator of ith equation in system of BSDEs (1.1) satisfies (A.8) in
Appendix (by letting f(w,t,2) = ¢* (w,t,Y(w), Z¢(w))). It then follows from (i) of Lemma A.2

and assumption (H3) that for each i =1,--- ,n,
exp (YD) < exp (1C+ o) + BIY llszey, (T — 1)
T (4.1)
Ey [exp (Afy/ \Z51+5ds>] , te[T—hT].
t
(i) In the case of A = 0, it follows from (4.1) that for i =1,--- ,n,
Vi1 < Cot Gt BIY sy (T~ 1), t€ (T —hTl

Therefore,

HYHS[C;?T] < n(Cl + CQ) + nﬁ”YHSﬁ"T] (T — t), tc [T — h,T]. (4.2)

For g =0, it is clear that
1Y |52 < n(Cy + Cy). (4.3)

[T—h,T] —

Otherwise, let my is the unique positive integer satisfying

T —he[T—moe,T—(mg—1)e)

11



or, equivalently,

2nBh = h
€

h
<mp<—+1<2npT+1 (4.4)
£

with

1
5—%>0

If mg =1, then n3(T —t) < nfh <npfe=1/2for t € [T — h,T], and it follows from (4.2) that
Yllsg,, <2n(Ci+Cy), tell—hT]

which yields that
Y llsgs_, 7y < 2n(Ch + Ca). (4.5)

If mg =2, then nB(T —t) < nPe=1/2 for t € [T —¢,T], and it follows from (4.2) that
HYHS[?,’T] <2n(Ci + CQ), tc [T — €,T],

which yields that

YT —elloo < (Y]

[T—e, T

] < 271(01 + CQ) (4.6)

Now, consider the following system of BSDEs
T—e T—e
Y}:YT_E—i—/ g(s,YS,ZS)ds—/ ZsdBg, te€ [T —h,T—e¢l.
t t
In view of (4.6), identically as in obtaining (4.5) , we have

Wllsg_, g < 20(20(C1 + Co) + ),

and therefore,
1Ylse . < (2n)°Ci + (2n + (2n)?) Cs.

(T—h,1] =

Proceeding the above computation gives that if mg satisfies (4.4), then

Y llsg . < (20)™C1+ (20 + (20)° +--- + (20)™) Cs,

T—h,T] —
which together with (4.4) and (4.3) yields assertion (i) immediately.

(ii) For ¢ =1,--- ,n, it follows from assumption (H5) that

9 (@, 1,Yi(w), Ze(w)) = 512 W)]° = ar(w) = BIYi(w)] = Al Ze(w) '

N |21

9" (. t,Ye(w), Zy(w)) < —gyzg(w)ﬁ +ar(w) + BIYa(w)] + A Ze(w)| ',

12



which means that the generator of ith equation in system of BSDEs (1.1) satisfies (A.9) or
(A.10) in Appendix (by letting f(w,t,2) = ¢' (w,t, Yi(w), Zt(w))). It then follows from (ii) of

Lemma A.2 and assumption (H3) that for each i =1,--- | n,
QN
E; [exp <50/ \Z;\zds)]
2y
T
exp | 6eg / agds
0

T
< exp (36002 +3e0(2 4+ /BT)HY”S[‘?T]> E,; |:eXp (360)\/ ’ZSI1+5dS>] , te[T—hT],
’ t

IN

E; sup |[YZ||| +3eo

s€[t,T)

T
+ 350ﬁT||YH5[°§T] + 380)\/t |ZS|1+5dS>]

o

where

7) Y
= (= —_ 0.
<0 (9 A (12(5T+2)) ”
Thus, by Holder’s inequality we get that for ¢ € [T — h,T],
T
E; [exp <7 O/ ‘ZS‘2d8>:|
2n
T
< exp <3€0C'2 + 3e0(2 + BT)HYHS[O;’T]) E, [exp <360)\/ |ZS|1+5ds)] .
’ t

Note by Young’s inequality that for each pair of a,b > 0,

1-6

5 14\ 2\ ° /2 \* 1-6 (140 )
abl+ = <2> GIT‘S <1—{—6b2> b2+2<2> alTé. (48)

By letting a = 12n\ /¥ and b = |Z,| in (4.8), we have

yeo [ 12nA ye
3e0A| Z,|1 0 = ZTnO ( - Z, |1+5> < %\ZS\Q +C3, s€]0,T], (4.9)

Seo(1 — 6) <1+5> <12m>
CS = —_—
8n 2 y

Coming back to (4.7), by (4.9) and Holder’s inequality we deduce that for t € [T — h, T,

where

- T
E¢ [exp <');T;) / ‘Zs2d8>:| < exp (66002 +2C3T + 6e0(2 + BT)HYHS[O;’T ) (4.10)

On the other hand, it follows from (4.1) and Jensen’s inequality that

exp (Vi) < exp (ny(Cr+ Ca) + nBy Y llsze,, (T — 1))

(4.11)
By [exp <n)\7/ |ZS|1+5ds>} , te[T—hT].
t
By letting a = 2n%\y /7o and b = |Z| in (4.8), we have
2%\
n|Z,+ = 120 <M|Zs\”‘5) 0z selT) (4.12)
2n YEO

13



where
1446
1-6

L Feo(l—10) (146
Ca = 4dn 2

<2n2)\7> =
V€0 '
Combining (4.10)-(4.12) yields that

cyT n 6e0Cy + 2C5T n 660(2 + ﬁT)

Yil < (Gt 0o+ : Y s,
BV, (T~ 1), te[T—hT.
And, from the definition of gq it follows that
IV llsie,, < 20n(Cy + Cs) + 28|V |lss, (T~ 1), te[T—hT], (4.13)

where

6e0Cy + 2C5T " 4T
ny ny

Cs:=Cy +

Finally, observing that (4.13) is almost the same as (4.2), we can use the same computation

as in (i) to obtain the desired conclusion of (ii). The proof of Lemma 4.1 is then complete. [

Remark 4.2. Observe that the term ||UH5[30T] (T —t) in the conclusion (i) of Lemma A.1 can
be replaced with ftT ||U||S[°S°T] ds. Then the term ||Y||3[<;<>T] (T —t) in inequalities (4.1) and (4.2)
can be replaced with ftT ”YHS[OSOT] ds. Therefore, by Gronwall’s inequality, we obtain the following

better upper bound under the assumptions of (i) in Lemma 4.1:

< n(C1 + Cy)exp (nBh) < n(Cy + Cy)exp (nBT).

Wllsz, ., <
The same computation yields the following estimate under the assumptions of (i) in Lemma 4.1:

HYHS[?_;L,T] < 2n(Cy + Cs) exp (2nBh) < 2n(Cy + Cs) exp (2n5T) .

Using Theorem 2.1 and Lemma 4.1, we can follow the proof of Cheridito and Nam [7,
Theorem 4.1] to derive our Theorems 2.4 and 2.5. All the details are omitted here.
5. Global solution with unbounded terminal value: proof of Theorem 2.8

Let assumptions (B1)-(B4) be in force. For a pair of processes (U, V) € £(R™) x M(R"*9),

we consider the following decoupled system of quadratic BSDEs:
Y, =¢ +/ 9'(s,Us, Z2)ds —/ ZWdBs, t€[0,T]; i=1,---,n. (5.1)
t t
For each fixed i = 1,- -+ ,n, in view of assumptions (B1) and (B3), it is clear that dP x dt —a.e.,

19°(t, Uy, 2)| < o + BIUL| + %12\2, V2 e R
14



and ¢(t, Uy, 2) is convex or concave in z. Furthermore, in view of assumption (B4) and the fact

that U € E(R™), by Holder’s inequality we have
A T
0
It then follows from Corollary 6 in Briand and Hu [6] that for each i = 1,--- ,n, the BSDE
. . T . . T .
Y =¢ -|-/ 9'(s,Us, Z%)ds —/ ZidBs, t€[0,T]
t t
has a unique adapted solution (Y, Z%) such that for each ¢ > 1,

| r\
exp (g sup [V +< / |Zz|2dt)
t€[0,7] 0

which means that, in view of Holder’s inequality, the system of BSDEs (5.1) admits a unique

solution (Y, Z) in the space of processes &€(R") x M(R"*%),

E < 400,

Based on the above argument, we can set (Y, Z(0) = (0,0) and define, recursively, the
sequence of processes {(Y(™ Z(m)1%0_ in the space of processes £(R") x M(R"*9) by the
unique adapted solution of system of BSDEs:

nmﬁ”ﬂ:5R+ZT¢@J§m%ZyHUﬂd&—ATZyWWMB& te[0,T); i=1,,n, (5.2)

where for sake of convenience, we denote by Yy (m)i gng Z(mhi, respectively, the ith component
of Y(™ and the ith row of Z(™. In the sequel, we will show that {(Y(™) Z(m)}o0_ s a
Cauchy sequence in the space SY(R™) x H?(R"*?) for each ¢ > 1, and then converges to a pair
of adapted processes (Y, Z) in £(R") x M(R"*4), which is the unique desired solution of system

of BSDE (1.1).

We first prove that

Vg>1, supkE |exp <q7 sup |Y;(m)]> < K(q), (5.3)
m=0 t€(0,T]
where
K(q) = (A(20)A(8nq)) " E [exp (4n(sn) 22T+ gqg) )|
T
E [exp <4n(16n)[2n’3T]+1qu/ asds)] < 400

0

with

Alg) = <q> (5.4)

q—1
In fact, for each i = 1,--- ,n and m > 0, it follows from (B1) and (B3) that dP x dt — a.e.,

V2 e R g, Y™, 2)| < ar + BV + gw, (5.5)
15



and g'(t, Yt(m), z) is convex or concave in z. Furthermore, in view of assumption (B4) and the

fact that Y™ € £(R"), by Holder’s inequality we have

) T
exp {p ( sup \Y;(mﬂ)’q —i—/ (at + ﬂ\Y;s(m)\) dt) }
te[0,7) 0

Then, we can use Lemma A.3 in Appendix to get that for i =1,--- ,n and m > 0,

, , T
exp (21 ) < B foxp (147 [ (awt V™) as) | ve o7

Vp>1, E < +o00.

Consequently, by Jensen’s inequality we have, for each m > 0,

T
exp ('y|Yt(m+1)|> < E,; [exp <n’y|§\ + n’y/t (ag + B\Ys(m)o ds)] , tel0,T). (5.6)

In view of (5.6), Doob’s maximal inequality for martingales together with Holder’s inequality

yields that for each ¢ > 1, m > 0 and t € [0, 7], we have

E |exp [ ¢y sup [V Y]
s€t,T)

q T
< <q> E [eXp (nq7|€+nqv/ asds +ngyB sup !Ys(m)(Tt)H (5.7)
qg—1 t SE[L,T]
1/2
< [C()? {E exp <2nq'yﬁ sup IYS(’”)I(T—t)>” :
s€(t,T]

where, in view of assumption (B4),

T
C(q) := A(q)E [exp (an'y]ﬂ + 2nq7/ asdsﬂ < 400
0
with A(q) being defined in (5.4).

For 5 =0, it is clear from (5.7) that

Vq>1, supkE |exp(qy sup [, )| < VC(g). (5.8)
m=0 te[0,T)
Otherwise, let mg is the unique positive integer satisfying 7' — moe < 0 < T — (mg — 1)e or,
equivalently,
T
2nBT = — < mgy < 2npT + 1 (5.9)
€
with
71 >0
€:= :
2np

If mo = 1, then 2ngy8(T —t) < 2ngyBT < 2nqvyPe = ¢ for t € [0,T], and it follows from (5.7)

1/2
exp (qv sup IYs(m)!>D ;
s€(t, T

that for each m >0, ¢ > 1and t € [0,77] ,

E
s€t,T)

exp (qv sup IYS("”I)I)

<vC(q) (E
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and, by induction,

1
(m+1) 1+%+---+—2}n om+1
Elexp | gy sup [ ]| <vC(a9) E < C(q).

s€(t,T]

exp <q’v sup IYS(O)\>

s€(t,T)

Consequently, by Holder’s inequality we have, for each g > 1,

exp (qv sup IYt(m)l)

t€[0,T]

sup E
m>0

< A(q)E [exp (4ng|€])] E [exp <4nq’y /0 ! asds>] < +00.
(5.10)

If mg = 2, then 2ngyB(T —t) < 2ngyPe = qy for t € [T — ¢, T], and from the argument in the
case of mg = 1 it follows that for each ¢ > 1,

sup E [eXp <qv sup IYt(m)|>

m=0 te[T—e,T)

< AR foxp (DI E [oxp (nay [ s )] < o
(5.11)

which yields that
(m) !
su>%E [exp (q’y|YT75\)} < A(q)E [exp (4ngv|¢])] E [exp (4nq’y/0 asds>] < 4oo.  (5.12)

Now, consider the following system of BSDEs: for i =1,--- ,n,

T— T—
y sy mt +/ ‘Egi(s ym) Zlmtiygg _/ €Z§m+1);id38 Fe 0.7 —¢]
—e ) ) ) ) .
t t
In view of (5.12), a similar argument as that obtaining (5.10) yields that for each ¢ > 1,
supE |exp | ¢y sup \Y;(m)\
m>0 t€[0,T7—¢]

< A(q)supE [exp (4nq’y]YT(Tg|>] E [exp (471(17 /T asds)} )
0

m>0

< A(q)A(4nq)E [exp (16n°qy|¢|)] E [exp (32n2q'y /0 ' asds>] < +00,

and then, in view of (5.11) and Hoélder’s inequality,

exp (qv sup IYt(m)l)]
te[0,7)

< A(29)A(8nq)E [exp (32n°qy|¢|)]| E [exp <64n2q7 /0 ' ozsd.s)] < +400.

sup E
m>0

Proceeding the above computation gives that if my satisfies (5.9), then for each ¢ > 1,

exp (cn sup IYt(m)|>]
te[0,7

T
< (A(29)A(8ng))™ 'E [exp (4n(8n)™ 1gv|¢[)] E [exp (4n(16n)m01q’y/0 ozsds>} < 400,

sup E
m>0

which together with (5.9) and (5.8) yields the desired conclusion (5.3).
17



In the sequel, we show that

T a/2
Vg>1, supE [(/ ]ng)2d3> < +00. (5.13)
m>0 0
In fact, using It6-Tanaka’s formula to compute exp(27|Yt(m+1;i) |) and utilizing inequality (5.5),

we can deduce that for each i =1,--- ,n and m > 0,
)2 /0 exp(2y| Y+ )| ZmH i 24
. T 1 on
< exp(21[€1]) + 2 /0 exp(29]Y. V) (o + BIY)) ds
T
~2y [ exp(r YD (v 20 D B,
0

In view of the previous inequality, we can use the BDG inequality and Young’s inequality to

derive that for each g > 1, m>0andi=1,--- ,n,

T q/2
([

0

. T q
C (E exp <2q7 sup ]Y'S(m"'l)ﬂ) (/ as + 5Ys(m)|d5> ]) (5.14)
s€[0,7) 0
B T
ClE [exp </ ozsds)] + sup E |exp | 2¢y sup |Y5(m)| ,
0 m>0 s€[0,T]

where C and C' are two positive constants depending only on (g,7) and (g, 7, 3, T), respectively.

E

IN

+E

IN

Then the inequality (5.13) follows immediately from (5.14) and (5.3).

Next, without loss of generality, we assume that the generator g is component-wisely convex
in (B3), that is, dPx dt—a.e., g*(w, t,y, -) is convex for each i = 1,--- ,n and y € R™. Otherwise,
if g'(w, t,, -) is concave for some integer 1, it is sufficient to replace the primary unknown (y*, z*)
with the new pair of unknown variables (—y¢, —z%) in the underlying system of BSDEs.

For each fixed m,p > 1 and 0 € (0,1), define

y(m+p) _ gy (m)
1-6

z(m+p) _ g7(m)

d sez(mp) .
an 2] 1-0

50y(m,p) =

Then (6Y "P) 5, Z2(mP)) € £(R™) x M(R™9) solves the following system of BSDEs: for each

i=1,---,n,
D AU / Sog PV (s, 5o Z(m PN s — / 52 PNdB,, te[0,T],  (5.15)
t t

where dP x ds — a.e., for each z € R1*,

09 ™5, 2) 1= (915, Y, (1 0z + 020) — g'(s, YD, Zim) ) . (5.16)

18



It follows from (5.16) and assumptions (B2), (B3) and (B1) that dPxds—a.e., for each z € R1*4,

809 P (s,2) < BIoGYS" T 4+ BT 4 gi(s YT, 2)

A

s + B8V, )| 4281V + 2P,
which together with (5.3) means that all the conditions in Lemma A.4 are satisfied for BSDE

(5.15), and then for ¢ = 1,--- ,n, we have

exp <7 (50}/;5(m7p);i>+>

T (5.17)
< E [exp <7(5i)+ +7 / (as + BloY 1P| 4 25|Ys<m*1>|) ds)] , te[0,T).
t
On the other hand, define
~ y(m) _ gy (m+p) ~ z(m) _ gz(m+p)
(mp) . (m.p) .
6pY : 1= a and d&pZ : 1—a
The same computation as above yields that for i =1,--- | n,
S(mp)i\ T
exp (’y <59Y;( P); ) )
(5.18)

T ~
< B o (260 4 [ (an+ BT 20y as) | ee 0.7
t

Furthermore, observe that for i = 1,--- ,n and ¢ € [0,T], we have
i 0\~ . N
N <Y;(m+p),z _ gn(m)ﬂ) (9}/;(””)71 _ }/‘t(m"‘p)vl)
(59}/t(m7p)71> — —
1-6 1-46

y N\ y

0 <Yt(m)’l _ QYt(m+P)yl> + (1 _ 92)|Yt(m+P)ﬂ|
= 1-0

~ A+
S (601/;(7”’?);1) + 2|Y;(m+p)|
and, similarly,
~ A= A+
<60}/t(m’p)’z) S (50}/;(”7’717)71) + Q‘n(m”
It follows from (5.17) and (5.18) together with Jensen’s inequality that for each i = 1,--- |n
and t € 0,77,

i A\ T m,p)ii\
exp (7|59Yt(m’p)’ |) = exp <’y (59Y;(m’p)’ ) ) - exp <7 (59Yt( ’p)’z> )
T
< E [exp (mra + 297" + 2y / (as + 287D 4 28777 ) ds
t

T ~
+278 / (1857120 4 g7 100} ) d)]
t

and
exp (v\fseYt( o \) = exp <7 (59Yt( ) ) ) - exp ('7 <60Yt( ’p)’) >
T
< E [exp <27|£| + 29 Y™ + 29 / (@ + 287D 4 28]y ) ds
t

T ~
+293 / (1807120 4+ o ¥ =100} ) ds)} :
t
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Consequently, by Jensen’s inequality again we have for each ¢ € [0, 7],

exp (’Y (,59}/;(7”717)%1'

+ |59ﬁ(m,p);i|)>
T
< E [exp {47 <|5| HE 4+ 1P [ (o 280100 4 28]y ds)
t
T ~
4 / (1807120 4+ g7 =10} ) dsH =l
t
and then
exp (7 (|56Y2(m’p)| + |56}~/t(m’p)|))
T
< E [exp{élm (|5\+m<m>+m<’"+p>|+ / (a5+2ﬂm<m1>\+2ﬁm<m+“>r)ds>
t

T
+4nyB / ChaiEh al) ds}] :
t
(5.19)
In view of (5.19), Doob’s maximal inequality for martingales together with Holder’s inequality

yields that for each ¢ > 1 and t € [0, 7], we have

E [eXp <q7 sup (\591’5(’””” )| + 8o Y P )I)>]

s€(t,T]
q
(%)
qg—1

T
+4ngry / (as + 28y Y| + 2B|Ys(m+p’1)|> ds (5.20)
t

exp {4nq’y <§| + sup (‘ys(m)‘ + Wg(mﬂ)))

s€(t,T]

+angyB sup (|6Y" 71|+ [6g¥ 1)) (T — 1)
s€[t,T]

s€t,T)

1/2
< (O] {E exp (&mﬁ sup (|85Y" 19| + |5, 71 <T—t)>” ,

where, in view of (5.3),

Clg) = Ag) sup E

m,p>1 te[0,T] te(0,7

exp{an7 (!f\ + sup ]Yt(m)] + sup \Y;(mﬂ’)\)
T

—+ 8nq»-y/ (as + 25’Ys(mfl)’ + 26’}/‘5(m+p71)|> dS}:| < 400
0

with A(q) being defined in (5.4).

Based on the above analysis, we now can prove that {(Y(m), Z (m)) oo_1 is a Cauchy sequence
in the space S9(R™) x HI(R™*9) for each ¢ > 1. In fact, observing the similarity of (5.20) and
(5.7), we can induce with respect to m and use a similar argument as that obtaining (5.3) to

derive the existence of a positive constant K(q) depending on ¢ and being independent of 6
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such that for each ¢ > 1,

E |exp (qv sup (!%Yt(m’p)l + |5957t(m’p)|))]
te[0,7)
H[2nBT]+1
2777.
< K(q) (E exp (qv up (18077 + |<59Yt(1’p)!>>]> :
tefo
from which together with (5.3) it follows that for each ¢ > 1 and 6 € (0, 1),
limsupsupE |exp | ¢y sup (|59Yt(m’p)\+](59i(m’p)|> < K(q). (5.21)
m—oo p>1 t€[0,T]
Thus, for each 6 € (0,1),
m m K(2
limsupsupE | sup ]Y;( ) —01/;( )| < (1—9)L,
m—oo p>1  |te0,T) 2y
and then, in view of (5.3),
m m K(2 "
limsupsupE | sup |Yt( ) —Yt( )| <(1-9) L+supIE’, sup \Y;( )\ < +o0.
m—oo p>1  |t€[0,T] 2y w1 o,

Sending 6 to 1, in view of (5.3), we see that there is an adapted process Y € £(R"™) such that

for each ¢ > 1,

lim E | sup \Y( -Y 7 =0 (5.22)
M=o |tel0,T]
and
lim E |exp (¢ sup ]Yt(m) -Y|| =1 (5.23)
m=—00 t€[0,T]

Furthermore, it follows from It6’s formula that for each m,p > 1,

T
E [ / | Z(m+p) Zs(m)\2ds] < 2E
0

g3

And, by virtue of (B1), (5.3) and (5.13) we get that

T
sup E
m,p>1 0 =

Then, applying Holder’s inequality to (5.24) and using (5.22) and (5.25) leads to that

sup ‘Yt(m+p) - }/t(m)‘
t€[0,T] (5 24)

(5, Y1), Z{m400s) — gl (s, Ym0,z

dS] |

2
gi(s,lf,s(m+p_1), Zs(m“))?i) — gi(s,}g(m_l),ng);i) ds) < 4oo.  (5.25)

T
lim supE [/ | Z(m+p) ng)]2d5] =0,
0

m—ro0 pZ 1

from which together with (5.13) it follows that there exists a process Z € M(R™"*%) such that

T q/2
</ |Z{m) — Zs|2ds> ] =0. (5.26)
0

21
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Finally, in view of (5.22), (5.23) and (5.26), by sending m to infinity in (5.2) we can deduce
that (Y, Z) is a desired solution of system of BSDE (1.1).

It remains to show the uniqueness part for completing the proof of Theorem 2.8. For this,
let (Y, Z) be also a solution of system of BSDE (1.1) in the space £(R™) x M(R™*%), and for
6 € (0,1), define

Y —0Y Z — 07
U= V=g
and _ _
~ Y —0Y ~ Z —07
(59U = ﬁ, 69‘/ — 1_0 .

Using a similar argument as that from (5.15) to (5.20), we can deduce that for each ¢ > 1,

E

exp <q'y sup <|59Us| + |59[73|))

s€t,T)
q
(55) e
qg—1

~ T ~
exp{zmqw <|£|+ sup (il +1%:l) + (as+2BIY;+2B!YLI)dS>
s€t,T) t

+4ngyB sup <\59Us\ + \59[730 (T — t)}
s€(t,T]

1172 ~ 1) 2
< [l {E [exp <8nqvﬁ sup (18U + 1090 <T—t>) } L teloT)

s€[t,T]

(5.27)

where

Clq) i= A@)E [exp {87 (€] + supeppry (1] + F3]) + Jo (o +2803] + 2617 ) ds) }]

< +00

with A(q) being defined in (5.4). For g =0, it is clear from (5.27) that

E |2y sup |6Us|| <E |exp |2y sup |50 | | <1/C(2),
te[0,T) te[0,T)
and then
E|sup [V;—Yy| < E|sup |[V;—0Y|| +(1—0E| sup |V
t€[0,T] t€[0,T] t€[0,T]

1-9) ng+E

IN

)

€Xp | sup \572|
t€[0,T]

in which letting # — 1 yields that ¥ = Y and then Z = Z on the time interval [0, T]. Otherwise,

in the case of T' < & :=1/8np, it follows from (5.27) that

E |2y sup |6Uy|| <E < C(2),

te€[0,T] t€[0,T]

exp (27 sup I5eUt|)
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and then Y =Y and Z = Z on the time interval [0,7]. Similarly, if mg is the unique positive
integer such that (mg — 1)é < T < mgé, then we can successively prove the uniqueness on the

time intervals [T —¢&, T, [T —2&,T—¢], ---, [T — (mo—1)&,T — (mo—2)&] and [0, T — (mg — 1)&].

The proof of Theorem 2.8 is then complete.

Appendix A. Several auxiliary results on one-dimensional quadratic BSDEs

We consider the following one-dimensional BSDE:

T T
Yi—n+ / F(s, Z,)ds — / Z,dBs, te[0,T), (A1)
t t

where the terminal value 7 is a real-valued Fpr-measurable random variable, and the generator
function f(-,-,2) : Q x [0,7] — R is (F;)-progressively measurable for each z € R4, Here,
the solution (Yy, Z¢).ejo,7 is defined as a pair of (F;)-progressively measurable processes taking
values in R x R™? such that (A.1) is satisfied.

Assume that there exists a pair of processes (U, V) € S®(R") x BMO(R™* %) such that the

generator f satisfies the following assumptions.
(A1) dP x dt — a.e., we have

[f(w,t,2)] < ar(w) + S(1Ue(w)]) + nA[Vi(w)|H + %IZI2 for each 2 € RM%;
(A2) dP x dt — a.e., we have

[f(w,t,2) = f(w, £, 2)] < (|Us(w)]) (1 +2[Vi(w)] + [2] + [2]) |2 — 2|

for each (z, z) € (R1*4)2,

The following lemma slightly generalizes Hu and Tang [15, Lemma 2.1].

Lemma A.1l. Let the generator f satisfy assumptions (A1) and (A2), and both |n| and fOT aydt
be (essentially) bounded. Then, BSDE (A.1) admits a unique solution (Y,Z) such that'Y is
(essentially) bounded and Z - B := (fot ZSst)t is a BMO martingale. Moreover, for each

€[0,7]
t € [0, T] and each stopping time T with values in [t,T], we have

1 T
Y| < 71n2+‘|77”oo+H/ asds
0

00 (A.2)

21+6

140 +
+6 (10llsgey, ) (T = 1) + 975 ConnllV iy, 1, (T = 1)
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and

T
E, [/ |ZS|2ds]

1 1
< 5 exp(27|nllec) + —exp | 2y
¥ v

T
-(1—}—2‘/ agds
0

sup |Ys]
s€[t,T]

) »

+
+20 (101, ) (T = 0+ 2sanIVlghi, (T~ 0

oo
where
1-96 146 2
Csxan = T(l +0)13 (nA)T-3. (A.4)
Proof. Since V € BMO(R™%), it follows from Young’s inequality that for each real k > 0,

1+6

1—6
91+é = Vs 2 2
A = (@ F VRS, (o)) v
am T+ 0V, s
1 9148
< Vo2 4 k5 5C6An||v||BMO . 0<t<s<T,
2||VHBMOtT [t,T]

where the constant Cj y ,, is defined in (A.4). On the other hand, it follows from John-Nirenberg
inequality for BMO martingale (see for example Lemma A.1 in Hu and Tang [15]) that for each

t € [0,7] and each stopping time 7 with values in [t, T,

1 T
exp / |Vs|“ds
MV iy I

Thus, combining previous inequality and inequality (A.5) with k := pv yields that for each

E. =2, telo,T) (A.6)

N[ —

p>1landte[0,T],
T s 2155
E, [exp (mm [ d)} < 2exp <(m)1 5CornlV It <T—t>) < 4o, (AT
t
and then, in view of U € §*°(R") and the boundedness of || and f(;f asds,

T
E, [eXp <m|77| +m/ (as + o(|Us]) + nAIVS\”‘S) dsﬂ

< 2exp<p’YH77Hoo+mH/ agds +m¢(HUHstT1)(T—t)

1+6

(09 T CarallV i, (T—t)) < +oo.

]

In view of assumptions (A1)-(A2) and with previous inequality in the hand, we can apply

Theorem 2 in Briand and Hu [6] to see that BSDE (A.1) admits a solution (Y, Z) such that

T
E [/ ZSyst] < 400
0
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and

T
exp (Vi) < 2exp<7||n||oo+7H /0 uds

+96 (1Ullsgey, ) (T = 1)

2 =
#175 ConnlVIhidy (T 1))

This shows that (A.2) holds and Y is bounded.

21+5

We now show that (A.3) holds and Z - B is a BMO martingale. Using It6-Tanaka’s formula
to compute exp(2y]Y;|) and utilizing assumption (A1), we have, for each ¢t € [0,7] and each

stopping time 7 with values in [t, T,

T
exp(2y|Y;]) + 20°E, [ / expmw)rzﬁds]
T T f}/
< E; [exp(27|n])] + 27E- U exp(27|Ys|) (as + o(|Us|) + nA| V5|0 + §!Zs!2> dé’] :

Therefore, in view of (A.5) with k :=1,

T
VR, [/ |Zs|2ds}

< exp(27[7]le) + 27 exp (27

T
<‘/ agds
0

from which the desired conclusions follows immediately.

Finally, in view of assumption (A2) with (U, V) € S®(R") x BMO(R"*?), by a similar

sup |Ys|
s€(t,T]

146

)

1 2
+0 (10ll53,,) (T =)+ 5 + ConnlV ki (T = 1)) < 405,

(t,T]

oo

argument to that in Hu and Tang [15, Lemma 2.1 ], we can use the Girsanov transform to prove

a comparison result on the solutions of BSDE (A.1), which yields the desired uniqueness. [

Lemma A.2. Assume that (U, V) € S®(R") x BMO(R™*), both |n| and fOT awdt are (essen-
tially) bounded, and (Y, Z) is a solution of BSDE (A.1l) such thatY is (essentially) bounded.
(i) If dP x dt — a.e., it holds that

sgn(Y(w))f (w,t, Ze(w)) < ar(w) + BIU(w)| + AlVe()[ ' + %IZt(w)IQ, (A.8)

then for each t € [0,T], we have

T
exp(IYil) < E [eXP(’Y||77||oo+7H / auds
0

[e.9]

T
#0700 [ Ve 0as) |
t

[t,T]

(i) If dP x dt — a.e., it holds that

f @0, 2w)) 2 22U = a(w) — BIUw)] = AlVi(w) 1+ (A.9)
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or

flw,t, Zy(w)) < —%!Zt(w)\Q +ar(w) + BIU ()] + AVa(w)|', (A.10)
then for each ¢ € (0,3] and t € [0, T], we have

5 (T T
E; [exp <25/ ]Zs]2ds>} < E; |exp | 6e / agds
t 0

T
38U lsee, (T — 1 —1—35)\/ M|1+5d8>] |
' t

sup |Ysl|| +3e

s€(t,T]

o0

Proof. In view of (A.7), using It6-Tanaka’s formula to compute

t
exp (14149 [ () + 0L + AV )4) s
0
one can easily obtain (i). And, in view of (A.7) again, we can apply a similar argument as in

the proof of Fan et al. [11, Proposition 2] to get (ii). The detailed proof is omitted here. O

The following two lemmas provide some bounds on the (possibly unbounded) solutions of
one-dimensional quadratic BSDEs, which can be derived from (i) of Fan et al. [11, Proposition

1]. We omit the detailed proof here.

Lemma A.3. Assume that there exists an (F;)-progressively measurable scalar-valued non-

negative process (Qi);ejo,r) such that dP x dt — a.e.,

V2 e R |f(w,t,2)| < aulw) + 1|22,

2

Then, for any solution (Y, Z) of BSDE (A.1) satisfying

T
E |exp | 2y sup |Yt]+2'y/ agds | | < 400,
te[0,7] 0

we have

T
exp (O 1¥il) < B foxp (o +7 [ auas) | ee o]

t

and

T 1 T
E [/ ]ZSIst] < ?E [exp <2~y\77] + 27/ @Sds>] :
0 0

Lemma A.4. Assume that there exists an (F;)-progressively measurable scalar-valued non-

negative process (Qu)iejo,r) such that dP x dt — a.e.,
VzeR™M, flwt,z) < alw)+ %IZ\Q-

Then, for any solution (Y, Z) of BSDE (A.1l) satisfying

T
E |[exp (27 sup Y;++2fy/ asds> < 400,
0

te[0,7

we have

T -
exp (’yYﬁ) < E; {exp (,er + ’y/ asds> , te€][0,T].
t |
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