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SIGN-CHANGING SOLUTIONS OF THE NONLINEAR HEAT
EQUATION WITH PERSISTENT SINGULARITIES™*>**>***

THIERRY CAZENAVE!**** FLAVIO DICKSTEIN?, IVAN NAUMKIN®
AND FRED B. WEISSLER*

Abstract. We study the existence of sign-changing solutions to the nonlinear heat equation d;u =
Au + |u/*u on RN, N > 3, with 5 < a < ao, where ap = Wm € (523 v—3), which are
singular at z = 0 on an interval of time. In particular, for certain p > 0 that can be arbitrarily large, we
prove that for any ug € L2 (R \ {0}) which is bounded at infinity and equals p|z|~ Zina neighborhood
of 0, there exists a local (in time) solution u of the nonlinear heat equation with initial value ug, which
is sign-changing, bounded at infinity and has the singularity B\xr% at the origin in the sense that
for t > 0, |x|%u(t, x) — B as x| — 0, where 8 = 2(N — 2 — 2). These solutions in general are neither
stationary nor self-similar.
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1. INTRODUCTION

In this paper, we study the nonlinear heat equation

Opu = Au + |u]%u (1.1)
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on RY with

N >3 and <a<a, (1.2)

2
N -2
where

4
N—-4+2/N -1

apg — (13)

(Note that 25 < ag < 7, see Lem. 2.1 (i).) We are interested in sign-changing solutions of (1.1) which have
a singularity at x = 0 on an interval of time.

Positive solutions of (1.1) with a standing or moving singularity have been well studied. The simplest, for all
o > 125, is the homogeneous stationary solution B@|z|~% where

2 2
5:—(N727—>>O. (1.4)
a o
Moreover, for all 325 < a < w5, (1.1) has a one-parameter family (Uy)x>o C C2(RY \ {0}) of radially sym-

metric, positive, smgular stationary solutions satisfying \x|%U,\(x) — B% as x — 0 and |z|N 20U (z) — A as
|z| = oo. Furthermore, for this range of a, the family (Uy)xso and 3% |z|~4 constitute all the positive, radially
symmetric, singular stationary solutions of (1.1). See ([21], Prop. 3.1). Under the stronger assumption (1.2),
these solutions can be used as prototypes to construct positive solutions of (1.1) with a moving singularity, i.e.
a singularity located at x = £(t) for every ¢ in some interval, under appropriate conditions on the function &(+).
See [17, 20]. Positive self-similar solutions of (1.1), both forward and backward, with a standing or moving sin-
gularity, have also been constructed, see [18, 19]. The finite-time blowup and the long-time asymptotic behavior
of positive singular solutions of (1.1) are studied in [7, 16].

Sign changing stationary solutions of equation (1.1) have been less studied. We show here that for all % <

a < equation (1.1) has sign-changing, radially symmetric, stationary solutions that are singular at = 0.

N 2
These solutions behave like S |:r\*% at the origin and oscillate indefinitely as |x| — oo. See Proposition 6.1 and
Corollary 6.2.

For the same range % <a< ﬁ, equation (1.1) also has sign-changing, radially symmetric, self-similar
solutions which are singular for all positive time. More precisely, it follows from ([5], Thm. 1.3) that there exist
an integer M > 0 and an increasing sequence (ftm)m>m C (0,00), tm — 00 as m — oo, such that for each iy,
there exists a radially symmetric self-similar solution

U(t,z) = t‘f(l\x[l)

of (1.1) in the sense of distributions, where the profile f € C?(0,00) has exactly m zeros and satisfies

P (R D) S f A =0 (15)

Moreover, ra f(r) — B as r — 0 and 7 f(r) = (—=1)™pm as r — oo. It follows that |z|aU(t,z) — B+ as
|z| = 0 for all > 0, and U(t,-) = (—1)™ | - | =& in LL_(RN) as t — 0.

The purpose of this article is to construct sign-changing solutions of (1.1) which are singular at x = 0 for
small positive time, and which are neither stationary nor self-similar. The construction of these solutions is
based on the following perturbation result.
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Theorem 1.1. Assume (1.2). Let S > 0 and

U e Lt ((0,5) x RY) N C((0,8) x (RN \ {0})) (1.6)
satisfy for some constant C
el£00,) 6% < O (L) 1] (17)

for0 <t < S and x # 0, where

— Bla+1), (1.8)

and B is given by (1.4). (p >0 by Lemma 2.1 (iii) below.) Assume further that there exists Uy € L (RY) such
that

U(t")—>UO(')7 (19)

t—0

Tl
n L.

(RM). Given § >0 and ug € L (RY) N L>({|z| > 6}) such that

loc
uo(z) = Up(x) a.e. on {|z| <},
there exist T € (0,S) and a solution u € LT ((0,T) x RN) N C((0,T) x (RN \ {0})) of

ou — Au = |[u|*u — [0,U — AU — |U|*U], (1.10)

in the sense of distributions D'((0,T) x RY), such that

u(t) —uo in LL . (RM), (1.11)
and
lu(t,z) —U(t,z)] <CA+|z|™"), 0<t<T,x#0, (1.12)
where
nNQQ\/(N42)25(a+1)>0. (1.13)

In Theorem 1.1, the choice of ug is both flexible and rigid. On the one hand, for |z| > ¢ there is complete
freedom to choose ug as long as it is bounded. On the other hand, for |z| < d, ug must agree precisely with Uy,
the initial value of the given function U. The following remark gives information on the relationship between U
and u, and how ug affects this relationship.

Remark 1.2. (i) In Theorem 1.1, U need not be a solution of (1.1), so that u need not be a solution of (1.1).
However, if U solves (1.1), then so does u.
(ii) In Theorem 1.1, U need not be radially symmetric. Even if U is radially symmetric, v is not radially
symmetric if ug is not. (Recall that ug is specified only in the ball of radius d.)
(iii) The function u cannot be a stationary solution of (1.1), unless ug is a stationary solution of (1.1), by (1.11).



4 T. CAZENAVE ET AL.

(iv) The function u cannot be a self-similar solution of (1.1), unless ug is homogeneous. Indeed, recall that the
initial value of a self-similar solution, if it exists, is always homogeneous.

(v) Since n < &2 < 2 by (1.2) and (2.2), it follows from (1.7) and (1.12) that u given by Theorem 1.1 is
singular for all 0 < ¢ < T at = 0, and has the same singular behavior as U(t), i.e.

] % u(t, @) — B (1.14)

In order to use Theorem 1.1 to construct sign-changing solutions of (1.1) with a singularity at z = 0, we
consider separately the cases where U is a radially symmetric stationary solution of (1.1), and where U is a
radially symmetric self-similar solution of (1.1) with singular profile. This gives the following two theorems.

Theorem 1.3. Assume (1.2). Let U be a radially symmetric, stationary solution of (1.1) that is singular at
x=0. Given § >0 and ug € L (RV) "L ({|z| > §}) such that

uog(x) =U(z) a.e. on {|z| < 0},

there exist T > 0 and a solution u € LT1((0,T) x RN) N C((0,T) x (R¥ \ {0})) of (1.1) in the sense of

distributions, such that (1.12) holds and u(0) = ug in the sense (1.11). Moreover, u(t) is singular at x =0 for
allt < T and satisfies (1.14).

We stress the fact that there exist sign-changing stationary solutions U to which Theorem 1.3 applies, by
Corollary 6.2. In this case, if § is sufficiently large, then the solution w is sign-changing for small time by (1.11).
See below for further discussion of this point.

Theorem 1.4. Assume (1.2). Let f € C?(0,00) be a solution of the equation (1.5) having the singularity
raf(r) = B asr— 0, let

@= lim T%f(’l") ER, (1.15)
r—00
which exists by Proposition 7.2. Let
_ 17
Ult,z) =t f(\/%>, t>0,2 40, (1.16)

so that U is a self-similar solution of (1.1) by Proposition 7.2. Given § >0 and ug € L{, (RY)NL>®({|z| > 6})
such that

ug(x) = u\x|_% a.e. on {|z| < 4},

there exist T > 0 and a solution u € LXT1((0,T) x RN) N C((0,7) x (RY \ {0})) of (1.1) in the sense of
distributions, such that (1.12) holds and u(0) = ug in the sense (1.11). Moreover, u(t) is singular at x =0 for
allt < T and satisfies (1.14).

There exist sign-changing self-similar solutions U to which Theorem 1.4 applies, by Proposition 7.2. In
this case, the solution u is necessarily sign-changing for small time, see the discussion below. Moreover,
Proposition 7.2 states that (1.15) can be achieved by a sign-changing profile for a sequence p = p,, — 0.

Note that, for a given solution U, Theorems 1.3 and 1.4 produce many different solutions of (1.1) with the
same singularity. Indeed, we can choose ug arbitrarily for |z| > ¢ as long as up € L>({|z| > ¢}). That two
different choices of ug produce two different solutions of (1.1) follows from (1.11).

We observe that using Remark 1.2 and Theorems 1.3 and 1.4 we do indeed obtain sign-changing solutions
of (1.1) with persistent singularities, which are neither stationary nor self-similar. We may assume that wug is
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neither homogeneous, nor a stationary solution of (1.1). That wu is sign-changing is of course true by (1.11) if ug is
sign-changing, and this is always possible since ug is prescribed only for |x| < §. Furthermore, in Theorem 1.3, if
U is sign-changing and § is chosen sufficiently large, then uq is necessarily sign-changing. Finally, even if ug > 0,
Theorem 1.4 produces sign-changing solutions. Indeed, suppose the profile f is sign-changing (there exist such
profiles, see [5], Thm. 1.3), and let 7,& > 0 be such that f(7) = —e. Given any z¢ € RY such that |zo| = 1, it
follows from (1.12) with = = 7/tx¢ that

[t u(t, TVEwo) +e| = 7 |u(t, TVExo) — Ut 7Ewo)| < C(t7 + 77"t #) <

DN ™

for ¢ > 0 small, so that u(t, 7v/txg) < —%t’é < 0 for t > 0 small.
We formalize some of the previous observations with the following corollary to Theorem 1.4.

Corollary 1.5. There exists a sequence (fin)n>1 C (0,00), pn — 00, such that if ug € Li (RV)NL>®({|z] > 1})
satisfies

uo(x) = ,un|x|_% a.e. on {|z| < 4},

for some 6 > 0 and n > 1, then there exist T > 0 and a sign-changing solution u € Li’éﬁl((o,T) x RY) N
C((0,T) x (RV\ {0})) of (1.1) in the sense of distributions, which is not self-similar (or stationary), such that
w(0) = wug in the sense (1.11) and w satisfies (1.14) for all 0 < t < T. In particular, u(t) is singular at © =0

forallO <t <T.

2
=

In Theorem 1.4, the solution u(t) has the spatial singularity u|x\*% when t = 0, and the singularity 8= |z|~
when ¢ > 0. Since pu can be chosen arbitrarily large by Proposition 7.2, we see that the singularity of u at ¢t =0
can be greater than the singularity at ¢ > 0.

Let a > 0 and let up € L2 (RN \ {0}) N L®°({|z| > 1}) equal pu|z|~& near the origin with x> 0. If p is
sufficiently large, then there is no positive (possibly singular) solution of (1.1) with the initial value ug. See ([5],
Prop. A.1) or ([6], Cor. 2.7). (Note that this is not in contradiction with the results in [17-20], since all the
positive, singular solutions of (1.1) constructed there have an initial value uo = u(0) which behaves like 8= ||~ &
near the origin.) On the other hand, if o < ﬁ, then there exist sign-changing, local in time solutions (regular
for positive time) of (1.1) with the initial value ug. See ([6], Thm. 5.1). It follows from Corollary 1.5 that, at
least for certain arbitrarily large p and under assumption (1.2), there also exist local in time, sign-changing
solutions of (1.1) with the initial value g, which are singular at the origin for positive time.

We observe that for positive data (U > 0 and ug > 0), Theorem 1.3 is weaker than ([20], Thm. 1.1). Indeed,
in ([20], Thm. 1.1), the singularity of u can move with time, and ug need not be equal to U(0) in a neighborhood
of the origin, but sufficiently close to U(0). A technical reason for this difference is that Theorem 1.3 allows
sign-changing solutions so that we cannot apply the powerful comparison arguments used in [20].

Also, it is natural to ask if u(¢,x2) — 0 as |z| — oo in Theorems 1.3 and 1.4, assuming ug(z) — 0 as |z| — 0.
Our construction of the solution u does not answer this question. The analogous property for perturbations of
self-similar solutions with regular profile is true, see ([6], Thm. 5.1).

We now describe our strategy to prove Theorem 1.1. We construct u as a perturbation of U in the form

u=U+w.
The resulting equation for w is
Ow — Aw = |U + w|*(U + w) — |U|*U. (1.17)

The leading term on the right-hand side of (1.17) is (a + 1)|U|“w, which by (1.7) behaves like B(a + 1)]z]|~?w
near the origin. This makes it delicate to apply a standard perturbation argument to (1.17). It turns out to
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be helpful to subtract the term (a + 1)|x|~2w from both sides of the equation, leading to the following heat
equation with inverse square potential

ohw — Aw — Bla+ 1)|z| 2w = Mw, (1.18)
where
Muw = |U 4+ w|*(U +w) — |U|*U — Bla+ 1)|z|w. (1.19)
We observe that the operator —A — 8(a+ 1)|x|~2 in (1.18) has good properties only if

(V —2)°

Bla+1) < I (1.20)

the constant in Hardy’s inequality. Inequality (1.20) is equivalent to a < ap, where g is given by (1.3). (See
Lem. 2.1 below.) Note that ag > 525, since N > 2. Under the assumption (1.20), the operator H on L*(RY)
defined by

(1.21)

D(H) = {u € H(RY); Au+ B(a+ 1)|z|~%u € L2(RY)}
Hu=Au+ B(a+1)|x|"2u, we D(H)

is a negative self-adjoint operator, hence the generator of a Cy semigroup of contractions (e!?);>0, which is an
analytic semigroup on L?(R”). Moreover, there exist two constants A > 0 and a > 0 such that the corresponding
heat kernel IC(t, z,y) satisfies the estimate

lz—y|?

0<K(t,,y) < At™Ze ot h(t,z)h(t,y), (1.22)
where
VT

htz) = (1+ ), 1.23
(t0) = (1+77) (1.23)

and 7 is given by (1.13). See ([10], Thm. 1.2), ([12], Thm. 3), ([13], Thm. 3.10).

Using the kernel K we write equation (1.18) in the integral form
¢
RN 0 JRN

where wg = u(0) — U(0). Since K is bounded from below by a term similar to the right-hand side of (1.22),
it follows that IC(¢,x,y) has the singularity |z|~" as |z| — 0 and similarly in y. Thus we see that the kernel
of the operator e associated with equation (1.18) is more singular than the heat kernel associated with
equation (1.17). Of course, the right-hand side of (1.18) is less singular than the right-hand side of (1.17). In

fact the worst term in Mw is of order (lm||f\/i)“’|ar|_2w, where w > 0 is given by (3.14) below. (See (4.14),

(4.16), (4.17).) At positive times, this term is better than |z|~=w. However, as t — 0, it behaves like ||~ aw.
This, combined with the singularity of the kernel, excludes the possibility of carrying out a standard contraction
mapping argument based on (1.24). Our solution to this difficulty is taken from [6] and involves a contraction
mapping argument in a class of functions w that are sufficiently small as (¢,z) — (0,0) so as to balance the
singularity of Mw. The key point is to find such a class which is preserved by the iterative process. The fixed
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point w thus obtained satisfies the integral equation (1.24) and in fact solves (1.18) in the sense of distributions.
Therefore u = U + w satisfies (1.10) in the sense of distributions.

We do not know if the condition o < ap in Theorem 1.1 is necessary. However, if a > ag (i.e. S(a+ 1) >
M), then our proof breaks down from the beginning, since in this case the linear heat equation with potential
B(a+ 1)|z|72 is ill-posed, see [1, 23].

The results in this paper are motivated by our article [6] where we prove an analogue of Theorem 1.4 where
the self-similar solution U has a regular profile. Such self-similar solutions have a singularity at (¢,z) = (0,0),
which introduces some limitations in our results. In particular, we are led to consider in [6] initial values wg
that equal U(0,-) in a neighborhood of the origin. The same limitation appears here, and we do not know if it
is technical or not.

The rest of this paper is organized as follows. Section 2 is devoted to some properties of the parameters we use
throughout the paper. In Section 3, we establish some specific estimates for the nonhomogeneous heat equation
with inverse square potential. In Section 4, we introduce the setting for the fixed point argument that we use in
Section 5 to prove Theorem 1.1. In Section 6, we give a description of the radially symmetric, stationary solutions
of (1.1), showing the existence of sign-changing solutions. In Section 7, we deduce Theorems 1.3 and 1.4 from
Theorem 1.1. We collect in Appendix A some general properties, concerning mostly the linear heat equation
with inverse square potential, that we use in the paper and for which we did not find a reference.

2. ELEMENTARY INEQUALITIES
This section is devoted to the following elementary properties.

Lemma 2.1. Suppose N > 3, and let oy > 0 be defined by (1.3) and A € R by

G )

The following properties hold.

(i) o satisfies

(ii) For 0 < oo < 125, the three properties

a < ap, (2.3)
A >0,

and (1.20) (where 8 is given by (1.4)), are equivalent.
(iii) Let 0 < a < ap and let A > 0 be given by (2.1). If pu1, po are defined by

1 N-2
== — — A 2'
/141 o 4 9 (5)
1 N-=-2 —
@ 4

then 0 < p1 < ps. Moreover, % —B(a+1) >0 by Property (ii) above, and if p is given by (1.8), then

p =24 (2.7)
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so that p > 0.

Proof. Since

2VN —1= /N2 — (N —2)2
we see that 2/ N — 1 < N. Therefore N —4 4+ 2v/N — 1 < 2N — 4, hence ag > % Moreover,

2VN —1>2,

so that N —4+2y/N —1 > N — 2, hence ag < ﬁ. This proves Property (2.2).
We now prove Property (ii). We have

so that (2.4) and (1.20) are equivalent. We write

L_N-2 VN-T-1

(67} 4 2
and
1
—=——4¢
« (67}
so that

A=e2+evVN—1.

It follows that A > 0 if and only if either € > 0, i.e. a < g, or else ¢ < —y/N — 1. In this last case,

1 1 N-2 1 N-1 N-=-2
—<——-VN-1=—""-—--— <
a Qg 4 2 2 4

so that o > 2. Thus we see that (2.3) and (2.4) are equivalent.

To prove Property (iii), we observe that yo > 1. Moreover, A < (£ — &22)2 Thus VA < 1 — =2 50 that

w1 > 0. Finally, formula (2.8) yields p = 2u4. O

3. THE NONHOMOGENEOUS HEAT EQUATION WITH INVERSE SQUARE
POTENTIAL

In this section, we assume (1.2), and we use the operator H defined by (1.21) and the corresponding semigroup
(e!);>¢ with the kernel K(t,z,y). We let p,n > 0 be defined by (1.8) and (1.13), respectively. This section is
devoted to estimates of

/t e(t—s)Hf(S) ds,

0

for some specific right-hand sides f.
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Lemma 3.1. Let ¢>1,0<b<2 and k >0 (k> 0 if b= 2) satisfy
b+ (c—1)n—r < 2.
Since 2n < N —2 by (1.13), we have b+ (c+ 1)n — k < N, and we fix
0<e< min{%,N— (b—|—(1+c)77—/£)}.
Define ¥(t) fort >0 by

c - T i

(3.3)

where h is given by (1.23). It follows that for every m > k — 2 there exists By, > 0 such that for all 0 < r < oo,

t
»/O 6(tiS)Hl{|y|<r}\11(57 )5% ds < erstm+227b |l‘|7€h(t,£v),

for allt >0 and x € RN, with B,, — 0 as m — oo.

Proof. We write using (1.22),

_lz—y)?

Iy <oy U (s) (@) < At = 5,2)(t = 5) 7% / STy <ryh(t = 5,9) ¥ (s,y) dy

= Alam) Th(t — s,2)e T2 1y h(t — 5,)U(s, )] (),

so that
(t=s)H U(s) < Ch(t — s, 2)edt=9) {1 h(t — s, )h(s, )| - *b(7| | )H}
€ {lyl<r} (3) > ( 571')6 {ly|<r} ( S, ) (57 ) | | | | +\/§
Since
(tfs)% sE (tfs)g 5% (tfs)gs%
htfs,yhs,yCSC’(lJr )(1+ )§0(1+ 2y )
(=5 9)h(s9) MK PG i Tl T s

we deduce that
ne

eI U(s) S Ch(t—s,a) [l +(t—8)3 L+ 82 I+ (t — 5)3s% L]

where

I = ed=a(y, ,4,( -] )”)
1=e€ {yl<r3| | BEWE

(
I = 40798 (1 oy - |b"(|.|u|\/§)ﬁ)’
Is = 6%(t78)A(1{\y\<r}| ' |bnc(W)H)’
(

Lijy<ryl - |_b_(1+c)n(| } ||_;_\/§>K).

Iy = e%(t—s)A

(3.4)

(3.5)
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We note that

Lijyjry < 7°0YI75 (3.6)
and we recall that if 0 < p < N, then
A TP <Ot + Jxf?)7E. (3.7
See e.g. ([4], Cor. 8.3).
Let k1 = min{x,b}. We have
I < rae%(t—s)A(‘ . |—b—a(.||_|'_\/§)"1) < g F (|| remm)y .

b+

b—kKq

T < Orfla| Tt T (t—s) 2,

<Crfs T (t—s+ |z)%)~

where we used (3.6), (3.7) and the property 0 < b+e— k3 <b+e < % < N.
Similarly, letting ko = min{x, b+ n},

I <ros F et oA (L mbnmetne) < Ores F(t— s 4 af?) 7 < Crflal s R (t—s) T T, (3.9)
where we used (3.6), (3.7) and the property
9 9 N-2
0§b+77+5—1‘€2§b+77+5§1+77§1+7<N-
Next, setting k3 = min{x, b + cn},
£.—3 2(t—s)A —b—cn—e+k £ — 2 2\ bEente—rg
I3 <rfs” 7 ed (] 3) < Crfs™ 7 (t— s+ |z|*) 2
K. (c—1)n—k 7
<Crfla) s H (- s) T T (s o) (3.10)
" b+(c—1)n—r3 1
<Crfle|fs R (-5 T
rlel TR ) [2Th(E — 5,7)

Here we used (3.6), (3.7) and the property 0 < b+cn+e— k3 < N. The last inequality is immediate if k5 = b+ cn;
and if k3 = k, it follows from b+ cen+e—k <b+ (14+c)n+e—k < N by (3.2).
Furthermore, setting x4 = min{x, b+ (1 + ¢)n},

_ br(+e)nte—ry
2

_bben—rg 1 (3.11)
|z|"h(t — s, )

I < ras—%e%(t—s)Aq . |—b—(1+c)n—a+n4) < CTES—%@ — s+ |,’E|2)

btcn—ry

<COrfle|CsTF (t—s) T (t—s+|x?)”

n
2

< C’r€|a:|*es*%4(t —5)

In (3.11) we used (3.6), (3.7) and the property 0 < b+ (1 + ¢)n+ ¢ — k4 < N. The last inequality is immediate
if kg = b+ (14 ¢)n; and if kg = &, it follows from (3.2). We deduce from (3.5), (3.8), (3.9), (3.10) and (3.11)
that

K1 b—rq Ko b—ro
relalfet D L W(s) <Ch(t — s, ) [sfv(tfs)*Tﬂ*T(tfs)* : }

—K3

+ Clz|™" [snc2 (t—s)

_bt(e—=1)n—kg ne—rq
2

2 (t=s)

_ b+(c—1)n—'i4]
Pl
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Since h(t — s,2) < h(t,z) and |z|~" <t~ 2 h(t, ), we deduce that

b—ro

P Jalf ety g W(s) SCh(t @) [s7F (=) T 45T F (1 s)

_n ne—ks _b+((‘.71)n7ﬁ3 nc—rgq _b+(c—1)n—~4
+t 2(3 T (t—s) 2 +s =z (t—s) 2 )}

Multiplying by s% and integrating in s € (0,t), we obtain (3.4) with

2 L m—sy b—r; 4 L mne—ny bt(e—Dn—r,
Bm:CZ/ o (170)’Tdcr+C’Z/ oz (l-0)" = do (3.12)
j=170 j=370

The integrals in (3.12) are finite. Indeed, for all j € {1,2, 3,4},

> —1.

min{mfnj’m+nc—/{j}>mfn
2 2 -2

Moreover, b_;j < g <1 for j = 1,2. Furthermore, if x; = & for j = 3 or j = 4, then

b+(c—1)n—r; bt+(c—1)n—=~ <1
2 B 2

by (3.1). If k3 = b+ ¢, then PHe=Dn=rs — 1 < < 1. Similarly if ks = b+ (1 + ¢)r, then He=Dn=rs

—n < 0 < 1. Finally, the property B,, — 0 follows by dominated convergence. O
Lemma 3.2. Let

(b1, c1, 1) = (2,1, p),
(ba,ca,k2) = (0,14 «,0),
(b3, c3, 13) = (2221 12 0),
(ba,ca,k4) = (2,1, p)

It follows that by < 2 and that the triplets (bj, cj, k;) satisfy (3.1) for j =1,2,3,4.
Proof. We first note that by (1.13)

N —2 2
<=, (3.13)

<
n 2 o

since a < ﬁ. Next,

bi+(c1—1)n—Kr1=2—p<2.
For j =2,

by +(ca—1)n—Ky=an <2

by (3.13). For j = 3,

2
b3+(03—1)77—/€3=2—a+77<2
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by (3.13). For j = 4,
by+(ca—1n—Kry=2—ap<2.
This completes the proof.
Lemma 3.3. Let
w = pmin{l, a}
and let

||

2| + Vit

glt.2) = ( ) lal 72 + (M(t,2))* + MG, 2)

for a.a. t >0, x € RN, where M >0, h is given by (1.23), and

it 2) 0 a<l
T = o
g o~ h(t ) a> 1.

It follows that there exists a constant A such that

g(t,x) < A(1+|z[7?)
g(t, x)h(s,z) < A(L+ |z|~"2)
g(t, 2)h(s,z)h(o,2) < A1 + |z| V)

for a.a. t,s,0 € (0,1) and x € RN, where

N-2
V=== >0,

Moreover, there exists g > 0 such that if 0 < e < g is fized, then for every m > max{p, ap} — 2,
t m m
/0 e(t_S)H1{|y|<T}g(s)h(s)s7 ds < Ry, rt= || ~%h(t, x)

where

R,, — 0.

m—r o0

Proof. We first prove (3.16)—(3.18). It follows from (1.23) and (3.15) that for 0 <¢ <1

g(t,7) < O+ fal 2 o] 4| 242 7)
g(t, 2)h(s,2) < O(1 + |z| 7277 + |o|~@+Dn 4 |g|~2+5—2m)
g(t, 2)h(s, 2)h(o, 2) < O(1 + |z| 72727 4 ||~ (@+Dn 4 |g|=2+E—3n)

(3.14)

(3.15)

(3.16)
(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
(3.23)
(3.24)
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Since

N -2 N -2
_ _ d 2
N3 and 7 5 9 < 5 (3.25)

o <

we see that na < 2 and 2 — 5 > 0, so that (3.16) follows from (3.22). Using again (3.25), we obtain 2+ 7 < 242,
(a+1)n < &2 and 2 — 2 + 2 < &2 hence (3.17) follows from (3.23). Moreover, (3.25) yields
242n=N-29 <N -9,

2N
<N-9
N-2"7 ’

2
2-Z43)<N-39<N-0,
«

(@42 <N -9

so that (3.18) follows from (3.24).

Estimate (3.20) follows from Lemma 3.1. For the term (ﬁ)ﬂﬂ” we apply Lemma 3.1 with (b, ¢, k) =
(2,1,p) if w=p and (b,c,x) = (2,1, ap) if w = ap. This is possible by Lemma 3.2. For the term h* we apply
Lemma 3.1 with (b, ¢, k) = (0,1 4+ «,0). This is again possible by Lemma 3.2. Finally for the term g, we need
only consider the case « > 1 and we apply Lemma 3.1 with (b,¢, k) = (@,2,0), which is possible by

Lemma 3.2. O

4. THE SETTING FOR THE FIXED-POINT ARGUMENT

In this section, we assume (1.2), and we use the operator H defined by (1.21) and the corresponding semigroup
(e');>0 with the kernel K(t,z,y). We introduce the framework for the fixed-point argument that we use for
the proof of Theorem 1.1.

We begin with the definition of several auxiliary functions. Let § > 0, and set

a; =275 (4.1)

for j > 0. Define the sequence (x;)j>0 C L>(RY) by

0 |z| <aj
i(x) = 4.2
Given T' > 0 and an integer m > 1, we set
o(t,z) = hit,x) [t + 3t x5 |, (4.3)
j=1

for 0 <t < T and x € R, where h is given by (1.23). Given M > 0, we define
€= {w € Li,o((0,T) x RY); |[w| < MO}, (4.4)

and

w — zH
O llLe(0,1)xRN)’

d(w, z) = H w,z €&, (4.5)
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so that (£,d) is a complete metric space.

Lemma 4.1. Let § > 0. With the notation (4.1)—(4.2), it follows that there exists By > 0 such that for all j > 0

and all 0 <t,s <1
31
ey, < Blh(t,:v)(efW + Xj+1>
where a is the constant in (1.22) and h is given by (1.23).

Proof. Applying (1.22),

_lz—y|?

K(t, 2, )3, (y) dy < Ct 5 h(t, 2) /{ ey
yl>a;

RN

We also write

K(t,z,y)x;(y)dy < Ct_%h(t,x)/ e_%h(t,w —y)dy.

RN RN

We deduce from (4.8) that

_N _ly \/?E !
/ K(t,z,y)x;(y)dy < Ct™= h(t,x)/ e et (14 ﬁ dy
RN =Yy

Since n < N by (1.13), we see that

_lw? 1 n _lw? _
e e (1—|—7) < n e o +27 |z —y|™"<C
RN |Z _y‘ RN |z—y|<1

independent of z € RV, and it follows that

o K(t, z,y)x;(y) dy < Ch(t, )

for all x € RY. In particular, if || > a;41, then

x K(t,z,y)x;(y) dy < Ch(t, z)x;1().

Next, if |z| < aj+1 and |y| > a;, then

1 1
lz —y| > |yl — aj41 = |y| - 5% = §|y| > aji1
and so
lo—y|2 Cle—yl® _lz—yl? i el
e at = ¢ 2at e 2at < @ Bat @ 2at

(4.6)

(4.7)

(4.10)
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If |z| < a;41, then we deduce from (4.7), (4.10), and h(¢,-) < h(1,-) that

. 2
2 2
Lyl @

K(t,2,y)x;(y) dy < Ch(t,x)e™ % =¥ / ™ 4T h(1,y) dy < Ch(t,z)e” 3o . (4.11)
RN RN

Then (4.6) follows from (4.9) and (4.11). O

Lemma 4.2. Let S >0 and let U € L1((0,5) x RY) +1°°((0,9) x RY) satisfy (1.7) for a.a. 0 <t < S and
x # 0, where p is given by (1.8). Let T < S,

1
0<T< T (4.12)

§>0, M >0, and let € be defined by (4.4). It follows that Mw € LL _((0,T) x RY) for all w € £, where Mw
is defined by (1.19). Moreover,

(Muw(t,-) = Ma(t,-)| < Balw(t, ) — 2(t,-)lg(t, ), (4.13)

for allw,z € &, where g(t,x) is given by (3.15) and By is independent of T, m, M, w and z.

Proof. Let w,z € £. Set
7(s) = |sl°s
and define
Z(z) = Bela| ", V=U-Z (4.14)
It follows that
Mw=f(Z+V+w)—f(Z+V)— f(Z)w,
so that

Mw—-—Mz=f(Z+V+w)—f(Z+V+2)— f(Z2)(w-2)

" , (4.15)
=w=2) | [f(Z+V+sw+ (1-3s)z)— f(Z)]ds.
0
Since f’(s) = (a + 1)|s|* and
e — 1) < 4 Ul i Dl -yl ifa >,
= eyl ifo<a<l,
for all z,y € R, we deduce from (4.15) that
VIS ol + |2 + 271V if o> 1,
|Mw — Mz| < Clw — 2| x | |a+|w|a+\z|a+ (V| + |w| + |2]) if o> (w16)
V% 4 Jw]® + 2] if0< o<1,
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By (1.7)
[zl VP -2
Vit,2) <O (—2— 5+ 1. 417
Vi)l <O (77) lelF 4] (4.17)
On the other hand, (4.3) and (4.12) yield
w| + |2] < 2MO(t,z) < 2Mh(t,x) Yt} < AMh(t, ). (4.18)
=0
if t <T. From (4.17) and (4.18) we get (recall that h > 1)
|z| > -2
V™ + w]® + 2] < O (—=— + (Mh(t,z)) 4.19
VI ol et < O(( ) el o+ (Mb(e)?) (4.19)
and
14 2(a—1)
Z7Y V] + |w| + |2]) < C =l 247 " Mh(t,x)). 4.20
(V1o +1al) < (o 77) Tel 47 (t,7)) (4.20)
Estimate (4.13) follows from (4.16), (4.19), (4.20) and (3.15). O

Lemma 4.3. Let 6 >0, T > 0, and m > max{p,ap} —2, m > 1. Let U € L1((0,T) x RY) + L>((0,T) x RY)
satisfy (1.7) for a.a. 0 <t < T and x # 0. Let xo defined by (4.2) and © by (4.3). Suppose wy € L>(RN)
satisfies |wo| < Cxo and w € Li _((0,T) x RN) satisfies |w| < CO for some constant C. It follows that

loc

t
W(t,z) =: ey —|—/ e H My (s) ds, (4.21)
0
where M is given by (1.19), is well defined and |W| < Ch with C > 0 and h given by (1.23). In particular,
W e LY ((0,T) x RY) +L°°((0, T) x RN).
Moreover, |z|~2W € L _((0,T) x RN) and

loc
W — AW — B(a+ 1)|z|2W = Mw (4.22)

in D'((0,T) x RN). In addition, W, Mw € L>=((0,T) x {|z| > €}) for every e > 0.

Proof. The contribution of wy is estimated by (4.6). Next, using (4.13) with z = 0, and the inequality O(s,y) <
5% + C'xm(y), we have

[Muw(s,y)| < Bag(s,y)|w(s,y)| < CBag(s,y)O(s,y)
< CBss7 g(s,y) + CB2C' xm(y)9(s,y) (4.23)
<C"s% g(s,y) + C"xm(y),

for some constants C’, C”. (In the last inequality, we used the fact that g defined by (3.15) is bounded on the
support of X,,.) Since h > 1, the contribution of s% g(s,y) is estimated by (3.20) with ¢ = 0 and 7 = oo; and
the contribution of x,, is estimated by (4.6) and the inequality h(t — s,x) < h(t,x). It follows that |W| < Ch,

and the L? regularity of W follows from h(t,z) < C' + Clz|~" and n < &2, The same estimate also shows that
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|| =2W € LL _((0,7) x RY). That W, Mw € L>((0,T) x {|z| > €}) for every ¢ > 0 follows from |W| < Ch and
from (4.13) with z = 0.

We now prove (4.22). The term corresponding to wy in (4.21) satisfies the homogeneous equation in D’((0, T") x
RM) by Lemma A.4, so we now assume wg = 0. We fix a function

¢ €C((0,T) x RY).

Next, let & € C(RY) satisfy 0 < € < 1, &(x) =1 for |z| < 1 and &(z) = 0 for |z| > 2, and set

X
Un(@) = €ma), On(@)=1-¢(2), pal@) = 1= vula) = bu(a).
for z € RY and n > 1. It follows that
[nllLr@yy —2 0 (4.24)

for all 1 < r < oo, that p, is supported in {1 < |z| < 2n}, and that 0 < 6,, <1 and 6,,(z) = 0 for |z| < n. We
write

W:Vn+Wn+Zn,

where
v, = / (=98 (4, Muw) (s, ) ds,
0
t
W, = / e (p, Mw)(s, ) ds,
0

Zn:/ e H (g, Mw)(s,-) ds.
0

Since |[Mw| < CgO and © < Ch, it follows from (3.17) that

|Muw| < C(1+ ||~ 2. (4.25)

In particular, we see that p, Mw € L>((0,7T), L>(R")). Applying Lemma A.5, we deduce that

/ RNW( 9¢ = AC— Bla+1)|z|7%¢) = //Cpn/\/lw

L RN so that (Mw € LY((0,T) x RY). Since 0 < p,, <1
and p, — 1 a.e., we deduce by dominated convergence that

Since N > 3, the right-hand side of (4.25) is in Li

T T
/ W (—0:¢ — AC — B+ D] "2¢) —» / / CMuw. (4.26)
0 JRN n=e Jo JRN
Next, we let 0 <7 < 274, so that 1{y/<}xm = 0 by (4.2); and so it follows from (4.23) that

Liyi<rp IMw(s, )| < C"s 11y1<19(s, 9).-
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Since ¥, < 1{‘y|<%} and h > 1, we deduce that for n > %
UnlMuw(s,y)| < C"s% 1, 219(s,y) < C"s% 1y, 22y9(s,9)(s,y). (4.27)
We fix 0 < e < g, where ¢ is given by Lemma 3.3, sufficiently small so that
24+n+e<N. (4.28)
(This is possible, since n < £52.) It follows from (4.27), (3.20) and (1.23) that
Va(t,z) < Cn=f|z|h(t,x) < Cn~%|z|7"7F,

on the support of ¢, and we conclude using (4.28) that

T
/ i Vi (=0:¢ — AC — B(a+ 1)|z|72¢) — 0. (4.29)
0 N

n—oo

Moreover, 0 < 6, < 1{|4/>n}, so that by Lemma A.3

1 T NOX
S - < vz —S 5 .
sup Hh(T) Z"(t)HLoo(mgg) < C/o (1—!— - ) e ds — 0

0<t<T n—oo

Since ﬁ > ¢ > 0 on the support of ¢, and since the support of ¢ is included in {|z| < 5)} for n large, we
deduce that

T
| [, Zac = 5= plas Dl 0 =0 (4:30)

n—,oo

Applying (4.26), (4.29) and (4.30), we see that

T T
/ W(—@tC — AC - 6(0& + 1)‘.73|72<) = / / CMIU,
0 RN 0 RN
Since ¢ € C((0,T) x RY) is arbitrary, this proves that W is a solution of (4.22) in D'((0,T) x RY). O

5. PROOF OF THEOREM 1.1
We prove Theorem 1.1 by using a fixed point argument. We set

wo = ug — U(0),
so that
wo € L¥(RY) and  wo =0 on {|z| < §}. (5.1)
We let

M = 2B ||wo||re<, (5.2)
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where Bj is given by (4.6). We fix an integer m > 2, m > max{p,ap} — 2 (where p > 0 is defined by (1.8)),
sufficiently large so that

1

R, < ——. 5.3
< 1B, (5.3)
where Bs is given by (4.13) and R, is given by (3.20) with ¢ = 0. Next, we fix T < S,
1
0<T <y (5.4)
sufficiently small so that
“$n+1 m+1
e 2at <t 2 for0<t<T, (5.5)
1 _N42 1
TB,B,A (1 Yam ® ) <3 (5.6)

where A is given by Lemma 3.3 and the numbers a; are given by (4.1). Let © be given by (4.3) and let (€,d)
be defined by (4.4)—(4.5) with M given by (5.2). We define ® : £ — L2((0,T) x RY) + L>((0,T) x RY) by

d(w)(t) = ey +/0 e Ma(s) ds. (5.7)

(Recall that ®(w) € L¥2((0,7) x RY) + L=((0,T) x R¥) is well defined by Lem. 4.3.) We will show that
®(€) C € and that @ has a unique fixed point in £.
Using (5.1), we write |wo| < ||wo]|Le X0, and we deduce from (4.6), (5.2) and (5.5) that

a2 M M
e [wo| < [[wollLee Bih(t) (x1 + e %) < 5 MO0 +17) < —-6. (5.8)
forall 0 <t <T.If w € & then by (4.13) with z = 0,
m - i—1
[Muw(s)| < BaMO(s)g(s) = BgMg(s)h(s)(s 2 + Zs 7 Xj). (5.9)
j=1

Let now 1 < j < m. It follows from (3.17), (4.1) and (5.6) that if |y| > a; and s < 1, then

sh(s,y) < AQ+ 1) <A1+ T)<A(l+an *) < —n (5.10)
s? s’ - 2 _— a —_ am — 170 .
g(s.y)h(s,y y ; TTE B,
We deduce from (5.10) and (4.6) that
Mg )(0) € —ehlt = 5,2) (" F 3501 < i hit) (e FE )
T 8T B, ’ ) T 8TiB, !
and so
O (h(s)s s ds < — L e e 5.11
[ e gen(s)s T s ds < e (e ) (5.11)
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Since ¢ < 3, we have Y377 th < 3. Thus, (5.11) yields
t mo
/ e H g(5)h(s) ZSJTX; ds < ——h(t,z) (6 Zt +
0 j=1 8T2 2

Using (4.3),(3.20) with € = 0, and (5.12) we obtain

0 8T2B2

m 1 am
:h(t)<Rmt2+ . (e_ "

In particular, since m > 2, we see that

/ t et Q(5)g(s)ds < Cth(t).
0

m+1

t
m 1
/ e=9HQ(5)g(s)ds < h(t) <Rmt2 + — (e 2at

ap
Since x1 > 0, Xm+1 <1, and e~ Bar <tz by (5.5), we deduce from (5.13) that

0

Applying (5.3) and (5.6) we obtain

t
1 n -1
/ e=IHQ(s)g(s)ds < ——h(t) (t7 +> 7Ty

Using the first inequality in (5.9), we deduce that

t
M
‘/ e Map(s) ds‘ < 7@.
0

t
m 1 m
/ e(t_s)H@(S)g(S) dS S h,(t) (Rth + 81"%73 (t ;1 + t
2

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

With the notation (5.7), it follows from (5.16) and (5.8) that ®(€) C £. Moreover, if w,z € £, we deduce

from (4.13) and (4.5) that

[Muw(s) — Mz(s)| < Bafw(s) — z(s)|g(s) < Bad(w, 2)0(s)g(s)-

Using again (5.15) we obtain

|®(w)(t) — D(2)(t)] < /0 e Muw(s) — Mz(s)| ds < %@(t)d(w,z).
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Therefore, d(®(w), ®(z)) < 3d(w, z), so that ® has a unique fixed point w € €. We deduce from Lemma 4.3
that

dw — Aw — Bla + 1)|z| 2w = Muw
in D'((0,T) x RY). Therefore,

Ow — Aw = |U +w|*(U +w) — |U|*U (5.17)
in D'((0,T) x RY), by (1.19). Since the right-hand side of the above equation is in L{2 ((0,7) x (RY \ {0})) by
w € & and (1.7), it follows from Lemma A.6 that w € C((0,7) x (RN \ {0})).

We now set

u=U+w, (5.18)

so that u € LETL((0,T) x RY)NC((0,T) x (RV\ {0})) is a solution of (1.10) in D’((0,T) x RY). Estimate (1.12)

loc

follows from (5.18) and w € £. Since w € &, we have [Mw| < CBOg by (4.13) with z = 0, so it follows from (5.14)
that

lw(t) — e wg| < Cth(t). (5.19)

Finally, since u € C((0,T) x (RN \ {0})), we see that u(t,z) is defined for all 0 < t < T and z # 0, and
using (1.12), we deduce that u(t) € LL (RY) for all 0 < ¢t < T. Moreover, given R > 0,

loc

[u(t) — wollta(qlzj<ry <NUE) = U0l (fe<ry) + lw(t) — e wollns a1 < ry

tH
+ e wo — wollut (gla1<ry) 305
by (1.9), (5.19), and Lemma A.4. This proves (1.10) and completes the proof of Theorem 1.1.

6. SINGULAR, RADIALLY SYMMETRIC, STATIONARY SOLUTIONS
Let

N >3 and

N2 *“N_o

(6.1)

and let 8 > 0 be defined by (1.4). We study radially symmetric, possibly sign-changing stationary solutions
of (1.1). Such solutions satisfy the ODE

N-—-1
' + ——u' + |u|*u = 0. (6.2)
T

It follows easily from energy arguments that any solution of (6.2) on some interval (a,b) with 0 < a < b < 0o
can be extended to a solution on (0, c0).

All the positive solutions of (6.2) are known, see ([21], Prop. 3.1). They consist of the solution 8= |z|~ =
and a one-parameter family (uy)a=o C C?(0,00) of singular solutions satisfying r%uA(r) — fB= as r — 0 and
rN=2uy(z) — X as r — co. The negative solutions of (6.2) are therefore —3= |z|~a and (—uy)xso. All other
solutions of (6.2) are therefore sign-changing, and they consist of the one-parameter family of regular solutions,
i.e. the solutions of (6.2) with the initial conditions u(0) = ¢ € R, «/(0) = 0 and the (two-parameter family) of
sign-changing, singular solutions. More precisely, we have the following result.
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Proposition 6.1. Assume (6.1) and let 8 > 0 be defined by (1.4). If u € C?(0,00), u # 0, is a solution of (6.2),
then the following properties hold.

(i) |u(r)| < Cr=N=2=2) forr > 1. In addition, either u(r) has a finite limit as r — 0, or else rau(r) — +f=
as 7 — 0. In the first case, u/(r) — 0 as r — 0, and in the second case ratu(r) — :Féﬁé.
(ii) u satisfies one of the following properties.
(a) u is a regular solution of (6.2), i.e. u € C?([0,00)) and v'(0) = 0. In this case, u oscillates indefinitely
as r — 0o.
(b) w is a constant-sign, singular solution of (6.2), i.e. either u = +Bar=a or else u = tuy for some
A > 0 where uy is as defined above.
(¢) w is a singular, sign-changing solution. In this case, r%u(r) — +B8% as r — 0, and u oscillates
indefinitely as r — oo.
(iil) w satisfies (iic) if and only if there exists o > 0 such that
3

2 1 4—(N -2«
Bl o) + Zroutro)i (r0) + a2+ =T 22

3 2 lu(ro)]? = 0. (6.3)

(iv) Let U € C2(RN \ {0}) be defined by U(z) = u(|z|) for x # 0. It follows that U € LETHRN) and that U is
a solution of

— AU = |[U]*U (6.4)

in D' (RV).
Proof. Given a solution u € C?(0,00) of (6.2), we set (see [11], Eq. (6))

2

u(r) =r"=v(s), s=—logr, (6.5)
so that v € C%(R) satisfies
"+ = Bu+ | =0 (6.6)
for all s € R, where § is given by (1.4) and

4
7=--N+2>0. (6.7)

(Note that we use (6.1) to obtain 3,7 > 0.) Equation (6.6) has the stationary solutions 0 and 43+, corresponding
to the solutions u(r) = 0 and u(r) = +8=r"a of (6.2). We now suppose that v is not a stationary solution
of (6.6). Setting

F(o,v') = 3l — ol = S, (6.5)
we see that
f(s) =: F(v(s),v'(s)) (6.9)

satisfies

f'(s) + ' (s)]* = 0. (6.10)
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We first note that, since v is not a stationary solution, fs?—l [v'|2 > 0 for all s < s¢, and it follows from (6.10),
that

f(s1) > f(s2) forall s < so. (6.11)
Next,
’ 1 _ « B
F(v,v") > F(B8=,0) = 72(@—1—2)6 =: F,. (6.12)

It follows that f is bounded from below, so that f(s) decreases to a limit fo, as s — 0o. We deduce easily that

sup([u(s)| + /() < oc, (6.13)

and
3[R = 65) - e < (6.14)
Using (6.13)—(6.14), it follows by standard arguments that
v'(s) =0 v(s) 26 with £=0 or (= +8%. (6.15)

We now proceed in seven steps.

Step 1. The case £ =0 in (6.15). This corresponds to the case where u(r) has a finite limit as r — 0, and
then w/(r) — 0 as r — 0. (See [21], Eq. (2.4).) Note that in this case, f(s) — 0 as s — oo, so that by (6.11)

f(s) >0, seR. (6.16)

Step 2. The case £ = +f3% in (6.15). This means that

r—0
In addition,
P2 () = — Z(s) — o' (s) —s T2 B3 (6.18)
[e% r—0 o
Moreover,
f(s) j F, <0. (6.19)

2

Step 3. We prove Property (i). We first prove that |u(r)| < Cr=(NV=2=3) for r > 1. In terms of v, this means

lv(s)| < Ce™ 7, s<0. (6.20)
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Integrating (6.10) on (s,0) we obtain
2 0 0
[V = Bl = ol + 2R (0(0),(0)) + 2 / W ()2 do < C + 27 / v (0)]? doy, (6.21)

for some constant C' so that, by Gronwall’s inequality, |v'(s)] < Ce™7® for s < 0. Estimate (6.20) follows by
integration. The part of Property (i) concerning the behavior of u(r) as r — 0 follows from Steps 1 and 2.

Step 4. We prove that if f(sg) > 0 for some sg € R, then v oscillates indefinitely as s — —oo. Suppose by
contradiction that (for instance) v(s) > 0 for s < s; with s; < sg. This means that u(r) > 0 for r large. It
follows from Lemma 2.0 of [21] that u(r) > 0 for all r > 0. Applying now ([21], Prop. 3.1), we deduce that u is
either the solution ﬁi \x|_% or a solution uy for some A > 0. The first case corresponds to v(s) = ﬁé, so that
f(s) = F, <0, which is absurd. In the second case, u(r) < cr=(N=2) 5o that v(s) — 0 as s — —oc. Therefore,
v'(s,) — 0 for some sequence s, — —00, so that f(s,) — 0 as n — co. On the other hand, it follows from (6.11)
that for n large, f(sn) > f(so — 1) > 0. This is again absurd.

Step 5. We prove Property (ii). We consider three cases.

—1If f(s) > 0 for all s € R, then v oscillates indefinitely as s — —oo by Step 4; and so, u oscillates indefinitely
as r — 00. Moreover, it follows from (6.19) that £ = 0 in (6.15). By Step 1, this implies that u satisfies (iia).

~If f(s) <0 for all s € R, then ¢ = +4= in (6.15). Indeed, the case £ = 0 is ruled out by (6.16). Moreover,
v cannot vanish, for if v(s) =0, then f(s) > 0. Therefore, u is a constant-sign singular solution of (6.2), and it
follows from ([21], Prop. 3.1) that u satisfies (iib).

— If f(sg) = 0 for some sy € R, then v oscillates indefinitely as s — —oo by Step 4; and so, u oscillates
indefinitely as 7 — oc. In addition, it follows from (6.11) that f(s) < 0 for s > sq. Therefore, £ = £8% in (6.15).
Indeed, the case £ = 0 is ruled out by (6.16). Therefore, u is a singular solution of (6.2) that oscillates indefinitely
as r — o0o. This means that u satisfies (iic).

Step 6. We prove Property (iii). The discussion in Step 5 shows that u satisfies (iic) if and only f(so) =0
for some sy € R. This is equivalent to (6.3) with rg = e~®0. Note that f is decreasing by (6.11), so that f can
vanish at most for one value of s, and therefore (6.3) can be satisfied at most for one value of 7.

Step 7. We prove Property (iv). This is well known if u is a regular solution. In the general case, |U(z)| <
C(1 + |z|~#) by Property (i); and so U € L& (RN) by (6.1). Let now ¢ € C2°(RN). Since U € LETH(RY), we
see that

‘/ (UAp + |U|°‘U<p)’ < C’/ (U] + |U]*+Y) — 0. (6.22)
{|o| <<} {|a|<e} =0
On the other hand, U is a classical solution of (6.4) on R \ {0}, so that integration by parts yields
dp oU
Wap+ U = - [ (U2 -05).
/{|x>s} {|x|=e}( or  Tor )
Since eN71(|u(e)| + |u/(¢)|) — 0 as e — 0 by Property (i), we deduce that
/ (UAp+ |U|“Up) —0. (6.23)
{|o|><} &0

Estimates (6.22) and (6.23) imply

/RN(UAQD+ |U|*Uy) = 0.
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Since ¢ € C(RY) is arbitrary, we see that U is a solution of (6.4) in D'(RY). O

Corollary 6.2. Assuming (6.1), there exists a two-parameter family of radially symmetric, sign-changing,
stationary solutions U € C2(RN \ {0}) NLETY(RN) of (1.1) in the sense of distributions, which are singular at

loc

@ = 0. These solutions satisfy |U(z)| < Clz|~N="2-2) for |x| > 1 and oscillate indefinitely as |z| — oo.

Proof. Applying Proposition 6.1, we need only show that there is a two-parameter family of solutions of (6.2)
that satisfy (6.3) for some ry > 0 (depending on the solution). To see this, consider any ro > 0 and 0 < a <
(9£2)=. Let b > 22 be defined by

1 2a\ 2 o(N=2)aa—2 o

§(b— E) = gy (2

If u is the solution of (6.2) defined by u(rg) = aﬁirof% and v/ (rg) = —bﬁér(;%fl, then (6.3) is satisfied. It
remains to prove that two different choices of (rg,a) yield two different solutions of (6.2). Suppose two choices
rd, 73 > 0 and at,a® € (0, (%H)é) produce the same solution u of (6.2). With the notation used in the proof of
Proposition 6.1, we have f(s}) = f(s3), where sé = —log ré,j = 1,2. (See Step 6 of the proof of Prop. 6.1.) Note
that u(r) # 0 since a' # 0, and that u(r) # f=r~a since u is sign-changing. Therefore, it follows from (6.11)
that s{ = s2, so that r§ = rZ. Since u(rj) = aiBa (ré)’%, j = 1,2, we conclude that also a' = a?. This completes
the proof. O

7. PROOF OF THEOREMS 1.3 AND 1.4

In this section, we give the proof of Theorems 1.3 and 1.4, which are consequences of Theorem 1.1. We
begin with the following proposition, which provides refined estimates for the behavior at the origin of both
the radially symmetric singular stationary solutions of (1.1) and of the profiles of singular, radially symmetric,
self-similar solutions of (1.1).

Proposition 7.1. Assume (1.2). Let a € R and u € C?(0,00) a solution of

N-1
u’ + ( + ﬂ)u' +Zu+ |u|u = 0. (7.1)
r 2 o
If
2 1
reu(r) — B, (7.2)
r—0

where B is defined by (1.4), then there exists a constant C such that
réu(r) - B+| < Cr, (7.3)

for all 0 < r <1, where p > 0 is defined by (1.8).
Proof. Setting

2

u(r) =r~=v(s), s=—logr,
the equation for v is

V" 4 (v —ae” )W — Bu+ [v|* =0
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where
4
y=——N+2>0.
«
Let
1
v=_[0+z,
and set

gls) = Isl*s. ols) = g(B% +5) = g(8%) — g/(5%)s.
It follows that
2" +~7 +aBz = h,
where
PR )
Note that the fundamental solutions of the linear equation 2" + vz’ + a8z = 0 are
51(5) = €%, () = e

where pi1, o are given by Lemma 2.1. By the variation of the parameter formula, we deduce that

1 S 1 S
z(s) = (C +7/ e ohdo e s 4 (O 77/ e2M29h dg ) e 228, 7.5
(s) ( Y 2(ue — ) so ) ( 27 2 — ) so ) (7.5)

for some appropriate constants Cy, Cy, and

S

1 8 1
Z(s) = —2 C —&—7/ 2o do e 215 — 245 (C —7/ €229 h do ) e 2H28, 7.6
(s) Hl( TP . ) Mz( Ty . ) (7.6)

We first prove that there exists € > 0 such that
[2(s)[ +|2'(s)] < Ce™**, s >0. (7.7)

To see this, we fix ¢ > 0 sufficiently small so that

v—4e >0, af+4e?—2ve >0, (7.8)
and we set
— 4 46?2 — 2
me =2 oA, (7.9)
2 2
Setting

2(s) = e 2 (s), (7.10)
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we obtain for i the equation
P+ 2md) + 2mptp = ae” (Y — 2e1)) — €255 p(2).
Multiplying by 1), we obtain
d el o 2 —25N[,/(2 —2s, 11 2es /
(G +m20?) + (2m — a2 = —2zae™2 4 — (20
Now

1
—25@6_28¢¢/ —62€S<p(2)1/)/ < €ae_23w2+5a6_23|¢’\2 +n1|wl|2+ 7(62634,0(2))2.

4m
We first choose sg sufficiently large so that
ae”?* <my and eae " < —ae 2 for s> s,
and we obtain
S GIP +mv?) < mi 4 o (@#0)2
Next we observe that there exists a constant A such that
lo(2)| < A2, |z| < 1. (7.11)

Note that by (7.2) |z(s)| — 0 as s — oo, so that by possibly choosing s¢ larger we have |z(s)| < 1 for s > sg.
Therefore

2% (2)] < Ae**°2% = Alz| |y).
Thus we see that

A%2 "
4m

d /1

— (*Iw’l2 + 7721/12) <emy)® +
ds \2

By choosing sg possibly larger, we deduce from (7.2) that

A272

4m

<en s 2 so,

and we conclude that
d /1 .9 2 2 L2 2
= (G2 +mp?) < 2em0? < 26 (S0P +my?),
ds \2 2

for s > sg. Applying Gronwall’s inequality, we deduce that

W]+ [¢'] < Ce®,

Using (7.10), the claim (7.7) follows.
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We complete the proof by using formulas (7.5)—(7.6) and a bootstrap argument. We note that p = 2u; by
Lemma 2.1, so that (7.3) is proved if

|2(s)| + 2/ (s)| < Ce™ 2%, 5 > 0. (7.12)
Suppose that
[2(s)] + [ (s)| < Ce™*, s >0, (7.13)
for some v > 0. It follows from (7.4), (7.13) and (7.11) that
h| < Ce™?,
where
v =min{v +2,2v} = v+ min{2,v} > v. (7.14)

It is not difficult to deduce from (7.5)—(7.6) that

Ce™" V< 201,
()| + 12(5)] < { CL+s)e 2 5= 2, (7.15)
Ce™2m v>2u.

We now conclude as follows. It follows from (7.7) that (7.13) holds for ¥ =& > 0. If € > 24, then the
estimate (7.12) follows from (7.15). If € < 2, then it follows from (7.15) that (7.13) holds with

1
v=ec+ 3 min{2,e}.
We now can iterate the above argument. In at most ¢ steps, where
2
3 min{2,e} > 2u4,

we obtain the estimate (7.12). O
We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Let U be a radially symmetric, stationary solution of (1.1) that is singular at z = 0.
It follows that U(z) = u(|z|) where u € C?(0,00), u # 0, is a solution of (6.2) which is singular at r = 0.
We deduce from Proposition 6.1 (i) that rau(r) — £8% as r — 0. Therefore, we may apply Proposition 7.1
with @ = 0, and we obtain that u satisfies (7.3). Since u is bounded as r — oo by Proposition 6.1 (i), it
follows that U satisfies (1.6), and also (1.7) for all 0 < ¢t < 1 and = # 0, while (1.9) is trivial with Uy = U.
Since 0,U — AU — |U|*U = 0 in D'((0,T) x RY) by Proposition 6.1 (iv), the result now follows by applying
Theorem 1.1 with S = 1. O

For the proof of Theorem 1.4, we will use the following proposition.

Proposition 7.2. Assume (6.1) and let f € C?(0,00) be a solution of the equation (1.5). It follows that

0= limra f(r) (7.16)

r—0
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exists and either € = 0 or else { = £8%, where f is defined by (1.4); and

im 1+ () = 2
}1_r>r%)r f(r) o/' (7.17)
Moreover,
p= lim r= f(r) (7.18)

T—00
exists and is finite. In addition, if U € C?((0,00) x (RN \ {0})) is defined by

U(t,x)ztif(@,), t>0,2#0, (7.19)

then the following properties hold.
(i) U € LETH((0,8) x RN)Y N C((0,8) x (RV\ {0})) is a solution of (1.1) in D'((0,T) x RN).

loc

(ii) If Up(x) = plz|~ %, then

U(t) —s Us, (7.20)

t—0

in Li (RY).

(i) If (1.2) holds and € = B= in (7.16), then U satisfies (1.7) for allt >0 and x # 0.

Moreover, there exist a sequence (tin)n>1 C (0,00), pn — 00 and a sequence (fn)n>1 of sign-changing solutions
of the equation (1.5) for which lin%J ra fulr) = B= and lim ra fu(r) = pin.

(ad r—00
Proof. The existence of the limit (7.16) follows from Propositions 3.2 and 3.3, and formula (1.9) in [22], then the

limit (7.17) follows from Proposition 3.1 (i) in [22]. The existence of the limit (7.18) follows from Proposition 2.4
and formula (1.9) in [22]. Next, we show that V(z) = U(1,z) = f(]z|) is a solution of

1 1
AV+§x'VV+aV+ V|V =0, (7.21)
in D'(RY). Let ¢ € C°(RY) and & > 0. Since V € LT (RY) by (7.16) and (1.2), we see that

1 1
[ v(ae=3v-@a+ gt Vi) < [ vy o (7.22)
{lz|<e} 2 o {|z]<e} €10

Next, since f € C2(0, oc) is a solution of (1.5), it follows that V satisfies (7.21) in C(R™V \ {0}), so that integration
by parts yields

1 1 O oV ¢
VIAp =SV (zp) + —o+ [V[% :*/ Vo —eo-—5Ve).
/{I>E} ( 2 «Q ) {|x|:5}( aor or 2 )

On the other hand, ¥V =1(|f(r)| + |f'(r)|) = 0 as r | 0 by (7.16), (7.17) and (1.2). Therefore,

o 5 o

(7.23)
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and it follows from (7.22) and (7.23) that
1 1 o _
/RNV(Agof §V~(wg0)+a<p+ V] <p) = 0.

Since ¢ € C®(RY) is arbitrary, we see that V solves (7.21) in D'(R¥). Properties (i) and (ii) now follows
from Lemma 7.1 of [5]. Next, suppose (1.2) and ¢ = Bé in (7.16). It follows from Proposition 7.1 with a =1
that |ra f(r) — B | < Cr for r < 1. Moreover, it follows from (7.18) that |[ra f(r) — 8% | < C for r > 1; and so,

r
r+1

) - g < o(—=)", r>o.

Using (7.19), this implies that

el —ot 1= | (5) "1 (5) - o < o( )"

for t > 0, x # 0. This proves Property (iii). Finally, the last statement is proven in Theorem 1.3 of [5]. O

Proof of Theorem 1.4. Let f € C%(0,00) be a solution of the equation (1.5) having the singularity ra f(r)— Ba
as r — 0. It follows from Proposition 7.2 that the limit (1.15) exists and is finite, and that U defined by (1.16)
satisfies (1.6), (1.7) (for all ¢ > 0, = # 0) and (1.9) with Ug(z) = plz|=4, and that U is a solution of (1.1) in
D'((0,T) x RY). The result now follows by applying Theorem 1.1 with S = 1. O

APPENDIX A. THE HEAT EQUATION WITH INVERSE SQUARE POTENTIAL

In this section, we collect some properties of the homogeneous and nonhomogeneous heat equation with inverse
square potential. We assume (1.20), and we consider the operator H defined by (1.21) and the corresponding
semigroup (eH);>¢ on LZ(RY). We first recall some well-known properties of H.

Lemma A.1. Assume (1.20), and let the operator H on L?(RYN) be defined by (1.21).

(i) H is a self-adjoint, negative operator, and D(H) — HY(RYN) where D(H) is equipped with the graph norm.
(ii) H is the generator of a Cy semigroup of contractions (e'™);>q, which is an analytic semigroup on L2(RY).

(iii) Given ug € L2(RY), u(t) = e uq satisfies u € C((0,00), HY(RY)) and
lu@lie < COU+ %) uolle, (A1)

for allt > 0, where the constant C' is independent of ug.

Proof. Recall that

U 2
Hﬁ’ oS mHVUHL?» (A2)
and
u
|7l 2 < CIvuls, (A3)

for all u € HY(RY). Inequality (A.2) is the standard Hardy estimate, and inequality (A.3) is a Caffarelli-
Kohn-Nirenberg inequality, see inequality (1.4) in [3]. Since L¥+2 (RY) < H-L(RY), it follows from (A.3)
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that
L e L(HYRY),H Y (RY)), where Lu = Au+ B(a + 1)|z|%u. (A4)
Note that
Lu= Hu, wué€ D(H).
Since
uv
<LU,, U>H—1)H1 = — Vu - Vv + ,B(Oé + 1) / T2 (A5)
RN Y |zl
for all u,v € HY(RY), it follows from (1.20) and (A.2) that
2 Juf? 2
(Lu,u)yg-1 1 = —/ |Vl —|—5(a—|—1)/ T < —1// |Vul?, (A.6)
RN Y || RN

where v =1 — 4(%2;)12) > 0. We deduce by Lax-Milgram’s theorem that the map u — —Lu + u is a homeomor-

phism HY(RY) — H-Y(RY). Let now f € L2(RY). It follows that there exists a unique u € H(RY) such that
—Lu+u = f. In particular, Lu = v — f € L2(RY), so that w € D(H) and —Hu +u = f. Thus we see that
R(I — H) = L*(RY). In addition, given u,v € D(H), we deduce from (A.5) that

(Hu,v)r2 = (Lu,v)g-1 m = (Lv, u)yg-1 m = (Hv,u)re.
Thus we see that H is symmetric. Moreover, it follows from (A.6) that
(Hu,u)r2 <0,
for all u € D(H). Therefore H < 0 and R(I — H) = L2(R"), so that H is m-dissipative. Since H is symmetric,

we conclude that H is a negative self-adjoint operator (see e.g. [2], Prop. 7.6, p. 193). In addition, it follows
from (A.6) that

1 1
ol = el + IVali2a < (1) Qhull2s = (i) < (142 fulos full o,

so that D(H) < H'(R™). This proves (i), and Property (ii) follows from the standard semigroup theory, see
e.g. [8], Chapter IX, Theorem 1.24 and Example 1.25.

Next, let ug € C®(RY), so that ug € D(H), and let u(t) = e'ug, so that u € C([0,00), D(H)) N
C([0,00), L2(RN)) N C>((0,00), D(H)) and d;u = Hu. Multiplying the equation by —Hu, we obtain

d
$(—HU7U)L2 = _HHUHi2 <0,

so that

(—Hu(t),u(t))pz < (—Hu(s),u(s))rz, 0<s <t (A7)
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Next, multiplying the equation by u and integrating on (0,¢) x RV,

¢
1
IOl + [ Huo).u)es ds = 5 Juol
so that by (A.7)
2t(—Hu(t), u(t))re < [luoll?--
Using (A.6) and the fact that (e'f);>( is a semigroup of contractions on L?(R"), we conclude that (A.1) holds.
Since C°(RY) is dense in L2(RY), Property (iii) follows by a standard density argument. O
Lemma A.2. Given any wy € L2(RY), w(t) =: etfwq satisfies w(t) — wo in L2RY) as t — 0, and w is a
solution of

drw = Aw + B(a + 1)|z| 2w, (A.8)

in C((0,T),L2(RY)), and in particular in D'((0,0) x RY).

Proof. That w(t) — wg in L2(RY) as ¢ — 0 follows from the fact that (e');>¢ is a Cp semigroup on L(RY).
That the equation (A.8) is satisfied in C((0,T), L%(RY)) follows from the analyticity of the semigroup (e!);>¢
on L2(RY). O

Lemma A.3. There exists ¢ > 0 such that

VT

1 n2
I Y —S77 -
Hh(t,l‘) RN K:(tax7y)1{|y\>n}w0(y) dyH 1+ n ) € t ||’U)0HL s

Lo (|2|<3) = (

for all t > 0 and all wy € L= (RY).
Proof. Tt follows from (1.22) and (1.23) that

1 / _N _le—y?
Kt )Ll dy < Afwol=t™¥ [ Tty ay
h(t, z) Jan {lyl>n} y|>n
t\" z—y|?
< (1—|—£> A”wOHLoot_%/ e dy
n ly[>n

N

\/1; n 4T 2 at A
Z(l—l-?) (7) AHwOHLoo64 1{|y|>n}.

Setting z = Z and 7 = #, we have

_lz—yl?

(eml{\ybn})(ﬂc)=(€TA1{\y|>1})(Z)=(4WT>_%/ e F

ly|>1

If || < 2 then |z| < 3. For |y| > 1 we have |z —y| > |y| — |2] > L Thus we see that for lz| < %

2
ly|2 2
/ e 167 <€7% :67%
ly|>1

for all t > 0, where ¢ > 0. Hence the result follows. O

N _l=—wl?

(eml{\ypn})(ﬂf):f?/ e” A <717
ly|>1

N
2

w[Z

(4m)
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Lemma A.4. For every t > 0, the operator e can be extended to a continuous operator L™°(RYN) —
L%(RN) + L°(RYN). Moreover, for every wy € L®(RY), w(t) = e'Hwy satisfies the equation (A.8) in
D'((0,00) x RY), and

w(t, z)| < Cllwo|[Le<h(t, ). (A.9)

tH

In addition, e"fwy — wo in LL (RY) as t — 0.

Proof. Let wg € L®(RY). Set wf = 1qjzj<nywo € L*(RY) and wy,(t) = e"Fwy. It follows from Lemma A.3 that
form>n

1 1 1
E‘wn(t) —wp ()| < 7 /RN Kt z,y) |1 {n<ja|<mywol dy < E/]RN K(t, 2, )1z >ny[wol dy — 0 (A.10)

in L*°((0,T) X {|x| < T}) for every T > 0. Since h € L>((0,T), L% ({|lz] < T73})), we conclude easily that there
exists w € LN 2((0 o0) x RY) such that w,, — w as n — oo in L>((0,T), L~ 2({|x\ < T})) for every T > 0.

loc

Moreover, since wy, (t) — 1{|z|<njwo in L2(R™) as t — 0, by Lemma A.2, we deduce that w(t) — wp in LL _(RY)
as t — 0. Finally, it follows from (1.22) that

N
2

w,, ()] < (47) F h(t) A 2 (h(t)]1 {1z <nywo]) < Cllwollr=h(t)e T2 (h(t)).
Note that h(

'Y)
see that e T2 (h(t
Let now 6 € C

< C(14t2|z|~"). Moreover, since e %2 (|z|~7) < C(t + |z[2)~" < Ct~% by ([4], Cor. 8.3), we
)) < C and (A.9) follows.

2((0,00) x RY) and let T > 0 be sufficiently large so that

suppf C (0,T) x {|z| < T?}. (A.11)

Since wf € L2(RY), it follows from Lemma A.2 that w,, is a solution of (A.8) in D’((0,00) x RY); and so,

/OOO /RN w(—0,0 — A6 — || 20) :/OOO/RN (8,0 — AD — [a]-%6)
* /Ooo /RN (w — wa) (~30 — AG — [2|20)
:/OOO /RN(w —w,)(—00 — MY — || 26).

On the other hand, h € L*((0,T) x {|z| < T}, so it follows from (A.10) and (A.11) that

// w —wy) (=00 — AO — |z|20) —
RN TL*}OO

Therefore,

/ / w(—010 — AO — |x|726) = 0,
0 JRN

showing that w satisfies (A.8) in D’((0,00) x RY). O
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Lemma A.5. Let T >0, f € L>°((0,T),L2(RY)), and set

w(t) = /t e=9H f(5)ds, (A.12)

0

for 0 <t <T. It follows that w € C([0,T], H}(RN)) n WL ((0,T), H-*(RY)) and that
ow — Aw — Bla+ 1)|z| 2w = f, (A.13)

in L°((0,T), H"1(RY)), and in particular in D'((0,T) x RN).
Proof. Suppose first f € C((0,T) x (RY \ {0})). It follows in particular that f € C([0,7], D(H)) so that

w € C([0,T), D(H))NCL([0, T],L2(RY)) and equation (A.13) holds in C([0, T], L2(R™Y)), see e.g. [14], Chapter 4,
Corollary 2.6. In particular, w € C([0, T], H'(RY)) and, using (A.1),

t
lw|lree (0,7),11 ®N)) < C/ L+ (t—5)"2)| f(s)ll2 ds < CllfllLao,1),L2@NY)- (A.14)
0

Let now f € L>((0,T),L2(RY)) and (f,,)n>1 C C((0,T) x (RV\ {0})) such that f,, — fin L*((0,T), L2(RY)).
Let w, be given by (A.12) with f replaced by f,. It follows that w, — w in C([0,7T],L?(R")). Moreover, we
deduce from (A.14) with f replaced by f, — f., that w, is a Cauchy sequence in C([0, 7], H*(RY)). Therefore,
w € C([0, 7], H}(RY)) and w,, — w in C([0,T], H}(RY)). Using (A.4), we deduce that

Aw, + Bla+ 1)|z] 2w, — Aw + B(a+ 1)|z|%w,
in C([0, 7], H-1(RY)). Since d;w,, = Hw,, + f,, we conclude that

Orwy, — Aw + B(a+1)|z| 2w+ f

in L4((0,7),H"Y(RY)). On the other hand, dyw, — dyw in D'((0,T), H'(RY)), so that (A.13) holds in
L*((0,T),H"Y(RY)). Since all terms in (A.13), except perhaps 9w, belong to L>((0,T), H~}(RY)), we see
that d;w € L>=°((0,T), H~*(RY)) and that (A.13) holds in L>°((0,7T), H~}(RY)). O

Lemma A.6. Let T >0, a >0 and u, f € L2 ((0,T) x (RN \ {0})) satisfy

loc
Ou — Au = f

in D' ((0,T) x (RN \ {0})). It follows that u € C((0,T) x (RN \ {0})).

Proof. This is standard interior parabolic regularity. For any 0 < § < min{1, £}, we define O5 = (6,7 —6) x {z €
RY; § < |z| < 1}. Fix p € (N +1,00), so that W'?(Os) < C(Os). Let (pn)n>1 be a regularizing sequence with
supp pn, C {(t2 + |z]?)2 < 1} Fix 0 < e <min{}, L}. It follows that for n > 1, u, =: p, xu and f, =: p, * f,
where the convolution is in R!*#  are well defined on O., and that u,, — u and f,, — f in L?(O.) as n — co.

Moreover, uy, fn, € C*(O.) and dyuy, — Au,, = f,, in O,. By parabolic interior regularity (see e.g. [9], Thm. 7.22),

Hun - “mHL""(Ozs) < Cll“n - umHW”’(Ozs)
<C(lfn = fmlleo.) + llun — umllro.)) — 0.

n,m—oo

Therefore u,, is a Cauchy sequence in L>°(Os.), so that u € C(Oa.). The result follows by letting ¢ — 0. [
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