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Abstract

We consider a telecommunications company expanding its network capacity to face an increasing
demand. The company can also invest in marketing to incentivize clients to shift to more recent
technologies, hopefully leading to cheaper overall costs. To model the effect of marketing cam-
paigns, previous works have relied on the Bass model. Since that model only provides a rough
approximation of the actual shifting mechanism, the purpose of this work is to consider uncer-
tainty in the shifting mechanism through the lens of robust optimization. We thus assume that the
(discrete) shifting function can take any value in a given polytope and wish to optimize against
the worst-case realization. The resulting robust optimization problem possesses integer recourse
variables and non-linear dependencies on the uncertain parameters. We address these difficulties
as follows. First, the integer recourse is tackled heuristically through a piece-wise constant policy
dictated by a prior partition of the uncertainty polytope. Second, the non-linearities are handled
by a careful analysis of the dominating scenarios. The scalability and economical relevance of our
models are assessed through numerical experiments performed on realistic instances. In particular,
we choose one of these instances to perform a case study with simulations illustrating the possible
benefit of using robust optimization.
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1. Introduction and problem description

New bandwidth-consuming usages and the increase in the number of users induce an exponential
growth of mobile traffic (CISCO, 2017). Facing this traffic growth, telecommunications companies
are hence pushed to expand their network through important investments (several billion € to
improve the mobile network in the last six years, see Orange (2018)). This network design problem
has two specific features. First, a fast roll-out of mobile network generations and a highly compet-
itive environment that encourages operators to invest in the newest technology available. Second,
telecommunications companies are often both infrastructure operators, planning their network ex-
pansion, and service providers, designing the offers proposed to the subscribers. These two features
impact the investment decisions of the operator.

Through marketing investments, the operator can control the demand on its different technolo-
gies and avoid over-dimensioning, hence reducing its investments in network design. Reversely, the
efficiency of such investments over a given year is also dependent on the network deployment per-
formed in the previous years: subscribers will easily accept to shift towards the newest technology
if it benefits from a high level of coverage, thanks to previous investments in the deployment of that
technology. Exploring the trade-off between network and subscribers dynamic can be financially
more interesting than a separate optimization of the two problems. Moreover, an operator fixes
strategic guidelines on its network to remain competitive. Some of these guidelines, for example
throughput, depend on both network and subscriber performances. Investments in subscribers and
networks should hence be jointly optimized over the whole time-horizon of strategic planning, which
is typically 5 years for a telecommunication operator.

This enlightens that subscriber and network dynamics are intertwined, motivating the intro-
duction by Cambier et al. (2020) of an optimization problem that considers jointly the two aspects.
In Cambier et al. (2020) the problem is formulated as a mixed-integer linear program (MILP).
This MILP is obtained by considering discrete subsidies that represent different possible marketing
savings on a new phone required to access the new service. To model how the subscribers react
to such subsidies, they use a discretized shifting function (providing the number of subscribers
deciding to shift to the newest generation) that is inspired by the well-known Bass model (see
Bass (1969); Norton and Bass (1987); Bass (2004)). The authors of Cambier et al. (2020) tackle a

naive deterministic approximation where the subsidy offered and the network deployment directly



provide the shifting value. In practice however, the actual shifting value is typically not known
with precision, as many internal and external factors intervene in operator marketing, perturbing
the value dictated by the Bass model.

We model the shifting function uncertainty via a known polyhedral set, leading to a robust
optimization problem. Robust optimization is an efficient framework to handle uncertainty in
(mixed-integer) linear optimization problems, see Ben-Tal et al. (2009) and Gabrel et al. (2014),
among others. The framework can, in theory, address a wide variety of optimization problems,
including discrete variables (Buchheim and Kurtz, 2018), non-linear constraints (Ben-Tal et al.,
2015), and the multi-stage setting where some of the decision variables can adjust their value to
the realization of the uncertain parameters (see Delage and Iancu (2015) and Thsan Yanikoglu et al.
(2019)). In practice, however, the dimensions of the problems one can expect to solve, and the
optimality guarantees of the resulting algorithms, strongly depend on the problem characteristics
and on the difficulty of the underlying nominal optimization problem. Here one must bear in mind
that the underlying model considered, which was studied in Cambier et al. (2020), is already a
difficult MILP that can be solved exactly only for moderate-size instances. This means that the
robust counterpart we seek should not be much harder than its nominal variant.

The specific application considered in this paper features two specific difficulties: some of the
integer variables are adjustable, and the constraints of the problem have non-linear dependencies
on the shifting function. While both specificities have been addressed in the recent robust optimiza-
tion literature, they are often addressed through heuristic solution procedures. On the one hand,
integer adjustable variables are typically tackled (approximately) by partitioning the uncertainty
polytope (Bertsimas and Caramanis, 2010; Bertsimas and Dunning, 2016; Postek and den Hertog,
2016; Ben-Ameur and Zotkiewicz, 2011) or by introducing complex decision rules (Bertsimas and
Georghiou, 2018). On the other hand, robust optimization with non-linear dependency on the
uncertainty parameters can, in some cases, be reformulated efficiently, for instance, when these
dependencies are concave functions (Ben-Tal et al., 2015). The non-linear dependencies considered
herein will be modeled by (non-concave) bilinear functions for which reformulations exist only in
very particular cases, e.g., when the uncertainty polytope is an ellipsoid (Ben-Tal et al., 2002) or if
the function is the product of two affine functions (Pessoa and Poss, 2015).

In this paper, we address the adjustable variables through uncertainty partitioning, while the



non-linearities are handled by underlining dominances of the uncertainty polytope. Specifically,
our contribution is three-fold. First, we provide two formulations for the two-period determinis-
tic problem: one comes directly from Cambier et al. (2020) and the other one is a reformulation
for the two period-case which will be more amenable to the derivation of the robust counterpart.
These formulations are strengthened with Reformulation Linearization Techniques (RLT) inequal-
ities (see Sherali and Adams (1998)). Second, we provide two robust counterparts (static and
adjustable) of the previous model, as well as a solving method. While our static model is valid for
any uncertainty polytope, our adjustable piece-wise constant approach critically requires to use a
box as uncertainty polytope. This method analyzes the structure of the problem to reformulate it
as a linear mixed-integer program with a finite number of constraints and variables. Third, through
numerical experiments on realistic instances, we provide insights for the operator on the effects of
uncertainty, and the importance to adapt her decisions to the shifting function outcome in the
first-stage.

The remainder of this article is organized as follows. Section 2 presents the two mixed-integer
formulations for the deterministic framework. Section 3 introduces the static and adjustable robust
counterparts. A case study assessing the performances of the static and adjustable models on an
operational context is provided in Section 4. In Section 5, we assess the scalability of our different

formulations. Concluding remarks are given in Section 6.

2. Deterministic model and formulations

In this section, we present two formulations for the two-periods deterministic framework. Sec-
tion 2.1 introduces the notations used and formally describes the problem. Section 2.2 presents
the formulation from Cambier et al. (2020). A reformulation is provided in Section 2.3. This

reformulation is linearized and strengthened in Section 2.4.

2.1. Problem description
2.1.1. Network dynamic

In this work, we focus on a framework with two network technologies (denoted by g € G =
{CG, NG}), the current one CG and the newest one NG that the telecommunication operator aims
to deploy. The time horizon is discretized in two equally-sized time periods, denoted by t € T =
{1,2}, adding “0” to denote the beginning of the time-horizon. We consider a set S = {1,..., Ng}



of Ng existing telecommunication sites. At the beginning of the time-horizon, all sites are equipped
with C'G technology, while NG is deployed on some sites and can be deployed on the other ones.
These sites have an initial capacity (discretized in numbers of modules) which can be increased
by adding new modules. We also consider that we know an equivalent number of subscribers
associated with each site s € §. A technical compatibility rule imposes that CG subscribers
can only be served by C'G technology while NG subscribers can be served by both technologies.
Furthermore, the load-balancing rule decided by the operator states that NG subscribers have to
be served by NG technology if NG is deployed. The capacity of each site and each technology has
to be sufficient for handling traffic 95% of the time.

2.1.2. Shifting subscribers
We also assume that the upgrade mechanism modeling subscribers reaction for shifting to NG

technology depends on two parameters:
e The value of the subsidy denoted by o.
e A discrete indicator of the level of coverage of NG technology denoted by c.

The set of possible subsidy values is denoted by K. We model the level of coverage by partition-
ing the interval [0, 1] into C' smaller intervals indexed by set C = {1,...,C}. Hence ¢ € C indicates
the interval (coverage range) to which belongs the sites coverage (percentage of sites equipped with
NG at the beginning of the time period).

We hence denote the percentage of subscribers who shift when being proposed a subsidy ¢ € K
under a level of coverage ¢ € C by f,.. This parameter should respect the two following rules.
First, for a given coverage ¢ € K, the function ¢ — f5 . is non-decreasing (since the higher the
coverage is, the higher the subscribers reaction is). Second, for a given coverage ¢ € C, the function
o — fs,z is S-shaped. Such function is used for modeling two phenomena appearing in the arrival

of a new technology:

e the beginning of the function is convex: it models that a threshold in subsidy amount has
to be reach for having an important increase in the reaction. This threshold corresponds
to the minimum subsidy proposal required to convince more subscribers than only the very

technology-friendly ones.



e the end of the function is concave: it models laggards subscribers, which are the subscribers
who do not want to shift and will not shift, whatever the subdisdy proposal is - see Bass

(1969) for more details.

2.1.3. Strategic guidelines
We further consider two strategic guidelines that can be fixed by a telecommunication regulator
or the operator: the quality of experience (percentage of NG subscribers served by NG technology)

and the sites coverage, both taken at the end of the time-horizon.

2.1.4. Problem statement

All in all, the Mobile Master Plan (MMP) problem for these two technologies consists in finding
the subsidies decisions (amount of subsidy given at each period) and networks decisions (installing
NG technology and adding modules for both technologies) for each site, while satisfying load-
balancing and capacity constraints at each time period, and the two strategic guidelines at the end

of the time horizon.

2.1.5. Sum-up of parameters and variables used
Parameters and variables used throughout this paper are provided respectively in Tables 1

and 2.



Parameters:

CAnc
CM,
My,
Mg

Z) e
Usg

t
DQ

CAP,

S7g

cost of adding NG technology on each site

cost of adding a module of technology g € G on each site

initial number of modules of technology g € G on site s € §

technical upper bound on the number of modules of technology g € G

initial presence (yes/no) of NG technology on site s € S

initial number of subscribers on site s € S to technology g € G

unitary demand of a subscriber served by technology g € G at time period t € T
capacity of each additional module of technology g € G

reaction to the subsidy offered o € K under range of coverage interval ¢ € C
lower bound of coverage range indexed by ¢ € C

upper bound of coverage range indexed by ¢ € C

upper bound on the total number of subscribers to technology g € G on site s € S
at the end of time period t € T

sites coverage at the beginning of the time horizon

threshold for the coverage (strategic guideline)

threshold for the quality of service (strategic guideline)

Table 1: Model parameters



Variables:

zﬁ, N binary variable indicating whether NG technology is deployed on site s € S
at the end of time-period ¢t € T U {0}
m total number of modules of technology g € G deployed on site s € §
at the end of time period t € T U {0}
U total number of subscribers to technology g € G on site s € §
at the end of time period t € T U {0}
U total number of subscribers to technology o € G on site s € S
served by technology ¢g € G at the end of time period t € T U {0}
Q redundant variable that denotes the NG sites coverage

(fraction of sites where NG technology is deployed) at the end of the time period t € T,

> ZinG
which is equal to ‘“’GSTS
L binary variable indicating whether a!~! belongs to range c € C
5t binary variable indicating whether subsidy offered at time period t € 7 is 0 € K

Table 2: Model variables



2.2. Mized-integer linear formulation for the two-periods deterministic problem

The MMP problem is modeled in Cambier et al. (2020) as follows:

min Y030 Y D 0fedpiiulde+ D Y OMy(mi, — M)

teT o€k ceC seS SES geG
+ Z CAnc(Z2 e — ZnG)
SES
s.t. m;cG < Mca Vse S, VteT,
m! ve < MGz ng VseS,VteT,
mi ) <ml, VseS, VteT, Vgeg,
Ul NG = UL NG.oG T Us NGNG VseS§, vteT,
—t
ul veo.oa < Usna(l — 2 ne) VseS, vteT,
D (ul o + s na.oa) < CAPcam, o Vse S, VteT,
Digus na.ne < CAPNam) NG Vse S, VteT,
ufs,CG = Uzj(}c - Z Z fo,c 527(€UZT611G Vs € S, Vt € T,
oel ceC
“é,NG = ui;\l,G + Z Z faycééyéuiﬁ(; Vse S, Vte T,
o€ ceC
2 0 0
Z U NGNG = QOE(Z Usneg T Uscq)
SES seS
o > q,
> o= VteT,
ocek
doyi=1 vteT,
ceC
ZW£,§1+UC—ozt—1 Vte T, Veel,
c<c
Z'yg/§1+at_1—Lc Vte T, Veel,
c>c
OétNS = ZZ;NG Vt S TU {O},
SES
0,=U2 Vse S, Vgeg
Us.g 8,9 s , Vg ,
md, =M, Vs €S, Vg ed,



0

zonG = Zone Vs e S, (20)
ml, €N Vs e S, Vte Tu{0}, Vg €G, (21)
zt ne € {0,1} Vs €S, vt e T u{0}, (22)
ul, >0 Vse S, Vie TU{0}, Yoeg, (23)
Ul yg >0 VseS, Vte T, Yo, g € G, (24)
vt e {0,1} Vte T, VeeCl, (25)
st € {0,1} VteT,Voek. (26)

We denote this formulation by M9 The objective function (1) minimizes both subscribers’
migration costs and network investments. The first term stands for the cost of offering subsidies to
the subscriber, the second term for the network modules cost, and the third term for the deployment
of the newest technology NG.

Constraints (2)—(4) enforce the network dynamic rules ensuring the number of modules to be
non-decreasing and imposing technical upper bounds on numbers of modules. Constraints (5)—(8)
refer to the network dimensioning constraints, ensuring capacity constraints and load-balancing
rules, making hence the link between the network dynamic and the subscriber dynamic. Con-
straints (9) and (10) stand for the subscriber dynamic constraints. They compute the total number
of subscribers to CG and NG technologies at each site and each time period in terms of the num-
ber of subscribers to both technologies in the previous period and of the percentage of former CG
subscribers who decide to shift to NG technology. Constraints (11) and (12) ensure the model
strategic guidelines and refer to the end of the time horizon. Constraints (13) ensure that one and
only one subsidy from the set K is offered at each time period. Constraints (14)—(16) set the range
of sites coverage for each time period according to the sites coverage. Constraints (17) define the
sites coverage. Constraints (18)—(20) refer to the initial conditions and constraints while constraints
(21)—(26) define the domain of all variables in the formulation.

To linearize this formulation, we introduce variables:

. = 537211,;_01@ VteT,VseS, YVoekK, Veel

0,c,8

and use the classical linearization of the product of a binary variable by a continuous one. Details

on the linearization are given in Cambier et al. (2020).
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2.3. Reformulation

As mentioned in the introduction, the goal of this paper is to study a robust counterpart of
Mt wherein f is uncertain and ¢ is adjustable, meaning its value for period ¢ depends on the
realizations of f in the previous periods. As a consequence of constraints (9) and (10), variables
u have to be adjustable as well. Therefore, a robust counterpart of M9%! would involve products
of adjustable real variables with uncertain parameters, for which affine decision rules could not be
used. To overcome that difficulty, we consider in this section a reformulation that uses the recursive
structure defined by constraints (9) and (10) to expresses variables u directly in term of variables 4,
~ and of the function f. This reformulation will be more amenable to obtain a robust counterpart

in our two-periods framework.

Proposition 2.1. The following non-linear equalities are valid expressions for the number of sub-

scribers on each site s € S and each time-period t € T in Mdet

t
uboe =Ulca[] (1 = fa,céfﬂ’é)
=1

oek ceC

and

t 110 0 t 170 0
us g = Usca +Ugng — tsca = Usneg + Usca

T (1 B fmcéf;vi)]

i=1 el ceC

Proof. The expression for “;oa is obtained by applying recursively over the time-horizon con-

straints (9) from Mt The expression for u? - is obtained by summing constraints (9) and (10
s,NG

which gives u;CG—i-ui,, NG = ug_C}G—i—ui_]\l,G and hence recursively u;CG —i—u’;’ va=U 2 CG—l—UB, Ng- U

These expressions allow to replace continuous variables v’ y and u’ .. by expressions that
depend only on variables § and 7. When considering |7| > 2 periods, these new expressions contain

a high number of non-linearities (products of ¢) which require each a linearization variable: hence

U 7! I 7]
NV(\TD:ZWIKI = (K +1D)"" =1 —|TIIK|
=2

additional variables are required. When focusing on a two periods framework (7" = 2), the non-
linear terms are direct products of variables §' and 62. We can hence linearize our formulation by
adding only | K|? variables and 3|K|? constraints (see Fortet (1960)). We observe that variables !

are not needed as the coverage range in the first period depends on the initial percentage of NG

11



sites, and is hence already known.

Proposition 2.2. Constraints (5) and (6) can be replaced with the following non-linear equations

in formulation M, for each site s € S and each time-period t € T :

t _ .t t
Us NG,NG = Us NGZs,NG (27)

Ul ya.oa = e na(l — 2 nG) (28)

Proof. First, let us assume that equations (27) and (28) are satisfied. For each site s € S, by
summing (27) and (28), we obtain that (5) is satisfied. Clearly, equation (6) is implied by (28).
Reciprocally, let us assume that constraints (5) and (6) are both satisfied. Two cases can
happen. If NG technology is installed (z! z, g = 1)t constraints (6) induce uz ~nG.og = 0 and then
uf; NG = ué NG.Ng S0 that equations (27) and (28) are satisfied. If NG technology is not installed
(2. yg = 0), we have m y; = 0 (see constraints (3)) and u} yg v = 0 (see constraints (8)) so

that equations (27) and (28) are satisfied. O

From Propositions 2.1 and 2.2, we obtain that continuous variables u can be expressed with the

following equations depending on d, v and f, for each site s € S and each time-period t € T

-1 (1 ¥ Zfa,c53’yi>]> ™

t —
Ug NG, NG = (Us ve U

=1 ol ceC
¢ ¢ o t 10 0 et
Ug cq T Us Na,ca = Usna T Uscq = Usng + Use if 25 o =0,
. t _
ul oG+ Uy NGoG = Usoc = sCGH(l_ZZfUC ) if z; v = 1.
oell ceC

For simplifying the subsequent notations, we denote the total number of subscribers (Y U? ocat
s€S

Us,NG) by U,
Consequently, formulation Mt with two generations and two periods can be reformulated

without continuous variables, as follows:

min Csub + Z Z CMg(mE,g - Mg,g) + Z CANG(ZE,NG — ZS,NG) (29)

seS geg SES

12



st S 0 b+ S Y 02 202021 = Y for Csup (30)

olek 02eK c2eC olek s%;s U9 CG
(2)—(4)
DegCAPea(U og + U ne)(1 - Z;,NG) <mgcq Vs €S, (31)
Dig U,
a(l— 1(5 v S 32
CAPoc IZG:K Jore s€S, (32)
Dl
CA]]\%C\;; Udne +Uce UIEE:}C for,c1001) 24 ng S ME NG Vs €S, (33)
D2
CT(;DC;C:(UQCG + U Ne) (1 = 22 ng) < mz,cc Vs €S, (34)
DcUL o6
e 2N (D forali + DY for2027R (1= Y foradk) || <mice
CAPce olek o2ek c2eC olek
Vs €S, (35)
D2
CA%G UONG+USCG Z f(Tl 01501+ Z ZfUZ 6250,2’)/62 17 Z fo- (.16 SNG<m NG
NG olek o2ek c2eC ocltek
VseS, (36)
S UG+ Ul (Z forcbp+ DY for202n(l— ) f(,lﬁla},l))] 22 nya = QoE, U™
SES olek o2ek c2eC clek
(37)
(12) — (26)
Cisup > 0. (38)

Constraint (30) enables to compute the subsidies cost Cy,, by using the expression from Proposi-
tion 2.1 for the number of C'G subscribers (note that variable Cy,, will thanks to the minimization
exactly be equal to the subsidies cost, but formulating with a < sign is more amenable for writing
the robust counterpart). Load-balancing constraints (5) and (6), capacity constraints (7) and (8),
subscriber dynamic constraints (9) and (10) and QoFE threshold constraint (11) from formulation
Mt are replaced by set of constraints (31)—(37). Constraints (31) and (34) impose that all sub-
scribers on a site (which is a constant) have to be served by CG technology when NG is not
installed. Constraints (32) and (35) state that CG subscribers have to be served by C'G, which is
dominated by previous constraints when NG is not installed. Constraints (33) and (36) impose that
when NG is installed NG subscribers have to be served by NG. The same formulas for obtaining

the number of NG subscribers are used in the QoE constraint (37).

13



2.4. Linearization and RLT cuts

We discuss next how the model presented in Section 2.3 is linearized. Notice that all products
appearing in this formulation are products of binary variables. We linearize the model presented
in Section 2.3 by applying Fortet linearizations (see Fortet (1960)). For each o' 0% € K2, s € S,

t € T, we introduce the following new binary variables:
® Xo,s for linearizing 6},2; NG in constraints (33),
o 7}, for linearizing 0,23 v in constraints (36) and (37),
® 7,1 ,2 for linearizing 6,62, in constraints (30) and (35)—(37),

® (,1 425 for linearizing 5é15§223,NG =

and (37).

(1,1 5532 = 32 85;1 = ngGnU1702 in constraints (36)

Remark 2.3. The variable 62 and hence some of the variables above are also multiplied by 72. As
in formulation M@  these products are not handled with Fortet linearizations, but by introducing
for each o € K and each c € C, and by replacing v2 with 5376 (term equal

cell
62 in the following for writing

variables 6370 = ~252

cro?

to 1 if coverage range is ¢ and 0 otherwise). We choose to keep 72

simplification.

We denote the corresponding linearized formulation by M@*%2P Now, we show how our formu-
lation can be strengthened by applying Reformulation Linearization Techniques (RLT'). Multiplying

constraints (13) for ¢ = 2 by variable z; ~e for each site s € S,
Z Xo.s = Z;NG Vs € S. (39)
ocek
Multiplying constraints (13) by variable zz ~e for each site s € S, we obtain:
ol =2l VET Vs €S, (40)
ek
Multiplying constraints (13) for ¢ = 2 by variable 6}, for each subsidy o' € K, we obtain:
Z Nolo2 = (%1 Vol € K. (41)
o2ek

14



Multiplying constraints (13) for ¢ = 1 by variable 6(272 for each subsidy o2 € K, we obtain:

D Mprg2 =02 V0P €K.

olek
Summing constraints (41) (or (42)) on set K, and applying constraints (13), we obtain:
> Y et
olekK o2ek
Multiplying constraints (41) by variable zg ~e for each site s € S, we obtain:
Y Corors =T Vs €S, Vol € K.
o2ek
Multiplying constraints (42) by variable zg ~e for each site s € S, we obtain:
> lprgzs =m0 Vs €S, Vo? € K.
olek
Finally, multiplying constraints (43) by variable 237 n¢ for each site s € S, we obtain:
Z Z <01,02 = zngG Vs e S.
olek o2ek

Summarizing, formulation M%*2P can be reinforced by adding constraints (40)—(46).

3. Robust formulation

(42)

(44)

(45)

(46)

In this section, we detail the static and adjustable robust counterparts for formulation M%%2P,

The static counterpart is presented in Section 3.1. We show in Section 3.2 that this formulation

can be formulated as a MILP that contains at most twice as many constraints as the nominal

problem. Section 3.3 presents the adjustable counterpart. We mention that while the models from

Sections 3.1 and 3.2 are valid for general uncertainty polytopes, those from Section 3.3 require the

additional assumption that the uncertainty polytope be a box.

3.1. Static robust counterpart

We now consider that the shifting function is uncertain and belongs to the uncertainty polytope

F. Let us recall that the shifting function is a discrete function associating to each couple (o,¢) €

15



IC x C a reaction f,. € [0,1]. Therefore, the polytope F is a subset of the finite dimension space
[0, 1]IKICI The realized shifting functions may be different in each period. We thus denote by
f! € F the shifting function realization in the first period and by f? € F the shifting function
realization in the second period.
In a static framework, the decisions cannot be adapted to mitigate the effects of the uncertainty.
Consequently, the static robust counterpart of formulation M%*%2P can be formulated as follows.
min  Couw, + > CMy(m2,— M)+ CAna(22 g — 22 nG) (47)
SES geG s€S

st (2) = (4),(31),(34), (13) —(26)
S ot 3 Y e A Y i) €

olek 02€K c2eC olek 2 ses UgCG
Vile F,Vf? e F, (48)
DEGUL o1 =Y fr 164) < CAPcem) o Vse S, Vil e F,  (49)
gek
DU ne+ Ul ca Z f;,cléé)zi,zvc < CAPyem} ye VseS, Vfl e F, (50)
ogel
% 1— Zfll L Z Zf22 282072 (1 — qul \51) <m20c
CAPCG £ olt,clVo og?.,c?%o? Ic ol.cl¥o — s,
olek o2ek c2eC olek

VseS, VfleF, VfPeF, (51)

Udne +U%cq (Z for O+ D> Y [ p0tyR(1— ) f;I,Cla},l))] 22 va Smina

oclek o2ek c2eC olek

Dic
CAPng

Vse S, Vft e F, V2 e F, (52)

U0 v 4 0% (z I Sl oF W RERIT o fsl,cla;))] 2 ve > QoE U

olek o2ek c2eC oclek

D

seS

Vite F,VfPeF.  (53)

Let us denote this formulation by M*!  Being a robust mixed-integer linear programming with

polyhedral uncertainty, M*!** has an infinite number of constraints.

Remark 3.1. As for the deterministic model, formulation M5 can be linearized and reinforced

by constraints (40)—(46).

3.2. Constraints dominance

We observe that the previous formulation contains constraints involving quadratic dependencies

on f. This is the case for each constraint that involves the numbers of subscribers to each offer
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in the second period, i.e. constraints (48), (51), (52) and (53). Handling constraints with non-
linear dependencies of the uncertain parameters may not be easy in general. Fortunately, we show
in this section that the specific structure of our constraints is simple enough to lead to a direct
reformulation based on the dominance of set F by two vectors denoted by f and S

In what follows, let & represent the value of § in a feasible solution of M5! and let & denote
the subsidy offered in that solution. Similarly, let 42 represent the value of 42 in a feasible solution
of M®% and let & denote the range of coverage in the second period in that solution. Our
reformulation is based on the following properties satisfied by any feasible solution of formulation
Mstat.
Proposition 3.2. The term Z’C f;cﬁ}y is equal to f;17cl'

o€

Proof. This comes directly from constraints (13), 5! being the index of the only non-zero component

of 5L, O

Proposition 3.3. The term > > fUQCS(Q,’yg is equal to f2; ..
oek ceC ’

Proof. This result comes from constraints (13) and (14), 52 being the index of the unique non-zero

component of 62 and & being the index of the unique non-zero component of 72 . O

These two simple results enable us to replace all robust constraints by equivalent sets of con-
straints, involving at most the two aforementioned vectors f and f, which are defined as follows

for each subsidy offered o € K and each coverage range c € C:
e the weakest possible reaction is f = min f, .,
=oc feF" 7
e the strongest possible reaction is f, . = r}lax foe
: €

Next, we present reformulations for the constraints that are linear in the uncertainty f.

Proposition 3.4. Constraints (49) are satisfied if and only if the following constraints are satisfied:

cel
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Proof. We see that constraints (49) are equivalent to

HllaX DCGU CG 1 — Z f;l 01(5 ) < CAPCGTTl ole: Vs € S,
Fie oekl
= DéGU CG(l — ngll’]l: 301(5;,) < CAPCGmi cG Vs € S.
e b b
oek

From Proposition 3.2 and the definition of f, we have

EflU: o, =m 1n11—min )

g,C L6t 1e g-,C 1 o,ct 0

ok e IeF sex

which means constraints (49) are equivalent to constraints (54). O

Proposition 3.5. Constraints (50) are satisfied if and only if the following constraints are satisfied:
Dya(Udng+Ul0q Y Fonds) < CAPoemlcg Vs€S. (55)

gel
Proof. The proof relies on the definition of f and on arguments similar to those used in the proof

of Proposition 3.4. O

Next, we focus on the constraints of M*! that involve quadratic dependencies on f.

Proposition 3.6. Constraints (51) are satisfied if and only if the following constraints are satisfied:

D.U°
CCZPZZG[ <Z‘fa c15‘1’1+ Z Zfa2c2 02702 (1- Zfo-l 1051 )1 §m§,cc VseS. (56)

ek o2ek c2eC olek

Proof. First, we see that if constraints (51) are satisfied, then constraints (56) are satisfied since
feF.
Reciprocally, let us assume that constraints (56) are satisfied. Due to Propositions 3.2 and 3.3,
we know that:
Yo Fradet DD frepbeaiR(l= D foa00) = fi o+ frap(l— fli ).
olek o2ek c?eC otek
To simplify notations, let us denote f;%l and f&22752 by  and y respectively. We also denote i&l,cl
by 2, fo1,4 bY T, f1o - by y and f2 2 by 7.
Recalling that (z,y) € [0,1]2, we wish to find out where function g(z,y) = z+y(1—z) = z+y—2zy

defined on (z,y) € [z,7] x [y,7] C [0, 1] reaches its minimal value. First notice that

gz y)=z+(1-2)y>z+(1-2)y=g(ry Vzelzz], YyeEly1l,
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and symmetrically g(z,y) > g(z,y),Vzr € [z,Z], Vy € [y,7]. Consequently, g(x,y) > g(z,y),Vz €
[z, 7], Yy € [y,7], and we thus have:

D%‘GUSCG
> 1 1 2 2 2 1 1
P Iy 7ol il D DR APLEED DI DE~FL-Lr G B ALY
’ olek o2ek c2eC olek
D%GUOCG |
s, . 1 1 2 2 2 1 1
Ryl L S DR EPL A D DY ARG DR AR
L ’ olekl o2ek c2eC olek
D%’GUOCG |
s, 2 : 1 2 : } : 2 2 Z 1 2
< CAP 1- ig1’0150 + LQ’CQ(Sngch(l - ialycl(so) < ms,CGv
ce | olek 02€K c2eC slek

which means that constraints (51) are satisfied.

O

Proposition 3.7. Constraints (53) are satisfied if and only if the following constraints are satisfied:

D

seS

USO,NG + USO,CG ( Z igl’cl(sé'l + Z Z ig27C26§2732(1 - Z igl,cl(s;'l >>‘| > QLE Ut (57)

olek o2ek c2eC oclek

Proof. The proof relies on arguments similar to those used in the proof of Proposition 3.6. O

Proposition 3.8. Constraints (52) are satisfied if and only if the following constraints are satisfied:

I (z Tt 33 Frasttarh(- Y fgl,cla;n)] < v

oclek o2ek c?eC olek

D¢
CAPNG

VseS (58)

Proof. The proof relies on studying the maximum of function g and on arguments similar to those

used in the proof of Proposition 3.6. O
We consider next constraints (48) which require an argument slightly more involved.

Proposition 3.9. Constraints (48) are satisfied if and only if the following constraints are satisfied:

Csub

Z 0—1?01,616;'1 + Z Z 02?02@2632732(1 — Z ?011515;) < 72 00 (59)
olek o2ek c2eC slek =% &C¢C

— C
> oM f 1 a0+ SN e 202yh 01— Y o Oa) < 5 [s]%b (60)
olek o2ek c2eC olek =5 o¢¢
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Proof. First, we see that if constraints (48) are satisfied, constraints (59) and (60) are satisfied
sinceie]:andfe}'.

Reciprocally, let us assume that constraints (59) and (60) are both satisfied: due to Proposi-
tions 3.2 and 3.3, we know that

S ot fhad b 0 Y R = Y ) = 0 8 L fh )

otek o%ek c2eC olek
We use the same notations as those introduced in the proof of Proposition 3.6. In addition, we
denote 5! by a and 52 by b. We wish to find out where function h(z,y) = ax + by(1 — z) defined
on z € [z,7] x [y,y] C [0,1]? reaches its maximal value with a and b positive reals. First notice

that we have:
h(z,y) = ax +by(l — z) < ax + by(1 — x) = h(z,y) Yz € [2,7], Vy € [y,7].

Hence, our function is maximal for y = 3. With y fixed to g, h(z,7) becomes a linear function of

x defined on [z,Z]. Therefore,
h(z,y) < max{h(z,y),h(z,y)} Vz € [z,7]

and

h(.f, y) < max{h(f, ?), h(&a y)} Vz € [Qa f]avy € [g» y]

We thus have for each f! € F, f? € F:

LTINS DB SY R RERIED SU N

oltek o2ek c2eC oltek
17 1 27 2 .2 T 1
<max Z Z g f01701501 + Z Z g f02702502762(1 - Z Z fg1761501),
glekcleC o2ek c?eC olekcleC
)IPILY SRUED DD DL I ICD DD DY SULAN S
glek cleC o2ek c2eC glek cteC 5cS 5,CG
which means that constraints (48) are satisfied. O

Summarizing the above results, we have shown that formulation M3t is equivalent to the

following mixed-integer linear programming, with a finite number of constraints:
min  {(47) st (2) = (4),(31),(34), (54) — (60), (13) —(26)}
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3.3. Adjustable robust counterpart

In this section, we consider the framework where the operator can take benefit from the knowl-
edge of the uncertainty realization in the first period when deciding the subsidy offered in the second
period. We obtain a two-stage model where the operator can adapt to the uncertainty through a
second-stage decision: the amount of subsidy offered in the second period. We model this decision
by variables 62(f!) defined for each f! € F. Let us recall that all decisions concerning network
investments are taken as planning decisions and considered to be taken in the first-stage, which
means that 02(f1) is the only second-stage decision. This decision is often called the recourse in
the robust optimization literature.

Plugging the recourse variables into the robust model leads to a mixed-integer formulation with
an infinite number of variables since one variable §( f /) arises for each f’ € F. Therefore, we propose
an adjustable robust partition method in the line of Bertsimas et al. (2015), splitting our uncertainty
set F into a finite number L of parts. Notice that, unlike Bertsimas et al. (2015), we partition the
uncertainty set from the start. We denote the index set of the partition by £ = {1,...,L}. We
hence have F = UL (F(I) with Vi € £,I' € £\ {I},F(I) N F(') = 0 and consider the piecewise

constant recourse defined by:
O(f)=0(f) VI feFD).VIeL

Thus, we replace 62(f) by d2, which indicates the recourse decision taken when f € F(l) for each
| € £. Consequently, the robust adjustable counterpart of formulation M?%2P can be written as
follows:
min  Cyyp + Z Z CMg(mig - M;),g) + Z CANG(Zg,NG - ZS,NG) (61)
seS geg seS

st (2) = (4),(31), (34), (49) — (50), (14) — (25)

Cs
> ottt 3 b et k(= Y Lt € st
olek 02€K c2eC olek s€S Vs,CG
Viel, Vfte F(), VfP e F, (62)
D%‘GUS,CG _ 1 1 2 2 .2 (1 _ 1 1 2
CAP 1 Z fo’l,cléo' + Z Z fa2,c2602,l’yc?(1 Z fal,cléa) < Ms.ca
ca oleK o2ek c2eC oleK
VseS, Ve, Vft e F(l), Vf? € F,
(63)
D2
e LIS OO PERS 9D SRLNIED o )| N
NG oleK o2ek c2eC oleK
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Vse S, Vie L, Vit e F(), Vf* e F,
(64)

U0 vt U0 (z PR SR oy W T o fil,clﬁl))] 2 o> QoE U,

oclek o2ek c2eC ocleKk

>

SES

Vie £, Vft e F(), V2 e F, (65)

d =1, (66)

ocekl
d oz =1 vieL, (67)
cell
5. €{0,1} Yo € K, (68)
52, €{0,1} VoeK,VieLl. (69)

Let us denote this formulation by ML where L is the number of parts. Formulation M®¥:L
is obtained by replacing each set of constraints involving the second period in formulation M3/
(constraints (48),(51)—(53),(13)) with L sets of constraints - one for each part. We observe that in
each part F(l),l € L, constraints (62)—(65) can be reformulated in the same way as for the static
model, with in the first period f and f replaced by f(1) and () defined by Lw(l) = ern}-?l) fo,c and

foe(l) = max fo., for each I € £. We notice that formulation M1 ig equivalent to formulation

L eFD
Mot

Remark 3.10. As for the deterministic and static models, formulations M%¥-L can be linearized
and reinforced by RLT equalities. The only slight difference is that for each linearization or equality
implying variables §2 in the deterministic model, we have now L constraints corresponding to each

part.

So far we have proposed to use a static partition of the uncertainty polytope. Such an approach
could, for instance, split each coordinate f,. € | Lm,?a’c] into L pieces of equal length, for some
positive integer L. Let us investigate this idea further and denote by I, (Asc) the Ay -th sub-
interval of [ ia,c’fmc] resulting from the split for each 0 € K and ¢ € C. Then, concatenating all
values \s . into the tuple A, we define

]:()‘) =F ﬂ Ia,c()\a,c)y

geR
ceC

and obtain the partition

{FO) tde=1,....L,c €K,ceC}, (70)

)
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Figure 1: Example of splitting when F is a 2-dimensional box, L= 2, and L = 4.

which may contain empty elements whenever F is not a box. Partition (70) contains L = LIkl
elements, so it scales exponentially with the dimension of the uncertainty polytope F and is unlikely
to be of any practical use. In what follows, we overcome this difficulty by assuming that F is a box

and considering only a relevant subset of F(\).

Proposition 3.11. Let us define £ = {1,...,L} and introduce F()\) = F(\,..., ) for \€ L. Let
MadiL pe the counterpart of formulation M®*DL applied to uncertainty set F= Uﬁ\eE .7?(;\) together
with the partition induced by L. If F is a box, any first-stage solution is feasible for problem Mo¥:L
with partition (70) if and only if it is feasible for problem MadiL,

Proof. Notice that F()) = F()) for Ao.c = A for each o € K and ¢ € C, so that formulation M*%:L
involves all constraints of formulation Me%-L, Therefore, any first-stage solution feasible for M%L
is feasible for Mod-L,

To prove the reverse relation, consider any solution Z,m, &, 5, 6,4 feasible for ﬂadji and let

f;l .1 be the non-zero term from the sum f; 815; (see Proposition 3.2). To define a second-stage
’ oek

solution 62 feasible for ML consider A € £. Following the above discussion, only the projection

of F(\) on the component (61, ') impacts the constraints of ML Therefore, we take A = Al el

and define 53 \ = 53 It Proceeding that way for all A\ € £, we obtain a second-stage solution §2

which, together with first-stage solution 2, m, &, 51, .4, is feasible for M%:L. O
Figure 1 illustrates the relationship between F(A) and F (5\) in a two-dimensional context.
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Furthermore, we provide an example of construction F (5\) in the next section, after defining the
specific uncertainty set F used in our experiments. Notice that while F is not a convex set, this

does not impact our solution approach since each set F (5\) is considered independently in ./\//Y“djvi.

4. Case-study and uncertainty definition

In this section, we illustrate the potential benefit of the robust static and adjustable models.
First, we compare their optimal costs to the one of the deterministic solution. Second, we run
simulations for assessing the quality of the obtained first period decisions in a realistic context.
We first describe in Section 4.1 the uncertainty set used in the experiments. The instances used
and computational settings are described in Section 4.2. Section 4.3 presents the results and the

process used for the simulations.

4.1. Design of the uncertainty set

Let fNUVC denote the nominal value of f,.. We define an uncertainty set that satisfies two
requirements: (i) it allows for a controlled variation around the nominal value, and (ii) its size
is the same for all possibles values of fmc € [0,1]. Thus, letting I' denote the amplitude of the

variation, we define
F={re 01 -1)fe < foe < (1=D)fre+T,c€Co e K}

An illustration of F for a nominal function corresponding to the reference example from Cambier
et al. (2020) and I" = 0.25 is provided in Figure 2. We see that the uncertainty set is not symmetric
around the nominal value fmc as the downward deviation from fmc can be as large as I’ fmc while the
upward deviation is bounded by I'(1 — fg,c) for 0 € K and ¢ € C, with these deviations depending
on the nominal value. This definition of the uncertainty set enables us to control that each possible
reaction belongs to [0, 1].

Following the discussions of Section 3.3, we define for each \ in {1,... ,Z}

.. ~ \—1 _ \
F\) = {f € [0, 11K (1 = T) foe + ATF < foe S (0=T)foe+ %F,c €Coe /C} CF.

An illustration of the splitting for L = 3 and the example from Figure 2 is provided in Figure 3.
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Figure 2: Example of uncertainty set with reference Figure 3: Example of split (E = 3) uncertainty set with
function from Cambier et al. (2020) and I" = 0.25 reference function from Cambier et al. (2020) and I" =
(projected on a given range ¢ = [0.75, 1]). 0.25 (projected on a given range ¢ = [0.75, 1]).

4.2. Instances parameters

We aim to assess the different models presented in Section 2 on a realistic instance for three
different amplitude values I'. We use the 3G /4G suburban instance of 100 sites from Cambier et al.
(2020), adapted for a two period framework. At the beginning of the time-horizon, 34 sites are
equipped with both 3G and 4G technologies while 66 are 3G-only sites. The network parameter
values are realistic values taken from telecommunication equipment sellers. The strategic guideline
for quality of experience QoE is fixed to 0.8 and a NG coverage target of a = 0.7, i.e. 70 sites,

is asked. Regarding the subscriber dynamic, values for fmc are given in Table 3. We use the

Coverage level \Subsidies (in € ) | 0 | 100 | 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500
medium low (25-50%) 05| 5 12 | 21 | 30 | 40 | 42 | 43 | 44 | 45
medium high (50-75%) ) 10 | 20 | 30 | 40 | 50 | 60 | 62 | 64 | 65

high (75-100%) 10 | 20 | 33 | 45 | B8 | 70 | 80 | 83 | 87 | 90

Table 3: Reaction of the subscribers (in %) on reference markets for given subsidies and coverage levels.

uncertainty set for f defined by these nominal values and an amplitude T" € {0.25,0.30,0.35}.
The computations have been made on a server of 32 processors Intel Xeon of CPU 5110 clocked

at 1.6 GHz each. The code is written in Julia 1.1.0, with the package JuMP developed for discrete

optimization (see Dunning et al. (2017) for details) and the solver used is CPLEX 12.8 (default

branch-and-bound algorithm). The time limit for MILP solving is set to 7200 seconds.
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Table 4: Solutions for 0.25, 0.3 and 0.35 deviations

T model sol | time | first-stage (o) second-stage (o2)
deterministic | 6999 19 200 250
0.25 static 9691 18 250 350
ad]j (Z =2) 9643 78 350 300 250
ad]j (E =4) 9643 | 347 350 300 250 250 200
ad]j (E =3) 9580 | 7200 350 300 ‘ 300 | 300 ‘ 250 | 250 ‘ 250 | 200 ‘ 200
0.30 static 10097 | 10 300 350
ad]j (f =2) | 10066 | 36 350 300 250
ad]j (E =4) | 10066 | 274 350 300 300 250 150
ad]j (E =38) 9965 | 3095 350 300 ‘ 300 | 300 ‘ 250 | 250 ‘ 250 | 150 ‘ 250
0.35 static 10957 8 350 350
adj (L=2) | 10767 | 28 350 350 250
ad]j (f =4) | 10671 | 130 350 350 300 250 200
ad]j (Z =8) | 10671 | 1105 350 350 ‘ 350 | 300 ‘ 300 | 300 ‘ 200 | 150 ‘ 100
4.3. Results

4.8.1. Solutions of the formulations

Results obtained with each formulation are presented in Table 4. The value of the best solution
found and the solving time in seconds are provided respectively in columns “sol” and “time” of
Table 4. Column “first-stage” stands for the value of the subsidy offered in the first period and
multi-column “second-stage” for the value of the subsidy offered in the second period. For the
adjustable models, each line presents second-stage values ordered from lowest to highest reaction
case.

On a scalability viewpoint, we observe that the convergence of the branch-and-bound procedure
is obtained in less than 2 minutes for the deterministic, static and adjustable (E = 2) models for
each amplitude value. For each model, the larger the amplitude is, the faster the convergence is.
We also observe that whatever the amplitude is, the static model is not harder to solve than the
deterministic model. Refining the number of parts considerably increases the model size (in terms
of constraints and variables). Our results enlighten the lack of scalability of such refinements. For
I =025and L = 8, the solver does not converge within the two-hours time limit.

Next, we observe that the deterministic decision for the first-level (200 €) is never taken by any

of the robust frameworks. We see that for an amplitude I' = 0.25, the first-stage decision for the
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subsidy proposal is different between the static and adjustable models: static (250 €) and adjustable
(350 € for all values of E) For I' = 0.30 deviation, the first-stage decisions for the subsidy proposal
are 300 € for the static model and 350 € for all adjustable models. These differences are explained
by an impact on network installations (fewer installations) in the adjustable cases. For I' = 0.35
deviation, the decision for the static and all adjustable models is the same: 350 €. From our results,
we conclude that using the adjustable model with L = 2 is sufficient since it converges a lot faster
than the adjustable model with L=4and L =8and provides the same first-stage solution in each

case.

4.3.2. Simulation

In practice, operators solve the models (deterministic, static, or adjustable) and implement only
the first period decisions obtained. Then, upon knowledge of the true reactions to subsidies, they
decide of the decisions in the second period. Having this in mind, we assess the solutions returned
by the different models as follows. Consider the first period decisions of the solution returned by
one of the three models, be it deterministic, static, or adjustable (using a 2-partition). Let 6 and
¢! be the subsidy and the range of coverage in the first period in that solution, the corresponding
value of the reaction is f;1’51~ Note that this is an uncertain value. Next, we sample 200 different
values for f;lﬁl spanning the whole uncertainty set ( ;1751 € Fg, |Fs| = 200): each subsequent pair
of samples is distant of 1/(I"'—1)). For each such fal—l,al € Fg, we compute the optimal second-stage
decisions with a variant of formulation M*'%  imposing the first period decisions and constraining
the first period reaction to be equal to the sampled value.

The simulations costs (curve formed by all generated scenarios) are plotted for each value of T
on Figures 4, 5 and 6. The worst-case costs are given under column “worst-case cost” in Table 5.
The curves show that these worst-case costs are obtained for the scenarios where the uncertainty
is the lower, as these functions are mostly decreasing. We see that for the worst-case of each
amplitude value, the first-stage decision of the adjustable model is the best one. Said differently,
adjustable robust solutions are less risky than the other ones. More importantly, we observe that
for I' = 0.35, the deterministic first-stage decision is infeasible, see Table 5 and the missing values
for the deterministic curve in Figure 6.

On an economic viewpoint, we first notice from Table 4 that the optimal cost from the deter-

ministic framework (6999 k€) is around 30% lower than the best solution found (obtained with
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the adjustable model) in the worst-case (for I' = 0.25). This can be explained by computing the
worst-case for the QoF threshold when I' = 0.25 and the decisions taken by the deterministic
model are imposed. This value is equal to 0.71 while the demanded threshold is 0.8. Deterministic
decisions lead hence to infeasibility in the robust context, which requires higher subsidies for robust

decisions. The impact on the cost in a robust context is three-fold. It increases,
e since the subsidy proposal is higher,
e since these subsidies have a higher nominal effect (more reactions due to decisions),

e if the subscribers react better than expected (more reactions due to uncertainty).

Table 5: Simulated cost for 0.25, 0.3 and 0.35 deviations

I' | model for first-stage | first-stage (o!) | worst-case cost
0.25 deterministic 200 10671
0.25 static 250 9659
0.25 adj 350 9270
0.30 deterministic 200 13074
0.30 static 300 10081
0.30 adj 350 9636
0.35 deterministic 200 infeasible
0.35 static 350 10565
0.35 adj 350 10565
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Figure 4: Simulations with first-stages imposed for I' = 0.25 deviation
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Figure 5: Simulations with first-stages imposed for I' = 0.30
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Figure 6: Simulations with first-stages imposed for I' = 0.35

5. Scalability tests of the formulations

In this section, we assess the scalability of our different formulations in deterministic and un-
certain contexts on realistic instances of different sizes and characteristics. We also evaluate the
impact of the proposed RLT cuts. We first describe in Section 5.1 the characteristics of the instances
used for these scalability experiments. Our results for deterministic and robust formulations are

presented in Section 5.2.

5.1. Instances parameters

We test six different sizes (number of sites) for the considered instances: 25, 50, 75, 100, 125
and 150 as well as three density types: Rural, Suburban and Urban. The distinction between these
three types of instances are the initial 4G deployment : 17% in rural areas, 34% in suburban areas,
68% in urban areas.

In all the tests presented here, we take, as in Section 4.2, QoE = 0.8 and a = 0.7. The
nominal shifting function values fg,c are also given by Table 3. For the rural instances, since the
initial coverage is 17% (< 25%), we add to this table a row for the coverage level “low” (from

0 to 25% initial coverage) and consider that there is no reaction of the subscribers at this level
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(foiow = 0, Yo € K). For assessing our robust models, we use the asymmetric uncertainty set

introduced in Section 4, with a deviation I' = 0.2.

5.2. Results

The results obtained on this set of 18 instances are presented in Tables 6—8. The features of
the instances are stored in these tables under multicolumn “Instance”, with “NS” standing for the
number of sites and “den” for the density (Rural “R”, Suburban “S” and Urban “U”). The other

columns present the results obtained with the following models:
e Deterministic model (multi-column “deterministic”): formulations M?* and Mdet:2P
e Static model with I' = 0.2 (multi-column “static”): formulation M5,

e Adjustable model with L=2and L =4 (multi-column “adjustable”): formulations Moadi:2

and M\“dj’4.
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Table 6: Root gaps on the set of 18 instances for all deterministic and robust formulations

48

Root gap
Instance deterministic static adjustable
NS den | Mdet  Aqdet 4 RIT | Mdet:2p pAqdet2p L RIT | AMstat  Aqstat L RIT | AMedi2  Afadi2 4 RLT | Modid  Aqadid 4 RLT
R | 16.20 16.20 5.13 2.51 4.55 4.26 4.40 4.27 4.35 4.28
25 S | 27.82 20.24 125.39 3.03 125.91 5.05 125.92 5.50 126.38 4.78
U | 32.92 22.18 156.42 3.57 144.43 6.04 144.44 6.31 144.61 6.93
R | 16.12 16.12 3.86 1.55 1.59 1.37 1.46 1.39 1.42 1.39
50 S | 28.32 21.32 108.20 3.58 107.88 5.00 108.03 4.23 108.04 4.92
U | 32.49 22.68 154.53 5.18 141.56 6.37 141.53 6.71 141.50 8.15
R | 14.77 14.77 2.44 0.66 7.19 7.07 7.13 7.08 7.11 7.08
75 S | 27.06 20.37 106.64 1.99 106.90 1.86 106.64 2.44 106.32 2.75
U | 32.87 23.61 153.94 5.49 141.10 6.76 141.02 7.11 141.75 6.98
R | 15.11 15.11 2.10 0.61 8.09 7.97 8.02 7.97 10.67 7.98
100 S | 26.74 19.84 108.14 1.86 107.60 4.75 107.54 4.60 104.47 4.88
U | 33.37 24.15 153.76 6.01 141.41 6.38 141.31 6.70 142.00 6.64
R | 15.61 15.61 2.44 1.03 1.52 1.39 1.45 1.40 36.72 17.74
125 S | 27.37 20.44 107.55 2.74 107.17 4.56 107.30 4.52 103.87 6.24
U | 33.97 24.90 132.79 5.47 121.62 6.18 122.01 4.63 118.17 6.26
R | 15.87 15.87 2.52 1.07 2.64 2.51 2.58 2.52 41.79 41.44
150 S | 27.07 20.45 106.17 1.96 106.39 1.97 105.61 2.52 102.89 52.99
U | 33.61 24.36 133.44 5.10 122.16 5.55 122.10 5.84 119.15 5.78
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Table 7: Final gaps/solving times on the set of 18 instances for all deterministic and robust formulations

Final gap
Instance deterministic static adjustable
NS den | Mt Mt { RIT | Mt AMAt2 4 RLT | M#0t - Moot 4 RIT | MO42 Mo%2 4 RLT | Modid Mod4 4 RLT
R 1 1 39 15 37 18 232 80 884 352
25 S 5 7 184 33 149 39 396 180 1723 920
U 1 1 22 19 20 5 76 48 264 269
R 15 3 126 66 113 58 901 340 1565 1413
50 S 41 84 503 227 515 105 4227 772 4.40 3744
U 39 23 88 42 78 34 290 306 1406 433
R 53 11 342 122 194 72 2949 621 5398 2280
75 S 209 364 1950 186 612 112 8.81 920 31.68 2855
U 199 155 203 49 271 78 662 400 3104 761
R 215 31 520 316 316 116 0.16 1223 9.48 4200
100 S 5b4 472 1564 376 2034 547 13.09 0.99 57.33 1.02
U 743 380 396 828 758 109 1840 1089 4696 3547
R 504 655 711 597 617 220 3993 5218 33.70 14.85
125 S 0.01 5409 0.01 4962 0.08 419 6.71 0.98 64.72 3.83
U | 1766 735 331 259 334 176 2410 1356 28.37 2926
R | 2207 1454 1010 1210 975 261 0.17 3998 INF INF
150 S | 5654 3456 6361 1061 0.11 422 45.49 2510 70.23 INF
U 3310 2514 821 424 569 182 1.59 1086 20.49 6891
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Table 8: Best solution found on the set of 18 instances for all deterministic and robust formulations

Solution Value

Instance deterministic static adjustable
NS den | Mdet  AMdet L RLT | Mdet2e pdet2e f RIT || Motat Mstat 4 RET | Madi2 - Madi2 4 RET | Madid AMoadid 4 RLT
R 1990 1990 1990 1990 3051 3051 3051 3051 3051 3051
25 S 1656 1656 1656 1656 2178 2178 2178 2178 2143 2143
U 1365 1365 1365 1365 1939 1939 1939 1939 1932 1932
R 3884 3884 3884 3884 o872 5872 5872 5872 5872 5872
50 S 3446 3446 3446 3446 4560 4560 4498 4498 4501 4498
U 2832 2832 2832 2832 4027 4027 4027 4027 4027 4027
R 5858 5858 5858 5858 9616 9616 9616 9616 9616 9616
75 S 4852 4852 4852 4852 6291 6291 6529 6291 6854 6273
U 4160 4160 4160 4160 9916 9916 5916 95916 5806 5806
R 7799 7799 7799 7799 12846 12846 12846 12846 13231 12846
100 S 6699 6699 6699 6699 9015 9015 9089 8950 15320 8913
U 5329 5329 5329 5329 7502 7502 7502 7502 7367 7367
R 9588 9588 9588 9588 14531 14531 14531 14531 22633 17416
125 S 8435 8435 8435 8435 11356 11202 11137 11137 20965 11260
U 6315 6315 6315 6315 8893 8893 8720 8720 10552 8720
R | 11226 11226 11226 11226 17022 17022 17022 17022 28496 28335
150 S 9467 9467 9467 9467 12337 12296 13996 12296 27047 25330
U 7662 7662 7662 7662 10778 10778 10778 10778 12424 10592




For formulation M9, we provide results without and with (labeled by “+RLT”) linearization
cut from Cambier et al. (2020). For the other formulations, we provide results without and with
(labeled by “+RLT”) linearization cuts (40)—(46). For each formulation, we provide three indica-
tors: the root gap, defined as the gap between the best solution found by the solver and the value of
the continuous relaxation; the final gap, defined as the gap between the best solution found by the
solver and the best upper bound found; and the value of the best solution found. When the final
gap is closed, we provide instead the solving time value. The results for the root gap are stored
in Table 6. The ones for the solving time/final gap are provided in Table 7. A bold value in this
table means that the solver has not closed the gap within the two hours time limit (strictly positive
gap). The best solutions found are presented in Table 8. A bold value in this table indicates the
best robust solution found among all the formulations.

In the remainder of this section, we discuss these results. Deterministic formulations are dis-

cussed in Section 5.2.1 while robust formulations are discussed in Section 5.2.2.

5.2.1. Results for deterministic formulations

We first analyze the results obtained for the deterministic formulation. We observe in Table 7
that CPLEX solver finds the optimal solution within the time-limit for both the MILP formulation
Mt and the ILP reformulation M%t2P on all instances. We observe in the same table, that for
both formulations, adding the cuts reduces the solving time of most instances, with a reduction
by a factor 10 (186 seconds instead of 1950) for M42P on the 75 sites suburban instance. When
comparing the MILP formulation M%! with ILP reformulation M%%2P both reinforced by RLT
cuts, we see that CPLEX solver converges faster when M®%2P is used on all six large instances of
125 and 150 sites. For the urban instance of 150 sites, the solving time is divided by 5 (424 seconds
instead of 2514). However, these observations do not apply on smaller instances : for 9 of the 12
instances from 25 to 100 sites instances, using reinforced M provides faster solving times than
using reinforced M@t

Regarding the root gap, we observe from results in Table 6 that the cuts always improve the
value of the continuous relaxation. In the initial MILP formulation M9 adding the cuts reduces
indeed the average root gap by 7% in suburban instances, 9% in urban instances, and has no effect
in rural instances. Regarding the ILP formulation M%*2P without the cuts, the root gap is above

100% for suburban and urban instances, while it stands between 2 and 5% for rural instances. This
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behavior in the rural instances can be explained by the absence of subsidies in the first period:
since the coverage was initially at level “low”, we know that the subscribers do not react in the
first period, and therefore there is no need to propose any subsidy. The bad performances of the
continuous relaxation in both suburban and urban instances come hence from the linearization
of first period decisions. The reinforcement of such linearizations by the RLT cuts proves to be
particularly valuable, as it enables to contain the root gaps under 6% for all types of instances (5
times better than the MILP without cuts, 4 times better than the MILP with cuts, 25 times better
than the ILP without cuts).

In Table 8, we observe that for each instance, the deterministic formulations are equivalent in

terms of solution obtained, since they provide the optimal solution.

5.2.2. Results for robust formulations

We now turn our attention for the results obtained by the robust formulation. We observe the
same impact of using the cuts on the root gap than in the deterministic case: for example, in the
adjustable formulation with L= 2, the maximal root gap is around 144% while it is only 8% for
the reinforced formulation.

For the static formulation, we observe in Table 7 that the formulation without reinforcement
proves the optimality of the solution for all instances except the suburban ones of 125 and 150
sites, which have a very low final gap of 0.08% (solution value of 11356) and 0.11% (solution value
of 12337) respectively. When cuts are added, the optimal solutions of respective value 11202 and
12296 are found and proven to be optimal in two hours by CPLEX.

Regarding the adjustable formulations, we observe in Table 7 that the increase of the instances
size makes the formulation more difficult. CPLEX does not converge in two hours on 7 instances
for the model with L = 2 and on 10 instances for the model where L = 4. Here again, the RLT
cuts prove themselves to be particularly valuable, as they reduce these numbers of instances to 2
for the model with L = 2 and to 5 for the model with L = 4. Besides, when the solver does not
converge, the gap has been considerably reduced, as it can be seen for the 125 suburban instances:
0.98% with cuts compared to 6.71% without when L = 2 and 3.83% with cuts compared to 64.72%
without when L = 4.

Finally, Table 8 gives an idea of the robust formulation that provides the best solution. From
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the results in this table, we observe that the reinforced adjustable formulation with L=4 provides
the best solution for all instances except the rural and suburban instances of 125 and 150 sites. On
7 instances, the solution found using the reinforced adjustable formulation with L=4is strictly
better than the solution found using the reinforced adjustable formulation with L = 2. For the
rural and suburban instances of 125 and 150 sites, the reinforced adjustable formulation with L=2

provides the best solution.

6. Conclusion

In this paper, we have introduced and strengthened a new formulation for the two periods and
two generations mobile master plan problem using only integer variables. Assuming that the dis-
crete shifting function can take any value in a given polytope, and optimizing against the worst-case
outcome, we have proposed a robust counterpart for the problem. We have handled integer recourse
variables by partitioning the uncertainty set while the non-linear dependencies on the uncertain
parameters have been tackled by a careful analysis of dominating scenarios. Numerical experiments
have been performed for static and adjustable robust frameworks on a 100 sites instance, with an
uncertainty set controlling variation around the nominal value and parametrized by an amplitude
I". All formulations have been assessed from a scalability point-of-view and our results have enlight-
ened the benefit from the cuts in improving the formulations. The two formulations proposed for
the deterministic model are scalable. The new formulation M®*2P reduces the solving time for the
largest instances. Regarding the robust results, as expected, the adjustable model with a refined
partition (E = 4) finds solutions of lower cost for most instances, but for the largest instances, the
static model or the adjustable model with L = 2 should be privileged due to better scalability. Our
results on an operational case-study have illustrated the potential economical relevance of the static
and adjustable first-stage decisions over the deterministic one. These decisions can lead to saving
costs as high as 30% of the total costs in the case I' = 0.3, while the deterministic solution can
become infeasible for I' = 0.35. Our results have also underlined the possible impact of the quality
of experience threshold, which is responsible for the higher subsidies decisions and the higher costs
it involves.

This work has paved the way for two numerical extensions. First, it would be interesting to assess

rolling horizon heuristics to handle problems with more than two periods. Second, the operator
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could use these models on specific and relevant use-cases to assess more precisely the situations in
which robust (static or adjustable) solutions should be preferred over the deterministic ones.
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