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Abstract

This paper proposes an event-triggered approach for the distributed formation control problem of an Euler-Lagrange multi-
agent system with state perturbations, when communications between agents are prone to losses. To evaluate its control input,
each agent maintains estimators of its own state and of the states of its neighbors. Each estimator accounts for a different
packet-loss hypothesis. Each agent is then able to compute the expected value of the estimation error of its own state as
evaluated by its neighbors. A communication triggering condition (CTC) exploiting this expected error is then proposed. An
analysis of the behavior of the system with this CTC is performed using stochastic Lyapunov functions. Simulations confirm
the effectiveness of the proposed approach.
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1 Introduction

Distributed control with event-triggered communication is an efficient method to coordinate Multi-Agent Systems (MAS)
with a reduced amount of communications between agents. The Communication Triggering Condition (CTC) is instrumental
in these approaches to limit communications, while allowing enough information to be exchanged between agents to complete
the task assigned to the MAS [16,20,29,24,15]. Designing a suitable CTC when communications between agents are prone to
packet losses is challenging. With event-triggered control, a message is transmitted only when required. A loss of information
may thus have a critical impact on the performance and even stability of the MAS.

Packet losses may result from collisions between packets simultaneously transmitted from different agents, from occlusions by
obstacles, or from interference with other communications systems. Considering two packet-loss models, [7] has shown that
event-triggered control schemes are more vulnerable to packet losses than time-triggered control strategies. Acknowledgment
mechanisms are helpful to detect and possibly re-transmit lost messages. Nevertheless, acknowledgments or re-transmitted
messages may also be lost, which increases communication delays, risk of packet collisions, and may lead to desynchronization
between agents. In [2,6,7,28,25] packet losses are addressed by combining an H, control and event-triggered communications.
For agents with linear dynamics, sufficient conditions are established to ensure the global exponential stability of the system.
In [6], communication delays and packet losses are considered simultaneously. In [2], the focus is on a MAS where agents follow
several leaders. Each agent maintains observers of the state of other agents. These observers account for the last received
message from the other agents and for models of their dynamics. In [26], two types of networked controller design methods
are proposed. The first one ensures that the system is asymptotically stable in the presence of an arbitrary bounded number
of packet losses. The second one provides mean square stability in presence of Markovian packet losses. In [5], communication
delays are also considered. Two communication protocols are proposed, and the convergence of the MAS is guaranteed if the
delay and the number of consecutive packet losses are bounded. All previous works consider only linear dynamics.

Nonlinear dynamics are studied in [3,4]. In [3], packet losses are taken into account in the estimator models but not in the
CTC: new distributed estimators are designed to guarantee the exponential stability of the estimation errors. To update
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the estimate of the state of other agents, each agent uses its own innovation and the innovation of its neighbors obtained
from received packets. This improves the accuracy of the estimates at the cost of an increased sensitivity to losses. The
control of a single Agent in presence of measurements losses is considered in [4]. An event-triggered strategy is proposed along
with two communication protocols, with and without acknowledgments. With acknowledgments, the most recently received
measurement can be identified. Without acknowledgment, this information is no longer available. A set of estimators is used
to estimate the measurement lost during transmission. Each estimator uses a different hypothesis of the last packet received.
As previously stated, the case of a MAS is not considered.

This paper addresses the distributed formation control of a MAS consisting of agents with nonlinear Euler-Lagrange dynamics,
affected by state perturbations, and communications with losses. An event-triggered control strategy is proposed extending
that presented in [21] to account for packet losses. Each agent maintains several estimators of its own state to mimic the
estimators of its state maintained by its neighbors. Each estimator considers a different hypothesis of packet reception by
these neighbors. This extends the idea of [4], where only two estimators are maintained. Contrary to most studies accounting
for packet losses, no explicit feedback mechanism is considered here. Nevertheless, packets received from neighbors provide
some (usually delayed) implicit feedback which is exploited to reduce the number of considered loss hypotheses, without
requiring additional communications. This reduces the amount of estimators of its own state maintained by each agent. The
CTC proposed in [21] is then updated to explicitly account for the potential loss of transmitted packets. The asymptotic
convergence of the MAS to the target formation, as well as the absence of Zeno behavior have been proved.

Assumptions and the formation parameterization are introduced in Section 2 and 3. The distributed control law is described
in Section 3. State estimators to replace missing information in control law and evaluate the CTC are proposed in Section 4.1.
Influence of packet losses on estimator is presented in Section 4.2, to evaluate an expected value of the estimation error.
Knowledge of this error is improved using a feedback information from other agents, as described in Section 4.4. The distributed
CTC is presented in Section 5. A simulation example is presented in Section 6 to illustrate the reduction of the number of
communications obtained by the proposed approach. Finally, Section 7 presents conclusions and perspectives for future work.

2 Notations and hypotheses

For a vector z = [z1,..., mn]T € R", z > 0 indicates that z; > 0, Vi € {1,...,n}. The absolute value of the i-th component
of x is |z;| and |z| = [|z1],...,|zn|]". Table 1 gathers the main notations used in this paper.

2.1 Multi-Agent system

Consider a MAS consisting of N communicating agents with indexes in the set A" = {1,...,N}. In a global fixed reference

frame F, let ¢; € R™ be the vector of coordinates of Agent ¢ and ¢ = [qi‘r, ey qﬁ]T € RY™ be the configuration of the MAS.
The relative coordinate vector between two Agents ¢ and j is ri; = ¢; — gj-

The evolution of the state z; = [qlT N ]T of Agent ¢ is assumed to be described by the Euler-Lagrange model
M; (qi) Gi + Ci (s, ¢i) i + G = wi + ds, (1)
where u; € R" is the control input, M; (¢;) € R™*" is the inertia matrix, C; (¢;, ¢;) € R™*™ is the matrix of the Coriolis and

centripetal terms for Agent ¢, G accounts for gravitational acceleration supposed to be known and constant, and d; € R" is a
time-varying state perturbation satisfying ||d; (¢)|| < Dmax with known Diax.

For each Agent i of the MAS, we consider the following assumptions.

A1) M; (q;) is symmetric positive and there exists ks > 0 satisfying Vo € R", 2T Mz < kvaT .

A2) M; (q:) —2C; (g, ¢:) is skew symmetric or negative definite and there exists ko > 0 satisfying Vo € R™, 27 C; (¢, ¢:) = <
ke lldsll 27w

A3) For all & € R™ and & € R", the left side of (1) can be linearly parametrized as
M; (gi) &1 + Ci (a1, i) &2 = Yi(ais dis &1, €2) 05, (2)
see [18]. Y; (¢, Gi, &1, &2) is a regressor matrix with known structure, identical for all agents, and 6; € R? is a vector of

constant parameters known by Agent ¢ via, e.g., an offline identification. Modeling and estimation errors for Y; and 6; may
be incorporated in d;(t).



N number of agents
qi coordinates vector of Agent ¢
q configuration vector, ¢ = [qf, ceey q%] T
q; target reference velocity of Agent ¢
Tij relative coordinate vector between Agents ¢ and j, with r;; = ¢; — ¢;
T target relative coordinate vector between Agents ¢ and j
r* target relative configuration vector with r* = [riy, ria, ..., 7in]T
T; state of Agent i, x; = [qiT, q?]T
@7 | estimate of z; by Agent j with (i{)T = (Q{)T, ((jj)T
éf’g estimate of ¢; performed by Agent ¢ using the information in its ¢-th transmitted message and not in
the following one
el error between ¢; and ¢’
él error between ¢; and ¢’
Tij estimated relative coordinate vector between Agents i and j as evaluated by Agent ¢ with 7;; = ¢; — c];-
ki index of k;-th message sent by Agent ¢
tik; | transmission time of the k;-th message sent by Agent i
T packet loss probability
K maximum number of estimators of its own state maintained by each agent
5{ k, | indicates whether the k;-th message sent by Agent i has been received by Agent j (55 ke = 1) or lost
(531@7 = 0)
k{ index of the last message received by Agent 7 among those sent by Agent 4
k:f | index managed by Agent i of the last message received by Agent j among those sent by Agent i
m;; | potential energy coefficient between Agents ¢ and j
o sum of coefficients m;; for j € N;
Table 1

Main notations

A4) z; is measured without error.

Assumptions Al, A2, A3 and A4 have been previously considered in [11-13,18,19]. The following assumptions are considered
for each Agent i:

A5) An estimate 27 (0) = [cjf 07T, ¢ (O)T] of the state x; (0) is known by all its neighbors j € N; and the squared norm

of the estimation errors ||g; (0) — ¢7 (0)||*> and ||¢; (0) — ¢’ (0) ||* are bounded with bounds described in Proposition 8, see
Section 5.

A6) The velocity ¢; and acceleration §; are bounded,

[ldi (1) ] < Gmax,
G () ||< Gmax-

Moreover, ¢; and Lipschitz, i.e., there exists K4 > 0 such that Vi, VAt,

llg: (¢ + At) — i (1) || < Kal At].

In what follows, the notations M; and C; are used in place of M; (¢;) and C; (g, ¢;)-



2.2  Communication model

When its CTC is satisfied, Agent ¢ broadcasts a message to its neighbors. The packet containing the message is either received
without error or is lost. Usually, packet losses are due i) to collisions (packets are transmitted at the same time instants by
different agents), i) to occlusions by obstacles (two agents are not in line of sight), i) to a signal-to-noise ratio below a
certain threshold (agents are too far away).

The packet loss probability between Agents ¢ and j is denoted m;; = m;;. One considers that a communication link exists
between two agents ¢ and j if 7;; is less than 7 < 0.5. From this hypothesis, the communication topology of the MAS can be
described by a undirected graph G = (N, £), where £ C N x N is the set of edges of the graph. Agent 7 can communicate with
its N; one-hop neighbors with indexes in N; = {j € N|(i,5) € &, i # j}. For each Agent j € N, one has therefore m;; < .

In this paper, we assume that G is connected and invariant with the time. Moreover, to simplify analysis, we assume that
V(Z,j) €&, mi; =m.

Communication delays are neglected: When Agent ¢ broadcasts its k;-th message at time t;x,, Agent j € N either receives
this message without error at time ¢; », or does not receive it.

Consider a pairs of neighboring agents (,j) € £. Let {637,%_}/%21 be a sequence of binary variables such that (55,% = 1 if the

ki-th message sent by Agent i has been received by Agent j and 5ka = 0 else. The ég’kis are modeled as realizations of
time-invariant memoryless Bernoulli processes with

Pr (5{,,% - 1) S — (6)
Pr (5{&_ - o) = (7)

The model (6)-(7) captures relatively accurately situation 7). Packet loss events due to collisions are often independent from
one communication trial to the next one, provided that there is no synchronization between agents (as in the ALOHA protocol
[1]). The considered packet loss model can also represent situation i) provided that obstacles are small or agents move fast
enough to experience only very short occlusions. Situation #4) is more difficult to represent. Adjusting the transmission power
periodically, so as to reach farther agents (even less frequently), may partly address the problem. Nevertheless, this would
lead to a time-varying probability 7 of packet loss. For situations i) and %), one may alternatively consider a modification
of the agent communication topology, which is out of the scope of this paper. Some works use feedback to partially solve the
problem, but feedback requires extra communications and so increases the risk of collision between packets, as described in
situation 4). This is why, here, the only feedback information considered is that received from packets sent by other agents,
when this own CTC is satisfied.

2.8 Message content

Let k; < k; be the index of the last message Agent ¢ has received from its neighbor j. When a communication is triggered at
time ¢; x,, Agent i broadcasts a message containing ki, tix,, = (tik,), 0i, and {k’},j € N;. By sending k! < k; for all j € N,
Agent i indicates the index of the last message received from each of its neighbors. This can be considered as an implicit
acknowledgment mechanism for the neighbors j € N;.

When Agent j receives a message from Agent i, it updates kf to ki. Moreover, z; (t;,x;) and 6; are used to update its estimator
of the state of Agent i, as detailed in Section 4.1. Finally, Agent j keeps track in the variables k;j of the value of k; which
represents the index of the last message sent by Agent j and which has been actually received by Agent . The index k;g is
used by Agent j to evaluate the knowledge Agent i has about z; (see the example in Figure 1).

2.4 Target formation

A potentially time-varying target formation is defined by the set R(t) = {r}; (¢), (i,4) € N x N}, where r}; (t) is the target
relative coordinate vector between Agents ¢ and j. Without loss of generality, the first agent is considered as the reference

agent. Any target relative coordinate vector r;; can be expressed as rj; (t) = rj; (t) — 1 (t). The target relative configuration

vector is 7 (t) = [riT (¢) ... ri% (t)]". Each Agent i is assumed to only know the relative coordinate vector with its direct

neighbors r7; (t), j € N;. Additionally, a constant target reference velocity ¢; known by all agents is imposed to the MAS.
The reference velocities ¢; are expressed as ¢ = ¢i + 7;; and are assumed to satisfy
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Fig. 1. Communication instants between Agents i and j and evolution of the indexes k:f and k:fl of last message received; from
the packet received at time ¢;1, Agent i can deduce that Agent j has received the packet sent at time ¢; 3 from the content
of the packet it receives from Agent j at time ¢; 1.

A7) For all Agents i, the target velocity §; and acceleration §; are bounded such that

167 (D) 1] < dmax, (8)
1G5 (8) [1< Gmax, (9)

fori=1,...,N. Moreover, ¢; is Lipschitz with constant K] < Kq, i.e. Vt At,

g (t+ At) — g; ()]l < Ka|At]. (10)

Our aim is to evaluate the control input for each Agent in a distributed way so that the MAS converges to R(t), while limiting
the number of communications between agents and accounting for losses. For that purpose, the control input of each Agent
has to provide an asymptotic convergence of the MAS to the target configuration vector with a bounded Mean-Square Error
(MSE).

Definition 1 The MAS asymptotically mean-square converges to the target formation with a bounded MSE (bounded average
asymptotic convergence) iff there exists some €1 > 0 such that

V(i) € N2, Jim E ([lrig (8) = v 0] <, (11)
t— o0
where the expectation is evaluated considering the packet loss events.
2.5 QOverview of the proposed approach

A control law is introduced in Section 3 to drive the MAS to its target formation and reference speed in a distributed way.
This requires the knowledge by each Agent of the state vector of its neighbors. Since the state vector of a neighbor Agent j is
only available at Agent ¢ when Agent j broadcasts its state, Agent ¢ has to maintain an estimator of the state of each of its
neighbors. This estimator is described in Section 4.

To determine the quality of the estimate of x; evaluated by its neighbors, Agent i has also to estimate its own state x; with
the information it has transmitted to its neighbors. As soon as a function of the error between this estimate and x; reaches
some threshold, Agent i triggers a communication to allow its neighbors to refresh their estimate of ;. The main difficulty,
compared to [19,21], lies in the fact that estimators have to account for packet losses. In the solution proposed here, each
Agent maintains several estimates of its own state accounting for different packet loss hypotheses, and an estimate of the state
of its neighbors with the last information received. As will be seen in Section 4.4, the number of hypotheses can be limited to
a manageable amount determined by the last received packet from Agent 1.

Usually, a CTC relies on the error between the states of agents and the state estimates evaluated by neighboring agents. Here,
since this error cannot be exactly obtained due to packet losses, the CTC involves the MSE between the state of an agent
and its estimate evaluated by its neighbors, see Section 5. This paper proposes different methods to evaluate or upper-bound
this MSE, which is then used to analyze the convergence and the stability of the MAS.



3 Distributed control inputs

Section 3.1 introduces the potential energy P (g, t) of the MAS to quantify the discrepancy between the current and target
formations. A control input minimising P (g, t) by exploiting the agent state estimators is presented in Section 3.2.

3.1 Potential energy of the MAS

In [14,27], consider the potential energy of the MAS
1l & 2
P(Qv t) = 5 sz’bﬂ ||Tij - T:ch ) (12)
i=1 j=1

is introduced, where m;; = mj; are some positive or null coefficients. P (q,t) quantifies the discrepancy between the actual
and target relative coordinate vectors. We take ms; = 0, m;; = 0 if (4,5) ¢ &, and m;; > 0 if (4,5) € €. Since G is connected,
the minimum number of non-zero coefficients m;; to properly define a target formation is N — 1.

Proposition 2 The MAS asymptotically converges to the target formation with a bounded MSE iff there exists some €2 > 0
such that
tlim E(P(q, t)) <ea, (13)
— 00

where the expectation is evaluated considering the packet loss events.

The proof of Proposition 2 is provided in Appendix A.1.
3.2 Control input with Agent state estimators

In what follows, a control law is designed for each agent so that the MAS asymptotically converges with a bounded MSE.
The control law requires only local knowledge of the agent and can therefore be implemented in a distributed way. It has to
make P (g, t) decrease. One introduces, as in [27],

0P (g, t)

gi = T = Z mMyij (Tij - 7";}) ) (14)
¢ JEN;
gi = Z mij (5 — 755) (15)
JEN;
si =i — q; + kpgi, (16)

where ¢ = ¢7 — 7]; is the reference velocity of Agent i. The vectors g; and ¢§; characterize the evolution with ¢; and ¢; of
the discrepancy between the actual and target relative coordinate vectors. In (16), k, > 0 is a scalar design parameter. When
the agents are far from the target formation, g; is large and determines the direction for Agent i to get closer to the target
formation.

To make P (g, t) decrease, Agent i has to evaluate (14). The control input of Agent ¢ requires r;;, and thus q;, j € N;.
Nevertheless, ¢; is only available to Agent ¢ when it receives a packet from Agent j containing q;, see Section 2.2. Between
the reception of two packets from Agent j, an estimate G; of ¢;,j € N; needs to be evaluated, see Section 4.1. Using estimates
(j;- and (j; of g; and ¢; for all j € N;, Agent ¢ is able to evaluate the discrepancies 7;; = q; — (j;-, Fij = Gi — (j; between its own
state and the estimate of the state of the neighbors, as well as

gi Z My (’Fij — 7”:]') s (17)

JEN;

Gi= > may (P —155) (18)
JEN;

S5i=¢i —q; + kpGi. (19)

Then, the following control input (to be used in (1)) can be evaluated in a distributed way by each Agent i € N, i.e., using
only vectors available locally

wi = —ksSi — koGi + G —Yi (i, ds, Di, Pi) 0i, (20)

where p; = kpgi — ¢; and p; = kpg: — §; with the additional design parameters ky > 0 and ks > 1+ kp, (ka + 1). In (20), 3;
maintain the formation at the reference velocity, g; drives the agent to the target formation, G compensates the action of the
gravity, and Y; (qi7 Gi, i, 131-) 0; compensates the inertia, Coriolis and centripetal terms of the dynamic of the agents. The
convergence properties of the MAS when each agent applies (20) is analyzed and ensured in Section 5.



4 State estimators and packet losses

Section 4.1 introduces the estimators involved in the control input (20) applied by each agent. Section 4.2 describes the
way Agent i estimates its own state x;, with the information transmitted to its neighbors, to determine the quality of their
estimates of x;. In Section 4.3, the MSE between the current state x; and its remote estimates i:f, j € N; is evaluated. In

Section 4.4, packets received from other agents are exploited to improve the evaluation of the MSE of the estimate i’i of x;.
4.1 FEstimation of the state of other agents

To evaluate (20), Agent ¢ has to maintain an estimate a%} of the state z; of all its neighbors j € N;. Assume that Agent j
broadcasts its k-th message at time ¢; . Then, since communication delays are neglected, depending on whether this message

has been received by Agent i, :%; is updated as follows, see [3]

&5 (t55) = Gy (bn) + (1 - 611‘“) 25 (t5n) - &)

where x;(t;,x) is obtained from the received packet, where 3%3 (t]_k) is the value of the state estimate at ¢; », before the update

and i’; (tjk> is its value after the update. For all £ > ¢, and up to the time instant of reception of the next packet sent by

Agent j, the components cj;- and (j; of §:§ evolve as
M; (6) & +C5 (8, &) & + 6 = a. (22)

where M; and C; are evaluated using (2) with Y; and é; = 0;, where the structure of Y; and 6; are initially known by Agent i
or have been transmitted by Agent j at time ¢ = 0. The estimator (22) maintained by Agent ¢ requires itself an estimate 11;

of the control input u; evaluated by Agent j. This estimate a

7, used by Agent i, is chosen as

@ =~k + G =Y (a5, &, ~i;, —d5 ) 05, (23)
with é; = (j; — ¢;. The control input (23) only depends on information available to Agent i Therefore, (23) has been built
from (20) by removing all terms unknown by the neighbors of Agent j. Consequently g; and g; cannot be used, and z; is
replaced by i‘; Since (23) differs from (20), a%; will progressively diverge from z;. Since each agent runs an estimator of its
own state with the information available to its neighbors, it can trigger a communication when the discrepancy is too large.
When the MAS is close to the target formation, the term §; becomes negligible and (20) and (23) get closer. This choice

limits the number of state estimate hypotheses to consider, see Section 4.2.

We consider Assumptions A8 and A9 on the components of 55;

A8) The velocity (j; and acceleration cj; are bounded

11651 <dmax (24)
11951 <fmax- (25)

Moreover, ¢ is Lipschitz on all intervals [t; i, tj,k41], i-€ VE € [tk tj 1] and (t + At) € [tjk, tj,041[ such that

@ (¢ a0 — 4 ()] < Kala. (26)
with K4 > 0.

This assumtion is consistent with that considered for ¢;, i.e Assumption A6, since between two communication time instants,
(22) is similar to (1).

A9) There exists emax > 0 such that the norm of the estimation error satisfies

llai (¢) = & (1) 1] < emax. (27)

This assumption is reasonable for MAS evolving in some limited geographical area.



4.2 Multi-hypothesis state estimates

The estimate § of the state of Agent ¢, evaluated by Agent j, only depends on the information provided by Agent . The
estimate ¢/ is reset to g; as soon as a message sent by Agent i is received by Agent j, see (21). Consequently, when Agent ¢ has
sent k; messages, and wants to evaluate an image of its own state as computed by one of its neighbors, k; different hypotheses
have to be considered, each of which is associated to a different estimator of ¢; at time ¢ € [t k;, ti,k;+1]:

A first estimator considers the k;-th packet as received,

A second estimator considers the k;-th packet as lost, but the k; — 1-th packet as received,

e A last estimator considers that no packet has been received, and uses the initial state estimate &7 (0).

At time ¢ € [ti,k;, ti,k;+1[, the state estimates corresponding to these hypotheses are denoted as

iyl il Li,0

' =o' .8 o), (28)
with £=0,...,k; and &% = &%,
Since k; can become very large, we impose that Agent ¢ maintains at most x estimates of x;, denoted ;ﬁﬁ” (), .ey ai"Y”) (t). For
all t € [tig;,tik,11], ki > K, one has 2V (£) = 275 (¢),..., 2% (t) = #2% 7" (1). These estimates evolve according to the

dynamics (22)-(23) introduced in Section 4.1. When a new packet is sent by Agent ¢ at time ¢; x, 41, the estimates are updated
as

jl(l) (t:tkﬁrl) = Ti (tZki+1) . (29)
~ (L ~ (£ —
JJE 1) (t?:kﬁ_l) = xE ) (tig,41)> €=1,..., k=1 (30)
4.8 Expected value of the estimation error of x; (t)
At time t € [tik;, ti,k;+1[, Agent ¢ has sent k; packets. Let
Ploe=Pr (0, = 1,6, =0,...,8],, =0) (31)

with 0 < ¢ < k;, be the probability that the /-th packet has been received by a given neighbor j and that all packets from the
£ + 1-th to the k;-th have been lost. By convention,

Pl o =Pr (6{1 =0,.. .,517,1% = 0)

iy

and , ,
Pl =Pr (5;7,%_ - 1) . (32)

Note that pii’l only depends on the packet loss probability 7 of the packet loss model (6)-(7), and does not depend on the
neighbor index j, which is omitted in what follows.

Proposition 3 One has

pii=1—m (33)
pro=m (34)
For all k; > 0 and £ < k;,
Phi 6 = TPk;—1,0- (35)
Moreover
Dkik; =1 — . (36)



The proof of Proposition 3 is in Appendix A.2.

At time t € [ti,k;, ti,k;+1[, the estimation error of the coordinates of Agent ¢, as evaluated by Agent j, is

el () =q] () —a(t). (37)

Since Agent i does not know the index of the last packet received by Agent j among those it has sent, Agent i cannot evaluate
(37). Alternatively, Agent ¢ can evaluate the mean square value of e](t) considering the estimates (}z * and the associated
probabilities p,.¢
ki
j 2 o 2
E (e ()1) = > pracelldl” () — @ () |1 (38)

£=0

Since Agent ¢ maintains only k estimators of x;, it cannot evaluate (38) when k; > k. Nevertheless, using Assumption A9,
the MSE (38) can be upper-bounded.

Proposition 4 The MSE (88) can be expressed or upper-bounded as

E (|le] (t) ||2) Z?l oPkﬂ-’H@f’e O —a@)| ifki<s (39)
E (Il 0)112) <E ([l 0]) else,
where
. 2 . ,
( el (1) ) e |0 O = O+ min ([e, 0, o (] ) (40)
with ag (kiyk)=1— Zleci:ki—nﬂ Dk t; Ymin = max (0,k; — k + 1) and
. ) ) _ . 2 ki ) il 2
s (0 = M i) ¢ = 1) 78 e ) [) = 3 e (620) = 0 62| (a1)
£=Lmin
Similar bounds can be obtained for
ks
_ 2 y _
E ( ) Z Pyt ‘ — 4 ]| + min ({afk (t), 407 (i, K)qfﬂax}) (42)
_ 4 .
E (‘ 1) ) - Z cell@ @ =@ @ +min ({2, ), of (i)t }) (43)
=L
_ . 4 ki .. 4 L )
E ( =10l ) = 32 pre @ @) = @ )|+ min ({Z5 (4), 1607 (i R)iha ) (44)
=Lmin
with
=7 . . j = .j — 2 i Az YA + . + 2
€ik, (1) = 8dmaxfmax0] (Ki, k) (t — tix;) + 7E <’ €; (tzkl) ‘ ) - Z pk @ (k) — d () ‘ (45)
£=Lin
.2 .3 == N2 a il [t TN
() = St (i) ¢ = t0) 78 (e ) |) = 3 e (020) — 0 62| (16)
=Lmin
24,2 =15 1= \II* o 10+ 4
€ik; ( ) = 32(1mameax (ku ’f)( - tzkz) +7E (‘ ef (tzk1>H ) - P q;’ (tzkl) — G (tz ki )H . (47)
=Cmin



The proofs of Proposition 4 is provided in Appendix A.7. In the condition of Proposition 4 without implicit feed-back, one
always has o7 (ki, k) = 350" pr,e = 7.

Using (39)-(47), Agent ¢ is able to determine the quality of the estimate of x; evaluated by its neighbors.

Using (39), Agent i is able to determine the quality of the estimate of x; evaluated by its neighbors. The choice of x impacts
the upper bound of E (||e] (¢) ||*) and E (||é (¢) ||?) in (39). A large value of x reduces the influence of emax and gmax on the
MSE. Nevertheless, x should not be chosen too large to limit the number of estimators of its own state maintained by Agent 3.

4.4 Estimates accounting for received packets (implicit feed-back)

Consider Agent 4, the time interval [t;k,,%ik;+1[, and assume that [t, it [ is the time interval during which the last

G0l +1
packet has been received from Agent j. This packet contains the index kf of the last message received by Agent j and sent by
Agent i, as illustrated by Figure 1. This index is kept by Agent ¢ in kJ'*, see Section 2.2. This implicit acknowledgment can
significantly improve the evaluation of the mean-square values of e (t) and €] (t). From this message, Agent ¢ knows that all

packets sent in the time interval [ti,k§+1’ ti,p{-&-l[ have not been received by Agent j.

Consider again the example in Figure 1. The packet received in [tik,, ik, +1[ with k/ = k; — 2 indicates that packet k; — 2 has
been received, but neither packet k; — 1 nor k;.

Using this knowledge, Agent i can evaluate the probability

. . ki . ) ol )
J — ] v — J — z J —
Py i g1 = PF (51.}[ =1y, =0 5 =1 Zm:kg’m 8. = 0) (48)

that the ¢-th message sent by Agent ¢ (with kf < £ < k;) has been received by Agent j and that all following messages,
including the k;-th have been lost. By convention,

J
J —_ ¥ J —_ i J
pkivkiw‘z’i,lfz =Pr <51,k1 = 1|57«ka’1 - 1’Zm:kf'i+l 6i,m = 0) . (49)

Proposition 5 As long as Agent i has not received any message from Agent j, pf;, ¢0,0 is evaluated for all k; > 0 and £ < k;
as

j ki—t .
pf%uO’O =(1-mn if £>0, (50)
Py, 000 =T else. (51)
If Agent i receives a message from Agent j at tjx; € [tik;,ti,k;+1[ containing k{, then kf’ = kg, pz = ki, and
J —
pkiyk{’ilk{’i,ki =1 (52)

P =0 VE<ki,l#k" (53)

‘7 . .
ki kD" Ky

Consider t € [tik;+n,tik;+n+1| with n > 0 and assume that the last message received by Agent i from Agent j has been at
time tx, € [tik;» tisk;+1]. Consequently, kI < ki, and one has still p! = k;. Then p’ 1s evaluated recursively for

kgn llk? ks
all£=0,...,ki+n as

J _ J
pk1+nkzl\kzlkl - ﬂpki+n71,k{’i|kz’i,ki (54)
J _ J if L. )
pkﬁ—n,l\kf'i,ki - Trpki-kn—l,é\kz’i,ki ki <l<kitn
=0 ifl<kiandl+#k’ (55)
J s o =1—-m. (56)

pki+n,ki+n\kﬁ'l7ki
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ki +n
5 message 6 7 8 9
from Agent j
0 ° 0 0 0 0 0
1 (1 —m)n? 0 0 0 0 0
2 (1—7)=n3 0 0 0 0 0
3 (1—m)n? 1 T w2 w3 t
, L 1-m)m 0 0 0 0 0
5 1—7 0 0 0 0 0
6 * * 1—m (1—m)m (1 —m)n? (1—m)n3
8 * * * 1—7 1—m)m (1—77)7\'2
9 * * * * 1—m 1—-—m)m
10 * * * * * 1—-7

Table 2
Probabilities p, AR that the /-th message sent by Agent ¢ has been received by Agent j and all following messages

including the k;-th one have been lost, for n € [0,...,5], k; = 5; * represents probabilities not defined. In the time interval
[tk;,5, th;,6], @ message is received from Agent j indicating that the last message it has received from Agent 4 is message k; = 3.

The proof of Proposition 5 is in Appendix A.3.

Table 2 illustrates the evolution of Pt ekl i g, 852 function of n when k = 3, k; = 5, and k:f =3.

Proposition 5 can be used by Agent ¢ to evaluate E (||eZ (t)]]?), taking into account the implicit acknowledgement provided
by neighbors as follows.

Proposition 6 Consider some Agent i and k; > 0. Assume that Agent i knows the index kf of the last message sent by
Agent i and received by some neighbor Agent j. At time t € [t k;+n, tik;+nt+1], One has

B (e o 1) <& (|

o] 1), 67)

where
™ J 2 st o j 1,0 2
2 (0 1) = 55 e 0 -]
£=Lrmin
-+ 1ki>ﬁlki_k2,i>ﬁ X min ({Eg,ki-kn (t) s O'g (k‘z +n, Iilkg’i, k’b)efnax}) (58)

With lmin = max ({0, k; +n — & +1}), o (ki +n, sk ki) =1 — Zif;krﬁﬂ piv_‘_n pIeEey and

1 ifki >k
I
ki> {0 else, (59)

E’L’.ykan (t) = 4dmax€maxaf (kl +n, Klkzj’iv kb) (t - ti,ki+n)

ki4+n
2 . . . 2
ol s ~il [+
+nE() | Ik ) = 30 W 8 W) = @ )| (60)
£=Linin e

ez (tl—,kq +n)

Contrary to (39), (58) depends now on the index of the neighbor Agent j via k), and so is updated by its neighbor when
Agent i receives a packet, in addition to the update made each time Agent ¢ broadcast a message as in (39). Note that, in
opposition with Proposition 4 without implicit acknowledgement, the value of o/ mostly depend of the messages received from
Agent j.

Similar results can be obtained for E (| le7 () 1) |kfl) In what follows, the notation E(|[e (t)||?) is used in place of E(||e] (t)])?|k}").
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5 Event-triggered communications accounting for packet losses
This section presents a CTC which may involve one of the state estimators introduced in Section 4.

Let Mmin = min; j=1,...8 {mi; # 0}, Mmax = max; j=1,...5 {Mij} , Nmin = minj=1. n{N:}, oz = Z;L mi;, and am =
max;=1,.,n &;. The distributed CTC (61) presented in Theorem 7 is designed to ensure an asymptotic convergence of the
MAS to the target formation with a bounded MSE.

Theorem 7 Consider a MAS with agent dynamics given by (1), the communication protocol defined in Section 2.2, and the
control law (20). In absence of communication delays, and with a packet loss model satisfying (6)-(7), if the communications
are triggered by each Agent i of the MAS when the following condition is satisfied

N _ 2 _ 2
an {Z mij <keIE (‘ ) + kyknE (’ )) Tk
j=1

J 57
€ €

N _ 112 12 _ 14 _ 114
<o (2 (o) [l +2 (=) <2 (e ))
j=1
+ kgbi ||di — 67 ||* > ks3] 5 + kpkgGi G5 + 1 (61)

where ke = ksk'g + kgkp + }Z—?, n and b; are design parameters such that
1 > AkgbiGiax (62)
for some 0 < b; < kfskii‘:’kg) then

(a) the MAS asymptotically converges to the target formation with a bounded MSE such that

lim E (%P(q,t)) <& (63)

t— oo

where 5 = k;V [Dr2nax + 77]7

c3

. . N.. .
min {k1, kp } min (17 7"““7"“““)

Mmax

max {17 kM}

C3 =

(64)
and k1 = ks — (1 —+ k:p (ICM —+ 1))
(b) one has t; k,+1 — tik; > Tmin for some Tmin > 0.

The proof of (a) in Theorem 7 is given in Appendix A. The absence of Zeno behavior is shown by the existence of a minimum

inter-event time 7Tmin (Theorem 7(b)) as shown in Appendix B . Each Agent i has to evaluate the expected values of ||e7||?,

[1€1]1%, |le?||* and ||éZ]|* for all j € N;. This can be done using (39) or (58) as detailed in Sections 4.3 and 4.4.

The CTC proposed in Theorem 7 is analyzed considering that the state estimators and the communication protocol are such
that for all 7 € A" and for all agent j € N; that has received its last message from Agent i at t, € [ti,k;—r, tiok; [ OnE has

) =7 (b) (65)

7

iyl

all t € [t tix, [ If Agent j has received the f-th message from Agent 4, its estimation Z7 (t) of ; (t) is equal to Z"° (t), one
of the Kk estimators maintained by Agent ¢. This property is actually satisfied by the communication protocol described in
Section 2.2 and the state estimator described in Section 4. Alternative estimators can be used.

The CTC (61) is satisfied for Agent i mainly when E(||eZ||?) and E(]|é!]|?) become large. Thus, it is preferable to use the
knowledge of k! provided by the proposed implicit feedback mechanism to calculate (58) rather than using (39).

A large packet loss probability 7 results in large values of E(||e/ (t) ||*) and E(||¢/ (t)||?), and therefore leads to an increase in
the number of communications to compensate for the losses.

12



When 7 is a conservative upper-bound of the packet loss probabilities 7;;, (i,5) € &, the upper bounds of E(||e! (¢) ||?) and

E(||¢! (t)]*) evaluated by Agent i will be conservative. This leads to more communications than necessary. This effect may
be limited by exploiting the implicit acknowledgement.

The right hand side of the CTC (61) is proportional to g;(¢) and §;(t), i.e., to the potential energy of the formation P(q,t),
which is large when agents are far from the target formation. When agents are far from the target formation, the discrepancy
between (20) and (23) is large. This lead to a fast increase of E(||e] (¢) ||*) and E(||é] (¢)||?). The fact that the right hand side
of the CTC (61) is large too prevents the CTC from being satisfied too often. When agents are close to the target formation,
even if the right hand side of the CTC (61) is small, the fact that (23) is close to (20) leads to E(||e (¢) ||?) and E(||¢? (t) ||?)
increasing slowly. Consequently, less communications will be required. See Section 6 for an illustration.

An analysis of the impact of the values of the parameters on the reduction of communications has been presented in [21] in
absence of packet losses. These results can be extended to the case with packet losses. The choice of the parameters awm, kg,
kp and b; also determines the number of broadcast messages. Choosing the coefficients m;; such that a; = Z;V:I m;; is small,
leads to a reduction in the number of communications triggered resulting from the satisfaction of (61), at the cost of a less

precise formation.

The following proposition introduces a condition on the initial estimate of agent states to guarantee that (61) in Theorem 7
is not satisfied at t = 0.

Proposition 8 If a common initial estimate if (0) is known by all the neighbors j € N; of each Agent i such that
¢} (0)[| =0, |le] (0)[I* < H, ||€] (0) || < H, (66)
where H; > 0 is defined for each Agent i as

(ke + kpkar)® + kpk2& — (ke + kpkar)
H; = v : e - (67)
2k, k2,

kp (ks +kg) _1_

&=——"""4,5:(0)+ -,
(R V(e 7} [e3Y(e7}

(68)
then the condition (61) in Theorem 7 is guaranteed not to be satisfied at t = 0.
The proof of Proposition 8 is given in Appendix A.8.

H; = 0 corresponds to the case where the initial state z;(0) is known by all neighbors of Agent 4, i.e. & (0) = x;(0) ¥j € N;.
The value of the bound H; is proportional to g; (0), ¢.e. the initial value of the potential energy of the formation. Thus, the

most distant from the target formation agents are, the largest the initial error of the estimate itf (0) can be tolerated.

We have assumed in Proposition 8 that all neighbors of Agent 4 share the same estimate 2 (0) of z;(0). This allows Agent 4
to initialize the estimator of its own state by Z7(0) and avoids using a different estimator for each of its neighbors. When
this hypothesis is not satisfied initially, in practice, the local estimators of x; and those performed by neighbors are likely to
coincide after few communications. In practice, the formation can still be achieved even if the initial conditions do not satisfy
Proposition 8.

6 Example

Consider the dynamical model of N identical surface ships with coordinate vectors ¢; = [z; ;i ¥ }T €R3i=1...N,in

a local Earth-fixed frame. For Agent 4, (x;,y:) represents its position and v; its heading angle. The Agent dynamics are
expressed in the body frame as
M,V + Co,i (Vi) Vi + Db Vi = Toi + db i, (69)

where v; is the velocity vector in the body frame. The values of My, ;, Dy, and Cy; (v;) are found in [10].

One takes N = 6. The model (69) may be expressed as (1) with G = 0 using an appropriate change of variables detailed in
[10]. The parameters of (20) are kas = ||M;|| = 33.8, ke = ||Ci (In)|| = 43.96, kp, = 2, kg =20, ke =14+ 6 (kpe + 1), b = é,

emax = 20, max = 2 and Jmax = 1. In the simulations, the following state estimator Zr:\; is used for all ¢ € [t k,t;,k+1] With
components

[@; (t), (f; (t)} = [‘i; (tik;) s 0} (70)
@ () =q; (tjn) + (t —tjk) 45 (tik) (71)

! is updated using (21).
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6.1 Parameters

The initial value of the configuration vector is ¢ (0) = [z (0)” , 5 (0)" , 4 (0)"]7, ¢ (0) = O3nx1, with z (0) = [—0.35,4.59, 4.72, 0.64,
3.53,-1.26] , y(0) = [-1.11,—4.59,2.42,1.36,1.56,3.36] and % (0) = On. An hexagonal target formation is considered

with 7% (0) = [rf}) (0)" iy (0)7 (s (0)"]" where 73y (0) = [0,2,3,2,0,—1], {3 (0) = [0,0,v3, 2v/3,2V3,v/3], and
(3 (0) = On. Moreover, the target MAS velocity is ¢7 = [L, 1, O]T. Each Agent communicates with N/2 = 3 other agents.

From [27], one obtains the coefficients matrix S = [my;], ;_, y such

0 1.8 0 0926 0 185 |
1.8 0 18 0 0926 0
0 18 0 18 0 0.926
0926 0 18 0 18 0
0 0926 0 18 0 1.85
L 1.8 0 0926 0 18 0

One has a; = Z;\jzl m;; = 0.463, for all i = 1,..., N and am = 0.463.

The simulation duration is T" = 2s, taken sufficiently large to reach a steady-state behavior, with an integration step size
At = 0.01 s. Since time has been discretized, the minimum delay between the transmission of two messages by the same
Agent is set to At. The perturbation d; (¢) is assumed constant over each interval [kAt, (k + 1) A¢[. The components of

d; (t) are independent realizations of zero-mean uniformly distributed noise U (fDmaX / V3, Duax / \/§) and are thus such that
ldi (t)]] € Dmax. Let Nm be the total number of messages transmitted during a simulation. The performance of the proposed

approach is evaluated with -
Reom = Nm/Nm (72)

where Ny = NT/At > N. Reom is the ratio between the number of communications required using the proposed approach
and the number of communications that would be obtained with a communication triggered at each sampling time instant.
One takes k = 6.

6.2 Simulations results

Figure 2 shows the performance of the proposed approach with the CTC (61) for different values of the packet loss probability
m and disturbance bound Dpax. Results are averaged over 50 independent realizations of the noise and of the packet loss
events. As expected, the number of communications required for the MAS to converge increases with m and Dyax.

The influence of 1 on the number of communication is detailed in [22]. Increasing 7 leads to a reduction of Rcom but increases
the potential energy P (¢, T), and thus the discrepancy with respect to the target formation at ¢t = T.

Figure 3 compares results of the proposed approach obtained without (a) and with (b) the exploitation of the index k‘f & of
the last message sent by Agent i and received by some neighbor Agent j. Using the implicit acknowledgement from neighbors,

and thus E (He{ (1t)||2 |k;) instead of E (||ef (t)HQ) in the CTC, convergence is obtained with 75% less messages.

Figure 4 shows the influence of k on the number of communication Rcom. One observes that increasing x reduces Rcom, until
Rcom reaches a minimum value (when k = 3). Increasing further x does not reduce Rcom-

When & is small, E ||eg (t)H2 \k;]) and E (He{ (t)H2 |k;7) are conservative, which leads to more communications than nec-
essary. When k > 3, the additional terms in the upper bound have a negligible impact. Rcom is large due to €max, maxans
{max which influence the value of E (Hef (t)”2 |k;])

7 Conclusion

This paper addresses the problem of communication reduction in distributed formation control of a MAS with Euler-Lagrange
dynamics in presence of packet losses and state perturbations.
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Fig. 2. Evolution of P (¢q,T) and Rcom for different values of Dmax and m, when n = 100, the estimator (22) is considered for
the dynamics of neighbors agents, as well as E (Hef (1t)||2 |k;7) from (58).

2 2
(e} 0 (“-1 0
o -2 o B
4 \ 4
-6 6 . . . . .
-2 0 2 4 6 2 0 2 4 6
91 9
Communication event : R = 17.91% Communication event : R =5.58%
6 | oooammmoaomnmm como om 00 © o o 6| ®momoo o o
5 5
] el
E4 GDEEEEDIEEOEEDD 0 M 000 0 0 0 O o E4 @OMIOMO00 O O = Q o
E 80 G0 @ 0000 000000 00 OO0 [« = §u O 000CO0O O ©O [+ ] G
ftm 7| OMMED®AO 0 @ OO0 <2 ©o®mO O O o
0 @OOEOM WO0000M® 0 00 06 0 © cooo o o .
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time (s) Time (s)
(a) without implicit acknowledgement (b) with implicit acknowledgement

Fig. 3. Results of the proposed method using an estimated of the state error (a) via (39) (implicit acknowledgement not used),
(b) via (58) (implicit acknowledgement used) when Dpax = 200 and 7 = 0.2
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Fig. 4. Evolution of Reom as a function of x when n = 100, 7 = 0.2 and Dpax = 100. E (Hef (t)H2 |k;]) given by (58) is
considered in the CTC.

To evaluate its control input, each agent maintains estimators of the states of its neighbors as well as multiple estimators of its
own state accounting for different packet loss hypotheses in the communications with its neighbors. Using these estimators,
each agent is then able to compute the expected value of the estimation error of its own state as evaluated by its neighbors.
An implicit acknowledgement from other agents may be used to evaluate more accurately the estimation error. A distributed
CTC is then proposed, involving these estimation errors. The behavior of the MAS is analyzed using stochastic Lyapunov
functions in [23]. The convergence to the target formation and the absence of Zeno behavior have been proven. Simulations
illustrate the effectiveness of the proposed approach. In future work, communication delays will also be considered along with
packet losses.
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A  Appendix
A.1  Proof of Proposition 2

Assume that there exists €2 > 0 such that

Jlim E (P (g, 1) < ez, (A1)
then o 2
Jim 5 323 em® (I 0= ri OF) <ea (a2
Since



and m;; > 0 for all (¢, 5) such that m;; > 0, this implies

lim E (Hrlj —ry(t H ) (A4)

t—o0

Consider now a pair (4, j) such that m;; = 0. The communication graph has been assumed connected. Consequently, there
exists a sequence (i1, ..., iNij) of Ni; < N nodes with i1 =i and in,; = j and such that m;,;, , >0forallk=1,..., N;; —1.
Then

Nyj—1

tl;m E (HT” =iy (0] ) tli>120 ; E (’

2
Tigig41 (t) T Tigigy1 (t)H ) .

Using (A.4), one gets

Jm E (|l 0 = o) < Y 2 (45)

k=1 m1k1k+1

Then introduce

Nyl
£11 = max L, (A.6)
(63 ENZ M =0 1= Migigy
2
10 = max c2 (A7)
(4,4)ENZ,m;5>0 M5
and
€1 = max {611,612}- (A.S)
Combining (A.4) and (A.5), one has for all (i,7) € N?,
Jim E ([lri; (0) = 75 0F) <=1, (A.9)
The converse is immediate: if there exists £; > 0 such that (A.9) is satisfied for all (i,5) € A%, then
N N
tlg]éloE(P( = 11 ZZm ( iz (t) — ri; (2)]] )
=1 j=1
< €2,
With Eg = % vazl Z;-Vzl mij€1.
A.2  Proof of Proposition 8
Consider first
Phow=Pr (6, = 1,6, =0,....80, =0). (A.10)
Since the channel is memoryless,
Do =Pr (5, =0)Pr (8], = 1.6, =0,....6, , =0) (A1)
so, using (6)-(7), one gets
pi,, ka 1, (A.12)
Consider now piﬁn’kﬁn. Using (6)-(7), one gets
pii+n,ki+n =1-Pr (51 ki+n — 0)
=1-r. (A.13)

Note that pf;i S kytn 1S independent of j because no implicit acknowledgment is exploited in Proposition 3.
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A.3 Proof of proposition 5

Before any reception from a packet for Agent j, (51) is evaluated as in Proposition 3.

Consider t € [ti k;+n, ti,k;+n+1] With » > 0 and assume that the last message received by Agent ¢ from Agent j was at time
tik; € [tik,tik;+1[ - Thus k" = k] < k; and Agent i knows that Agent j has received the k]"*-th message sent by Agent 4,
and has not received the following ones with index between kf " and k;. Agent i has no information about the reception by

Agent j of the k; + 1,...,k; + n-th messages. Then, by definition of pi_ o i OP€ has
ki
J — J — J _ J —
Py it = P 0000 = 18] =1, E: §,,=0]=1 (A.14)
m:k{"1+1
and for all £ < k; with £ # k"
k; k;
J _ J J J — J —
Py piip, = PT z:@mfmgjfu%ﬁjfL > o, =0]=0 (A.15)
m=£+1 m=k)" 41
Consider now the evaluation of p’ 5. . with n > 0. One has
kitn,llk; " k;
ki4+n k;
J _ J J J — J
pki+nvl|kz’ivki =Pr Z 6i’m o 076i*é o 1|6i,kz’i =1 Z 6i7m =0]. (A.16)
m=0+1 m=kd"i 41
If £ < k; with £ #£ kfz, one has clearly p;Jr O = 0. In what follows, we consider thus £ = kfl or k; < £ < k; +n and,
since the channel is memoryless, one has '
ki4+n—1 k;
%ﬁwM{M:PdﬁMﬁfﬂom > =08, =1 =1 3 8, =0 (A.17)
m=0+1 m=kJ 41

Using (6)-(7), one gets

J J
= S A.18
pki+nyf\kf’l,ki pki+n*1,4|kf’17k7‘, ( )
Consider now the evaluation of p’ ;i . with n > 0. Since the channel is memoryless, one has
kitn,ki+n|k]l" k;
j o= pr(s, . = 1)
pki+n,ki+n\kg”’,ki ( i,ki+n
=1-m. (A.19)

A.4 Proof of convergence with packet losses

To prove Theorem 7 a) one shows first that the MAS is converging with a bounded mean-square error. For that purpose, one
will introduce a candidate Lyapunov function and show that it satisfies the conditions introduced in the Definition 1.

Consider some Dmax > 0, 7 > 0, and realizations d; (t), ¢ = 1,..., N of the state perturbations.
Inspired by the proof developed in [3,17], consider the continuous positive-definite candidate Lyapunov function
N ky

V(t)=E (; > (si(a(t.0)" Misi (a(1,9))) + "2 P (q (t,9) ,t)> (A.20)

i=1

where the expectation is evaluated considering the random losses described by §.
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A.4.1 Continuity of the Lyapunov function

Assume that the first message is transmitted at time ¢;, without loss of generality, by Agent 1 to N1 neighbors. Consider
some t € [t1, ta], where t2 is the time at which the second message is transmitted, whatever the Agent. There are 2™ possible
reception scenario, from no reception by all agents to a reception by all agents. Let o represent the index of the o-th scenario,
0 < 0 < 2™ and p,.1 be the associated probability for the first communication. One may write

V#H)=5 (; S (sia(4.0)" Misi (0 (1.6))) + "2 P (g 1,9) ,t>>

i=1

— % ;po,l ( 1 s (q (¢, 50))T M;s; (q(t,05)) + %P (q(t,65) ,t)) (A.21)

1=
2N1
where 52, o1 = 1.

For a given reception scenario o of the first message, the time instant ¢, 2 of transmission of the second message and the index
is,2 of the transmitting Agent both depend on o. More generally, at time ¢, S; different transmission and reception scenarios
have to be considered. For a given scenario o, let n, be the number of communications that have occurred. The associated
loss vector is 05 = (00,1, - - -, 00, ), Where o 1 is the loss vector for the k-th communication. The probability associated to 04
is po. The next communication time instant is ¢4, +1 > t and the communicating Agent is i n,+1. Let

and ¢ denote the index of the associated communicating Agent.

For all t € [t,t[, one has

St N
V=33 r (Z 550 1,62))" Misi (4 (6.)) + "2 P (4 (152) ,t>> .

In the scenario @, at time #, Agent 7 is communicating. Consequently

V(a = % Z Po (ZSZ (q ({750))T Mis; (Q(Evdd))+ 4P(Q(t760)7ﬂ)

o-=1,u.,S£,a';£?
1 o7 N - ’ - k -
+ 52 Pew <Z si(0(80@m)) Misi (a4 (0@m)) + 5P (a4 (F0@m) @) (A.22)
=1 i=1

where p, ;) denotes the probability of the p-th loss scenario associated to the nz 4+ 1 communication performed by Agent i
at time ¢, when the previous loss scenario is @. One has

2 i
Zp(;’w = P7- (A23)
pn=1

Upon reception at time it ofa message sent at time ¢, only the estimators are updated according to (21). The state of agents
receiving a message at time " from a neighbor is continuous, i.e., g; (f+,(5(?,m) = q (fﬂé;), where ¢t is a time instant

immediately before transmission. This is also true for agents which do not receive the message sent at time t. Thus, one
gets g; (t+, J(E”u)) =g (t_, 55), Si (q (t"', 5(5,@)) =5 (q (t_, 57)) fori=1,...,N, and consequently, P (q (t*, 5(5#)) ,t+) =
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P (q(t,67),t7) for all u. Thus, at time 7", (A.22) becomes

G T SR (i (a (F%,60))" Miss (a (F,6,)) + “2.P (q (" 65) ,t+>)

o=1,..., St,0c#T i=1

N—
1 2 i N B T B k B B
+ 52 PEw (Z si (0 (F7 0@ m)) Misi (0 (7, 0@0)) + P (¢ (T, 0@m) :t+))
p=1 1

i=

3 (el s a0+ s )
o=1,...,Ss,045 i=1
+ % %pw,u) (Z si (q (5_757))T M;si (q(t,07)) + Z—QP (q(t,67) ,f‘))

and using (A.23), one gets

Consequently, V () is continuous at ¢.
A.4.2 Differential inequality satisfied by the Lyapunov function

Using (A.22) from the previous section, the time derivative of V exists and can be evaluated for each ¢ € [t, ¢] as follows

St N
V()= p (Z (o7 (a0:6,0) Mis a0,07)) + o7 (a0,6,) M (a 05, )

i=1
+5 8 p( (t,ég),t)>. (A.24)
which may be written more concisely as
: iy SR v ] kg d
V=E (z; [§si M;s; + s Ms} + P @ t)) , (A.25)

where the expectation is to be taken over all possible transmission loss events.

Our aim, in what follows is to obtain a differential inequality satisfied by V. One starts considering the two terms in the right
hand side of (A.25).

In (A.24), one has

1d
Zap(% t)
1a X .
=2 2 > mi|lrig =i
i=1 j=1
N 1 N -
= Z |:2 Zmi]' (T” T’:]) (7‘1']' T;‘j)
i=1 =1
N 1 N
=> 3 > mi [(qz =) (rij =) = (45— d})" (rij — Tfj)]
i=1 " j=1
NN
= Z 2 Zmij {(é{i )" (rig —riy) = (6 — )" (rji T;z)] (A.26)
i=1 7 j=1
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Since r;; = —rij, one gets

A~

d N N
. kT *
TP @)= (6 —d)" Y ma (rij —ri))
i=1 j=1

(6 —d)" gi.

I
.Mz

Il
—

3

Combining (A.24) and (A.27), one obtains

. 1 . *
V=E <Z {gs?Mls, + szﬂMlsZ + kg (¢ — ¢; )T ng

i=1

One focuses now on the term M;$;. Using (16), one may write

M;$i + Cisi = Mi (Gi — G; + kpgi) + Ci (4 — 47 + kpgi)

and using (1), one gets
Now, introducing (20), one gets

M;s; + Ciss = —ks5i — kggs — Y3 (qia Gi, k"pgl - ql*v kpgi — q:) 0;
+M; (kpgi — G; ) + Ci (kpgi — ¢;) + d;

In what follows, one uses Y; to represent Y; (qi7 Giy kpGi — GF  kpGi — G ) Assumption A3 leads to

—si Vit = —s; (Mi (kpgi — ;) + Ci (kpgi — 47)) -

Considering (2) and (A.30) in (A.28), one gets

N
) 1 .
V=E < E |:§STMZSZ — kss?Ei — kgSZTgl — SZTCiSi +4 S;-T (MZ (kpgz — qf) +C; (Iﬂpgi — q:))

i=1

—st (Mi (kpgi — @) + Ci (kpGi — 67)) + kg (G — )" g + SdeiD .

Now, introduce (14) in (16) to get

N
si=Gi— ¢ +kp Yy mi; (6 —a —7ij) -
i=1

Since e} = §; — q;, one gets

N
Si=dz‘*df+kp2mij (qz'*é}JFe;‘*?‘i*j)

=1

N N
=q; — qz* + kp Zmi]’ (Fij — rfj) + kp Z mijeé
=1 J:l
J#
=5 + kyE'
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(A.32)
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with
EZ = Zmije}7 (A.35)
i=1
since m;; = 0. Using similar derivations, one may show that
gi =gi + E". (A.36)
Replacing (A.34) and (A.36) in (A.32), one gets
al 1
V=E TNaM; — Ci| si — kes? 50— kg (di — 67 + kpgi)" G
(;[s [2 ]s si 81— kg (4 — i + kpgi) g

ThpsT (ME + CE) kg (Gi— )" gi+ 8T di]) : (A.37)

Let Vi = S 2k,s? (MlEl + CzEl) Using Assumption A2, 1 M;—C; is skew symmetric or definite negative thus s} [%Ml — Ci] 5; <

0. For all b > 0 and all vectors x and y of similar size, one has

zTy < % (szx + %yTy> . (A.38)

Using (A.38) with b = 1, and the fact that df d; < DZ.y, one deduces that df s; < % (Df,rlax + sZTsZ) and that

. 1 1
V<E (Z [_kssfgi ~ kohygl 5+ TSt S D

+hg (5 — d7)" (95 — gi)] + %vl) : (A.39)

One notices that ri; = ¢ —q; = ¢ — (j; + eé = Tij + e;v, thus

||Si — §iH2 = SZTSi — 28?5@ + 5?51'

12
kyE'| =sTsi — 2575 + 505
1 12 1 1
s'g = -5 ‘ k,E'| + isfsi + 55?51- (A.40)

Using similar derivations, from (A.40), one shows that 9F g = —% HE1H2 + %giTgi + %g?gi. Injecting the latter expression in
(A.39), one gets

. Y ks (afill2 1 _T_ 1 > T _T_ 1 7 1.2

V<E() {5 (k-p B —sFsi -5 si> + hphy (HE R gi> + 5575+ 3 D

1=

. L _ 1.
tkg (G — )" (g5 — gi)] + §V1>

N 2
s — s 1 ksky + kgk 312 i
<E<§ {,MSTSZ.,%SZ_T&JFM E f%kpkg (giTgi‘i’gz‘Tgi)+éD3nax

2 ‘ 2

i=1

. . _ 1.
+hg (45— d7)" (95 — gz-)] + 5V1> - (A.41)
Using (A.38) with b = b; > 0, one shows that 247 (g; — i) < (bi ll@:ll? + b%_ ||EZH2) Using this result in (A.41), one gets

V<

N | =

i_il [_ (ks = DE (sT's:) = ke (575:) + (kskz + kaky + %> " (HE 2) +ouksB (14 1)

~hokgE (7 gi + 975) + Dl + 5 (V1) (A.42)
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Consider now Vi. Using (A.38) with b =1 and Assumption Al, one obtains

'MZ

o
Il
-

Zka (ME +CE)

ky ((kM +1)s7 s + [kME"‘TE” + EiTCiTC’iEi])

-

Il
-

<

7

Focus now on the terms E'TCFC;E*. Using Assumption A2, one has

N N T N
> ETCICE = Z (Z mij ej> ci e <Z migefg>
i=1 7.;]1 N £=1

SOOI mumy [ el

i=1 j=1 ¢=1

Using again (A.38) with b = 1, one gets

N N
Z ETCrC,E' < Z

=1 =17

N
Zmiémij Ci) (ezTe; +ef 64)

=1

M\H
1=

N N N

<200 maemag G (&7 ¢5)

i=1 j=1 ¢=1

N N ) )
<Y mi G2 (7 e

i=1  j=1

Since m;; = mj; and m;; = 0 if (4,5) ¢ Nj, one may write

N N s N N N N
S m s = 3 S el = 3 S e
i=1 j=1 i=1 j=1 i=1 j=1
and using Assumption A2, one gets
N N N
S sctas <3 (a3 [ o] 1))
i=1 i=1 j=1
N N s
Z (aMZ |:mij eZ k%‘ |4j||2}> :
=1 Jj=1
Observing that
.2 s, ill?
llg; 11" = ||q5 + ¢€;
12
B+ el +2ie
02
< 2||g; ;

(A.46) can be rewritten as

N ) N XN N2 L2 12
S ETCICE <200k 303 mu | (q;- Tl )
i=1 i=1 j=1
N N
201,112 20 .12
2 1 A 1] .
éZOszCZEmU (’ef all + el é; )
i=1 j—1
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Using (A.38) with b = 1 and ms; = m;;, one gets

N

iT ~T i 2 L& 20z 12, TNt Lt
E E" C; C;E" < 2amke g E mij <’ el 4l + 3 el + 5 €5 )
i—1 i=1 j—1
JUTE I ITRNTE R IR TR
< 2amke E E or (’ el g + 3 elll + 5 el > . (A.48)

Similarly, one shows that Zf\;l ETE! < Zf\;l oM Z;V:l myj H63H2 and Zfil ETE < Zf;l aMm Z;V:l mij H63H2
Injecting (A.43) and (A.48) in (A.42), one gets

| X

vy [ (ke —1—ky (kns +1))E (siTs,-) — k.E (sl 5:) + Dl

i=1

J
€

ks (670) ok (75 + i (1) + e S (] )

j=1
N
(kk2+kk+ )ZaMm” ( )
J=1
N 2 2 1
—‘rQOJMkpk% Z;m” <]E (‘ ) + §E (‘
=

;i
J

57
€

J
€

J
€

R

)

The CTC (61) leads to

V<G E [ (k= 1= ky (har + 1)) 75 = kghpg! gi + Divas + 11

N =
.MZ

1

<
Il

V<5 OB [husTsi — kokpg! gi + D + 11 (A.50)

N =
4M2

i=1

with k1 = ks — 1 — kp (k)M + 1).
Introducing km = min {k1, kp }, from (A.50), one gets
1 X
V<5 D E [~k (55 + Koyl 9:) + Dia +1] (A.51)
i=1
A lower bound of Z 1 g¥ g has now to be introduced using the following lemma, which proof is given in Appendix A.5.1.

Lemma 9 For all t, one has

mlnmmln
E gi i > =R P (g,1), (A.52)
mmax
where Mmin = min; j=1..~8 (Mij # 0), Mmax = Max -1 N (miz) and Nmin = mini=1...n (N:).
1,0 = .
Using Lemma 9 and introducing ks = M, one may write

IE( [ZS si 4 P(gq,t)

+ g (Diax + n))

<= (- {3;( SN o] + 5 Ghecr)
IE( k‘x [;z(lms ) %P(q,t) +];](D,2nax+n)> (A.53)
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with k3, = 1if ky < 1 and k3 = kar else, and ks = kyy min (1, k3). Introducing c3 = 15747 one gets
M

ex(o]

V < —c3V +

+ g [Diax + 77})

i\]: (sl M, sl) &P(q,t)

[Dinas 1] -

‘\’\2 N

A.4.8 Upper bound of the Lyapunov function

Consider t € [t, 7] and the function W satisfying
. N
W = _CBW + 5 [Dr2nax +77} .
The solution of (A.55) with initial condition W (¢) = V () is

W (t) = exp(—c3 (t =) V (£) + (1 — exp (—c3 (t — 1))) % [Dia 1] -

Then, using [9, Lemma 3.4] (Comparison lemma), one has V (t) < W (¢¥) V¢ € [t, 1], so

V() < exp(—es (E— D) V (&) + (1 — exp (=ca (t — £))) o [Diax + 1]

263

N N
Sexp(—es (t=1) |V (8) - 5~ [Diax +1] | + e [D2,a + 1)

Then, since V (t) > 263 [Diax + 1], V (t) is decreasing over the interval [t, Z].

Using (A.57), one may write V¢ > 0

V (£) < exp (—cst) V (0) + (1 — exp (—eat)) 2

o [D2ax + 1]

and from (A.59), one has

lim V (t) < N

t—o0 E [

lim E li( Misi) + R pgn) < X2t
oo 2 191 4 b \203 max

i=1

Dl + 1]

. 1 2
lim E( =P < Dryax .
s B (5P @0) < g D)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

Asymptotically, the formation error is bounded and according to Definition 1, the system is asymptotically converging to the

target formation with a bounded mean-square error.

A.5 Additional proof elements

A.5.1  Upper-bound on Zfil alg;

From (14), one may write

N
(Z mij (T” Zg > <Z ez Tzl - Tzé )
N N N
T
= Z E Zmilm” (T’L] T:j) (Ti[ - T;'ké)
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Using the fact that
(a—b)7" (a—b)=a"a+b"b—2a"b, (A.62)

one gets

N N 1 N N ) )
Zg?gi:z[2zzwmm[|m el 4 llrie = vl = i = v — (rie — 72| ]] (A.63)
=1 1=1

=1 j=1

One has

(Tij - T;j) — (rie = rie) = (rij — rie) — (7‘:} - 7";2)

. *
=TT Ty

Injecting this result in (A.63) leads to

N N 1 N N 5
Daigi=Y, [2 D> mimi; [HW =i

i=1 i=1 =1 j=1

_ TZHQH (A.64)

with Mmmax = max (mij)
i,j=1...N

al 1 gl * |12 ® 12 * |12
mmangz gi = Z 5 sziemijmej [Hn‘j — 5|7+ llrie = riell” = ||res — i | ]
1=1

N N N N N N
T 1 Lz, 1 « 112
Mimax Zgi 902 5> D> Y miemigmu ||rig — |7+ 5 D 0D 0y maemigmag |[rie — il
i=1 i=1 ¢=1 j=1 i=1 (=1 j=1
N N N
1 « |2
=522 D mumimy [re; =i |
i=1 ¢=1 j=1
N N N N N N
1 w2 1 (12
Mmax Z g9 = 5 D> > maemigme |[rig —ri|T 45 Y0 0D Tmiemagma [|ri; — i
i=1 6=1 j=1 i=1 (=1 j=1
N N N
1 ()2
S S s
i=1 =1 j—1

N NN
mmaxZgl gi = §ZZZmiem¢jmej HrijfrfjHQ. (A.65)

According m;, = 0 if £ ¢ N, one gets
N N N
* |2
ZZmemijmgj H?"ij — ZJH = Z Z mngm”ng |7‘z] — 1"1-]-”

i=1¢=1j=1 i=1LeN;

Let mmin = min; j—1..n5 (mi; # 0) and Nmin = min;—;...x (IV;). One may write

N N
E E MMMy Hr” r” :E E mmmg myj Hr” T’”H

Z

M=

i=1 ¢=1 j=1 =1
N N N

* 2
§ § g e Me; ||r1] - Tin NminMmin § g mij ||sz TZ]
i=1 £=1 j=1 i=1 j=1

and so

2
Z Z Z *
Mmax gz gz mmmmm ng | T’L] Tij”

=1 j=1

lenmmln
Zgz giz ————P(q,1) (A.66)

TMmax
=1
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A.5.2  Evaluation of cg

— k4

R
_ kmmin (1, k3)
~ max{l,km}

min {k1, kp } min (1, M)

Cc3

_ Mmax ) A
max{l,kM} ( 67)

where k1 = ks — 1 — kp (kar + 1).

, 2
A.5.3  Ewvaluation of E (‘ el (t;fkﬁl) H ) and E (‘

E (’ ez (tikiﬂ) 2) and E (‘ ég (tifk#l)

evaluation may be performed considering this information. Using (39), after the transmission of the k; + 1 message by Agent 1,
one gets

(4 2
€; (ti,kiJrl)H )

2
) are evaluated assuming that the implicit feedback is not employed. A similar

. 2 kitl . 2
E (’ el (tik,41) ‘ > = D Pt ’ 6" (tin 1) = @t 1) ‘
b=k;—Kk+2
ki—Kk+1 . R
+ Z Phi+1,¢ ‘ a7 (1) — @i (5, 10)
£=0
ki ) 2
= > ke | (k) — @ ()
l=k; —Kk+2
ki—r+1 ) 2
+ Z TPk ‘ a’ (tiki+1) 4 (tszﬁl)
£=0
. 2
+pki+1,k+1 H(ﬁ,kr‘rl (t:ki-kl) —qi (t;‘tki-&-l) ‘ ) (A68)

USINg pr, 41,0 = TPk, ¢, see (54). Since G (tikﬁl) =gt (t;k‘ri’l) forall{ =k; —x+1,...,k; and ¢ (t;fkiﬂ) =q (t;kiﬂ),
one deduces
=(

00— - 2
q; (ti,ki+1) — G (ti,ki+1)H

2 ki
i (4 _
€ (ti,kiﬂ)H ) = > kai,fz‘
l=k;—K+2
ki—r+1

+ Z kai,z’
£=0

gkt (tzkﬁ-l) —q (t:ki+1)

00— - 2
q; (ti,ki+1) — g (ti,ki+1) H

2

: (A.69)

+ Dk +1,k+1

+ ~iyki+1

Moreover, at t =t} ,, §; (t?r

z,ki+1) =4 (tikﬁl). Consequently

2 ks
J(++ _
E( €; (ti,kiJrl)H ) = E ﬂ'pki,é‘
l=k;—Kr+2
ki —r+1

+ Z ﬂpkj,e’
=0

(|
)=
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00— - 2
q;’ (ti,ki+1) —qi (ti,ki+1)H

00— - 2
q; (ti,kiﬂ) — g (ti,ki+1) H

el (tik+1) H2) : (A.70)

One shows similarly that

& (t 1) & (tin+1)

e (]

2) . (A.71)



A.6  Upper-bound on E <‘

20|

Immediately after the transmission of the k;-th message by Agent 4, using (39), one gets for t € [t k;, ik, +1[

k.
. 2 L i 0 2
(o] )= > mit©-ao0
l=k; —r+1
ki—kK 2
N
+ Y P )@ () — ai (t) (A.72)
£=0
Since at most k estimators are run in parallel, the estimators (ﬂ',e (t) for £ < k;—k are no more available at Agent i. Nevertheless,
from Assumption A9, one has q;’v‘ (t) —qi (t)H < emax and
) 2 ki . g kizk
(e ) < X mefit©-ao] + X i (A.73)
t=k;—r+1 £=0
Introducing af (ki) = Z’Z;g”pki,g =1- Zf;ki,Hl Pk, e, as EZU Pk, = 1, one gets
2 ki 2
. oy )
(o)< X peit ©- a0 4ol ) b (A7)
l=k; —r+1
When the implicit (and delayed) feedback information introduced in Section 4.4 is exploited, then (A.74) becomes
ki
R TR j Wy S i 5 2
E(||lef @ 0l ) < Z kz 7L g 8@ =0 @+ of (ke nlk? o) (A.75)
=k;—k+1

where Agent i is aware from a packet received from Agent j in the time interval [t, ot

bl Jr1[ that Agent j has received packet

kf “ sent by Agent i and

ki
J . Jt 3\ — 1 _ J
i (k”’"“ki ’p") =1- > P eindi 3
l=k;—r+1

When the implicit (and delayed) feedback information is not exploited, one has

ki—r
03 (kw F’:) = Z Pk, e
£=0
ki—kr
=Y (A-matit4at
=1
ki—K
=(1-m) Z akimt 4 ki
=1
ki—1
=(1-m) Z xt 4 ki
l=K
T — ki ks
=(1— _— v
(1—m) a=m 7
=x". (A.76)

The same method can be used to upper-bound E (Hez (t)||2) using the fact that |G (t) — ¢ (t)H < 2¢max (see Assumptions

A6 and A8) to get
E (‘

. 2 .
Q0 =6 ) +407 (ki F) G (A7)

k.
. 2 L
20 )< X p]

l=k; —k+1
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The upper-bounds (A.74) and (A.77) will be used in Appendix A.7 to get more accurate upper bounds E (Hef (t)||2> and

E (Hei (t)”Q) for E (Hez (t)HQ) and E (Hef (t)||2) In what follows, one focuses on the case where the feedback information
is not exploited. The following proofs can be translated to the case where the implicit feedback information is exploited by
replacing E (Hez (75)H2)7 Pk, e, and o7 (ki, k) by E (Hez (t)H2 |]€51)7 » and o7 (ki, k|k]", p]).

kiKD" 007
; 2
€ (t)H )

Our aim in this appendix is to build an upper bound E (Hez (t)||2) of E (Hei (t)||2) such that

IE( e (t)HQ) E(

@ (tin)|[) =5 (

A.7 Study of E (

N

el (t)Hz) vt >0 (A.78)

(

e (11 HQ) Vk; > 0. (A.79)

A.7.1 Case 1: when k; < Kk

In this case, one has

2 ki
20[) =S pel-w @ (4.80)
£=0

=(
Since k; < k, all (jf’e (t), £ < k; are available at Agent ¢ and one can take

(

-

) 2 ki
20O ) =S
£=0

:E(

e] (t)H2> : (A.81)

From Appendix A.5.3, one has

ez (tj:kl ) eg (t;kz )

() ==

so (A.78) and (A.79) are satisfied for all k; < k and ¢ < txy1.

2) (A.82)

A.7.2 Case 2: k; >k

Consider k; > k and introduce

(

@t —a (t)H2 + min ({Ejk (t), ol (ki k) efnax}) (A.83)

k.
. 2 i
e} (t)H > = > Pro
+1

l=k;—~K

where

s, (0) =B

ki
- E Pk, e

l=k;—r+1

. 2 .
6‘,3 (t;kl) H ) + 4(jmax€max0'1]' (kla K) (t - tlvkl)
. 2
@ (the) — 0 (65 (A.84)
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Our main in what follows is to show that (A.83)-(A.84) satisfy the following conditions for ¢t € [t k;, tik+1[:

(o) <= (¢

.7
i

) (A.85)

E( el (i1, )2> E( e (tr) 2) (A.86)
2 ([0 o]) < 55 e 0 - 6 O + o (i) e (A.87)
t=k;—r+1

The proof is by induction. Assume that (A.85)-(A.87) is true for k; —1 and all ¢t € [t; x,—1, tx; [ . Consider now the time interval
[ikss biskst1] -

1) From (A.83), (A.87) is obviously satisfied.

2) At t = t:ki, one has

_ 2 ki ) 2
(GG D o LA RG]
b=k;—r+1
+ min 7R () eg (t;kl) 2) - Z pkug ” Z t+ki) —q (tikt)HQ, Uf (ki, k) et2nax . (A.88)

Iwa(
E(

2 .
qu i (t;rkJ —q (tjkl) H < ol (ki, k) €2 ., one has

_ ki ;
Z (tz kg )H ) - Zz:kq,—,ﬁq p?c,i,é

ki

2 2 _

) ST b @ () — @ (8) +7r1E(‘
l=k; —r+1

WE( Z(zki)

2

eg (t;k7) (jzl N (t:kl) 4 (t:kl)

2 ki )
)* Z pi:i,l

l=k;—r+1

2) . (A.89)

Else, one has

o7 (ki K) emax < TE <’ ¢ (tz_kz) 2) - Z pkué i; /Z t+k,~,) — 4 (tj-kq) ’ (A.90)
=k, —r+1
SO
_ . 2
E (‘ 6? (tj,—kl) > = Z pkzae ‘ t+ ) — Qi (tj:k,)H (k“"{‘:) €max
=k, —r+1
ki il ot . 2 _ . 2 AZ 4 . . 2
< Z Dk e ‘ @ (tie,) —ai (tzk,)H +7E (’ e (tin,) ) - Z pkl,e (ti,) — ai (ti,)
l=k;—r+1

SWEO

From (A.89) and (A.91), one deduces that (A.86) is satisfied. Moreover, using (A.71), and the induction hypothesis E (‘
(

3) Since & k; (t), introduced in (A.84), is an increasing function of . Two situations have to be considered.

2) . (A.91)

el (t’k)

2
<

. 2
el (t:kl) H ), then (A.85) is satisfied at t = tjkb
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First, if for all t € [t; k;, ti,k;+1] one has Eg’ki (t) < o7 (ki, k) €2ax, then
(

Second, if there exist #; k; € [ti k;, ti,k;+1[ Such that Ez,ki (tik,) = 07 (ki, K) €2ax, then ¥Vt € [t g, ti ks, E{ﬁki (t) > o (ki) k) €2ax

and

Then, from (A.74) and (A.92), for all ¢t > #; &, one has E (Hei (t)”2) <E (Hef (t)||2)

1) — a0 +el, ).

) 2 ki
20[)= X
l=k;—r+1

oW 2 j 2
) = a (O] + ol (i) (A.92)

ki
] — §
7. H ) - pki,é
l=k;—r+1

Consider now the time interval [t; k;, min {Z; i, , ti k;+1}[. To show that (A.85) is satisfied for all ¢ € [t; x;, min {#; k,, tik;+1 }[s
we first show that

Ag (e @) = Lr ([ @) =0 (A.93)
at - \l dt e '
One has
( e (t H) pii,e (1) — q: (t) H tfik (t)
—k —Kk+1
d o j ~i, L 2 . J
= Z Phe,.e || t)—q (t)H + 4¢maxemaxo; (ki, K)
l=k; —r+1
and
d i ll? d <& G || e it ( 2
gE(laol) =% X dofeto-wof + Zpu =0 (A9
l=k;—rk+1

For all £ € [0, k;], one has

d
dt

it w-a 0 = 5 (@' 0-20) (@0 -a0))
=2 0~ @) (@0 -0 0)

<2l|a* 0 -a @ |d ©-ao) (A.95)

Using Assumptions A6, A8 and A9, one has

Q0 - <

d

dt

0 (0 = @ (0] < emax, s0

2

d; . (t) — 4 (t) < 4¢maxCmax- (A96)

Then,

ki—kK
2 i
(t) — i (t) H + 4q.maxemax Z Pk, e

£E<

el (t)H2> é% Z Dk; ¢

l=k;—r+1 £=0
d “ ~i,0 2 . j
j Z Pk; e ql (t) — Qi (t)H + 4Qma)cemax0'i (k17 K/)
l=k; —r+1
d
<z ( H > (A.97)
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Thus, (A.93) is satisfied and since E (‘

4) The condition E ( e? ( )H >
o+

E<d( )H)<E(

ki=kx-+1and for all k; > &

@ (i)) <5(
5(

( )H > is true for k; = k + 1. Using the previous proof by induction, (A.85) is satisfied for

o)

Considering Case 1 and Case 2 studied in Sections A.7.1 and A.7.2, one may write a single expression of E (”ef (t)||2) valid

J
1 H ) pkiyz

- 1ki>ﬁ min ([, (8), 07 (kis k) ] ) (A.98)

el (t ( )H ) (A.85) is satisfied for all ¢ € [ ik bkl [

'L

2
el (t’_k)H > is satisfied for k; = k, see Case 1. Then, from (A.71) and (A.91),

A.7.3 General expression of E <’

in both cases for all ¢t € [t; k,, tik;+1] as

B (Jlr

(1) — a0

with min = max ([0, k; — k + 1]),

1 . 1 ifki >k
Fi2n 700 else,

‘2 (A.99)

qz o (t:kl) — 4 (t:kl)

63 (tl_J% )

2 ki )
)_ Z pii,e

EZ,ki ( ) = 4Qmax€maxa (k17 H') (t - ti,ki) + 7E (‘
l=k; —r+1

) —a (0)]*.

and E ([le] (0)]|) =

Note that (A.98) guarantees that <

et (i)[) ==& (

Following the same steps, (A.98) can be extended to the case where the implicit feedback information is exploited as

(

) 2
eg (t;k) H ) for all communication instants ¢; ;.
ki

ki

ol i) = > B
{=

Lrmin

@t (1) — g (t) H2 (A.100)

+ 1ki>ﬁlkiikz,i>nmin ([EZk7 t), ol (kzi, K|k ,pl) emaXD

)

with

el (tig,) |k, pl

EZ ( ) - 4qmaxemax0' (kz7 K,|kj’i7 Pf) (t - ti,ki) +7E <‘

ki
_ J
Z pkl £|k7 i J

dzz (tikl) — 4 (tikl)
l=k;—r+
el (t H ), andE( él

o) & ol')

Following the same lines of Appendix A.7, we can obtain an upper bound E (Hef (t)||2) of E (Hef (t)||2) using the fact that

’ 2

(A.101)

A.7.4 EBvaluation of E ( el

qu . ( ) - q’L H 2qmax and

(ol - 3 m

Linin

O (t)H < Zijnax 2 follows

00— O+ tnmin ([Ee, (1), 407 (e, ) ] ) (A.102)
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with

. _ . 2
&) . (1) = SGmaxiimax0? (ki ) (t — tig,) + 7B (’ & (tin,) ] . (A.103)

2)* Z pk“Z

l=k;—r+1

i (th) - d ()

Consider now the upper bound E (Hef (t) H4) of E (Hez (t) H4) . Following the idea used for E (Hez () HQ) , we study -

~1,0 4
Q' (1) - a ()
forall ¢ >0

d

< -a o) = jt((q”(t)—qm) (qu<t>—q¢<t>))2

- (éﬁ“(t)—@-(t))T(qu(t)—qz-(t))
ORTHOL
(max€imax- (A.104)

@ (1)~ a (0]

Then, following the same steps as those used for the evaluation of E (Hef (t)HQ) in Appendix A.7, one gets

4 .

<’ el (t H > - Phat @t (t) — as (t)H + 1k, >~ min ([E]ii t), o7 (ki, k) efnaxD (A.105)
with

250 = o] ) 0~ 475 ([ ) -5 bt ) - cao

=k;—r+1
. N NN,
The same method can be used to obtain an upper bound E (Hef ®)|| ) of E (Hef ®)|| );
4 . q .

< (¢ H > PRt AORY? (t)H + Ly > min ([Eflii (t), 1607 (ki, k) di‘nax]) (A.107)

with
_ , 4 4
Ez’k 2 32qmaxqmax (k“ R (¢ = ti,) + B (‘ é (t;’%) ) B Z pkl,z ar e t+ki) —Gi (t:rkl) ‘ . (A.108)

l=k; —r+1

Here again, these results can be extended to the case where the implicit feedback information is used by replacing in the

expressions the notation E (Hef (t)HQ), Pits k>, and o? (ki, k) by E (He{ (t)||2 |k l,pz) Py o 3 1ki>m1kiikz,i>ﬁ, and
o (ki, |k, pl).

A.8 Proof of the upper-bound H;

The CTC (61) is not triggering at ¢t = 0 if

€

N 112 P
ks5) 5 (0) + kpkgg! i (0) + 1> am [Z mij (k J s ||é )
j=1

A+ kpkas
N
+2]€pl€% Zmij (‘
=1

+ kobi llgi — a5 117

1
2

2 .
+5 el +5 €

¢ 2

il|* ]| g
€ q; i

4 1 ‘

)
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Remind 57 5; = kpg! g: + 14 — d; 1%, so

. % (2 _T_ - il|? |
ks |ldi — gi |l (0) + kp (ks + kg) gi i (0) +1 > am Zmij ke |le] || + kpkar ||€]
j=1
N NTT-ATRNTE- S TR TP S ERTRTP
2 P .
+2kpkc;mij ( e] g + B efl| + 3 él )
+ kb g — a5 |- (A.109)
. ks
Since b; < ok, TRy 0 OD€ has
k kskp + kg — K
ke —k s — sl g g
g(mkp+kg> kskp + kg
kskp
J— s 0
Kky + g
so (A.109) is satisfied if
T N 12 12
kyp (ks +kg)gi gi (0) +n>am Zmij (ke eﬁ + kpknr 65 )
j=1
) o il L0 Las|*
+2kpkcjzlmij< al |G| +3 €l +3 e ) . (A.110)

(j; ? =0, Hef”2 < H; and Hef”2 < H; where H; > 0 is a constant. Remind o; = Zj\;l ms;. Thus,

(A.110) may be rewritten as

We choose the condition

N
kp (ks + kg)giTgi (0)+7n>am l:z mij (ke + kpkar) Hi

Jj=1

N
+2@k%§:nuj(;Hf)]
j=1

ky (ks + kg) G §i (0) +n > ana [(ke + kpkar) Hi + kpke H; | (A.111)

and so

(Mﬁgi(ow U )—(ke—kpkM)Hi—(kpk%)H3>o. (A.112)

QMO aMQ;

By solving (A.112), we find

v/ (ke bphar)? + kph2& — (ke + kphar)
k2,

H; <

kp(kst+kg) 1
where §; = %g?gi (0) +

an o’
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B Proof of absence of Zeno behavior

To prove the absence of Zeno behavior, we have to define a minimum inter-event time Tmin such t; x,+1 — ti,k; = Tmin. TO
obtain it, we study the evolution of the right-hand side Cr (¢) and the left-hand side Cf, () of the CTC exposed in Theorem 7
to find a condition such Cr (tix, + At) < Cr (ti,k, + At) for At < Tmin. Lipschitzien hypotheses described in Assumptions
A6, A7 and A8 will be used to obtain an estimation of Cr (¢;,k, + At) and Cf (t;,k, + At) before be used to estimate Tmin.

B.1  Proof that t; ), < t; k41

In a first time, let show the CTC is not satisfied immediately after a communication, i.e. t; x < t; k41, and find conditions on
design parameters to guarantee it. Consider

CL (t) = ks3] () 5i (t) + kpkogi (t)3i (t) +n

and

Cr (1) = o [ﬁ; mig (keE ( el (t)HZ) + kpkE <Heﬂ (t)Hz))
a2 (E(| 40 o) 55

+ kgbi ldi (8) — a5 (0)],

@“W2+%EQ

awWD]

with ke = (kok? + koky + 52).

According to (61), no communication is triggered as long as Cr, (t) > Cr (t). A communication is triggered at ¢ = t; , when
Cr (tix) = Cr (tik) - (B.1)

The message sent at time ¢ = ¢; by Agent ¢ implies an update of the estimates qAZj7 j € N of that state ¢; run by the neighbors
of Agent 7. Introduce t; 1, as the instant &, before the update and tj'ki be the instant t; x, after the update. Consequently,
the expected state estimation error will be such that

. 2

el (to) (B.2)

E ( ¢ (t5,,) H2) =7E <’
E( & (th) H2) - m( ol (t;ki)]f) | (B.3)

see in Appendix A.5.3 and A.7. Nevertheless, ks3; 5; + kpkygi g +n and ||¢; — ¢} ||2, which are not updated by the communi-
cation, stay unchanged. Consequently

O (tis,) = Cu (ti,) - (B.4)
To prove that ¢; < ti k+1, one has to show that Cf, (tjkl) > Cr (tjkl)

Using Appendix A.5.3 and the continuity of ¢; (¢) and ¢;, one may write

él (tiki)H2>>
)

[* e [kos s (ti,) + hohod B (ti,) 0 — kb [l (t5,) — a7 (15, ]

b (tie) = 65 (b)) |1+ 7 (ko750 (t50) + bokod 3 (t10,) + ) (B.5)

N B ) 2 _
O (6,) = kb |d: (t2,) — 7 (t7) "+ mans [Z ms (K ([l ()] 7) + koo
j=1
2 z = J (4= 2 2 1= J (4~ * 1

Using (B.1) and (B.4), one gets

P2

4q;

Cr (tj:kz) = kgbi qu (t;kq) —q; (t;k7)

= (1 —ﬂ)kgb»L'
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The CTC is not satisfied if
CL (ttkl) > Cr (t:tkl)
ksgiTgi (t:kz) + k’lpk"gnggz (t;kz) +n> (1 - ﬂ—) kgbl qu (t;kz) - q: (t;kl)
+7 [ksglrgi (t;kt) + kpkg.‘jiTgi (t;k7) + 77]
(1 - ﬂ-) (kSnggi (t;kl) + kpkgg;rgi (t;kl) + 77) > (1 - ﬂ-) kgbi ||q’ (t;kl) - q: (t;/ﬁ) ’2

ksgiTgi (tz—,kl) + kpkggiTgi (tz_,k,) +n > kgbi qu (tz_,k,) - q; (t;kz) |2

’ 2

and let show now that (B.7) is always satisfied.
Using the property zTy > —% (binga: + iny) for some b;2 > 0, one deduces that

575 = kogl gi + |lds — a5 |1F + 2kpa) (G — d7)

_r_ k . -
> (kf, — kpbiz) giTgi + (1 - i) lld: — g ||2 .

Using (B.8), a sufficient condition for (B.7) to be satisfied is
— — k . .k — — . .k
%@?%M@ﬁ@+%(Pqi)mf%W+M%ﬁ¢+n>%Mmf%W
k . .k _ _ . .k
ks (1 - i) I6: = 6 1I* + [knkg + ks (kp — kpbiz)] 30 g +1 > kobi [ld: — 7 )”
kgl g +n > ke llg — di |

Fp

(B.8)

(B.9)

where k1 = [kpkg + ks (kp — kpbi2)] and ko = [kgbi — ks ( ~ b )] To ensure that the inequality (B.9) is satisfied indepen-

dently of the values of g; and ¢;, it is sufficient to find b; and b{g such that k1 > 0 and k2 < 0. Consider first k1.

kpkg + ks (K — kpbi2) > 0

k
kTQ > (—kp + bzz)
kokp + kg
—= > bio.
R
Focus now on ko
@mfm<yfﬁf<o
bia
kgb: k,
1— 22
ke 0 b
Since b;2 > 0, one has k,‘;f’ < 1 and so b; < Z—Z Then
koky
—— < bjo.
T — hgbi 02

Finally, one has to find a condition on b; such that (B.10) and (B.11) can be satisfied simultaneously

hokp + kg Kk,
W T
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One may find b2 if

2k
ks — kob; _ vs™p
A
1 k2K
— kg — —=2 b;
%( m@+@)>
ks
by < — s B.14
< Tk + Ky (B.14)

which also ensures that b; < . Thus, once b; <
(61) stops to be satisfied When t= tz,

m, there exists some b;2 such that (B.13) is satisfied. As a consequence,

B.2  Study of upper-bound

From the Lipschitzien hypotheses of Assumptions A6, A7 and A8, we can deduce there exist K, K and K* such

llgi (t+ At) —qi (D[] < K (B.15)
@ (t+ AL — ¢ (1) tHgKAt (B.16)
g (t+ AL — gf (D]] < KAt (B.17)
These conditions are now used to find an upper bound for all the terms inside the CTC.
.. . 2 . 2
B.2.1 Upper-bound on ‘ q; (t;-"ki + At)’ ,E < el (t;_ki + At) H > and E < él (t;_ki + At) H >
Define I = [ ik b k + At} such that Agent ¢ broadcasts no communication inside I. Consider first the MSE
— 2 ki il (ot N 2
E(eﬂ%h+AﬂH):2khmyﬂ Q0 (E, + A = a (¢, + A1) | (B.18)
£=0
Let study +E (Hef (t)HQ):
d i 2 Az 4 2
g (o)) - }:mmwzfﬁ 0 -0 0)
ki T
:22M%myﬁ(7“0—%®><ﬂqﬂ—%@)
2Zmaw.'ﬁm—%\\”>—mﬂ
ks
£=0
and since Z?io Py, ojpii i = 1, one has
d . 2
%E<PH”H><4%”“W‘ (B.20)
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Thus, one gets

W4

“(

In practice, E (Hef (t)||2) is upper-bound by E (Hef (t)HQ) in the CTC. If p, s, = 0, one has E(

one has E (Hez (t

(

*) < it pro

ki

Z Pk; e

L=Lin
ki

- Z pii,e ‘

l*fmin

Z Pr, 01kl o

£=Lmin
+E(

kik
Pyl Oﬁpk e=1-

e (el + 20 ) =

and since o7 (t; 1, ) =

(

o[}
<E(

In similar way, one can obtain

and

q; . (tj—k

|

@ (t)|) -

0 (th, + 80) — s (25, + A1) <

el (s, + At)| ) <E (\

JON A n 2 X j _
G (b, + A — qi (K, + At) H + 4dmaxemax0; (Lik; )AL + TE <’
)

~t,0
a;

. 2
6; (t’tkz + At)H ) < 4QmaxemaXAt Z pk [‘kJ @ J +

2
tzlc H )

eg (tj)—kL)

a; (¢,

— 4 (tz—h)

@t () — @ () H2 + ddmaxCmax At

eg (tik7) Hz) + 44maxemaXAt.

q;’ t)—q (t)H + af (tik,)etax- Thus, one gets

6{ (t;kz )

‘ 2

2 .
(tj:kl) — Qi (tz k; )H + 4q'maxemaxAt:| + 4q'maxemaxgg (tz,k,)At

N4 2

q; (tikz) G (t:kz)

kv ] .
>tk w1 Ph, ¢ With ki — Kk = fmin — 1, one has

Lmin—1
At
P, e1ido? o
=0

4Qmax€max Zpk Z‘k7 @ :| At

+E(

e{ (tjkl)

)

L=Lmin

2
) + 4(jmaxemaxAt~

At.

. 2
ef (tikl)H ) + Sq.maxq.maxAt.
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i 4+
el (tzkl)

Z (tjkl) H ) and so the previous upper-bound is also valid for E (He )HQ) Else, suppose I is defined such for ¢t € I,

(B.21)

(B.22)

)

)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)



B.2.2  Upper-bound on E (Hez (tjk + At) H4> and E (Hef (tjk + At) H4)

el (tjk, + At) H4> and E <

, 4
el (t?:ki + At)H ) are similar to

Using results of Appendix B.2.1, since the structure of ]E(

IE< el (t+k +At)H2) and IE( él (tjk +At)H2>7 one gets

. 4 . 4
E ( el (t, +At)| ) < E( el (t) ) + 8maxmax At (B.28)
. 4 . 4
E ( & (th, + At ) < E( & ()| ) + 32 maxlimax At (B.29)
and
E ( el (th, + At) H4> < E( ¢ (th) H4> + SGmax€max Al (B.30)
_ . 4 _ . 4
E (Hef (tFe, + At)H > <E (Hef (t;ki)H > + 32maximax At (B.31)

el (th, +At) H2>

. 2
B.2.3  Upper-bound on HqA; (t:rk + At) H E (

Using results obtained in Appendix B.2.1, one gets
. 2 ) 2
g (th, +At)H (H (t5e, + At) H ) (llg5 H + At) < (Heg (t;ﬁki)H ) +4qmaxemaxAt)

+
< (Ij ti,ki H (ei

+ 4¢maxGmaxCmax (At)2 (B32)

i,k; H ) + At (qmax + 4Qmax6max)

B.2.4 Upper-bound on ||g; (t + At)|land ||5; (t + At)]|

Consider now ||g; (¢)|

((q (t+ At) — q]tJrAt)) (¢ (t+At)fq;-‘(t+At)))
((q t+ At) — q]t—l-At)) (¢ (t+At)—q;(t+At)))H

Z —qi (t+At) — (¢ (t) —ai (t+ At)))

i_vj (( JOR? (t+At)> — () —qj (t+At)))

Gi (t+ At)]| (B.33)
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In (B.33), using (B.15) and Assumption A7, one may write

lg: (D)1 < gi (¢ + A + D mag (llai (8 + At) = ai (O] + i (¢ + A) — g (2)l]

j=1

+lgi ¢+ at) — g (t)H + g (t+ AL — g (t)||)

N
<gi (t+ A8 + ALY mi; (K + K +2K")

j=1

< 1gi (¢ + A + At (K+K+2K*). (B.34)

Using the same steps of (B.34), it can be shown than

1gi (t + AD)| < [1gs (B)]] + cs At (K TR+ 2K*) . (B.35)

Thus, one can deduce from (B.34) and (B.35) that

lg: (D)) = llgi (¢ + A6 < asart (K + K +2K). (B-36)

From (B.36), one may write

Mg ()] = 117: (¢t + At)]|| < cu At (K iy g zK*)
(lgi ()1 = g ¢+ D)) < (e (16 + K +257) )
1G: (¢ + A2 = 21|z (1)l 1g: (¢ + At)[| + l|g: (1)]1* < (aiAt (K + K+ 2K*))2

~ (cstst (K + & +257)) 4 1lgi 0)° <~ llg ¢+ A0 +21lgi ()] g ¢+ A0 (B.37)

Young relation xy < imQ + %yQ with d > 1, one gets

) > )2 = 2 = 2, 1, 2 - 2
— (cutst (K + K +2K7))" +1lg: O < = llgi (¢ + ADIP + 5 13 (1)) + 13 (¢ + A0)|

~ (st (K + K +27)) 4 (1 - g) lg: (D17 < (@ = 1) llg: (¢ + AP

g (oot (K4 K 2)) ((;_j)) lgi (1)1 < llg: (¢ + A2, (B.38)

1
By taking d = 1% with 1 > b > 0, one gets (<1177‘1’)) =1-band ﬁ = %:

(1 a %) (At)* (ai (K + K+ 2K*))2 +(1=b)|lg: O < 1gi (t + A1)))? (B.39)
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Using the same steps that for ||g; (¢)||, one gets for ||5; (¢)|| the following expression:

15 DI = lldi (1) — ¢ () + Fkpgi (@]

l[5: (1) = Z —qi (t+At) — (g7 (t) — ¢ (t+ At)))
Z (( ) —q. (t+At)) —(g ) —q (t+At)))
+Gi (1) = ¢s (t + At) — G5 (t) + 47 (¢ + At) + 5i (t + At)]|
l[5: ()1 < 1I5i (¢t + At)]| + Zm"j (lgi (t + At) = qi ()| + llgi (¢ + At) — g5 (0)]]
@ (t+ At) — g (t)H + g t+ At — g (t)H)
+ 11di (1) = ¢s (¢ + A + (15 (1) — g5 (¢ + At)]|
15 (1) < ||5s (£ + Ab)|| + At [ai (K iy g 2K*) n 2K;] (B.40)

In a similar way, it can be shown that

15: (£ + AD)|| < |I5: ()| + At [m (K +K A+ 2K*) + zK;] (B.41)

Using (B.40) and (B.41), one can deduce

[I5i (¢ + A0 = [15: ()l < At [as (K + K +2K") + 2]

Following the same steps from (B.37) to (B.39), one gets

(1 - 5) (A0 [ai (K + K +2K7) + 2K;§]2 +(1=b) |5 O < |I5: (t+ Ab)|)? (B.42)

with 1 > b > 0.

B.8  Minimum inter-event time

Let’s consider t = t;fki, where tjkl correspond to the instant ¢; x, after the update of the estimate values. The left side of the
CTC 2 2
CL (ty, + At) = ke ||5: (¢, + A8) || + kpkg [|g: (¢4, + AL)||” + 1 (B.43)

becomes using results of Section B.2 and n = (1 — b+ b)n,

v (tik, +At) > (1-b) [ks 5 (&) 17 + Foka |15 (&5

)’2+n}+bn

L(1-1 (A1) |ks |ai (K + K +2K*) + 2K ’
(1-5) @0 [k [ou ) + 2]

Fhpky (ai (K g 2K*))1
>(1-b)Cu(tf,) + (1 - 5) (At)? K1 + by (B.44)
with

K1 = ks [ai (K g 2K*) n 2K;] ko, (ai (K iy g 2K*))2 (B.45)
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. 2 _
el (tjkl + At) H > or its upper-bound E (‘

In the same way, the right side of the CTC can be expressing using £ (
Thus

el (th, + A1) H2> ¥ kykuE (

& (¢, +a0)]))

& (et + 20)

N
Cr (t/,, + At) < am [Z mij (k:j (
j=1
N
j=1

+%E( el (th, +At)H4) + %E(

which becomes using results of Appendix B.2

el (th, + At)HQ)
& (thh, + A) “4))} (B.46)

)

2 —
) + kpkuE (

N
Cr (t:ki —+ At) < aMm |:Z mMij (kEE (
=1
5 N _ . 2\ | .. 2
+2kpke Y mi (]E( € (tjk)H ) 4 (ti;) ‘
j=1

(ol ) ()

+ aM [057, (ke44maxemax + 8q‘maxq-max) At
N
+ Qkpké Z mMij ((dmax + 4(jmaxemax) At + 4q.maxq.maxemax (At)2
j=1
+ [4QmaxemaxAt + 16q.maxq.max] At)]
< Cr () + BAt+ A(At)? (B.47)

with

N
A = SaMk‘pk%q.max(jmaxemax Z mij (B48)

=1
N

B = QN O (ke4qmax€max + 8Qmaxqmax) + 2OCMkpk%v (q.max + Sq'maxemax + 16q.maxq-max) Z mij (B49)
j=1
and remark A >0 and B > 0.
At t = tjk, + At, the CTC is not triggering if
Cr (tfy, + At) < CL (tfy, + At) (B.50)

where (B.50) is satisfied if
Cr (t5,) + BAt+ A (A1) < (1—b) CL (t],,) + (1 - %) K1 (At)? + by

—bn + BAt + (A - (1 — %) (At)? K1> (At)? < (1—b)CL (tf},,) — Cr (t14,) - (B.51)
i (10 ()
1

—emnmare (4 (1= ) (407K ) (07 < - (0= m kb () = 6 (1)

2
From (B.5), one has Cr (tjkl) =7CL (t;rk7) + (1 —7) kgb; , thus one chooses b =1 — 7 and (B.51)

becomes

| 2

—(1—m) (77 — kgbi || g (tFs,) — @ (tquz)HQ) + BAt + (A + ﬁ[(l) (At)? <0 (B.52)
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By solving (B.52) for At as unknown, one gets

At < Tmin
with
___—B+VB’+4AC
min — 2A
T
A=A+ K,
1—7
B=2B

C = (=) (0= kobi s (¢F,) = 7 (tF,)

Since 0 < 7 < 1, one has A >0, B >0 and C > 0 iff

| 2

n> kal ||Qz (tikb) - q: (tj:kl)
> 4k9bi(j3nax'

)

(B.53)

(B.58)

S0 Tmin > 0. From (B.53), we deduce than for ¢ > ¢; x,,the CTC is not triggering since ¢t < ¢; , + At. Thus, we can conclude

that
tik;+1 — ti,k; 2 Tmin-
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