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Abstract

This paper considers a distributed formation control problem for a multi-agent system. The dynamic of agents is assumed to
be Euler-Lagrange. An event-triggered approach is considered, leading to intermittent communications between agents. This
paper addresses the situation where communications are prone to random packet losses. To evaluate its control input, each
agent maintains multi-hypothesis estimators of its own state and of the states of its neighbors accounting for the potentially
lost packets. Each agent is then able to compute the expected estimation error of its own state as evaluated by its neighbors.
The condition to trigger communication (CTC) involves this expected error. An analysis of the behavior of the system with
such CTC is performed using stochastic Lyapunov functions. Simulations confirm the effectiveness of the proposed approach.

Key words: Communication constraints, event-triggered control, packet losses, formation stabilization, multi-agent system.

1 Introduction

Distributed control with event-triggered communication is an efficient method to coordinate Multi-agent System (MAS) with
a reduced amount of communication between agents. Contrary to periodical communication [5] or intermittent communication
[22], messages are transmitted only when needed. This method reduces the need for communications, and so reduces the risk
of packet collisions. The main difficulty of these approaches consists in determining the communication triggering condition
(CTC) that will ensure the completion of the task assigned to the MAS (see [16,19,6,27,23,15,2]). Nevertheless, since event-
triggered approaches are based on the idea that a message is transmitted only when required, a loss of information may have
a critical impact on the performance, and even stability of the MAS.

Packet losses may be due to collisions between packets transmitted from different agents, presence of obstacles, or interfer-
ence with other communications systems. The packet losses issue is usually addressed by integrating an acknowledgement
mechanism in the communication protocol to detect and possibly re-transmit lost messages. In practice, acknowledgement or
re-transmitted message can also be lost. This induces communication delays if the same content is re-transmitted, and may
lead to desynchronization between agents.

In [1,7,8,26,24] packet losses is addressed by combining He, control and event-triggered communications. Sufficient conditions
are established to ensure the global exponential stability of the system. In [7], communication delays and packet losses are
considered simultaneously. In [8], two different models (Bernoulli and non-Bernoulli) are proposed to describe the packet losses
in the networks. In [8] external perturbations are considered and it is shown that event-triggered control schemes are more
vulnerable to packet losses than time-triggered control strategies. The work in [1] addresses the problem of a MAS following
several leaders to reach its objectives. The observers of the state of other agents run by each agent account for the last send
message, agent dynamics and measurement perturbations. However, agents with linear dynamics are considered in all these
works.

Non-linear dynamic models are studied in [3,4]. In [3], the influence of packet losses is taken into account in the estimator
models and not in the CTC. New distributed estimators are designed to guarantee the exponential stability of the estimation
errors even in presence of packet losses. To update its estimate of other agents’ states, each agent uses its own innovation and
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the innovation of its neighbor’s. This improves the accuracy of the estimates at the cost of being more sensitive to the loss of
information expected from other agents.

In [4], the problem of control of a single agent in presence of potential loss of information in the measurement communication
process is considered. An event-triggered strategy is proposed along with two communication protocols, with and without
acknowledgment scheme. With acknowledgment scheme, the number of successive packet losses can be perfectly known, and
the most recently received measurement value can be identified. Without acknowledgment scheme, this information is no
longer available and a set of estimators is used to perform an estimation of this measurement, each one using a different
hypothesis of the last packet received. As previously stated, the case of a MAS is not studied here.

In this paper, the problem of distributed formation control of MAS with nonlinear Euler-Lagrange dynamics with state
perturbations is addressed. The reduction of communications is performed by a distributed event-triggered strategy. It extends
the method proposed in [20] to the case of packet losses by modifying the CTC evaluation to account for the potentially lost
information during communication in the MAS. In a similar way as [4], each agent maintains multi-hypotheses estimators of
its own state, each corresponding to estimates performed by its neighbors based on the potential received and lost information.
As this may lead to heavy computational burden, a practical implementation is proposed to limit the number of estimators
to maintain. The convergence of the global system to the target formation is proved.

Assumptions and the formation parameterization are introduced in Section 2 and 3. The distributed control law is described
in Section 3. State estimators to replace missing information in control law and evaluate the CTC are proposed in Section 4.1.
Influence of packet losses on estimator is presented in Section 4.2, to evaluate an expected value of the estimation error.
Knowledge of this error is improved using a feedback information from other agents, as described in Section 4.4. The distributed
CTC is presented in Section 5. A simulation example is presented in Section 6 to illustrate the reduction of the number of
communications obtained by the proposed approach. Finally, Section 7 presents conclusions and perspectives for future work.

2 Notations and hypotheses

Consider a vector z = (z1,..., xn)T € R"™. The notation = > 0 indicates that each component z; of = is non-negative, i.e.,
x; >0, Vi € {1,...,n}. The absolute value of the i-th component of z is |z;| and |z| = (|z1],..., |z.])".

2.1 Multi-agent system

Consider a MAS consisting of N communicating agents with indexes in the set N'= {1,..., N}. In a global fixed reference

frame R, let ¢; € R™ be the vector of coordinates of agent i and ¢ = [qlT, e ,q?\}]T € RY™ be the configuration of the MAS.
The relative coordinate vector between two agents ¢ and j is ri; = ¢; — g;.

The evolution of the state xz; = [qiT7 qiT}T of agent i is assumed to be described by the Euler-Lagrange model
M (qi) Gi + Ci (qiy Gi) i + G = ui + ds, (1)
where u; € R™ is some control input, M; (¢;) € R™*" is the inertia matrix of agent i, C; (¢;,¢;) € R™*" is the matrix of the

Coriolis and centripetal terms for agent i, G accounts for gravitational acceleration supposed to be known and constant, and
d; is a time-varying state perturbation satisfying ||d; (¢)|| < Dmax-

One assume that the MAS satisfies is such that for each agent ¢:

A1) M;(g;) is symmetric positive and there exists kas > 0 satisfying Vz, T M; (gi)x < kvxlx.

A2) M; (¢;) — 2C5 (gs, ¢i) is skew symmetric or negative definite and there exists k¢ > 0 satisfying Vz, 2T C; (gi,gs)x <
ko ||gil| 2" .

A3) the left side of (1) can be linearly parametrized as
Mi (qi) &1+ Ciais Gi) &2 = Yi (i @i, €1, §2) 0s (2)

for all vectors &1, &2 € R™, where Y; (qi, ¢i, &1, £2) is a regressor matrix with known structure identical for all agents, and
0; € RP is a vector of constant parameters known by agent i.

A4) z; can be measured without error.
AB5) its initial value of its state x; (0) is known by of all its neighbors.

Assumptions Al, A2, and A3 have been previously considered, e.g., in [11-13,18]. In what follows, the notations M; and C;
are used in place of M; (¢;) and C; (¢i, Gs)-



2.2  Communication model

FEach agent is only able to communicate with a subset of agents in the MAS. This communication topology is described by
a fixed undirected graph G = (N, &), where £ C N x N is the set of edges of the graph. The set of neighbors of agent i is
N; ={j e N|(i,7) € &, i # j} with cardinal number N;.

One neglects communication delays between agents. Due to occlusions, fading, and packet collisions, the communication link
between agents ¢ and j may be unreliable and messages may be lost. When agent ¢ broadcasts its k;-th message at time ¢; x;,
agent j € N; either receives this message without error at time tfkl = 3,1, or does not receive it. To limit the amount of
communications, one assumes further that there is no acknowledgement protocol and thus no possible retransmission in case
of losses. Let {517’,%};%.;1 be a sequence of binary variables such that 55,% = 1 if the k;-th message sent by agent ¢ has been

received by agent j and 5f k, =0 else.

Here, the (Sf %, are modeled as realizations of a timing-invariant Markov processes with characteristic identical for all agents,
as described in Assumption A6.

AG6) There exists k > 0 such that for all pairs of neighbouring agents (i, j), one has
pr (e, =S 0) <1 8
=1
br (e, =035, 2 0) = "

=1

and

Pr (51{,%_ =1> 6, ,= 0) =1 (5)
=1

pr (i, =03 o —0)
=1

0 (6)

with 0 < < 1.

Assumption A6 implies that at least one of the last x messages broadcast by Agent i has been received by each of its neighours
Agent j.

Let kf < k; be the index of the last message agent j has received from its neighbor ¢. When a communication is triggered at
time ¢; x;, agent ¢ broadcasts a message containing ki, t; k;, qi (tik;), di (tik;), 0i, and {k:;} € j € N;. By sending k; < k; for
all j € NV;, agent 4 indicates the index of the last message received from each of its neighbors.

When agent j receives a message from agent 4, it updates kf to k;. Moreover, ¢; (tik,;), gi (ti,k; ), and 6; are used to update its
estimator of the state of agent i, as detailed in Section 4.1. Finally, agent j keeps track in the variables k;J of the value of k:;
which represents the index of the last message sent by agent j and which has been actually received by agent 1. k;J is used
by agent j to evaluate the knowledge agent ¢ has on on x; (see example Figure 1).

2.3 Target formation

A potentially time-varying target formation is defined by the set R = {r}; (t), (i,j) € N'x N'}, where r; (t) is the target
relative coordinate vector between agents ¢ and j. Without loss of generality, the first agent is considered as the reference

agent. Any target relative coordinate vector r;; can be expressed as rj; (t) = rj3 (t) — 1 (t). The target relative configuration

vector is 7 (t) = [T (¢) ... ri% (t)]". Each agent i knows only the relative coordinate vector between its own neighbors

r; (t), 7 € Ni. Additionally, a constant target reference velocity ¢ known by all agents is imposed to the MAS, where ¢j.

Our aim is to evaluate, in a distributed way, the control input for each agent so that the MAS converges to R, while limiting
the number of communications between agents and accounting for losses in the communication between agents. For that
purpose, the control inputs will have to provide an asymptotic convergence of the MAS to the target configuration vector with
a bounded mean-square error. Due to the packet losses, this convergence will only be achievable in the mean-square sense.



Definition 1 The MAS asymptotically mean-square converges to the target formation with a bounded mean-square error
(bounded average asymptotic convergence) iff there exists some €1 > 0 such that

V(i) € N7, lim E (|[rig (8) = 7 OF) <, (7)
where the expectation is evaluated considering the packet loss events.

2.4 Overview of the proposed approach

A distributed control law is introduced in Section 3 to drive the MAS to its target formation and reference speed. This requires
the knowledge by each agent of the state vector of its neighbors. Since the state vector of a neighbor j is only available at
agent ¢ when agent j broadcasts its state, agent ¢ has to maintain an estimator of the state of each of its neighbors. This
estimator is described in Section 4.

Moreover, to determine the quality of the estimate of z; evaluated by its neighbors, agent i has also to estimate its own state
x; with the information it has transmitted to these neighbors. As soon as a function of the error between this estimate and
x; reaches some threshold, agent i triggers a communication to allow its neighbors to refresh their estimate of x;. The main
difficulty, compared to [18,20], lies in the fact that estimators have to account for packet losses. In the solution proposed here,
each agent maintains several estimates of its own state accounting for different packet loss hypotheses, and an estimate of
the state of its neighbors with the last information received. As will be seen in Section 4.4, the number of hypotheses can be
limited to a manageable amount determined by the last received packet from agent i.

The CTC relies on the error between the values of the states of agents and of the estimates made by neighboring agents,
see Section 5. Since this error cannot be exactly evaluated due to packet losses, only its expected value is used in the CTC.

This paper proposes different methods to evaluate or upper-bound this expected error, which is then used to analyze the
convergence and the stability of the MAS.

3 Distributed control inputs

Section 3.1 introduces the potential energy P (g, t) of the MAS to quantify the discrepancy between the current and target
formations. A control input accounting for agent state estimators is defined in Section 3.2.

3.1 Potential energy of the formation

In [14,25], the potential energy of the formation

LA
P(q, t) = 3 szij |rij — 73

i=1 j=1

? 8)

is introduced, where the coefficients m;; = mj; are some positive or null coefficients. P (g, t) quantifies the discrepancy between
the actual and target relative coordinate vectors. We take ms; = 0, m;; = 0 if (¢,7) € £, and m;; > 0 if (4,5) € £. Since G is
connected, the minimum number of non-zero coefficients m;; to properly define a target formation is N — 1.

Proposition 2 The MAS asymptotically converges to the target formation with a bounded error iff there exists some €2 > 0
such that
lim E (P (g, 1)) < ez, (9)
t—o0
where the expectation is evaluated considering the packet loss events.

The proof of Proposition 2 is provided in Appendix A.1.
3.2 Control input with agent state estimators

In what follows, a distributed control law is designed so that the MAS asymptotically converges with a bounded mean-square
error. The control law has to make P (g, t) decrease. For that purpose, one introduces, as in [25],

OP (g, t)

9i = o0 Z Mij (n-j - T:j) ) (10)
qi JeN:
gi= Y mi; (g — 75, (11)
JEN;
si=qi — 4; + kpgi, (12)



where ¢ = ¢ — 71; is the reference velocity of agent i. The vectors g; and g; characterize the evolution with ¢; and ¢; of the
discrepancy between the actual and target relative coordinate vectors. In (12), k, > 0 is a scalar design parameter.

According to (10), to make P (g, t) decrease, the control input of agent i requires r;;, and thus ¢;, j € N;. Nevertheless,
g;j,J € Ny is only available to agent ¢ when it receives a packet from agent j containing g¢;, see Section 2.2. Between the
reception of two packets from Agent j, an estimates ¢; of ¢;,7 € N; needs to be evaluated. This one has to account for
potentially lost packets, see Section 4.1.

Using estimates (j; and (j; of ¢; and ¢; for all j € N;, agent i is able to evaluate 7;; = ¢; — cjj, Tij = i — cj;, as well as

gi= Y mij (Fij — i) (13)
JEN;
S5i=¢qi — q4; + kpGi. (14)
Then, the following control input can be evaluated in a distributed way by agent ¢ and used in (1)
wi = —ks8i — kogi + G — Yi (i, Gi, Di, Di) 0i, (15)

where p; = k,gi — ¢ and p; = kpg; — ¢ with the additional design parameters kg > 0 and ks > 1+ kp, (kar + 1).

The convergence properties of the MAS when each agent ¢ applies the control input (15) will be analysed and ensured in
Section 5.

4 State estimators and packet losses

This section describes the estimators involved in the control input (15) of each agent. These estimators are introduced in
Section 4.1. Section 4.2 describes the way agent ¢ estimates its own state x;, with the information transmitted to its neighbors,
to determine the quality of their estimates of z;. In Section 4.3, the expected value of the estimation error between the current
and the estimated state is evaluated. This estimator accounts for packet losses. In Section 4.4, an implicit feedback, based on
packets received from other agents, is described and exploited to improve the evaluation of the state estimation error.

4.1  Estimation of the state of other agents

To evaluate (15), agent ¢ has to maintain an estimate 9%; of the state z; of all its neighbors j € N;. Assume that agent j

broadcasts its k-th message at time t; 5. Then, since communication delays are neglected, depending on whether this message
has been received by agent i, £} is updated as follows, see [3]

&5 () = 05h (L) + (1 - 5;’“) &5 (ts.k) (16)

where z;(;,x) is obtained from the received packet. For all ¢ > t; , and up to the time instant of reception of the next packet
sent by agent j, the components q;i and (jji- evolve according to

M; (8) 5+ €5 (a5 8) & + 6 = . (17)

where M; and C; are evaluated using (2) with Y; and é; = 0;, where the structure of Y; and 6; are initially known by Agent ¢
or have been transmitted by Agent j at time ¢ = 0. The estimator (17) maintained by agent ¢ requires itself an estimate ﬁ;
of the control input u; evaluated by agent j. This estimate ﬁ;, used by agent 1, is

iy = —keds + G =Y, (6, 4 ~d, —d5 ) 03, (18)

with é; = (j; — g;. The control input (18) thus only depends on information available at agent 1.



4.2 Multi hypothesis state estimates

The estimate ¢] of the state of agent i, evaluated by agent j, only depends on the information provided by agent i. The
estimate 7 is reset to ¢; as soon as a message sent by agent ¢ is received by agent j, see (16). Consequently, when agent 4
has sent k; messages, and wants to evaluate the estimate of its own state as computed by one of its neighbors, x + 2 different
hypotheses have to be considered, each of which is associated to a different estimator of ¢; at time t € [ti,ki,ti,ki+1]

the k;-th packet has been received,

the k;-th packet has been lost, but the k; — 1-th packet has been received,

all packets have been lost, except the k; — x-th if k; > &,

no packet has been received if k; < k, but the initial state is known.

At time t € [tix,;, ti,k;+1][, the state estimates corresponding to these hypotheses are denoted QZ’Z (t), ¢ = max{0, ki —Kk},..., ki
and ¢-% = @, introduced in Section 4.1.

Since there are at most k — 1 consecutive losses, agent ¢ has only to maintain x estimates of ¢;, denoted (jl(l) (), .ey (jf"i) (t). For

all t € [tik,,tik;+1], one has qi” &)y =qg"*@),..., (jl(“) (t) = G"* "1 (t). These estimates evolve according to the dynamic

(17)-(18) introduced in Section 4.1. When a new packet is sent at time ¢; x,4+1 by agent 4, the estimates are updated as follows

G (tipi1) = i (tigi 1) - (19)
~(£ ~(L —
qg ) (ti»kﬁrl) = qg ) (ti,ki+1) s =1,k —1, (20)

where ti_,k,3+1 = t;,k;+1 — € for some very small € > 0.

4.3 Expected value of the estimation error of q; (t)

At time ¢ € [ti,kia ti,ki-',-l[, agent 7 has sent k; packets. Let
pii,[ =Pr (51{5 = 1755’5_’_1 =0,.. "61?,]% = 0)

be the probability that the /-th packet has been received by a given neighbor j and that all packets from the ¢ 4 1-th to the
ki-th have been lost. Note that p{%, , only depends on the considered packet loss model, and does not depend on the neighbor

index j, which is omitted in what follows. When ¢ = k;, one has simply pg;,x, =1 — 7.

At time ¢t € [tik;, ti,k;+1[, the estimation error of the coordinates of agent i, as evaluated by agent j, is

el () =3q (t) = a: (1) (21)

and its mean-square value is
k;
) oy
E(led 1) = Y i ) —a @)1 (22)
{=max{k; —k+1,0}
E (||ez (t)]]?) can be determined by agent i using G (t) and py, ¢, £ = max{k; — k,0},..., ki. Consequently, from (22), agent i
is able to determine the quality of the estimate of ¢; evaluated by its neighbors. Agent 4 has thus to maintain x estimates

q;f"e (t) of gi (t). Note the expectation of €] can be obtained in the same way.
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Fig. 1. Communication instants and index of last message received k? and k7.

4.4 FEstimates accounting for the feedback

When agent i receives a message at time tjk; € [ti,k; s ti,k;+1[ from one of its neighbors j, this message contains the index kf
of the last message received by agent j and sent by agent 4, see Figure 1. This index is kept by agent ¢ in k] " see Section 2.2.
This information can significantly improve the evaluation of the mean-square value of e’ (t). Using k",

the probability pi yex that agent j has received its ¢-th message and lost all the following message up to the k;-th message,

agent 7 can evaluate

J
ki elkD
on the packet loss probability model introduced in Section 4.1. The superscript j is thus again omitted in what follows.

knowing that agent j has received its ki "i_th message. Here again, p only depends on the values of k;, ¢, and ki i and

Consider the probability

ki
Prep g = Pr <53,,Z =1, Z 6 = O\JZ’W = 1) (23)

m=~£+1

that the ¢-th message sent by agent i (with Z < ki) has been received by agent j and that all following messages, including
the k;-th have been lost, knowing that the k7*-th message has been received. Our aim in what follows is to get an expression
of p,_ e for all £ = k], ..., ki, to be used in the evaluation of mean-square value of e’ (t).

Assume that in the time interval [t; k;, tik;+1[, agent ¢ has received a single message from agent j at time tj,k;- Then, upon
reception of this message, agent i updates kil to kf < ki: By receiving this message from agent j, agent i is aware that
agent j has received the kf "i_th message sent by agent i, and has not received the following ones if k{ < k;, see Figure 1, where
k:f = k; — 2. According to Assumption A6, one has necessarily kf > max {0, k; — k}. Consequently, one has

ki
Pry i = Pr >, = 0] ;o =1[=1 (24)

m=kJ" 41

and for all £ = k7" +1,... ks,

k;
Pry i = Pr (551 =1, » &,= 067 i = 1) =0. (25)

m=4~0+1

Consider now ¢ € [Lik;+1,%ik;+2[ and assume that the last message received by agent i from agent j was at time ¢;; €
[tik;s tisk;+1[- One has still kfl = kf < k;. Consequently, agent ¢ knows that agent j has received the kf’i—th message sent by
agent ¢, and has not received the following ones with indexes between k7" and k;. Agent ¢ has no information about the fact

the agent j has received the k; + 1-th message, except if kfl = k; — k. In the latter case, according to Assumption A6, agent i
is sure that agent j has received the k; + 1-th message sent by agent i. Consequently, one has

1 /=k +1

Prs ik =k - () = {O else, 0



5 6 7 8 9 10
3 |1 0 0 0 0
a4 | o 0 0 0 0 0
5 |0 0 0 0 0 0
6 | x| 1—m (1-—m)m (1—7)=n? (1—m)x3 0
Y 1 71, 7r2 71,.':‘»
7 * *
—Q-mr | —a-m® | —a-m® | ——m)
8 * * * 1—m 1—m)m (1—m)n2
9 * * * * 1—m 1—-m)=
10 * * * * * l=m
+(0-mt
Table 1
Example of probability calculation
and
T = kf’l
l—m L=k +1
Prorradri-n =90 4 e max {0, ks — x}, k5 — 1] @7)

UED" + 1, k).

The following proposition allows one to evaluate p, s recursively, starting from (24)-(25).

Proposition 3 Consider t € [ti g, +n,ti,k;+nt+1[ With n > 0 and assume that the last message received by agent i from agent j
was at time tjx; € [tik;,tik;+1]. Thus k}* = k] <k; . Then one may write for all m > k]

P kit = 1—m+ TPy 1 | ifm>k (28)
=1—7m else
Prtmmikdt = Pt 1S (29)
=0 else
Ppgpii =0 i €< kiandl # k). (30)

The proof of Proposition 3 is in Appendix AS.

Example: Consider an agent 7 and a message received at time tx; € [tx;, tg,+1[ from its neighbor agent j. Table 1 illustrates
the different values of p, ., for n € [0,..., 4] when k = 4, k; = 5, and k/ = 3.

Then Proposition 3 can be used with Assumption A6 to evaluate E (| le? () ]|?

provided by neighbors as follows.

), taking into account the feedback information

Consider some agent ¢ and k; > 0. Assume that agent ¢ knows the index k{ of the last message sent by agent ¢ and received
by some neighbor agent j. At time ¢ € [t;,x;, ti,k,+1[, the mean-square value of the estimation error (21) is

E(\

In what follows, the notation E(| leZ (t)[|?) is used in place of E(||el (t)]*|k?"*). Contrary to (22), (31) depends now on the index
of the neighbor agent j via k], and so is updated each time agent 4 receives a message from its neighbor, in addition to the
update made each time agent ¢ broadcast a message as in (22).

ki

. 2 .
“ (t)H lkﬁﬂ) = > Py, epdt

{=max{k; —xk+1,0}

a0 - a0 (31)




5 Event-triggered communications accounting for packet losses
This section presents a CTC which may involve one of the state estimators introduced in Section 4.

Let Mmin = min; j—1,...~8 {Mmij # 0}, Mmax = max; j=1,.. .8 {Mi;} , Nmin = mini—1.. .y (N;), oz = Z;\f:l m;j, and am =
max;=1,...,n &;. The distributed CTC (32) presented in Theorem 4 is designed to ensure an asymptotic convergence of the

MAS to the target formation with a bounded mean-square error.

Theorem 4 Consider a MAS with agent dynamics given by (1), the communication protocol defined in Section 2.2, the control
law (15). Consider also the packet losses model satisfying by Assumption A6. Assuming absence of communication delays, if
the communications are triggered by each agent i of the MAS when the following condition is satisfied

7)o ("))

J J
€ €

an [é mj (keIE (’

) N 2\ [ 12 14 14
+hok? S mi (2@(‘4 ) g +1E<’eg >+E(’ég ))
j=1
+kgbi llds — 511> > Kol 50 + kpkogi G+ (32)
where ke = kskg + kgkp + IZ—?, n >0, and 0 < b; < ksklzij-kg are design parameters, then

(a) The MAS with agent dynamics (1) asymptotically converges to the target formation with a bounded error such that

im & (5P (00)) <€ (33)

t—o00

where g = [Dlznax + 77] ’

kgcs

Mmax

max {1, kn }

min {k1, kp } min (1, w)

(34)

C3 =
and k1 = ks — (1 + kp (ks + 1)).
(b) One has tip; < tik,+1-

The proof of (a) in Theorem 4 is given in Appendix A.3, and proof of (b) in Appendix A.4. Each agent ¢ has to evaluate the

expected values of ||e/ (¢) ||? and ||é (t) ||? for all § € ;. This can be done by evaluating the expectation (22) or (31) detailed
in Section 4.3 and 4.4.

The CTC (32) is triggered by agent i mainly when E(|lel (t)]*) and E(]|é] (t) ||*) become large. Thus, it is preferable to use
the knowledge of k" allowed from the proposed feedback mechanism to calculate (31) rather than using (22).

An analysis of the impact of the values of the parameters on the reduction of communications has been presented in [20] in
absence of packet losses. These results can be extended to the case with packet losses. The choice of the parameters awm, kg,

kp and b; also determines the number of messages broadcast. Choosing the coefficients m;; such that a; = Z;V:I m;; is small,

leads to a reduction in the number of communications triggered resulting from the satisfaction of (32), at the cost of a less
precise formation.

6 Example

Consider the dynamical model of N identical surface ships with coordinate vectors ¢; = [x; y; ¥ }T €R3 i=1...N,ina
local Earth-fixed frame. For agent 4, (x;,y;) represents its position and v; its heading angle. The agent dynamics are expressed
in the body frame (see [10]) as

My, iV + Chv,i (Vi) Vi + Dy ivi = To,i + db s, (35)

where v; is the velocity vector in the body frame. The values of My, ;, Dy s, and Ch; (v;) are taken from [10].

One takes N = 6. The model (35) may be expressed as (1) with G = 0 using an appropriate change of variables detailed in
[10]. The parameters of (15) are kas = | M;|| = 33.8, ke = ||C; (1n)|| = 43.96, kp = 6, kg = 20, ks = 1 + ky, (kas + 1), b; = =

kg



6.1 Parameters

The initial value of the configuration vector is ¢ (0) = [z (0)” , 5 (0)" , 4 (0)"]T, ¢ (0) = O3nx1, with z (0) = [—0.35,4.59, 4.72, 0.64,
3.53,-1.26] , y(0) = [-1.11,—4.59,2.42,1.36,1.56,3.36] and % (0) = On. An hexagonal target formation is considered

with 7% (0) = [rf}) (0)" iy (0)T (5, (0)" 17 where 7(;) (0) = [0,2,3,2,0,~1], 7(5 (0) = [0,0,v3, 2v3,2v3,V3], and
7(3) (0) = On. Moreover, the target MAS velocity is ¢i = [1, 1, 0]". Each agent communicates with N/2 = 3 other agents.
From [25], one obtains the coefficients matrix S = [my;], ;_, 5 such
0 18 0 0926 0 185 |
1.8 0 1.8 0 0926 O
0 18 0 18 0 0926
0926 0 18 0 18 0
0 0926 0 18 0 1.85
| 1.85 0 0926 0 18 0

One has a; = Y1 mi; = 0.463, for all i =1,..., N and anm = 0.463.

The simulation duration is T" = 4s, taken sufficiently large to reach a steady-state behavior, with an integration step size
At = 0.01 s. Since time has been discretized, the minimum delay between the transmission of two messages by the same
agent is set to At. The perturbation d; (¢) is assumed constant over each interval [kAt, (k4 1) At[. The components of
di (t) are independent realizations of zero-mean uniformly distributed noise U (—Dmax/ V3, Duax/ V/3) and are thus such that
lld; (¢t)]] < Dmax. Let Ny be the total number of messages transmitted during a simulation. The performance of the proposed
approach is evaluated with Rcom = Nm/Nm, where N,, = NT/At > Np. One takes k = 6.

6.2 Simulations results

Figure 2 shows the performance of the proposed approach with the CTC (32) for different values of the packet loss probability
7 and disturbance bound Dmax. Results are averaged over 50 independent realizations of the noise and of the packet losses.
As expected, the number of communications required for the MAS to converge increases with m and Dmax-

The influence of 7 on the number of communication is detailed in [21]. Increasing 7 leads to a reduction of Rcom but increases
the potential energy P (¢, T), and thus the discrepancy with respect to the target formation.

Figure 3 compares results of the proposed approach obtained without (a) and with (b) the exploitation of the index kfl of
the last message sent by agent i and received by some neighbor agent j. Using the implicit feedback from neighbors, and thus

E (He{ (t)”2 |k;) instead of E (Hef (t)||2) in the CTC, convergence is obtained with 75% less communications.

7 Conclusion

This paper addresses the problem of communication reduction in distributed formation control of a MAS with Euler-Lagrange
dynamics in presence of packet losses and perturbations. To evaluate its control input, each agent maintains estimators of the
states of the other agents. Each agent also maintains a multi-hypothesis estimator of its own state accounting for potentially
lost packets in the communications with its neighbors. Using these estimators, each agent is then able to compute an expected
value of the estimation error of its own state as evaluated by its neighbors. An feedback from other agents may be used
to get a reduced estimation error. A distributed CTC is then proposed, involving these estimation errors, to reduce the
number of communications and the behavior of the MAS is analyzed using stochastic Lyapunov functions. Convergence to the
target formation has been proven and the time between consecutive communications has been proven to be strictly positive.
Simulations illustrate the effectiveness of the proposed approach.

In future work, communication delays will also be considered along with packet losses.
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A Appendix
A.1  Proof of Proposition 2

Assume that there exists e2 > 0 such that

Jim E (P (g, 1)) < &2 (A1)
Then
N N
i 333 (I 0~ ) < =
Since

mq;E (HT’ij (t) —ri; (¢t ) ZZm” ( iz (t) — ri; (2)]] ) (A.3)

=1 j=1
and m;; > 0, for all (¢,7) such that m;; > 0, this implies
Jim E ([[ri; (0) = 7 ) ) (A.4)

Consider now a pair (4, j) such that m;; = 0. The communication graph has been assumed connected. Consequently, one find
a sequence (il, .. 7iNl.j) of N;; < N nodes with i; =4 and iNl.j = 7 and such that Mipigrg > Oforallk=1,...,N;; —1. Then

-1

Nij
lim E (Hr” 7‘1] H ) < lim E (‘
k=1

2
Tikik+1 (t) - rikik+1 (t)H ) .

t—o0 t—o0

Using (A.4), one gets

Jm E (|l 0 - o) < Y 22— (45)

k=1 m1k1k+1

Then, introduce

Nyl
€11 = max =2 (A~6)
(G ENZmi;=0 7= Miyig g

and 9

€12 = max c2 (A7)
(4,4)ENZ,m;;>0 m”
Finally, combining (A.4) and (A.5), one has for all (3,5) € N'?,

Jim E ([lri; (0) = 75 0F) <=1, (A8)

with €1 = max {€11,€12}.

The converse is immediate: if there exists £1 > 0 such that (A.8) is satisfied for all (4,5) € N, then

N
S B(P @) = Jim 53" miE (s 0 - i, 0)])

i=1 j=1

with Eg9 = 222 12 1m1351



A.2  Evaluation of p

m,m|k?
K2

Consider t € [ti7ki+n, ti,ki+n+1[ with n > 0 and assume that the last message received by agent ¢ from agent j was at time
tj,kj c [ti,kiyti,kiﬁ_l[. Thus kfz = kf < k; and agent ¢ knows that agent j has received the k:g’i-th message sent by agent 1,
and has not received the following ones with index between kf " and k;. Agent i has no information about the reception by
agent j of the k; + 1,..., k; + n-th messages, except if sz’ =k; — K.

Consider some ¢ > t; 1, —1. For all m > kfz, there exists S, such that
P mkdé = Pr (5g,m = 1|5ikq‘,i = 1) = Bm (A.9)

and

Pr (5{7,,1 = 0|5j i = 1) =1—Bm. (A.10)

A) First, evaluate p i for some m > kfz

m+1,m|

P J — J J —_
Py t,miiiet = PT <5i,m+1 = 0,8, =108, =1

1) Pr (5{m =1 ., = 1)
’ z,ki’

=Pr (51{%1 = 006, = 1,87 .

=Pr (5{},”“ =006],,=1,6' ;. =1)Bm

= 7Bm.

Consider now j,i for some m > k7" and n >0
k? k3
i

m+n,m|

£=1 *

1) Pr <53’m =10 ., = 1)
’ i,ky’

=Pr (Z 8 e =0l67,, = 1) Brn.- (A.11)
=1

=Pr (Z 6Z,m+2 = O|6f,m = 17 67 drt
=1 e

Form (A.11), two cases have to be considered

1) If n > k + 1, since, according to Assumption A6,

Pr <Z 8 e =007, = 1) =0 (A.12)
=1

pm+n,m|k{’i =0. (A.l?))
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2) Ifn <

So

K, then

255,m+€ O‘ég,m-kl = 0’ 51],m = 1)
=

pm+n,m|k3’i = Pr (

Zéf,mﬁ»ﬁ - 0‘61 m42 T 0762 ,m—+1 = 0751 m = >

= 0167 s = 0,60, = 1) 7B

X
g
—
—~
=2
&
3
+
»

Pr (Z 67,"7',m+z - 0|62 m+2 T 07 67, ,m—+1 07 5 = > ﬂ-Qﬂ'm

pm+n,m|k{’i = ﬂ—npm,mlk{’i if n < k. (A.14)

B) Now, evaluate Dy ot With m > kD

Prp it = PT (53’7 = 1|51 i = 1)
:1—Pr<6g’m:0,|5?' i :1)
’ i,ky’
:1—Pr(5{ =0,68) 71\673,:1)
m k

»Yi,m—1

—Pr (6.’m_0,6§m 1—o|51k“ _1)

Ol = 0,801 = 0,800 5 = 0107,

yYim—1 T

(. )
—Pr(6 =0,6!,, ,=0,0 1|5ka:>

yYim—1 T im—2 —
- pm,mfl\k'z’i - pm,mf2\k3‘i

» Y, m— r Y, m—

—Pr(az{m:o&f 1 =0,60, 5 =008 ;.

Il
—
~

m—1
=1- E pmyak{,i

l=m—kr-+1
m—1 ] )
—Pr ( Yo d=0 = 1)
l=m—kr+1 B
and according to Assumption A6, Pr < i ni wi1 010 = 0\6] = 1) = 0. Thus
pm,'m|k¢g’i =1- Z pm,l\kf’i (A15)
l=m—kr-+1
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Using (A.15) and (A.14), one gets

m—1
pm,m\kib =l-m Z pm—1,8|kg’i
l=m—r+1
m—1
=1—-n Z P tokd ~ Pt m1- w1t | - (A.16)

l=(m—1)—r+1

Moreover, since (A.15), one has

m—1
pm,m|k{’i + Z pm,f\kf‘i =1
l=m—r+1
m
Z Pt =1
=m—k+1
and so
m—1
Z Py it = 1- (A.17)
l=m—kK

Combining (A.17) and (A.16) one gets

P mipdt =1 =7+ mp (A.18)

m—l,m—n\kg’l .

A.3  Proof of convergence with packet losses

To prove Theorem 4 a) one shows first that the MAS is converging with a bounded mean-square error. For that purpose, one
will introduce a candidate Lyapunov function and show that it satisfies the conditions introduced in the Definition 1.

Consider some Dmax > 0, 7 > 0, and realizations d; (t), i = 1,..., N of the state perturbations.

Inspired by the proof developed in [17,3], consider the continuous positive-definite candidate Lyapunov function

V() =E (; > (5i (q(t,6))" Misi (g (tvé))) + %P (q(,9) »t)> (A.19)

i=1

where the expectation is evaluated considering the random losses described by 4.

A.3.1 Continuity of the Lyapunov function

Assume that the first message is transmitted at time ¢i, without loss of generality, by agent 1 to N; neighbors. Consider
some t € [t1, ta2], where t2 is the time at which the second message is transmitted, whatever the agent. There are 2™ possible
reception scenario, from no reception by all agents to a reception by all agents. Let o represent the index of the o-th scenario,
0< o0 <2 and Po,1 be the associated probability for the first communication. One may write

V) =E (; S (54 80 Misi (0 1,00)) + 2P g (1,0) »))

i=1

— % ;po,l < 1 s (q (¢, 60))T M;s; (q(t,05)) + %P (q(t,65) ,t)) (A.20)

i=

2N1
Where Zo‘:l pa,l = 1

For a given reception scenario o of the first message, the time instant ¢, 2 of transmission of the second message and the index
10,2 of the transmitting agent both depend on o. More generally, at time ¢, S; different transmission and reception scenarios
have to be considered. For a given scenario o, let n, be the number of communications that have occurred. The associated
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loss vector is 05 = (00,1, - - -, 00,0, ), Where o 1 is the loss vector for the k-th communication. The probability associated to 04
is ps. The next communication time instant is ¢ n,+1 > ¢ and the communicating agent is i5,n,+1. Let

t= min ten. -1
o=1,...,5¢ met

and ¢ denote the index of the associated communicating agent.
For all t € [¢,t[, one has

St N
Vv (t) = % Zpo (Z Si (q (tv 60’))T M;s; (q (t7 60’)) + %P(q (t760) 7t)> .

In the scenario @, at time #, agent 7 is communicating. Consequently

v=1 Y (Z 510 (F,5,))" Misi (q(F,60)) + "2 P (q 7, 6,) ,ﬂ)

o=1,...,St,0#G =1

N—
1 2 i N B B k B
+3 2 Pew <Z si (4 (L0w))" Misi (4 (F.00)) + P (4 (55w m) »5)) (A.21)
p=1

=1

where p,,.) denotes the probability of the p-th loss scenario associated to the nz + 1 communication performed by agent @
at time ¢, when the previous loss scenario is &. One has

2 i
Zp(am = Pz (A.22)
p=1

Upon reception at time it ofa message sent at time ¢, only the estimators are updated according to (16). The state of agents
receiving a message at time " from a neighbor is continuous, i.e., g; (Fr,d(au)) =g (F,&E), where £ is a time instant
immediately before transmission. This is also true for agents which do not receive the message sent at time t. Thus, one

gets gi (17, 0,)) = 9i (t7,05), i (¢ (t,6,))) =si (¢ (t,07)) for i =1,..., N, and consequently, P (q (t7,8z,,)),t") =
P (q(t,0z),t") for all 4. Thus, at time ", (A.21) becomes

GO T SR (Z (07 5.))" Masi a (7*,8.)) + %2 P (9 (7 5,) m)

= % Z o <i si (q (5_750))TM1'S¢ (q(t,65)) + %P (q(t,60) ,F))

and using (A.22), one gets

V(f*) _ % Z 7pg (iN S; (q (57,56))TM145¢ (q ({7,(50)) -‘r%P(q (f,(sg)ﬂ?))

Consequently, V () is continuous at ¢.
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A.3.2 Differential inequality satisfied by the Lyapunov function
Using (A.21) from the previous section, the time derivative of V exists and can be evaluated for each ¢ € [t, f] as follows

N

St
V=3 p (Z (357 (0008 Mt G 0:600) + 7 4 (8:8,)) M a (85,))
+%%P (q(t,3,) ,t)) . (A.23)

which may be written more concisely as

N
i=1

where the expectation is to be taken over all possible transmission loss events.

Our aim, in what follows is to obtain a differential inequality satisfied by V. One starts considering the two terms in the right
hand side of (A.24).

In (A.23), one has

1d

Z@P(q’ t)

1 g XX )
=13 2 2 |l =il

S
Il
=

<
Il
=

mi; (i = 755)" (rig = i)

.
Il

—
iR

Il
M=
N =
| =
M=

Il
-
M= <X

may (6= 67 (rg = r5) = (&5 = 65)" (v = 75)]

i=1 " j=1
N 1 N

=> 3 > mi [(Qi =) (riy = i) = (G —a)" (rji — ”’“;i)] (A.25)
=1 J=1

Since r;; = —rij, one gets
1d ol . kT a *
il @)= DG —d)" Y mi (riy i)
i=1 j=1

(@ —d)" gi- (A.26)

I
‘MZ

Il
=

7

Combining (A.23) and (A.26), one obtains
. Norq .
V=E (Z {islTMzsZ + sZTMlsl + kg (¢: — q;)T gz]> (A.27)
=1
One focuses now on the term M;$;. Using (12), one may write
Misi + Cisi = Mi (i — G5 + kpgi) + Ci (¢ — di + kpgi)

and using (1), one gets

M;si + Cisi=ui + di — G+ M; (kpgs — ;) + Ci (kpgs — G7) - (A.28)
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Now, introducing (15), one gets

M;$; + Cisi = —ks8; — kggi -Y; (qi, qi, kpéi — q;k, kpgi — q:) 0;
+M; (kpgi — G;) + Ci (kpgi — ¢7) + di (A.29)

In what follows, one uses Y; to represent Y; (qi, Giy kpGi — GF, kpGi — qz*) Assumption A3 leads to

—S?K@Z = —SZT (Mz (k:péi - qf) + C; (kpgi — qf)) . (A.30)

Considering (2) and (A.29) in (A.27), one gets

i=1

N
V=E (Z BsiTMisi — kos] 5 — kgsi §i — s; Cisi +5; (M; (kpgi — ;) + Ci (kpgi — d7))

=T (M (ki — @) + Ci (kygs — 07)) + ki (6 — 7)™ gi + 5T di] ). (A.31)

Now, introduce (10) in (12) to get

N
$i=Go—di +hp Y _mas (6 — g5 — i) (A.32)

i=1

Since €} = §; — gj, one gets

N
Sz‘=dz‘*fﬁ+kpzmij (qz'*ﬁ;JFe}*Tfj)

’L;l N
=d4i— 6+ ke Y mag (Fig —7i) Tk Y muse
=1 J:l
J#Fi
=5+ kyE' (A.33)

with
E‘Z = Zmije}, (A34)
i=1
since m;; = 0. Using similar derivations, one may show that

gi = gi + E". (A.35)

Replacing (A.33) and (A.35) in (A.31), one gets

N
V=E (Z [S? [%Mz - Ci] i — kssi 5 — kg (¢ — 47 + kpgi)T Gi
i=1

ThpsT (ME + CE) ko (Gi— )" gi+ 8T di]) . (A.36)

Let Vi = vazl 2k,sT (MZE” + CZE”) Using Assumption A2, %Mﬁci is skew symmetric or definite negative thus s{ [%Ml — Ci] s <

0. For all b > 0 and all vectors = and y of similar size, one has

zTy < % (be:c + %yTy) . (A.37)
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Using (A.37) with b = 1, and the fact that d d; < D2, one deduces that d s; % (Dfnax + sl-Tsi) and that

N
V§E<Z[ ssls, k kpglgl—l—1

1
- 253—‘81' + §D12nax

-

. L _ 1.
thg (G —a))" (gi — gz)} + §V1> )

(A.38)
One notices that ri; = ¢ —q; = ¢ — (jj- + eé- =Tij + eé-, thus
||Si — §iH2 = SZTSi — 281'T§i + 5?51
12
kaz = SZTSZ - 28;-T§¢ + EZTEZ‘
_ 1 1 1 _7_
515 = -5 ‘ + isiTsi + 58?81' (A.39)

Using similar derivations, from (A.39), one shows that 9F g = —% ||El” + %giTgi + %g?gi. Injecting the latter expression in
(A.38), one gets

. N Tk 2
VSE(;[;(kf, —sTsz—s sz>—|—kk <’
. T _ 1
ko (6 — )7 (9= 30| + 5 Va

N 2
(ks —1) 1 ks o_ | kskp + kgkp
E(E [ 5 Si s 23 Si + 5

Ei

1 1
- gz gi — i gl> + 55?51' + EDIQnax

1
7D1?nax

1 _T_
- ikpkg (giTgi JrgiTgi) + D)

+hg (¢ — )" (gi — gi)] + %Vl) : (A.40)

Using (A.37) with b = b; > 0, one shows that 247 (g; — §i) < (b- llg:ll? + b%- HEZHQ) Using this result in (A.40), one gets

;i[ (ks — DE (sTs:) — kE (sT5:) + (k:lc +kkp+’Z)1E(]

—kpkgE (Qi 9i + G; §i) + Dmax} + %E (V1)

) + ik (10 - i)

(A.41)
Consider now V. Using (A.37) with b = 1 and Assumption A1, one obtains
N . - . . . .
Z 2hys! (M + CE') <3 ky (5T Misi + T s+ [T MiE' + BT CT O, )
1=1 i=1
N . . . . . .
<> ko ((ear + 1) sTsi + [k BB+ BT CTCE) (A.42)
i=1
Focus now on the terms E‘TCT C;E*. Using Assumption A2, one has
N . N /N N7 N _
Z EZTCiTCZ'EZ = Z <Z mue;) CZTCZ <Z m1462>
i=1 i=1 \j=1 =1
N N N o
S ZZmem” H01||2 e;Tez. (A43)
i=1 j=1¢=1
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Using again (A.37) with b = 1, one gets

N

N N
S ETCIGE <Y Y
i=1 i=1 j=1
N
22

1j=1¢

maemis |G| (€57 ¢} + eie})

l\')\n—t
WMZ

1

maems; |G| (57 ¢} )

LMZ

7

mis 1G4 (e57¢5) - (A44)

u&z
||Mz

Since m;; = mj; and m;; = 0 if (4,5) ¢ Nj, one may write

(A.45)

J
€

i=1 j=1

N N N N
> >m =>_> mai|e]
i=1 j=1 i=1 j=1

and using Assumption A2, one gets

S BT <Y ( Mi [l s D

=1 i=1

= i (aM i [mn’

J
€

12 ||q]-|2D . (A.46)

Observing that

.2 s .il)?
llg;l” = ||a5 + €5
) )
Al . AT .4
4| + ’ € +2qa €
A1 2 X3
q] + 2 ’ ej )

(A.45) can be rewritten as

2 112
S ecton <z 35 m e (Ji + |4
=1
y X 200012 2002
SZQMk%‘ZZmij (‘eg all + el ‘é; )
i=1 j=1
Using (A.37) with b = 1 and m;; = m;;, one gets
N . N N . 1 11 .14
ZEzTCiTCiE’ < 2aMk%ZZmij (‘ e’ + 5 ’ el 3 ‘ él )
=1 =1 j=1
) v il s ll? o L) Lt
§2aMkC;;mij ‘ei a; +5’e 5‘61- . (A.4T)

Similarly, one shows that Zfil ETE < Zf;l oM Z;VZI mij HeZH2 and Zfil ETE < Zf;l aMm Zf:l mi; Hef H2
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Injecting (A.42) and (A.47) in (A.41), one gets

% ﬁ: [ kp (kar + 1)) E (s?si) — kE (s sl) + D2

57
€

)

oy (g7 g:) = ko (7 5:) + kabiE (Ildi — 67117) + kphas Z antmisE (

(k:k kgky + )ZaMm”( 2)

2 N 112 4
+2onikpke » | mi <IE( el ) q g IE( el )+ IE( él )) (A.48)
j=1
The CTC (32) leads to

1 N

y T 2

V< §;E [ ke = 1= oy (s + 1)) 575 = Kang? g3 + D + 1]
1 N

y T T 2

V< 3 ZE [—klsi si — kgkpgi gi + Diax + 77} (A.49)

<
Il
—

with k1 = ks — 1 — kp (kam + 1).

Introducing km = min {k1, kp}, from (A.49), one gets

i [ (siTsz- +kegi gi) + Dias + n] : (A.50)

l\.’)M—‘

A lower bound of Efvzl g7 gi has now to be introduced using the following lemma, which proof is given in Appendix A.5.1.

Lemma 5 For all t, one has

mlnmmln
—— P (q,t A.51
Zgz gl - Mmax ((L )7 ( )
where Mmin = min; j=1..5 (Ms; # 0), Mmax = Max =1 N (mij) and Nmin = min;=1...n (IV;).
i, 0= .

NiminMmin , one may write
Mmax

g km k?’k
V<IE<—2 {st P(q,t)
e |1 kskg
S ——
k4 1 N 2
<E ( ey [2 +5 (Diax + n)) (A.52)
k

with kj; = 1if ky < 1 and kjy = ks else, and k4 = km min (1, k3). Introducing c3 = 5, one gets
M

Using Lemma 5 and introducing ks =

N
+ 5 (Dr2nax +77)>

N
+ 5 (Dr2nax +7l))

N

(kMsiTsi) + %P(q,t)

iM=1

1 & k N

: T 2

. N 5

V<oVt [Drax +1] - (A.53)
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A.3.8 Upper bound of the Lyapunov function

Consider ¢ € [t,?] and the function W satisfying

W: _03W+% [D?nax_Fn} .

The solution of (A.54) with initial condition W (t) = V () is

W (t) =exp(—cs(t —1)) V (t) + (1 —exp (—c3 (t — 1)) % [Diax + 1) -

Then, using [9, Lemma 3.4] (Comparison lemma), one has V (t) < W (t) Vt € [t, [, so

V(t) < exp(—ca(t =)V (0)+ (L —exp(—ca(t— 1) 5
< exp (—es (t - 1)) vxm-—%%[DiM-+ﬂ 4—%%[Diﬂ-+ﬂ

(D2 + 1)

Then, since V (t) > % [D?ax + 1], V (t) is decreasing over the interval [t, Z[.

Using (A.56), one may write V¢t > 0

V (t) < exp(—cst) V (0) + (1 — exp (—cst)) I:Dr2nax + 1]

263

and from (A.58), one has

. N 2
lim V (t) < % [Dmax + 77]

t— o0 -

. 1 Toare) o Ko N op2
lim E <2 (si Mlsl) + 1 P (q, t)) < %5 [Dmax + 77]

t—o0
i=1

lim E <1P(q,t)) < N
t—o0 2

- k963

(D2 + 1] -

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

Asymptotically, the formation error is bounded and according to Definition 1, the system is asymptotically converging to the

target formation with a bounded mean-square error.
A4 Proof that t; j < t;p+1

Consider
Cr (1) = kol (1) 5 (1) + kpkodi (1)7: () +7

))
el (t)H4> + %]E (

and

el (1)

N
CR (t) = oM |:Z Mg (kEE (
j=1
N N
2ok > > miy; <]E (
i=1 j=1

+kgbi [ld (t) — ¢ ()],

¢l (t)H2> + kykuE (

20])

P 2 1
%@H+§E(

with ke = (kskf, +kgky + ’;i)

4uwﬁﬂ

According to (32), no communication is triggered as long as Ct, (t) > Cr (t). A communication is triggered at t = ¢;; when

CL (tik) = Cr (tik) -
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The message sent at time ¢t = ¢; , by agent ¢ implies an update of the estimates Z]\g7 j € N; of that state ¢; run by the neighbors
of agent i. Consequently, the expected state estimation error will be such that
)

E ( e (t5,,) H2) = 7E <’

see in Appendix A.5.3. Nevertheless, ks57 5; + kpkygr §i +n and ||¢; — q;*||2, which are not updated by the communication,
stay unchanged. Consequently

Cr (t75,) = Cu (tix,) - (A.61)
To prove that ¢; x < t;,k+1, one has to show that Cr, (tfkl) > Cr (tjkl)

Using Appendix A.5.3 and the continuity of ¢; (t) and ¢, one may write
N
|2 —+ mam |:Z mij (keE <
j=1
N N . 2
+2k, k2 303 (]E (‘ ¢ (tis) > ‘4 IE (
i=1 j=1

Using (A.60) and (A.61), one gets

Cr (t;—kz) = kqbl ||Qz (t;kb) - ql* (t;kz)

el (t;ki)H2) + kB (‘
el (m)]|) + 5 ([ )

& (tiw,) ‘2>>
)]

Cr (tikl) = kgb’ qu (t;kl) - q: (t;kl) ||2 +m [kég?gl (t;kl) + kpkg‘g;f[h (t;k) +n - kgbl ”qZ (t;ki) - qr (t;kl) H2]
= i (tin,) = 65 () |* 7 [Rest 50 (t50,) o+ Kokod! G (tik,) + 1]

The CTC is not satisfied if

CL (ttkl) > CR (t:tkl)
k5T 5 (ti,) + kpkoGt Gi (ti,) + 1> (1= 1) kb ||d@i (ti,) — di (t,) ||
[R5l 51 (bk,) + hokod? 5 (ti,) + 1) (A.62)

(1= m) (ko 50 () + okl 3 () + 1) > (1= m) b | () = dF (8
kot 51 (k) + hoko@l 31 (t,) + 1 > kobi[lds (65,) = dF (6| (A.63)
and let show now that (A.63) is always satisfied.
Using the property =Ty > —% (binga: + %yTy) for some b;2 > 0, one deduces that
515 = kpg! i+ s — @i 11 + 2kp3! (G5 — dF)
T kp
> (k- kyba) gl + (1= 12 ) - i 17 (A.64)

Using (A.64), a sufficient condition for (A.63) to be satisfied is

_T_ kp
ks (ky = kobiz) 31 G + ks (1—,7) 4 = a7 |1* + Kpkogi G +n > kobilldi — 4 |

k . L T . %
ks (1 _ b—) i — G212+ ko + ko (K2 — Rybin)] 973 + 1> kb s — a7 I

kigl gi +n > k2 ||di — 671 (A.65)
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where k1 = |kpkg + ks k2 kpbi2)| and ko = |kgbi — ks — * )| To ensure that the inequality (A.65) is satisfied inde-
bio

pendently of the values of g; and ¢;, it is sufficient to find b; and b;2 such that k; > 0 and k2 < 0. Consider first k.

kpkg + ks (K — kpbi2) > 0

k
ka > (—k’p + bzz)
k‘kz the oy (A.66)
Focus now on ko
kgbi — ks (1—k—p <0
) bia
kgb; kp
_ P A.67
ks < bi2 ( )
Since b;2 > 0, one has 9 % <1 and so b; < k“ . Then
kskp
— < bio. A.68
T — hgbs 02 (A.68)
Finally, one has to find a condition on b; such that (A.66) and (A.67) can be satisfied simultaneously
kskp + kg kskp
—L 2 > —_— A.69
T >b2>ks—k9bi ( )
One may find b;2 if
Kk
ks — kgb; 5P
A
1 K2k,
T s 2 bz
kg ( kskp + kg) ”
k
i < . A.
b; < [y (A.70)
which also ensures that b; < o . Thus, once b; < ﬁ, there exists some b;2 such that (A.69) is satisfied. As a consequence,

(32) stops to be satisfied when ¢t = ti,k
A.5 Additional proof elements

A.5.1 Upper-bound on ZZI\; a9

From (10), one may write

(Z mij (TU 7”” ) <Z Mie ng — 7'14 )
=222 > maemis (rig = riy) " (rie = (A.71)

Using the fact that
(a—b)7" (a—b)=a"a+b"b—2a"b, (A.72)
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one gets

N

1 * * * *
> glgi= Z [2 szufmu [Hru il lrie = riell® = ||ris = iy = (rie — m)m} - (A.T3)
=1

=1 j=1

One has

Injecting this result in (A.73) leads to

N N 1 N N 9 2
ZgiTgi = Z [2 memij [Hﬂ'j — 5|7+ llrie = r5l® = ||res — i | ]} (A.74)
i=1 i=1 =1 j=1
with Mmmax = max ii—1..N (mij)
N N 1 N N 5 9
Minax Y6 9 > ) [2 DD mimigme; [HTU =i lrie = riel® = [Jres — 7| ]]
=1 i=1 1j5=1
N 1 N Jfl 1 N N N
Mimax Y 97 gi > 3 SUSTS  maemigmg ||ri; — | + 3 DO maemigmag |rie — il
i=1 i i i=1£¢=1 j=1

i
[]= I1= ¢
M=1

2
*
MM 515 ||7"gj — ’I“gj ”

ol

i=1 £=1 j=1
N N N N N N
T 1 * (12 1 * |12
Munax Y9090 2 53> D mumigme; [[ry —r5l"+5 303D mamigme [[ry -5
L= 1=1 £=1 j=1 =1 £=1 j=1
N N N
1 * (12
LSS e s =]
i=1 ¢=1 j=1
N N N N
T 1 2
Mmax Zgi gi > 3 Zzzmiemume;‘ ||ris — (A.75)
i=1 i=1 ¢=1 j=1
According m;, = 0 if £ ¢ N, one gets
N N N N N
« 112 . (12
353 mumms i =1 = 30 3 ma S |
i=1 £=1 j=1 i=1LeEN; j=1
Let Mmin = min; j—1..n (Ms; # 0) and Nmin = min;—1...x (IV;). One may write
N N N
555 s s =il = 32 3 e S s =i
i=1 ¢=1 j=1 i=1LeN;
N N N
. )2 . )2
ZZZ Mg Mg HTij - Tin > NminMmin szij HTz‘j - Tin
i=1 ¢=1 j=1 i=1 j=1
and so
2
Mmax Zgz gz > Nmmmmm Z me Hrlj T:j”
=1 j=1
Zgl gi > NminMmin p (4 (A.76)

MM max
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A.5.2  FEwvaluation of c3

_ k4
= oy
_ kmmin (1, k3)
- max{l,kM}

min {k1, kp } min (17 M)

Cc3

- T b . (A.77)

where k1 = ks — 1 — kp (ka + 1).

, 2
A.5.3  Fvaluation of E ( el (t:kiﬂ) H ) and E (‘

B (]2 (th)[[) ana £ (el (t1,)

lar evaluation may be performed considering this information. Using results of (22), one may write immediately after the
transmission of the k; + 1 message by agent ¢

3

(4t ?
1)

2
) are evaluated assuming that the implicit feedback is not employed. A simi-

9 ki1
J(++ _
€; (ti,ki+1)H > = E pkﬁrll’

) 2
07" (Hhpan) = (ti’%‘“)”

l=k; —Kk+2
ki ) 2
= 3 e @ () — s () |
l=k;—r+1
. 2
+ Phi+1,k;+1 ’ d;7k1+1 (tzki-‘rl) — i (t;':ki‘l’l) ’

2

— Phittk—n || G0 (tFe, 1) — @ (e, 1) H ,

where pi, 41,0 = 7px,,¢ has been shown in (29). Since df’z (tikﬂrl) = (jﬁ’f (t;kﬁl) forall{ = k;—k+1,...,k; and q; (tj,kﬁl) =
qi (151-_,,%“)7 one deduces

i 2 i (¢
E <’ e; (tin41) ‘ ) =k (‘ e (tiki+1)

)

. 2
tprne |4 () — @i (65,40) ‘

. 2
— Prot ks || T (1) — @ (tkﬁl)H :

According to Proposition 3, pk;+1,k;—~ = 0. Moreover, at t = tz_,_l, (j;"ki“ (tz—tkﬁ-l) =q; (t:kiﬂ). Consequently,
2 2
s(J« ) o5 (I o).

. 2 ; 2
(el (h)|) =7 (2 o))
PN

since ¢ (tgkﬁl) =g (t;kiﬂ) forall € =k; —k+1,... k and g (timl) — g (t;kﬁl).

J
€

(t?:kﬁ—l) ez (ti—ﬁki+1)

Similarly, one has
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