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Binary forms of suprageneric rank and the
multiple root loci

Alejandro Gonzélez Nevado® Ettore Teixeira Turatti?

Abstract

We state the relation between the variety of binary forms of given
rank and the dual of the multiple root loci. This is a new result for the
suprageneric rank, as a continuation of the work by Buczyriski, Han, Mella
and Teitler. We describe the strata of these varieties and explore their
singular loci.

1 Introduction

Let V' be a vector space of dimension n + 1 over an algebraically closed field K
of characteristic zero. Let f € S3V* be a homogeneous form of degree d. The
rank of f, also called the Waring rank, is defined to be the smallest integer r
such that

e

where I;, i = 1,...,r are linear forms.
The general rank g of a form f, where the general rank means the rank that
a general f € S3V* has, is a well known result and it is given by

=[]

n+1

with exception of a finite number of cases, see [1] [2].

Let Sq, = {f € SqV*|rank f = r} be the set of forms of rank r. Let
X C P(S4) be the Veronese variety. Then the variety obtained from the Zariski
closure of Sy, coincides with the r-secant variety of the Veronese variety,

o (X) = gﬂ"
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for every » < g. On the other hand, since o4(X) fulfills the ambient space,
Sq,» cannot be expressed as a secant variety if r > g. The secant varieties of
the Veronese variety have been vastly studied, but the last case has been less
considered, however it has recently received more attention, as in [9].

In this article we look at the case of binary forms of suprageneric rank, in
the light of the work developed in |10] on the strata of binary forms of rank at
most generic, where the following description is obtained.

Theorem (Comas-Seiguer). Let 0 < k < [942] be an integer, then

Sar1 = (U Sas) U(Ufzosd,d—i+1)v
where Sg0 = Sq,d+1 = 0. Furthermore, we have that

Sdk+1 N Sak = Sdk+1 U Sad—k+1-

We prove a similar result for the suprageneric case, notice that the second
union has a shift on the indices.

Theorem 1. Let k be an integer and suppose that d > d — k > [(45L)], then
Sd,a—k 15 the union

Stk = (Ui Sa4) U(U]f:osd,d—i)~

In particular Sd,d—k ~ Sd,d—k+1 = Sd’kJrl ] Sd,d—k-

In order to prove these results, we show the relation between binary forms of
fixed rank and the variety of multiple root loci. For an integer 0 < r < [%4-11’
it is known that S,, = A;/,,,)ld,z,,. In [12, Proposition 19] is proven that for
the suprageneric case, d > d — k > [%1, Sd,d—k is the join of k copies of
the Veronese variety X C P¢ with its tangent variety 7(X), and compute the
dimension dim(Sg4,q—x) = 2k + 2, using this we find that an analogous relation
with the dual of the multiple root loci also exist, and obtain the following
proposition.

Proposition 2. Let k be an integer and suppose that d > d — k > [%], then
Sd,dfk = A:‘?)/’Qk’ld—2k—3~

This proposition also allows us to prove that forms of rank different from
d — k in Sg 4—j, are singular points of this variety. More precisely

Theorem 3. Letd —k > (%1, then the singular locus of Sq.q—k contains the
subvariety Sq p+1 U Sd.d—k+1-
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2 Preliminaries

2.1 The Multiple Root Locus of Binary Forms

We follow basically the notation in [11]. Given an integer n, we say that a
vector A = (A1,...,\q) is a partition of n with d parts if Ay > --- > A\g > 0 and
[A| ;== A1 +---+Ag = n. Apart from this notation, we may also write a partition
as a multiset A = {1™1 ... p™»} where m; > 0 is an integer for i = 1,...,p,
and represents that there are m; elements in the partition that are equal to i.

The set of homogeneous binary forms of degree n corresponds to a variety on
P" associating the points to the coefficient of each monomial in the polynomial
expansion. The multiple root locus A associated to a partition A = (Aq, ..., \g)
of n is a subvariety of P" associated to the polynomials that have d roots with
multiplicity A1,...,Ag. The dimension of this variety is dim(Ay) = d and its
singular locus is a subset of the union

U A

A properly refines p

as described in |6, Section 3], and in [4].
We are particularly interested in the dual varieties AY. These are studied in
[7] and [11]. In particular, Hilbert found that the degree of Ay is deg(Ay) =

ml%’.mp!)\l .-+ Aq and, when the dual AY is a hypersurface (i.e., m; = 0), |7,

Theorem 5.3] establishes that its degree is deg(AY) = M(/\l —1)--(\a—

ma!-mp!
1).

Notice that, given a partition A as above, we have another definition for A,
it also is the image of

(PHYE—— P, (Iy,... L) —— 2.1

It follows that the dimension of Ay is d and its smooth points are those in which
all the linear forms I; are pairwise different.

The following lemma gives an expression of the tangent space of a multiple
root locus at a smooth point.

Lemma 4. [11, Lemma 2.1, Lemma 2.2] Let f = li‘l ...lgd € Ay be a smooth
point and g € (P™)Y. Then the tangent space at a f is given by

d
TrAx = {h(z,y) [[1 7" | h € P(K [z, y]a)}-

i=1

Furthermore, g L TyAy if and only if

bl ou’ dv

annihilates g(u,v).
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As we want to obtain a good description of the dual variety, we need to
introduce the conormal variety. The conormal variety of Ay is given by the
closure of the set

{(f,9) | f € Ay is a smooth point and g L TrA,}.

The dual variety AY is the image of the projection of the conormal variety onto
the second factor. Therefore it is the variety of binary forms that are annihilated
by some f. This observation leads to a parametrization of the conormal variety:
it can be seen as the set of points (f, g) of the form

d d

flz,y) = H(tix — sy, glu,v) = (siw + ti0)" N *2g;(u, v),
i=1 =1, #£1

where g;(u, v) are binary forms of degree \; —2, and (s;,t;) € P*. The dimension
of the dual variety to Ay is given, using [5, Corollary 7.3], by

dimAY =n—m; — 1.

The inclusions between multiple root loci can be characterized in terms of
refinements of the partitions that define them. Hence we have that Ay C A, if
and only if p refines A.

In addition, for a partition A = {1 ... p™»}, we denote its derived parti-
tion X := (1™2,...,(p—1)"r), and this is a partition of n —d, where d = > m;
is the number of parts. The next proposition gives a result similar to the one in
the previous paragraph for inclusions between dual varieties. These inclusions
are also characterized via refinements of partitions although it is not as direct
as the previous one: the equivalent condition for the inclusion of duals involves
refinements of derived partitions. Expressing this new condition requires thus
the related partitions that we have just introduced.

Proposition 5. [11, Proposition 3.4] Given two partitions A\, u of n, then
AY C A} holds if and only zjj M| < |¢/| and, by adding to the parts, X' can be
transformed into a partition X that is refined by .

2.2 The Waring and the Forbidden Loci

In this subsection we follow [3], where the notion of Waring locus and its coun-
terpart, the forbidden locus, were introduced and we set V here as a finite
dimensional K-vector space (not only of degree 2). As before, let SV be the
vector space of forms over V and S3V C SV the vector space of forms of degree
d, i.e., degree d homogeneous polynomials over the field K in dim(V") variables.
When there is no possibility of confusion we just write Sy for SyV.

Definition 6. Given a form f of degree d and rank r, the Waring locus Wy of f
is the set of linear forms that appear, up to scalar multiplication, in a minimal
Waring decomposition of f, i.e.,

Wy = {[l] €eP(Sy) | a,...,l. €Sy, f € linspan({I%,15,...,1%})}.
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The forbidden locus Fy is the complement, Fy := P(S1) ~ Wy.

The Waring and the forbidden loci of binary forms are described in 3}, Theo-
rem 3.5]. Moreover, linear forms in these loci are important because it is easy to
describe changes in the rank of forms f when they are added to deg(f)-th pow-
ers of linear forms lying on these loci. In particular, adding deg(f)-th powers
of linear forms in the forbidden locus never decreases the rank.

Remark 7. Notice that if a linear form [ € S is an element of the forbidden
locus F of the degree d form f, then we have that rank(f + (%) > rank(f).

Now we introduce the apolar ideal, which will be fundamental together with
the theorem associated to it to bridge multiple root loci and varieties gener-
ated by forms of certain fixed rank. The apolar ideal can be seen as the ideal
formed by all the forms perpendicular to f with respect to the scalar product
by differentiation through dual variables.

Definition 8. Let f be a form of degree d, the apolar ideal of f, denoted (f)*,
is the ideal of elements g € SVV such that g - f = 0, where - represents the
contraction (by differentiation) of f by g.

After this definition we remember the next well-known result which will be
fundamental to bridge some multiple root loci with varieties generated by forms
of fixed rank.

Lemma 9 (Apolarity Lemma). Let f € Sy. Then f =1¢ +--- + 19, where the
summands l; € S1 are pairwise non-proportional linear forms, if and only if
() DI, where I is the ideal of the set X = {l1,...,ls} € S1VV of s different
points formed by all the s pairwise non-proportional linear forms in the previous
expression of f as a sum of d-th powers of linear forms.

A final important remark concerns the good description of the apolar ideal
that we have in the case of a binary form. This description is fundamental in
the proof of the result bridging multiple root loci and varieties generated by
forms of fixed rank, which is itself an intermediate result towards our main (and
final) theorem.

Remark 10. If f is a binary form of degree d, then (f)* = (g1,g2) with
deg(g1) + deg(g2) = n + 2. In addition, if deg(g1) < deg(gz), then rank(f) =
deg(gy) if g1 is squarefree and rank(f) = deg(g2) otherwise.

3 Binary forms of suprageneric rank

3.1 The variety of rank k£ forms and the multiple root loci

The relation between the variety Sgj, was well know for degrees smaller than
6. So the first interesting example is the case where the degree is d = 6. We
explore this case for ranks bigger than the generic rank r = 4. In the particular
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case of f € Sg 6, we have that the ideal (f)* = (g1,92) with d; + dz = 8, where
dy and ds are the respective degrees. Since the rank of f is 6, we must have
d1 = 2,dy = 6, and g; has a double root. Therefore the only possibility is that
g1 = 12, where [ is a linear form. In such case, by an immediate application
of [11, Lemma 2.2], we know that f € Ay 5. The other inclusion follows from
dimensional count. We can use such idea to compute any S;,. For example,
proceeding similarly for the rank 5 we have that d; = 3,dy = 5 and therefore
we have that g; has two possible cases: either [§ or [?l5. In such case, f € Ailg
or f € Ay, ;, respectively. We can see that the first is contained in the second,
and therefore f € Ay, . The other side follows again by dimensional count.

In |12, Proposition 19] it was obtained that the dimension of Sy, for r bigger
than the generic rank is given by

dim Sy, = dimog_pio — 1 =2(d —r +1).

Using this fact together with the preceding idea developed in the example, we
can obtain the following argument.

Proof of Proposition[3. Let f € Sq.a—r be a homogeneous polynomial of degree
d and rank d — k. We know that the apolar ideal (f)* is generated by (g1, g2),
such that di +dy = d+2, with d; < ds the respective degrees, and rank(f) = ds,
if g1 is not squarefree, or rank(f) = d; otherwise. So we may assume that
dy =d—k,dy = k+ 2 and g; has a double root. Thence g; has the following
form l%ll ...l and f € Aggk’ld,%,s. (Notice that all other possibilities for gy,
that is, with more than a single double root, lead to a different partition A
but all of those are such that A is refined by (2,1*) and therefore we have
AY C AY s in such case.) It follows that Sgq—r C A;Qk,ld,%,gﬁ On

372k71d—2k—
the other hand, by the proof of [12, Proposition 19], we have that dim Sy 4—r =
dimogio—1 = (2k+3)—1 = 2k+2, and dimAng 1a—2k-3 = d—my—1=2k+2,
so equality holds. O

Following [10, Theorem 2], we obtain a similar result for the varieties of rank
r bigger than the generic rank. Furthermore, we also give another description
for Sd,d—k-

Proof of Theorem[1 First we notice that, since Sy q—r = Ay . ja—2r—s, then it
can be described as the set of sums of powers of linear forms

(187 g +1¢ 4 --- + 1¢]l;, g ave linear forms, for i = 0,... k}.

It is trivial that Ufiol Saq,; is contained on Sy 41 by just considering g = lo.
If f has rank d — i, with ¢ < k, then f = Zj;; l;i. It is possible to choose
la—i+1,---,1q linear forms such that

d
f+l§ll—i+1+"‘+lg:zl?
=1
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has rank d. This can be done by choosing the first linear form l;_;41 in the
forbidden locus Fj of f, and repeating this procedure inductively to the new
polynomial obtained. Since the obtained polynomial has rank d, we have that it
can be written as [!g, for some [, g linear forms. Substituting it on the right
side of the equation, we have that

i
d— d
f=1""g - Zld—i+ja
j=1
which is an element of A:\g/ ok 1d—2r—3- S0 We obtained that

Saar O (U1 S44) U(UfzoSd,dfi)

For the other inclusion, suppose that f € A;Qk,ld,%,_g, then f = lg_lg +
lil 4+ 4 lg for some linear forms lg, . ..,l;,g. We analyse two cases. If g = [,
it is clear that rank(f) < k+ 1. Otherwise, suppose that g # Iy, then lg_lg has
rank d. Since all the other summands are power of linear forms, each of them
can either decrease the rank by 1, if they are on the Waring locus of lg_lg,
or it does not change the rank, and it remains equal to d, if they are in the
forbidden locus; in both cases, we have that rank(f) > d — k, hence we have the
equality. O

Proof of Theorem[3 Let f = lg_lg +1¢ + -+ 1¢ be a point of Sga_r. We
compute the tangent space at f, by considering I; = a;x + b;y and g = ax + Sy.
We can consider a curve

k

F) = (ai(t)z +b:(t)y)" + (ao(t)z + bo(t)y) "~ (alt)a + B(t)y),

i=1

with f(0) = f, then taking the derivatives on the a;,b;, @, § we have that the
tangent space is generated by

Tde,d—k = <yl§i_17xl?_laxlg_anylg_2gaxlg_laylg_l>v 1=1,... ) k.

This space has 2k + 4 generators, but we notice that the last four of them
span a 3-dimensional space, so it has projective dimension 2k + 2 in a general
point, as expected. We consider two cases now, first if g is equal to Iy, in
other words, the case that f is a general element of S; ;1. We notice that
instead of a 3-dimensional space, the last four elements on the span generates a
2-dimenensional space, this means that the projective dimension of T¢S4 4 is
at most 2k + 1, therefore f is a singular point. Now instead, assume that I; = [;
for some 7,j # 0 and ¢ # j, then f is a general element of Sy 4_r4+1 and the
dimension of Ty Sq q— is less than 2k + 2, again this gives that f is a singular
element of Sy 4. O
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3.2 The hypersurface Ss;11 42

Let f € Sok41,k+2, the maximal catalecticant matrix C'y associated to f has size
(k+1) x (k+2). In |11 Theorem 4.1] it is proven that this hypersurface has
degree 2k(k + 1) and its equation is computed, namely, the defining polynomial
is the discriminant of

VL. B T L Tl

ag [25] ce Qg Ak+1

q(u’ U) = det ai a3z cee ak+1 Q42
ag ag+1 - - a2k G2k+1

With this description we can obtain the following result.
Theorem 11. Saiy1 i is an irreducible component of Sing(Sak41,k+2)-

Proof. Let (aog,...,aq) be the coefficients of polynomials in S4. The equation of
Sok+1,k+2 has degree 2k in the (k+1)-minors b; (for j = 0,..., k) of the maximal
catalecticant matrix of size (k+1) x (k+2). Each b; is a homogeneous polynomial
of degree (k + 1) in the a;. Let by°...b." be a monomial with |a| = 2k. The

derivative with respect to a; of such monomial is 3 a;05° . .. b?"fl bk 221
Evaluated at a point (ao, . . ., aq) where all b; vanishes (this is a point in Sog+1,x)
this monomial vanishes. This concludes the proof. O

The case k = 2 was studied before in [8] by Comon and Ottaviani, it is
known as the apple invariant, in such case the singular locus has two irreducible
components, one is S5 o, that comes from the minors of the catalecticant, and the
other comes from the pullback from the locus of cubics with a triple root As 1 1,
that is the dual of the tangent variety 7(S55) = S5.4. For k > 3, Sing(Sax+1,k+2)
has at least three irreducible components, one is Sa;41.%, that is obtained from
the minors of the catalecticant, the other two components arrives from the two
irreducible components of the singular locus of the discriminant of Zfiol a;tt
it comes as the pullback from the locus of degree k + 1 polynomials with two
double roots and with a triple root. For £ = 3 the components can be computed
in Macaulay2, one is S7 3, that has codimension 2 and degree 10. The other
two components have codimension 2 and degree respectively 24 (8 generators of
degree 7, it comes as pullback from locus of quartics with two double roots) and
36 (55 generators of degree among 8 and 12, it comes as pullback from locus of
quartics with a triple root), this case was named as the big apple invariant in
[11].
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