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MICROLOCAL CHARACTERIZATION OF LUSZTIG SHEAVES FOR
AFFINE QUIVERS AND ¢-LOOPS QUIVERS

LUCIEN HENNECART

ABSTRACT. We prove that for extended Dynkin quivers, simple perverse sheaves in Lusztig
category are characterized by the nilpotency of their singular support. This proves a conjec-
ture of Lusztig in the case of affine quivers. For cyclic quivers, we prove a similar result for
a larger nilpotent variety and a larger class of perverse sheaves. We formulate conjectures
concerning similar results for quivers with loops, for which we have to use the appropriate
notion of nilpotent variety, due to Bozec, Schiffmann and Vasserot. We prove our conjecture

for g-loops quivers (g > 2).
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2 LUCIEN HENNECART

1.1. The main results. Motivated by his theory of Character Sheaves ([Lus85]), Lusztig
defined in the early 90’s a category 2 of equivariant semisimple constructible complexes on
the representation spaces of a given acyclic quiver Q = (I,€) ([Lus91]). His construction is
detailed in Section 3. Here is a brief overview. For a dimension vector d € NZ, we let Eq be
the representation space of () of dimension d. It is acted on by the product of linear groups
Gq. We also let &4 be the category of Gg-equivariant perverse sheaves on F4q which belong
to the category 2. By definition, it is the semisimple category whose simple objects are the
perverse sheaves appearing as a direct summand of the push-forward of the constant sheaf C
by the morphism 7 : Y — Eq, where Y is the variety of pairs (z, F), « € Eq, F is a z-stable
I-graded flag of C¢ and 7 is the natural projection. In op. cit., Lusztig studied the singular
support of the perverse sheaves which belong to &23q. This led him to define the so-called
nilpotent variety Aq C T*Eq (Section 4). This is a closed, conical and Lagrangian subvariety
of T*Eq and for any .7 € P4, SS(%) C Aq. The first main result of the present paper is

the proof of the converse under some restrictions on the quiver.

Theorem 1.1. Let Q be a finite type or affine quiver'. Let F € Pervg,(Eq) be a Gg-
equivariant simple perverse sheaf such that SS(F) C Aq. Then % is a Lusztig perverse
sheaf.

The method of proof is briefly described in Section 1.3.

Lusztig conjectured more generally in [Lus90b, §10.3], without restriction on the quiver,
that perverse sheaves whose singular support is contained in the nilpotent variety should
provide the canonical basis of the positive part of the quantum group. When combined with
Lusztig’s subsequent paper [Lus91], this may be formulated as the following conjecture which
was also put forward independently by Webster (see [Web]).

Conjecture 1.2 (Lusztig). Let Q be a loop-free quiver and d € N’ o dimension vector. Then
Gq-equivariant irreducible perverse sheaves on Eq whose singular support is included in Agq

are exactly Lusztig sheaves.

See Section 1.6 for relevant considerations. In this paper, we prove this result for (the easy
and already known cases of) finite type and cyclic quivers and for the more subtle case of
affine quivers, for which the representation theory is heavily used (Auslander-Reiten theory
for affine quivers).

We also conjecture (Conjecture 10.17) a modification of the previous conjecture for arbitrary
quivers (possibly carrying loops) using the appropriate notion of nilpotent variety defined
in [BSV17] (Section 10). This leads to four different categories of perverse sheaves on the
representation spaces of a quiver, P° for b € {nil, §}, (nil, 1), 1} (Section 10.2), together with
four corresponding nilpotent varieties, A°, b € {nil, %, (nil, 1),1} (Section 10.3.1). These four
situations are paired using the Fourier-Sato transform (nil and () are paired, (nil,1) and 1

1n this paper, we include under the terminology affine quiver extended Dynkin quivers, Jordan and cyclic
quivers.
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also). It is easily shown that the singular support of a perverse sheaf in the category P° is
contained in the nilpotent variety A? by using favourable functorial properties of the singular
support with respect to the pushforward by a proper morphism. In Section 10, we prove the

converse for g-loops quivers (g > 2), which constitutes the second main result of this paper:

Theorem 1.3. Let g > 2 and Q) = S, be the g-loop quiver. Let d € N be a dimension vector
and F an irreducible perverse sheaf on Ega such that SS(F) C A° where b = (nil, 1) or
b=1. Then .F is in the category P”.

We give the rough idea of the proof in Section 1.4. We would like to emphasize the fact that
no equivariance assumption is made on .%: this is not necessary in the proof and happens to
be a consequence of the nilpotency of the singular support.

1.2. Analogy with character sheaves on Lie groups and Lie algebras. In [Lus91],
motivated by his theory of character sheaves on reductive groups, Lusztig defined a class of
perverse sheaves on the representation spaces of an arbitrary loop-free quiver. In both cases,
the perverse sheaves under consideration are defined as appropriate shifts of direct summands
of the pushforward by a proper morphism of a local system. Character sheaves for a complex
reductive group G are obtained in this way using the morphism

7:G={(9,B)eGxAB|ge B} -G

where Z = G/ B denotes the flag variety of G.

For quivers, Lusztig considers a family of morphisms
T(i,a) * ]?(i,a) — FEq

where F (i,a) 18 a smooth variety and the morphism 7(; 5y is proper (Section 3). By functo-
rial properties of the singular support, it is proved that for groups, the singular support of

character sheaves is contained in

Ac ={(9,€") | g€ Za(&) and & € A7}

where A C g* denotes the nilcone of g* and Zg(£*) is the centralizer of £* in G for the
coadjoint action of G on g*. For loop-free quivers, the result is the following. Lusztig perverse
sheaves on Eq have a singular support which is a subvariety of

Aa = {(z,2%) € Eg q | pa(x,2") = 0 and (x,2") is nilpotent}.

See Section 2.4 for the definition of the moment map ug (the condition pg(z,z*) = 0 is a
generalization of the commuting relation we had for Ag). In [MV88], Mirkovi¢ and Vilonen
give a proof of a conjecture of Laumon and Lusztig asserting that character sheaves on a
complex connected reductive group G are exactly those with singular support included in
G x A*. Analogously, one can try to characterize Gg-equivariant perverse sheaves on Fq
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with singular support included in Aq. To make the analogy even clearer, note that a G-
equivariant perverse sheaf on G has singular support included in p~1(0) where
p o T"G=Gxg" — g
(9,€%) = adg(£")
is a moment map of the hamiltonian action of G on itself by conjugation. Therefore, any G-
equivariant perverse sheaf on G whose singular support is contained in G x 4* has singular
support in Ag = p~1(0)N (G x A*) (see also [MV8S8, 1.4]). It is also possible to prove similar

results for complex reductive Lie algebras, as in [Mir04], which is close to the quiver situation.
In fact, the case of the Jordan quiver in dimension d coincides by definition with the case of

gl

1.3. Steps of the proof for affine quivers. The proof proceeds in the following steps. For
finite type (resp. cyclic quivers), we use that the number of orbits (resp. nilpotent orbits) is
finite in each dimension and appropriate resolution of their closure. A Fourier-Sato transform
allows us to conclude for type A affine quivers. The cases of affine types D and E need
a more subtle work. Using an appropriate stratification of the representation spaces (given
by Auslander-Reiten theory), we reduce the problem to sheaves on the regular locus. Cyclic
quivers allow us to describe a neighbourhood of a non-homogeneous tube in the representation
space of (). The question can now be answered by studying a class of perverse sheaves on
the representation spaces of cyclic quivers. This class is slightly larger than the class of
Lusztig sheaves. Therefore, we call it extended Lusztig category. It turns out that this class of
perverse sheaves contains exactly the Fourier-Sato transforms of the intersection cohomology
complexes on nilpotent orbits for the opposite orientation. We describe explicitly this class of
perverse sheaves together with a microlocal characterization of the simple perverse sheaves it
contains, analogously to the the main theorem of this paper. Transfering the question from
an affine quiver to cyclic quivers gives a proof of the theorem.

1.4. Steps of the proof for g-loops quivers. In Section 10, we consider general quivers,
possibly carrying loops. For them, four different nilpotent varieties are available: see [BSV17].
Accordingly, there are four different categories of perverse sheaves on the representation spaces
of the quiver. We conjecture a relationship between equivariant simple perverse sheaves whose
singular support is a union of irreducible components of one of the nilpotent varieties and the
corresponding category of perverse sheaves. The conjecture is proved for g-loops quivers with
g > 2. The loops at the vertices ensure the smallness of some proper morphisms and this allows
us to describe precisely the categories of perverse sheaves under consideration. We use also
that the different closed subvarieties of the representation space contributing to the singular
support are of codimension at least two in the support of our perverse sheaf. Then the proof
rests essentially on the fact that the proper morphisms we use to define the perverse sheaves
on the representation spaces are small and the existence of a bijection between isomorphism
classes of simple objects in the category under consideration and irreducible components of
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the corresponding nilpotent variety. This bijection for quivers with loops and discrete flag-
types? is due to Bozec. Such a bijection is not known for flag-types which are not discrete
(note that for quivers with one vertex, all flag-types are discrete).

1.5. Contents of the paper. We shortly describe the contents of the different sections of
this paper. Section 2 contains basic results on the representation theory of finite type quiv-
ers and acyclic quivers (Auslander-Reiten theory). We put the emphasis on affine quivers
(decomposition of the category of representations in three parts, preprojective, regular and
preinjective). We define stratifications of the representation spaces induced by this decompo-
sition of the category (Auslander-Reiten stratification). In the case of affine quivers, we give
a refinement of this stratification. In Section 3, we recall the definition of Lusztig category
for a general quiver. We give an explicit description of this category for finite type quivers
and cyclic quivers, together with proofs. We recall the description of Lusztig perverse sheaves
for affine quivers (without proof). We define the induction and restriction functors used by
Lusztig to categorify the operations of the quantum group. In Section 4, we study the singular
support of Lusztig sheaves. We define Lusztig nilpotent variety and describe it explicitly for
finite type and affine quivers. This uses the stratifications previously defined. We prove two
technical lemmata, the first of which allows us to consider only perverse sheaves on the regular
locus. In Section 5, we prove the microlocal characterization for finite type quivers. In Section
6, we prove it for type A affine quivers. In Section 7, we define a class of perverse sheaves
on the representation spaces of cyclic quivers and give its basic properties: singular support,
explicit description and microlocal characterization. In Section 8, we explain how to describe
a neighbourhood of a non-homogeneous tube in the representation space of an affine quiver
using cyclic quivers. Section 9 contains the proof of Theorem 1.1 for affine quivers. Last,
Section 10 describes a general conjecture for quivers possibly carrying loops and cycles in the
cases of general or discrete flag-types. We prove the conjecture in the case of g-loops quivers,
g > 2. The method is completely different from that for affine quivers. In the appendices,
we collect useful facts on local systems, equivariant perverse sheaves, singular supports and

Fourier-Sato transform.

1.6. Remark. After this paper was written, the author learned from Ben Webster that a
proof of Conjecture 1.2 based on an unpublished work of Baranovsky and Ginzburg is written
in [Webl7], see Proposition 4.8 of op. cit. and the comment following it. This result of
Baranovsky and Ginzburg claims injectivity of the characteristic cycle map for quantized
conical resolution (Theorem 4.9 of op. cit.). It is proved in the special case of quantized quiver
varieties for finite type quivers and for affine quivers with the framing €y (one dimensional
framing at the extending vertex only) (not for wild quivers) in the paper of Bezrukavnikov
and Losev, [BL]. To the knowledge of the author, no proof of this theorem in full generality
has appeared yet. Note that in order to run Webster’s argument one needs the injectivity of

2A flag-type is called discrete if it is an uplet of dimension vectors, each of them being supported at one vertex.
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the characteristic cycle for all framings. Our methods are completely different and rest on a
detailed understanding of the geometry of the representation spaces of affine quivers. Note

also that a priori the Baranovsky-Ginzburg’s theorem does not apply for quivers with loops.

1.7. Notations. We denote by & the set of partitions. For G a linear algebraic group and
X a complex G-variety, Dg(X ) denotes the constructible derived category of X with complex
coefficients. We denote by Pervg(X) the category of G-equivariant perverse sheaves on X.
The underlying formalism is developed in [BL94]. If .% is a simple perverse sheaf on a variety
X and i : Y — X a locally closed immersion such that Y = supp.%, we let Fy := i*.Z be
the restriction of % to Y. It is still a simple perverse sheaf and .% = ), %y, the intermediate
extension of .Zy to X. A quiver is a pair @ = (I,2) where I is the set of vertices and 2 the

set of arrows®

. Both are assumed to be finite sets. For d € N’ a dimension vector for Q,
Cdisa N/ -graded vector space of dimension d. For d’ € N, will consider the grassmannian
Gr(d’,d) of d’-dimensional graded subspaces of Cd. It is of course smooth, projective, and
nonempty if and only if d’ < d. For us, cyclic quivers are by definition quivers of type
Ag) for some n > 0 with a possibly non-cyclic orientation. We will explicitly write when
cyclic quivers are considered with a cyclic orientation. The opposite quiver of @ is the quiver
Q°P = (I,Q°P) having the same set of vertices as () but all arrows have the reverse direction.
When X is an algebraic (or analytic) variety and d € N an integer, we let A C X¢ be the big
diagonal, that is the closed subvariety of d-uplets (x1,...,z4) with two or more of the z;’s
equal. We let S?X be the d-th symmetric power of X and again the symbol A denotes its
diagonal. If X is a G-variety and A C T*X a subset, we let Pervg (X, A) be the full, abelian
subcategory of Pervg(X) of perverse sheaves whose singular support is contained in A. The
letter k£ denotes a field. We implicitly specialize to k = C whenever we use analytic notions.
Let H C G be a closed subgroup and X an H-variety. The group H acts freely on X x G by
h-(x,9) = (hx,gh™'). We let X x G be the quotient variety. It is a G-variety under the
G-action ¢ - (z,9) = (z,4'g). If X is a finite set, §X denotes its number of elements. The
symbols C and C are used for inclusions of sets which can be an equality. When the inclusion
is strict, we use C.

1.8. Terminology. If X is a G-variety, we say that a G-orbit O C X is equivariantly simply
connected if its stabilizer is connected. It is the case for all orbits for quiver representations.
If (f,¢): (X,G) — (Y,H) is an equivariant morphism between a G-variety (X,G) and an
H-variety (Y, H) (for any (z,9) € X XG, f(g-z) = ¢(g9)- f(x)), we say that f is an equivariant
mi-equivalence if f* : LocSysy (Y) — LocSysq(X) is an equivalence of categories between the
categories of equivariant local systems. If ¢ : H — G is the inclusion of a closed subgroup and
X a H-variety, (f,¢): (X, H) = (X x" G,G), z € X — (x,e) € X x G is the prototypical

example of an equivariant m-equivalence.

3The letter I will sometimes be used to denote a preinjective representation of the quiver @ (provided it is
acyclic), see Section 2. This should not cause any confusion.
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2. SOME REPRESENTATION THEORY OF QUIVERS AND STRATIFICATION OF THE
REPRESENTATION SPACES

We use in a fundamental manner the very explicit representation theory of finite type and
affine quivers to prove the main theorem. For the sake of completeness and to fix notations,

we briefly recall the basic facts we will use.

2.1. Representation theory of finite type quivers. The theorem ruling the representa-

tion theory of finite type quivers is the following. It does not depend on the base field.

Theorem 2.1 (Gabriel, [Gab72]). Let Q be a quiver. Then Q has a finite number of inde-
composable representations if and only if Q is of type ADE. Moreover, taking the dimension
nduces a one-to-one correspondence between indecomposable representations of ) and dimen-
sion vectors d € NT such that (d,d) = 1%,

2.2. Nilpotent representations of cyclic quivers. Let C, be the cyclic quiver with n

vertices (of type Ale_)

set Z /nZ. We assume that for i € Z /nZ, we have an arrow ¢ — i+ 1. For any i € Z /nZ

1) and cyclic orientation. For convenience, we label the vertices by the

and [ € N>, there is exactly one indecomposable nilpotent representation of C,, with top S;
and length [. We denote it I;;. Let M be a nilpotent representation of Cj,. Then M is called
aperiodic if for any [ > 1, not all the representations I;; for i € Z /nZ are direct summands

of M. Nilpotent representations of C,, are parametrized by multipartitions, that is functions
m:Z/nZ— 2.

The nilpotent representation corresponding to m is
Nm = Ii7m

il
1>1

@'

where m(i) = (m(i)', m(i)?,...). Accordingly, the (total) dimension of the multipartition m
is

dimm = dim Ny, = Z|m(z)|

2.3. Some Auslander-Reiten theory. Let Q be an acyclic quiver. We recall here the
needed facts about the representation theory of () with a particular emphasis on affine quivers.

Such theory has been known for some time now. See [Rin84] for a useful account.

Theorem 2.2. Let k be a field. Then, there exists an adjunction

7~ :Repg(k) & Repg(k) : 7

Ha,d) = Sierdi — Y wiisjeq didj is the Buler form of the quiver.
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with bi-natural isomorphisms® (the star means the dual with respect to the k-vector space

structure):
Ext!(M, N)* ~ Hom(N, M), Ext!(M, N)* ~ Hom(r~ N, M).

The functors 7 and 7~ are known as Auslander-Reiten translates. From the above properties
of 77 and 7, it is immediate that a representation M of ) over k is projective if and only if
7(M) = 0 and injective if and only if 77 (M) = 0. We call an indecomposable representation
M of Q over k

(1) preprojective if 7"M = 0 for n > 0,

(2) preinjective if 77" M = 0 for n > 0,

(3) regular if 7" M # 0 for all n € Z.
Furthermore, we call a representation M of () over k preprojective if all its indecomposable
direct summands are preprojective, and we adopt similar terminology for preinjective and
regular representations. By abuse, the zero representation is preprojective, regular and prein-
jective. The full subcategory of Repg (k) of preprojective (resp. preinjective, resp. regular)
representations is denoted by Repg(k) (resp. Repé(k‘), resp. Repg(k)). These are extension
closed subcategories of Repg)(k), hence exact categories. Moreover, for @ an affine quiver,
Repg(k‘) is an abelian category (though not stable under taking subobjects in the bigger
category Repg(k)). The three categories Repg(k), Repg(k) and Repé(k) are disjoint and a
crucial fact for affine quivers is the following: The category to which an indecomposable M
belongs is given by the sign of its defect defined by

(2.1) OM = (5, dim M),

where
(= =) + ZIxz' — y/
(die) = Dierdiei—> o, jeqdie;
is the (non-symmetrized) Euler form of @) and ¢ is the indivisible positive imaginary root of
@ (see [Schl4, Fig 8.3]). An indecomposable representation M is preprojective if and only if
OM < 0, preinjective if and only of 9M > 0 and regular if and only if 9M = 0: it only depends
on the dimension dim M of M. The following proposition gives the interactions between these

three subcategories.

Proposition 2.3. For M € Repg(k'), N € Repé(k:), Le Repg(k), we have
Hom(N, M) = Hom(N, L) = Hom(L, M) = 0,
Ext!(M, N) = Ext' (L, N) = Ext'(M, L) = 0.

Corollary 2.4. Let M = P® R® I be a representation of an affine quiver Q with P prepro-
jective, R reqular and I preinjective. Let dp = dim P,dr = dim R and d;y = dim I. Then M

has a unique subrepresentation of dimension d; and a unique subrepresentation of dimension

5We say that (77, 7) is a Serre adjunction.
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d; +dgr. In particular, it has a unique filtration (0 C My C My C My = M) with subquotients
of dimensions dy,dgr,dp.

Proof. Let N = P'® R' @ I’ be a subrepresentation of M with dim N = d; (P’ preprojective,
R’ regular and I’ preinjective). Its defect is (9, dim N) = 9I = 9P'+01' < 9I'. By Proposition
2.3, I' C I, and 9(I/I') = OI — OI' < 0. Therefore, if I/I' is nonzero, it has preprojective
or regular direct summands. By Proposition 2.3 again, I has regular or preprojective direct
summands: contradiction. Therefore, I’ = I and by considering the dimensions, N = I. The

same argument works for subrepresentations of dimension dg +d;. O

The simple objects of the abelian category Repg(k) are called simple regular. A simple
regular representation M is called homogeneous if 7M ~ M. It is called non-homogeneous

otherwise.

Theorem 2.5 (Ringel, [Rin84]). Let Q be an affine acyclic quiver and k an arbitrary field.
Let d and p1,...,pq be attached to Q) as in the table below. Then

(1) There is a degree preserving bijection M, <+ a between the set of homogeneous reqular

simple modules and |PL| \ D where D consists of d closed points of degree oneS,
(2) There are d T-orbits O, ...,04 of non-homogeneous reqular simple modules of size
7
pP1,---,Dd 5

(3) The category Repg(k:) decomposes as a product sum of blocks®:

d
RepS(k)= [ Cm. x]]Co,
=1

a€PL\D

where Cypp, is the full subcategory of objects which are extensions of M, and Co is the
full subcategory of Repg(k‘) of objects whose reqular simple factors lie in O.

type of Q@ | d Pls---,Pd
A
Agzl), n>1 2 p1 =number of arrows going clockwise
p2 =number of arrows going counterclockwise
pY 3 2,2,n — 2
EV n=6,78]3 2,3,n—3

FIGURE 1. Non-homogeneous tubes of affine quivers and their period [Sch12b,
(3.18)]

6For X a scheme, | X| denotes the set of closed points of X.
7i.e. the set of isomorphism classes of simple objects in O;, 1 < j < d is of cardinality p; and the Auslander-
Reiten translates 7 and 7~ act as inverse cycles on it.

8There are no morphisms or extensions between the objects of different categories in the product.
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In Theorem 2.5, the subcategories Co, are called the non-homogeneous tubes while the
subcategories Cjs, are the homogeneous tubes. These are finite-length categories. For any
object in one of them, its quasi-length is its length in the given tube. A representation all of
those indecomposable direct summands are contained in (non-)homogeneous tubes is called
(non-)homogeneous. A representation all of those indecomposable direct summands are in
homogeneous tubes is called regular homogeneous. The number of non-homogeneous tubes is
d (see however Remark 2.6) and the integers py, . .., pq are the periods. They do not depend on
the chosen field. For a € [PL|\ D and n > 1, we let S,[n] be an indecomposable representation
of @ in the tube a of quasi-length n. For A a partition, we let S,[A] = @, Sa[Ai]. We obtain
all representations in Cyy, in this way. -

Remark 2.6. In type A%l), n > 2 in the case where all arrows except one go in the same
direction, we have in fact d = 1, i.e. there is only one non-homogeneous tube. The Kronecker

quiver K2 (type Agl)) has only homogeneous tubes.

Define P1°™ = |P1|\ D the set indexing homogeneous tubes.

2.4. Quiver representation varieties. Let Q = (I,2) be a finite quiver with set of vertices
I and set of arrows . For a field £ and an I-graded vector space V over k, the associated

representation variety of @) is

Eq(V)= @B Hom(V,,V;).

i5jeQ
If d € N’ is a dimension vector, then the representation variety of @ in dimension d is
EQ,d = EQ(V)

for V. = (k%);c;. When the context is clear, we write E(V) = Eg(V) and Eq = Eg.4.
Elements of Eq can be seen as representations of Q. If z € Eq, we let (k9, z) be the associated
representation. To shorten the notation, we sometimes write only x. Also, we will sometimes
consider quivers ' = (I,€) with the same underlying graph as @ but a possibly different
orientation . In this case, we write Egl = FEg q.

The variety Eg(V) is acted on by the product of linear groups

G(V) =] GLV)).
el

If V = (k%);c, we write Gq = G(V) = [[;c; GLa, (k). The orbits of Eq under Gq are in
one-to-one correspondence with isomorphism classes of representations of ) of dimension d
over k. Note that the diagonal embedded copy of C* inside Gq acts trivially on Eq. If M is
a representation of ) of dimension d, we let Oy; C Eq be its orbit.

We denote by Q = (I,Q2 Q) the doubled quiver having the same set of vertices as  and

for each o € Q, an additional arrow @ € Q going in the opposite direction. The symplectic
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action of Gg on T Eq identified with Eg 4 via the trace pairing has (quadratic) moment map

pa : Eggq —  Iliesoly, '
x = ZaGQ[mCY’xa]

Its zero-level ,u;l(O) is of fundamental importance in the geometry of quiver representations,
as shown in [CBO1]. This can be explained by the fact that [u7'(0)/Gq] has a strong relation
to the cotangent stack to [Eq/G4].

2.5. Stratification of the representation spaces of acyclic quivers. We stratify the
representation spaces of acyclic quivers using Auslander-Reiten theory. For finite type quivers,
the given stratification is trivial, but can be refined by the stratification by orbits. For affine
quivers, we give an other refinement which is given by Ringel in [Rin98]. In both cases,
these stratifications have the nice property that Lusztig nilpotent variety is the union of the

conormal bundles to some of the strata, as we will see in Section 4.2.

2.5.1. Auslander-Reiten stratification of the representation spaces. Let Q = (I,€) be an
acyclic quiver and d a dimension vector. For x € Eggq, we let dp(z),dgr(z) and d;(x)
be the dimension vector of the preprojective, regular and preinjective direct summands of x
seen as a representation of Q. For dp,dg,d; € N such that dp 4+ dgr+d; = d, we define

EdP,dR7dI = {ZL’ S EQ7d | dp(.]?) = dp,dR(x) = dR,d](x) = d]}.

It is a smooth locally closed subvariety of Eg g and we have

EQa = |_| Eap,drd;
dp +dgr +dj=d

We can refine this stratification by fixing the isoclass of the preprojective and preinjective
summands in the following way. Choose a decomposition d = dp +dpr +dj, a preprojective

representation P of dimension dp and a preinjective representation I of dimension d;. Define

Eiplap,m =17 € Eq | (C,2)~ P® R® I, R regular of dimension dg}.

Lemma 2.7. We have the decomposition into smooth locally closed subvarieties

Ega= || Epuaun
(P dR,[1]
where the sum runs over the triples ([P],dg,[I]) where [P] is a preprojective isoclass, [I]
a preinjective isoclass and dg € N! a dimension vector subject to the condition dim P +
drp+dim 7 =d.

2.5.2. Ringel stratification of the representation spaces of acyclic affine quivers. To describe
the irreducible components of Lusztig nilpotent variety for affine quivers, Ringel introduced in
[Rin98] a stratification of the representation spaces. Let P an isomorphism class of a prepro-
jective representation, I of a preinjective and N of a non-homogeneous regular representation.
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Let

¥ - N
be a function with finite support. Then (P,I,N,p) is called a type. Its dimension is
dim(P, I, N, ) = dim P+dim I +dim N+ . 5 p(A)|A[6. We also let dim po = 7y 5 pu(A)[A].
If d = dim(P, 1, N, u), the type (P, I, N, pu) defines a stratum Z(P, I, N,u) C Eq. Let first
A1, ..., Ay be partitions such that any partition A appears () times in this list. The stratum

consists of € Eq which are isomorphic to a direct sum

r
P&I®N®ED SalN]
i=1

where ay, ..., a, € |[P&|\ D are pairwise distinct. It is clear (by Theorem 2.5) that Eq is the
disjoint union of the strata Z(P, I, N, u) where (P, I, N, ) is a type of dimension d. To ease
the notation, we will write Z(P, I, N,u) = E(P ® I ® N, ). Also when p =0, Z(P, 1, N,0)
is the orbit of P @& I & N and will usually be denoted by Opgron. We also define Egeg =
{z € Eq | (C4,2) is regular} and EYE"™ = {2 € Eq | (CY,z) is regular homogeneous}. By
Remark 2.6, both coincide for the Kronecker quiver. Recall from Theorem 2.5 that D C |P!]
is the set of non-homogeneous tubes. It consists of 0, 1,2 or 3 points. It T C D is a subset, we
let Eg be the set of z € Egeg such that all indecomposable inhomogeneous direct summands
of z are contained in the tubes indexed by T. In particular, Eg = Egeghom. It is an open
subset of E; and thus of Eq4 since it is the set of z € E} such that Hom(N,z) = 0
for any inhomogeneous indecomposable representation of () in the tubes indexed by D\ T
of dimension < d, and the isoclasses of such N are in finite number. If T C D and N is
a regular inhomogeneous representation of () whose indecomposable summands are in the
tubes indexed by T, for any d € N, we let E[j?\f\],j:i be the set of x € E}Y 4 v such that x
is isomorphic to N & R for a regular representation R all of those regular non-homogeneous
direct summands belong to the tubes indexed by D \ T

The map p : & — & is called regular if it takes nonzero values only on partitions of length
one, and regular semisimple if it is nonzero only on the partition (1). A type Z(P, I, N, u) is

called regular (resp. regular semisimple) if p is regular (resp. regular semisimple).

Lemma 2.8. The stratum =(N,p) C Ey™ where N is regular non-homogeneous and pu is

reqular semisimple are irreducible, locally closed and smooth.

We will need such a result to use Lemma C.5 in the Section C. It is more generally also
true that the stratum Z(P, I, N, ) is smooth for any quadruple (P, I, N, ). The above result
is sufficient for our purposes.

Let N be a non-homogeneous regular representation and p: & — N. Let d = dim p.

Lemma 2.9. The natural map induced by the direct sum
(On XE(p)) xCav G Gq — E(N, p)

s an tsomorphism.



MICROLOCAL CHARACTERIZATION OF PERVERSE SHEAVES 13

Proof. It follows directly from the fact that any regular representation of ) can be uniquely
decomposed as a direct sum of a regular non-homogeneous representation and a regular ho-

mogeneous one. O

2.5.3. Quotient of the regular homogeneous locus. Consider 6 = (5,—) : Z' — Z. By

reghom
E é

[HdIPn02], the open subset of Ejs of 6-stable representations coincide with and

Egcghom /(Gs/ C*) ~ Pio™  As a consequence, we have a map
reghom hom
Es — Py

whose fibers are orbits of simple regular representations of ). More generally, if d € N,

E;f;ghom is an open subset of the f-semistable locus and the quotient map is now
Eé((a;ghom N Sd P?Om )
If u is regular semisimple with dimp = d, Z(u) C E;f;ghom. Moreover, the morphism above

gives a morphism
= d ph
Yt E() = STPR\A,
If N is a non-homogeneous regular representation, then we obtain a morphism

(On xE(p)) X GLq — S¢PMom\ A

which factorizes through the action of GLg, X GLgim, and by Lemma 2.9 gives rise to a
(G g-equivariant morphism:
XNy E(N, p) — STPhom\ A,

2.6. Stratification of the representation spaces of the Jordan and cyclic quivers.

For the Jordan and cyclic quivers, we obtain a stratification similar to that in Section 2.5.2.

2.6.1. Stratification of the representation spaces of the Jordan quiver. Let J be the Jordan
quiver (one vertex and one loop). In dimension d € N, the representation space E;q is the
Lie algebra gl; endowed with the adjoint action of GL;. We let G = GL4 and g = gl;. We
describe Lusztig stratification of gl; (the same kind of stratification exists for any reductive
Lie algebra and also on any reductive group, [Lus84], [Mir04, 5.5]). For z € g, we let Zy(x)
be the centralizer of z in g. For a Levi subalgebra [ C g, let Z,(z) = {z € [ | Zg(x) = [}. Let

O C [ be a nilpotent orbit. Then, we obtain a stratum
E(L,O)=G-(Z:(I)+ 0).

Proposition 2.10. The partition
(LO)
where the sum is indexed by pairs (I, O) up to conjugation is a stratification by smooth locally

closed subvarieties.

We will give a very explicit description of the strata. We let S be the set of pairs (I, O) as
above up to conjugation. We let Funy (2, N) be the set of functions p : & — N of weight
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d, i.e. such that } , 5, (N[N = d. We will construct a bijection Fung(#,N) — S. Let
u: P — N be a function of weight d. Let Ai,..., A be the collection of partitions ordered
by decreasing lengths such that any partition A € & appears exactly p(A) times. It defines
the diagonal Levi subalgebra

i
o= 1] ot
=1

and the nilpotent orbit
,
O, =[] 0x
i=1

of [, where for any partition A of an integer n, O) is the corresponding nilpotent orbit of gl,,
(the partition (n) corresponds to the regular nilpotent orbit).
The map
Fund(gz s C) — S
u = (1, Op)
is a bijection. We write Z(u) = Z(l4, O,). In explicit terms, Z(u) is the smallest G-invariant

subset of g containing the matrices

J>\1 (xl)
In, (22)

J)\r (’xT)
where x1,...,x, are pairwise distinct complex numbers, and for x € C and a partition A,

Jx(z) is the standard Jordan matrix with eigenvalue x. That is, Jx(z) = x5 + Jx(0),

Ty

Ty
Jx(0) =

if A= (A1,...,\%) and for £ € N,
Jo = (8i41,5)1<ij<e

where 6y is the Kronecker symbol.

2.6.2. Stratification of the representation spaces of cyclic quivers. Let C, be the cyclic quiver
with n vertices indexed by N /nZ and having arrows ¢ — i+ 1 for i € Z /nZ. Let d € N
and 6 = (1,...,1) € N%/"Z_ A representation of C,, is a n-tuple (z;);cz /nz of linear maps
x; : Vi = Viyq for i € Z /nZ. We have a closed immersion

id : EJ7d — EQ7d5
x o+ (id,...,id,z).
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Let N be a nilpotent representation of C, and dpy its dimension. Let p : & — N be a
finitely supported function. We let dimpy = Y ,c 5 (M)A and d = dim N + ddim . We
define the subset Z(N, 1) of elements z of Eg q such that (C%,x) is isomorphic to N @ R as
a representation of C,, where R is a representation of C), such that the orbit Or C Eg dim 4
intersects iq(Z(u) N GL4im ), where Z(p) is the corresponding stratum in Ejgim , defined in
Section 2.6.1 and GLgim , C Ejdimy is the set of invertible elements.

Let Z(N,pu) C Eq, d = dim N + 6 dim p, be a stratum. Since any representation of C,, can
be uniquely decomposed as a direct sum of a nilpotent representation and an invertible one,

we obtain the following lemma.

Lemma 2.11. The natural map induced by the direct sum
(On xE(p)) xGan*CGoamu Gg — E(N, )

is an isomorphism.

Proposition 2.12. The partition
Ec,a= | | 2V, p)
(Np)
where the sum runs over pairs (N, ), N is a nilpotent representation (taken up to isomor-

phism) and p are such that dim N + dim pd = d is a locally closed stratification of Ec, 4.

Moreover, if C* is the action by multiplication on Ec, g, this stratification is C*-stable.

2.6.3. Isomorphism classes of representations of the cyclic quiver. For p : & — N such
that dimp = do and (z1,...,2,) € (C*)", r = > \cpu(N), we let JE”(wl,...,xT) =
iq(Jyu(1,...,2,)). For any partition A of d and x € C*, we let Jf" (x) = iq(Jx(z)). When
the context is clear, we drop the exponent. In particular, we write

Ju(z) = Jucn(azl, ey ).

Then, any representation of C,, is isomorphic to a representation of the form

for a unique pair (m, ), where m is a multipartition, p : & — N and x € (C*)2A 4N When
p is regular semisimple (it means by definition that for any A € 2, u(\) #0 = A = (1)),

Ju(zx) ~ EB Ji(xj).
j=1

2.7. Open subsets of the representation spaces of cyclic quivers. Let d € N% /nZ,

We have a morphism of algebraic varieties

P Ec, q - Ejd,
(oy .y Tp—1) = Xp_1Tp—2...%0
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Let
X7 : Eja, — S C = E;q,/ GLq,

be the quotient map and y = xj o ¢. Let S9D(0,1) ¢ S9% C where D(0,1) C C is the
open unit disk. We let Eéj,d = x"}(S%D(0,1)). It is an open analytic subset of E¢, q. The
stratification of E¢, g induces a stratification of Eéi,d (it just constrains the eigenvalues to
have absolute value < 1). For a stratum Z(N, y) C Eq, we let Z<Y(N, u) = (N, ) N E5* be
the corresponding stratum. To any subset of strata S of E¢,, q, we define & <l =15n Eéi d:
S € S} the corresponding set of strata of Eéi,d' For any stratum Z(N, i), we let

j : E(Na ,LL) — ECn,da
FNESN (N, ) = EEl g
and
jN,u : E<1(N7 ,U) — ‘E(Na :U')

be the natural inclusions. The group Gq acts on Z(N, i), =1 (N, u), Eéi q and all the above
maps are (Gq equivariant. For a subset D C C, we let

x 1S9 (C\D)) if D does not contain 0,
Cnod {z € x"1(S%(C\D)) | z has no nilpotent direct summands} otherwise

By Proposition 2.12, if C* acts on E, q with weight one, Lusztig strata Z(N, p) are C*-

invariant. This gives the following result.

Proposition 2.13. The inclusion jy,, induces an isomorphism at the level of fundamental

groups.
Recall the isomorphism
(On XE()) xCax*Camus Gg = Z(N, )
of Lemma 2.11. Let d = dim . The map x : Ec, 45 — S(C) restricts to
Yt ) — SU(C).
By the previous isomorphism, it is easily seen to give a map
XNt E(N, p) = SUCY).
If moreover p is regular semisimple, it takes value in the complement of the diagonal:

XNyt E(N, 1) = SHC*)\ A

3. LUSZTIG PERVERSE SHEAVES, INDUCTION AND RESTRICTION FUNCTORS

In this Section, we briefly recall how Lusztig sheaves are built and the operations of induc-
tion and restriction. We let the reader consult [Lus93b], [Lus91], [Sch12a] for more details on

the link with quantum groups.
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3.1. Lusztig perverse sheaves. In his foundational paper [Lus91|, Lusztig introduced a
semisimple category of constructible complexes on the representation varieties of a quiver
giving a categorification of one half of the quantum group and providing the so-called canonical
basis. We briefly recall here how Lusztig sheaves are obtained.

Let d € N be a dimension vector. A flag-type of dimension d is an uplet d = (dy,...,d;) €
(N for some [ > 1 such that Zé’:l d; = d. Given a flag-type d as above, define the partial
flag variety

Fa={0=FyC...Cc F;=kY) |dim(F;/Fj_1)=d; for 1 <j <I}.
Define also
Fa={(z,F) € Eq x Fa | x(F;) C Fj for 1 < j <1}.
For quivers with cycles, it is also useful to consider the nilpotent version

Fil={(z,F) € BEq x Fq | o(F;) C Fj_y for 1 < j <1}.

We have natural projections mq : fg — Fyq, ﬂgﬂ : ]:"gﬂ — FE4 which are projective and ﬁg , fé‘ﬂ
are smooth, being affine fibrations over the ﬂgg manifold Fa. -

For quivers without oriented cycles, there is no need to consider both fg and .7:'311. How-
ever, for quivers with loops or more generally oriented cycles, this leads to different (al-
though related) stories, as is already seen for the Jordan quiver (on the one-hand we have
the Grothendieck-Springer resolution and on the other hand the Springer resolution). See for
example [Lus93a, KKS09, Boz15, Boz16] for some perspective.

For a dimension vector d € N’ and a flag-type d, .73@ is smooth and mq is proper and
therefore by the decomposition theorem ([BBD82, Théoreme 6.2.5]) (74)«C is a semisimple
constructible complex on Eq4. In his paper [Lus91], for loop-free quivers, Lusztig considers the
category 24 of semisimple constructible complexes on Fgq whose direct summands are shifts
of some of the direct summands of the complexes (74)«C for various discrete flag-types d of
dimension d. We call 2 = [[ o7 Za the Hall category. He also considers the category of
perverse sheaves &g which are in Zq. When i € I and n > 0, we let Lpe; = ((pe,))«C. It is
a constructible complex on E,., (e; is the i-th vector of the canonical basis of z! ). Observe
that for n = 0, it does not depend on 3.

3.2. Lusztig perverse sheaves for finite type quivers. It is possible to give a complete
description of Lusztig sheaves for finite type quivers. This task is easy since for any dimension
vector d, Fq has a finite number of Gg-orbits. This is the content of Theorem 3.2, of which
we provide a geometric proof. This theorem can be proved differently using that for finite
type quivers, the representation varieties are union of finite number of orbits in any dimension
and combining results of Ringel ([Sch12b, Theorem 3.16]) and Lusztig (categorification of the
quantum group, [Lus91]).
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3.2.1. Description of Lusztig perverse sheaves for finite type quivers. This Section relies on
the desingularization of finite type orbits given in [Rei03]. The main theorem of loc. cit. can

be formulated as follows.

Theorem 3.1 (Reineke, [Rei03, Theorem 2.2]). Let Q = (Q, 1) be a finite type quiver, d € NY
a dimension vector and O C Eq a Gq-orbit. Then there exists a flag-type d = (dy,...,d;)
with Zizl d; = d such that the projective morphism

Td - F d— Ed
factorizes through O and induces a desingularization of O.

We obtain immediately the following description (obtained by Lusztig with a different

approach) of Lusztig sheaves for finite type quivers.

Theorem 3.2 ([Lus90a]). For a dimension vector d, Pq is the semisimple category generated
by the simple objects ZC(O, C) for all Gq-orbits O C Eq.

Proof. 1t is clear that ZC(O, C) appears in (74)«C where d is given by Theorem 3.1. Since
FE4 has a finite number of Gg-orbits and each of them has a connected stabilizer in Gq, all

Gg-equivariant perverse sheaves on Eq are of this form. This concludes the proof. O

3.3. Lusztig perverse sheaves for cyclic quivers with cyclic orientation. For cyclic
quivers with cyclic orientation, the situation is very close to that of finite type quivers since
Lusztig sheaves are supported on the nilpotent locus which has only a finite number of Gg-

orbits.

3.3.1. Partial resolutions of aperiodic orbits. We give a resolution of aperiodic nilpotent orbits
of cyclic quivers in the spirit of [Sch04, Proposition 1.1]. The idea is to construct a flag-type
associated to any nilpotent orbit giving a resolution of its closure and then to refine it in order
to consider a discrete flag, which is only possible for aperiodic orbits.

Let n > 2 and C), be the cyclic quiver with n vertices and cyclic orientation. For d €

NZ/mZ_ define the counterclockwise rotation of d by

di1 = (dit1€i)icz nz-

We first give a lemma.

Recall the parametrization of nilpotent orbits of C,, by multipartitions (Section 2.2). Let
m = ()‘(i))iGZ/nZ be a multipartition of dimension d € N%2/"%, Let z € Op, and N =
max{s > 0 | 257! = 0 and 2° # 0}. Let

d = (dp,...,dy)

where
L N—jy N+1—j
d} = dimim(z" )/ im(z ),
Then we have the following lemma whose proof is an easy consequence of the description of

nilpotent orbits by multisegments.
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Lemma 3.3. For any 0 <j <N,

& —(d ) = (e AN =N = Vicg s

where it is understood that d'_; = 0. In particular, if m is aperiodic, d;- —(d;-_l)H has some

zero coordinate.

Proof. 1t suffices to note that, by the very definition of multisegments, for any 0 < j < N,
(df)i = £t : 37" = N )
O

Theorem 3.4. Let d € N2/"% pe o dimension vector Let O C Ec, a a nilpotent aperiodic
orbit. Then there exists a discrete flag-type d such that the proper morphism ngq : Fa — Ec, d
has image O and induces a resolution of singularities of O.

Proof. Assume O = Oy, for some aperiodic multipartition m. First define a (usually non-
discrete) flag-type of dimension d as follows. Let x € O and N = max{s > 0 | z° #
0 and z°*! = 0}. Define
d' = (dy,...,dy)
where
d;- = dim im(:cN_j)/ im(:pNH_j)

as before. Then, the dual of the proof of [Sch04, Proposition 1.1] shows that 74/ : F, gill — Ec, d
induces by corestriction to O a resolution of singularities of O. N

The next step if to refine the flag-type into another one d, using that O is aperiodic, such
that the forgetful morphism (forgetting the additional steps of the flags) Fq — ]:ﬁi/l is an
isomorphism over O and the projection mq to Eq has image O. N

Since m is aperiodic, (dj); = 0 for some i € Z /nZ. We replace d{, by the sequence of

discrete dimension vectors

((dp)i-1€i-1, (dp)i—2€i-2, - - -, (d)i—(n—1)€i(n—1))-

Suppose next by induction that for some 1 < j < N, dj,.. .,d;_l have been replaced by
sequences of discrete dimension vectors. In particular, d;,l has been replaced by

(1€, ..., 00€5)

for some nonnegative integers o and i; € Z /nZ for 1 < j <r. Let d = d} —(dj_1)1- By

Lemma 3.3, there exists i € Z /nZ such that d; = 0. We replace now d;- by

(1€ -1,y o€ —1,di—1€i-1, - ., di_(n_1)€i—(n—1))-

The flag-type d obtained fulfills the conditions of the theorem. Indeed, it suffices to note that
by construction, any representation of O admits a filtration whose subquotients are of the

dimensions prescribed by d and that the image of 7q is included in the image of 74/ O
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3.3.2. Description of Lusztig perverse sheaves for cyclic quivers with cyclic orientation.

Proposition 3.5 ([Lus91, §15]). For a dimension vector d € N% /"% Py is the semisimple
category generated by the simple objects ZC(O,C) by varying nilpotent aperiodic Gq-orbits
O C Ey4.

The following proof uses the description of the singular support of Lusztig sheaves for cyclic
quivers obtained in Section 4.2.2 and Section 4.1.2 to prove that non-aperiodic orbits do not

give rise to Lusztig sheaves.

Proof. Let O C Eq be a nilpotent aperiodic orbit. If mq is given by Proposition 3.4, then
ZC(0O, C) appears as a direct summand of (mq).C. Conversely, take . a simple Lusztig sheaf
of Eq. It is supported on the nilpotent locus, which consists of a finite number of orbits, each
of which having a connected stabilizer in G4. Therefore, .# = ZC(O, C) for some nilpotent
orbit O C Eq. By Section 4.2.2, the singular support of .% is contained in the union of m
for aperiodic nilpotent orbits O C Eq. Since m is an irreducible component of SS(.%), it

must be an aperiodic orbit. [l

3.4. Lusztig perverse sheaves for affine quivers. In this Section, we recall the description

of Lusztig simple perverse sheaves for affine acyclic quivers. See [Lus92, LLO7] for proofs.

Proposition 3.6 ([Lus92, Proposition 6.7], [LLO7, Proposition 5.10]). Let d € N’ be a
dimension vector. If Oy C Eq is the orbit of the representation M where M does not have

regular homogeneous direct summands or reqular inhomogeneous non-aperiodic summands,

then ZC(O, C) is a Lusztig sheaf.

Let Z(P,I,N,pn) a stratum as in Section 2.5.2, where p is regular semisimple and N is
aperiodic. Let d € N such that dim p = dd. Let

d
E(P,I,N,p) = {(w,z) €E(P,I,N,p) x (PP |z~ Pa T Nea P S, 1]}

j=1
The map 7 := 7Tpr Ny : E(P, I,N,u) = Z(P,I,N,p) is a &4-covering. Therefore, we have a
decomposition

m(C)~ P 4.
AP,

Theorem 3.7 ([LLO7]). The simple perverse sheaves in the category Pq are exactly the in-
tersection cohomology complexes ZC(Z(P,I,N,u), %)) for (P,I,N,u) and \ as above, with
dim P+ dim 7 +dim N 4 dim p = d.

We call the local systems .2 which appear Lusztig local systems. A consequence of Theorem
3.7 is that a local system .Z on E(P, I, N, 1) with p regular semisimple is a Lusztig local system

if and only if ﬂ}717N7“$ is the trivial local system on Z(P, I, N, ).
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3.5. Local systems on the regular part. Let p be the regular semisimple type of dimension
d and N a regular non-homogeneous representation. We let d = dim NV 4 § dim pz. We have a

cartesian square (see Section 3.4 and 2.5.3 for the notations):

TN,u

E(N, ) E(N, p)

XN,ui lXN”u,

(Phomyd\ A —"% (S9Phom)\ A

Lemma 3.8. Let £ be a Gq-equivariant local system on Z(N,u) C Eq for the regular
semisimple type p of dimension dé. Then it is the pull-back by xn, of a local system £’
on STPYM\A . Moreover, the intersection complexr TC(ZL) on Egs is a Lusztig sheaf if and

only if m5Z" is the trivial local system.

Proof. We postpone the proof to Section B.3 since it is analogous to that of Lemma B.3. [

3.6. Induction and restriction of constructible complexes. Induction and restriction
are the operations on constructible complexes categorifying respectively the multiplication
and the comultiplication of the quantum group. We invite the reader to consult [Lus9l,
Lus93b, Rin90] for more on this construction and the Ringel-Hall algebra construction of the
quantum group of Ringel.

We closely follow [Sch12a] and refer to it for properties of the induction and restriction

functors.

3.6.1. The induction functor. Let d’,d” € N and d = d'+d”. We have the induction

diagram:

By —> Eq 4
/ X
Eg x By Eg .\ ar.
where
Eg g0 = {(z,W) € Eq x Gr(d”,d) | and 2W C W}
and

EQ = {(@,W,g,g") | (&, W) € By gr,g" - W 3 C¥ g - YW 5 ¥},

The morphisms r and ¢ are the natural projections while

P, W,d',9") = (g'z|ca ju (9) g ew (g") 7).

The map r is a GLg x GLg»-torsor, hence induces a triangulated equivalence

* . b (1) b
7" DaryxGLy x GLgy (Bgr gn) = Dér, (Earar)-
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A quasi-inverse is denoted by 7,. The induction functor is
m = qr,p*[dimp — dimr].
T b b
For 7 € Dgy,, (Egq) and ¥ € Dy, (Eqr), we define
F x4 =m(FNRY).

It is possible to show the associativity of m (up to a natural transformation)([Sch12a, Propo-
sition 1.9]). This allows us to define the induction .%; * ... .%, for equivariant constructible
complexes #1,...,.%#, on Eq,,..., Eq, respectively. We write

r

ﬁl*...*yr :m(ﬁzlﬁ...@ﬁ}) :mdl,...,dr(ylg---@ﬁr)

depending whether or not we want to put the emphasis on the dimensions.

3.6.2. The restriction functor. The restriction diagram is:
Fd/7dll
/ \
Ed’ X Ed” Ed

where Fyr gv = {x € Eq | +CY c ¢}, ¢’ c €9 being the natural inclusion. The
restriction functor is

A =k [—(d,d")]
where (—, —) is the Euler form of the quiver. As for the induction functor, it is possible to

prove the coassociativity of the restriction. It allows us to define
Ad,...d,(F)

for di,...,d, € N and .Z a Gg-equivariant constructible complex on Eq, d = dy + ...+ d,.

4. SINGULAR SUPPORT OF LUSZTIG PERVERSE SHEAVES

4.1. Lusztig nilpotent variety and singular support of Lusztig’s sheaves.

4.1.1. Lusztig nilpotent variety. We use the notation of Section 2.4. In particular, recall the

moment map pg. For any d € N’, we define Lusztig nilpotent variety as follows:
Aa ={z € Eg 4 | pa(z) = 0 and z is nilpotent}.

The stacky quotient Aq/Gq4 parametrizes nilpotent representations of the preprojective alge-
bra of Q). It will be convenient for us to consider restrictions of the nilpotent variety. First
let mq : T*Eq — Eq be the cotangent bundle of F4. Let 7ré\ : Ag — Eg be its restriction
at the source. For an open subset U C Eq, we let A = (74)71(U). When U = E* (resp.

EE™), see end of Section 2.5, we write A9 (resp. ALE™™).
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Proposition 4.1 (Lusztig). The variety Aq is a closed, conical (i.e. C*-invariant), La-

grangian subvariety of T*Eq.

Such a variety can be written as
Ag = U@
S
for some locally closed subvarieties S C FEgq. The goal for Section 4.2 is to identify such
strata for finite type and affine quivers. This task is known to be much more difficult for wild
quivers. In particular, the description we give rests on the representation theory of finite type

and affine quivers. It seems therefore hopeless to give a uniform description for all quivers.

4.1.2. Singular support of Lusztig sheaves.

Theorem 4.2 (Lusztig, [Lus91, Corollary 13.6]). Let F be a Lusztig perverse sheaf on Eq.

Then its singular support is a union of irreducible components of Aq.

Sketch of the proof. We only deal with constructible sheaves, therefore singular supports are
Lagrangian subvarieties of T*Eq and it suffices to prove that SS(%#) C Aq. As a shift of F
appears as a direct summand of (74)«C for some discrete flag-type d, it suffices to prove that
SS((ma)«C) C Aq. It follows from the fact that 74 is proper and Proposition C.3. O

4.2. Irreducible components of Lusztig’s Lagrangian for finite type and affine quiv-

ers.

4.2.1. Lusztig nilpotent variety for finite type quivers. For finite type quivers, one can show
that the nilpotency hypothesis in the definition of Aq is redundant, therefore that Ag =

u;l(()). Moreover we have the following description of its irreducible components.

Proposition 4.3 (Lusztig, [Lus91, Proposition 14.2]). We have
Ag = U T5FEa.
OCEq

where the sum is indexed by Gq-orbits in Eq.

4.2.2. Lusztig nilpotent variety for cyclic quivers. Recall from Section 2.2 the two types of
nilpotent orbits: aperiodic and not aperiodic orbits. We have the following result due to

Lusztig.

Proposition 4.4 (Lusztig, [Lus91, Proposition 15.5]). The nilpotent variety is
Aa= |J THEq
OCEq

where the union is indexed by aperiodic nilpotent orbits.
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4.2.3. Lusztig nilpotent variety for acyclic affine quivers. In our terminology, all results of this
Section also concern cyclic quivers with acyclic orientation. Recall the Ringel stratification
of the representation spaces of an affine quiver defined in Section 2.5. We have the following

result.

Proposition 4.5 (Ringel, [Rin98, Corollary 5.3]). We have

Aa = U T=(p1m g Fa
PIHu

where the sum is indezed by the quadruples (P,I,H, p) as in Section 2.5, where p is reqular
(if w(X\) # 0 for a partition X\, then X\ has length one) and dim(P, I, H, u) = d.

This result is analogous to the one in Section 10.4.2 giving a stratification of the Lie algebras
of linear groups.

4.3. Two technical lemmas.

4.3.1. First Lemma. Let % € ng (Eq) be a simple Gg-equivariant perverse sheaf. Assume
that SS(#) C Ag. Then by Proposition 4.5, there exists = := Z(P, I, N, 1) such that = =
supp%. Let dp =dim P, d; = dim I and dg = dim N + dim p. We let

;. Teg
Z.OpXEdR XO]-)Ed
be the direct sum and
jIOPXESifXO[—)EdP XEdR XEd]

be the inclusion. We fix the standard flag F = (C47, ¢4 +dr cdrt+drtdny 4 Cd with
subquotients of dimensions d7,dg,dp. Associated to it there is a parabolic subgroup Pg of
G4 and a unipotent subgroup Ur C Pr of elements respecting this flag.

Lemma 4.6. With the above notations,
G =" F[r] € Do, «ca, xcq,(OP XEFY x O1)
is a perverse sheaf for r = —dim Up — (dim Gq — dim Pp). Moreover,
¢ = Cldim Op] K ¥r X C[dim Oj]

where 9r is a Gq-equivariant simple perverse sheaf on such tha R) C an
here 9r is a G variant simpl heaf on By such that SS(9r) C AyY and F
appears as a direct summand of Map dp.d,(9).

Proof. Recall the notation Ejp) q, 1 from Section 2.5. To ease the notation, we define £’ to
be this set. Let E% be the closed subset of E’ of elements = preserving the standard flag F.
By Corollary 2.4, E ~ B xPe Gy. Let iy : Ef, — Eq be the natural inclusion. E’ and EY,
possess the stratifications induced by Ringel’s one on Eq. The stratification on E7, is B
Ep= || =@P.I'N,/)nEg

PI N’ !
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where (P',I', N’ 1) is defined by the same conditions as in Section 2.5. The notion of reg-
ular strata is the same as in Proposition 4.5. The pull-back .#; := i{.#[dim Pr — dim G4]
is perverse on E7.. By Lemma C.4, its singular support is included in the union of the
closures of the conormal bundles to the regular strata of the stratification of E7. Let
iz : Op xEgY x Or — EJ, be the inclusion induced by the direct sum. We also have a projec-
tionm: B — Op XES?XOI which is a trivial fiber bundle of rank rp ==, . ((dr)i(d1);+
(dp)r(dr+dy);). The stratification on E7 coincides with the pull-back by 7 of Ringel stratifi-
cation on Op XEQ? x O, where the strata are of the form Op XZ(N',u)x Oy for p: Z — N,
N’ regular non-homogeneous, dim N’ + dim . = dg. Therefore, there exists an open stratum
of the support of .%#; of the form 7=1(S) for S Cc Op x By x O a Ringel stratum. By
Lemmas C.5 and 2.8, the restriction of .#; to 7=1(S) is a local system. Therefore, it is of
the form 7*.Z[dim S + rp] for a local system .2 on S. Consequently, .#; = ZC(n*.¢), and
i5F1|—rp| = IC(L). From the definitions of i,4; and iz, this last sheaf is 4. Since ¥ is
G4, % Ga, x Gq,-equivariant, ¢ = Cldim Op| K ¥r X C[dim O] where ¥ is a simple Gq,-
equivariant perverse sheaf on E:Ef. If zp (resp. zy) is any element in the orbit of P (resp.
1,
i3 : Egif — Op XEgif X 0]
T = rTpPrDIs

then ¥ = i59[— dim Op — dim Oy]. Using Lemma C.4 again, ¥ has its singular support in
A;e:. This proves the first part of the lemma.

To prove the second part, we use the following diagram whose lower row is the induction
diagram with three terms:

Op xE(N,p) x O —2—— A B =(P,N, 1, p)

b

2
o — FEdp.dgd; Eq

EdP X EdR X Ed] Edp,dR,dI

where A = p~1(Op xZ(N, ) x Op), B = r(A). By Corollary 2.4, ¢’ is an isomorphism and
E~Ep xPrGq. Moreover, A ~ = F xUE G4 and all squares are cartesian. Therefore, to prove
that .# is a direct summand of mqa, d,.d,(J1+%), it suffices to prove that the restriction .Z=

of Z# to Z is equal to ¢, (r"),p*¥[dim p — dim r]. We now have the following diagram:

F
LU
Op xE(N,u) x O - Er xVE Gy . =r xPr Gy.
By the same arguments as in the first part of the proof (recall that 7 is a trivial fiber bun-

dle of rank rp and Yo, x=(vu)x0, and F= are local systems shifted by the dimension to

make them perverse), 7*9[rp] ~ 1p#=[dim Gq — dim Pp]. Since the left triangle commutes,
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"G [dimp — (dim Gq — dimUp)] ~ pF=[dim Gq — dim Pp|. Since the right-hand side
triangle also commutes, we get
tp(r)p g [dimp’ — dimr’ — (dim Gq — dim Pp)] ~ (;p"*4[dim p’ — (dim Gq — dim Ug)]
~ L}Bﬁg [dim Gd — dim Pﬂ
By Gg-equivariance of both %z and ¢, (r'),p*¢[dimp’ — dim '], this proves that they are
isomorphic. O

The following corollary follows immediately from Lemma 4.6.

Corollary 4.7. Theorem 1.1 is true if and only if for any d € N! and any Gq-equivariant
simple perverse sheaf F on EY such that SS(F) C AyY, F is the restriction to EY of a

Lusztig perverse sheaf on Eq.

4.3.2. Second Lemma. Let N be an inhomogeneous regular representation. Let T" C D be a

set of inhomogeneous tubes such that any indecomposable direct summand of N belongs to

one of the tubes of T. Let dy =dim N and d = dy +dg, dg. We consider the map
i:OnxEy\" = Eq.

induced by the direct sum. We recall (see Section 2.5.2) that E[?V\}ZR

subset of Fq, +d, parametrizing representations of () isomorphic to N @ R where R is some

is the locally closed

regular representation of @), none of whose indecomposable direct summands belongs to a
tube indexed by T

Lemma 4.8. Let % be a simple Gq-equivariant perverse sheaf on Eq such that supp % C

D\T
E[N] dp Then

. D\T
G = i"Z[r] € Dby, iy, (On xEgy)

is a perverse sheaf for r = dim Gq, + dim Gq, — dim Gq. Moreover, 4 = C[dim On| X %,

where Gyeq is a Gq,, equivariant perverse sheaf on Ef}:T. If in addition SS(F) C Aq, then
SS(greg) C AED\T.
dpr

Proof. 1t is a consequence of the isomorphism given by Lemma 2.9 and Lemma C.4. ]

5. PROOF OF THE MAIN THEOREM IN THE FINITE TYPE CASE

Let .# be a Gg-equivariant simple perverse sheaf on Eq. By Theorem 2.1, the action of G4
on Fq4 has a finite number of orbits, and any orbit Oy, for M a d-dimensional representation
of @ has a connected stabilizer (even irreducible as open subset of End(M)). Therefore, any
orbit is equivariantly simply-connected and .% = ZC(QO, C) for some Gg4-orbit O C Eq. By the
explicit description of Lusztig sheaves for finite type quivers (Section 3.2.1), .Z is a Lusztig
sheaf.

Remark 5.1. We did not use explicitly the hypothesis SS(.%#) C Aq. In fact, it is a consequence

of Gg-equivariance for finite type quivers. Indeed, since .% is Gg-equivariant, its singular
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support is a subset of ug'(0) and ug'(0) coincides with Aq for finite type quivers ([Schl2a,
Proposition 4.14]).

6. PROOF OF THE RESULT FOR CYCLIC QUIVERS

We now prove the main theorem of this paper (Theorem 1.1) for cyclic quivers. The main

tool is the resolution of singularities of nilpotent orbits closure.

6.1. Proof for cyclic quivers with cyclic orientation. Let .% be a Gg-equivariant per-
verse sheaf on Eq such that SS(.#) C Ag. Then, supp(F#) = 74(SS(F)) C ma(Aq) C ER!
where mq : T*"Eq — FEq denotes the cotangent bundle of Egq. Since the nilpotent locus
Egﬂ C FEgq has a finite number of orbits, each of which is equivariantly simply-connected,
F = IC(0, C) for some nilpotent orbit O C E3!. Then, SS(.#) contains TjEq. But by
Section 4.2.2, m is contained in Aq if and only if O is a nilpotent aperiodic orbit. By
Theorem 3.5, % is a Lusztig sheaf.

Remark 6.1. As pointed out to us by Eric Vasserot, we can prove that if % is a Gg-equivariant
perverse sheaf on Egq such that supp.# and supp ®.% are nilpotent, for ® the Fourier-Sato
transform reversing the orientation, then .# is a Lusztig sheaf for the cyclic quiver. The

hypothesis is weaker that the one on the singular support. This result is due to Lusztig.

6.2. Proof for cyclic quivers with arbitrary orientation. A Gg-equivariant perverse
sheaf on Fq whose singular support is in Agq is monodromic with respect to the actions of C*
by dilatation on any of the arrows. Indeed, noting that Ringel strata are C*-invariant with
respect to any of these actions, this is a consequence of Corollary D.2. Using a Fourier-Sato
transform @ making the orientation cyclic, we obtain the sheaf @.#. By Theorem D.3, this
sheaf is accountable to Theorem 1.1 for a cyclic quiver with cyclic orientation. It is therefore
a Lusztig sheaf and so is .Z#.

Theorem 1.1 is now proved for affine quivers of type A. It remains the case of affine quivers
of type D and E. It is more subtle since these quivers have three non-homogeneous tubes,

and we have to see what happens around each of them. It is possible thanks to cyclic quivers.

7. A LARGER CLASS OF PERVERSE SHEAVES FOR CYCLIC QUIVERS

7.1. Extension of the Hall category. In this Section, we let C,, be the cyclic quiver, with
labeling of vertices and arrows as in Section 2.2. Let d € N%Z/?Z. We define 24 as the full
additive subcategory of ngGd (Eq) generated by direct summands of the constructible sheaves
(ma)+Cx, for all (i.e. not necessarily discrete) flag-types d of dimension d. We call Zq the

extended Hall category and we denote by P4 the full subcategory of perverse sheaves which
are in QNd.
We will describe the simple perverse sheaves in P4 explicitly by exhibiting for each of them

a local system on a smooth open subset of its support. We call such local systems extended
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Lusztig local systems. It is very analogous to Theorem 3.7. We will also be able to describe

their Fourier transform when reversing all the arrows of C,, and their singular support.
7.2. Singular support: the extended nilpotent variety. Recall the moment maps

Hna : Eén,d = T*ECn,d — g[d
from Section 2.4. An element of T*Ec, a = Ec,,a ® Eg, 4 is denoted (z,x*). We first recall
the definition of *-semi-nilpotent elements from [BSV17, Section 1.1] in the particular case of
cyclic quivers (although the general definition is exactly the same). An element (z,2%) € Eg 4

is called #-semi-nilpotent if there exists a Z /n Z-graded flag (0 = Fy ¢ F} C ... C F, = CY)
of CY such that for any 1 < j <,

o' (Fy) € Fjor and  z(Fj) C Fj.
We let
Ag = {(z,z%) € Eg g | pa(z,2%) = 0 and (z,27) is +-semi-nilpotent}.
Recall the stratification of the representation spaces of cyclic quiver from Section 2.6.2.

Proposition 7.1. The subvariety Ag of T*Ec, a is closed , conical and Lagrangian. We have

Ad = U TE(N,M)Eand’
(N,m)
where the union runs over pairs (N, u) with N a nilpotent aperiodic representation of Cp, and
w: P — N is reqular such that dim N +ddimpu =d

Proof. The first two properties (closed and conical) are fairly obvious. It is Lagrangian by
[Boz16, Theorem 1.4]. The proof of this decomposition in irreducible components is completely
analogous to the one of [Rin98|. Everything can be adapted by replacing the Auslander
translation 7 by the rotation of representations: if * = (7;);cz /nz is a representation of Cy,

7(®) = (%i-1)icz /nz- 0

*

Proposition 7.2. From the point of view of the projection Ag — EE{’L q (@) = x*,

Ag = U TéEgi,d
OCEXY 4

where the union runs over all nilpotent orbits O C Eg‘i d-

Proof. If (z,2*) € TéEg‘;d for some nilpotent orbit O C Eg};,w then z* € O, therefore x*
is nilpotent. Moreover, for any a € gq, Tr([a,z]z*) = 0, since T, O = {[a,z] : a € gq} is
the tangent space of O at x. Then, for any a € gq, Tr(a[z,z*]) = 0, and as a consequence,
pa(z,z*) = [z,2*] = 0. We now see = and z* as endomorphisms of C%. Let r > 0 such that
(z*)" = 0. We choose

F=(0Ckerz* C...Cker(z*)" = C9)
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and let F; = ker(z*)? for 0 < j < r. Obviously x*F; C Fj_1 for 1 < j < r and since
x and z* commute, xF; C F; for 1 < j < r. This shows that (z,2*) is *-semi-nilpotent.
We proved that the left-hand-side contains the right-hand-side. Now, if (z,2*) € Ag, z* is
nilpotent by definition. Let O C Eg‘i q be its orbit. The condition pq(x,x*) = 0 implies that

(v,2%) € THES 4, proving the reverse inclusion. O
Remark 7.3. Proposition 7.2 provides an alternative proof that Aq is Lagrangian.

Theorem 7.4. The singular supports of the sheaves of the extended Hall category 24 are

unions of irreducible components of Aq.
Proof. The proof is an easy adaptation of [Lus91, Section 13]. O

7.3. Explicit description. We give a description of the simple perverse sheaves in the cat-
egory Pgq in the spirit of [Lus92] and [LLO7]. Let d € NZ/"%, We consider the Fourier-Sato
transform ® which reverse all the arrows of C,. The Fourier-Sato transforms of perverse
sheaves on F¢, q are perverse sheaves on ng; 4 Moreover, the Fourier-Sato transform of a
Gg-equivariant perverse sheaf is again Gg-equivariant.

Lemma 7.5. The Fourier transforms of the simple perverse sheaves in Pq are intersection
cohomology complexes ZC(O, C) of nilpotents orbits O C Eg'ii,d-

Proof. Let # be a simple perverse sheaf in Pq. Its singular support is contained in Aq
by Theorem 7.4. The support of ®F is the projection of SS(F) to E¢Y 4 by Theorem
D.3. It is contained in Egii’i’ip. This proves that ®.% = ZC(O,C) for some nilpotent orbit
O CEZ 4 O

We now give a combinatorial parametrization of nilpotent orbits of cyclic quiver.

Lemma 7.6. Nilpotent orbits in Ec, q are parametrized by pairs (N, \) where N is aperiodic
and X is a partition such that dim N + |A|6 = d. The nilpotent orbit corresponding to (N, \)
1s the orbit of the representation

N EB I

r>1
i€Z /nZ

Proof. Let M be a nilpotent representation of C), of dimension d. We can write it M = N® P
where N is aperiodic and P is completely periodic, meaning that P = Ny, for a multipartition
m: Z/nZ — & such that m(i) = m(j) for any i,j € Z /nZ. Therefore, the data of m
is equivalent to the data of a partition A = m(0). Moreover, the total dimension of P is
> iz /nz(dim P); = n|A| and by periodicity, (dim P); = (dim P); for any ¢,j € Z /nZ. As a
consequence, |A\| = (dim P)y and dim N + |A|§ = d. Putting these facts together, we obtain
the lemma. O

We are ready to describe extended Lusztig perverse sheaves. Let (N, u) be a pair with
N the isoclass of a nilpotent aperiodic representation and u regular semisimple such that
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dim N + §dim p = d. Let d € N such that dim u = dd. We can describe te stratum Z(N, u):

d
E(N,p)={r€Ec,a|lzc~N& @ Ji(x;) for some (x1,...,xq) € (C*)4\ AL
j=1

Let (N, 1) = {(z,21,...,2,) € Ec,a x (C)4\A) |z~ N & @I, Ji(z;)}. The map

TNy - E(Nnu) - E(NHU‘)
(r,z) +— x

is a &4 cover. Therefore, we obtain a family (£ x)re, of local systems on Z(NV, ;1) indexed

by partition of d. The main theorem of this section is the following.

Theorem 7.7. The simple perverse sheaves in Pq are the intersection cohomology complezes
IC(E(N, i), LN ) for (N, n) and X such that N is nilpotent aperiodic, pu is reqular semisimple,
dimpu =d, dim N +dimp =d and A is a partition of d.

Proof. Let dy = dim N. Let dy be a discrete flag-type given by Theorem 3.4 for the orbit
On. We define the flag-type d = (dy, 0, ...,9) of d (there is d copies of §). Then we obtain
the projective morphism mgq : .7-1 — Eq whose image is Z(N, p). Moreover, the restriction of

mq to
g (E(N, 1) = E(N, )

is a G4-covering. Hence,

P zc(Lnn)

AEPy
is a direct factor of (74)«C. This proves that the perverse sheaves defined in the theorem are
extended Lusztig sheaves.

Now, all the perverse sheaves defined are pairwise non-isomorphic. Combining Lemma 7.8

and the fact that this sheaves are parametrized by the same set as nilpotent orbits (Lemma

7.6), it follows that the theorem gives a complete description of the extended Lusztig category.
O

We will call the local systems £\ which appear during this process extended Lusztig local
systems.
A a corollary of the proof of Theorem 7.7, we obtain the following result.

Corollary 7.8. The Fourier-Sato transforms of the simple perverse sheaves in Pq are ezactly

the intersection cohomology complexes ZC(O, C) for nilpotents orbits O C E(I}id'

Consider the map
XN E(n) = SUCH\ A
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defined in Section 2.7. We have a cartesian diagram

TN,

(7.1) E(N, ) E(N, w)

XN,u l i XN,

(C)4\ A —% 59(C*)\ A

Lemma 7.9. A Gq-equivariant local system £ on Z(N, p) is the pull-back of a local system
&L on SYC*)\ A. The local system Z' is unique up to isomorphism. Moreover, £ is an
extended Lusztig local system if and only if 752" is trivial.

Proof. We postpone the proof to Section B.3. O

7.4. Microlocal characterization of sheaves in the extended Hall category. The
following result is a statement of the main theorem of this paper, Theorem 1.1, for cyclic

quivers and the extended Hall category.

Theorem 7.10. Let .F € Pervg, (Eq) be a simple Gq-equivariant perverse sheaf on Eq such
that SS(F) C Aq. Then, F is in Pyq.

Proof. Since the strata Z(N, u) defined is Section 2.6.2 are C*-invariant, by Corollary D.2, .7
is monodromic. By Theorem D.3 and the definition of Aq, its Fourier-Sato transform ®.% is
a simple perverse sheaf on E¢Y 4 with nilpotent support. Therefore, # = ZC(O, C) for some
nilpotent orbit O C EZ 4. By Theorem 7.8, .7 is in Pq. O

7.5. Restriction of perverse sheaves to a neighbourhood of nilpotent representa-
tions. Define the restriction of the extended nilpotent variety
]\51 = U T§<1(N,M)E§1'
(N,u)
Let
jg': E3' — Eq

be the inclusion.

Lemma 7.11. The restriction of perverse sheaves (j;l)* induces an equivalence of categories

(j;l)* : PerVGd(Ed,/N\d) — PerVGd(E<1,/~\§1).

Proof. We construct a quasi inverse to (j3!)*. Let Z<! € Pervg, (E5, Ag!). There exists a
stratum Z<!(N, ) and a local system .Z<! on it such that .# = ZC(.¥). But since Z(N, u)
and Z<!(NV, i) have isomorphic fundamental groups, .Z<! can be extended to a local system
Z on E(N,pu). We set .F = ZIC(Z). Moreover, since £ is C*-equivariant, .# is also C*-
equivariant, which implies that SS(.#) C Aq. O
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8. NEIGHBOURHOOD OF NON-HOMOGENEOUS TUBES IN THE REPRESENTATION SPACES OF
AFFINE QUIVERS

We recall the construction of the Hall functor and the Hall morphism appearing in [LLO7,
Section 3]. Let @ be an affine quiver. Let D C P!(C) be the subset indexing the non-
homogeneous tubes of ). In the sequel, we assume that D is non-empty. Let C be a
non-homogeneous tube of @ of period p > 1 (Theorem 2.5) corresponding to t € D. Let
No, ..., Np—1 be a full set of representatives of simple regular representations in the tube C
ordered such that for any s € Z /pZ, Ext'(N,, Ny;1) ~ C. Let us fix for each s € Z /pZ a
nontrivial extension:

0 — Ngy1 — Es — Ny — 0.

As vector spaces, Es = Ngy1 @ Ng. The extension Fy gives linear maps

Zays - (NS)’L - (NS-H)j

for any a : i — j € Q. The representation Ny of @ is given by the linear maps as o : (Ng); —
(Ng)j for o : i — j € Q. Write dg = dim N, for s € Z /pZ. We have the map between

dimension lattices
dim : ZZ/P%Z z!

e=(e5) — &= ZSEZ/pzesds'
Let € = (es)scz /pz € ZZ/PZ Let V = (Vs)sez /pz be a fixed Z /pZ-graded vector space. Let
W be the underlying I-graded vector space of @, IpZ Vs ® Ns. We construct a fully faithful

functor

F Repg, (k) —  Repg(k)
(V%US)SGZ/pZ = (W7 1‘)
as follows: for av: 7 — j € Q,
To * Wi — W;
is defined for any v ® n € V5 ® (Ns); by
Za(V®n) =v® asa(n) + vs(v) @ 2q,5(n).
At the level of representation varieties, the same formulas give a morphism:
LE : ECP(V) — EQ(W)
Define now the closed embedding of algebraic groups:
el GL(V) — GL(W)
(gs)sez /pZ = (Zsez /pZ gs ® id(NS)i)iGI-

We obtain a locally closed immersion

v 2 Bc, (V) x9E V) GL(W) — Eq(W).
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We let d = dim V so that d = dim W and we see ¢ E, tg and jq := jy as morphism between

the corresponding representation varieties:
LE - Eczhd — EQ,&’

Yol Gczud — GI/V,&?

and

ja: Egya xS Gy g — Eg 3.

We will also need restrictions of tg and jq:
<1, ;o<1 3
B Ecp,d — EQd

and
-<1 <1 Go d B B
Ja 'E(Jp,d X7 Cp GQd—)EQ’d.

From [LL0O7, Lemma 3.2 and Lemma 3.3], we have the following proposition.

Proposition 8.1. F' is an exact fully faithful functor. It takes value in the full subcategory

of reqular representations of Q. By restriction, it induces a equivalence of categories
nil
Repe, (k) = C.

(Recall that C is the chosen non-homogeneous tube of Q). Let Repregc(k:) be the full subcat-
egory of objects of Repg (k) isomorphic to a direct sum N & R where N is an object of C
and R is regular homogeneous. Let Rep% (k) be the full subcategory of objects of Repcp(k)

regC( )

whose image by F' belongs to the subcategory Rep of reqular representations of Q whose

non-homogeneous direct summands lie in C. Then F restricts to an equivalence of categories

Rep%p (k) — Repmgc(k).

Remark 8.2. The image of F contains all homogeneous regular tubes and misses exactly one
inhomogeneous tube (if @ has three inhomogeneous tubes, that is @ is of type D or E).

At the level of representation varieties, we consider the subvariety Eéﬁi of EQ7 g defined
in Section 2.5.2. It is an open subvariety contained in the image of jq. The subvariety
Jgt( g}é) 1 (E {t}) @a G is open. The open subset ¢ (E’Cg}) consists of the elements
r € B¢, .qa which av01d exactly one nonzero eigenvalue if () has three non-homogeneous tubes,
and coincide with E¢, g otherwise. In this case, by choosing properly the extensions Es, we

can assume that the avoided eigenvalue is 1. We let
{0} if @ has one or two non-homogeneous tubes
~ 1 {0,1} else.
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In dimension §, we obtain a cartesian diagram

reghom

PGos — Eq

| |

C\D' _G¢
ECP76 X v

A\ {0,1} P!I\D
whose horizontal arrows are isomorphisms.
We also have the cartesian diagram
C\{1
B et gy EL)

| |

A\ {1}) (P'\D) U {t}

whose horizontal rows are isomorphisms. If N = F(N’) is a non-homogeneous regular repre-

sentation of @) for some nilpotent representation N’ of Cp, and p is regular semisimple such

that d = dim N + (dim p)d, we obtain a cartesian square:

E(N', p) E(N, p)

l !

SUAN{IH\A —— SYPI\D)U{t}h)\ A

where d = dim p.
We will also need the open immersion

<1 . @<l Gepa N reg
Ja 'ECp,dX P GQ’d—>Ean.

A crucial property is given by the following proposition whose proof is obvious from Propo-
sition 4.5.

Proposition 8.3. The restriction of the Lusztig nilpotent variety Aq by j;l i

L1\ * _ * <1 Gcy,.d 5
(jd ) Aa = (y)TEd(N,u)XG%dGQ&(E0p7d o GQ’d)'
iy ’

Consequently, if F is a perverse sheaf on E, g such that SS(?) C Ay, then®¥ = (13')* Z[dim G¢,.a—
dim G, 4] is a perverse sheaf on Eépl’d such that SS(9) C A"

9. PROOF OF THE MAIN THEOREM IN THE AFFINE CASE

9.1. Local systems on a stratum of the cyclic quiver. We record the following results,
which are an easy consequence of the action of C* on all the representation varieties and
stratifications considered.

Lemma 9.1. Let Z(N,p) C Eg,q be a stratum. Then the inclusion Z<'(N,u) — Z(N, )

induces an isomorphism between the fundamental groups w1 (Z(N, 1)) and 7 (E<1(N, u)).
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Therefore, there is a canonical bijective correspondance between isomorphism classes of
local systems . on Z(N, ) and £<! on Z<}(N, ).

Lemma 9.2. Let Z<! be a local system on Z<V(N, p1) such that SS(ji-t L <1) = Ugeg<r T4 Eopld
where S<! is a set of strata of the form Z<'(N,p). Then, if £ denotes the local system cor-

responding to £<' and S the set of strata corresponding to S<!,

SS(jn2) = | ) TéEc, a-
Ses

9.2. Proof of Theorem 1.1 for affine quivers. Let .% be a Gg-equivariant perverse sheaf
on Egeg whose singular support is contained in Affg. Then, by Corollary 4.7, it is supported
on m for some non-homogeneous regular representation N and p regular. Let d = dim p.
Our argument proceeds in two steps: first we prove that p is regular semisimple; then, since
E(N, p) is smooth and SS(Fz(v ) = T5y ) Ea, by Lemma C.5, F = IC(Z) for a local
system .Z on E(N, u); we then prove that . is a Lusztig local system on Z(N, p).

Let t € D be a non-homogeneous tube. of period p > 1. Write N = N; & N’ where N, is
in the tube indexed by ¢ and none of the direct summands of N’ belongs to the tube indexed
by t. Write d’ = dim N; + dim pd. By the isomorphism

G, Gy
(On x By xGaw % Gq — B )

we obtain a perverse sheaf ¢ on Eg} such that SS(¥) C (Ag’) 1 (see Lemma 4.8). By
d/

Proposition 8.1, there exists e € NZ /PZ such that e = d'.

Let i5! - Eéple — Egs be the composition of j&! with the closed immersion Eéple —
Eé;e x e Ggs. Then

(ig!)*9[dim G¢, g — dim Gg g

is a perverse sheaf on Eéple and by Proposition 8.3 and Lemma C.4, SS(¢) c AS'. By
Lemma 7.11, it can be extended to a perverse sheaf ¢’ on E¢, e such that SS(¥4') C Ae. By
Theorem 7.10, it is a Lusztig sheaf in the extended category. Therefore, by Theorem 7.7, u
has to be regular semisimple. Now, as stated above, . # = ZC (%) for some local system .Z on
Z(N, ). By Lemma 3.8, there exists a local system < on §¢ P1°™\ A such that .& ~ X}EVW.,ZZ,
where X, is the support map whose construction is sketched in Section 2.5.3. We have to
prove that Wflj is trivial (recall that 7y : (PH™)?\ A — S?PRm\ A is the Gy-covering).

Again by Lemma C.5, the perverse sheaf ¢’ is given by a local system £’ on Z(N}, i),
where I/ is a representation of C), such that F'(N/) ~ N and F is the functor of Section 8.
Moreover, by Lemma 7.9, W}"nguf’ is the trivial local system. By Lemma 7.9, ¢’ = XNt/,#D?’
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for some local system .2’ on S%(C*)\ A. By the cartesian diagram

SN2
Nt,u

XN{,/,Li lxNévH

(CH4\ A " 54\ A

[1]x

see also Lemma 7.9, 7 7! is the trivial local system.

By the cartesian diagram

- h -
:<1(Ntlvu) - :(Nv :u)

XN{.p i J{ XN,

S1D*(0,1) — s 5d phom\ A

where 44 is the natural injection, and the upper horizontal arrow h is the composition of the
injection Z<!(N/, u) — Z(N/, i) and the injection given by tg, we have that h*.¥ = ¢’  and
therefore, the hypothesis of Lemma A.4 is verified for Z and t € D. By repeating this for
all t € D, it shows that £ is trivialized by 74 at all points of D. By Lemma A .4, (74)*.% is
trivial. By Lemma 3.8, .Z is a Lusztig local system.

10. THE CASE OF QUIVERS WITH LOOPS

In this section, we show that the class of simple perverse sheaves defined by Lusztig on
representation spaces of quivers is determined by a nilpotent condition on the singular support
for the g-loop quiver. The method is completely different than that for finite type or affine

quivers.

10.1. Smallness of some morphisms for negative quivers. Let () be quiver. For a flag-
type d, we let Egq be the image of the proper morphism 7mq and Egﬂ the image of 77311. For
convenience, we let £} = Eq if b = 1 or b = () and E, = E}! if b = nil or b = ZHil, 1).
Technically speaking, ifhb=1orb= (nil, 1), Ecb1 exists onEf ifd is a discrete flag-type. These
are closed irreducible subvarieties of Eg 4. Define %4 as the set of flag-types of dimension
d and €} as the set of discrete flag-types of dimension d. To ease the notation, for b €
{nil, 0, (nil, 1), 1}, we let €} = €q if b = nil or b = () and €} = %} else and the same remark
as before applies. Similarly, WZ =ngifb=0orb=1and WZ = ngl if b = nil or b = (nil, 1).

10.1.1. A quadratic form. Let d € N be a dimension vector and d = (dy,...,d,) aflag-type
of dimension d (that is, >°7_; d; = d). In this section, we reformulate the main result of
[Lus93a] in the case where the flag type d is not necessarily discrete and for both morphisms
md and ﬂgﬂ (Lusztig considered the case of mq). Recall that Fgq denotes the flag variety of
flags of type d inside C9. As in [BLM90] in the non-graded case or in [Lus93a] for quivers

and discrete flag-types, the relative position of two flags F' and F’ of type d is encoded in an
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array z = (2P?)1<p<,, such that for any 1 < s <,
1<q<r

(10.1) D= Y M =d,

1<p<r 1<q<r
For any 1 <p,q <r, zP1 = (z"),c1 € N’ is defined by

/
= i 22 IO
Fp1+ F,NFl_|

By splitting the refined flag
(prl + Fp N Fé)lgp,qﬁr
(where tuples (p,q) are lexicographically ordered: (p,q) < (p/,¢)) <= p < por(p =

p' and ¢ < ¢')), we see that F and F’ are in relative position z for some z as above if and

only there exists vector spaces VP? such that dim VP4 = z#7, C4 = @197 q<r VP and for any

1<s<r,
F.= P v, Fi= v

1<q<r 1<p<r
Of course, all this applies for I-graded vector spaces (where I will denote the vertices of the
quiver ). We let ©(d) be the set of all possible relative positions between two flags of type d,
that is the set of arrays z = (2P?)1<;, ¢<, satisfying the equalities (10.1). The variety Fgq x Fq
is then stratified by the relative position:

FaxFa= || (FaxFa)-

z€0(d)
where (Fgq X Fq). denotes the locally closed subvariety of pairs (F, F’) in relative position
z. Recall the proper morphism Wg : Fqa — Eq for £ € {@,nil}. We have a morphism
©q - .7:"5 X By ]}g — Fq x Fgq. Therefore, we can stratify fg X B4 ]:"g by the pull-back of
the stratification of Fgq x Fg:

]:-3 X Eq ]:-é: |_| (./—:'é X Eq ﬁé)z
2€0(d)

In first lecture, the reader can directly jump to the statement of Corollary 10.4 and then to
Section 10.1.2.

Lemma 10.1. The stratum (Fq x Fa)- is a connected Gq-homogeneous space of dimension

dim Gqg — Z 2 = Z (dp)i(d)i — Z 2Pzt

el el el
1<t<p<r 1<t p<r 1<t<p<r
1<s<q<r 1<s<q<r

Proof. See [Lus93a, §17.]. O
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Lemma 10.2. The morphism ¢q restricts to a fiber bundle (]—"ti X Ey Fi a)z = (Fax Fa). with

fibers of dimension
Z Z pq ts

a:i—j€Q 1<t<p<r
1<s<q<r

ift=10 and
> 2 A
ai—j€Q 1<t<p<r
1<s<q<r
if § = nil.

Note that for zq = (dy 0pg)1<p,g<r (.7:"(131 X By ﬁg)@ o~ ]:"g is the diagonal copy of ]:"g inside
j1i><ﬁh jii

Proof. See [Lus93a, §17.]. Note that for § = nil, the inequalities in the sum are strict as a
consequence of the nilpotency condition. O

Lemma 10.3. Let z = (2P9)1<p q<r be a matriz such that for any 1 < s <r,

E 2P = E 2%,

1<p<r 1<¢<r
Then,
(10.2) g 2P = E 2Pt
1<t<p<r 1<t<p<r
1<g<s<r 1<qg<s<r

or, equivalently,

(10.3) Z 2Pl = Z 2P P8,

1<t<p<r 1<p<r
1<qg<r 1<g<s<r

Proof. The first equality (10.2) can be deduced from the second one (10.3) by adding on

both side > 1<i<p<, 2P92". To prove (10.3), note that 2P9z' is symmetric in p,t. Let L =
1<g<s<r

S 1<t<p<r 2P12' be the left-hand side of (10.3) and R = > 1<p<, 2P9zP% be its right-hand
1<q<r 1<q<s<r
side. Then
2L + Z (2P1)? = Z 2P
1<p<r 1<p,q;t<r
1<q<r

— § E:qu Sta

1<g<r \1<p<r 1<i<r
= E E 2P Lat
1<g<r \1<p<r 1<i<r

— E( AP ,qt

1<p,q,t<r
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and,
2R + Z (2P1)? = Z 2P4 P8
1<p<r 1<p,q,s<r
1<g<r
so that L = R.

Corollary 10.4. We have the following formulas:

dlm]-"d — dlm(]-'d X [, ]—'d Z Z Pz ts Z Z P ts

a:i—j€Q 1<t<p<r el 1<t<p<r
1<g<s<r 1<g<s<r
and
dim fnll dlm(]:-(rinl XEd n11 2 : 2 : q ts § : E : q ts
a:i—j€Q 1<t<p<lr i€l 1<t<p<r
1<g<s<r 1<g<s<r

Proof. By Lemmas 10.1 and 10.2,

(104) dmF= Y Y @ + Y (dild)i— D (dp)i(dy)

a:i—j€Q 1<t<p<r el el
1<t,p<r 1<t<p<r
and
Pq ts pq ts
(10.5) dim(Fg x g, Fa)- E E 2; g g 212,
a:i—j€Q 1<t<p<lr i€l i€l
1<s<g<r 1<t,p<r 1<t<p<r
1<s<q<r
Note that
pq ts pq ts _ pq ts __ . .
(10.6) ) + ) = ) A= ) (dy)i(dy);
1<t<p<r 1<t<p<r 1<t<p<r 1<t<p<r
1<s<g<r 1<g<s<r 1<g,s<r

Consequently, by substracting (10.4) and (10.5), using (10.6), we obtain the first formula of
the corollary.

For the second formula, again by Lemmas 10.1 and 10.2,

(10.7)  dim A= " YT (dpild)j+ D> (dy)i(de)i— D> (dp)i(dy);

a:i—j€Q 1<t<p<r i€l i€l
1<¢,p<r 1<t<p<r
and
(108) dlm(]:-ml n11 2 E ZPCI ts E § quZ;-SS.
a:i—j€Q 1<t<p<r i€l i€l
1<s<q<r 1<t,p<r 1<t<p<r

1<s<q<r
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the only difference with (10.4) and (10.5) is the strict inequalities in the range of summation
of the first sums of (10.7) and (10.8). Therefore, by substrating (10.7) and (10.8),

dim J—:-(riul dlm(fml ﬁ&il) Z Z Pq ts B Z Z,quZfs

a:i—jE€Q 1<t<p<r el
1<g<s<r 1<t<p<r
1<g<s<r
§ § Pq ts o § : Pq ts + § Pq ts o § : zfqus
ai—j€Q 1<t<p<r el i€l i€l
15q<s<r 1<t<p<r 1<t<p<r 1<t<p<r
1<g<s<r 1<g<s<r 1<g<s<r
=0 by Lemma 10.3
Pq tS ps _ts
=2 2 - 2 A
a:i—j€Q 1<t<p<r el
1<q<s<r 1<t<p<r
1<g<s<r
where the last equality follows from Lemma 10.3. We are done. U

10.1.2. Smallness for negative quivers. A quiver is called negative provided it carries at least
two loops at each vertex.

Proposition 10.5. Let ) be a negative quiver. For any flag-type d of dimension d, the
morphisms mq and 7rm1 are small and are an isomorphism over a non-empty open subset of
their image.

Proof. Write d = (dy,...,d,). For the smallness of 74, we use Corollary 10.4. We have to
prove that for any z € ©(d) \ {24},

dim ]}g - dim(ﬁg X Eq ]:—Q)z > 0.

For any vertex i € I, we let g; > 2 be the number of loops of @ at i. Let z € ©(d) \ {24}
Then there exists p’ # ¢’ and ¢ € I such that 27 "¢’ £ 0. Choose p/ minimal, so that for any
1<p<p and q#p, 27 = 0. We therefore have zP? = d,, for any 1 < p < p. Since we have
Z;Zl 2P =dg, for 1 < g < p/, 297+ Zlgpgnp;éq 2P = d4. Consequently, 2’7 = 0 for any
1<qg<p,1<p<randp#q We have therefore ¢ > p’. We have

dim Fg — dim(Fgq x g, Fa)» > g (i —1) g 2Pzl (forgetting arrows which are not loops)
i€l t,p,q;
1<t<p<r
1<g<s<r

> _1 Zzpp ps

p’<p<7"
p'<s<r
/ /!
> (9i—1) Z 2PP 2P (specializing to t = ¢ = p')
p7
p'<p<r

= (g — 1)(dy)i P (summing over p)

)

> 0.
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The same reasoning shows that
dim fml dlm(}_m1 fml)

for any z € ©(d) \ {24} and hence that 73! is small.

To prove that mq (resp. ml)

is an 1somorphism over an open subset of its image Eqg (resp.
Eﬁﬂ), it suffices to show that a sufficiently general element x € Eq (resp. x € E&“) admits
a unique filtration of type d. It suffices to do this when @) = S, is a quiver with one vertex
and g > 2 loops. Since Wﬁil is small, its fiber over a general element of Egigl’g is finite, but
this is not sufficient. However, in type A, the generalized Springer resolutions 7*(G/P) — g
are always birational onto their image ([BB82, §2.7]). It shows that 73! is also birational
onto its image. For 74, a general element of Eg, 4 is of the form (xy, ..., mg) with x; regular
semisimple. Hence, z1 stabilizes a finite number of flags of type d and choosing xo general
enough, there will be a unique flag of type d stabilized by (z1,...,z,).

g

10.2. Lusztig sheaves. Let d € N/. We define four classes of Gg-equivariant perverse

sheaves on the representation spaces Eg q of an arbitrary quiver.

(1) Pnﬂ is the semisimple category of Pervg,(Eg.a) generated by perverse sheaves ap-
pearing (with a possible shift) as a direct summand of (ijld) C where d is some flag
type of dimension d,

(2) Pg.a is the semisimple category of Pervg,(Fga) generated by perverse sheaves ap-
pearing (with a possible shift) as a direct summand of (7g q)«C where d is some flag
type of dimension d,

(3) Pgﬂdl is the semisimple category of Pervg,(Eg.a) generated by perverse sheaves ap-
pearing (with a possible shift) as a direct summand of (ngd) C where d is some
discrete flag type of dimension d,

(4) 73612 4 is the semisimple category of Pervg,(Fg.a) generated by perverse sheaves ap-
pearing (with a possible shift) as a direct summand of (7g4)«C where d is some

discrete flag type of dimension d.

All sheaves in this categories will be called Lusztig sheaves, as perverse sheaves defined in this
way were first considered by Lusztig.

Remark 10.6. We have the following inclusions between these categories:
Pha CPoa: Pod C Poa.
Moreover, if @) is acyclic, all these categories coincide:

ni 1,
Po'a = Poa="Pha = Pba:
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and if @ has no cycles apart from loops, the categories in (1) and (3) one the one side and
(2) and (4) on the other side coincide:

Pola="Poa: Poa=Pda
If @ has no loops, the categories (3) and (4) coincide: Pg%l = 73&27(1.
Let d be a flag-type of dimension d. Define
Ll = (75'4)«C,  Lga = (7g.a)-C.

These sheaves are related thanks to the Fourier-Sato transform with the corresponding sheaves

on the representation space of the opposite quiver.

Lemma 10.7. Let & : DbGd (Ega) — ng(EQop7d) be the Fourier-Sato transform reversing
all arrows of Q. Then,

®(Lga) = Liwa, P(LE4) = Loor.a-

Proof. 1t is completely similar to the proof of Lemma 2.2 of [AHJR14].

10.2.1. Ezplicit description of Lusztig sheaves for negative quivers.

Proposition 10.8. Let QQ be a negative quiver. Then for b € {nil, 0, (1,nil),1}, the simple
objects of the category Pg are the perverse sheaves IC(E&) ford e ‘53.

Proof. This is an immediate consequence of Proposition 10.5. g
10.3. Lusztig nilpotent varieties and singular support of Lusztig sheaves.

10.3.1. The notions of nilpotency for representations of the double quiver. Let @ be a quiver
and @ the doubled quiver (that is, for any a : i — j € Q, add an arrow o* : j — i). Recall
that a representation of @ is denoted by z = (z,7*) where * = (z4)aco and x* = (23)acq-
Following [BSV17], a representation (z,z*) is called

(1) semi-nilpotent if there exists a flag of I-graded vector spaces (0 C Fy C ... C F, = C9)
such that for any « € Q, 1 < j <,

:CaFj CFj_l, :cZFj CFj,

(2) #-semi-nilpotent if there exists a flag of I-graded vector spaces (0 C F} C ... C F, =
CY) such that for any a € Q, 1< j <r,

zoFj C Fj,  xoF; C Fj,

(3) strongly semi-nilpotent if there exists a discrete flag of I-graded vector spaces (0 C
Fy C...C F, = C9) such that for any a € Q, 1 < j <,

xaFj C Fj_l, :CZFJ‘ C Fj,
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(4) #-strongly semi-nilpotent if there exists a discrete flag of I-graded vector spaces (0 C
Fy C...C F,=C9%) such that for any a € Q, 1 < j <,

xaFj CFj, .TZFJ‘ CFj_l.

Remark 10.9. These notions of nilpotency interact as follows. For a representation z = (z, x*)
of Q,
(z,x") strongly semi-nilpotent = (z,z™) semi-nilpotent
and
(z,x¥) is x-strongly semi-nilpotent = (z,z™) is *-semi-nilpotent.

Moreover, if @ is acyclic, all these notions of nilpotency coincide, and if () has no cycles
apart form loops, being strongly semi-nilpotent is the same as being semi-nilpotent and being
x-strongly semi-nilpotent is the same as being #-semi-nilpotent. Lastly, if @) has no loops,

being strongly semi-nilpotent is the same as being #-strongly semi-nilpotent.

10.3.2. The nilpotent varieties. Related to the four categories of perverse sheaves defined in
Section 10.2 and to the four notions of nilpotency defined in Section 10.3.1, we define four
different nilpotent varieties in the representation space of the doubled quiver (). For this

purpose, recall the moment map

pa : Egg — glq
(@, 7)) = Yaeal®a,v3).

The nilpotent varieties are defined as follows.

(1) Ag}d = {(z,2*) € uz*(0) | (x,2*) is semi-nilpotent},

(2) Aga = {(z,2*) € ug"(0) | (z,2*) is *-semi-nilpotent},

(3) Ag}(’il = {(z,2*) € ug'(0) | (z,2*) is strongly semi-nilpotent},
(4) Ab,d = {(z,2*) € uz'(0) | (v, %) is *-strongly semi-nilpotent}.

Remark 10.10. Using Remark 10.9, we have the following inclusions between the nilpotent
varieties. For a general quiver Q),

Apa CAgar Aga € AZa,
if Q) is acyclic, all the nilpotent varieties coincide and if @ has no cycles apart from loops,

Aé),d = A, Agldl - A%i,ld-
Lastly, if @ has no loops,

il,1 1
Ag,d = AQ,d'

Proposition 10.11. The varieties A':i, b € {nil, (), (nil, 1), 1}, are closed, Lagrangian, conical

subvarieties of E@,d ~T*EgQaq-

Proof. That these varieties are closed and conical is immediate from their definitions. That

they are Lagrangian is already mentioned in [BSV17, §1.1]. O
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Remark 10.12. We have directly from the definitions and the natural identifications T* Eg q ~
E@, 4= EW, a = T"Eqov g the equalities

Afboa=Aga and A g =Abhq

10.3.3. The singular support of Lusztig sheaves.

Proposition 10.13. The singular support of sheaves of the category P’ (b € {nil, §, (nil, 1),1})
1s a union of irreducible components of Afi.

Proof. It suffices to show that the singular support of (Trg)*g is a subvariety of Afi. This is a
standard argument similar to the one of [Lus91, Corollary 13.6]. O

10.3.4. Ezplicit description of the nilpotent varieties. Recall that for a closed subvariety Z C
X inside a smooth variety X, we let T, X = T{;X where U is some smooth and dense open
subset of Z.

Proposition 10.14. For any d € N and b € {nil, (), (nil, 1),1}, we have the inclusion

U T Ea € Mg
des;
Proof. By Proposition 10.8, for any d € €}, ZC(E’,) € P4; by Proposition 10.13, SS(ZC(EY)) C
A%; and Ty, Ea C SS(ZC (E%)). This proves the inclusion of the lemma. O
o d

Conjecture 10.15. If Q is a negative quiver, then the inclusion of Proposition 10.14 is an

equality.

Proposition 10.16. Conjecture 10.15 is true if Q is a negative quiver and b = 1 or b =
(nil, 1).

Proof. By Remark 10.12, it suffices to prove Conjecture 10.15 for b = (nil, 1). In this case,
Bozec showed that the set of isomorphism classes of simple perverse sheaves in the category
73311’1 is in bijection with the irreducible components of Agﬂ’l (see for example [Boz16, Theorem

3.13]). Since by Proposition 10.14 each of the Tgnﬂ,lEd is an irreducible component of Agﬂ’l,
d

this proves Proposition 10.16. O
10.4. Microlocal characterization of Lusztig sheaves.
10.4.1. Conjectures.

Conjecture 10.17. Let Q be a quiver. Any irreducible Gq-equivariant perverse sheaf on Eq

whose singular support is contained in A% (b € {nil,, (nil, 1),1} is in the category P.

Remark 10.18. By Lemma 10.7, Remark 10.12 and Lemma D.3, this conjecture is true for
b = nil if and only if it is true for b = () and similarly, it is true for b = (nil, 1) if and only if
b=1.
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Remark 10.19 (State of Conjecture 10.17). (1) By Theorem 1.1, Remark 10.6 and Re-
mark 10.10, Conjecture 10.17 is true for any finite type or affine acyclic quiver.

(2) By Theorem 1.1, it is true for cyclic quivers for b = (nil, 1) and b = 1 (these two cases
coincide). By Theorem 7.10, Conjecture 10.17 is true for cyclic quivers and b = (). By
Remark 10.18, it is also true for cyclic quivers and b = nil.

(3) For the Jordan quiver, Conjecture 10.17 is true, as a consequence of Springer theory
for gl,, (for any n). We briefly explain it in Section 10.4.2 below.

(4) In Section 10.4.3, we prove Conjecture 10.17 for g-loops quivers with g > 2.

(5) The conjecture is still open for wild quivers which are not a g-loop quiver.

10.4.2. The situation for the Jordan quiver. For the Jordan quiver, Conjecture 10.18 is true.
Let d € N. We have

Ag = {(z,2*) € g3 | [x,2*] = 0 and z* is nilpotent}.

There are two projections 7; : Ag — gly, 7 = 1,2. We identify T™*gl; with E@ 4 using the trace
pairing. From the point view of s,
A= | | Togl
ch[d
where the sum runs over nilpotent orbits O C gl;.

From the point of view of 7y,
A= T, 00
w

where 4 is regular (see Section 2.6.1 for the definition of the strata =(u)). Moreover, the
Fourier transform gives a bijection between intersection cohomology complexes of nilpotent
orbits and perverse sheaves appearing as direct summands of the Springer sheaf, that is the
pushforward of the constant sheaf by the Grothendieck-Springer resolution (which is mgq for
d=(1,...,1) € N9). Therefore, if Z is a GLg-equivariant perverse sheaf on gl with singular
support in A%, then its Fourier transform is the intersection cohomology of a nilpotent orbit,
which means that .% is a direct summand of the Springer sheaf.

10.4.3. The case g-loops quivers. In this section, we assume that @) is a g-loops quivers with
g=2.

Theorem 10.20. Let Q be a g-loop quiver. Let % be an irreducible perverse sheaf on Eq q
such that SS(F) C Agﬂ’l, Then, F € ,P(riul,l.

Remark 10.21. Recall that since () has only one vertex, Agﬂ’l = Aﬁil and Pgﬂ’l = é‘ﬂ.

Remark 10.22. To prove this theorem, we surprisingly do not need to assume that .# is

Gg-equivariant. It happens to be a consequence of the property on the singular support.

To prove this theorem, we need several lemmas.
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Lemma 10.23. Let Q = S, be the g-loop quiver. Let d and d' be two flag-types of dimension
d such that Egil - Eg“. Then the codimension of Eg}l mn Egﬂ s at least two.

Proof. Since 74! is small (Proposition 10.5), it suffices to show that for d and d’ as in the
lemma, dim ]}gil — dim .7}3}1 > 2. However, in this case, (10.7) reads

dim P = (g+1) D (dp)i(dy);
1<t<p<r

and is therefore a multiple of g + 1 > 3. Therefore the codimension is at least 3. g

We let 2" = d'ee) Egi,l. By the previous lemma, it is of codimension at least two (in
EgCEq
fact three) in EX.

Lemma 10.24. Let 7 : X — Y be a small map. Assume that 'Y is irreducible. If Z C'Y is
a closed subvariety of codimension at least two, then 7=1(Z) C X is also a closed subvariety

of codimension at least two.

Proof. Since 7 is small, one can find a stratification by locally closed subvarieties Y = | |g. S
such that for any S € S, the restriction mg : 7=1(S) — S is a topological fibration and for
any € S,
dim S 4 2dim 7~ (z) < dim X

unless S is the dense stratum, for which we have the equality of the dimensions. We have
Z =lgesZNS and m=HZ) = | |ges ™ 1 (ZNS). If S is the dense stratum, dim7~1(ZNS) =
dim Z N S, so 7=1(Z N S) is of codimension at least two in X. If S is not the dense stratum,
but 7 : 771(S) — S has finite fibers, dim(7~1(Z N S)) = dimZ NS < dim Z. Therefore,
7-1(Z N 8) is of codimension at least two in X. Lastly, if S is a stratum over which the fibers

of m have dimension at least one, then by the smallness of , for any x € ZN S,
dim7(ZNS) =dimZnNS+ dimz ! (x)
< dim S + dim 7! (x)
< dim X — dim 7 (z)
< dim X — 1.

This last equality allows us to conclude.
O

Lemma 10.25. Let Z' be the set of x € EX! such that (w3)~1(x) contains at least two points
and 7' its Zariski closure (so that 7' : F3'\ (7§ ~Y(Z") — EJ'\ Z is an isomorphism).
Then (751 ~1(Z") is of codimension at least two in Fi'.
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Proof. Consider the diagram

fnll X JT_'nll fnll
71.nil
» d
Eail
of proper morphisms. Then, Z' = p(ﬁnil L FRIN\ F ml) (recall that F3 is identified with its

diagonal embedding in .7-"311 X gy F, ml) and (7 ml) Yz = pry (]—" il gy F Fuil \.7-" uil). Moreover,
since a general element of Enll admits a unique filtration of type d (by Proposition 10.5),
then Z’ is a proper closed sul;set of Egil and hence is of codimension at least 1 in Egﬂ. Now,
7' =7'0(Z'\Z") and Z'\ Z' is of codimension at least two in Enl By Lemma 10.24,
(773' )"H(Z"\ Z') is of codimension at least two in FJ!. Tt remains therefore to show that
(r3=Y(Z") = pry (]:m1 x g, FRU\ Fil is of codimension at least two in Fil We write

]_-ml Fail nil\ 7o Foil = |_| ( ]_—ml ]_-ml)
2€0(d)\{za}
If g > 3, by the second formula of Corollary 10.4 and the same argument as in the proof of
Proposition 10.5, we have that dim ]:" nil (]—" il gy F nll) » is a non-zero multiple of g — 1 and
hence is > 2. Consequently, dim prl((}"ml x g, Fi1),) < dim F§! —
If g = 2, we have to be more careful. If B -

dim J—_-ml (J,—;nll le)
then the argument above applies. However, it is possible to have
dim Fg" — (Fg" x gy Fg')z =1
and by examining the formula
dim ﬁ&il (J,—;ml J—_-ml)z — (Q o 1) Z quzts
1<t<p<r
1<g<s<r
we see that this happens if and only if there exists 1 < ¢ < r — 1 such that
lifp=i,g=1+1
lifp=i+1,qg=1
P4 —
d, ifp=gq
0 else
(In particular, this imposes d; = dijy1 = 1). If now z € p((F§! xg, Fi),) for such a
z, there exists two flags F' and F’ of type d and in relative position z such that for any

1<j<r oF; C Fj_1 and :ch C F{ . Using the particular form of z described above,
we have Fji0 = Fji1 + FJrl and therefore xF; C Fj_yfor 1 <j<i+1, 2Fj19 C F; and
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xF; C Fj_; for i +3 < j < r. We consider the new flag-type d’ = (dj,...,d._;) such that
dj =d; if 1 <j<i,djyy =2,dj =dj1ifi+2<j<r—1 Then, EY' C Ef' and
((.7:nll X By ]:r“l) ) C Egil. By Lemma 10.23 and Lemma 10.24, we are done. O

We let now Z = Z'U Z".

Corollary 10.26. The restriction waﬂ (m ml) (Enll \Z) — E&ﬂ \ Z is an isomorphism and
Eq\ Z is open is Egl.

Proof. 1t is clear form what preceeds. 0

Lemma 10.27. For any d € éq, the partial flag variety Fq is simply-connected, and hence

]:—311 is also simply-connected. Similarly, fg s simply-connected.

Proof. The partial flag variety Fq is a partial flag variety of a reductive algebraic group and
hence admits a cell decomposition where the cells are affine spaces. Therefore, it is simply
connected. Now, the second projection ﬁgﬂ — Fa, (z,F) — F is a fiber bundle. Hence, fgﬂ
is also simply connected. - In

Proof of Theorem 10.20. Let .7 be an irreducible perverse sheaf on Eg q such that SS(.#) C

Aml’1 Let pa : Eg g — Eq,a be the cotangent bundle map. Since pa(SS(:#)) = supp(F), by

Proposmon 10.16, there exists a flag-type d € €} such that supp(.%) = Enll and moreover,

any other irreducible component of SS(.%) is of the form T ol Eg.a for some flag-type
Q.

e (fgﬂ such that Eg}d, C Egq. Let Z be as before Corollary 10.26. By Corollary 10.26,
the open subset Eﬁﬂ \ Z is smooth (being isomorphic to an open subset of f'gil, which is
smooth) and the restriction Fy of Z to U 1= BB\ Z verifies SS(Fy) = T*UiBy Lemma
C.5, Fy = ZL]s] for some local system .Z on U and s = dim U. Therefore, (77311)*.3 is a local
system on .7-"‘“1\( ml) 1(Z). By Lemmas 10.23, 10.24 and 10.25, (7 ml) 1(Z) is of codimension

nll)

at least two in .7-"“11 Since the latter is smooth, (74")*.Z can be extended to a local system on

F3 Fuil - Since Fi Fuil is simply-connected (Lemma 10.27), this extension is the trivial local system.
Hence, by Lemma 10.26, . is the trivial local system on U. Therefore, # = IC (EE”). By

Proposition 10.8, .% is indeed in Pnll 1, O

APPENDIX A. LOCAL SYSTEMS ON THE COMPLEMENT OF A NORMAL CROSSING DIVISOR

Lemma A.1. Let X be a smooth irreducible curve and d > 1 an integer. Let D C X be a

finite set. Then U = (X \ D) is the complement of a simple normal crossing divisor in X,

Proof. Let x = (z1,...,24) € X% By symmetry of the question, we can assume that there
exists 7 > 1 such that z1,...,2, € D and x,41,...,24 € X \ D. If y; (1 <14 < d) is a local
coordinate of X around x;, such that x corresponds to y; = ... = yq = 0, a local equation for

X \ U in a neighbourhood of = is [];_; ;. O
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Lemma A.2. Let D C PY(C) be a finite subset and d > 1. Let £ be a local system on
U= (PYC)\ D)\ A. Then £ extends to a local system on'Y = PL(C)¢\ A if and only
if for any x € D, there exists an analytic neighbourhood V- of (z,...,z) € PY(C)?¢ such that
Ly extends to VNY.

Proof. The direct implication is trivial. For the other implication, for any =z € D, let V, a
neighbourhood of (z,...,z) € P}(C)¢ such that .4, ~ extends to V, NY. Then any branch
of the simple normal crossing divisor Y \ U of Y intersects at least one of the V,. Therefore,

the monodromies around all branches of Y \ U are trivial and £ extends to Y. U

We recall that D(0,1) C C denotes the open unit disk and D*(0,1) the punctured unit
disk. Let m: D*(0,1)\ A — SD*(0,1) \ A. It is a &4-covering.

Lemma A.3. Let £ be a local system on S¢D*(0,1) \ A. Then £ can be extended to
SID(0,1)\ A if and only if 7*.% can be extended to D(0,1)%\ A.

Proof. The direct implication is obvious. Let U = S¢D*(0,1) \ A, X = SiD(0,1) \ A,
U =D*0,1)*\ A, X = D(0,1)*\ A. Let £’ the extension of 7*. to X. Since 7 : X — X is
a Sg4-covering, m,.Z" is a local system on X. Moreover, 1,.%]; = mn*.Z and therefore, . is
a direct summand of 7,.4;. The corresponding direct summand of m,.%" gives the extension
of Z to X. O

Let D C P'(C) be a nonempty finite subset. Let £ be a local system on S¢(P(C)\ D)\ A.
We let U = S4(PL(C)\D)\A, X = S¢PHC)\A, U = (PY(C)\ D)\ A and X = PL(C)%\ A.
We have the diagram

L

U—X

—_—

Lemma A.4. The local system 7% is trivial if and only if for any x € D, there exists a
neighbourhood V-.C PY(C) of & such that, with Vg = SHV\{z})\ A and Vy = (V\ {z})?\ A,
Ty Vg — Vg,

(mv)* Ly,

is trivial on V.

Proof. By Lemma A.2 and Lemma A.3, .Z extends to S¢P1(C)\ A. Let y € P}(C)\ D.
Then, P}(C) \ {y} ~ A'(C). The inclusion A4(C) \ A c S?P!(C)\ A is surjective on the
fundamental groups, so that it suffices to check that the restriction of 7*.Z to A%(C)\ A
is trivial. Now, for z € D, let D(xz,r) C V be a small neighbourhood of xz. Then the
inclusion D(z,7)4\ A € A%(C) \ A induces an isomorphism at the level of fundamental
groups. Therefore, it suffices to prove that the restriction of 7*.% to D(z, )%\ A is trivial.
But this is clearly implied by the hypotheses of the lemma. O
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APPENDIX B. EQUIVARIANT PERVERSE SHEAVES AND LOCAL SYSTEMS

B.1. Equivariant perverse sheaves. We will quite often face the situation described in the

following lemma.

Lemma B.1. Let G be a connected algebraic group and H C G a normal closed subgroup.
Let X be a G-variety on which H acts trivially (i.e. a G/H-variety). Then Pervg(X) ~

Perveg /g (X).
Proof. By hypothesis, G and G/H are connected. We have the action map
a:GxX =X

and its factorization

d:G/HxX =X
together with the projections

p:Gx X —X

and

p:G/H x X = X.
Let 7 : G — G/H be the projection. Then a = a’o(mxidx) and p = p’o(rxidx). The forgetful
functor Pervg(X) — Perv(X) identifies Pervg(X) with the full subcategory of Perv(X)
of perverse sheaves .# such that p*% and a*.% are isomorphic. Similarly, Pervg, g (X) is
identified with the subcategory of Perv(X) of perverse sheaves .# such that p*.% and o’*.%
are isomorphic. Since 7 X idx is smooth, given .# € Perv(X), p*.% and a*.% are isomorphic
if and only if (7 x idx)*p*F = p*F and (7 x idx)*a*F = a*% are isomorphic. Hence,
Pervg(X) and Pervg g (X) are both identified with the same full subcategory of Perv(X)

and hence are equivalent. O

Let H C G be a closed subgroup of an algebraic group G and X a H-variety. Let
i X - XxH@
x = (x,e).

The following lemma is used many times in this paper without mention.

Lemma B.2 (Induction equivalence, [BL94]). The functor
i*[dim H — dim G] : D% (X x* @) — DY (X)
s a perverse equivalence of categories.

B.2. Local systems on the regular semisimple locus of a reductive Lie algebra.
We let G = GLg4, g = gl;, T C G is the maximal torus of diagonal matrices and t its Lie
algebra. We let W = G, be the Weyl group. We let g"*® C g be the open subvariety of regular
semisimple elements, f’': §"** — g"** the W-covering induced by the Grothendieck-Springer
simultaneous resolution, and g the semisimplification map. The map ¢’ lifts ¢ in the sense
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that the following square is cartesian.

gk

tTSS tTSS/I%[

rss

Lemma B.3. A G-equivariant local system £ on g"** is the pull-back of a local system £’ on
"5 /W . The local system &' is unique up to isomorphism. In other words, g is an equivariant

m1-equivalence. Moreover, (f')*L is trivial if and only if f*£' is trivial.

Proof. Let £ be a G-equivariant local system on g"*. We can assume that . is inde-
composable. Since f’ is a W covering, .Z is a direct summand of f.(f)*.Z. Assume
that (f)*Z = (¢')*&" for some local system Z” on t"**. Then by smooth base-change,
fi(@)V L ~ g* f..L". Therefore, £ is a direct summand of g* f,.Z". Since .Z is indecompos-
able, there exists an indecomposable summand .Z’ of f,.#"” such that .£ is a direct summand
of g*.%'. Since g is smooth, g*.#’ is indecomposable. Therefore, . = g*.%’. Therefore, it
suffices to prove the existence of £".

But §** ~ " xT G, the action of T on "** being trivial. Therefore, a G-invariant local

TSS

system on g"*® is the same thing as a T-equivariant local system on t"*°, that is (since T is

connected) a local system on t"*°. Let

{rss i> grss 9_,> {rss

where the first row is the closed immersion and the second is ¢’. Let .Z be a local system on
g%, Let " =i*Z. Then, ¥ = (¢')*&L" since i*& = i*(¢')*ZL", because ¢’ o i = id. This
ends the proof. O

Remark B.4. This lemma can also be deduced from the fact that the algebraic stacks g"** /G

and t"*° /W are isomorphic for any reductive group G.

B.3. Equivariant local systems on the regular semisimple strata of affine quivers.
Let @ be an affine acyclic quiver (resp. a cyclic quiver). Let Z(N,u) C Eq be a regular
semisimple stratum, that is N is regular non-homogeneous (resp. nilpotent), p is regular
semisimple and d = dim N + ddimpu. Let d = dimp. Recall the map xn,, @ E(N,p) —
SAPROmA\A from Section 2.5.3 (resp. xn ., : Z(N, u) — S4C*) \ A from Section 2.7). Recall
also the Gy-covering 74 : (P1o™M)4\ A — STPLOM\A (resp. 74 : (C*)?\ A — S4C*)\ A).
We have the following analog of Lemma B.3.

Lemma B.5. Any Gq-equivariant local system £ on =Z(N, p) is the pull-back by xn, of a
local system £ on SEPE™)\ A (resp. on S (C*)\ A). Moreover, " is determined up to
isomorphism by £ and £ is a Lusztig local system (resp. an extended Lusztig local system,)
if and only of w5 is the trivial local system.
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Proof. The proof is completely similar to that of Lemma B.3 using the following facts (stated
for acyclic affine quivers; the analogous facts for cyclic quivers are also true).

We have a cartesian diagram

TN,p

E(N, ) E(N, )

XN,/,Li lXN»H

(Phom)d\ A 0 gd phom\A,

where 7y, and 7, are G4-coverings. Moreover, Xy, (and thus xu,,) is smooth. This can
be proved as follows. By the definition of xy, , in Section 2.5.3, it suffices to prove that
Xu : 2(p) — (PR™)2\ A is smooth. In dimension §, the morphism E;eghom — Plom is a
G5/ C*-principal bundle. Therefore it is smooth. Consider the following cartesian diagram
(which defines Z):

7 ( Egeghom ) d

| |

reghom reghom
(PYE ™I\ A —— (P,

By base-change, the vertical left-most map p is smooth. Then, é(,u) ~ 7 x(Gs)? Ggs. In the

commutative triangle

Z x G ‘é(:u“) )
k i X
(Plieghom)d

the horizontal arrow is a (Gs)%-principal bundle, hence is smooth and p o pry is also smooth.

As a consequence, Xy, is smooth.
O

APPENDIX C. SINGULAR SUPPORT OF CONSTRUCTIBLE COMPLEXES

Let f : X — Y be a morphism between smooth complex algebraic varieties. Then, we have

the classical correspondence between cotangent bundles:

X xyT*Y

™Y ™ X
There are properties on the morphism f that we recall here ensuring that the singular support

satisfies natural functorialities with respect to these morphisms. We refer to the original

references for proofs.
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C.1. Singular support of the pull-back by a smooth morphism. For a proof of the
following proposition, we refer to [KS85].

Proposition C.1 ([KS85, Proposition 4.1.2]). Suppose that f : X —'Y is smooth. Let F be
a constructible sheaf on'Y. Then
SS(f*F) = (df)*(pry ' (SS(F))).

Corollary C.2. Let f : X — Y be a smooth morphism and F € D(Y) a constructible

complex. Write
55(7) = J TsY
Ses
for some set S of locally closed subvariety of Y. Then

SS(f*F) = LJT;%$XZ
Ses

Proof. In this case, (df)* is a closed immersion. Moreover, pry ' (T2Y) = X xy TEY is
isomorphic to T }11( S)X via (df)*. O

C.2. Singular support and the pushforward by a proper morphism. The following
proposition is taken from [KS90, Proposition 5.4.4].

Proposition C.3. Let X — Y be a proper morphism of manifolds, F € D*(Y). Then
SS(feF) C pra((df) 1 (SS(F)))
and this inclusion is an equality if f is a closed immersion.

C.3. Induction of singular supports. Let H C G be connected algebraic groups. Let X

be a H-variety. Let i be the closed immersion
i X = XxH@
r —  (ze)

Then, we have a triangulated equivalence of categories preserving the categories of perverse
sheaves ([BL94, 2.6]):

i .= i*[dim H — dim G| : D% (X x G) — D% (X).

The inverse equivalence is described by the induction 7% as follows ([MV88, 1.4]). Consider
the diagram:

(C.1) X xG
pri \
X X xa
Then for .# a constructible H-equivariant complex on X, prj.# is H-equivariant on X x G,

so there is a unique constructible complex (up to isomorphism) on X xH G, ¢4, such that
™9 ~ priF. We let 7% = 9[dim G — dim H].
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Lemma C.4. Let X be an H-variety and H — G an injective group homomorphism. Let
F € DY%(X) and G € D%(X x G) be two perverse sheaves corresponding to each other via
the equivalence D% (X) ~ D% (X x* G). Then
SS(F)=| | Téx
Ses
s and only if
SS(G) = | | Tsna(X x7 G).
Ses
Proof. In the induction diagram (C.1), both pry and 7 are smooth. We only prove the direct
implication, the proof of the converse being similar. Write
SS(@) = | T&(X X7 @)

S'eS’
for some G-invariant locally closed strata S’ € &' of X x® G. Tt is easily seen that by G-
invariance, any S’ € &’ can be written S’ = S}, xI G where S}, C Y =i71(S’) is H-invariant

and locally closed in Y. Then, by Corollary C.2,

SS(=* (@) = | TG (X < G).
S’es’

Moreover, m*% ~ pri.# and again by Corollary C.2,
SS(pri(7) = | Texa(X x G).
SeS
This ends the proof. O

Lemma C.5. Let F be a perverse sheaf on a smooth irreducible variety X such that SS(F) =
TxX. Then & = Z[dim X] for some local system £ on X.

Proof. This is a particular case of [Dim04, Theorem 4.3.15 iv)] in the case where X is trivially
stratified. 0

APPENDIX D. FOURIER-SATO TRANSFORM

D.1. Monodromic sheaves. Let F — X be a complex fiber bundle over an algebraic variety
X. We consider the C*-action of weight 1 contracting the fibers. We call a sheaf on FE
monodromic if it is locally constant on C*-orbits of F.

Lemma D.1. Leti: Y — E be a C*-invariant locally closed subvariety. Let F € DP

be a constructible monodromic complex. Then 1,.% is a constructible monodromic complex

on F.

Corollary D.2. Let ¥ € Db(E, C) be an irreducible perverse sheaf whose singular support

is the union of conormal bundles to C*-invariant subvarieties. Then F is monodromic.
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Proof. The support of #, SS(F)NT;E is a C*-invariant closed subvariety of E. There exists
a smooth C*-invariant open subset j : U — supp # such that SS(j*.#) = T;;U. Then, j*%
is a local system on U. Then, by Lemma D.1, .% = ji,.(j*.%#) is monodromic on E. O

D.2. The Fourier-Sato transform. The definition and basic facts for the Fourier-Sato
transform in the complex-analytic setting are given in [AHJR14, 2.7].

Let X be a complex algebraic variety and p : £ — X a complex vector bundle. Let
p: E* — X be its dual.

Consider the correspondence
Q
VN
E E*

Q=A{(z,y) € Exx E" | R((z,y)) <0} C Exx E".

where

Then the Fourier-Sato transform is the the functor

Qg Dgwn(E’C) — D?non(E*vc)
F —  Gig* ¥ [rank E.

It is an equivalence of categories preserving perverse sheaves. Useful compatibilities between
Fourier transform and other functors are stated in [AHJR14, 2.7 and Appendix A]. The
Fourier-Sato transform exists also in the equivariant setting. If X is a G-variety for some
algebraic group G and F — X is a G-equivariant vector bundle, its dual is also an equivariant

vector bundle and the Fourier-Sato transform gives a perverse equivalence of categories
b b
Pp DG,mon<E) — DG,mon(E*)'

D.3. Action on the singular support. The main result of this section is that the Fourier-
Sato transform preserves the singular support.

Let p : E — X be a complex vector bundle and p : E* — X its dual. We can identify
T*E and T*E* as complex fiber bundles (and also symplectic varieties) over E* as follows
([KS90, V.5.5]). First consider the relative cotangent bundle of p, T*(E/X). It is the cokernel
of the monomorphism of vector bundles E xx T*X — T*FE. Then, we have a morphism
T*(E/X) — E* given on fibers over X by

TY(E/X)y ~ Ey X (Ey)" — (Ey)™.
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Composing with T*E — T*(E/X), we obtain the map p’ : T*E — E*. Proposition 5.5.1 in
[KS90] gives the existence of an isomorphism of vector bundles over E*

T*F T*E* .
N
E*

It is given in local coordinates by (z,y,(,&) — (z,&,(, —y), where x is a local coordinate on
X and y a local coordinate on the fiber E,. In our context, Theorem 5.5.5 of loc. cit. can be
formulated as follows.

Theorem D.3. Let & € D?

mon

(E,C). Then,
E(SS(.F)) = SS(P(F)).

D.4. The Fourier-Sato transform for quivers. We briefly describe how we will use the
Fourier-Sato transform for quivers. Let @ = (I,Q) be a quiver. Let Q = Q; ), be a partition
of the set of arrows. We obtain new quivers Q; = (I,€;) and Q2 = (I,€s). Let Q be the
opposite set of arrows (we reverse the direction of arrows in ) and ' = Q; U Qy. Let
Q' = (I,9). For d € N’ we have two vector bundles over Eg, 4:

EqQ.a Eqr a

N

EQl,d

given by the projection on the corresponding direct factor of Eg g (resp. Eg q). The trace
maps identifies 7© with the dual of w. The Fourier-Sato transform then gives a perverse

equivalence of categories
. b b
P : DGd,mon(EQﬂ) - DGd,mon(EQ/:d)'
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