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Abstract

This paper is concerned with the asymptotic behavior analysis of solutions to a multi-
dimensional wave equation. Assuming that there is no displacement term in the system
and taking into consideration the presence of distributed or discrete time delay, we show
that the solutions exponentially converge to their stationary state. The proof mainly
consists in utilizing the resolvent method. The approach adopted in this work is also
used to other physical systems.
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1 Introduction

Let N € N be a positive integer and €2 be a bounded open connected set of RY having a
smooth boundary I' = 9 of class C*?. We consider in this paper the following wave equation
with distributed time delay:

ug(z,t) + Au(z, t) + a(x)u(z, t) + i h f(s)u(z,t — s)ds = 0, (1.1)

for any x € 2 and t > 0, as well as the homogeneous Neumann boundary condition on the
whole boundary I"

Oau(z,t) Z a;j(z)v;0u(z,t) =0, Vzel, V>0, (1.2)

1,j=1



and initial conditions

{ u(z, —t) = up(z, 1), Ve e, VteR,, (13

u(z, —t) = uy(z,t), VreeQ, VteRy,

where u is the displacement and the differential operator with domain D(A) = H?(Q) is given
by

A=— i 0i(a;;0;), (1.4)

ij=1

in which 0, = 6_2k‘ In turn, a; € C1(Q) and a € C(Q) such that there exist ag, ag > 0
satisfying

N N
a;;(x) = aji(x), Z ag(z)ere > aOZei, Vee, Ve, g €R, Vi,j=1,--- N (1.5)
k=1

k=1
and

a(x) > ag, Vx € Q. (1.6)
Moreover, v = (v, ,1,) is the unit normal of I pointing towards the exterior of {2 and

(ug,u1) are given initial data belonging to a suitable space. Lastly, f : R, — R, is a given
function.

Let H = L*(Q) equipped with its standard norm || - || generated by the inner product

(p,q) :/Qp(x)q(x) dzx.

Let V = H'(Q) equipped with its classical norm || - ||y generated by the inner product

(0, q)y = /Q (p(m)q($)+zaip(x)8iq(w)> dz.

The main concern of our work is to compensate the effect of the delay term in (1.1 via
the action of the damping a(x)u,.

The study of long time behavior of the wave equation has been the subject of an active
research and mathematical endeavor. Thereby, a huge number of research articles have been
appeared. In order to highlight the main contribution and the novelty of the present paper, we
will merely point out the articles whose content is closely related to our problem. Indeed, since
the pioneer work of [10] [IT], [12], where it has been shown that the presence of a delay in a one-
dimensional wave equation could create an instability phenomenon, delayed wave equation
has come under the spotlight (see for instance [3| 4], B 13, [14] 16 21, 23, 24, 25] and the
references therein). Recently, the authors in [I] studied the asymptotic behavior of solutions
of a delayed wave equation without neither the well-known (BLR) geometric condition [6, [19]
on the domain nor the presence of any displacement term in the system. In such an event, the



solutions of the wave equation with a boundary delay term converge with a logarithmic rate
to an equilibrium state. Naturally, the convergence can be improved to the exponential one
when the (BLR) geometric condition holds [2]. In turn, the internal delayed wave equation in
a three-dimensional domain with a trapped ray and hence the geometric control condition is
violated can have a polynomial convergence of solutions [2].

In the present paper, we shall continue in the direction of [I] by considering a distributed
delay appearing as an infinite memory. Unlike the discrete time delay case which does
not take in account the inherent memory effects, we shall deal with the distributed time delay
as an infinite past history of the solution. Indeed, the discrete case will be treated as a special
case which corresponds to the Dirac delta distribution kernel (at some time 7).

The rest of this work is organized as follows. In Section , the system — is shown
to be well-posed in the sense of semigroups theory of linear operators. Section |3 is devoted
to the analysis of the asymptotic behavior of — via LaSalle’s principle. The proof
of the exponential convergence of solutions to — is provided in Section , by using
the resolvent method. We treat in Section [5[ the discrete time delay case. The results are
illustrated via a set of applications to other physical system in Section [6] Finally, this note
ends with a conclusion.

2 Well-posedness of (|1.1))-([1.3

In this section, we state our assumptions on a and f, and prove the well-posedness of (|1.1])-
(1.3). We assume that

(A1) The function f is of class C'(R,, R, ), non-increasing and satisfies, for some positive
constants «y and s,

—a1f(s) < f'(s) < —agf(s), VseR,. (2.1)

(A2) The positive function a appearing in (1.1]) satisfies

“+o00

[ reas = g < O%(agozg + £(0)). (2.2)

Remarks 2.1. The class of functions f satisfying (A1) and (A2) is very wide and contains
the ones which converge to zero exponentially as

f(s) = de™®,

where d, ¢ > 0. Condition (2.1)) is satisfied with a1 = oo = q, and condition (2.2) is automat-
ically satisfied because it is equivalent to qag > 0.

In order to express system (|1.1)-(1.3]) in a linear first-order system, we consider the new
state variable n and its initial data 7y introduced in [9] and given by

(2.3)

n(z,t,s) =u(r,t) —ulz,t —s), Vo e, Vt, s e Ry,
no(z,s) =n(z,0,s) =up(z,0) —up(z,s), Vere, VseR,.
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This variable 7 satisfies

ne(x,t,s) +ns(x,t,s) = w(x,t), VeeQ, Vi, seRy,
ns(z,t,s) = u(x,t — s), Ve € Q, Vt, s € Ry, (2.4)
n(z,t,0) =0, Ve e Q, Vt € R,.
To simplify the formulas, the variables x, ¢ and s are omitted whenever there is no ambiguity.
Let
Y = U,y
U = (u,y,n),
Wo = (uo(+,0),ui(-,0),m0)
and
H=V xHx Ly,
where L is the weighted space with respect to the measure f(s)ds defined by
+o0
={wmemm [l ds < voc
and endowed with the inner product
+00

(n.m)yp, = f(s) (n(s),7n(s)) ds.

0

Then ([1.1)-(1.3) can be formulated as

Uy (z,t) = A¥(x,t), VYreQ, Vt>0, 2.5)
W(z,0) = Vo(z), Vo € Q, '
where A is a linear operator given by
u Y
+o0
Al y | =| -Au—ay - f(s)ns(s)ds |- (2.6)
0
7 s +y

The domain D(A) of A is given by
D(A) ={V = (u,y,n) e H, Auc H, y €V, ns € Ly, n(0) =0, dqu=0onT}. (2.7)

Therefore, we conclude from (2.4) and (2.6 that the systems (1.1))-(1.3) and (2.5 are equiv-

alent.



Because the Neumann boundary condition is considered on the whole boundary I' and no

displacement term is considered neither on 2 nor on IT', the classical energy norm || - ||g given
by

N
)% = / S ayydhudyuds + g2 + ]2,
i=1,j

is only a semi-norm in our case, since ||(u,y,n)||% = 0 does not imply that v = 0. Hence we
need to define an inner product on H which makes it a Hilbert space. By integrating (1.1)) on

Q, we get
+o00
O (/ (ut + au + (s)u(t —s) ds) daz) = 0.
Q 0

Using the definition of y, n and fj, we get

9 ( /Q (( fot auty— Om F(s)n(s) ds> d:r) 0. (2.8)

This will help to introduce the appropriate inner product on H. In fact, we pick up an
arbitrary positive constant €, and consider on H the inner product

(o). @57 = [

Q

(Z az’jaiuajﬂ> dr + (y,9) + a1 <77777>Lf

i,j=1

veo ([ ((o+apusy- Omf(S)n(S)dS) @) [ (th+ai+i- Omf(S)ﬁ(S)dS) dz,

where «; is the positive constant appearing in (2.1). To prove that (M, (-,-),,) is a Hilbert
space, it is enough to prove that there exists ey > 0 such that the norm || - ||y xmxz, and the
one || - ||l% generated by (-,-);, are equivalent. This will be done in the following lemma.

Lemma 2.2. There ezists e; > 0 such that for any eg € (0,€1), and for any (u,y,n) € H, we
have:

ClH(U,yﬂ)H%/xHfo < H(U,yﬂ?)H?—[ < C2H(u>y777)”%/><H><Lf7 (29)

where ¢y, co are positive constants.
Proof. Firstly, note that there exists k; > 0 such that
N N
Zaijeiej S klZQ?; \ (61,"' ,EN) E]RN. (210)
ij=1 i=1

It is clear that, using Holder’s and Young’s inequalities, the direct inequality in (2.9)) holds,
for any €y > 0 and where ¢, depends on €, k1, a, f and €.

To prove the reverse inequality in ([2.9)), we see that

(/Q ((fo+a)u+y_ 0+°° f(s)n(s) dS) dm)2 = (/Q(fo—i—a)udx>2 (2.11)

5



+( /Q (y— Dm f(s)n(s)ds) dx)2+2< /Q (fo—l—a)udx) /Q <y— Om f(s)n(s)ds) dz.

Using Young’s and Holder’s inequalities, we have

2 ([rawas) ([ (= [ stomsras) ar)
> -1 ( / (fo+a)ud:v>2—2 ( / (y— 0+°° F(s)n(s) ds) dw)2

and there exists a positive constant ¢ such that

(/Q (y_ 0+°° F(s)n(s) ds) dx)Z < C(||y||2+ ||n||%f), V(y,n) € H x L;.

On the other hand, using a classical compactness argument, one can show the following gen-
eralized Poincaré’s inequality (thanks to (1.6])): there exists a positive constant wy depending
on €2, fy and a such that

|ull® < @ <||Vu||2 + (/Q(fo + a)udaz)2> , YueV. (2.12)

Combining the above three inequalities and (2.11)), we get

+o0 2
€ €
o [ (Goramr= [ stome)ds) o) = 2l - STl aclyl? - aclnl,.
Q 0 wWo 2
Therefore, we have after recalling (|1.5])
€0 €0
I mle > (00 = ) IVl + 5l + (1 = eoe)llyl” + (on = coc) .

Thereafter, for ¢, satisfying

) 1 oy
0<e<er:= mln{an,—,—},
¢ c

we obtain the reverse inequality in (2.9 with

€ €0

— 5,2—%,1 — €0C, O —eoc} > 0.

€1 = min {ao

The well-posedness of problem ([2.5)) is ensured by the following theorem:



Theorem 2.3. Assume that (A1)-(A2) hold. Then, the operator A is the infinitesimal
generator of a linear Cy semigroup S(t) of contractions on H and its domain D (A) is dense
i H. Moreover, for any Vo € H, the system has a unique weak solution

UelRy,H). (2.13)
Moreover, if Uy € D(A), then the solution of satisfies (classical solution)
U e CHR,,H)NC(Ry, D(A)). (2.14)

Proof. We will prove that A is m-dissipative, that is A is dissipative and I — A is onto. Let
¥ € D(A). Using the definition of ¥, A and (-, -),, and integrating by parts, we find

(AT, 0 = —Vanl? o [ o /mf §)ds dr

/ +Oof s)ns(s dsdx—al//+oof o(s) ds dx.

Then , integrating with respect to s the last two integrals and noting that 7(0) = 0, we obtain

400 +oo
A0 = —Vagl+ 5 [ ) ds + / / $) + auf(s))n(s) ds da.

Using Young’s and Hélder’s inequalities for the last integral of the above identity, we deduce
that, for any 6 > 0,

v < (§-a) e g [ ([T RO g B g as

where aq is given in (1.6)). By exploiting the condition (2.1)) and the definition of fy in (2.2)),

we remark that

PO Lo f@F L PO L EOR  a ae  £6)
| i TR i ( 7y T2l () i ))d TR

(aFfo — r f(0)) — as.

~—

cnlm \_/

Therefore

o (e%] 2
4w ) < (G- a0) Il + 5 (5 o= £0) = ca ) Dl

Thus, choosing
2(ayfo — f(0))

< 6 < 2ay,
Q2
which is possible thanks to (2.2)), we get
(AW, ), < —do (Il9ll* + Il ) (2.15)

7



where

2 o
Thereby A is dissipative.

Now, we show that I — A is surjective. Let F' = (fi, fo, f3) € H. We prove that there
exists ¥ = (u,y,n) € D(A) satisfying

do = - min {2a0 — 8, <a2 _2 (ayfo — f(()))) } > 0. (2.16)

U — AV = F. (2.17)
The first equation in is equivalent to
y=u— fi. (2.18)
From ([2.18)), we see that the last equation in (2.17) is reduced to
ns+n=u—fi+fs (2.19)

Integrating with respect to s and noting that n should satisfy 7(0) = 0, we get

ns)=1—-e *)u—fi)+ /05 "% f3(1) dr. (2.20)

Using (2.18) and (2.20]), we find that the second equation in (2.17)) is reduced to

Au+ (a+1+ fo)u= fot (a+ 1+ fo)fr + 0+Oo (s) (/ e f3(1)dr — fg,(s)) ds, (2.21)

0
where
fo :/ e ° f(s) ds.
0
We see that, if (2.21)) admits a solution u € V', then (2.18)) implies that y € V. Moreover,

from (2.19), we remark that, if n € Ly, then n, € Ly. So it is enough to prove that n € Ly to
get the required regularity on n in D(A). Indeed,

s—(1—e *)(u—f1) €Ly (2.22)

because f; € H and we supposed that v € V. On the other hand, using Fubini theorem and

Holder inequality, we get
2 o) S S
ds < /0+ e 2% f(s) (/0 erT) /0 e || f3(7)||* dr ds
—+o00 s
|- [ e lnmlPards
0 0
“+00 s
/ esf(s)/ e” || f3(7)||* dr ds
0 0
+oo +00
|l [ e s dsar
0 T

8

—+00

N

(s)

/S e f3(r)dr

0

0

VAN

IN

IN



IN

+o0 too
/ & F(r) ol / e ds dr
0 T

“+o00

i FOIf(0)N* dr

< Nfsl17, < +oo,

IN

since f3 € Ly. Thereafter
S / " f3(1)dr € Ly. (2.23)
0

Hence (2.20), (2.22)) and (2.23) imply that n € Ly. On the other hand, because f, € H,
f1 €V, fs € Ly and thanks to (2.23)), we have

f=fo+(a+1+ fo)f1 + Om (s) (/O e % fa(r)dr — f3(3)> ds € H. (2.24)

Finally, we just have to prove that (2.21]) admits a solution v € V satisfying Au € H and
u, = 0 on I'. To do so, we consider the variational formulation of (2.21])

N
/ <Z a;jOudv + (a+1+ fo)uv> dx = / fodz, Yve C®(Q),
Q Q

2,j=1

and using ((1.5]), (1.6), (2.24]), the Lax-Milgram theorem and classical elliptic regularity argu-
ments, we deduce that (2.21]) admits a unique solution u € V satisfying

Aue H and Jsqu=0onT.

This proves that has a unique solution ¥ € D (A). By the resolvent identity, we have
A — A is surjective, for any A > 0 (see [20]). Consequently, the Lumer-Phillips theorem
implies that A is the infinitesimal generator of a linear Cj semigroup S(t) of contractions on
H and its domain D (A) is dense in H (see [26]). Our Theorem [2.3|is a direct consequence of
semigroup theory (see [20] and [26]). O

3 Asymptotic stability of (2.5

We show in this section an asymptotic behavior result for the unique solution ¥ of (2.5)) in
‘H. Namely, we prove that, as time goes to infinity, ¥ converges to an equilibrium point.

Theorem 3.1. Assume that the assumptions (A1)-(A2) are fulfilled. Then, for any ini-
tial data Vo = (ug,u1,n9) € H, the solution ¥V = (u,us,n) of converges in H to the
equilibrium state (C,0,0) as t — +o00, where

C={ [ (fo+a)da B (fo+ a)uo +us — +Oof(s)n0(s)ds dz. (3.1)
(fuerom) [ ] 0 |



Proof. By a standard argument of density of D(.A) in H and the contraction of the semigroup
S(t) generated by A, it suffices to prove Theorem (3.1 for smooth initial data

Uy = (ug,u1,m0) € D(A).

Let U = (u,us,n) = S(-)¥q be the solution of (2.5). It follows from the dissipativity of .A that
the trajectory of solution {W(¢)}icr, is a bounded and precompact set. Applying LaSalle’s
principle, we deduce that the w—limit set w (V) is non empty, compact and invariant under
the semigroup S(¢). In addition (see [17])

S(t)Wy — w(Vy) ast— +oo. (3.2)

In order to prove our result, it is sufficient to show that w (Vy) is reduced to (C,0,0). To this
end, let )
\IIO = (ﬂ()valvﬁO) cw (\PO) - D(A)

and

U(t) = (alt), w(t), i(t)) = S(t)¥o € D(A)
the unique classical solution of (2.5). Recall that it is well-known that ¢t — [[¥(¢)|| is a

constant function [I7] and thus
d (1 ~
— =@z, ) =o.
7 (31e08) =0
Then, using (2.5 and (2.15)),
0= <@t,®>ﬁ _ <A®,®>H < —dy (HatH? + ||ﬁ|\%f> <0. (3.3)

This implies that @, = 77 = 0, and therefore @ is a solution of the following system:

Ai=0, VreQ,
(3.4)

i, =0, Vzel,

which clearly yields that @ = constant. Thus, we have proved that for any Ty = (o, u1,M0) €
w (‘ilg> C D(A), the solution ¥(t) = (i, iy, 7) = S(t)¥y € D(A) satisfies

U(t) = (C,0,0), VteR,,

where C is a constant. In particular, Uy = (C,0,0), and hence the w-limit set w (¥,) consists
of constants elements (C,0,0). Now, we shall prove that C is unique and it is given by (3.1)).
Let (C,0,0) € w(V¥g). This implies that there exists {t,} — +00, as n — +oo such that

U(tn) = (ultn), w(tn), n(tn)) = S(tn)¥o — (C,0,0) (3:5)

in the state space ‘H. Furthermore, using ([2.8)), we see that the function

tn—>/9((fo+a)u+ut— i

10
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is a constant function and so

/Q ((fo +a)u + uy — 0+OO f(s)n(s) ds) dr = /Q ((fo +a)up + u — /O+OO F(s)mo(s) ds) de.

(3.6)
Finally, let t = ¢,, in (3.6 with n — +o00 and use (3.5)) to obtain
+o0o
/(fo +a)Cdx = / ((fo +a)ug +up — f(s)no(s) ds) dx,
Q Q 0
which gives (3.1]). This achieves the proof of Theorem . O]

4 Exponential stability of (2.5

This section is concerned with the convergence rate of solutions of our system. Indeed, we will
prove that the solutions exponentially converge to their equilibrium state given in Theorem

3.1} To do so, we shall use the following frequency domain theorem (see Huang [18] and Priiss
[27]):

Theorem 4.1. There exist two positive constants C' and w such that a Cy-semigroup e'* of
contractions on a Hilbert space 'H satisfies the estimate

e ey < Ce™t, Yt >0,

if and only if

p(A) D{iv; v € R} =iR (4.1)
and
limsup || (iv] — A) 7| ) < 400, (4.2)
[v|—+o00

where p(A) denotes the resolvent set of the operator A.

In order to proceed, let us consider the closed subspace H of H given by

“+o00

~

A= {wpmens [ (Graury- [ e is)ar=o}

0

and equipped with the inner product

(o). @575 = [

Q

(Z az‘jaiuaj@> dr + (y,9) + o <77777>Lf ;

4,j=1

where «; is the positive constant appearing in 1} Let us denote by A a new operator
defined as follows

~

D(A) = DA NHCH—H,

@’y’ ) = A(u, y,m), ¥ (u,y,n) € D(A). (4.3)

N N
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Clearly, going back to the previous sections, one can claim the operator A defined by
(4.3) generates on H a Cy-semigroup of contractions e"A. Moreover, o(A), the spectrum of A,
consists of isolated eigenvalues of finite algebraic multiplicity only.

Now we are in a position to state and prove that the semigroup operator et is exponentially
stable on H and hence the solutions of the system exponentially converge to the equilibrium

state.

Theorem 4.2. Suppose that the assumptions (A1)-(A2) hold. Then, there exist two positive
constants k and w such that we have

e'A < ke ¥ Vt>0. (4.4)

‘L(ﬂ)
Proof. For sake of clarity, we will proceed by steps.

Step 1: The immediate objective is to show |) holds for A, which is equivalent to prove
that, given a real number 7y, the equation

AU = iy 0 (4.5)

with ¥ = (u,y,n) € D(fl) has only the trivial solution. It follows from |) that

y = iyu, (4.6)
+o0o
—Au —ay — i f(s)ns(s) ds = iy, (4.7)
—1s +y =iy, (4.8)
[ (Gt ausy= [ somsras)as o, (19)
Q 0
Osu =0 onT, (4.10)
n(0) = 0. (4.11)

In the event that v = 0, then (4.6 implies that y = 0 in LQ(Q) which together with (4.8)) and

(4.11), lead ton =0 in Ly. Gomg back to ( . ) and using - we deduce that u=10
in H'(Q2). Thereby, (4.5) has only the trivial solution.

Suppose now that v # 0. Then, taking the inner product of (4.5) with ¥ and using (2.15)),

we obtain
0= R (I WI2) = R (70, ©)g) = R (A0, 0)) < —do (gl +nl3,) . (412)

where dj is a positive constant (see (2.16))). Whence y = 0 in L*(Q2) and n = 0 in L;. Invoking
(4.6))-(4.11)), we also conclude that the only solution of (4.5)) is the trivial one.

Step 2: Our goal is to prove that the resolvent operator of A satisfies condition . If
that was not the case, then Banach-Steinhaus Theorem (see [7]) leads us to claim that there
exist a sequence of real numbers

Y — +00 (4.13)

12



A

and a sequence of vectors W,, = (U, Yn, Nn) € D(A) with

V.l =1, VneN

such that R

(il —A)W,|| . — 0 as n— +oo,

H
that is,
Ynlin — Yn = P, — 0 in H'(Q),
400
Ynln + Au, + ayy, +/ f(8)(n)s(s)ds = @, — 0 in L*(Q),
0

ZﬁYnnn + (nn)s —Yn = Rn — 0 1n Lf

and

“+o00

/Q((fo—l-a)un-l-yn— i

Oqtty, =0 onT,
n.(0) = 0.

Exploring (4.14]) and the fact that

1%l (i — A,

and recalling (4.12)) as well as (4.15)), we get

Y, — 0in L*(Q) and 7, — 0in L;.

Thenceforth
Ynlln — 0 and u, — 0in L*(£2),

by means of (13), (E16) and ([E23).

) ds ) dz =0,

2 R (il = AW, W) ) = =R (AT, W),

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.22)

(4.23)

(4.24)

Next, taking the inner product of (4.17) with u, in L*(2) and applying Green formula, it

follows that

N +o00
/(i'yn + a)y,un, dx +/ Z a;;0;u, 0y, dx + / un/ f(8)(nn)s(s)dsdz — 0.
Q o Jo

=1

This, together with (4.23)) and (4.24)), implies that

N oo
/ Z 503U Ojuy, dx + / un/ f(8)(nn)s(s)dsdx — 0.
Qy Q 0

ij=1
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On the other hand, taking the inner product of (4.18) with w, in Ly, we get

“+o0

+oo
i%/un Fa($)nn(s) dsdm—i—/un
Q 0 Q 0
Thereby, from (4.23) and (4.24]), we obtain that

Fu(8)(0)s(5) ds dz — fo / g d — 0.

Q

oo
/Qun i fn(8)(mn)s(s) ds dx — 0. (4.26)

The limits (4.25)) and (4.26)) lead to

N
Z a,-j@-unajun — 0in LQ(Q)
i,j=1

Then (|1.5) and (2.10)) imply that
Vu, — 0in L*(Q). (4.27)

Combining (4.23), (4.24) and (4.27), we deduce that |V, || converges to zero in H, which
contradicts (4.14)).

The two conditions of Theorem are proved. Thereby, the proof of Theorem is
achieved. ]

Remarks 4.3. (i) Let Vo = (ug,u1,m0) € H and ¥V = (u,u,n) be the solution of (2.5). We
put

U=0—(C,0,0)=(u—Cu,n) and Vo=, —(C,0,0) = (ug— C,u1,70),
where C is defined in (3.1)). Then U is a solution of

Uy(x,t) = AV(x,t), VoeQ, V>0,
U(z,0) = Uo(z), Vo € Q.

On the other hand, we see that

—+00

| (<f° ta)(uo—C) +u— [ f()mls) ds) dx

0

:/Q<(fo+a>u0+u1— 0+oof(s)n0(s)ds) dm—C/O+Oo(f0+a)dx:0,

thus Uy € H. Consequently, Theorem@ implies that there exist two positive constants k and
w such that

@ —(C,0,0) ||l < re™, Vt>0. (4.28)

(ii) Note that the condition has a similar form even for ordinary differential equations
(ODEs) with distributed delay (see for instance [22, equation (1.13), p. 107] for scalar ODEs
and [28] for linear systems of ODEs where Linear Matriz Inequalities are needed).
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5 Case of discrete time delay
In this section, we consider the case of discrete time delay
u(x,t) + Au(z, t) + a(z)u(z, t) + b(x)u(z, t — 7) =0, VYo e Q, Vi >0, (5.1)

with, as in the previous sections, the homogeneous Neumann boundary condition on the whole
boundary I

N
Oau(z,t) := Z a;j(x)v;0u(z,t) =0, Veel, Vt>0 (5.2)
ij=1
and initial conditions
u(z,0) = ug(x), Vo €,
ur(z,0) = up (), Vo € Q, (5.3)

ur(z,t) = ug(z,t), VYo eQ, Vte (—71,0),

where A and a are defined in (1.4), (1.5)) and (1.6)). Moreover, 7 € (0,400), and (ug, u1, ug)

are given initial data. Finally, b is a real space variable function of C'(2) so that

1Bl < ao. (5.4)

5.1 Well-posedness of (5.1])-(5.3)

Arguing as in [23] when dealing with a discrete delay term, we consider the variable z and its
initial data zy given by

2(z,t,p) = w(z, t — 7p), VeeQ, VteR,, Vpe(0,1), (55)
Zo(l’,p) = Z('r?Oap) = ’ILQ(I', _Tp>7 Va € Q> vp € (07 1) .
Then z satisfies
Tze(x,t,p) + zp(x,t,p) =0,  VeeQ, VteR,, Vpe(0,1), (56)
2(x,t,0) = w(z,t), Ve e Q, Vi € R,. .

Let y = uy, ® = (u,y, 2) and g = (ug, uq, 29) € X, where
X =V xHxL*(0,1), H)
and )
20080 = {w: 0.0~ [ o)l dp < o0}
endowed with the inner product

1
<w17w2>L2((071)’H) :/0 (w1 (p), wa(p)) dp.

15



We can write the system ([5.1)-(5.3) in the abstract form

Oy(x,t) = BP(x,t), VreQ, Vt>D0, (5.7)
O(x,0) = Py(x), Vo € (), .
the operator B given by
U Y
Bl y |=]| Auv—ay— bz(1) : (5.8)
. 5
-

and the domain
D(B) ={(u,y,z) € X; Aue H,y €V, z, € L*((0,1),H), 2(0) =y, dau=0onl'}. (5.9)

Whereupon, the systems — and are equivalent. As in the case of distributed
delay (see previous sections), one should introduce an inner product on X which makes X
a Hilbert space. Because of the Neumann boundary condition is considered on the whole
boundary I" and no displacement term is considered neither on €2 nor on I', the classical
energy norm || - ||g given by

N
1w, y, 2) || = /Q > agdudyude + |yl + 1|21 0.1y,

,j=1

is only a semi-norm in our case, since ||(u,y,z)||% = 0 does not imply that v = 0. By
integrating (5.1)) on €2, we get

o, (/Q (g + au + bu(z, ¢ — T)>dx> 0.

Using the definition of y and z, we get

o ([ (tatvury—ro | ) i) i) =o. (5.10)

As for the memory case, we fix a positive constant e, and consider on X the inner product

(u,y, 2), (8,5, 2)) p = /

Q

<Z aijaiuaj'a> dz + (y,9) + £ (2, 2) 2 0.1).m0)

3,j=1

e </Q ((a—i—b)u—i—y—Tb/Olz(:L‘,p)dp) dx)/ﬂ((a—l—b)ﬂ—l—g}—Tb/OlZ(x,p)dp)dx,

where £ is a positive constant satisfying

T[blloo < € < 7 (2a0 — [bl|s) (5.11)
and ag is given in (1.6). Note that { exists in light of to (5.4). The space (X, (-,-),) is a
Hilbert space if || - |lvxmxr2(0,1),#) and || - ||+ are equivalent. So it is sufficient to prove the

next lemma.
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Lemma 5.1. There exists €3 > 0 such that for any e € (0, €3) and for each (u,y,z) € X, we
have:

Gll(u,y, Z)H%/><H><L2((0,1),H) < H(u,y,Z)Hi < C2H<u7yvz)l‘%/xHxL2((0,1),H)> (5.12)
i which (1 and (o are positive constants.

Proof. Invoking Holder’s and Young’s inequalities, and using , one can show that the
right inequality in holds, for any € > 0 , and for some (5 depending on €3, k1, &, 2, a
and b. Concerning the proof of the left inequality in , one can proceed in a similar way
as for . Indeed, we see that

2

(/Q ((“+b)“+y—76/012(p) dp) dw) = (/Q(Cl—i-b)udl'>2 (5.13)
+</Q (y—rb/olz(p)dp) dx>2+2(/ﬂ(a+b)UdZL‘)/Q(y—Tb/olz(p)dp) dz.

Using Young’s and Holder’s inequalities, we have

2(/9(a—l—b)uda7) (/ﬂ (y—Tb/olz(p)dp) dm)
—%(Am+wm¢02—2<A<y—mlfamﬁoda2

and there exists a positive constant ¢ such that

v

2

</Q (?J - Tb/o1 z(p) dp) daf) <c (Hy||2 + ||Z||%2((0,1),H)> . Yy, 2) € Hx LX(0,1), H).

By combining the above two inequalities, (5.13) and the generalized Poincaré’s inequality
(thanks to (5.4) and similar to (2.12]))

2
lul* < = (HVUH2 + (/(Wrb)ud@“) ) , VueV,
Q

we get

1 2
€ €

N (/ (<a+b>u+y—Tb / z<p>dp) d”f) > ol = S Vull® — excllyl® — eacll=| 7
Q 0 (75} 2

(0,1),H)

Here w; depends on €2, a and b. Therefore

€2 €2
1wy, )15 > (@0 = = ) IVull® + s=lull* + (1 = ) lylI* + (€ = e20)[|20172((0.1), 1)
2 2&_}1

Whereupon, for €, satisfying

1
0< € <e€g:= min{an,—,é}»
¢ c
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we obtain the reverse inequality in (5.12)) with

€2 €2

(1=minqay— —, —,1 — e3¢, & —eacp > 0.
2 2@1
Our well-posedness result is announced in the following theorem:

Theorem 5.2. Assume that holds. Then, for any ®y € X, the system has a unique
weak solution
b e C(Ry,X). (5.14)

Moreover, if &y € D(B), then the solution of satisfies (classical solution)
d € CHR,,X)NC(Ry, D(B)). (5.15)

Proof. As in section [, we will prove that B is a maximal monotone operator. Direct compu-
tations lead to

1
<B<I>,<I>)X:—||\/ay||2—/ﬂbyz(1)dx—§/ﬂ/0 2zpdpdx. (5.16)

By integrating with respect to p the last integral of the above equality, noting that z(0) =y
and using Young’s inequality for —byz(1), we obtain

1 €Yy L (& :
< _Z _ _> _ (5 _
(B0} < 5 (200~ 10 = £ ) Il = 5 (£ = Dol ) 1001,
and then
(B2.9),, < o (Il + VI (5.17)
where . ¢ ¢
ro = uin {200 = ol = £,€ = ol } > 0 (.19

Note that ro > 0 thanks to ([5.11). This proves that B is dissipative. To prove that I — B
is surjective, let F' = (f1, fa, f3) € X and we prove that there exists ® = (u,y,z2) € D(B)
satisfying

- Bb=F (5.19)
The first equation in (5.19)) is equivalent to
y=u—fi. (5.20)

The last equation in (5.19)) is reduced to
2p+ T2 =Tfs. (5.21)

Integrating with respect to p and noting that z should satisfy z(0) =y = u — f;, we get

z(p) =e P(u— fi) + T/p e™07P) £4(0) db. (5.22)

0
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Using (5.20) and (5.22)), we find that the second equation in ((5.19)) is reduced to

Au+(a+1+be” Nu=f, (5.23)

where

1
f=f+la+1+be")fi— Te_T/ e f3(0) df € H
0

(f € Hsince f €V, fo € H, fy € L*(0,1), H) and €™ < €7, for 6 € (0,1)). Tt is worth
mentioning that, according to (1.6)) and (5.4]), we have

a+1+be"">ap+1—|bllec > 1.

Then, considering the variational formulation of and using the Lax-Milgram theorem
and classical elliptic regularity arguments, we deduce that has a unique solution u € V'
satisfying

Aue H and Jdqu=0onT.

Therefore (5.20)) and ((5.22)) imply that
yeV, zeL*(0,1),H) and 2z(0)=y.

From , we have z, € L?((0,1), H). This proves that has a unique solution ® €
D (B); that is I — B is onto. Consequently, one can conclude that B is the infinitesimal
generator of a linear Cy semigroup S(t) of contractions on X and its domain D (B) is dense
in X. Whereupon, Theorem is shown. O

5.2 Asymptotic stability of (5.7))

As in section [3] we prove the following convergence result:

Theorem 5.3. Suppose that is satisfied. Then for any initial data ®g = (ug, u1, z0) € X,
the solution ® = (u,y, z) of tends in X to (K,0,0) as t — +oo, where

K = (/Q(aer) da:) _1/9 [(a+b)uo+u1 —Tb/()l 2olp) dp} da. (5.24)

Proof. The proof of (5.24]) is identical to the one of (3.1)) given in section [3| (using ([5.10]) and
(5.17))); we omit the details here. ]

5.3 Exponential stability of (5.7

As for the previous case, we will use Theorem to prove that the solutions of ([5.7)) converge
to (K, 0,0) (see Theorem [5.3) with an exponential rate. So it suffices to proceed as in section
. Thus, let the subspace X of X’ given by

. {(u,y,z) € x; /Q ((a+ byu+y — Tb/ol +(z,p) dp) iz — 0} (5.25)
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with inner product

n

<(u7y7 Z), (ﬂ,g, 2)>)€ = /Q (Z aijaiuajﬂ> dx + <y7 g> + 5 <Zv g)LQ((O,l),H) ) (526)

1,j=1

where ¢ is a positive constant satisfying 1) Then, define the operator B by

g D(B):=DB)NXC X — X, (527

(u,y,2) = Blu,y, 2), ¥ (u,y,2) € D(B),

which generates a Cy-semigroup of contractions e’ on X.

Theorem 5.4. Suppose that the condition holds. Then, the solutions of exponen-
tially converge to their equilibrium state (IC,0,0) in X.

Proof. Using Remark [4.3] with C instead of C, it is clear that, in order to prove the desired
result, it amounts to showing the exponential stability of the semlgroup erator etB on X.
To do so, let us first check that p(B) D iR, which means that B satisfies . In fact, given
v € R, let us seek & = (u,y, z) € D(B) such that B® = iy®d, that is

Y =1yu, (5.28)
—Au — ay — bz(1) = iy, (5.29)
= —iTyz, (5.30)

1
(a—i—bu—i—y—rb/ z(:c,p)dp)dxzo, (5.31)

0
8Au =0 onl, (5.32)
2(0) = y. (5.33)

If v = 0, then y = 0 = 2(0) in L*(Q) by (5.28) and (5.33)), which together with ([5.30)), implies
that z = 0 in L?((0,1), H). Using (5.29) and (5.31)-(5.32), we can conclude that u = 0 in
H'(Q). Hence (4.1) is verified when ~ = 0.

If v # 0, then taking the inner product of B® = iv® with ¢ and using (5.17)), we obtain

0= ((B0,@)) < —ro (Jyll> + I=(1)]). (5.34)
where r is a positive constant (see (5.18)). Thus
y=2(1)=0 in L*(Q),
and hence u = 0 in L?(2) thanks to (5.28). Next, solving (5.30), we get
Zn(p) = 7P 2,,(0).

Because z(1) = 0, then zn (0) = 0, and hence z, = 0 in L?*((0,1), H). Lastly, amalgamating

these findings with ( and - (-32), we obtain u = 0 in H*(Q2). Thus ([{.1) is also
satisfied if v # 0.
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We turn now to the proof of 1' Suppose that this property does not hold for B. Thereby,
there exist a sequence of real numbers

Y — +00 5.35
(

~

and a sequence of vectors ®,, = (Un, Yn, 2n, ) € D(B) with

|Pnlly =1, VneN, (5.36)
such that R
(iv, I — B)®, P 0 as n — +oo; (5.37)
that is
Nl — Yo = Vo — 0 in H'(Q), (5.38)
iYntn + Aty + ay, + bz, (1) =W, — 0 in L*(), (5.39)
1
Yn2n + ;(zn)p =X, —0 in L*((0,1),H), (5.40)
together with
1
/ ((a +b)u, +y — Tb/ zn(T, D) dp) dr =0, (5.41)
Q 0
Oatt, =0 onT, (5.42)
Combining
1@l |Gl = BYRu|| . = R (((i9n] = B)@u, @) ) = =R (B0, @u)s) . (5:44)

with (5.34)), (5.36), (5.37) and (5.43)), we obtain

Yn = 2,(0) = 0 and z,(1) — 0 in L*(Q). (5.45)
This immediately yields, using (5.35)) and ([5.38)),
U, — 0 and Y,u, — 0 in L*(Q). (5.46)

In the light of ((5.40)), we have
. p .
2n(p) = 2,(0) e TP 4 7 / e mmP=9 X (6) db,
0

and hence z, — 0 in L*((0,1), H). In turn, arguing as before by taking the inner product of
(5.39) with u, in L*(Q), we get (4.27), and then we conclude that u,, — 0 in H*(2). Thus

|®ys]| 5 — 0in X, which contradicts (5.36). This completes the proof of Theorem |5.4] O
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Remarks 5.5. Theorem[].9, Remark[].3i and[5.4] ensure the exponential convergence of the
solutions to their equilibrium state but no estimate of the exponential rate is provided. In order
to obtain such an estimate, one should adopt another method (instead of the resolvent method)
such that energy method (or Lyapunov method). Notwithstanding, this method requires an
appropriate choice of an energy norm. Let us consider the system -. The case of

system — can be treated in a similar way.

For simplicity and without loss of generality, let assume that A = —A (that is, a;; = d;5)
and a and b are positive constants satisfying the condition , that is, b < a. In this case,

the condition becomes
Th <& <T1(20a—-0), (5.47)

and the norm induced by the inner product (5.26)) in X is
(s g, 2) 1% = IVall® + lyll® + & 1207201y, (5.48)

Without loss of generality, we can assume that

/ u(zx,t)dx =0, (5.49)

which implies that there exists a postive constant x such that

/Qu (x,t)dx < X/Q \Vu(z,t)|“dx. (5.50)

If is not satisfied, we can consider, as in [[15], Remark 2.1-3],

o) =, t) — ﬁg(t)

and
1

(ﬂo(l’),fl/l(I),fl/Q(I,t)) - (UO(I>7UI(I>7U2(x7t)> - @(g«))?g/(())?g/(t))a

where g : Ry — R is defined as in [[15], Remark 2.1-8 with ¢ = u, ps = 1, Ao = a, k1 = 0,
o =b, o =T, fo = us, ¥y = ug, Y1 = uy and Q) instead of |0, L]] and we see that U is also

a solution of (5.1)-(5.9) (instead of w) for the initial data (i, U1, ts) (instead of (ug,u,us)).
Moreover, is satisfied for u (instead of u).

For instance, one can consider the following energy functional:
_ 1 2 2 § ' 2
Et) = < [ (uj(z,t)+|Vu(z, b)) do + 2 ug(z,t — 1p) dp dx
2 Q 2 QJOo
+ K/ u(z, t)uy(x, t)dx, (5.51)
Q

where & satisfies A, whereas K 1s a positive constant to be determined. Then, consider
the solutions in X (see ) of -. Thereby, one can easily check that E(t) defines

a new norm of (u,y, z) as long as K is sufficiently small, where

y(x,t) = u(x,t) and z(x,t,p) = w(z,t —1p).
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Indeed, using Young’s inequality and using , we note that there exists a postive constant
¢. such that

km—yw%aﬁ

and hence, for 0 < K <

<K | Julllds < Ked .. 9%
Q

26 , we get, for e; = % — Kc, and ey :%—i—KC*,

er[l(u,y, 2)l% < E(1) < ez ll(u,y,2)[I% - (5.52)
Next, differentiating E(t) and integrating by parts, we obtain in a similar way as in

ufdw—b/utut(:ﬁ,t—ﬂ da:—i/uf(:v,t—r)dx
2T 0

da:—I—K/ut dx—K/|Vu| dx

&) = /
oy
2

— Ka/guut da:—Kb/Quut(x,t—T)dx. (5.53)

Applying once again Young’s inequality and using and yields

() < —(a—g—%)/ 2dm+K(ag+1)/utdas
- %(ﬁ—b)/ut(:vt—T )dr 4+ Kb— //utast
- E/Q\Vzd da:—E/Q|Vu| das+$/ﬁu2d$
< —(a—g—;_)/ de+K(ag+1)/utdx
() [t w0l [ [ s

- §/9|Vu|2 dx ~l—§ (% — 1) /Q \Vul|? dz, (5.54)
where 0 is a positive constant to be fixed.
One can choose § big so that

Lastly, bearing in mind , K is picked up so that

1 ) b £ o 1/[¢

Kla=-+1)— - == d Kb———-(=>—-b .
e (a2—|— ) <a 5 27_)<O an 5 2<7_ )<0
Amalgamating theses choices with , it follows the existence of a positive constant w such
that

0< K<

E(t) < —2wE&(t).
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By integrating with respect to t, we get E(t) < £(0)e™*' and hence, using again

(w9, 2)|| 3 < \/ || o, U1, Zo) || y €7

This gives the desired result with k = /2 |[(uo, u1, 20)|| -

6 Extensions

Our well-posedness and stability results can be extended to an abstract form by considering
n and a self-adjoint linear positive definite operator A : D(A) — H and a Hilbert
space H with dense and compact embedding D(A) C H. This abstract form includes various
hyperbolic systems. We present in this section some of them.

6.1 Petrovsky equation

It is possible to consider the case
A= BA% (6.1)

where > 0 such that ([1.2)) is replaced by
uy(x,t) = (Au),(z,t) =0, Veel, Vt>0, (6.2)
and I is assumed being of class C*. Here, V = H?(Q2) and the equilibrium points (C, 0, 0) and

(K,0,0), as well as the exponential decay, are the same as in sections 3| and , respectively.

6.2 Coupled equations
The following two coupled wave and/or Petrovsky equations can also be considered:

{Utt( t) + Au(x,t) + auy(w,t) + dig(z,t) + G(x, 1)
Uy (0, 1) + At(x, t) + atiy(x, t) + dug(x,t) + G(z,t)

0, Ve Vt>0,
(6.3)
0, VeeQ Vt>0

and

u(x,t) + Au(z, t) + aug(x, t) + dig(z, t) + G(x,t) =0, Ve Vi>D0,
Uy (0, t) + At(x,t) + aty(z,t) + dug(z,t) + G(x,t) =0, VYaeQ, Vt>0,

where A and A are of the form and /or , a, a € C(Q) such that
igfa>0 and igf&>0,
d € C(Q) satisfying ||d|| < 1 in case (6.3)), and
i:%f{a —1|d|} >0 and igf{d —1|d|} >0
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in case (6.4)), the boundary condition for u is of the form (1.2)) if A is of the form ((1.4)), of the
form l) if A is of the form 1) and similarly for 4 depending on the form of A, and G

and G are distributed and/or discrete time delays; that is

+00 B +oo
G(z,t) = i (s)ug(z,t —s)ds and G(x,t) = i (s)u(z,t — s)ds (6.5)
" G(z,t) = buy(x,t —7) and G(z,t) = biy(x,t — 7) (6.6)
G(z,t) = N f(s)u(z,t —s)ds and  G(x,t) = bigy(z,t — 7), (6.7)

0
where 7, 7 > 0 and b, b € C(Q) such that

16|00 < igf a and b < igf a,

and f is as f in section For the convergence, we get that (y, v, n,7), (v, 9, z,Z) and
(y, 9, m, Z) converge exponentially to zero, respectively, in

HxHxLyxL; HxHxL*(0,1),H)x L*((0,1), H) and H x H x Ly x L*((0,1),H
f f f

(corresponding to (/6.5)), and (6.7)), respectively), where y = w;, § = @, 7 and Z are
defined in term of @ as n and z in sections |2 and |5 respectively. On the other hand, (u, @)

converges exponentially to (C,C) in H(Q) x H’(Q), i = 1if A is of the form (L4, i = 2 if A
is of the form (6.1), j = 1 if A is of the form (1.4), and j = 2 if A is of the form (6.1)), where
C and C are constants satisfying

c/Q(a+A>d:c+é/Q<a+x)dx=/Q{<a+x)u0+(a+X>a0+(1+d)(u1+al)—F0<x>} dz
in case , and

Q Q

Q

in case (6.4), where A = f, and A = fo in case 1) A="band )\ = b in case , A= fpand
A = b in case 1' g and @ are the initial data of u,

/

/0 Oo(f(s)no(s) + f(s)o(s))ds in case ,
o :/0 OOf(s) ds and Fy(z) = < /0 (Tb20(p) + 7bZo(p)) dp in case (6.6),

—+00

1
J(5)no(s) ds + %b/ Zo(p)dp in case (6.7)).
0

N 0
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Moreover, the convergence of (u, 4, y, §, n,7), (v, 4, y, g, 2,2) and (u, @, y, §, 1, Z) to
zero is of exponential type in H, where H is the space containing the elements of
Ly x Lj in case (6.5),
H:=H(Q) x H(Q)x Hx Hx{ L*(0,1),H) x L*((0,1), H) in case (6.6),
H x H x Ly x L*((0,1),H) in case ([6.7)

satisfying

/Q[(a+>\)u+y+dz?—L(:c)] d:c:/ [(a+)\)'&—|—3}+dy—l~}(x)} dr =0

Q

in case ([6.3)), and

/Q[(a+A>u+y+da—L<w)] dxz/ [(a+x)a+g+du—L(x)] dx =0

Q

in case (6.4), where L and L are defined by

r +o00

L(z) = f(s)n(s)ds, L(z)= /0 Oof(s)f)(s) ds in case (6.5),
L(z) = Tb/o z(p)dp, L(z) = %5/0 Z(p)dp in case (6.6),

L(z) = f(s)n(s)ds, L(x)= 7:[3/0 Z(p)dp in case ([6.7)).

IfA=A a=a,G=G (so (6.7) is not concerned) and (ug, u1) = (i, @1), then

C=C= ( Q(a+A)dx)_1/Q[(a+A)uo+(1+d)u1—Lo(a:)] dx

in case (6.3]), and

~1
C:é:(/(a+d+>\)dx) /[(a—f—d—f—)\)uo—l—ul—Lo(x)]dx
Q Q
in case (6.4]), where A = f; in case (6.5, A = b in case , and

+00
f(s)no(s)ds in case (6.5)),

Lo(z) = o
Tb/ z(p)dp in case (6.6).
0
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6.3 Elasticity systems

We can also consider the following elasticity system:

(u;)e(x, t) — Zaw x,t) + a;i(uy)e(x,t) + Gi(x,t) =0, YeeQ, V¥Vt >0, Vi=1,--- N,

7j=1
ijzlaz‘j(x,t)yj:(), VCL’GF, Vt>()’ v@':L... ’N7
where u = (uq,--- ,uy) is the solution with initial data
’uoz (u?’... ’u?v) and ’u/l:(u%,... 71’(’}\/)7

a; € C(Q) such that infq a; > 0,

aam 1 ou; Ou,

] — = ij v Cij = Sy gyi)s Wig = 59— Wji = 9~
Oii E iikl€kls Ei (i +uj;), u U

kim1 2 8@ 81:1

where a;;; € CH(Q) satisfying
aijkl(x) - aklij(x) - ajikl('r>7 Vo € Q) Vi7j7k7l = 17 e 7N7

and there exists ay > 0 such that

N N
E az’jkl(x)eijEkl > Qg E €;j€ijs Vo e
i,5,k,0=1 7,7=1

and for all symmetric tensor €;;, and Gj is distributed time delay

“+oo

Gi(x,t) = fi(s)(uw)(z,t — s)ds (6.8)

0

or discrete time one

with 7; > 0, f; is as f in section , and b; € L>*(Q) such that ||b;||cc < infg a;. Here (w;),
converges exponentially in H to zero and u; converges exponentially in V' to C;, where C; is a
constant such that

N N
Zci/<ai + ) dr = Z/ [(ai +Xo)ui +uj — F(x)] da,
i=1 @ i=1 79

where
oo oo

M= fls)ds and F(x)= [ fi(s)l(s)ds

0 0

in case , and

1
0
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in case , nY and 2z are the initial data of ; and z;, respectively, and 7; and z; are defined
in term of u; as 7 and z in sections [2] and [] respectively.

Moreover, the convergence of (u, us,n) to zero is of exponential type in 7:[, where H is the
space containing the elements

(Ula"'7UN7y1,"'>yN,91,"'79N)€H3:VN><HN><L1><"'><LN

satisfying
/ [(a; + N)uw; +y; — Fy(x)] de =0, Vi=1,--- N,
Q

where y; = (u;)¢, 0; = m; in case , 0, = z in case (6.9), L, = Ly, in case , L, =
L?((0,1),H) in case (6.9), Ly, is defined as Ly in section 2, and F; is defined as F{ with ;
and z; instead of 7Y and z?, respectively.

If a; = aj, Gi = Gy, u) = u) and u} = u}, for all i,j = 1,--- , N, then
1
Ci= (/(Cu +)\1)dx) / [(a1 + A\)u) +up — FY(2)] de, Vi=1,---,N.
@ Q

7 Comments and discussion

We would like to point out that there are many promising research avenues. For instance:

1. It would be very desirable to extend our results to the case of nonlinear damping
and nonlinear time delay, that is, replace a(z)ui(x,t), ui(z,t — s) and b(x)w(xz,t — 7) by
a(x)hy(ue(x,t)), holui(z,t — s)) and b(x)hs(us(x,t — 7)), respectively, where h; : R — R,
i = 1,2,3, are given functions. Such a situation has been treated in [29] for semilinear
diffusion parabolic PDEs. When no delay is considered, the case of nonlinear damping was
studied in [§].

2. It would be interesting to extend our results to a larger class of functions f than the
one we considered in this paper.

3. It would be of a great importance to prove our results in case where the linear damping
auy(x,t) is replaced by an infinite memory of the form

400
/0 g(s)Bu(z,t — s) ds, (7.1)

where g : R, — R, is a given function and B : D(B) C H — H is a given operator. This
question will be the focus of our attention in a future work. When H is a Hilbert space
with respect to the inner product that generates the classical energy norm, the case was
treated in [14] and [16].

4. Some numerical analysis of the obtained theoretical results could be done. This will
illustrate the exponential decay of solutions by getting, in particular, an explicit estimation on
the decay rate w (given in (4.4)) in terms of the considered functions f, a and b, and constant
7. To keep our paper not too long, we shall consider this question in a future work.
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