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Abstract: The asymptotic stability of one-dimensional linear Bresse systems under infinite memories was ob-
tained by Guesmia and Kafini [10] (three infinite memories), Guesmia and Kirane [11] (two infinite memories),
Guesmia [9] (one infinite memory acting on the longitudinal displacement) and De Lima Santos et al. [6] (one 10
infinite memory acting on the shear angle displacement). When the kernel functions have an exponential de-
cay at infinity, the obtained stability estimates in these papers lead to the exponential stability of the system

if the speeds of wave propagations are the same, and to the polynomial one with decay rate t7 otherwise. The
subject of this paper is to study the case where only one infinite memory is considered and it is acting on the
vertical displacement. As far as we know, this case has never studied before in the literature. We show that 15
this case is deeply different from the previous ones cited above by proving that the exponential stability does
not hold even if the speeds of wave propagations are the same and the kernel function has an exponential
decay at infinity. Moreover, we prove that the system is still stable at least polynomially where the decay rate
depends on the smoothness of the initial data. For classical solutions, this decay rate is arbitrarily close to t7.
The proof is based on a combination of the energy method and the frequency domain approach to overcome 20
the new mathematical difficulties generated by our system.

Keywords: Bresse system, Infinite memory, Asymptotic behavior, Energy method, Frequency domain ap-
proach

MSC: 35B40, 35145, 74H40, 93D20, 93D15

1 Introduction 25

The Bresse system [4], known as the circular arch problem, is the following coupled three hyperbolic equa-

tions:
P1@te — k(px + P +1w), —lko (Wx —lp)=F; in (0,L)x (0, o0),

patit — bpx +k (@x +p +1w) = F in (0, L) x (0, 50), (11)
p1wee — ko (Wx = 1), + lk(px + P +Iw)=F3 in (0, L) x (0, c0),
where p1, p2, b, k, ko, land L are positive constants,

Fj: (0,L)x(0,00) 5 R, j=1,2,3,

are given external forces, which play the role of controls, and ¢, i and w represent, respectively, the vertical,
shear angle and longitudinal displacements. For more details, see for example [14] and [15].
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Fresnel, BP 45112, 57073 Metz Cedex 03, France, E-mail: aissa.guesmia@univ-lorraine.fr
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The stability of Bresse systems with (local or global) frictional dampings
F1=-7m(X)@e, Fa=-7nX)yPe and F3 = -30()we,

where ; : (0,1) —+ R,j = 1,2, 3, are given functions, was obtained by several researchers in the last few
years; see [1] for the case of one frictional damping acting on the longitudinal displacement (thatis y; = v, =
0), [2], [7], [19] and [22] for the case of one frictional damping acting on the shear angle displacement (that
is y1 = v3 = 0), [3] and [24] for the case of two frictional dampings, and [5], [21] and [23] for the case of three
frictional dampings. When each equation is controlled by a frictional damping, the exponential stability of
Bresse systems was proved regardless to the speeds of wave propagations given by

|k I'b [ ko
S1=4/—, Sy=4/— and S3=,/—. 1.2
! P1 2 P2 ’ P1 (12

When at least one equation is free, the obtained stability estimate is of exponential or polynomial type de-
pending on some relations between s;. When only one frictional damping is considered on the longitudinal
or shear angle displacement (that is y; = v, = 0 or y; = 3 = 0), it was proved that the exponential stability
is equivalent to

S1 =S, = S3. (1.3)
Similar stability results were proved in [1], [8], [13], [17] and [18] in case where the Bresse system is coupled
with one or two heat equations in a certain manner so that at least the longitudinal or shear angle displace-
ment is indirectely damped via the heat equations.

The stability of Bresse systems with memories was also recently studied. When the three equations are
controlled via infinite memories of the form

oo S}

Fl = —/gl(S)(Pxx(X,t—S) dS, Fz = _/gZ(S)l/)Xx(X, t—S) ds
0 0
and

oo

F3 =- /gB(S)Wxx(X, t-s)ds,
0

where g; : R+ — Rs,j = 1,2, 3, are differentiable, non-increasing and integrable functions on R., the
stability was proved in [10] regardless to s;, where the obtained decay rate depends only on the arbitrary
growth at infinity of the kernels g;. When only two memories are considered, the stability of Bresse systems
was proved in [11], where the decay rate depends also on s; and on the smoothness of initial data.

Similar stability results to the ones of [11] were also proved in [9] under one infinite memory acting on
the longitudinal displacement (that is g; = g, = 0) with kernels having a general decay at infinity, and in [6]
under one infinite memory acting on the shear angle displacement (that is g; = g3 = 0) with kernels having
an esponential decay at infinity.

Our objective in this paper is studying the last case which, as far as we know, has never been considered
before conserning Bresse system under only one infinite memory acting on the vertical displacement (that is
g> = g3 = 0), more precisely, we consider the following system:

LS

P19t — k(px + P +1w), — lko (Wx — 1) + /g(s)goxx(x, t-s)ds=0,
0 (1.4)
P2 — bhxx + k(px + P +1w) =0,
P1Wet — ko (Wx = 1), + Ik (px + P +1w) =0,
where (x, t) € (0, 1) x (0, o0) and g : R+ — R is a given function, along with the initial data
P, =) =@o(x, 1), Pt (x,0) = ¢1(x) in (0,1)x(0, o),
Y0) = o (), Ye(,0)=P1(x)  in (0,1), (15)
w(x,0)=wqo(x), we(x,0) =wq (X) in (0, 1)
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and the homogeneous Dirichlet-Neumann-Neumann boundary conditions

@ (0,t) = Px (0,t) = wx (0,£) =0 in (0, o),
(L, =yYx(1,6)= wx(1,)=0 1in (0,0).

(1.6)

Without lose of generality, we consider the domain (0, 1) instead of (0, L) to simplify the computations.

In (1.4), only the vertical displacement is damped via the dissipation from the infinite memory, and the
shear angle and longitudinal displacements are free. Our first main result in this paper is proving that the
dissipation generated by the infinite memory in (1.4) can not stabilize exponentially the overall system even if 5
(1.3) holds and g converges exponentially to zero at infinity. Our second main result is showing a polynomial
stability estimte where the decay rate of solutions depends on the smoothness of initial data. For classical
solutions, this decay rate is arbitrarily close to te.

The paper is organized as follows: in Section 2, we present our hypotheses and state our non-exponential
and polynomial stability results. The proof of these results will be given in Sections 3 and 4. Concluding 10
comments and open questions are given in Section 5.

2 Hypotheses and main results

2.1 Well-posedness.

We give here a brief idea about the well-posedness of (1.4) — (1.6). As in [11], (1.4) - (1.6) can be formulated
as a first order system of the form 15

{ Up = AU in (0, 00), o1

U(t = 0) = Uy,

where . .
U = ((P, (p, lljy lpy w, ‘7V9 rl)T, UO = ((PO, (Pl, ll)O) lply Wo, W1, rlo) )

§b=(Pt, J)=l)bt’ W=Wts
n(x,t,s)=px, ) -k, t-s), nolx,s)=n,0,s),

o
k Ik T
perpr e+ D0 anmtp) - Egus 1 [ nads
0
)
AU = El/)xx—k(([)x‘*'l/)‘*'lW) 2.2
P2 P2
W
ko lk
— (wx - lp), - — +yP+lw
pl( x —1p), p1(<px Y )
®-ns
and -
8o = / g(s)ds. (2.3)

The domain of A is given by

D(A) = {V =, )T € H, AV € K, v7(0) = 3xv3(0) = dxvs(0) = dxv3(1) = dxvs(1) = o} ,
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where
H = H}(0, 1) x L*(0, 1) x H(0, 1) x L#(0, 1) x H1(0, 1) x L#(0, 1) x Lg,
1
L2(0,1) ={v e L*0,1), /vdx =0%, H0,1)=HY0,1)NL%0,1)
0
and

1 oo
Lg={v:R:— H}0,1), //g|vX|2ds dx < oo
0 0

Now let us consider the following hypothesis:
(H1) Assume that the function g : R, — R, is differentiable, non-increasing and integrable on R., and there
exists a postive constant k such that, for any

(o, Y, w)T € H3(0, 1) x HX(0, 1) x HY(0, 1),

we have
1

1
/ (19xI” + 19x? + [wal?) x < 1}/ (Bl + Klpx + 1 + 1w + ko wx = I - golxl”) dx.  (24)
0 0

Moreover, assume that there exists a positive constant §; such that

-B18(s) < g(s), VseR,. (2.5)

Remark 1. Condition (2.4) holds if the constants | and gy are small enough. Under condition (2.4), the sets Lg
and H are Hilbert spaces equipped with the inner products, for

cDl = (‘Pl’ (pl’ ll’l; {/)11 Wi, Wl; rl)Ts CDZ = (‘PZ, ¢25 l/)2, &2’ W, WZ; ﬁ)T € g{s
(@1, Da)g¢ = k{(@1x+ Y1 +1wr), (Qax+ P2 + IW2)>L2(0,1) +b (Pix, 'P2x>L2(o,1)
+ ko (Wix = 1p1) , (Wax = 192)) 120,1) = 80 (P 1> P2x) 12(0,1)

+P1{P1, P2) 120.1) + P2 (W1, W2)120,1) + P1 (W1, W2) 20,1 + (1 M),
and

(’1”~1>Lg = /g<nx,ﬁX>L2(o,1) ds.
0

The corresponding energy will be defined as follows, for @ = (¢, @, Y, 171, w, W, q)T inH:
IPl5 = Kl@x+$+1Wlia1) + bIYxlI20,1) + Ko [IWx = 19720,

- 20 9xl120,1) + 1 1B7200,1) *+ P21ID 1 E2(0,0) + 1 1Wl 7201y + IIE, -

Theorem 2. We assume that (H1) holds. Let n € N and Uy € D(A™). Then (2.1) has a unique solution
Ue ﬂ%:()cnim (R+;D (Am)) . (2.6)

Proof. Ecxactely as in [11] one can prove that the linear operator A generates a Co-semigroup of contractions
in H by proving that —A is maximal monotone (it is enough to neglect the second memory in the second
system considered in [11]). So, we deduce (2.6) (see Theorem 2.3 [11] and its proof). O

2.2 Lack of exponential stability.
Our first main result is that the semigroup associated with Bresse system (2.1) is not exponentially stable.

Theorem 3. We assume that (H1) holds. Then the semigroup associated with (2.1) is not exponentially stable.
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2.3 Polynomial stability.

Our second result is that the semigroup associated with Bresse system (2.1) is polynomially stable under the
following additional two hypotheses:
(H2) Assume that go > 0 and there exists a positive constant 8, such that

g(s)= -B2g(s), Vs eR,. 2.7
(H3) Assume that [ satisfies
2, kopa - bp1 2 kpa
I° # ~kopy (mm) oy (k+ ko)’ vm € Z. (2.8

Our second main result is stated as follow:

Theorem 4. We assume that (H1) — (H3) hold. Then, for any m € N”, there exists a constant ¢, > O such that
m

Int) 4
’emq)OHH < cm [ Dol peam) ( ) 4t (29

m
V@ € D (A™), vVt >0, e

Remark 5. 1. Typical simple examples of g satisfying (H1) and (H2) are
g(s) = bre™?,

where by and b, are psotive constants.
2. The estimate (2.9) gives

¥m e N, Y@ € D (A™), Ve >0, ICmem, >0 Hemq‘)OH% < Crcont 276, Wt >0,
So, for classical solutions (that is m = 1), the decay rate of t — Hem D H}c is arbitrarily close to t7.

The proof of our non-exponential and polynomial stability for (2.1) is based on the following frequency do-
main theorems:

Theorem 6. ([12] and [20]) A Cy semigroup of contractions on a Hilbert space H generated by an operator A
is exponentially stable if and only if

iRcp(A) and igg H(iAI - A)‘luﬁ(%) < oo, (2.10)

Theorem 7. ([16]) If a bounded C, semigroup e on a Hilbert space H generated by an operator A satisfies,
forsomej e N,

. 1. a1
iRcp(A) and sup = H iAI-A H < oo, (2.11)
p(A) sup 7 7 oo
Then, for any m € N, there exists a positive constant ¢y such that
m
m tA In ¢ 7
¥ € D(A"), ¥t >0, [ o[ < cm|Polipur (7 )T I (2.12)

3 Lack of exponential stability of (2.1)

We use Theorem 6 by proving that the second condition in (2.10) is not satisfied. We have to prove that there
exists a sequence (An)n C R such that

= o0

LY CHEON

10

15
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which is equivalent to find a sequence (Fp)n C H satisfying
|Fullgc<1, VneN

and
lim || (iAnd = A) ™" Fnl|g¢ = oo.
n—oo

For this purpose, let
®p = (iAnl - A) ' Fn, VneN.

Then we have to find sequences (An)n C R, (Fn)n € H and (@n)n C D (A) satisfying (3.1),

h_>m H(DnHj-C:N and iAn®n—A®n =Fn, VHGN.
n—oo

Taking
~ T
Dy = (QDn, (pn, an, l/)n, Wn, Wn, T'In) and Fj = (fln, te ,f7n)T-

then we have the following system:

iAn@n — @n = fin,

S}

iP1An®n — k (@nx + Yn + 1wn), — lko (Wnx = 1@n) + SoPnxx — /gnnxx ds = p1fon,
0

i/lﬂ’wbﬂ - '17)71 :f3n,
iD2AnPn — bnxx + k (@nx + Yn + IWn) = p2fan,
iAnwp — Wp =f5n,

ip1AnWn — ko (Wnx — L), + Ik (@nx + Yn + Iwn) = p1fen,

i/lnnn +1Mns — Pn = frn.
5 Choosing

fin=fsn=fsn=fmn=0.
Then system (3.4) becomes

(pn = Mn(Pn, ibn = Mnl/)n, Wn = iAnWn,

oo

~p1AR@n = k (@nx + P + Iwn), — ko (Wnx = 19n) + SoPrxx — /gﬂnxx ds = p1fon,
0

—PZA%l/)n — bYnxx + k(@nx + Yn + lwn) = pafun,
_PlA%Wn - ko (Wnx - l(pn)x + 1k (Pnx + l,bn +1lwp) = Plfén;

i/lnrln + Tlns - iAn(pn =0.

83

(3.1)

(3.2

(3.3

(3.4)

(3.5

(3.6)

To simplify the calculations, we put N = nz. We use here some ideas of [1], where some of the next computa-

tions are addapted to our problem. Now we consider three cases.

10 Casel: E = k—o. We choose

P2 p1
Pn=Pn=nNn=0,
Yn(x) = aj cos (Nx), l])n(x) = iayAn cos (Nx),

wn(x) = a; cos (Nx), Wn(x) =iazAncos (Nx),

(3.7)
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lko ko
fon =0, fun(x) =-—azcos (Nx), fen(x)=——"a3cos (Nx) (3.8)
p2 P1

and

ko
An=Ny[—, 3.9
" P1 G9)

where a1, a; € R. We have @, € D(A) and F, € H. On the other hand, (3.6) is satisfied if and only if
kay + L(k+ko)az =0,

—A2+—N2+—}a == ——2as,

[ " ps p2] T pa? P2 ° (3.10)
2 2

Eal + [—A?, cRoyz M] ay = —maz.

P1 P1 P1 P1

According to (3.9) and because E = @, we have

P2 P
A2+ @Nz = A2+ £N2 =0,
P1 P2
and therefore, the system (3.10) is equivalent to
a1 = -1 (1 + l%) ar. (3.11)

Choosing
P1pP2

lko\/p? + 12p3

Ay =

and using (3.5) and (3.8), we obtain

1
lko \° Ip,\*
1FallZe = Wanlao.z) + WenlPao.n) = (p—j) {1 + (%) } a3 [ cos® i) d
0

2 2
s(lk—0> [1+<Ip2> }a%=l.
P2 P1

On the other hand, from (2.4), we have
2 1 2
1 1 a a
|Dn 5 > 7 [[Wnx = l§0n||22(o,1) =7 Iwnx||Z2(0,1) = ?’%NZ O/ [1 - cos (2Nx)] dx = ?’%NZ,

hence
nango |Dn|4¢ = oo. (3.12)

Case 2: E # @ and k # kg. We choose
P2 P1

fon = fan =0, fen(x) = cos (Nx), (3.13)

@n(x) = ag sin (NX), @Pn(x) = iaAn sin (Nx),
Pn(x) = a; cos (Nx), J)n(x) = i An cos (Nx),
wn(x) = a3 cos (NX), Wn(x) = iazAn cos (NX), G.14)

Mnlx, 5) = aq (1= €7 sin (V)
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2
An=1/&N2+M, (3.15)
P1 P1

where a,, a,, az € C. Notice that, according to these choices, @, € D(A), Fn € H and

and

1

IFnlBe = Wfonlro = [ cos? () dx<1. (316)
0

On the other hand, thanks to (3.5), (3.13) and (3.14), the first three equations and the last one in (3.6) are
satisfied, and the other three equations are equivalent to
[(k = un) N? = p1A7 + ko) a1 + kNay + 1 (k + ko) Naz = 0,
kNay + (bN? - p2A7 + k) az + klas = 0, (3.17)
I (k + ko) Nay + lkay + (koN? - p1A7 + Ik) a5 = p1,

where we note

Un = /g(s)e'M"s ds
0

(un exists because g is integrable on R+ and |e"+5| = 1). From the choice (3.15), we see that the last equation
in (3.17) is equivalent to

_ _k + ko &
=~ New+ s (3.18)
S0, substituting in the first two equations in (3.17), we get
a3 = a1 Naq + a; (3.19)
and
[l(k+ ko) as + /%} N
M= [2ko + pin - [(k + ko) a1 N2 + 2 (k- ko)’ (3.20)
where ) e
= kiko (fy _P2Xo ) p2  Ho Pl Ko)
a1 = e <b o ) NZ+ 2 I
N szo 2 lzpzk
ap = (5()2 |:<P71_b>N + o1 -kl .

To simplify the computations, we put

as = P (k + ko) <P2ko _ b) Coay- (k ’rkifo)2 (szo _ b) ’

1k? P1 P1
_ Ipa(kko) _ Kop1 _Ppy(k+ ko)> ko (k- ko)
5= "% ik > e kT &k
and r "
_ kel P2Ko _ p1 [ P2Ko
dO = l‘*]'(go (b - p1 ) s dl = (lpk)z <p71 - b) s
_ ko _ lpz(k+ k()) _ p1L lsz _
dz = m 7[)1,( ) d3 = 2k 7p1 1 .
Then

B azN* + a;N?
"~ agN* + (un + ag) N2 + 12 (k - ko)

N(Xl

and (notice that dgas + dia, = 0)

B (doN2 +d;) (agN4 + a5N2) "
a3_a4N4+(}1n+a6)N2+lz(k—ko)+d1N +ds (3.21)
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_ (d0(15 + d2a3 + d3a4 + d1a6 + d1]1n) Nq + (d2a5 + d3(16 + 12 (k— ko) d1 + d3}1n) ]V2 + 12 (k— ko) d3

azN* + (un + ag) N2 + 12 (k - ko)

Because 2 # E and k # kg, then a, # 0 and
P2 P1

doas + dyas +dsas + diag = P (pz—ko - b) (ko — k) # 0.

(k)2 \ p1

>

(3.22)

On the other hand, integrating by parts and using the fact that g is non-increasing and lims_,.. g(s) = 0, we

get

[Un]

% (g(0)+/g'(s)e”"‘"S ds)

0

1 s

. g(0) + g(s)IdS)
w0+ ]

N (g(O)— / g ds)

0

IN

IN

2g(0)
An

IN

therefore
lim pn = 0.

n—oo

Then we deduce from (3.21), (3.22) and (3.23) that

. doas + dras +dsa, +dia
lim ag = 4095+ d2ds + d3a4 + d1ds

n—oo ay

#0,

hence
lim |a3|N = co.
n—oo
Now, in virtue of (2.4), we have
1

1 as|N)? .
19alB = % el = (2 [ sin® v ax

0

1
s (as|Ny? [ _ (las|Ny?
Sy 0/[1 cos (2Nx)] dx T

then by (3.25) we get (3.12).
Case 3: p— # p—o and k = ko. We consider the choices (3.5),
2 1

pe [ K
P2 2p,
fon=0, fun(x) =azCncos (NX), fen(x) = azDncos (Nx)
and (3.14) with

_ Pan_l az _
al_(ZIk 2>N and a3 =0,

where

Cn = pl Dn and Dn = zilk 1 - > k 2 .
lez P1 2 k + 5\%{ - Un - P]t[zn

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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According to (3.23) and (3.26), we remark that

lim Dn=2—lk 1__k and lim Cn=£ 1k
n—seo p1 \2 k- f;Tb n—seo p2\2 - PPJ
2 2

(these limits exist since pﬂ # ? and k = ko), so the sequence (\Cn \2 + |Dn|2)n is bounded. Then we choose
2 1

ay = L . (3.29)
\/supnen (1Cal?2 + |Dal?)

According to these choices, we see that @, € D(A), Fn € H and, using (3.5), (3.27) and (3.29), we find

1
1Fale = Wfanl0,1) + WenlF20,1) = (ICal> + IDal?) @3 / cos? (Nx) dx

0
< (|c,,|2 + |D,,\2) ak<1.
On the other hand, thanks to (3.5), (3.14) and (3.27), the first three equations and the last one in (3.6) are
satisfied, and because a3 = 0 and k = kg, the other three equations are equivalent to
[(k = un) N? - p1AZ + Pk] a1 + kNa = 0,
kNay + (DN? = poA% + k) az = p2a> Cn, (3.30)
2lkNa; + lkay = pya; Dy.
The first equation in (3.30) is satisfied thanks to the definition of a; and Dy, the second equation in (3.30)
holds according to the definition of An, «; and Cr, and the last equation in (3.30) is satisfied from the defini-

tion of a;.
Now, in virtue of (2.4), we have

1
1 a, N)? .
[9nlB > % Ibuslizry = E220- / sin? (Nx) dx
0

(a;N)*

1
L (@N? [ _
> = O/[l cos (2Nx)] dx A

2k

consequently, (3.12) holds.
Finally, there exist sequences (Fn), C 3, (Pn), C D(A) and (A4),, C R satisfying (3.1) and (3.3). Hence,
Theorem 6 implies that system (2.1) is not exponentially stable.

4 Polynomial stability of (2.1)

Using Theorem 7, we need to show that
iRcp(A) (4.1)

and

1
sup -

A1 A Jarr-a? <o 42)

We start by proving (4.1). Notice that, according to the fact that 0 € p (A) (see [11] for the second system with
a neglected second memory), A~! is bounded and it is a bijection between H and D(A). Since D(A) has a
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compact embedding into H, so it follows that A~ is a compact operator, which implies that the spectrum of
A is discrete.
From subsection 2.1, we have 0 € p (4). Let A € R" and

= (0. 0.0, By w, W, n)T € D(A).
We prove that iA is not an eigenvalue of A by proving that the equation
AD=ild (4.3)
has a unique solution @ = 0. Assume that (4.3) is true, then we have

P =ilp, P=ilY, Ww=ilw,

lko

P ((pX + ll) + lw)x (WX (P) 7(pXX + [T /g(s)rlxx ds = l/lgD,
0
b k = 4.4
—1pxx——<(<px+lp+lw)=l/h/), (44)
P2 P2
k lk )
—O(Wx—l(p)x——(<px+1/)+lw)= iAw,
P1 P1
p -ns =iAn.
A simple computations implies that (see (44) [11]) 5
1 T ’
U, @)sc = 5 [ &Gnelir ds, (45)
0
then -
. . 1 ,
0 = Reil||®@|)5; = Re (il®, @), = Re (AD, D), = 5 /g(s)||nx\|iz(0’1) ds.
0
Therefore, using (2.7),
0=, - [ gm0 ds - z_% &)l 0,1 ds = 0
0
S0
n=0. (4.6)
By the first and last equations in (4.4), we find
p=§0=0. (4.7)
Using (4.6) and (4.7), we see that (4.4) leads to
P =iy, W=ilw,
kipx + L(k+ ko)wx =0
(4.8)

bl/)xx - k(l/) + IW) = —pz/\zlj),
kowxx — Ik (P + 1w) = —p1 A%w

The third equation in (4.8) implies that ki+1 (k + ko) wis a constant, then, thanks to the definition of L? (0, 1),
we get 10

=1 (1 ; ’%) w. 4.9)
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Using the last two equations in (4.8), we obtain
Ibxx — koWxx = —p2 A2 + p1 A2 w. (4.10)

Then, combining with (4.9), we find
Wi + 22w = o,

where

_ [pal? (k+ ko) + kpy
a= \/ bi2 (k + ko) + kko * (4.11)

This implies that, for c¢q, ¢, € C,
w(x) = c1 cos (aAx) + ¢ sin (aAx).

The boundary condition wx (0) = 0 leads to ¢, = 0, and then, using (4.9),
PYx) =-1 (1 + %) ¢y cos (aAlx) and w(x) = ¢ cos (aAx). (4.12)

Because x(1) = wx(1) = 0, we have
c1=0 or ImeZ: aAd=mm.

Assume by contradiction that

dmeZ: al =mm. (4.13)
Therefore, using (4.11) and (4.12), we get that the last two equations in (4.8) are equivalent to
(kopa - bp1) A% = —X0_ [B12 (i + ko) + ko | - (4.14)
k+ k()

So, combining (4.11), (4.13) and (4.14), we get

kop2 - bpy 2 kp1
ImeZ: P="02""Fl oy - CP1
kop2 (mm) P2 (k + ko)

which is a contradiction with (2.8). Consequentely, ¢; = 0 and hence
PY=w=0. (4.15)

Using (4.15) and the first two equations in (4.8), we obtain

P =W-=0.
Finally, @ = 0 and thus
ilep(A). (4.16)

This ends the proof of (4.1).
Now we establish (4.2) by contradiction. Assume that (4.2) is false, then there exist sequences (@), C
D (A) and (An), C R satisfying
| @nllqc =1, VneN, (4.17)

lim |An| = oo (4.18)
n—oo

and
lim A ||(iAn I = A) @pllgc = O. (4.19)
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~ N T
Let @y = <<pn,g”on,zpn,zpn,wn,wn,nn> . The limit (4.19) implies that

A4 [i/l,,<p,, - 5,,] ~ 0in H}(0,1),

oo

An i/\np1(77n =k (@nx + Yn +lwn), — lko (Wnx = lppn) + oPnxx — /g(s)ﬂnxx] —0in L? 0,1),
L 0

A4 iAo - J;n} ~0inH! (0, 1),

- (4.20)

A [iAnp2W, = bPnxx + k (@nx + Pn + lwn)} —0in L?(0,1),
A4 [i/lnwn - an} —~0in HL(0,1),

A4 [i/lnplﬁ/n — ko (Wnx = l@n), + Lk (Pnx + Pn + Iwn)} — 0in L?(0,1),

Ak {i/lnnn + Nns — (7)} — 01in Lg.

We will prove that || @n||;, — 0, which gives a contradiction with (4.17). To do so, we will use several multi-
pliers, where some of them are used in [1] .
Step 1. Using (4.5), we get

Re (Ak(iAnI — A) @n,®n),. = Re (iA?, |1Dnl|20,1) — A <A<pn,<1>n>%)

_Af"l '( ) 2 d
5 | 8 )lIMnxliz (0,1 ds-

(0]

So (4.17) and (4.19) imply that

oo

Ag /gl(s)”rlnX”%Z(O’l) dS — 0.

0

But, in virtue of (2.7), we have
4 7 2 —Aﬁ T ’ 2
0<An | g(8)lnnxl2(0,1)ds < 5 £ ) IMnxllF20,1) d,
0 0
then _
Af"l /g(S)Hr[nXH%}(O,l) ds — 0,

0

hence

Ainn — 0 in Lg. (4.21)

Step 2. Using (4.17) and (4.18), we get from the last limit in (4.20) that
An <(i/\nnn + Nns — iAn@n + iAn@n — (7)n) s i(pn>Lg — 0,

so, using the first limit in (4.20),

(A, @n), ~in {tns, @)1, = i (s @)y, — 0. (4.22)

g

We see that
A5 (P> )1, = ~80A7 0nxll72(0,1) (4.23)
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and (4.17) and (4.21) imply that
(Aann, (pn>L —0. (4.24)

g
On the other hand, integrating by part with respect to s, applying Cauchy-Schwartz inequality and using (2.5)
and the fact that
NMnx(x,0)=0 and  lim g(s) =0,
S oo

|An| <‘an, (-8 ($)nnx d5>
/

Al l@nellz0on) / (€' ) [Maxll200.1) dS
0

we find

—iAn (Nns, (Pn>Lg
12(0,1)

IN

1
2

IN

v/ 80) | Anll|@nxllz2(0,1) (/(—g,(s))|'2n)<||%2(o,1) ds)
0

IN

v/ B18(0)|An||@nxlL2(0,1) 17l L, »
and then, according to (4.17), (4.18) and (4.21),

An (Mns, @n)y, — O. (4.25)

Consequentely, (4.22) — (4.25) and since gy > O (hypothesis (H2)) lead to

An@nx — 01in L% (0, 1). (4.26)
Moreovet, because @, € H} (0, 1), then
An@n — 0in L% (0, 1), (4.27)
5 and by (4.20),, we find
Pne — 0in L?(0,1). (4.28)
Therefore, since @, € Hj (0, 1),
¢, — 0in L?(0,1). (4.29)

Step 3. Multiplying (4.20); and (4.20); by /\ls’ and using (4.17) and (4.18), we obtain
n

{ ¥n — 0in L2 (0, 1),
(4.30)

wn — 0in L% (0,1).
iy

A

Step 4. Taking the inner product of (4.20), with in L2 (0, 1), using (4.18), integrating by parts and using
the boundary conditions, we get

~ 12
/‘n(Pn

+ <k/\n ((pnx + l/)n + an) - g()An(pnx, i(;nx> (4.31)

P1 ‘ 12(0,1)

12(0,1)

oo

+lko <Anwn, i<p"">L2(0,1) + Pko </1n<pn, i(p">L2(o,1) + </1n /g(s)rlnx ds, i<pnx> — 0.
0 12(0,1)

10 Multiplying (4.20); and (4.20); by %4, and using (4.17) and (4.18), we have
n

(Ann), and (Anwy), are bounded in L? (0, 1). (4.32)
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So, using (4.17), (4.21), (4.26), (4.27), (4.28), (4.31) and (4.32), we deduce that
Ang, — 0in L?(0, 1), (4.33)

and by (4.18) and (4.20),, we find
A2pn — 0in L% (0,1). (4.34)

Step 5. Taking the inner product of (4.20), with %4 [khnx + L (k + ko) wnx] in L? (0, 1) and using (4.18), we
n

get
P1 <iAn§Dn, [kpnx + L (k + ko) an]>

= Ikpne + Lk + ko) Wnx | 20,1y + Ko (@, [Ktpnx + Lk + ko) Wnx]) 20,1y

20,1 +(go - k) (@nxx, [kll)nx +1(k + ko) an]>Lz(0’1) (4.35)

- </g(5)7]nxx ds, [kll)nx + l(k + ko) an]> — 0.
0 L2(0,1)
Integrating by parts and using the boundary conditions, we get

(@, [kipnx + 1k + ko) Wax]) 20,1 = = <An¢nx, [k l/J/{l:x +1(k + ko) W){l:x] >L2(0 ) (4.36)
and -
</g(s)nnxx ds, [kipnx + L(k + ko) wnx]> (4.37)
0 L2(0,1)

-~ {1 / () nme ds, KPP 4 1 (k+ kp) Wrs
An AY[
0

Multiplying (4.20), and (4.20), by %5 and using (4.18), we obtain
n

12(0,1)

o~ k .
ipathy, — bw/{':x + 3 @+ P+ 1wy) - 0 i 12(0,1),

Wnixx

An

+ Ik P 4 /ll—k (@nx + Pn +lwn) — 0in L% (0, 1).
n

ip1Wn — ko m

Exploiting (4.17), we get
(%zpnx)() and <%wnxx) are bounded in L? 0,1), (4.38)
n n

then, using (4.21), (4.26), (4.36), (4.37) and (4.38), we deduce that
<§0nxx, [k',[)nx + l(k + ko) W”X]>L2(0,1) —0 (4.39)

and

</g(s))1nxx ds, [knx + 1 (k + ko) wnx]> -0,
0 £2(0,1)
so, exploiting (4.17), (4.27), (4.33) and (4.35), we have

kipnx + 1 (k + ko) Wnx — 0in L% (0, 1). (4.40)
Step 6. Taking the inner product of (4.20), with % in L? (0, 1), using (4.18), integrating by parts and using
the boundary conditions, we obtain "
~ N Y
o2 (b (=) ) =2 iy
12(0,1) L2(0,1)
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+b ||'PHX||1%2(0,1) + Kk ((@nx +Yn+1wWn), Yn) 20,1y = O,
then, using (4.17), (4.18), (4.20); and (4.30), we find

2

— 0. (4.41)
12(0,1)

b [ ¥nxllz20,1) = P2 | ¥n

On the other hand, taking the inner product of (4.20), with % in L? (0, 1), using (4.18), integrating by parts
n

and using the boundary conditions, we observe that
-p1 <\7Vn, (i/\an - {/\/Vn)>

+lko (Pnx, Wn>L2(0’1) + 1k {(@nx + Yn + lwn), Wn>L2(0y1) — 0.

2

~ ,
B w + ko ||lw
12(0,1) P1 H "l 20.1) oll anLz(O’l)

By (4.17), (4.18), (4.20); and (4.30), we deduce that

2

— 0. (4.42)
12(0,1)

2 ~
k() ||an||L2(0’1) - pP1 HWH

Step 7. Taking the inner product of (4.20), with % and of (4.20), with % in L? (0, 1), and using (4.18), we
n n
get

< {anzlj’n = bYnxx + k(@nx + Pn + Iwn)] ,wn> — 0,

L2(0,1)
< [iAnplq/n - kO (an - l(pn)x +lk ((pnx + l/)n + an):| y l/)n>L2(O " —0

Integrating by parts and using the boundary conditions, we obtain

—P2 <l/)n, (iAan—\/NVn)> - P2 <l/)n, an>
12(0,1) 12(0,1)

+b (Ynx, Wnx)2(0,1) + K {(@nx + Y + IWn) , Wn)2(9,1) — O

—P1 <‘7’n, (i/lnl,bn—l.bn)> —P1 <‘7Vn’ ¢n>
12(0,1) 12(0,1)

+ko (Wnx = 19n) s Ynx) 20,1y + Ik ((@nx + Pn + IwWn) , Yn) 20,1y — 0,
then, using (4.17), (4.18), (4.20);, (4.20); and (4.30), we obtain

and

—P2 <l/)n’ \/NVn> +b <',bnx, W”X>L2(0,1) — 0,
12(0,1)

_pl <¢n, ‘7Vn> + kO <l/)nx, W"X>L2(0,1) — Os
L2(0,1)

which implies that
(% - %) <17;n Wn> -0 443)
12(0,1)
and
(p% - l’%’) (e, Wnx) 20,1 = O (4.44)

5 Step 8. We distinguish in this step two cases.
Case1: pﬂ # l]?' From (4.43) and (4.44), we see that
2 1

<1,bn, ﬁ/n> —0 and (Ynx, Wnx)12(0,1) — O- (4.45)
12(0,1)
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Therefore, taking the inner product in L? (0, 1) of (4.40), first, with Ynx, and second, with wyx, we obtain
Ynx >0 and wnx — 0in L% (0, 1), (4.46)
and then, by (4.41), (4.42) and (4.46),
%, >0 and wn—0inL2(0,1). (4.47)
Finally, combining (4.21), (4.26), (4.27), (4.29), (4.30), (4.46) and (4.47), we get
[@nll5¢ — O, (4.48)

which is a contradiction with (4.17), so (4.2) holds. Consequentely, (2.9) is satisfied.
Case 2: pﬁ = %. Using (4.18), (4.20), and (4.20),, we obtain
2 1

] . ~ l .
A7 {—IPTZM (l/\nllin - l/)n) - %A%lpn =~ Pnxx + E( (@nx +Pn + IW")] —0inL?(0, 1),
] . - lk .
An {—%2/1” (iAnWn — Wn) — %A%wn - (Wnx = lon), + % (@nx + Pn + Iwn)] — 0 in L?(0,1),
S0, using (4.20); and (4.20);, we find

k .
A [—%A%lpn ~ Pnx + b (@nx + Pn + IWn)] —0in L*(0, 1),

(4.49)
2 |_P232 lk T2
A —?Anwn - (Wnx — lon), + % (@nx + Yn +lwy)| — 0 in L7 (0,1).
Then, using (4.18), (4.26) and (4.30), we get
%A%l[)n + Pmex — 0in L2 (0, 1),
(4.50)

%A%wn + Wnxx — 0in L% (0, 1).

Multiplying (4.50), by k and (4.50), by I(k + ko) and adding the obtained limits, and multiplying (4.50), by
k and (4.50), by —I(k + ko) and adding the limits, we obtain

%Aﬁ [kpn + I(k + ko)wn] + [kipnxx + 1(k + ko)Wnxx] — 0 in L? (0, 1),

(4.51)
%A% [’(l/)n - I(k + kO)Wn] + [kl/)nxx - I(k + kO)anx] — 0 in Lz (0, 1) .

Taking the inner productin L* (0, 1) of (4.51) and (4.51), with [k + I(k + ko)wn], integrating by parts and
using the boundary conditions, we get

% ([ kAntpn + 1k + ko)AnWn — [lkpnx + 1k + ko)Wnxl|22(0,1) = O

HiZ(o,n
and

£2 (A3 [ipn = Uk+ ko)wa] , [kip + 10 + ko)wa] )
— ([ktpnx = 1k + ko)Wnx] , [Ktpnx + 1(k + ko) wnx] )120.1) ~ O

then, using (4.17) and (4.40), we obtain

12(0,1)

kA.nll)n + l(k + kO)Aan — O il’l L2 (0, 1) )
(4.52)

1 [ AntpnlF2(0.1) = P(k + ko) [AnWn|| F2(0.1) = O.
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Taking the inner product in L? (0, 1) of (4.49), with wy, and (4.49), with i, integrating by parts and using
the boundary conditions, we get

k
—%AZ (Yn, Wn>L2(0’1) + A% (Pnx, W"X>LZ(0,1) 1 <A31(Pn, WnX>L2(0,1) (4.53)
k lk
D (Antn, AnWn) 20,1y + B HAanH%Z(o,n -0
and .
—%AZ (Yn, Wn>L2(0y1) +/1$[ (Pnx, W"X>LZ(0,1) -1 <1 + ka) <l/)nx, A%(pn>L2(0,l) (4.54)

2+ UK e A e 11 5 0
ko n¥Ynlir2(0,1) ko nyn, An¥n/r2(o,1) ’

then, multiplying (4.53) by b—,l:O, and (4.54) by iko, adding the obtained limits and using (4.17) and (4.34),
we find
Iko [AnWllF2(0,1) = 1B 1AnthnllF2(0,1) + (Ko = B ) (Antp, Anwa)a(g 1) — O- (4.55)

By taking the inner product in L? (0, 1) of (4.52), with Anin, and using (4.32), we have
k H/lnlan%Z(O,l) + I(k + kO) <Aan’ Anlpn>L2(0,1) — 0. (4.56)

Combining (4.52), and (4.55), we get

1
YA [kokz bRk + ko)z} AntpnlZ20,1) + <k0 - lzb) (AnWn, Antpn) 20,1y = O (4.57)
k+ ko) (ko - I’b - 2
so, multiplying (4.56) by (k+ ko) I(c 0 ) ,and (4.57) by w, adding the obtained limits and not-
0 0

ing that E = @, we obtain
P2 pP1
[kko + bk + ko)} AntnlZ20.1) — O

Then
Ann — 0 in L* (0, 1) (4.58)

and, using (4.52),,
Aawn — 0 in L% (0, 1). (4.59)

Using (4.18), (4.20);, (4.20);, (4.58) and (4.59), we deduce that

N L
{ %, —0inL2(0,1), 450)

Wn — 0in L2 (0, 1).
Taking the inner product in L? (0, 1) of (4.50); with ¥, and (4.50), with wy, integrating by parts and using
the boundary conditions, we get
2 2
% [Annllz20,1) = 1Pnxllz2(0,1) = O
P2 2 2
D [AnWnl|z2(0,1) = IWnx|[T2¢0,1) = O»

then, from (4.58) and (4.59), we conclude that

{ Yne — 01in L2(0, 1),

(4.61)
Wnx — 0 in L2 (0, 1).

Finally, (4.21), (4.26), (4.27), (4.29), (4.30), (4.60) and (4.61) imply (4.48), which is a contradiction with

— = %, (4.2) holds, and so (2.9) is satisfied. Hence, the
1

(4.17). Consequentely, in both cases — # =0 and
P2 P P2

proof of Theorem 4 is completed.
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5 Conclusion and general remarks

41. Our first main result proved in this paper shows that the dissipation producing by the infinite memory
in the first equation in (1.4) is not strong enough to stabilize (1.4) exponentially even if g converges expo-
nentially to zero at infinity and regardless to the speeds of wave propagations. But this dissipation is strong
enough to stabilize (1.4) at least polynomially. The natural question that we can ask is whether the obtained
decay rate is optimal.

42. We have considered in this paper the homogeneous Dirichlet-Neumann-Neumann boundary conditions.
The second interesting question we mention here is the extension of our results to the case of other boundary
conditions, in particular, the homogeneous Dirichlet-Dirichlet-Dirichlet ones.

43. In [9], [10] and [11] where at least the second or the third equation of Bresse system is damped via an
infinite memory, some stability estimates were proved with kernels having an arbitrary growth at infinity (not
necessarily of exponential type). Showing the tability of (1.4) with such kernels is an important problem.

4. The last interesting question we note here is proving the tability of (1.4) in the whole space R (instead of

(0, 1)).

Acknowledgement: The author would like to thank M. Afilal and A. Soufyane for useful and fruitful discus-
sions and exchanges on thermoelastic Bresse type systems.
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