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Abstract In this paper, we consider a vibrating system of Timoshenko-type in a bounded
one-dimensional domain with discrete time delay and complementary frictional damping
and infinite memory controls all acting on the transversal displacement. We show that the
system is well-posed in the sens of semigroup and that, under appropriate assumptions on
the weights of the delay and the history data, the stability of the system holds in case of the
equal-speed propagation as well as in the opposite case in spite of the presence of a discrete
time delay, where the decay rate of solutions is given in terms of the smoothness of the initial
data and the growth of the relaxation kernel at infinity. The results of this paper extend the
ones obtained by the present author and Messaoudi in (Acta Math Sci 36:1-33, 2016) to the
case of presence of discrete delay.
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1 Introduction

In this paper, we are concerned with the well-posedness and the long-time behavior of the
solution of the following Timoshenko system:

B Aissa Guesmia
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1 Institut Elie Cartan de Lorraine (IECL), UMR 7502, Université de Lorraine, Bat. A, Ile du Saulcy,
57045 Metz Cedex 01, France
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m«pn(ﬁi, 1) —ki(@e(x, 1) + ¥ (x, 1)y + dX)@(x, 1 — T) + b(x)p(x, 1)

+ g)(a(x)px(x,t —5))xds =0,

0

P2V (x, 1) — korx (x, 1) + ki (ox (x, 1) + ¥ (x, 1)) =0, (.1
©0,1) = ¥x(0,1) = p(L, 1) = Yx(L,1) =0,
p(x, —1) = go(x, 1), ¢1(x,0) = @1 (x), ¢ (x, —tp) = folx, —Tp),
Y(x,0) = Yo(x), ¥ (x,0) = ¢ (x),
for (x,t, p) €]0, L[x]O, +oo[x]0,1[, d : [0,L] — R, a,b : [0,L] — R, and
g : Ry — R, are given functions (to be specified later), where R = [0, +o0[, L, 7, p;, ki
(i =1, 2) are positive constants,

@0 :10, L[x] — 00,0[— R, @1, Yo, ¥1:10, L[—> R and fp:]0, L[x]—7,0[— R
are given initial data, and
(@, ¥) :10, L[x]0, +-00[— R?

is the state of (1.1). A subscript y and the notation d, denote the derivative with respect to y.
We also use the prime notation to denote the derivative when the function has only one vari-
able. The infinite integral in (1.1), b(x)¢, (x, t) and d (x)¢; (x, t — T) represent, respectively,
the infinite memory, the frictional damping and the discrete time delay. For simplicity of
notation, the space and time variables are used only when it is necessary to avoid ambiguity.
Our aim is the study of the well-posedness and asymptotic behavior of the solutions of
(1.1) in case of the equal-speed propagation
A = k (1.2)
P1 P2

as well as in the opposite case. The equality (1.2) means that the first two equations in (1.1)

[k [k
have the same speeds of wave propagation “L and —2, respectively.
P

1 P2
Timoshenko [69], in 1921, introduced the following model to describe the transverse
vibration of a beam:

{pun = (K (ux — @)z, in 10, L[x]0, +o0f,

Ligw = (EIg)y + Ky — @), in 10, L[x]0, +0ol, (1.3)

where ¢ denotes the time variable and x is the space variable along the beam of length L, in its
equilibrium configuration, u is the transverse displacement of the beam and ¢ is the rotation
angle of the filament of the beam. The coefficients p, I,, E, I and K are, respectively, the
density (the mass per unit length), the polar moment of inertia of a cross section, Young’s
modulus of elasticity, the moment of inertia of a cross section, and the shear modulus. Since
then, this model has attracted the attention of many researchers and an important amount
of work has been devoted to the issue of the stabilization and the search for the minimum
dissipation by which the solutions decay uniformly to the stable state as time goes to infinity.
To achieve this goal, diverse types of dissipative mechanisms have been used and several
stability results have been obtained. We mention some of these results (for more results,
we refer the reader to the list of references of this paper, which is not exhaustive, and the
references therein).

Absence of delay: d = 0. In the case of presence of controls on both the rotation angle
and the transverse displacement, investigations showed that the Timoshenko systems are
stable without any restriction on the constants p1, p2, k1 and k>. In this regards, many decay

@ Springer

:é: Journal: 13370 Article No.: 0514 [ TYPESET [_JDISK [_]LE [ CP Disp.:2017/6/28 Pages: 32 Layout: Small



G
]
]
S
(=W}
-
o
=
+—
=
<

52
53
54
55
56
57
58
59
60
61
62
63
64
65

66

67

68
69
70
7
72
73
74
75
76
77
78
79
80
81

82

83

84
85
86

87

;-,-‘: Journal: 13370 Article No.: 0514 [ TYPESET [_|DISK [_]LE [_]CP Disp.:2017/6/28 Pages: 32 Layout: Small

Well-posedness and energy decay for Timoshenko systems. . .

estimates were obtained; see [26,31,39,40,56]. However, in the case of only one control on
the rotation angle, the rate of decay depends heavily on the constants pi, p2, k1 and k> and
the regularity of the initial data. Precisely, if (1.2) holds, the results obtained are similar to
those established for the case of the presence of controls in both equations. We quote in this
regard [2,7,14,21-24,26,41,42,45-47,63]. But, if (1.2) does not hold, a situation which is
more interesting from the physics point of view, then it has been shown that the Timoshenko
system is not exponentially stable even for exponentially decaying relaxation functions or
linear frictional damping, and only weak decay estimates can be obtained for regular solutions
in the presence of dissipation. This has been demonstrated in [2,14,23,24,26,43], for the case
of finite or infinite memory, and in [17,22], for complementary frictional damping and finite
or infinite memory acting on the rotation angle equation. We also refer the reader to [55] (and
its references) concerning the stability of Timoshenko-type systems in R (instaed of 0, L[)
with controls acting on the rotation angle.

For the stability of Timoshenko systems via heat effect, we mention the pioneer work [44]
devoted to the study of the following system:

P1@1 — 0 (@x, ¥)x =0, in 10, L[x]0, 4-o0],
P2V — by + k(px + ) + 6 =0, in J0, L[x]0, +o0l, (1.4)
P391 - kexx + )”/ftx = 07 in ]0’ L[X]Oa +OO[7

where 6 denotes the temperature difference. In their work, Rivera and Racke [44] established,
under appropriate conditions on the function o and the positive constants p;, b, k and y, several
exponential decay results for the linearized system with various boundary conditions. They
also proved a non-exponential stability result for the case of non-equal speed of propagation,
and proved an exponential decay result for the nonlinear case. Guesmia et al. [27] discussed
a linear version of (1.4) and completed the work of [44] by establishing some polynomial
decay results in the case of non-equal speed of propagation.

In (1.4), the heat flux is given by Fourier’s law. As a result, this theory predicts an infinite
speed of heat propagation; that is, any thermal disturbance at one point has an instantaneous
effect elsewhere in the body. Experiments showed that heat conduction in some dielectric
crystals at low temperatures is free of this paradox and disturbances, which are almost entirely
thermal, propagate in a finite speed. This phenomenon in dielectric crystals is called second
sound. To overcome this physical paradox, many theories have merged. One of which suggests
that we should replace Fourier’s law by Cattaneo’s law. In line with this theory, (1.4), in its
linear form, becomes

P19 — ki(px +¥)x =0, in ]0, L[x]0, 400,
P21 — koW + ki(gx +¥) + 86, =0, in ]0, L[x]O, +o0l, 15
P30 + v qx + 8P =0, in 10, L[x10, +o0[,
tqr +q + kb, =0, in 10, L[x]0, 4-o00[,

where ¢ denotes the heat flux. Fernandez Sare and Racke [15] studied (1.5) and proved that
(1.2) is no longer sufficient to obtain exponential stability even in the presence of an extra
viscoelastic dissipation of the form f0+oo g(s)¥yx(t — s)ds in the second equation. Very
recently, Santos et al. [62] considered (1.5), introduced a new stability number

P1 kapi tp162
_{(._ _ ket 1.6
X <T klp3> <p2 k1 > k1p3 (10

@ Springer
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A. Guesmia

and used the semigroup method to obtain an exponential decay result, for x = 0, and a
polynomial decay, for x # 0. See, also [26,29,30,39,54,58,59]. Notice that, when t = 0
(Fourier’s law), x = 0 if and only if (1.2) holds.

In all above mentioned works, the stability was either via both equation control or the
angular rotation equation control. Recently, Almeida Junior et al. [4] considered the situation
when the control is only on the transverse displacement equation, which is more realistic
from the physics point of view. Precisely, they looked into the following system:

{mwrwﬂm+w»+u%=a in 10, L[x]0, 400, a7

P2V — kaex + ki(px +¥) =0, in ]0, L[x]0, 4-00[,

where p is a positive constant, and showed that the linear frictional damping p¢; is strong
enough to obtain exponential stability of (1.7) provided that (1.2) holds. They, also, proved
some non-exponential and polynomial decay results in the case of non-equal speed situation.
The results of [4] were, very recently, extended in [25] to the case where the linear frictional
damping p¢; is replaced by a nonlinear one and/or an infinite memory. The same authors of
[4] considered in [5]

P19 —K(px +Y)x + 06, =0, in 10, L[x]0, +o0l,
P2 — by + k(@x + ) —00 =0, in ]0, L[x]0, 4+o0[, (1.8)
036 — YOix + 0 (px +¥) =0, in 10, L[x]0, 400,

with various boundary conditions, and established the exponential stability of (1.8) for
equal-speed case, and non-exponential stability for the opposite case. In the case of lack
of exponential stability, they proved some algebraic (polynomial) stability for strong solu-
tions.

Presence of delay: d # 0. The questions related to well-posedness and stability/instability
of Timoshenko-type systems as well as evolution equations with time delay have attracted
considerable attention in recent years and many researchers have shown that the time delay
can destabilize a system that was asymptotically stable in the absence of time delay.

When the delay and controls are present on the rotation angle equation, we mention the
following Timoshenko system:

P19 — ki(px +¥)x =0,
'

P2V — karex + ki(ox +¥) + /0 8 Vux(t = s)ds + 1 + payi(t — ) =0,
(1.9)

in ]0, 1[x]0, +oo[, studied in [57], where 141, (2 and T are fixed non-negative constants. The
author of [57] proved the stability of (1.9) under the assumptions (1.2) and 0 < pup < uy,
where the decay rate of solutions depends on the one of g. The obtained stability results
in [57] generalize the ones of [60] concerning (1.9) in the case g = 0 and 0 < 2 < g,
and they were generalized in [32] to the case g = 0 and variable time delay 7 (¢). In [61],
the stability of Timoshenko systems with two internal time delays and two boundary linear
feedbacks was proved under some smallness conditions on L and the weights of the delays.
When no frictional damping is present, the stability of this Timoshenko system

P1Ptt — kl (‘Px + w)x =0, N
o0 1.1
pWW%W”+M%+W+£ ¢ Wanlt —$)ds + Dy =0, 1O
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Well-posedness and energy decay for Timoshenko systems. . .

in ]0, L[x]0, +oo[, was proved in [20], in both discrete time delay case

D) = payi (t — 1)

and distributed one

+00
D) = /0 J)Ye(t = s)ds,

where u, € R* and f : Ry — R is a given function. In contrast to the situation of absence
of delay and/or presence of frictional damping, (1.10) is not necessarily dissipative with
respect to its classical energy. To overcome subsequently the difficulties generated by the
non-dissipativeness character of (1.10), some new functionals were introduced in [20] to get
crucial estimates on some terms generated by the time delay and the infinite memory. The
results of [20] generalizes the ones of [ 18] concerning the particular case D(y) = 2y, (t—1)
and g converges exponentially to zero at infinity.

Similar stability results for various hyperbolic evolution equations with frictional damping
and/or memory and/or time delay exist in the literature, in this regard, we refer the reader to
[1,3,6,8-10,12,13,16,19,28,34-38,48-52,64-68].

As far as we know, the problem of stability of Timoshenko system with a time delay under
infinite memory and/or frictional damping all acting on the transversal displacement has
never been treated in the literature. Our goal in this paper is to investigate the effect of each
control on the asymptotic behavior of the solutions of (1.1) in the presence of a time delay,
and on the decay rate of its energy, when both controls are acting cooperatively, allowing each
control to vanish on the whole domain. To our best knowledge, this situation has never been
considered before in the literature. Under appropriate assumptions on the history data ¢y,
we give an explicit characterization of the decay rate of solutions depending on the growth
of g at infinity and the following relations between the weights b and d of, respectively, the
frictional damping and time delay:

inf (b—|d|) >0 1.11
[g}”( Id]) > (1.11)

and

inf (b — |d]) < 0. (1.12)
[0,L]

Contrarly to the case (1.11), system (1.1) is not necessarily dissipative with respect to its
classical energy when (1.12) holds (see (4.1) and (4.2) below). This creates some difficulties
and, so, we prove the exponential stability of (1.1) provided that (1.2) holds, g converges
exponetially to zero at infinity and ||d| ~ is small enough. In the case when (1.11) holds,
we give two general decay estimates (corresponding to the case (1.2) and the opposite one)
depending on the smoothness of initial data and growth of g at infinity characterized by
the condition (2.9) below introduced in [16]. These results give a generalization of the ones
proved by the present author and Messaoudi in [25] concerning the case d = 0.

The proof of the well-posedness is based on the maximal monotone operators and semi-
group approach (see, for example [33,53]). However, the proof of stability estimates is based
on the multiplier method combined with some integral or differential inequalities (see, for
example [1,3,10,33-37]) and an approach introduced in [ 16, 19], for a class of abstract hyper-
bolic systems of single or coupled equations with one infinite memory. In the case when (1.2)
does not hold, we use also some ideas given in [3,14,17] to get the decay rate of solutions in
terms of the regularity of initial data and the general growth of g at infinity.

@ Springer
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167 The paper is organized as follows. In Sect. 2, we set up the hypotheses and present our well-
s posedness and stability results. In Sect. 3, we prove the well-posedness result. In Sect. 4, we
169 establish some lemmas needed for the proof of the stability results which will be completed
170 in Sect. 5 when (1.2) and (1.11) hold, in Sect. 6 when (1.2) and (1.12) hold, and in Sect. 7
171 when (1.2) does not hold and (1.11) holds. Finally, some general comments and issues will
172 be given in Sect. 8.

172 2 Preliminaries and obtained results

G
]
]
S
(=W}
-
o
=
+—
=
<

172 2.1 Hypotheses

175 We consider the following hypotheses:

176 (H1) The functions a, b : [0, L] — Ry and d : [0, L] — R are such that

177 aeCY([0,L)), b, deC(0,L)), 2.1
178 inf (a+b) >0, 2.2)
[0,L]
179 a=0 or inf a>0. 2.3)
[0,L]
180 (H2) The function g : Ry — R, is a non-increasing of class C'(R..) such that g(0) > 0
181 and
kika

—_, 2.4
182 gollalles < ok + 2.4
183 where gg = 0+°° g(s)ds and ko is the smallest constant depending only on L and
184 satisfying (Poincaré’s inequality)

L L
185 / vidx < ko / vidx, Yve H!(0, L) 2.5)
0 0
186 with
L
187 H!(q0, LD = {v e H'(10, L]), / vdx = 0} ) (2.6)
0
188 (H3) There exist a positive constant & and an increasing strictly convex function G :
189 Ry — Ry of class CI(R+) N C2(10, +ool) satisfying
190 GO0)=G'(0)=0 and tliin G'(t) = +o0 2.7
— 100
191 such that
162 g () < —ag(), V>0 (2.8)
193 or
+00 t t
104 / S ORI —iO RN, 2.9)
o GTH(=g'1) rer, GTH(=g'(1)
195 Remark 2.1 1. The hypothesis (2.9) was introduced in [16] and it allows a wider class of
196 relaxation functions than the ones considered in [14,43] (see examples given in [16,26]).
@ Springer
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197 2. Asin [25], using the second equation and boundary conditions in (1.1), we easily verify

198 that
L kl L
- 199 3;;([ I/Id)C)-‘r-f/ Ydx =0.
8 0 2 Jo
Q“: 200 By solving this ordinary differential equation and using the initial data of ¥, we find
—
o L L k L k
k= 201 / de:(/ wgdx>cos oy + /&</ 1/f1dx>sin ).
> 0 0 J2) ki \Jo P2
<
202 (2.10)
203 Let
. 1/ [F k 1 L k
204 1/,:]/,_7</ wod)C)COS 711‘ - = &</‘ 1//1dx>sin 712‘ .
L\Jy 02 LY ki \Jo 02
205 (2.11)
206 Then, one can easily check that
L ~
207 / Ydx =0, (2.12)
0
208 and, hence, Poincaré’s inequality (2.5) is applicable for ¥ provided that € H'(]0, L[).
209 In addition, (¢, 1) satisfies (1.1) with initial data
. 1 (L 4 1 [t
o=vo-7 [ vodx and dn=vi- [ wiar
L Jo L Jo
211 instead of ¥¢ and 1, respectively. In the sequel, we work with 1} instead of v, but, for
212 simplicity of notation, we use v instead of V.
213 3. Thanks to Poincaré’s inequality (2.5) (applied for ¢ € H*1 (10, L[)), we have
L L 1 L
214 k1/ (9r + ) dx > k(1 — @)/ @2 dx + koky (1 - T) f v2dx, (2.13)
0 0 €/ Jo
215 for any 0 < € < 1. Then, according to (2.4), we can choose € > 0 such that
koky . 1
ot — (ki —
216 kok1 + 52 <e< kl( 1 — gollalleo)
217 and deduce from (2.13) that
L L
k/o (97 +v7)dx < fo (— sollalloop? + katry + ki(gx +¥)7) dx,  (2.14)
21 where k = min {k; (1 = &) — gollalloo, k2 + kok1 (1 — é)} > 0.
220 Because fOL @>dx and fOL Y2 dx define norms, for ¢ and ¥ on H}(J0, L[) and
221 H*l (10, L[), respectively, then
L
| (= solallag? + kav a4 92)
0
203 defines a norm on HOl (10, L]) x H*1 10, L), for (¢, ¥), equivalent to the one induced
224 by (H'(]0, L[))>.
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225 2.2 Well-posedness

226  We give here a brief idea about the formulation of (1.1) into an abstract first order system and
227 the related existence, uniqueness and smoothness of solution. Following the ideas of [11,48],

G
8 208 let
$—
e: 229 n(x,t,s) =@, t) —ex,t —s), for (x,t,s)€]0, L[x]0, 4o00[x]0, +00[ (2.15)
)
= 230 and
=
=~ [ 20,1, p) =@t —Tp). for (x.1,p) €10, L[x]0, +oo[x]0, 1.  (2.16)
232 Then
m+ns—e@ =0, in ]0, L[x]0, +00[%]0, o0,
233 n0,t,s) =n(L,t,s) =0, in ]0,+oo[x]0, 4o0l, (2.17)
n(x,1,0) =0, in ]0, L[x]0, 400,
17 +2p, =0, in ]0, L[x]0, +-00[x]0, 1,
234 72(x,1,0) = ¢ (x, 1), in 10, L[x]0, +o0[, (2.18)
z2(x, 1, 1) = ¢ (x, 1 — 1), in ]O, L[x]O, +o00[
235 and
no(x, s) :=n(x,0,s) = ¢o(x,0) —@o(x,s), in]0,L[x]0,+oo[,
236
z0(x, p) == z(x, 0, p) = fo(x, —Tp), in 0, L[x]O, 1.
237 Let
U=V 0,920, (2.19)
Uo = (¢0(-, 0, Yo, o1, Y1 20, n0) " (2.20)
240 and
241 H = Hj (10, L[) x H} (0, L[) x L*>(10, L[) x L>(10, L[) x Lg x Ly,  (2.21)
242 Where
L
203 L2(10, L) = {v e L2(0, L), / vdx = o} , (2.22)
0
L +00
244 Ly=13v: Ry — HO1 (10, LD, / a/ g(s)vf(s) dsdx < —l—oo} ,(2.23)
0 0
L 1
245 Le = {v:]0, 1[— Lz(]O,L[),/ g/ v2(p)dpdx < +oo} (2.24)
0 0
26 and & : [0, L] — Ry defined by
th if (1.11) holds and d # 0,
247 &= ) (2.25)
T|ld|lso if (1.12) holds ord = 0.
s The spaces L, and Lg endowed with the inner products
L +o00
249 (v, w)L, :/ a/ g(s)vx(s)wy (s)ds dx
0 0
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Well-posedness and energy decay for Timoshenko systems. . .

and
L 1
oot = [ & [ o dpds
are Hilbert spaces by vertue of the following Poincaré’s inequality:
~ L L
Jko >0 / vidx < ko f vidx, Vv e Hj(0, L) (2.26)
0 0

and the fact thata > Oifa # 0 (according to (2.3)),and £ > 0ifd # 0 (by vertue of (2.25)).
The space H is equipped with the inner product defined by

L
(V. Win = {ve, we) 1, + (vs5, ws)r, +k1/ (0xv1 + v2)(Ox w1 + wa) dx
0

L
+ / (—80adyv10y w1 + k20x V20 w2 + prvzws + pov4wy) dx,
0

for any V = (Wi, ...,v6)f € Hand W = (wy, ..., ws)? € H. Because Lg and L¢ are
Hilbert spaces, then also H is a Hilbert space according to (2.14).
Now, we define the linear operators B and A by

BwhmumTz—%wﬂm@aamﬁ (2.27)
where
: 0 if (1.11) holds, (228)
7\ 1dlle if (1.12) holds '
and
vl :Zi
%) +o0
Al o | 2| o Bevn - v2) + B0k @dvn) + TEs + fos(1) ﬁ/o 8(5)d (adyve(s)) ds
va _%3)()(”2 + % (Oyv1 + v2)
v3 Ly v
v TP [5
—v3 + d5v6

The system (1.1) is equivalent to

U'(t)+ (A+ B)U(t) =0 on ]0, 4o0l,
{ U©) = Us. (2.29)
The domain of B is given by D(B) = H. However, the domain of A is defined by
DA)={V =(v1,...,v6)" €H, AV € H, 3,12(0) = d,v2(L) =0, v5(0) = v3, v6(0) = 0}

and it can be characterized by

D(A) = {(vl, ve)T € HE0, L) x (HZ(]O, LD N H] (0, L[)) x Hg (10, L[)
+00
x H1(10, L[) x Lg x Lg, k18xxv1 — g0dy (@dyv1) +/ 2($)dy (adgvs(s)) ds € L>(10, L),
0

0pvs € Lg, d5v6 € Lg, 0,v2(0) = dyv2(L) =0, v5(0) = v3, v6(0) = 0}.
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We use the classical notation D(A%) = ‘H, D(A!) = D(A) and
D(A") = {V e D(A"™ "), AV e D(A"™))}, for n=2,3,...,
endowed with the graph norm ||V || pan) = ZZ:O | A%V || 5.

Remark 2.2 If a = 0 (resp. d = 0), the variable 7 (resp. z) is not considered, and therefore,
the corresponding components in the definition of U, Uy, H, B, A and D(A) will not appear.

Our well-posedness result reads as follows:

Theorem 2.3 Assume that (H1)—(H3) are satisfied. For any n € N and Uy € D(A"), the
system (2.29) has a unique solution

U e Ni_,C"*Ry; D(AY)). (2.30)
2.3 Stability
The energy functional associated with (1.1) is defined by

E(@0) = -lU®3

N = N =

1 L 1
<go<px)<t)+5/ s/ 2t — tp) dp dx
0 0

1

L
t3 [ (0167 + 0207 i+ 9 kot — woagd) . @30

where
L +oo
(pov)(t) = / a/ d(s)(v() —v(t — s))2 dsdx, (2.32)
0 0

forany v: R — L2(]0, L[) and ¢ : Ry — R,.
Now, we give our first stability result which concerns the case when (1.2) and (1.11) hold.

Theorem 2.4 Assume that (1.2), (1.11) and (HI)-(H3) are satisfied and let Uy € H such
that

- fm 8() ‘ 2 (s —1)dxds < 400 (2.33)
—_— S — xas . .
) gy o

Then there exist positive constants €y, o1 and oy, for which E satisfies
E(t) < a1G Y(aat), Vi eR,, (2.34)

where (~;(t) = ftl ﬁ ds and

(2.35)

K if (2.8) holds,
Go(s) = : , .
sG'(egs) if (2.9) holds.

Remark 2.5 1. Because lim;_, o+ G (1) = 400 (by vertue of (H3)), then (2.34) implies that
lim E(t) =0. (2.36)
f—>+00
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Well-posedness and energy decay for Timoshenko systems. . .

2. In case (2.8), G(s) = —In s and (2.34) is reduced to
E(t) <aje™®', VteR,, 2.37)

which is the best decay rate given by (2.34). For specific examples of decay rates given
by (2.34), see [17].

Our second stability result concerns the case when (1.2) and (1.12) hold.

Theorem 2.6 Assume that (1.2), (1.12), (HI) and (H2) are satisfied and

inf a >0 and (2.8) holds. (2.38)
[0,L]

Then there exists a positive constant dy independent of d such that, if
Id1Z, + Idlloo < do. (2.39)
then, for any Uy € 'H, there exist positive constants a1 and o, for which E satisfies (2.37).

When (1.2) does not hold and (1.11) holds, we prove the following stability result:

Theorem 2.7 Assume that (1.11) and (H1)—(H3) are satisfied. Let n € N* and Uy € D(A™)
such that

+00 L 8k _t 2
sup max f 1g(s) ( (pOX(i )> dxds < +00.  (2.40)
teR, k=0....n J; G (—g'(s)) Jo as

Then there exist positive constant €y and c, such that E satisfies

Et) < G, (%) ., V10, (2.41)

where Gy, (s) = G1(sGy—1(5)), form = 2,...,nands € Ry, G| = Ggl and Gy is
defined in (2.35).

Remark 2.8 When (2.8) holds, G, (s) = s" and (2.41) becomes
E®) < :—” Vi >0, (2.42)

which is the best decay rate given by (2.41). For specific examples of decay rates given by
(2.41), see [19].

3 Well-posedness

The proof of Theorem 2.3 is based on the semigroup appraoch by proving that A+ B generates
a Cp-semigroup in H. We consider the case inf|p ;) @ > 0 and d # 0; the proof in cases
a = 0 and/or d = 0 is similar and simpler.

First, we prove that —A is dissipative. Let V = (v, ..., ve)T € D(A). Exploiting the
definition of D(A) and integrating by parts, we find

1 L —+00 1 L 1
AV, Vi = —+ / y / ¢(5)9; (3, v6(s))? ds dx — —— / ¢ / 3, (vs(p))* dp dx
2 Jo 0 2t Jo 0

L L
—/ (b+$o)v§dx—/ dvzvs(1) dx.
0 0
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A. Guesmia

Integrating by parts for the first two terms of the above equality, using Young’s inequality
Ao Loy
AMAr < 5)»1 + ﬁ)\% VA, M €R, VA >0 3.1

(with A1 = |v3], A2 = |v5(1)] and A = 1) and noting that v5(0) = v3 and ve(0) = O (from
the definition of D(A)), we get

L “+00
(—AV, V) < % /O a /0 g'(s) (Bxve(s))? ds dx

L & ldI\ » Lod &Y\ ,
+/0 <—b—§0+g+7>v3dx+/0 (7—5)1)5(1)(136.(3.2)

The definitions (2.25) and (2.28) of £ and &y imply that, if (1.11) holds and d # 0,
0l 1l & ldl—b

B R i S M B
and, if (1.12) holds or d = 0,
Consequently, the last two integrals in (3.2) are non-positive. Therefore
1 (L +o0
(—AV, Vin = 5/0 afo g (5) (9:v6(5))* ds dx <0, (3.3)

since g is non-increasing. Then —A is dissipative.
Second, we whow that /d + A is surjective. For this purpose, let F = (f1, ..., f6)T eH,
we seek V = (vy, ..., v6)T € D(A) satisfying

(Id+ AV = F. (3.4)

The first two equations in (3.4) are equivalent to

v3 =0 — f1,
{v4 =uv — fo. (3-5)

Using the first equation in (3.5), the last two equations in (3.4) are equivalent to

= vs + 1d,vs = f, 3.6)
v6 + dsv6 = v1 — f1 + fé,

then, by solving the ordinary differential equations (3.6) and noting that vs(0) = v3 = v; — fj
and ve(0) = 0 (see definition of D(A)), we get

P I4
vs = <v1 - fi+ f/é fs(y)efydy) e =e¢ Py — (fl - T/o fs(y)é’ryd)’> e’
3.7

and

ve = (/0 e’(vi — fi+ fa(y))dy> et =0—-eMu — </0 e’ (f1 = fﬁ(y))dy> e
(3.8)
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358 We see that, if

359 (vi, v2) € Hy (10, L) x (H*(10, LD N H} (10, LD), (3.9)

¥ oo then, from (3.5) to (3.8), we have (v3, va) € Hy (10, L) x H,(10, LD), (vs, v6) € L x Lg,
o a1 (0pvs, d5v6) € Lg X Lg, v5(0) = v3 and v6(0) = 0.
=N 362 Next, plugging (3.5) and (3.7) into the third and fourth equations in (3.4), we get
—
o _
-Sg ﬁ(ﬂ1+b+$0+de Tlg—%(axvﬁ—vz)x
< 363 —l—i—? (adyvy), — PLI/‘ g(s) (adyvs(s)), ds = f7, (3.10)
0
vy — %3”1)2 + % (0xv1 +v2) = f2 + fa,
34 Where
1 . tde™™ '
a5 f7=E(Pl+b+é§O+de Y+ f3— e fs(y)dy.
0

ss S0, it is sufficient to prove that (3.10), with vg given in (3.8), has a solution (v, v2) satisfying

7 (3.9),

368 0, v2(0) = 0yvp(L) =0 (3.11)

30 and

+00
a70 k10xxv1 — go0x (a@dyv1) +/ 8(8)dx (adyve(s)) ds € L*(10, L), (3.12)
0

s71  and then, we replace vy and v, in (3.5), (3.7) and (3.8) to get V € D(A) satistying (3.4). Let
a2 (vq, v2) satisfying (3.9)—(3.11). By multiplying the equations in (3.10) by pjw; and pyw»,
a7 respectively, integrating their sum by parts on ]0, L[ and exploiting (3.8) and (3.11), we find
a7+ that (vq, vp) is a solution of the system

Li((v1, v2), (w1, w2)) = Lo(wy, wp), Y(wi, wa) € Hy(10, L)) x H! (10, L), (3.13)

376 where
L
a77 Li((v1, v2), (wy, wp)) = / (k1 (0xv1 + v2) (Bywi + w2) + k20xv20,w2) dx,
0
L
378 + / (—aglaxvlaxwl + (,01 +b+& + deir) viwy + pzvzwz) dx,
0
L
a79 Ly((wy, wp)) = / (p1 frwy + 0y fgdywi + p2(f2 + fa)wo) dx,
0
—+00 ) —+00 ) K
380 g1 2/ e *g(s)ds and fg :a/ eﬂg(S)/ e’ (fi — fo(y) dyds.
0 0 0

s Since, it is easy to prove that L is a bilinear, continuous and coercive form and L is a linear
sz and continuous form on, respectively,

383 (Hy (10, L[) x Hﬁ(]O,L[))Z and Hj (10, L[) x H} (10, L[)

s+ (noting that g1 < go and using (2.14)), so, applying the Lax-Milgram theorem, we deduce
sss  that (3.13) admits a unique solution

386 (v1,v2) € Hy (10, L[) x H} (0, L[).

@ Springer

;-,-‘: Journal: 13370 Article No.: 0514 [ TYPESET [_|DISK [_]LE [_]CP Disp.:2017/6/28 Pages: 32 Layout: Small




G
]
]
S
(=W}
-
o
=
+—
=
<

387
388
389
390
391
392
393

394

395

396
397
398
399
400
401
402
403
404

405

406

407

408

409

410

411

412

413

414

415

416

417

418
419

420

A. Guesmia

Applying the classical elliptic regularity, it follows that (v, v2) satisfies (3.9)—(3.12). There-
fore, the operator /d + A is surjective.

Third, we see that the linear operator B is Lipschitz continuous.

Because — A is dissipative and /d + A is surjective, then A is a maximal monotone operator.
Therefore, using Lummer—Phillips theorem (see [53]), we deduce that A is an infinitesimal
generator of a linear Cp-semigroup on 7. Finally, also A + B is an infinitesimal generator
of a linear Cp-semigroup on H (see [53]: Ch. 3-Theorem 1.1). Consequently, Theorem 2.3
holds from the Hille—Yosida theorem (see [33,53]).

4 Some needed lemmas

We will use ¢ (sometimes cy, cy,y,, ..., which depends on some parameters y, yi, ...),
throughout the rest of this paper, to denote a generic positive constant which depends con-
tinuously on the initial data Uy and can be different from step to step, but it does not depend
neither on b nor on d.

To get our stability results, we prove first some needed lemmas, for all Uy € D(A); so all
the calculations are justified. By a simple density arguments (D (A) is dense in H), (2.34) and
(2.37) remain valid for any Uy € H. The first next seven lemmas, used in [25], are adapted
in the present paper to (1.1) by considering the needed modifications related to the presence
of delay.

We start by giving the following estimates for the derivative of E:

Lemma 4.1 The energy functional satisfies, if (1.11) holds and d # O,
E’(z)<l ' : inf (b |d|)/L 2d 4.1)
- — — in — , .
=< 2g O @Px 2 (0.L] ) @, ax
and, if (1.12) holds or d = 0,
/ 1 4 L 2
E(1) = S8 0ext (=D + lldlloo)e; dx. (4.2)
0

Proof By exploiting (2.29), (3.2) and the definition (2.27) of B, we obtain

1 L L
E'(t) < g o+ / (—b i i @> @2dx +/ ('ﬂ - i) @2t — T)dx.
2 0 2 0

2T 2 2T
4.3)
So, from (2.25), we see that, if (1.11) holds and d # 0, then
—l?—ki—kﬂ:@—iz—l(b—|af|)<—l inf (b —|d]) <0.
2t 2 2 2t 2 - 210L] -
However, if (1.12) holds or d = 0, we have
& |d| ldlloo + |d]| ldl & ld] — lldloo
b+ >+ —=-b+———<-b d d———=—"—""<0.
Tt t T = b+ ldlleo and o 2 =
Hence, (4.3) yields (4.1) and (4.2). m]

Remark 4.2 1. When (1.11) holds, E’ < 0, since g is non-increasing, and then (1.1) is
dissipative. However, when (1.12) holds, we are unable to determine the sign of E’ from
(4.2), and therefore, (1.1) is not necessarily dissipative with respect to E at this stage.
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421 2. Using the definition of E, (4.1) and (4.2), we see that, for some non-negative constant
422 ag, E' < apE. Then, by integrating,

423 E@) < e E(t), Vt>1y>0.
G
8 424 So, if E(tp) = 0, for some 79 € R, then E(¢) = 0, for all # > #¢, and therefore, (2.34),
5: 425 (2.37) and (2.41) hold. Consequently, without loss of generality, we can assume that
‘6‘ 426 E() > 0,forall t € R+.
':'*5 427 Lemma 4.3 The following inequalities hold:
<< L +00 2
428 dd; > 0: </ a/ g(s) (@) —p(t —s))ds dx) <dig o ¢x, 4.4)
0 0
L +00 2
429 Ad, > 0: (/ a/ g () (pt) — ot —s))ds dx) < —drg' o ¢y, 4.5)
0 0
L 400 2
430 dd; > 0: </ a// g(s) (o) — ot — s))dsdx) < d3g o ¢x. 4.6)
0 0

2

+o00
431 (/0 () (@ () — @y (t — 5)) dS>

+o00 +o00
422 (/0 g () (@x (1) — x(t — S))dS) < —g(0) /O g () (@x (1) — @it — 5))%ds.
433 4.8)

+o00
< 80 [0 g()(@x (1) — @ (t — $))%ds,  (4.7)

2

4

@

s Proof If a = 0, (4.4)-(4.6) are trivial. If inf|o,1] @ > 0, we use the fact that @ and a’ are
435 bounded and apply Poincaré’s and Holder’s inequalities (2.26) (for ¢) and

L 2 L L
(/ Iflledx> 5(/ ffdx) (/ fgzdx>, V. e 200, LD, (49)
0 0 0

7 respectively, to get (4.4)—(4.6). Using again Holder’s inequality (4.9), (4.7) and (4.8) hold.
s Notice that the constants d; do not depend neither on » nor on d. O

4

@
&

4

@

4

@

433 Lemma 4.4 The functional

L +o0
440 5(1) == —m/o asﬂ:/O 8 (p(r) — @t —s))dsdx (4.10)

4

2

satisfies, for any § > 0,

4

b
9

L L
I[(t) < —,0180/0 cw?dxH/O (¢?+w§+¢§) dx

aaa +35 /OL (b*¢} +d*@}(t — 1)) dx +c (1 + é) gogy — gg’ ogx. (4.11)

s Proof First, note that

at ( /O w0 — ot — ) ds) ) ( / too 8t = )@(0) — g(s) ds>

26 - /_too gt =)o (1) ds + /_too gt —s)g) —g(s)ds

a47 = goyr + /0+OO g $)p@) — @t —s))ds. 4.12)
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Then, by differentiating 7, and using the first equation and the boundary conditions in (1.1),
we find

L ’ L +0o0
(1) = —mgo/O ay; dx—mfo awz/O g () (p(t) — @t — ) ds dx
L “+00
+k1/0 a(gx +w>/0 §()(@x (1) — gu(t — 5)) ds dx
L +0o0
+ fo albgr +dpi(t — 1)) /0 £ (@) — p(t — ) ds dx

L ) +o00 L 5 +o00
+/o a (/0 g(S)(wx(t)—wx(t—S))dS> dx—go/o a w/o 8(s)(px (1)

L +0o0
—wx(z—s>>dsdx+/0 aa’</0 g(S)(w(t)—w(t—S))dS)

2

+o0
X (/o 8(8)(@x (1) — ox(t —S))ds) dx
L +00
+’<1/O a’(¢x+W)/o 2()(p(t) — @t — s))ds dx

L “+00
— g0 fo aa’ gy /0 g(s)(@(t) — o(t — 5)) ds dx.

Therefore, applying Young’s and Holder’s inequalities (3.1) and (4.9), for the last eight terms
of the above equality, and using (4.4)—(4.7), Poincaré’s inequality (2.26), for ¢, and the fact
that a and @’ are bounded, we get (4.11). |

Lemma 4.5 The functional
L
hL(1) = / (Pr9@r + p2Y ) dx (4.13)
0
satisfies, for any § > 0,

L L L
B < [ (o1 +r2v?) dx =it [ o+ v dr—ta [“yias

Lo, L, c (b 2 2 ¢
+g0/ a(pxdx—i—éf goxdx—i-f/ (b oy +d gat(t—r))dx—i—fgowx.
0 0 3 Jo )
(4.14)

Proof By differentiating /5, and using the first two equations and boundary conditions in
(1.1), we have

L L L
B =f (107 + 202 dx—/q/ <<px+¢f)2dx—k2/ ¥ dx
0 0 0
L L
+go/ ag? dx —/ @by +do(t — 1)) dx
0 0

L +00
—/ awx/ 8($)(px(t) — @x(t —s5))ds dx.
0 0
Consequently, aplying Young’s and Holder’s inequalities (3.1) and (4.9), for the last two

terms of the above equality, and using (4.7), Poincaré’s inequality (2.26), for ¢, and the fact
that a is bounded, we find (4.14). O
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475 Lemma 4.6 The functional

L
Zpl
- L) = —02/ V(o +¥)dx — / Vg dx
8 +00
Y 477 + k— alﬁt / gy (t —s)ds dx (4.15)
S 1
'ga 478 satisfies, for any 8, §1 > 0,
< L L
479 13/(t) =< kl/ (ox + 1//)2dx - '02/ 1/jtz dx
0 0
81 L, gokollall
480 + g0 (E—l>/0 apy dx + 2, oo/ Iﬁx
c [* 2 2 2 2
481 +3/ (bgo, +d<pt(t—t))dx
0
L 2 2 2 4
482 +5/ (W:+‘/’x+1/fx)dx+g(g°§0x_g/°(px)
0
k L
+ (j{—p‘ - pz> f G dx., (4.16)
1 0

ass  where ko is defined in (2.5).

45 Proof Similarly to (4.12) and using that lim;_, 4~ g(s) = 0, we see that

+00 t
ws 0 (/0 8(s)px(t = 5) dS) =9, (/ gt = S)(px(s)dS)

t
— ¢O)px + / ¢t — $)gu(s) ds
+00
— ¢(O)gs + fo &/ ()(@x(t —5) — px (1) + ox (1)) ds.
+00
. fo ¢/(5)(@x (D) — ox(t — ) ds.

a0 Therefore, exploiting the first two equations and boundary conditions in (1.1), we have
2 k2 p1 L
w L) =k (% +v) dx —p2 w, dx + o 7)), OxiYr dx
L L L +00
i - 80/0 atds =g [Cagvrdr [Caorw) [ e0@0 - g -5 dsax
0 L +0o0 k2 L
453 o /0 ayy /0 8')(@x(0) = gult =) dsdx + = fo V(b +dei(t — 7)) dx.

40« By applying Young’s inequality (3.1), for the last four terms of the above equality, Poincaré’s
405 inequality (2.5), for v, and using (4.7), (4.8) and the fact that a is bounded, (4.16) is estab-
496 lished. m]
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A. Guesmia

Now, as in [7], we use a function w to get a crucial estimate.

Lemma 4.7 The function

X
w(x, 1) = /0 Y(y,1)dy (4.17)
satisfies the estimates (120 is the constant defined in (2.26))
L L
/ w? dx =f v2dx, Vi>0, (4.18)
0 0
L L
/ w?dx < ko/ v2dx, Vi>0. (4.19)
0 0

Proof We justhave to note that wy = ¥ to get (4.18). On the other hand, using (2.12) (remind

that we are working with i, but we use v instead of lﬁ; see Remark 2.1-2),

L L
w(0.)=0 and w,(L,o:/o w,(y,r)dyzat/o V(.1 dy = 0.

Then, applying (4.18) to w; and using Poincaré’s inequality (2.26), for w;, we arrive at

(4.19).

Lemma 4.8 The functional

[}

L
L) = py /0 (wor + pr) dx (4.20)

satisfies, for any 8, €, €] > 0,

L L
C
L) < (,01 +:°)/ ¢3dx+coe/ W2 dx
0 0

L L
€y _ 2 gokollalloo 2
+(gollall (1+ 5) kl)/o oty dx+ B2 |y

L C L C
+5/ (gof—i—wf)dx%-f/ (b2<p,2+d2g0t2(t—t))dx—i-ggogox, 4.21)
0 0

)

where kg is defined in (2.5), co = 2 lgo and 120 is defined in (2.26).

Proof Using the first two equations and boundary conditions in (1.1), and exploiting the fact

that w(0, t) = w(L,t) = 0 and w, = ¥, we find

L L
L) =p1/ w}dx—/q/ (o + V)2 dx
0 0

L L
+go/0 a(¢x+1/f—1/f)(¢x+1/f)dx+p1/0 w @ dx

L

L 400
- /0 (w + @) (b +de;(t — 7)) dx — /0 a(px + w)/o g(s)(px (1)

—y(t —s))dsdx.

Applying Young’s inequality (3.1), for the last four terms of the above equality, Poincaré’s
inequalities (2.5), for v, and (2.26), for ¢ and w, and exploiting (4.7), (4.18), (4.19) and the

fact that @ is bounded, we get (4.21).
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We use a functional introduced in [48] (in case £ = 1) to get an estimation on the delay
term.

Lemma 4.9 The functional

L 1
Is(t) = / ‘;‘/ e_z”’gotz(t —tp)dpdx (4.22)
0 0

satisfies

L 1
L) < —2e—2f/ g/ @2t — tp)dp dx
0 0

1 L e—21 L
+—/ £? dx — f EQ2(t — ) dx. (4.23)
T Jo T 0

Proof Using (2.16) and the first equation in (2.18), the derivative of /5 entails
L 1
I5(1) = 2/ E/ e 2P (t — TPy (x,t — Tp)dp dx
0 0
2 L 1 )
=[5 [ ot~ oot - o) dpax
0 0

1 L 1
= —;/0 5/0 e_ZTpap(th(t—rp)dpdx.

Then, by using an integrating by parts, the above formula can be rewritten as

L 1 5 5 1 L 5 e—2‘r L 5
Is/(t):—Z/ 5/ e 2Py (t—tp)dpdx—l—;/ Ep;dx — / Ep (t —1)dx,
0 0 0 0

T
which gives (4.23), since —2¢ 2P < —2¢727, for any p €]0, 1[. O
Letag :=inf|o,1] a, bp := inf|p,1] b and, for N, Nyi, N2, N3, N4 > 0,
Io:= NE + NI} + NoIb + I3 + N314 + Nals. (4.24)
Then, by combining (4.11), (4.14), (4.16), (4.21) and (4.23), we obtain

L L
1) < — / (zo(pf F U2 + by + )2 + 131;/3) dx + Lugo / ag?dx + NE'(t)
0 0

L 1 L
22N [e [ R —epydpds s+ enn) [ (6 407+ o+ 03) dn

L e—ZIN ¢
- / ( be <8N1 4 L}*N»‘ ) d2> 0t — 1) dx
0

T
L
N. o
+ / <74s + (51\/1 + —Ng’”‘ ) bz) 02 dx
0
CN1,N,, c piky L
+ (CNI + %) gogy — %g/ opx + (T - pz) / @y dx, (4.25)
0
where
coN3

lp = Nip1goag — (N2 + N3)p1 — —

€1
It = p2(1 = N2) —coeN3, b =ki(N2+ N3 —1) — gollalle (1 + 5) N3,

k N 1 8
l3=k2N2—%<—3+—> and l4:N2+E]—1,

€ 8
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A. Guesmia

Now, as in [25], we choose carefully the constants N, N;, §, 81, € and €] to get desired signs
of [;.
Case 1 a = 0: the second integral in (4.25) drops, g o ¢ = g’ o ¢, = 0 (from the definition
(2.32)) and the constants /o, /1, /> and /3 do not depent neither on §; nor on €. On the other
hand,

coN3 coN3 =
lop =—(N2+ N3)p1 — — > Nibg — (N2 + N3)p1 — — Nib =1y — N1b,

SO io = N1bg — (N2 + N3)p1 — @ Therefore, we choose

02 1 coN3
N3=1, O0<Ny<l1l, O0<e<—=(1—Ny) and N; > —(Ny+ N3) + .
o bo ebo

Notice that N3, N, and € do not depend neither on b nor on d. Moreover, because by > 0
thanks to (2.2) and a = 0, N; exists and can be taken in the form N; = 7}%, and then [ as
well as /1, /> and /3 do not depend neither on b nor on d. According to these choices, we get

Iy LT I I
L := min —O,i,i,i > 0,
pr p2 ki ko

and then, using (2.14) and (4.25),

/ (s, 1 t 2 2 2
l60) = —(L—es(1+ - | (P17 + P2 + ki (ox +¥)

L 1
+k21/f§) dx—2e_2’N4/ 5/ (ptz(t—tp)dpdx
0 0
L re=2"Ny 5 1
- —c—+<)d*)p*t-1)d
[ (e (i) ) i
, LNy b5 b* b 5
+NE'(t) + —é+c|—+ -+ )] dx
0 T bo 1) by
pik L
+ <¥—Pz> f Pxi Vi dox. (4.26)
0

ki
L ) 1-{-1 0
— C — > U.
by

Notice that L and ¢ do not depend on §, b and d; so § exists and can be taken in the form

Next, choosing § > 0 such that

. chg
o bo+ U

4.27)

and consequently, L — ¢d (1 + %) is a positive constant which does not depend neither on
b nor on d. At the end, we choose N, such that
e 72Ny s 1\ ,
g—c(>+-)a>0 (428)
T by §
If d = 0, then £ = 0 (thanks to (2.25)), and therefore (4.28) is satisfied, for any N4 > 0.
Otherwise, if d # 0, then & = b (in vertue of (2.25) and because (1.11) is assumed in this
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case a = 0; see Theorem 2.6), consequently, the choice (4.27) and the inequality |d| < b
(according to (1.11)) imply that N4 can be taken in the form

bllo(bo + 1
Ny = SMPllootbo+ 1) (4.29)
bo
Thus, using (2.31), we get from (4.26)
blloo(bo + 1
1460) = ko — PN E D ) e
0

bllw(bo+ 1D +1) [ k L
JrC(II lloo(bo + 1) )/ b¢,2dx+<pl 2 _p2>/ et dx. (430)

bo 0 ki 0

where

1 L 1
Eo(t) = E(t) — E; () and E](t)zi/(; g/o Xt —tp)dpdx.  (431)

Case 2. ap > 0: we choose

ki — gollalleo 5 kogollalloo
= 7’ 1 = 77
gollalloo k>
k161 (k2(2—81) 1>
<MNMy<e |\ ———— — ),
2k; — gollalloo (2 + €1) gokollallo &1

gollalloo (2 + €1) gokollalloo (N3 1 d1
I=N3(1- . —+— Ny<1——,
max{ 3( 2k, % e "5 )]sy

5 1—N
0<e<min|(201—ny-2L) 22 p20=N)
2 ) coN3 coN3

and
(N2 + N3)py + 2o (2N2+N3+871 - 1)91 + el

N1 > max )
pP18040 L1800

Notice that €; and §; exist and are positive thanks to (2.4) and the property go > 0 (because
g(0) > 0; see (H2)), N, exists according to the choice of N3, € exists from the choice of
N>, and N exists because p1goaop > 0. On the other hand, to prove the existence of N3, we
repeat the calculations given in [25]. Using the definitions of €| and 8, we see that N3 exists
if and only if

kgki(gollalloo)® < ka(ka — kogollallco) (ki — gollalloo)*.
Let yo = ¢85, v = gollallo €10, yol (see (2.4)) and
Q) = kgk1y? — ka(ka — koy) (k1 — ).
We have

F') = 3 (k§ki + koka) y* — 2 (2kokika + k3) y -+ koktka + 2kik3
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and
f"(v) = 6 (kgki + kokz) y — 2 (2kokikz + k3) .
Lety; = Zhokikaths We notice that f” is decreasing on 10, y;[, itis increasing on ]y, +00[
M= 3(kEky+koka) " g » Y1lbs sing Vi,
and
FG0) = kgkika + 2kokik3
)= kok1 + ko ’
Moreover, y1 < yo if and only if k> < koki, and, if k> < koki,
27272 4 3 313 4
oy = TR R P RMG TN Ot N
3(k()kl + kokz) 3(/(0/(1 + kok»>)

Therefore, f’ is positive on ]0, yo[, and then f(y) < f(yo), for any y €]0, yo[. But
f(yo) =0, hence f is negative on ]0, yo[. This guarantees the existence of N3.
By vertue of these choices, we notice that

lo T I 1
L :=min{—0, —1, —2, —3’ >0, 4<L,
p1 p2 ki ko
and L does not depend on 4, b and d. Then, using (2.14) and (4.25), we find

L
140 = == [ (p16 + 02 + kg +97 + kav — asog?) dx + NE©)

L 1 L 672TN4 1
_zﬁfm/ s/ w?o_rp)dpdx—/ ( s—c(8+f)d2><p?<t—r)dx
0 0 0 T 8

L N, 1 1
+/ Do+t <p,2dx+c<1+f go¢: — Sg ops

o \t s s s

k L

+ (%—pz)/o @xtPrdx. (4.32)

Therefore, choosing § > 0 and N4 > 0 such that L — ¢§ > 0 and
1\ »

In vertue of (2.25), N4 can be chosen in the form N4 = c||d||. Then, using (2.31), (4.30)
and (4.32), we find, in both cases a = 0 and ag > 0,

e—2rN4

I5(t) < —cEo(t) —CE1(t) + NE'(1)

L L
z pika
+c/ Egldx + <T1 —pz)/ Qurdx +c(gogy — g ogy), (4.33)
0 0

where, thanks to the definition of £ in case (1.11),

clblloobot)) g 4 = 0
¢ = ho ra=o 4.34)
clld|loo if ag >0
and
) ||b\|oc(?7(é+1)+lb ifa=0,
& =1 1bllooh if ag > Oand (1.11) holds, (4.35)
Id|I%, + |bllocb if ap > Oand (1.12) holds.
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Now, we estimate the term g o ¢, in (4.33).

Case 1 (2.8) holds: then
1
gogy < —;g/owx- (4.36)

Case 2 (2.9) holds: this case does not concern Theorem 2.6 because of (2.38). For Theorem
2.4 and Theorem 2.7, we apply here an inequality given in [19] (and in [16] in a less general
form).

Lemma 4.10 For any €y > 0, we have
G'(0E(1)g 0 ¢x < —cg' 0 ox + caE(G (€ E(1)). (4.37)

Proof InTheorem 2.4 and Theorem 2.7, it is assumed that (1.11) holds. Then, thanks to (4.1),
E is non-increasing. Therefore, the proof is the same as in [19]-Lemma 3.6 (for B% = 0y
and |l = Il 2o, zp)- =

Using (4.33), (4.36) and (4.37), we see that, in both two previous cases,

Go(E®)) , Go(E(1)) = « - Go(E()) _,
WIGO) < —W ((c —€0)Ep(t) + (¢ —€)E1(1)) + NiE(t) E'(2)
’ ’ GO(E(Z)) L s 2
—c(l—i—G(GOE(f)))g ofﬂx‘f'CW A S dx
prka Go(E(t)) [
+ < I - ) EQ) Oxr Y dx, (4.38)

where G is defined in (2.35) and

. {0 if (2.8) holds,

€=)ceo if (2.9 holds. (4.39)

On the other hand, by (2.14) and the definitions of the functionals /; and E, there exists a
positive constant B (not depending on N, b and d) satisfying

IN{I1 + NaIp + I3 + N3ly + Nuls| < BE,
which implies that
(N-B)E <Is < (N +B)E. (4.40)

Now, at this stage, we distinguish the cases of Theorems 2.4, 2.6 and 2.7.

5 General stability: (1.2) and (1.11) hold

Using (4.1) (in case d # 0), (4.2) (in case d = 0) and the property g’ < 0, we have

/L L
. . N
NE'(t) —l—cf EpZdx < / <c.§ — — inf (b— |d|)> @ dx (5.1)
0 0 2 [0,L]
and
— g op < 2E'(1). (5.2)
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Therefore, inserting (5.1) and (5.2) into (4.38), choosing €y > 0 such that € defined in (4.39)
satisfies

. [minfc,&) ifd#0,
€<{c ifd=0

(ifd =0,then £ = E{ = 0and E = Ep) and choosing N > 0 such that
E- it b—1d) <0 and N> p
— — in - an >
¢ 2 [0,L] -

(N exists according to (1.11), (4.35) and the boundedness of b), we deduce, from (1.2),
(4.38), (4.40) and the fact that G’ (€9 E) is non-increasing, that I ~ E, the last term in (4.38)
vanishes and, for some positive constant f1,

Go(E(1)

E0) Ig(t) + cE'(t) < —=1Go(E(@)). (5.3)

Let 7o > 0 and

F =1 (GO};E) Ie + cE> : (5.4)

We have F ~ E (because I ~ E and % is non-increasing) and, using (5.3),
F' < —1B1Go(E). (5.5)
Then, for 7y > 0 such that
F<FE and F(0) <1, (5.6)
we get, for ap = 191 > 0 (since G is increasing),
F' < —ayGo(F). 5.7
Then (5.7) implies that

(G(F)) > as, (5.8)

1

- 1

where G(f) = / ——— ds. Integrating (5.8) over [0, ¢] yields
t Go®)

G(F (1) = ast + G(F(0)). (5.9)
Because F(0) <1, G(l) =0and G is decreasing, we obtain from (5.9) that
G(F(1) = eot,
which implies that
F(1) < G (aat).

The fact that F' ~ E gives (2.34). This completes the proof of Theorem 2.4.
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6 Exponential stability: (1.2) and (1.12) hold

Exploiting (2.38), (4.2), (4.35) and the property g’ < 0, we find
L L
NE'(t) + c/ Eg dx < / (N(=b+ lIdlloo) + ¢ (Ild 113 + 15]100b)) 07 dx
0 0

L
2
< /O (lblloc — N)bg? dx + o (Nlldllo + clld|IZ,) Eo(t) (6.1)

and
L 5 4
—g opr < —2E'(1)+ 2||d||oof @; dx < =2E'(t) + ElldllooEo(t) (6.2)
0

Therefore, choosing N > 0 such that
N >c||blc and N > B;

0 ¢||bllocc — N < 0 and I ~ E by vertue of (4.40). The constant N can be choosen in the
form

N =c(+bllco), (6.3)

and therefore, inserting (6.1) and (6.2) into (4.38) and noting that the last term in (4.38)
vanishes (thanks to (1.2)), Go = Id and €9 = 0 (according to (2.35) and (4.39)), we
conclude that, for some positive constant $, which does not depend neither on b nor on d,

1) + cE'()) < = (c = Ba(1 + [Iblloo) (14113 + lldlloo)) Eo(t) — EE1 ().

Let F = I + cE. The property Is ~ E and condition (2.39), for
c

=1 ) 6.4
B2(1+ 115l o) ©

do

leadto F ~ E and
F' < —wF, (6.5)

for some positive constant op. By integrating (6.5) over [0, ] and using again the equivalence
F ~ E, we find (2.37). This ends the proof of Theorem 2.6.

7 Weak stability: (1.2) does not hold and (1.11) holds

In this section, we treat the case when (1.2) does not hold which is more realistic from the
physics point of view. We need to estimate the last term in (4.38) using the system (7.1)
resulting from differentiating (1.1) with respect to time

o0
P10t — ki (@xe + Y)x +dou(t —T) + by + /: g(8)(apx(t —5))xds =0,
P2t — koWxr + ki (@xr + ) =0, 7.0
©(0,1) =¥ (0,0) = @ (L, 1) = Y (L, 1) = 0.
System (7.1) is well posed for initial data Uy € D(A) thanks to Theorem 2.3. Let E; be the
second-order energy (the energy of (7.1)) defined by

1
Ex(t) = 5||Ut(r)||%{. (7.2)
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A simple calculation (as for (4.1) and (4.2)) implies, in case (1.11), that

1 1. L
E5(1) < Eg/owm —3 [5{1{] - Idl)/O @2 dx; (7.3)

so E» is non-increasing (according to (1.11)). Let 7p = 1 in (5.4). Thus, similarly to (5.5)
(with the same choices of €p and N), we deduce from (4.38) that

pika ) Go(E() [*
fat )2

F'(t) < =B1Go(E(1)) + ( I ED Jo PurYrdx. (7.4)

Now, as in [25], we use some ideas of [17].

Lemma 7.1 For any € > 0, we have

piks T Go(E@) [ r
<Tl —02>/S “EGQ) A Q¥ dx dt SE/S Go(E(1))dt

Go(E(0)

E(0) (E(S) + Ex(S)), YT =S=>0. (7.5)

€

Proof By integration with respect to ¢, we get

pika T Go(E() (" otk Go(E(1) [* !
(T_m)/s E@) Jo wwmdt_(T_pz)[ E®) Jo %wdx]s
piks T (Go(E)\ [*
_<T_pz>/s < E(0) )/o bxr¥ AL
piks T Go(E(t) [*
—(7—;&) /S o2 [ v axar (7.6)

Moreover, applying Poincaré’s inequality (2.5), for v, and using the definition of E and E»
and their non-increasingness, we find

k L
‘(% —pz)f Ox Y dx
1 0

<c(ES)+ExS), Y0O<S<t.

= c(E@) + E2(1))

. . : . . . Go(E)
Thus, by integrating by parts the last integral in (7.6) with respect to x and noting that Z%=>

is non-increasing, we have
p1k2 T Go(E@) (F
— - — dx dt
< k PZ)/; E() A OxtYr dx
CGO(E(O))
=" E(©0)

T L
(E(S) + E2(S)) +c / COED [ gultweldnds, vT = 52 0. (1.7)
S (1) 0

On the other hand, according to (1.11) and (7.3) (notice also that g is non-incresing), we
have

L
/ - — Y0}
0 infpo,2) (b — |d])
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Then, using (2.14) and Young’s inequality (3.1), we estimate the last integral in (7.7) as
follows:

T Go(E®) (F ek (T Go(E®) Go(E©O) [T
./S W ) [@ee sl dx dt < 5 s Wl//x dXdl_CEW S ES(t)dt
! _ Go(E(0)
= E/s Go(E(r)) dt -I—LGWEQ(S), YT > S >0.
Inserting this inequality into (7.7), we get (7.5). O

Now, exploiting (7.4) and (7.5) and choosing € €]0, g1[, we get, for 83 = 1 — ¢,

Go(E(0)

EQ0) (E(S)+ E2(S)), YT =>S=>0.

T T
/ F'(t)dt < —B3 / Go(E@))dt +c¢
N N
(7.8)
By combining (7.8) and the property F ~ E, we deduce that, for some positive constant B4,

Go(E(0)

T
/; Go(E@))dt < P4 (1 + EQ0)

) (E(S)+ Ex(S)), YVI'=5=0. (7.9

Choosing S = 0 in (7.9) and using the fact that Go(E) is non-increasing, we get

Go(E(0))

T
Go(E(T)T sfo Go(E()) di < By (1 + 20

) (E(0) + E2(0)), VT =0,
which gives (2.41), for n = 1, with ¢; = 4 (1 + %) (E(0) + E»(0)), since G is
increasing.

By induction on n, suppose that (2.41) holds and let Uy € D(A"™1) such that a = 0
or (2.8) holds or (2.40) holds, for n + 1 instead of n. We have U;(0) € D(A") (thanks to
Theorem 2.3) and U, satisfies the first two equations and the boundary conditions of (1.1).
On the other hand, if a # 0 and (2.8) does not hold, then U, (0) satisfies (2.40) (because Uy

satisfies (2.40), for n 4+ 1). Then the energy E> of (7.1) (defined in (7.2)) also satisfies, for
some positive constant ¢,

Ex(t) < Gy (%) , Yt>0. (7.10)

Now, choosing § = % in (7.9), combining with (2.41) and (7.10), and using the fact that
Go(E) is non-increasing, we deduce that

G (E(T))T<2/TG (E(t))dt <28 (1—}-@ <G Zﬁ>+G @ )
0 = % 0 = 4 E(O) n T n T ,

Go(E(0)
E(0)

this implies that, for ¢,41 = max {4;34 (1 +
ing),

) , 20, 25,,} (notice that G,, is increas-

b1 <65 (%516 (51) =01 (526, () = (5.

This proves (2.41), for n + 1. The proof of Theorem 2.7 is completed.
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8 General comments and issues

We give in this last section some general comments and issues.

Remark 8.1 When (1.2) does not hold and (1.12) holds, proving the stability of (1.1) seems
a delicate question (even under smallness condition on ||d || ). In this case, there is a double
difficulty: the presence of the last term in (4.38) which can not be absorbed by E itself and the
fact that (1.1) and (7.1) are not neccessarily dissipative with respect to E and E3, respectively
(see (4.2) and (7.2)).

Remark 8.2 The regularity g € C'(R,) can be weaken by assuming that g is differentiable
almost everywhere on R.. On the other hand, our condition (2.9) implies that the set

{s eR., g(s) > 0and g'(0) =0} (8.1)

is empty. Using the arguments of [64—68], our stability results can be extended to the case
of convolution kernels g having flat zones up to a certain extent; that is, the set (8.1) is not
negligeable but small enough in some sense.

Remark 8.3 1t is interesting to determine the biggest value of dy in (2.39) which guarantees
the exponential stability (2.37) of (1.1) when (1.2) and (1.12) hold. On the other hand, is the
system (1.1) instable when (1.2) and (1.12) hold, but ||d || is not small enough?

Remark 8.4 Another interesting question concerns the stability of (1.1) with an additional
discrete time delay dy,(t — T) considered on the second equation, where T is a positive
constant and d : [0, L] — R is a given function.

Remark 8.5 The arguments applied in [20] to get the stability of (1.10) can be adapted to
(1.1) and a general stability estimate can be proved when (1.2), (1.12) and (2.9) hold (so g can
converge to zero at infinity less faster than exponentially). The arguments of [20] are based
on an approach introduced and developped in [64—68]. This approach allowed us to deal with
some arbitrary decaying kernels g without assuming explicit conditions on their derivatives
g’ and to avoid passing by E’ in objective to overcome subsequently the difficulties generated
by the non-dissipativeness character of (1.10). On the other hand, the arguments of [20] can
be used to obtain the stability of (1.1) in case where the discrete time delay dg;(t — 7) is
replaced by a distributed one

+0o0
/0 f©)e(t —s)ds,

for some given function f : Ry — R. Moreover, the results of the present paper remain true
if we replace the linear damping by, by a non-linear one bh(yp;), for some given function
h : R — R. Finally, some other Timoshenko-type systems with controls and time delays
on the displacement can be considered (see [25] concerning the case where no delay is
considered). To keep away this paper of being too long, we do not discuss these situations.

Remark 8.6 When infjp 1] @ > 0 and ||d||« is small enough, the stability estimates (2.34)
and (2.41) hold true also in case

inf (b— |d|) = 0. (8.2)
[0,L]

More precisely, we have the following:
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Theorem 8.7 Assume that (H1)—(H3) and (8.2) are satisfied and inf[p 1} a > 0. Let

g:!éb %zg’ and £ =0 (8.3)

instead of (2.25) and (2.28). Then the well-posedness result of Theorem 2.3 holds true.
Moreover, there exists a positive constant dy independent of d such that, if

ldlloc < do, (8.4)
then

1. Case (1.2) holds: for any Uy € ‘H such that (2.8) or (2.33) holds, E satisfies (2.34).
2. Case (1.2) does not hold: for any n € N* and Uy € D(A™) such that (2.8) or (2.40)
holds, E satisfies (2.41).

Proof First, according to (8.2) and (8.3), (2.27) and (3.2) imply that B = 0 and (3.3),
respectively. The rest of the proof of Theorem 2.3 is identical to the one given in Sect. 3.
Second, under the choice (8.3), (4.3) and (8.2) imply that
— g op < —2E'(1) (8.5)
and
: Lt ldlloo [*
E'(t) <—-— by; dx + —— @ dx. (8.6)
2 Jo 2 Jo
Similarly to (8.5), we have also
— g opu < =2E5(1). (8.7)
Because £ < 7b, then
¢=cldlo and &= [blloch (8.8)

instead of (4.34) and (4.35). Consequently, using (8.6), we have

L Ly N N|d
NE'(t) + c/ Ep?dx < f (cg - 317) @?dx + %Eou). (8.9)
0 0

Therefore, inserting (8.5) and (8.9) into (4.38), we get

Go(E(D) _ Go(E®)) <(C _ Nldlle

E® 69 =""Eg e

— €0> Eo(t) + (¢ — Eo)El(f)>
E@) Jo

p1ka Go(E() [*
+ (T - /02> “E0) A @xrYrdx. (8.10)

—c(14+G'(eE))) E'(t) +

- N
cE — Eb) @ dx

Choosing N > 0 such that

- N
cé—zbfo and N > B;
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831 S0 N can be taken as in (6.3), therefore I ~ E (due to (4.40)) and, for some positive constant
sz 5 which does not depend neither on b nor on d (notice that G'(eo E) is non-increasing),

Go(E()) ., Go(E(1)) - .
—I ) < —— — 1 b d — Eo(t — E(t
ug 833 0 6(1) < E0) ((c = Bs(1 + IDlloo) 1 dllco — €0) Eo(t) + (¢ — €0) E1(1))
< k Go(E(t L
A 834 —CcE'(t) + P M Oy Wy dx. (8.11)
E ki E()
'ga sss  Next, exploiting (8.4), for dp = m, and choosing € > 0 such that
< 836 c— Bs(1 4+ ||blloc)ldllocc — €0 >0 and ¢ — €y > 0,

sz we deduce from (8.11) that, for some positive constant S,

Go(E®)) , p pirk2 Go(E()) (*

—= I (t E'(t) < —BsGo(E(t — dx.
838 0 6(1) + cE (1) < —B6eGo(E()) + I p EQ) extYrdx
839 (8.12)
ss0 If (1.2) holds, then (8.12) coincides with (5.3) and the proof of (2.34) can be finished as in
sa1  Sect. 5.

842 If (1.2) does not hold, we consider the functional F' defined in (5.4) with tg = 1, and
s43  then (8.12) becomes identical to (7.4). Consequently, the proof of (2.41) can be ended as in
saa  Sect. 7. ]
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