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ASYMPTOTIC STABILITY OF BRESSE SYSTEM WITH ONE
INFINITE MEMORY IN THE LONGITUDINAL
DISPLACEMENTS

AISSA GUESMIA

Abstract. The asymptotic stability of one-dimensional linear Bresse systems
under infinite memories was proved by Guesmia and Kafini [12] under three infinite
memories, Guesmia and Kirane [13] under two infinite memories, and De Lima
Santos et al. [6] under one infinite memory acting on the shear angle displacements.
The subject of this paper is to complete these results by proving that the asymptotic
stability of Bresse systems holds also under one infinite memory acting on the
longitudinal displacements.

Keywords: Bresse system, Infinite memory, Asymptotic behavior, Energy method,
integral inequalities.

AMS Classification: 35B40, 35145, 74H40, 93D20, 93D15.

1. INTRODUCTION

In this paper, we consider a Bresse system in one-dimensional open bounded do-
main under the homogeneous Dirichlet-Neumann-Neumann boundary conditions
and with one infinite memory acting on the third equation (longitudinal displace-
ments)

(1.1)
P1Ptt — kl(‘ﬂx +vY+ lw)x - lk3(wx - l‘ﬂ) =0,

ptht - k2’(/}:v:c + kl (SDJE + d} + Z’LU) = 0’
—+o0
prwg — k3(wy — 1)y + Uk (9 + 1 + lw) + / 9(8)wzz (2,1 — 5)ds =0,
0

) =12(0,1) = we(0,) = o
) = ¢o(z), i(z,0) = p1(z)
) =vo(x), Yi(x,0) = 1 ()
(z,—t) = wo(z, 1), w(z,0) = wi(x),

0,
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where (z,t) €]0, L[xRy, g : Ry — Ry is a given function, and L, [, p;, k; € RY.
The Bresse system [3] is known as the circular arch problem, where ¢, w and

1) represent, respectively, the vertical, longitudinal and shear angle displacements.
For more details, we refer to [15] and [16] (see also [12] and [13]).

The stability of Bresse systems with (local or global) frictional dampings was
obtained by several researchers in the last few years; see [1], [7], [19] and [21] for
the case of one frictional damping acting on the shear angle displacements, [2], [23]
and [24] for the case of two frictional dampings, and [4], [20], [22] and [24] for the
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2 AISSA GUESMIA

case of three frictional dampings. When each equation is controlled by a frictional
damping, the exponential stability of Bresse systems was proved regardless to the
speeds of wave propagations given by

k k [ k-
(1.2) 51 = —1, Sg = 22 and S3 = i
\/ p1 \/ P2 P1

When at least one equation is free, the obtained stability estimate is of exponen-
tial or polynomial type depending on some relations between s;. When only one
frictional damping is considered, it was proved that the exponential stability is
equivalent to

(13) S§1 = S92 = S3.
Similar stability results were proved in [8], [17] and [18] in case where the Bresse
system is coupled with one or two heat equations in a certain manner.

The stability of Bresse systems with memories was also recently studied. When
the three equations are controlled via infinite memories of the form

+o0 +oo oo
/ 91(8)Pza(x,t—8) ds, / 92(8) s (x,t—8) ds and / 93(8)Wee(z,t—5) ds,
0 0 0

where g; : R — R are differentiable, non-increasing and integrable functions on
R, the stability was proved in [12] regardless to s;. The obtained decay estimate
in [12] depends only on the arbitrary growth at infinity of s — g;(s). When only
two memories are considered, the stability of Bresse systems was proved in [13],
where the decay rate depends also on s; and the smoothness of initial data.

As far as we know, the first stability result for Bresse systems with only one
infinite memory is the one obtained in [6] under

+oo
(1.4) /0 9(8) e (z,t — 8) ds

acting on the shear angle displacements (the second equation in (1.1)), where ¢ :
R, — R, converges esponentially to zero at infinity.

Our objectif in this paper is to prove that the asymptotic stability of Bresse
systems holds also under one infinite memory acting on the longitudinal displace-
ments; that is (1.1) is stable, where the decay rate of solutions depends on the
arbitrary growth at infinity of the kernel g, the speeds of wave propagations (1.2)
and the smoothness of initial data.

The paper is organized as follows. In section 2, we present our hypotheses and
state our main results. The proof of our main results will be given in section 3.

2. HYPOTHESES AND MAIN RESULTS

Following the method of [5], we consider the functional

(2.1) n(z,t,s) =w(z,t) —w(z,t —s) in]0, L[xR; x R;.
This functional satisfies

N +ns —w =0 in ]0, L[xR; x R4,
(2.2) 1:(0,t,8) = n(L,t,8) =0 in Ry xRy,

n(x,t,0) =0 in ]0, L[xRy.
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T
Let 770(3775) = ﬁ<$a073)7 UO = (@071/107’“)0)9017’(/}17“)1,770) ) U = ((pawawawhwhwt)n)T
and

(2.3) @ = /O+<><> g(s)ds.
Then the system (1.1) takes the following abstract form:
(2.4) { U =AU,
Ut=0)=U",
where A is the linear operator defined by
Pt
(o
we
AU — %@m - 123@ + %wx + plj(kl + k3)w,

_k k2 kg U
p2<‘01+pzwlx p2¢ p2

+oo
2
_%(k1+k3)<px_%w+p%(k3_go)wxx_lklw+i/0 Nz ds

pP1 pP1
wt — MNs
Let
= v L ’ - ’U2 S ax o0

(2.5) LO_{ .R+—>H*(]O,L[),/O /0 gu dsda < + }
and
(26)  H=H{(0,L]) x (H(0,L])* x L2(0, L]) x (L2(0,LD)" x Lo,
where

L
(2.7) 220, L)) = {veLmo,LD,/o vdsz}
and

L
(2.8) H(0,L]) = {v c H*(Jo,L|), / vdr = 0} .

0

The domain D(A) of A is defined by
(2.9)

D(A) = {v — (o1, )T € H, AV € H, v7(0) = 0, 8y05(0) = d,03(0) = 0,
0,05(L) = Dy5(L) = 0, By07(,0) = Byvr(, L) = 0}

Remark 2.1. Asin [13], integrating on ]0, L] the second and third equations in (1.1),
and using the boundary conditions, we verify that

(2.10) Ot / Y dx —l——/ vdr+ — wdx =0
0 P2 Jo P2 Jo



4 AISSA GUESMIA
and

L 2k Iky [F
(2.11) Ot / wdz | + =~ dx—i——/ Ydx =0.
0 P1 Jo P1 Jo

Therefore, (2.10) implies that

L L 1 (L
(2.12) / wdr = f—ﬁtt / Ydx | — f/ Ydx.
0 lky 0 L Jo
Substiting (2.12) into (2.11), we get
L L
k l k
(213) 8tttt (/ wdgj> + ( 1 1) att (/ ,(/de> =0
0 P2 P1 0
Let lo = /& + £k Then, solving (2.13), we find

L
(214) / d) dl‘ = 51 COS (lot) —+ 52 SiIl (lot) + Egt —+ &4,
0

where ¢1,- -+, & are real constants. By bombining (2.12) and (2.14), we get

L 2 = =

p2ly 1 . [ p2ly 1Y . C3, C4

2.15 d — = - lot —_— = - lot) — —t — —.
(2.15) /0 W= 1<lk:1 1>C°S(°)+ <lk1 ) stnlot) = 77t =3

Let (Yo(x),wo(x)) = (o(x), wo(z,0)). Using the initial data of ¢ and w in (1.1),
we see that

L
1 dx + ;2 / o dx
20 Jo
L
dzx + 2;3 / w1 dx
Ik
53 / ¢1 dr — 112 w1 dl‘,
P2
~ lk .
Cqy = / 1/)0 dr — 2112 Wo dx
Let
~ 1
(216) 1/} = 1/} — Z (51 COS (lot) + 52 SiIl (lot) —+ 53t + 64)
and
(2.17)

. 1 - pglo 1 3 - pQZg 1 . 53 54
V=w— - < (lkl l) cos (lot) + Co ( 1 sin (Ipt) i t Bk

Then, from (2.14) and (2.15), one can check that

L L L
(2.18) wdx:/ u?dx:/ ndx =0,
0 0 0

where
n(x,t,s) = w(zx,t) —w(z,t —s) in]0, L[xR; x R4.
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Therefore, Poincaré’s inequality
L L
(2.19) Jcp>0: / v?dr < co/ vidr, Yve HY(]0,L[) U H(0, L)
0 0

is applicable for 1[;, w and 7. In addition, (¢, 1/;, ) satisfies the boundary conditions
and the first three equations in (1.1) with initial data

1, 1. 1 /. 21 C 1 /. 21 C:
¢0—Z(C1+C4)7 1/)1—2(1002-#03), wo—p <C1 ([;Zlo - l) - ;) and w1 <Czlo <Pﬁﬁo - l) - ;)

instead of g, 91, wo and wy, respectively. In the sequel, we work with zZJ, w and
7 instead of ¥, w and 7, respectively, but, for simplicity of notation, we use v, w
and 7.

Now, the following hypothesis guarantees the well-posedness of (2.4):

(H1) Assume that the function g : Ry — R is differentiable, non-increasing
and integrable on R, and there exists a postive constant kg such that, for any

(g, 9, w)T € HE(0,L[) x (HL(0,L])*,

we have
(2.20)

L L

ko/ (92 +¥2 +w?) do < / (kotZ + k1 (00 + 9 + lw)? + ks (wy — lp)? — g%w?) da.
0 0

Moreover, assume that there exists a positive constant 8 such that

(2.21) —Bg(s) < d'(s), VseR,.

We notice that, under the hypothesis (H1), the sets Ly and H are Hilbert
spaces equipped with the inner products that generate the norms, for v € Ly and
V= (Ulv"' 7U7)T S H7

L p+o0
(2.22) llv]|Z, :/0 /0 gv2 ds dx

and
(2.23)

L
||VH1211 = / (kg(azﬂg)Q + kl(am’()l + vg + Z’U3)2 + kg((r“)w’l}g — l?)l)Q — go(awvg)g) dzx
0

L
+/ (plvi + p2v§ + pwg) dz + HU7||%O~
0

Ecxactely as in [13] one can prove that A generates a Cp-semigroup of contrac-
tions in H by proving that —A is maximal monotone (it is enough to neglect the
second memory in the first system considered in [13], and the proof is the same as
in [13]), and deduce the following well-posedness results of (2.4).

Theorem 2.2. Assume that (H1) holds. Letn € N and U° € D(A™). Then (2.4)
has a unique solution

(2.24) Uenp_oC" " (Ry; D (AY)).



6 AISSA GUESMIA

To get the stability of (2.4), we consider the following additional hypothesis:

(H2) Assume that g(0) > 0, and there exist a positive constant a and an
increasing strictly convex function G : Ry — R, of class CH(R) N C?(]0, +o0[)
satisfying

G(0)=G'(0)=0 and lim G'(t) =+

t——+oo
such that
(2.25) g'(s) < —ag(s), VseRy
or
“+o0

g(s) g(s)
2.26 / ey A8 sup e < oo
(2.26) o G 1(—g'(s) seRp+ G (—g'(s))

Let us consider the energy functional E associated to (2.4) defined by
1
(2.27) E(t) = SIU® 7
First, we consider the case (1.3).

Theorem 2.3. Assume that (H1), (H2) and (1.3) are satisfied. Let U° € H be
such that
(2.28)

(2.25) holds or sup /+00 __9ls) /L (n2(z, s — t))2 dx ds < +o00
. tery Jr  GTH=g'(s) Jo VT -

(—g

Then there exist positive constants ! and g (not depending neither on l nor on g)
so that, if

(2.29) 1<l and ¢° <3,

then there exist positive constants ¢’ and ¢’ satisfying
(2.30) E'(t) <'G7Y(t), VteRy,
where

s if (2.25) holds,

. b
(2.31) G(S):/S Gor) &7 and GO(S):{ sG'(s) if (2.26) holds.

When (1.3) does not hold and s; = sg; that is
(2.32) s1 =82 and s; # s3,
we prove the following weaker stability result.

Theorem 2.4. Assume that (H1), (H2) and (2.32) are satisfied. Let n € N* and
U® € D(A™) be such that
(2.33)

(2.25) holds or sup max /+°°9(S)/L (8kn0(3€8—t))2 dr ds < 00
| S ), T Sy O ~

Then there exist positive constants | and g (not depending neither on | nor on g)
such that, if (2.29) holds, then there exists a positive constant c,, satisfying

(2.34) E(t) < cuGr (%") N
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where G, (s) = G1(sGm—1(5)), form =2,--- ,n, G1 = Gy' and Gy is defined in
(2.31).

Remark 2.5. 1. If (2.25) holds, then (2.30) and (2.34) give, respectively, for some
positive constants d; and ds,

(2.35) E(t) <die™ %!, VteR,
and
(2.36) E(t) < %, vt > 0.

The particular estimates (2.35) and (2.36) (for n = 1) coincide with the ones of [6]
obtained in case (1.4) with g converging exponentially to zero at infinity.

2. Condition (2.26) (introduced in [10]) allows s — g(s) to have a decay rate at
infinity arbitrarily close to L. For specific examples of g and U° satisfying (2.26)
and (2.33), respectively, and the corresponding decay rates (2.30) and (2.34), see
[10] and [11].

3. PROOF OF (2.30) AND (2.34)

3.1. Preliminaries lemmas. We will use ¢, ¢y, ¢y, y,, - -, throughout the
rest of this paper, to denote generic positive constants which depend continuously
on the initial data U® and some constants yi, s, - - -, introduced in the proof.

First, simple computations (see [13]), we see that

(3.1) / /+°° g'n? dsd.

Recalling that ¢ is non-increasing, (3.1) implies that E' is non-increasing.

We start our lemmas by considering the following functional:

L +oo
(3.2) I(t) = —p1/0 wt/0 g(s)ndsdx.

Lemma 3.1. For any 6o > 0, there exists cs, 140,90y > 0 such that
(3.3)

L L +oo
10 < -nd” [ wbde+ 0B+ s [ [ (o)~ g/ (s) a2 s
0 0 0

Proof. First, noticing that

+o0 t
3:&/ g(s)nds = 8t/ g(t — s)(w(t) —w(s))ds

0 —0o0

/tyu—@ww—w@»w+(/t9u—@w)w;

— 00 — 00

that is

+o0o —+o00
(3.4) Os / g(s)nds = / g (s)nds + g°w;.
0 0



8 AISSA GUESMIA

Second, using Young’s and Holder’s inequalities, we get the following inequality:
for any A > 0, there exists cy > 0 such that, for any v € L2(]0, L]) and f € {n, 1.},

+00 L L +oo
(3.5) s)fdsdx| < )\/ v? d$+6>\790/ / g(s)f? ds dz.
0 o Jo
Similarly,
L “+o0 L L “+o0
(3.6) / v/ g'(s)fdsdx| < /\/ vide — Cx,g(0) / / g'(s)f* dsdz.
0 0 0 o Jo

Now, direct computations, using the third equation in (1.1), integrating by parts
and using the boundary conditions and (3.4), yield

2

L L +oo
) = nd [ wtars [ ([ somas) a
0 0 0

L “+o0 L +oo
+ kg/ (w, — lp) / 9(8)ne ds dx + Uk / (pr + 0 + lw) / g(s)ndsdx
0 0 0 0

L “+00 L “+o0o
- pl/ wt/ g'(s)ndsde — 90/ wx/ g(s)1n, ds da.
0 0 0 0

Using (3.5) and (3.6) for the last four terms in the above equality, Poincaré’s in-
equality (2.19) for 7, and (2.20) and Holder’s inequality to estimate
2

L “+oo
/ w2dr and </ 9(8)ny ds) )
0 0

respectively, we get (3.3). O

Lemma 3.2. Let

L kopr [F
(3.7) J(t) = —po / (@r + U + lw)thy dx — ry / Yepr dx.
0 0
Then, for any €o, €1 > 0, there exists cc,; > 0 such that
(3.8)
L L
lkok: lk k
T < kl/ (0o + 0 + lw)? do + “61/ (ws — 1) 23/ 2 da
0 2k}1 0 2k1161

L L
k
+ (=p2 + €0) V7 dz + Ceo,l/ wi dx + ( ]2€p1 - Pz) / VP d.
0 0

Proof. By exploiting the first two equations in (1.1), integrating by parts and using
the boundary conditions, we get

L
J/(t) = ]4?1/ (@m+¢+l1ﬂ)2d$+ (kal — )/ ¢ttpztdl‘—p2/ wt dzx
0

L
lkok
_pgl/ Yywy do — l: 3/ (wy — 1), du.
0 0

1

Applying Young’s inequality for the last two terms in the above equality, we find
(3.8). O
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Lemma 3.3. Let
(3.9)

L kapy [T o [F +o0
K(t) = Pl/ (pot+Hw)wy de+ - / (we—lp)py dm—k—l/ <pt/ g(s8)w(t—s) dx.
0 0 0 0

1

Then, for any do, €g > 0, there exist s, 1,40 g(0), Ceo,l > 0 such that
(3.10)
2

L L
K'(t) < —lkl/ (¢o + 0+ lw)? dx—i—%/ (wy — lp)* dx + SoE(1)
0 1
L L L
— %/ (wy — lp)w, dx+/ (ceo,Wt2 +eo¢f) dx — lk]:pl / 2 dx
0 1 Jo

+oo
+ p1 (Z—i’— )/ Wt AT 4 Cs, 1,60 g(O)/ / '(5))n? ds dz.
0

Proof. First, we notice that

t

o[ sttt -s1ds = o [ gti-sputoras

—o0
t

g(0)w,(t) + / g (t — s)wz(s)ds

— 00

+oo “+o0
_/0 g (s)wy(t) ds + /0 g (s)we(t — s) ds;
that is
+o0 +oo
(3.11) 8t/0 g(s)wy(t —s)ds = _/0 g’ (s)n. ds.

Now, using the first and third equations in (1.1), integrating by parts, recalling
(3.11) and using the boundary conditions, we find

L 3 [ ks L
K'(t)y = —lkl/ (g + 1 + lw)? dx—l——/ (wy —lp)?dx+py [ = —1 / PtWer dT
0 13} k1 0
L L 0 L
Ik lk
+lp1/ wt2 dx — ;pl / got dx — 39 / (wy — lp)wy derpl/ Vywy da
1 Jo

—+o0 ee]
—/ Lpt/ nwdsd:c—i——/ / 9(8)n, dsdx.

By applying (3.5), (3.6) and Young’s inequality for the last three terms in the above
equality and axploiting (2.20), we deduce (3.10). O

Lemma 3.4. Let
(3.12)

L x L x
P(t) = —mks/ (wz—lw)/ wy(y, 1) dydw—plkl/ wt/ (pzt+p+lw)(y,t) dy dx.
0 0 0 0
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Then, for any o, do, €2 > 0, there exist ¢y, sy g0 > 0 such that
(3.13)
L L
P'(t) < k%/ (¢z + ¥ + lw)* do — k§/ (wy — lp)* dx + SoE(1)
0 0

cop1kr sz e
h

L L
+ (—p1/€1 + MTIQ + 60) / (p? dx + Cgoyl/ wt2 dx +
0 0 2e9 0

L L +oo
+ k390/ (W — lp)wy dx + c5, g0 / / g(s)n? ds da.
0 o Jo

Proof. By exploiting the first and third equations in (1.1), integrating by parts and
using (2.18) and the boundary conditions, we get
(3.14)

L L L L
Pt) = plkg/ w?dw—plkl/ cpfdx—kg/ (wx—lcp)2dx+k%/ (0p + 1 + lw)* dx
0 0 0 0

L L x
+ g / (we — Iy de — py / o / (ryin () + Uy — ks)wy(y, 8)) dy da
0 0 0

L +00
- kg/O (we — l@)/o 9(s)n, ds dz.
Noticing that the functions
T - /Omwt(yi)dy and xH/Omwt(y,t)dy
vanish at 0 and L (because of (2.18)), then, applying (2.19), we have

L x 2 L
(3.15) /0 (/0 Ui (y, 1) dy) dz < co/o 2 da

and

L T 2 L
(3.16) / (/ we(y, t) dy) dzx < co/ w? di.
0 0 0

By applying Young’s inequality and (3.5) for the last two terms in (3.14), and
recalling (2.20), (3.15) and (3.16), we conclude (3.13). O

Lemma 3.5. Let

L
(3.17) R = [ (ovger + prts + pruw) da,

Then, for any 6o > 0, there exists c5, go > 0 such that
(3.18)

L
R'(t) < / (P19} + P2t} + prwi — kas — k1(pe + 1 + lw)? — ks(wy — lp)?) da
0

L L +oo
+ g0 / w2 dx + 6o B(t) + ¢, 40 / / g(s)n? ds da.
0 o Jo
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Proof. By exploiting the first three equations in (1.1), integrating by parts and
using the boundary conditions, we get

L
R'(t) = / (Pl% + P2¢t =+ let k2¢2 k1(pz + 1) + lw)2 — k3(w, — l%")2) dx
0

L L +oo
+ go/ w? dr — / Wy / 9(8)n ds dx.
0 0 0

Applying (2.20) and (3.5) for the last term in the above equality, we arrive at
(3.18). O

Let N, Nl, NQ, Ng, Ny > 0 and
N.
(3.19) F:=NE+ NI+ N,P+ TSK+N4R+J.

Then, by combining (3.3), (3.8), (3.10), (3.13) and (3.18), and exploiting (3.1) to
estimate the integral of —g'n?, we obtain
(3.20)

, L ) ) ) lkoks\ o lkokse )
F'(t) < ; Lioi + Ly +lzw; + [ 1y + e, e+ 15+ ok (wy —lp)* | da

L
+ / (l6(pz + 9 + lw)? + g" Naw? + ¢°lz(w, — lp)wy) dx + docr Ny oo N, E(2)
0

“+o00
P
+ (N = €55,1,99,9(0), N1, N3 ) B (£) 4 C50,1,49,9(0), N / / s)nz ds dx + <21 - 2) / Yy da
L L
+ Nslpl (% — 1) / Wy dT + eocl’Nz,NB/ (apt —l—i/)t) dr + Cl,eo,Nz,Ns/ w? dx,
0 0 0
where
ks N cop1k1N:
ll—plkl (7_1)]\/-2_,01 3 3+p1N4, IQ:M-FPQJ\Q—PQ;
k1 2€9
k2 N.
Is = —p1goN1 + p1Ny, 1y = —koNy, Is5=—k3Ny+ > 2 _ k3Ny,

1

N:
lﬁ = k'l + k%NQ - klNg - k1N4 and l7 = k3 (N2 — k3>
1

At this point, we choose carefully the constants N, N;, €¢; and dg to get suitable
values of [;. We choose €3 € ]0, 2(]“]67?’“3) [ After we pick Ny > 0 small enough so

that 2 k
Cop1 LN, <1, (k1 (7 B 1) L Coprfy k3> Ny < 1,
2p2€9 2 2pa€2
k ki +k k
( s€2 1+ 3<copl 1—k3>)N2<1and Cop1 (k1 + k3)Na < 1.
2 ki \ 2pze 2p262

Next we fix N3 > 0 such that
k k
Ny < L (1+ <k3 T 1) N2>
k3 2p2€2
and

CopP1 ]C% (62 ) kl k1€2
N. k(1 No,— (= —1]) N 1 N. .
3>H13X{ 1( +2p2€2> 27, (2 2 T+ ks + 5 V2
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Noticing that N3 exists according to the choice of Ny. Then we choose Ny > 0 so
that

cop1k1 Ny, k3
2p262 ]i)

N4<min{1— — N3+ ky (1_€2)N2}

2
and

k
N, > max {—k‘3N2 + fN;;, 14+ Kk Ny — N3} .
1

The constant N, exists thanks to the choice of N3, Ny and e5. By virtue of the
choice of €3, No, N3 and N4, we see that

(321) max{ll,lg,l4,l5,lﬁ} < 0.

At this step, we choose €; = ,/é—i and we put [ = kad Vigls (€7 and [ are well
defined from (3.21)). Then, if | satisfies the first inequality in (2.29), we get
lkoks lkakser
0 d I
2k161 < an g + 2]i31
On the other hand, from (2.20) and Young’s inequality, we find that

(3.22) Iy + <0.

L
(3.23) / (" Naw?2 + ¢°lz(w, — lp)w,) da
0
< O/L(<N+ ) +k‘°’l7( 1)2>d
— L (w, — x
S g . 4 s B P
12 L
< g° (,%0 (N4 + ﬁ) + 57) / (ko2 + k1 (00 + 9 + lw)® + ks (wy — lp)?) da.
0
Let

- 2k0 . { 1 <l + lk2k3> 1 <l lkgkgel) I }
= min ¢ —— —, ,——
g 2 <N4 + ﬁ) + k‘ol% k2 : 2k161 kg ° 2](51 kl 6
3
(g > 0 according to (3.21) and (3.22)). Because €1, l, l5, lg and l7 do not depend

neither on [ nor on g, then [ and § do not depend neither on [ nor on g. So, if g°
satisfies the second inequality in (2.29), then

lkgkg 0 1 l% lk2k361 0 1 1 l%
No = z k Not— )+ 2) ko (= (N4 — )+ 2
0 max{”%lel” 2<k < 4+2k3>+2 ot o T M) T )

1 1 12
.24 l Ok | — [ Ny + — =z
(3.24) 6+g 1<k0( 4+2k3>+2>}<07

and therefore, using (3.23),

L

lkok lkok

/ Lt o2 2 4 (U + 22D ) (wy — 19)? + lo(i + 0+ lw)? + " Nyw? + ¢l (w, — lp)w, | do
0 2]{7161 2kl

L
(3.25) <o / (42 + (wa — 19)? + (0 + ¥ + l0)?) da.
0

After, because [, l1, I, No and N3 do not depend on €y, we can choose ¢y > 0 small
enough such that

(326) 1+ €0CL, Ny, N3 < 0 and I+ €0CI,No, N3 < 0,
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and then we fix N; large enough so that
(3.27) I3 + C1e0,N2,N5 < 0.
Therefore, from (3.24), (3.26) and (3.27) we see that

1 1 1 Ao Ao Ao
maX{pl(h + €0CI, N, N3 ), 5(12 + €0CI, Ny N3 )5 E(lg + €1 Ny Nayeo ) B ks ko < 0.

Finally, we choose dy > 0 small enough such that

B 1 1 1 Ao Ao Ao

¢1 := —2max { o (lh + €0ci,N, N ) s —(l2 + €0c1,N,N), E(ZS + ClLNa N3 e0)s T ks kl}_(SOCl,Nl,m Ny > 0.
Then, using (2.23) and (2.27), and recalling that k”l — p2 = 0 (because s1 = s

thanks to (1.3) or (2.32)), we deduce from (3.20) and (3.25) that

(3.28)

F(t / Loptes 2 N3p1 (ks k
(t) < =G E(t)+(N—c)E'(t)+c 9(s)m; ds dz+— T 1 WPt da.
0 0 0

Now, we estimate the integral of gn? in (3.28). When (2.25) holds, we see that,
by virtue of (3.1),

L +oo
(3.29) /0 /0 g(s)n? dsdx < —%E'(t).

When (2.26) holds, we apply Lemma 3.6 [11] (in the particular case B = —0,, and
-1l =1l"1lz2qo,zp)) to get the following inequality.

Lemma 3.6. There exists a positive constant ¢ such that, for any 79 > 0, we have

+oo
(3.30) G’(TOE(t))/O /0 g(s)ndsdx < —cE'(t) + croE(t)G' (10 E(t)).

Proof. See Lemma 3.6 [11]. O

Using (3.29) and (3.30), we get, for the two cases (2.25) and (2.26) and for any
T0 > 0,

(3.31)
GolroE(t o0 L GolrBW)
OTO% / / Sy ds da < cGo(roE(t)) — cE'(£) — OTOEWE ),

where G is defined in (2.31). By multiplying (3.28) by % and combining
with (3.31), we obtain, for any 79 > 0,
(3.32)

GlE D FI(t) < —(@1 = cro)Go(roB(8)) + (N = ) LGB —ery) E(1)

L
+ 76:0(;0(13(0) L:}zm (% - 1) /0 Wty dx.

On the other hand, from (2.20), (2.23) and (2.27), we deduce that there exists a
positive constant 7 (independent of N) satisfying

N.
NiI + NoP + T?’K+N4R+ J‘ < +E,
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which, combined with (3.19), implies that
(3.33) (N —)E < F < (N +7)E.

Choosing N so that N > max{~,c} (c is the constant in (3.32)) and using (3.32),
(3.33) and E’ < 0, we deduce that F' ~ E and

Gl B pr(1) < —(& — er0)Go(T0E(t)) — ero B ()

E(t)
(3.34) :
+ %@ (% — 1)/ Wyt Pt AT
0

Let 7 > 0 and

~ <GO(TOE(t))

(3.35) e CTQE(t)> .

Because % is non-increasing, then, thanks to (3.33),

Go(10E(0))

(3.36) FroE<F <7 ((N +7) 50)

+ CTQ) E.

We have, using (3.34), (3.35) and the fact that % is non-increasing,
(3.37)

- - L
F’(t) < —7(é1 — 1) Go(ToE(t)) + %GO(;O(tE;(t)) N‘;pl (:‘j - 1) /0 Wy d.

3.2. Proof of (2.30). Let us choose 7 > 0 such that
(3.38) F<mE and F(0)<1.

According to (1.3), the coefficient of the integral in (3.37) vanishes, and hence, by
choosing 79 > 0 small enough such that ¢; — ¢y > 0 and using the first inequality
in (3.38), we get, for ¢ = 7(¢ — ¢1p),

(3.39) F' < —dGo(F),
whereupon
(3.40) (G(F)) > ¢,

where G is defined in (2.31). Integrating (3.40) over [0, 1] yields
(3.41) G(F(t)) > 't + G(F(0)).

Because F(O) < 1 (from (3.38)), G(1) =0 and G is decreasing, we obtain from
(3.41) that G(F(t)) > t, which implies that F(t) < G~1(c/t). Then (3.36) gives
(2.30).

3.3. Proof of (2.34). In this section, we treat the case when (2.32) holds. We
need to estimate the last integral in (3.37) using the following systems resulting
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from differentiating (1.1) with respect to time ¢:
(3.42)

P1Pe — k1 (Pat + Y +lwy)y — lks(wyy — L) = 0,
P2 — koVuar + k1(@ae + ¢y + lwy) = 0,

“+o0
p1wees — k3(wWar — lpt) s + k1 (@ae + 0 + lwy) + / 9(8)Waat(z,t — 5)ds =0,
0

QDt(O, t) = th(07 t) = th(07 t) = (,Dt(L, t) = wzt(lﬁ t) = ’Ll)xt(L, t) =0.

Thanks to Theorem 2.2, we have, for any initial data U? € D(A), the system (3.42)
has a unique solution U satisfying

atU S C(R+; H)

Let U° € D(A) and E be the energy of (3.42) defined by
~ 1

(3.43) E(t) = §||3tU(t)H§J-

Similarly to (3.1), we have

_ 1 L +o0o
(3.44) E'(t) = 5/ / g (s)n2, dsdx <0;
o Jo

so E is non-increasing. We use an idea introduced in [9] to get this lemma.

Lemma 3.7. For any € > 0, there exists c. > 0 such that
(3.45)

N. k L
3P (83 1 / WPy dX
l kl 0

Proof. We have, by the definition of 7,
(3.46)

L 400
e (1) [Cpnnde = 2 (- / oo [ otoadsa
—+o00
1)/ sot/ 9(8)wyt(t — s) ds dz.
0 0

Using (3.5) (for f = nz and v = ;) and (2.27), we get, for all € > 0,

(3.47)
€ L “+o0
<sE@ e [ [ gt dsa
2 0 0

N. Foo
30/;1 <k1 )/ sOt/ S)wyn ds dx

On the other hand, by integrating with respect to s and using the definition of 7,
we obtain

/OL@t/OJroog(S)wzt(ts)dsdx - / %/m Ou(wn(t — ) ds

/0 o (90wt + [ o punte—s)ds)

L +oo
—/ <pt/ g'(8)ns ds dx.
0 0

L +oo
< ece / / g(s)n?, dsdx + eE(t) — c E'(t).
o Jo

N3p1
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Therefore, using (3.6) (for f =7, and v = ;) and (3.1),

“+o0
(3.48) ‘N3p1 ( — 1) / 9075/ S)wgt(t — 8) dsdx

Inserting (3.47) and (3.48) into (3.46), we obtain (3.45). O

E(t) — c.E'(t).

<

‘g
2

Now, by combining (3.45), (3.37) with 7 = 1 and choosing € = -, we get
(3.49)

~ L +oo
F'(t) < — <C21 - cro> Go(ToE(t))—CME/—FCM/ / g(s)n?, dsdz.

£(0) E(t) o Jo
Similarly to (3.29) and (3.30), using (3.44), we find
+oo
(3.50) / / s)n2, dsdx < ——E'( )

when (2.25) holds. When (2.26) holds, there exists a positive constant ¢ such that,
for any 79 > 0, we have as for (3.30) (see the proof of Lemma 3.6 [11])

+o0 N
351)  G(rE() /O /0 g(s)n2, ds dz < —cB/ () + cro B(R)G (o B (2)).

From (3.50) and (3.51), we find that, in both cases (2.25) and (2.26),
(3.52)

T too T B B
ot / | stemidsde < cGotmpo) - AN By - ek,

Inserting (3.52) in (3.49), choosing 7o > 0 small enough such that & —cry > 0, and

Go(TgE)
E

using the fact that is non-increasing, we find, for some ¢; > 0,

(3.53) Go(roB(t)) < —&F"(t) — (1 + CW) (E’(t) +E’(t)).

By integration with respect to t and using (3.36), we get, for some é3 > 0,
(3.54)

T i Go(roE(0)) ~
| Galmb(e)de < (1 i OEO(O)) (B©)+B(s). vT2520

Choosing S = 0 in (3.54) and using the fact that Go(79F) is non-increasing, we
obtain

T
(3.55) Go(roE(T))T < /O Go(BE(t)) dt < & <1 + W) (E(O) + E(O)) .

Because G ! is increasing, (2.34) for n = 1 is deduced from (3.55) with

¢1 = max {;Q (1 + W) (E(o) + E(O))} .

By induction on n, one can prove that (2.34) holds, for n = 2,3, ---; see [11] and
[13].

Remark 3.8. We give in this remark some general comments and open problems.
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(1) Our stability results (2.30) and (2.34) hold under the smallness conditions
(2.29) on [ and ¢°, and the boundedness conditions (2.28) and (2.33) on
the initial data n°. It is interesting to drop these conditions or determine
the biggest values of [ and § in (2.29) for which (2.30) and (2.34) hold.

(2) Another interesting question concerns the stability of (1.1) when s # sa.

(3) The case where only one infinity memory is considered in the vertical dis-
placements; that is the integral in (1.1) is replaced by

“+o0
/ 9(8)0ua(x,t — 5)ds
0

and considered on the first equation in (1.1), seems very delicate. The
particular case of Timoshenko systems ((1.1) with [ = 0) under infinity
memory and/or frictional damping in the vertical displacements was studied
in [14] and some stability estimates were proved.
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