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Necessary Conditions for Stochastic Optimal Control
Problems in Infinite Dimensions

Hélene Frankowska* and Xu Zhang'

Abstract

The purpose of this paper is to establish the first and second order necessary conditions for
stochastic optimal controls in infinite dimensions. The control system is governed by a stochastic
evolution equation, in which both drift and diffusion terms may contain the control variable and
the set of controls is allowed to be nonconvex. Only one adjoint equation is introduced to
derive the first order necessary optimality condition either by means of the classical variational
analysis approach or, under an additional assumption, by using differential calculus of set-valued
maps. More importantly, in order to avoid the essential difficulty with the well-posedness of
higher order adjoint equations, using again the classical variational analysis approach, only the
first and the second order adjoint equations are needed to formulate the second order necessary
optimality condition, in which the solutions to the second order adjoint equation are understood
in the sense of the relaxed transposition.

2010 Mathematics Subject Classification: 93E20, 49J53, 60H15

Key Words: Stochastic optimal control; First and second order necessary optimality conditions;
Variational equation; Adjoint equation; Transposition solution; Maximum principle.

1 Introduction and notations

Let T'> 7 > 0, and (Q,F, {Fi}icpo,7),P) be a complete filtered probability space (satisfying the
usual conditions). Write F = {F;},c(0.7), and denote by F the progressive o-field (in [0,7] x Q)
with respect to F. For a Banach space X with the norm |- |x, X* stands for the dual space of
X. For any t € [0,T] and r € [1,00), denote by L’ (€2; X) the Banach space of all F;-measurable
random variables £ : & — X such that E|{|y < oo, with the canonical norm. Also, denote by
Dg([7,T]; L"(Q; X)) the vector space of all X-valued, r-th power integrable F-adapted processes
¢(+) such that ¢(-) : [r,T] — L"(Q, Fr,P; X) is cadlag, i.e., right continuous with left limits. Then
Dy([7,T]; L"(92; X)) is a Banach space with the norm
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Similarly, denote by Cr([7,T]; L"(€2; X)) the Banach space of all X-valued F-adapted processes ¢(-)
so that ¢(-) : [7,T] — L’z (92; X) is continuous, with the norm inherited from Dg([r,T]; L"(£2; X)).
Fix ry,7r9,73,74 € [1,00] and define
T L
L (L™ (1, T, X)) = {<p (1, T) x @ — X | ¢(-) is F-adapted and E(/ \gp(t)\??dt) ? < oo},

T
T2

T 2
L (r,T; L™ (Q; X)) = {ap :(1,T) x @ — X | ¢(-) is F-adapted and / (E\gp(t) S%) dt < oo}.

Both Lg' (€ L™ (7,T; X)) and L2 (7,T; L™ (2; X)) are Banach spaces with the canonical norms. If
r1 = 72, we simply denote the above spaces by Lg' (7, T; X ). For a Banach space Y, £L(X;Y) stands
for the (Banach) space of all bounded linear operators from X to Y, with the usual operator norm
(when Y = X, we simply write £(X) instead of L(X,Y)).

Let H be an infinite dimensional separable Hilbert space, V' be another separable Hilbert space,
and denote by £J the Hilbert space of all Hilbert-Schmidt operators from V to H. Let W (-) be
a V-valued, standard Q-Brownian motion or a cylindrical Brownian motion (see Subsection 2.2
for their definitions). In the sequel, to simplify the presentation, we only consider the case of a
cylindrical Brownian motion.

Let A be an unbounded linear operator (with domain D(A) C H), which generates a Cp-
semigroup {S(t)}+>0 on H. Denote by A* the dual operator of A. It is well-known that D(A) is
a Hilbert space with the usual graph norm, and A* generates a Cp-semigroup {S*(¢)}+>0 on H,
which is the dual Cp-semigroup of {S(t)}+>0.

Let p > 1 and denote by p’ the Holder conjugate of p, i.e., p’ = z% if p € (1,00); and p’ = o0
if p = 1. Consider a nonempty, closed subset U of another separable Hilbert space H. Put

uwé{moeLﬁmL%mﬂﬁ»‘mm@eUaﬁ(m@equxQ}

Let us consider the following controlled stochastic evolution equation:

{ dz(t) = (Az(t) + a(t, z(t), u(t)))dt + b(t, z(t), u(t))dW(t)  in (0,T], 1)

z(0) = xo,

where a(-,-,-,-) 1 [0,T] x Hx Hx Q — H and b(-,-,-,-) : [0,T] x Hx H x Q — L9, u(-) € Uyg
and xg € H. In (1.1), u(-) is called the control, while z(-) = z(-; g, u(-)) is the corresponding state
process. As usual, when the context is clear, we omit the w(€ §2) argument in the defined functions.

Let f(-,-,--): [0,T] x Hx HxQ — Rand g(-,-) : Hx Q — R. Define the cost functional J(-)
(for the controlled system (1.1)) as follows:

T
) 2B( [ fa(0.u)de + g(a(T)), V() € U (12)

where z(-) is the solution to (1.1) corresponding to the control u(-).
We associate with these data the following optimal control problem for (1.1):

Problem (OP) Find a control u(-) € Uyq such that

J() = il J(u()). (13)

u(')euad

Any u(-) satisfying (1.3) is called an optimal control. The corresponding state process T(-) is called
an optimal state process, and (:Z"(), a()) 18 called an optimal pair.
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The purpose of this paper is to establish first and second order necessary optimality conditions
for Problem (OP). We refer to [2, 8, 16, 18, 21] and the references cited therein for some early works
on the first order necessary optimality condition. Nevertheless, all of these works on the necessary
conditions for optimal controls of infinite dimensional stochastic evolution equations addressed only
some very special cases, as the case with the diffusion term not depending on the control variable,
or when the control set U is convex, and so on. For the general case, stimulated by the work [17]
addressing the same problem when dim H < oo, and because presently dim H = oo, one has to
handle a difficult problem of the well-posedness of the second order adjoint equation, which is an
operator-valued backward stochastic evolution equation (2.11) (see the next section). This problem
was solved at almost the same time in [4, 6, 13], where the Pontryagin-type maximum principles
were established for optimal controls of general infinite dimensional nonlinear stochastic systems.
Nevertheless, the techniques used in [13] and [4, 6] are quite different. Indeed, since the most
difficult part, i.e., the correction term “Q2(¢)” in (2.11) does not appear in the final formulation
of the Pontryagin-type maximum principle, the strategy in both [4] and [6] is to ignore completely
Q2(t) in the well-posedness result for (2.11). By contrast, [13] characterized the above mentioned
Q2(t) because it was anticipated that this term should be useful somewhere else. More precisely,
a new concept of solution, i.e., relaxed transposition solution was introduced in [13] to prove the
well-posedness of (2.11).

On the other hand, to the best of our knowledge, the only works on second order necessary
optimality condition for Problem (OP) are [9, 11], in which the control set U is supposed to be
convex so that the classical convex variation technique can be employed. For the general stochastic
optimal control problems in the finite dimensional framework, when nonconvex control regions are
considered and spike variations are used as perturbations, as shown in [19, 20], to derive the second
order necessary optimality conditions, the cost functional needs to be expanded up to the forth
order and four adjoint equations have to be introduced. Consequently, an essential difficulty would
arise in the present infinite dimensional situation. Indeed, the infinite dimensional counterparts
of multilinear function-valued backward stochastic differential equations introduced in [19] are
multilinear operator-valued backward stochastic evolution equations. So far the well-posedness of
these sort of equations is completely unknown.

In this paper, in order to avoid the above mentioned difficulty with the well-posedness, as in
our earlier work dealing with the finite dimensional framework [5], we use the classical variational
analysis approach to establish the second order necessary optimality condition for Problem (OP) in
the general setting. The main advantage of this approach is that only two adjoint equations (i.e.,
(2.6) and (2.11) from the next section) are needed to state the desired second order condition. It
deserves mentioning that, though Q2(¢) in (2.11) is useless in the first order optimality condition,
it plays a key role in the statement of our second order necessary optimality condition (see the
last two terms of (5.9) in Theorem 5.1). Of course, as in [5], the classical variational analysis
approach can also be used to derive the first order necessary optimality condition for Problem
(OP). Furthermore, we also show a “true” Pontryagin-type maximum principle for Problem (OP)
under some mild assumptions.

The rest of this paper is organized as follows. In Section 2, some preliminaries on set-valued
analysis and mild stochastic processes are collected. Section 3 is devoted to the first order necessary
optimality condition for Problem (OP); while in Section 5, we shall establish the second order
necessary optimality condition. In Section 4 we prove the maximum principle under a convexity
assumption using again a variational technique.



2 Preliminaries

2.1 Some elements of set-valued analysis

For a nonempty subset K C X, the distance between a point x € X and K is defined by
dist (x, K) := in}f{\y—ﬂx. For any 6 > 0, write B(z,0) = {y € X ‘ ly —z|x <6}
ye

Definition 2.1 The adjacent cone T%(x) to K at x is defined by

; K
lim dist (x + ev, K) :0}.

e—0t 5

T (z) := {v eX

The dual cone of the tangent cone T% (z), denoted by N% (z), is called the normal cone of K at
x, i.e.,

Nb(z) = {g € X*

£(v) <0, Vve T};(x)}.

Definition 2.2 For any € K and v € T%(x), the second order adjacent subset to K at (x,v) is
defined by

TII){(Z)(LU,U) = {h eX

: 2
lim dist (x +ev +¢e°h, K) :0}‘

0+ g2

Let G: X ~~ Y be a set-valued map with nonempty values. We denote by graph(G) the set
of all (z,y) € X x Y such that y € G(x). Recall that G is called Lipschitz around =z if there exist
¢ >0 and § > 0 such that

G(z1) C G(x2) + B(0,c|z1 — 232]), V z1, 22 € B(x,9).

The adjacent directional derivative D’G(z,y)(v) of G at (z,y) € graph(G) in a direction v € X
is a subset of Y defined by

w e DGz, y)(v) < (v,w) € Té’mph(G)(:z,y).

If G is locally Lipschitz at =, then

D’G(x,y)(v) = Limint. g +G(~’U+§”)—y7

where Liminf stands for the Peano-Kuratowski limit (see for instance [1]).
We shall need the following result.

Proposition 2.1 ([1, Proposition 5.2.6]) Consider a set-valued map G : X ~~ 'Y with nonempty
convez values and assume that G is Lipschitz around x. Then, for any y € G(z), the values of
D’G(z,y) are convex and

D*G(x,y)(0) = Ty (y) > Glz) —y,

DPG(a,y)(v) + D*Gla,y)(0) = D*Gla, y)(v).



2.2 Vector-valued Brownian motions

In this subsection, we collect some preliminaries on vector-valued Brownian motions. We refer to
[3, Section 4.1 of Chapter 4] and [15, Section 2.9 of Chapter 2] for more material on this subject
(in [3], Brownian motions are called alternatively Wiener processes).

Let @ € L(V') be a positive definite, trace-class operator on V. Then there is an orthonormal
basis {€;}52; in V and a sequence {\;}32; of positive numbers satisfying > 22, \; < oo and
Qe; = Aje; for j =1,2,--- (\; and e; are respectively eigenvalue and eigenvector of Q). When V
is an m-dimensional Hilbert space (for some m € N), the sequence {A;}72, is reduced to {A;}7L;.

We begin with the following notion of V-valued, standard @-Brownians.

Definition 2.3 A continuous, V-valued, F-adapted process W (-) = {W(t) }+>0 is called a V -valued,
standard Q-Brownian motion if

1) B{W(0) = 0}) = 1;

2) For any 0 < s < t < oo, the random wvariable W (t) — W (s) is independent of Fs, and
W(t) = W(s) ~ N(0, (t = 5)Q).

In particular, W (-) is called a real valued, standard Brownian motion if V = R.

Next, we consider another kind of vector-valued Brownian motions. Let {w;(-)}72; be a sequence
of independent, real valued, standard Brownian motions.

Definition 2.4 The following formal series (in V')
W(t) =Y wj(t)e;, t>0, (2.1)
j=1

is called a (V-valued) cylindrical Brownian motion.

Clearly, the series in (2.1) does not converge in V. Nevertheless, this series does converge in a
larger space, as we shall see below.

Fix an arbitrary sequence {u;}72; of positive numbers such that >, M? < o0o. Let Vj be the
completion of V' w.r.t. the following norm:

[l = ([ D_ 2l fe)vl2, VeV
j=1

Then, V) is a separable Hilbert space, V' C V; and the embedding map J : V — Vj is a Hilbert-
Schmidt operator. Let @1 = JJ*. Then Q1 € £(V1) is a positive definite, trace-class operator on
V1. Moreover, one can show that the following series

W(t) = iwj(t)Jej, t> O, (2.2)
j=1

converges in L2(€;C([0,T]; V1)) for any T > 0 and defines a Vj-valued, standard @;-Brownian
motion.

From now on, to simplify the presentation, we only consider the case of a cylindrical Brownian
motion.



2.3 Notions of solutions to some stochastic evolution equations and backward
stochastic evolution equations

In the rest of this paper, we shall denote by C' a generic constant, depending on T, A, p and L,
which may be different from one place to another.
First, we recall that z(-) € Cr([0,T]; LP(2; H)) is called a mild solution to the equation (1.1) if

x(t) = S(t :E0+/St—s) (s,z(s),u(s) ds—i—/St—s)b(saj() u(s))dW(s), Vit e[0,T].

Throughout this section, we assume the following:

(A1) a(-,---) 1 [0,T) x Hx HxQ — H and b(-,-,-,-) : [0,T] x Hx H x Q — LY are two
(vector-valued) functions such that

i) For any (z,u) € Hx H, the functions a(-,z,u,-) : [0,T)xQ — H and b(-,z,u,-) : [0,T]xQ —
LY are F-measurable;

ii) For any (t,z) € [0,T] x H, the functions a(t,z,-) : H — H and b(t,z,-) : H — LY are
continuous a.s.;

iii) There exist a constant L > 0 and a nonnegative n € LP(Q; L'(0,T;R)) such that, for a.e.
(t,w) € [0,T] x Q and any (x1,x9, u1,ug,u) € H x H x H x H x H,

|a(t, x1,u1,w) — alt, w2, uz,w)[H + [b(t, 21, u1,w) — b(t, T2, u2,w)| g
< L(|wy — w2l + |ur — u2lg),
lat, 0,u, w)|g + [b(t, 0,u,w)[7g < n(t,w).

Further, we impose the following assumptions on the cost functional:

(A2) Suppose that f(-,-,-,-): [0,T] x H x HxQ— R and g(,-) : Hx Q — R are two functions
such that B

i) For any (z,u) € H x H, the function f(-,z,u,-) : [0,T] x Q@ — R is F-measurable and
g(x, ) : Q@ = R is Fr-measurable; N

ii) For any (t,7) € [0,T] x H, the function f(t,z,-) : H — R is continuous a.s.;

iii) For all (t,x1,22,u) € [0,T] x H x Hx H,

|f(t7$17u) - f(t7x27u)|H + |g(1:1) — g(éL‘2)|H < L|£E1 — J}2|H’ a.s.,
|f(t,0,u)|g + |g(0)|g <L, a.s.

It is easy to show the following result.

Lemma 2.1 Assume (A1). Then, for any xo € H and u € LE (S L*(0,T; H)), the state equation
(1.1) admits a unique mild solution x € Cg([0,T]; LP(; H)), and for any t € [0,T] the following
estimate holds:

2
2

sup Elz(s, )|} < CE |x0\p / la(s, 0, u( Hds / |b(s, 0, u(s), )]iods)
s€0,1] 2

] (2.3)
Moreover, if % is the solution to (1.1) corresponding to (Zo,%) € H x LE(Q; L*(0,T; H)), then, for
any t € 10,71,

D
2

sup Ela(s, ) — (s, )y < CE ||zg — Folfy + ( /0 uls, ) — s Wgds)®] @4

s€[0,t]
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Assume that a, b, f are continuously differentiable with respect to x, u and ¢ is continuously
differentiable with respect to x.
For ¢ = a,b, f, denote

So[t] = So(taj(t)?ﬁ(t)?w)a (px[t] = @x(tvj(t)vﬂ(t)aw% (Pu[t] = gou(t,:i(t),ﬂ(t),w) (25)
and consider the following H-valued backward stochastic evolution equation':

{ dPy(t) = —A*Pi(t)dt — (au[t]* Pi(t) + bz [t]*Q1(t) — folt])dt + Q1(t)dW (t), t€[0,T],
Pl(T) = —gx(.f<T)).

Let us recall below the well-posedness result for the equation (2.6) in the transposition sense,
developed in [12, 13, 14].
We consider the following (forward) stochastic evolution equation:

(2.6)

{ dz = (Az 4 1(s))ds + ho(s)dW (s) in (¢, T], _

z(t) =,
where t € [0,T], ¢1 € Lyp(t, T; L*(; H)), 12 € Lg(t,T; L*(Q; £9)) and 1 € L% (Q; H). We call
(P(+),Q1(-)) € Dp([0,T); L*($; H)) x L2( ) T; LY )) a transposition solution to (2 6) if for any ¢ €

[0, T, ¥1(-) € Lip(t, T; L*( H)), po(-) € LA(t, T; L2 £9)), n € L% .(Q2; H) and the corresponding
mild solution z € Cr([t, T]; L?(%; H)) to (2.7), the following is satlsﬁed

T
B(:(T), 0 (2(1)) y +E [ (2(s)saals] Pr(s) + bl Qi) = fols) s -
¢ 2.8

T T
:IE<77,P1(t)>H+E/t <1/11(s),P1(s)>Hds+E/t (162(), Qu () .

We have the following result for the well-posedness of (2.6).

Lemma 2.2 ([13, 14]) The equation (2.6) admits one and only one transposition solution (Py(-),
Q1(+) € Dp([0,T); L*(Q; H)) x L&(0,T; L*(Q2; £9)). Furthermore,

[(P1(), Q10 pa(o,7: L2 (@51 x L2(0,7309)) < C(‘QI(E(T))‘LEET(Q;H) +fel o2 umy)- (2:9)

The proof of Lemma 2.2 is based on the following Riesz-type Representation Theorem estab-
lished in [10].

Theorem 2.1 Suppose 1 < q < oo, and that X* has the Radon-Nikodym property. Then
L2(0,T; L9(Q; X))* = LE (0, T; L7 (2 X*)).
Fix any r1,7r9,73,74 € [1,00] and denote by £pd(L%1(O,T; L™(Q;X)); L (0, T L™ (Q,Y))) the
vector space of all bounded, pointwise defined linear operators £ from Lg'(0,T;L™(£; X)) to

L (0,T;L™(Q;Y)), ie., for ae. (t,w) € (0,T) x §, there exists an L(t,w) € L(X;Y) satisfying
(Lu(-))(t,w) = L(t,w)u(t,w), Vu(-) € Ly (0, T; L™ (% X)).

!Throughout this paper, for any operator-valued process (resp. random variable) R, we denote by R* its pointwise
dual operator-valued process (resp. random variable). In particular, if R € LE(0,T;L*(9; L(H))), then R* €

L%(QT; LQ(Q§£(H))): and |R|L]%(O,T;L2(Q;L(H))) = ‘R*‘L%(O,T;LQ(Q;E(H)))'

7



Consider the Hamiltonian

H(t, z,u,v,w,w) = (v,a(t,z,u,w) )y + (w, b(t, z,u,w) >Lg — ft,z,u,w), (2.10)

where (¢, z,u,v,w,w) € [0,T] x H X HxH x LY x Q. Assume next that a, b, f are twice continuously
differentiable with respect to x, u with uniformly bounded second derivatives and that g is twice
continuously differentiable with respect to x with uniformly bounded second derivatives.

We then consider the following £(H )-valued backward stochastic evolution equation:

dPy(t) = — (A*P2(t) + Py(t) A + ag[t] Po(t) + Po(t)ag[t] + ba[t]* Pa(t)by[]
01 Qa(t) + Qa(1)b, ] + Hlap[1))dt + Qa(D)dW (1), ¢ € [0,T], (2.11)
PQ(T) = _gxac(j:(T))v

where Hy,[t] = Hy. (¢, Z(t), u(t), Pi(t), Q1(t)) with (Pi(+), Q1(+)) given by (2.6).
Let us introduce the following two (forward) stochastic evolution equations:

{ dry = (A + ag[s))z1ds + ui(s)ds + by[s]z1dW (s) + vi(s)dW (s) in (¢, 7], (2.12)
r1(t) =&
and
{ dry = (A + ag[s])ads + us(s)ds + by[s]zadW (s) + va(s)dW (s) in (¢, T1, (2.13)
2a(t) = &,

where £1,& € L;’Z,(Q; H), uy,ug € LA(t,T; sz/(Q; H)), and vy, v9 € LE(t, T} L2p/(Q; £9)). Also, we
need to define the solution space for (2.11). For this purpose, for p > 1, write

L (82 D([0, T); L(H))

=L P | P) € £pa(L30,T3 L2 (95 H)); L3(0,T5 L (0 H))),
2.14
P(-,-)¢€ Di([t, T]; L7 (; H)) and 214
. , 20’ ().
|P(, ){\DF(%T];L%(Q;H)) < C’|§|L§st () for every ¢ € [0, 7] and £ € L7 (Q,H)},
He 2 L2 H) x LE(LT; L% (O H)) < L3 T5 L (95£9)), Ve [0,T),
and2 A 2p
o'[o,71 = {(Q,QV) | @, Q1) € (M LA(t,T; L37(0: £5))
(2.15)

and Q®(0,0,.)* = @(t)(0,0, -) for any t € [O,T)}.

The notion of relaxed transposition solution to (2.11) (cf. [13, 14]): We call (Pa(-), Qg),
@g)) € L{;’w(Q; D([0,T]; L(H))) x QP[0,T] a relaxed transposition solution to the equation

2By Theorem 2.1, since £9 is a Hilbert space, we deduce that Q“)(0,0,-)* is a bounded linear operator
2 7 ’ 2
from LE(t,T; L1 (L9))" = LAt T; L% (2 L9)) to LAt T; L% (£9))" = LA(t,T;L7+1(Q;£3)).  Hence,
Q(t)(O, 0,)" = Q(t>(0,07 -) makes sense.



(2.11) if for any ¢t € [0,T7], &1,& € L%/(Q;H), uy(-),ua(-) € LA(t,T; L2 (9 H)) and vy (-),va(-) €
Li(t,T; sz/(ﬂ; LY)), the following is satisfied

T
E( — oo (2(T))22(T), 22(T)),, + E /t (Haolslz1(s), 22(s)) , ds

T
=E(Py(t)é1,&2) —i—E/ (Pa(s)us(s), xa(s)) ,ds
T ' T
+E/t <P2(s)x1(s),u2(s)>Hds+E/t <P2(8)bx[s]x1(s),vg(s)>£gds (2.16)

T T ~

\E /t (Pa(s)01(s), buls)a(s) + va(s)) yds + E /t (v1(5), QY (€, w2, v2)(5)) ry s
T

HE/t <Qg)(§1,ul,vl)(s),vg(s)>ﬁgds,

where z1(-) and x2(-) solve respectively (2.12) and (2.13).
We have the following well-posedness result for the equation (2.11) in the sense of relaxed
transposition solution.

Theorem 2.2 ([13, 14]) Assume that p € (1,2] and the Banach space Lg_-T(Q;R) is separable.

Then, the equation (2.11) admits one and only one relazed transposition solution (Ps(-), Qg), @g)) €
L (9 D([0,T; L(H))) x QP[0,T]. Furthermore,

) A
|P2‘L(L§(0,T;L2P’(Q;H)); L2(0,T;L§P/<P“>(Q;H)))+t:[lél;)‘(Q2 ) )‘ﬁ(?—lt;L[%(t,T;LZP/(p—O—l)(Q;gg)))Q

< C(Haw[DIyor; Loucimy) + 1920(Z(T))I Lz, (@ £(m))-
(2.17)

3 First order necessary optimality condition

We impose the following further assumptions on a(-,-,-,-), b(-,+,-,), f(-,+, -, ) and g(-,-).
(A3) The functions a(-,-,-,-), b(-,-,-,-) and f(-,-,-,-) are C' with respect to the second and third
variables and fy,(-,-,-,-) is bounded, while g(-,-) is C' with respect to the first variable.

Note that (A1)—(A3) imply that for a.e. (t,w) € [0,T] x Q and any (z,u) € H x U,

{ |a$(t7x7u7w)|C(H) + ‘bm(t7$>u7w)|£(H;£g) + |fm(t,3§‘,u,W)|H + ’gfb(xaw)h{ <L, (3 1)

|CLu(t, T, U,W)’[’(ﬁ;H) + ‘bu(tv T, u, w)‘ﬁ(ﬁ;ﬁg) + ‘fu(u Z, U,W)|f] S L.
Below, to simplify the notations, sometimes we will write “a.e. ¢ € [0,7T], a.s.” instead of “for
a.e. (t,w)e€[0,T] x Q".

Now, let us introduce the classical first order variational control system. Let u,v,v. € Lg(Q;
L0, T; H)) (8 > 1) satisfy v. — v in LE(Q; L2(0,T; H)) as ¢ — 0F. For u° := @ + ev., let a° be
the state of (1.1) corresponding to the control u®, and put

0zf = 2f — 7.



Consider the following linearized stochastic control system (recall (2.5) for the notations a,[],
au[*], bg[-] and by[]):

{ dy1(t) = (A () + ax[tlyr (t) + au[tlo()) dt + (ba[t]yr (t) + bu[t]o())dW (t), ¢ € [0, T], (3.2)

y1(0) = 0.

The system (2.6) is the first order adjoint equation associated with (3.2) and the cost function f.
Similarly to [5], it is easy to establish the following estimates.

Lemma 3.1 If (A1) and (A3) hold, and 3 > 2, then, for any u,v,v. and 6x° as above
’yl‘L]‘;’(O,T;Lﬁ(Q;H)) < C|U‘L§(Q;L2(O’T;ﬁ))a ‘5$5|L§°(0,T;Lﬁ(Q;H)) =0(e), ase— 0.

Furthermore,
7l .08 (umy) = 0, as e = 07, (3.3)
where

0xf(t,w)

ri(t,w) = —y1(t,w).

Further, we have the following result.

Theorem 3.1 Let the assumptions (A1) with p =2, (A2) and (A3) hold and let (z(-),u(-)) be an
optimal pair of Problem (OP). Consider the transposition solution (Pi(-),Q1(-)) to (2.6). Then,

T
E/ (Hu[t],v(t)gdt <0, YveT),(a) (3.4)
0

where H,[t] = H, (¢, z(t), u(t), Pi(t), Q1(t)).

Proof. Let v € Tzzad ((+)). Then, for any € > 0, there exists a v. € LZ(Q; L?(0, T} H)) such that
U+ eve € Uyg and

T
E/ o(t) — (B2 dt >0, as e — 0%,
0
Expanding the cost functional J(-) at u(-), we have

J(we () = J(a())

€

T 1
= E/O (/0 (fo(t,z(t) + 00x°(t), u(t) + cv: (1)),

0 <

1
+/0 (fult,z(t),u(t) +95v5(t)),va(t)>ﬁd0)dt

1 €
—HE/O (g:,;(:f:(T)4—«9(531:5(T)),(S ;T))Hde
T
= E/O ((falth () g + (fult), v(t)) ) dt + E(ga(@(T), 51(T) ) iy + o1 (3.5)
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where

T 1 T
i= B ([ atea) + 05570, 0(0) + 200) - £,
1
+ [ L300, 00) + G2 () = Lt 1)) 9
F I 2T g0+ Al o o

1
da=(T)

+E (9.(z(T)),

—y1(1)) g (3.6)

By Lemma 3.1 (applied with 8 = 2) and (A2)—(A3), using the Dominated Convergence Theorem,
we conclude that

)E / ' / () + 0625 (6). A(E) + vn(8)) — Lol &i(’f) Hd@dt‘

) 1
//]fxt:n t) + 062 (t), u(t) + cv=(t)) — falt \Hdedt /}:” |H 2
ase — 0.
Similarly, we have
// Ju(t, 2(t), u(t) + Ocve(t)) — fult], ve(t) ) gdodt — 0, ase — 0T,

and

0x=(T)

Ygdf — 0, ase—0".

E / (9a(E(T) + 062°(T)) — ga((T)),
0

Then, by (A2)-(A3) and Lemma 3.1, we obtain that

T €
B [ (510, - ) e

T
B[ Al o) = o(0) et

oxc(T)

lim ‘pl} < lim

e—0t e—0t

+ lim
e—0t

+ T |E (g:(2(7)),

e—0t

— (1) | = 0. (3.7)

Therefore, from (3.5) and (3.7), we conclude that

T
0 < E/O ((feltl () ) gy + Cfult) 0(8)) ) dt + E( g (2(T)), 51(T) ) - (3.8)

11



By means of the definition of transposition solution to (2.6), we have

—E(g2(2(T)), 91(T) ) g = B(PL(T), 91(T) ) iy

T

=E /0 (PL) aaltlyn (6))  + { Pr(). aulto(t) )
Q1) baltlyr (1) ) g + (@1 (), bultlo(t) ) g (3.9)
(a1 P (). (0) (bl Qu (1) 31 () )y + ( Falt)yn(6)) )

T
=B [ (PO o0+ (QuOLb(0) g + (£l () )t

Substituting (3.9) in (3.8), and recalling (2.10), we obtain that
T
0 < —IE/O ((PL(t), ault]o(t) ) i + (Q1(t), bultlo(t) ) g — (fult] v(t)) ) dt

T
- _E /0 (HL[t], o(t) ) e, (3.10)

which gives (3.4). This completes the proof of Theorem 3.1. O
As a consequence of Theorem 3.1, one has the following pointwise first order necessary condition
for optimal pairs of Problem (OP) that follows easily from measurable selection theorems.

Theorem 3.2 Under the assumptions in Theorem 3.1, it holds that

H,[f] € NE(a(t)), ae. te[0,T], as. (3.11)

4 Maximum Principle

In this section U,q denotes the set of all F—measurable  : [0, 7] x Q — H such that u(t,w) € U for
a.e. (t,w) € [0,T] x  and we address the Pontryagin-type maximum principle for Problem (OP).
For this purpose, we introduce the following assumption.

(A4) For a.e. (t,w) €[0,T] x Q and for all x € H, the set
F(t,z,w) := {(a(t,x,u,w),b(t,x,u,w),f(t,x,u,w) +7) | uelU, r> 0}

is convex in H x H x R.

The above assumption is familiar in the deterministic optimal control where it is very useful to
guarantee the existence of optimal controls. In particular, it holds true whenever a, b are affine in
the control, U is convex and f is convex with respect to u.

Also, we impose the following assumption, which is weaker than (A1) because Lipschitz conti-
nuity with respect to u is no longer required.

(A5) Suppose that a : [0,T) x Hx U xQ — H and b : [0,T] x Hx U x Q — LY are two
(vector-valued) functions satisfying the conditions i) and ii) in (A1), and such that for some L > 0,
n € L%([0,T] x ;R) and for a.e. (t,w) €[0,T] x Q and any (x1,72,u) € Hx H x U,
la(t, 1, u,w) — a(t, v2, u,w)|g + [b(t, 21, u,w) — b(t, T2, u, w)| g < Llzy — 2|,
la(t,0,u,w)|m + [b(t, 0,u,w)| 7y < n(t,w).
12



Under the assumption (A5), the system (1.1) is still well-posed.
We have the following Pontryagin-type maximum principle for Problem (OP) (recall (2.10) for
the definition of H(-)):

Theorem 4.1 Assume (A2), (A4) and (A5) and that the functions a(-,-,-,-), b(-,-,-,-) and f(-,-,-,")
are Gateauz differentiable with respect to the second variable, while g(-,-) is Gateauz differentiable
with respect to the first variable. If (Z,u) is an optimal pair for Problem (OP), then (P1, Q1) defined
i Lemma 2.2 verifies the mazimality condition

glg&(H(t,a_:(t),u,Pl(t),Ql(t)) = H(¢,z(t), u(t), Pi(t),Q1(t)), for a.e. t € [0,T] a.s.

Proof. Fix u(-) € Uyq and consider the following linearized system:
{ dgl (t) = (Agl (t) + a:r:[t]gl (t) + a(t))dt + (bx[t]gl (t) + 5(t))dW(t)v te [07 T]7 (4 1)
gl(o) =0, '
where
a(t) = a(t,z(t),u(t)) —alt],  B(t) = b(t, z(t),u(t)) — blt].
Then for a.e. (t,w) € [0,T] x Q,

|t )i+ [B(E W)l gg < CZ(Ew)| + [0t w)| +1).

Denote by DZ,F the adjacent derivative of F' with respect to . One can easily check that for
a.e. t € [0,7T],

(a:c[t]gl(t)7bx[t]gl(t)’fx[t]gl(t)) € DZF(tvj(t)va[tLb[t]a f[t])(gl(t))v a.s.

Define
V(t) - f(tv'f(t)vu(t)) - f[t]

By Proposition 2.1, we have
(az[t)71(2) + a(t), balt)1 (t) + B(1), Fultlgr () + (1)) € DoF (8, 2(t), alt], blt], f[) (51(F)-

Recall that F stands for the progressive o-field (in [0, 7] x ) with respect to F. Let us consider
the measure space ([0,7] x Q,F,dt x dP) and its completion ([0,7] x Q, A, u).
Fix any sequence ¢; | 0 and define for every j > 1 the sets

Hi(t,w) = {(u,r) €U x Ry |
la(t, 2(t, w) + i1 (t, w), u,w) — (alt] + €i(ag[t]g1 (t, w) + a(t,w)))|n < &/2
|b(t7 i‘(ta w) + Ei]]l (tv w)a u, w) - (b[t] + El(bw [t]gl (tv OJ) + B(t7 w)))|£8 < Ei/2j7 )
(8,2t w) + e (t,w), u,w) + 1 = (f[t] + ei(fa[t]g1(t,w) +(tw)))| < ei/27 }
and o o
i Hi(t,w) if Hi(t,w) #0
Hi(t.w) = J J
it w) { {(a(t,w),0)}  otherwise.
By the definition of set-valued derivative, we can find a subsequence i; and a decreasing family
of measurable sets A; C [0,7] x €, such that lim; . p(A4;) = 0 and fI;J (t,w) # 0 for (t,w) €
(10, 7] x )\ A;.
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By [1, Theorem 8.2.9], H;J is u-measurable. Since it also has closed nonempty values, it admits
a measurable selection. Modifying this selection on a set of measure zero, we obtain u; € Uyq

and an F-adapted, real-valued process r; satisfying for a.e. (¢,w) with ff;j (t,w) # 0 the following
inequalities:

‘a(t ( w) + gijgl(ta"‘))v uj(t7w)7w) - (a[t] + i (aw[t]gl(t7w) a( w)))’H < gij/2j7

‘b(t ( w)+€ijgl(t7w)7uj(tvw)7w)_ b[t]+5ij(b > )))|£8 SEij/2]7
|f(t,2(tw) + 3,01 (8 w), uy(f,w), w) +75(E,w) — (f[E] + ¢ [ J91(t,w) + (1t w)))| < e, /27
Define

H |

aj(t) = a(t, x(t) + ey, g1 (), u;(8)),  bji(t) = b(t, Z(t) + &, 51 (), uy(t)),

Observe that if fI]” (t,w) = 0, then by (A2), (A5), it follows that

|aj(t, w) = (alt, w] + &, (ax[t, W]G1(E, ) + aft,w)))|r < Ceiy(
[0(t,w) = (b[t, w] + &4 (be[t, ]G (¢, w) + B(E,w))) g9 < Ceiy(]
f5(t,w) = (fIt @l + iy (folt, W]g1(E, @) +7(F )] < Cei ([0

gt W) + [2(t, )| + [n(t,w))),
g1t w)| + [2(t, W) + [n(t, w)]),
(t, )|+ |2(t,w)| + L).

Consider the solution z; of the following stochastic equation:

{ du;(t) = (Az;(t) + alt,z;(t), u;(t)))dt + b(t, z;(t), u;(t))dW (t) in (0,77, (42)
x(0) = o. '

Then, by (4.2) we have

Ela;(t) — Z(t) — ei, 00 (1) %

2

<2E (t —s)(a(s, zj(s), u;j(s)) — als] — €i;(az[s]g1(s) + a(s)))ds .
2
+2E / S(t —5)(b(s, xj(s),u;(s)) — bls] — €i; (bx[s]g1(s) + B(s)))dW (s) .

< CB [ fay(s) —als] - &, (0l (5) + (o) s
(4.3)
—l—CE/O |zj(s) — Z(s) — sijgl(s)ﬁ{ds
+CE [ by (9,15 ()) = bl = 3, s (5) + B g
<cr e [ () + o)+ In(s)) dsap
+C /O Ela;(s) — #(s) — ci. g (s) s,

This and the Gronwall inequality imply that for a constant C' > 0, a sequence J; | 0 and for all j

Ela;j(t) — 2(t) — e, n (O)[F < Cef (277 +6)).
Consequently
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. Zj
lim sup E|~Z
I ¢e[0,T] i

On the other hand,

T
E /O (F(5,25(5), w5(5)) + 75(5) — F18] — e, (Fallin(s) + (s)))ds

T T
< IE/O ‘fj(s) +75(8) — fls] — &i; (fxls]F1(s) —I—’y(s))} ds + C’IE/O ‘i(s) +&i,71(8) — xj(s)‘Hds.
(4.4)
Thus, by the similar arguments as above,

1
lim —E

j—00 €i;

T
[ . 9) 1,9 = 715 =24, (Felshin(s) + (s))ds| =

By the optimality of (Z,u), we arrive at
T
0<E [ [ 65915060 4 7i6) = F1s) s + gy (7)) - g<x<T>>]
T
< e E /0 ((£ols], 1(5) ) i+ 7(5))ds (4.5)

T
/0 (f(s,25(s),u;(s)) +rj(s) — fls] —ei; (( fuls], 91(s) ) iy +(s))) ds
+E(g(z;(T)) — g(z(T))).

Dividing by ¢;; and taking the limit yields

+E

T
0 < E/O ((falt), 91(8) ) g +y(8))dt + B g2 (2(T)), 51(T) ) - (4.6)

By means of the definition of transposition solution to (2.6), in the same way as that in (3.9)
we finally obtain that

T
E/O ((Pa(t), at, 2(t), u(t)) — alt]) i + (Qu(t), b(t, 2(t), u(t)) — b[t]) £
—(f(t,2(t),u(t)) — f[t]))dt
<0.
For all (t,w) € [0,T] x Q and integer i > 1 define the closed sets

Ki(t,w) ={ueU | (P(t,w),alt,z(t,w),u,w) — alt]) g + (Q1(t,w),b(t, T(t,w), u,w) — b[t] ) oo
—(f(t, 2(t,w), u,w) — f[t]) > 27"}

and Ki(t,w) f Ki(t,w)#0
~ i(tw i i(t,w )
Ki(t,w) = { {a(t,w)} otherwise.

Let A; denote the set of all (¢,w) such that K;(t,w) # (. To end the proof it is enough to show
that yu—measure of the following set

{(t,w) ’ Ju € U so that (P (t,w),a(t,z(t,w),u,w) — at] )y
+<Q1(taw)vb(tvj(tvw)vuvw) - b[t] >L(2) - (f(tvj(t’w)vu’w) - f[t]) > O}
15



is equal to zero. Indeed otherwise there would exist an ¢ > 1 such that u(A;) > 0. By [1, Theorem
8.2.9] K;(-,-) admits a y—measurable selection. Modifying it on a set of measure zero, we obtain a
control u(-) € U,q such that for a.e. (t,w) € A,

(Pr(t,w),a(t,z(t,w), u(t,w),w) —alt] )y + (Q1(t,w),b(t, z(t,w), u(t,w),w) — bjt] >£3
> f(t,2(t,w), ult,w),w) = f[t] + 27,

(Pi(t,w),a(t,z(t,w), u(t,w),w) —alt]) g + (Qu(t,w), b(t, z(t,w), u(t,w),w) — bt] )9

Integrating the above two relations, we get a contradiction with (4.7). Consequently p(A4;) =0
for all . O

Remark 4.1 In [14] under stronger regularity assumptions (but without assuming (A4)) and using
the spike variation technique, the following mazximality condition was proved :

(Pr(t), alt, 2(t),uw) — a[t])) g + (Qu(8), b(t, 2(t),w) — bJt])) g + f[t] = f (2, Z(t), u)

4 UPa(t) b1, (1), ) — bl bt (1), ) — bl (18)
<0, ae in[0,7T]%xQ, VueU,

where (P1,Q1) is given by Lemma 2.2, and Ps(-) is provided by Theorem 2.2. Note that, when
dim H < oo and A = 0, the inequality (4.8) gives the classical mazximality condition established in
[17].

We claim that the maximality condition (4.8) implies the conclusion of Theorem 4.1 whenever
the sets F(t,z,w) defined above are convex. Indeed, fix (t,w) such that the inequality (4.8) is verified
and let w € U. Then for all small € > 0, the vector

(alt], bt], f[t]) + ela(t, z(t,w), u,w) — alt], b(t, Z(t,w), u,w) — b[t], f(t, Z(t,w), u,w) — f[t])

is an element of F(t,z(t),w). Fize > 0 sufficiently small. Then there exist uy € U and r > 0 such
that

&%l

a(t,z(t,w),ur,w) = a[t] + e(a(t, z(t,w), u,w) — alt]),
b(t,z(t,w), ur,w) = b[t] + e(b(t, z(t,w), u,w) — b[t]),
[ 2t w), ur,w) +r = [t +e(f(t2(t w), u,w) — fIE]).
Hence, by the mazimality condition and noting r > 0 we obtain that

(Pi(t,w),a(t, z(t,w),ur,w) — alt]) y + (Q1(t,w), b(t, Z(t,w), u1,w) — b[t]>£g + f[t]

—f(t,z2(t,w),u1,w) — 7+ %(Pg(t,w)(b(t, Z(t,w), ur,w) — bt]), b(t, z(t,w), us,w) — b[t]>ﬁg
<0.

Rl

This implies that
€<P1(t7w)7a(taj(tvw)vuvw) [ ]>H <Q1(t7w)7b(t7f(t7w)7u7w) - b[ﬂ)ﬁg
2

_5(f(t7j(tvw)vuvw) - f[t]) +

<0.

(Pa(t,w)(b(t, z(t,w), u,w) — b[t]), b(t, Z(t,w), u,w) — b[t]) so

2

<
2
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Since the above is valid for any small € > 0, dividing both sides of the above inequality by ¢ and
taking the limit when ¢ — 0+ we get

<(t)( z(t,w),u,w) — alt
—(ft,2(t,w),u,0) = fH]) <

Because u € U is arbitrary, we end the proof of our claim.

On the other hand, Theorem 4.1 does NOT imply the mazimality condition (4.8) because the
later does not need the assumption (A4) and also because (4.8) contains an additional term involving
Py(t). We would like to underline here that the classical technique of convezification of dynamics,
which works well in the deterministic setting, does not have its equivalent for stochastic control
systems.

D+ (Q1(t,w),b(t, z(t,w), u,w) — b[t]) zo

2

)i
0.

5 Second order necessary optimality condition

In this section, we investigate the second order necessary conditions for the local minimizers (z, @)
of (1.3). In addition to the assumptions (A1)-(A3), we suppose that

(A6) The functions a, b, f and g satisfy the following:

i) Fora.e. (t,w) € [0,T]x, the functions a(t,-,-,w) : HxH — H and b(t,-,-,w) : HxH — LY
are twice differentiable and

(iL‘, ’U,) = (a(z,u)2 (tv €, u, W), b(a:,u)2 (ta €T, U, w))
is uniformly continuous in x € H and u € ﬁ, and,

|a(mv“)2(t’x’u’w)’L((H,fI)x(H,ﬁ);H) + ]b(%u)g(t,aﬁ,u,w)|ﬁ((Hﬁ)X(Hﬁ);Eg) <L,V (z,u) e HxU,

ii) For a.e. (t,w) € [0,T] x Q, the functions f(t,-,,w): Hx H—R and g(-,w): H — R are
twice continuously differentiable, and for any x, £ € H and u, @ € U,

‘f(:v,u)Z(taxvuaw)‘ﬁ((H7ﬁ)><(H,I§);R) <L,
|f(x,u)2(tv$auaw) - f(x,u)Q(tvjaﬂaw”ﬂ((}[yﬁ)x(]{’f[);]}g) < L(|:L‘ - i’|H + |’LL - a|f1)v
|gI$(x7w)’£(H><H;R) < L) ‘ga:ac($7w) - gxx('%vw)‘[l(HxH;]R) < L’JZ - j’H

For ¢ = a, b, f, denote
Paa [t] = ngx(t, ‘f(t)7 ﬂ(t))’ @xu[t] = @mu(t 'i'(t)7 ﬂ(t)), Puu [t] = @uu(t 'f(t)7 ﬂ(t)) (51)
Let @, v, h, he € L2(Q; L*(0,T; H)) (8 > 1) be such that

lhe = hl, —0, ase—0". (5.2)

20(;L4(0,T;H))

Set
uf =i+ ev + £2h,. (5.3)

Denote by z° the solution of (1.1) with u replaced by u®. Put

dz° =2° — 7, Suf = ev 4 £%h.. (5.4)
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Similarly to [7], we introduce the following second-order variational equation?:

dya(t) = (Aya(t) + ax[ 1y (6) + 201 + @zalt] (91(8), 91(8)) + 20z 1] (42(0), (1))
] (0(8), 0(8)) )t + (altlya(t) + 20u[A(E) + bas[t) (11 (8), 1 (1)) 55)
+2bwu( (), <t>)+buuu(<t>,v<t>)) wie),  telo.T],

y2(0) =0,

where y; is the solution to the first variational equation (3.2) (for v(:) as above). The adjoint
equation for (5.5) is given by (2.11) (See Theorem 2.2 for its well-posedness in the sense of relaxed
transposition solution).

Similarly to [5, Lemma 4.1], we have the following estimates for solutions to (5.5).

Lemma 5.1 Assume (A1)-(A3), (A6) and let 5 > 1. Then, for u,v,h,h. € L;ﬁ(Q;L‘l(O,T; H))
so that (5.2) holds and for 0x¢ given by (5.4), we have

lwellzzeorizoun < € (1) 2 @upsoriy * 1P oo sty )

Furthermore,
175l Lo 0,728 (1)) — 05 as € = 07, (5.6)
where

02°(t,w) —eyi(t,w) 1

= - iyg(t,w).

To simplify the notation, we define* (Recall (2.10) for the definition of H(-)):

r5(t,w) ==

S(ta Z,u, Y1, 21;1/27‘*’) = HWU»(taxv u, Y1, 2’1,0&.)) + au<t,.’L‘,'LL,W)*y2

(5.7)
—|—bu(t,x,u,W)*y2bz(t,x,u,w),
where (¢, z,u,y1, 21, y2,w) € [0,T] x H X H x H x LY x L(H) x €, and denote
S[t] = S(t7 j(t)a Z_L(t), Pl (t)a Ql(t)a P2(t))7 le [Oa T] (58)

Let 4 € Uyq N Li(0,T; H). Define the critical set
Yo = {v e L2(0,T; H)) ] (Hu(t,w), v(t,w)) 7 =0 ae. (tw) € [0,T] x Q} ,
and the set of admissible second order variations by
Ag = {(v,h) € LA0, T5 ) x LE0, T3 H))
h(t,w) € TEP (a(t, w), v(t,w)), ace. t € [0,T], as. }

We have the following result.

3Recall that, for any C?-function F(-) : X — Y and 20 € X, Fuu(v0) € L(X x X;Y). This means
that, for any zi,z2 € X, Fupz(xo)(z1,2z2) € Y. Hence, by (5.1), azz[t] (yl(t),yl(t)) (in (5.5)) stands for
Gz (t z(t),u(t)) (y1(t),y1(t)). One has a similar meaning for au.[t](v(t),v(t)) and so on.
“Note that the definition of S(¢, z, u, y1, 21, %2, w) in (5.7) is different from the one in [5, p. 3708]. The main reason
for this is due to the fact that the characterization of Q(-) in Theorem 2.2 is much weaker than the one in the finite
dimensions.
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Theorem 5.1 Assume that L%_-T(Q;]R) is separable. Let (A1)-(A3) and (A6) hold, (Z,u) be an
optimal pair for Problem (OP) and i € L3(0,T; ﬁ) Then, for all (v,h) € Az with v € Ty, we
have

T
E / |2 (HL[s], h(s) 7 + 2 (Slislyr (), v(s)) g + (Huu[so(s), v(s)
+(Pa(s)buls]o(s), buls]v(s)) gy + (bulslo(s), @5 (0, auv, buv)(5)) pg (5.9)

+< éo) (0, ayv, byv)(s), by [s]v(s)>£g} ds
<0.
Proof. Since @ € L3(0,T; fI), for any (v,h) € Az with v € Yj, similarly to the proof of [5,

Theorem 4.1], we may choose h. € Lg(0,T; H)) so that (5.2) holds for 8 = 2 and u° € Uyq, where
u® and the corresponding z¢, d2° and du® are as in (5.3)—(5.4). Denote

1
o) = /0 (1= 0) fuu(t, 5(8) + 0025 (1), A(t) + O5uF (1)) 6.

Mappings f2,(t), f2,(t) and G5, (T) are defined in a similar way.
Expanding the cost functional J at @, we get

J(uf) = J(u)
2

1 T _
= 52E/0 ((fz[t],éwe(t)m + (fult], 60 (8)) g + ( fou(8)025(2), 627 (1)) 5

2 (00525 (0), 0" (1)) 5 + (P ()50 (0), 50 (1) )
+ 5B ({g (1)), 827(T)) y + (o (F(T)0 (1), 827(T)) )
T
B [ [2 O+ 5 0+ 5 (Al o0 + Al )

b (U aal o (0, 3200) 1 + 2 Falfln(6), 000+ CFualio(0),0(0)) )

where

. < - (t)(suz(t)7 &i(t) >,; - % Lunltlo®), v ) |t
+E< <§;x(a:(T))5x€(T) MZ(T) >H - % <gm(:f:(T))y1(T)7y1(T)>H)



As in Lemma 5.1, we find that lim. g+ p5 = 0. On the other hand, by calculations done in
(3.8)—(3.10) and the definition of H(-)) in (2.10), and recalling that v € Tz, we have

T
i]E/O (<fm[t]7y1(t)>H + <fu[t]7 U(t»f[)dt -+ %E <ga:(‘f(T))7y1(T)>H

T
= —2E [ (L v0)de =0,
Therefore,
02 i L) =IO
e—0T £

T
—E /0 5 (flth o) + (fultlhie) 5
5 (UFaallln 00} 2 fanlthn (0,000 + CFundilo(0), 005

5B ( (D)), 12T+ (0BT (T), (7)) )

(5.10)

From (2.8) and (5.5), it follows that

E(g:(z(T)),y2(T))
T
_E / ()" Pu(3) + bals" Q1 () — fals),ua(s)) , ds
0

T
; <P1(5), az[s]y2(s) + 2au[s|h(s) + azas] (91(3), yl(S))
+2azu[s] (y1(s),v(s)) —l—auu[s](v(s),v(s))>HdS

—E/ <Q1 S) + 2by[s]h(S) + byz[s] (yl(s),yl(s)) (5.11)
+2bgu(s] (y1(s), v(s )) "‘buu[ J(v(s) 7U<3>)>Lgds

T
- —E/O [(Lals) 1o(5)) g + (Pr(s), 2au[sl(s) + aaals]) (1 (5), 2 (5))
+20azu[s] (y1(5), v(s)) + quus (U () i + (Q1(5), 2bu[s]h(s) + bax[s] (y1(s), 11(5))

+2bzu[s] (Y1 (5), v(5)) + buuls] (v(s )>ﬁ°}
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On the other hand, by (2.16) and (3.2), we find that
E<gﬂwﬁ (i.(T»yl (T)v Y1 (T)>H

T T
- /0 (Haalslya(5),y1(s)) , ds — E /0 (Py(s)alslu(s), 1 (5)) s
T T
& [ (P (. aulslo(s)) yds B [ (Pa(olbelshin(s), blslo(s)) g

0 2
T
£ [ (Pats) 1(5) + buls]o(s)) pyds
_E/ (buls (0, ayv, byo) >£Uds— / <Q (0, auv,buv)(s),bu[s]v(s»ﬁgds

—E /0 [<H 511 (9),91(5)) = 2(Pa(s)auls]o(s),91(5)) ;= 2(Po()balslyn (5), bulslo(s)) g
—(Pa(s)buls]o(s), buls]v(s)) gy = (buls]o(s), @5 (0, @, buv)(5)) pg

—( g))(O7 ay v, byv)(8), by [s]v(s)>£g] ds.
(5.12)
Substituting (5.11) and (5.12) into (5.10) yields

r 1
02 < [ [(Alslhsg + Sodshin(s) 009+ 5 (Funlslo(s) o) s

r 1
-HE/ [<P1(s), auls]h(s) + agus] (y1(s), v(s)) + §auu[5] (v(s),v(5)))
0

+<Q1(8), bu[s]h(S) + byu[s] (yl(s), v(s)) + %buu[s] (v(s), v(s))>£o} ds

+1E/T [2<P (8)ay[s]v(s) (s)> + 2<P (8)bz[s] >
2" )y 2 u » Y1 H 2 sly1(s 9
+<P2(s)bu[s]v(s),bu[s]v(s)>£g + <bu[ Ju(s), g )(O, ay v, byv)(s )>U2)
+(QY(0, ayv, byv)(s), bu[s]v(s)) cg} ds
1 /T
= 3E [ [2URIS Ay + 2 (816l (), 0(6)  + (Hundslo(s),v(s)
0
+(Pa(s)buls]o(s), buls]v(s)) gy + (buls]o(s), 00, ayv, byv) (s ) gy
+<ng) (0, ayv, byv)(s), bu[s]v(s)>£8} ds.

Then, we obtain the desired inequality (5.9). This completes the proof of Theorem 5.1. O
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