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Abstract

Inspired by an approach proposed previously for the incompressible Navier-
Stokes (NS) equations, we present a general framework for the a posteriori
analysis of the equations of incompressible magnetohydrodynamics (MHD)
on a torus of arbitrary dimension d; this setting involves a Sobolev space of
infinite order, made of C'*° vector fields (with vanishing divergence and mean)
on the torus. Given any approximate solution of the MHD Cauchy problem,
its a posteriori analysis with the method of the present work allows one to
infer a lower bound on the time of existence of the exact solution, and to
bound from above the Sobolev distance of any order between the exact and
the approximate solution. In certain cases the above mentioned lower bound
on the time of existence is found to be infinite, so one infers the global exis-
tence of the exact MHD solution. We present some applications of this general
scheme; the most sophisticated one lives in dimension d = 3, with the ABC
flow (perturbed magnetically) as an initial datum, and uses for the Cauchy
problem a Galerkin approximate solution in 124 Fourier modes. We illus-
trate the conclusions arising in this case from the a posteriori analysis of the
Galerkin approximant; these include the derivation of global existence of the
exact MHD solution with the ABC datum, when the dimensionless viscosity
and resistivity are equal and stay above a critical value.

Keywords: Magnetohydrodynamics, existence and regularity theory, theoretical
approximation, a posteriori analysis.
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1 Introduction

Magnetohydrodynamics (MHD) and the Navier-Stokes (INS) equations.
The incompressible MHD equations are usually written as follows (in dimensionless
form):

1
uzuAu—u-6u+b-6b—8(p—|—§\b|2), (1.1)
b=nAb—u-0b+b-u, (1.2)
divu =0, divb=0. (1.3)

Here: u = u(z,t) and b = b(x,t) are, respectively, the velocity and magnetic field,
depending on the space variables x = (z1, ..., z4) and on time ¢, whereas p = p(x, t) is
the pressure; the constants v, > 0 are the viscosity and resistivity. Throughout the
paper we consider periodic boundary conditions, or, more precisely, we assume z to
range in the d-dimensional torus T¢ := (R/27Z)¢. Thus u,b: T¢ x [0,7) — R? (and
p:Tx[0,T) = R). In Egs. (1.1) (1.2) and in the rest of the paper, 9 stands for the
gradient and, for all (sufficiently regular) vector fields v, w, we indicate with v - Qw
the vector field with components (v - dw), := ijl v,05w,; of course A := Zle Orr
is the Laplacian. The space dimension d is arbitrary, but we are typically interested
in the case d = 3. For d = 3, one can write the above equations in a more familiar
form using the identities —u-0b+b-9u = rot(uAb) and b-9b—d(|b|*/2) = (rot b) Ab
(the first one holding for all divergence free vector fields u,b and the second one
valid for any vector field b).

One can reexpress Egs. (1.1) (1.2) applying to both sides the Leray projection L,
which transforms any vector field (on the torus) into its divergence free part; this

operator annihilates gradients, so that Egs. (1.1) (1.2) become
U =vAu— L(u-0u)+ L(b-0b) , (1.4)
b=nAb— L(u-db)+ L(b-du) , (1.5)

(and no longer contain the pressure p). It should be noted that the vector field
—u - 0b+ b - Ju is divergence free like u and b, so that —L(u - 9b) + L(b - du) =
—u - 0b+ b - Ou. In spite of this, for our purposes it is convenient to indicate
explicitly £ in these terms of Eq. (1.5); one advantage is that, in this formulation,
all bilinear terms in Eqs. (1.4) (1.5) involve a single bilinear map

P (v,w) = Plv,w) == =L(v - Ow) (1.6)

(where v,w : T? — R? are any two sufficiently smooth vector fields). This “fun-
damental” bilinear map is the same governing the NS equations of incompressible

fluids, which read
U= vAu+ P(u, u) (1.7)
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(with u representing again the velocity field, and v > 0 the viscosity; for v = 0,
these become the Euler equations).

A posteriori analysis of NS approximate solutions: a review of known
results. The structural analogies between the MHD equations (1.4)(1.5) and the
NS equations (1.7) suggest the possibility to extend to the MHD case an approach
developed in the last years for the NS equations, allowing to infer rigorous results on
their exact solutions from the a posteriori analysis of approximate solutions. This a
posteriori approach to the NS equations was started in [7] [9] [28] and continued in
a series of papers co-authored by one of us [19] [20] [22] [25]; there are close relations
between this scheme and a strategy proposed for other nonlinear PDEs (especially,
the equations of surface growth), which has even been extended to stochastic PDEs
2) 3] [4] [26].

Let us give some more information about [19] [20] [22] [25]; here one works in a
rigorous functional setting, where the exact or approximate solutions of the NS
Cauchy problem take values in suitable Sobolev spaces of (divergence free, mean
zero) vector fields on the torus T?. These Sobolev spaces are based on L?, and their
order is either finite [22] or infinite [25]; the case of infinite order amounts to work
in a space of C* vector fields. In this framework one considers an approximate
solution of the NS Cauchy problem, i.e., a function fulfilling the NS equations with
a given initial datum up to errors affecting both the evolution equations and the
initial condition. Setting up an a posteriori analysis centered about the Sobolev
norms of the above errors, one obtains a lower bound on the time of existence of
the exact solution of the NS Cauchy problem, and also derives upper bounds on the
Sobolev distances between the exact and the approximate solution at any instant.
The previously mentioned lower bound on the time of existence of the NS solution
can be +o0o; in this case, one concludes that the solution of the NS Cauchy problem
is defined on the whole interval [0, +00), i.e., it is global.

The key ingredient in the above constructions are certain differential inequalities
supplemented with suitable “initial value inequalities”, built up from the norms of
the errors mentioned previously; these are referred to as the control inequalities.
The unknowns in these inequalities are real valued functions of time; there is a
pair of control inequalities (a differential and an initial value inequality) for any
Sobolev order, and a solution is an upper bound on the Sobolev distance of that
order between the exact and the approximate NS solution. The time of existence of
a solution of the control inequalities of some basic Sobolev order also gives a lower
bound on the time of existence for the exact solution of the NS Cauchy problem.
The simplest way to solve a pair of control inequalities is to fulfill them as equalities:
in this case we have a differential equation and an initial condition for an unknown
real function of time, forming what we call a control Cauchy problem and possessing
a unique solution.



In the applications already proposed for the above scheme, the approximate NS
solutions are obtained using the Galerkin method [22] or a truncated expansion
with respect to a suitable quantity, which can be the reciprocal of the viscosity [20]
or the time variable [19]. The fully quantitative implementation of the a posteriori
analysis requires accurate estimates on the constants in certain inequalities about
the fundamental bilinear map (1.6), involving the Sobolev norms; rather accurate
upper bounds on these constants have been given in [21] [23] [24].

Contents of the present work. The aim of this paper is to transfer some results
on the NS equations to the MHD case; these results concern mainly the a posteriori
analysis of approximate solutions via control inequalities, along the scheme devel-
oped in [22] [25] for NS equations and briefly reviewed in the previous subsection.
The key point in our constructions is a formulation of the MHD equations, empha-
sizing strong analogies with the setting of [25] for NS equations. In few a words, the
pair of functions u := (u, b) appearing in the MHD equations (1.4) (1.5) is viewed as
taking values in the product of two copies of an infinite order Sobolev space (made
of divergence free and mean zero vector fields on T?), and the cited equations are
written as

u=Au+P(u,u); (1.8)

here A is the operator (u,b) — (vAu,nAb) and P is a “two component” bilinear
map whose definition is suggested by the structure of the bilinear terms in Eqs. (1.4)
(1.5) (see Eq. (3.8) for the necessary details). One can notice that the NS equations
(1.7) are formally converted into the MHD equations (1.8) with the substitutions

u~u, VvA~A PP (1.9)

These structural similarities are very deep. In fact, as shown in the present paper,
some important Sobolev norm inequalities fulfilled by the NS bilinear map P have
essentially identical counterparts for P; this is a not-so-trivial fact, whose proof
requires a minimum of effort. In addition, some Sobolev norm inequalities for vA
have counterparts for A, based on the parameter p := min(v,n).

After pointing out the above structural analogies, in the present work we consider
any approximate solution of the MHD Cauchy problem and we analyze it a poste-
riori, using ideas developed in [25] for the NS equations and adapting them to the
MHD case. In this way we derive lower bounds on the time of existence of the exact
MHD solution and upper bounds on the Sobolev distances (of any order) between
the exact and the approximate solution; suitable control inequalities or equalities
(conceptually similar to those mentioned in the previous paragraph) are developed
for this purpose. In particular, the control equalities form a Cauchy problem for
an unknown function from a time interval (to be determined) to the reals. In some
cases, this construction ensures the global existence in time (i.e., a domain [0, +00))
for the exact solution of the MHD Cauchy problem.



Some basic estimates on the exact solution of the MHD Cauchy problem can be ob-
tained applying the previous scheme to a very simple approximate solution, namely,
the zero function. The a posteriori analysis of the zero function shows, in particu-
lar, that the solution of the MHD Cauchy problem with any smooth initial datum
is global if 1 := min(v, n) is above an analytically given critical value, depending on
the datum. As examples we present these basic estimates in space dimension d = 3,
choosing as initial data the Orszag-Tang vortex and an Arnold-Beltrami-Childress
(ABC) flow with a perturbing magnetic field [6] [17].

A second, more sophisticated application is developed subsequently; this uses an
approximate solution provided by the Galerkin method (i.e., by the truncation of
the MHD equations to a finite set of Fourier modes). For this construction we take
inspiration from the Galerkin method for NS equations, in the approach described
by [22].

The construction of the Galerkin approximants for the MHD Cauchy problem is
exemplified in space dimension d = 3, assuming a common value p for the viscosity
and the resistivity (v = n = p) and choosing the (magnetically perturbed) ABC
initial datum; the Galerkin approximant is supported by a set of 124 Fourier modes,
and is computed numerically. The a posteriori analysis of this approximate solution
is performed solving numerically the control equalities (i.e., we repeat it, a Cauchy
problem for an unknown function from an interval to the reals). Calculations per-
formed for a finite set of values of u suggest, for example, that the MHD equations
(1.4) (1.5) with the ABC initial datum have a global solution if x is above a critical
value, determined by the Galerkin approximant and sensibly better than the one
previously mentioned for the ABC flow, based on the zero approximate solution.
For p below this critical value, our treatment of the Galerkin approximant indicates
existence of the exact MHD solution up to a finite, numerically computed time.
Admittedly, in this application of the Galerkin method and of the control equalities
we do not take into account the numerical errors (or, more precisely, we regard them
as negligible); this makes a difference with respect to the rest of the paper, which is
based on an analytic framework with rigorous proofs. We return to this issue in the
part of the paper about the Galerkin approximation, especially in Remark 6.6 (iii),
where we mention how the problem could be overcome in the future using packages
for certified numerical computations.

Organization of the paper. Section 2 describes some general facts on Sobolev
spaces on T%; it also reviews some results on the bilinear map P of Eq. (1.6),
including the inequalities mentioned before.

Section 3 discusses the MHD Cauchy problem, in a setting based on the infinite
order Sobolev space mentioned before (made of C* vector fields on T?); local in
time existence of the exact solution is reviewed, making reference to the available
literature (see Proposition 3.1 and the discussion that accompanies it). In the same



section, we emphasize the analogies between the NS equations (1.7) and the MHD
equations in the formulation (1.8), with the definition (3.8) for P. We already
mentioned that certain Sobolev norm inequalities for the NS bilinear map P (see
Eq. (1.6)) have counterparts for P: this fact is presented in Section 3 and proved in
Appendix A, where we also estimate certain related constants (making reference to
results of [21] [23] [24] about P). Again in Section 3, we write down some natural
inequalities for the operator A of Eq. (1.8).

Section 4 presents our general setting for approximate solutions of the MHD Cauchy
problem and their a posteriori analysis. In particular, Lemma 4.2 of this section
presents differential (and initial value) inequalities for the Sobolev distances (of all
sufficiently large orders) between any approximate solution of the MHD Cauchy
problem and the exact solution; this result prepares the subsequent Proposition 4.3,
introducing the control inequalities and indicating that the solutions of such in-
equalities yield bounds for the time of existence of the MHD exact solution and for
the previously mentioned Sobolev distances (see, especially, the forthcoming Egs.
(4.20)-(4.26)). This framework is applied in Section 5 to the zero approximate so-
lution and yields a number of results, contained in Proposition 5.2. One of these
results, already mentioned in the previous subsection, is the global nature of the
exact MHD solution when p := min(v, n) is above an explicitly given critical value,
depending on the initial datum; the same proposition gives lower bounds for the
time of existence of the MHD solution when g is below such a critical value, and
also proposes upper bounds for the Sobolev norms of the solution. Again in Section
5, the critical values of u for global existence are computed when the initial data
are the Orszag-Tang vortex or the perturbed ABC flow. In Section 6 we present a
framework for Galerkin approximants; the links with the general theory of approxi-
mate MHD solutions are provided mainly by Proposition 6.5. Finally, in Section 7
we set v = 1 = p and construct (in dimension 3) the already mentioned Galerkin
approximant with 124 Fourier modes for the perturbed ABC initial datum; the a
posteriori analysis of this approximate solution yields the results already mentioned
at the end of the previous paragraph and suggests, in particular, an improved critical
value of u for global existence.

Note. After the acquisition of the structural analogies between the NS equations
(1.7) and the MHD equations (1.8), the main propositions about the MHD approxi-
mate solutions can be derived by a simple translation of similar propositions proved
in [25] for the NS approximate solutions; essentially, one applies the “correspondence
principle” (1.9). To some extent, a similar remark also applies to the analysis of the
Galerkin approximation for the MHD equations; many results on this subject are
obtained translating via (1.9) the analysis of the Galerkin method performed in [22]
for the NS equations.

In spite of this, in writing the present paper we have decided to give explicitly the



above mentioned “translations” to the MHD framework, even at the price of textual
similarities with the corresponding statements of [22] [25] on NS equations. This
choice makes the present paper self-contained, a feature that we think could be
useful since the a posteriori analysis of the MHD approximate solutions is (to the
best of our knowledge) an essentially new subject. In any case, the connections of
the present results with [22] [25] are indicated explicitly whenever they occur.

2 General functional setting

We work in any space dimension
de{2,3,..}; (2.1)

for a,b € C? we write a - b := Zle a.b,. We often use the lattice Z¢, where Z is the
set of integers; denoting with 0 its zero element, we write Z3 := Z¢\ {0}.

Sobolev spaces on the torus. Throughout the paper we stick rather closely to the
functional setting adopted in [22] [25] for the NS equations on T%; for convenience of
the reader, let us re-propose here the basic function spaces involved in this setting.
First of all, we write I for the space of R%-valued distributions on T? (distributional
vector fields). Each v € ' has weakly convergent Fourier expansion v = ), ;4 vxex,
where ey, (x) := (27)"%2e** and v, = v € C? are the Fourier coefficients. The
spaces of divergence free or zero mean distributional vector fields and their intersec-
tion are

Di,:={veD |divv=0}={veD |k v, =0for k€ Z ; (2.2)
D{)::{UED’|/vdx:O}:{UE]D/\UO:O}; Dy, =D NDG . (2.3)
Td

Let us consider the space L2 of square integrable vector fields on T?, and its standard
inner product ( | )z2. For any p € R, we define the Sobolev space Hfy, of divergence
free, zero mean vector fields on T¢ as

HY, == {v e D' | divo = 0, / vder =0, v=A"v e L2}
Td
={veD |k v =0, v=0 Y [ko*<+o0}.

kezgd

(2.4)

(Here A is the Laplacian; the fractional power v/—A" is defined by (v—A"v), =
|k|Pug, as suggested by the obvious Fourier representation (—Awv), = |k|?vy). HE, is
a real Hilbert space with the inner product

(wlw)y = (V=A"|V=A"w)r2 = > k[0 - wy (2.5)

kezd



and the induced norm
[vllp == 4/ (v[v)p ; (2.6)

of course, for p = 0 we have
Hyo =Dy ML, (] o= (] )2 (2.7)

From now on we indicate with < a continuous imbedding. With this notation,
for p > ¢ we have HY,, — HY, (and, more quantitatively, || ||, = || [|;). Now we
introduce, analogously to Ref. [25], the infinite order Sobolev space

HOEOO = ﬂpGRHgo . (28)

This carries the complete topology induced by the infinitely many norms || ||, (p €
R); indeed, this family of norms is equivalent to the countable family || ||, (p =
0,1,2,...), so HY, is a Fréchet space. For k € NU {00} we consider the space

CE (T = {v € C*(T4,RY) | divv =0, /dvda: =0}, (2.9)
T
which is a Banach space for £ < oo and a Fréchet space for k£ = oo, with the usual
sup norms of the derivatives of all involved orders. Let h,k € N, p € R; then
Ch, — HY, if h > p and, by the Sobolev lemma, HS,, — C&%; if p > k + d/2. These
imbeddings imply
HY, = C3y (2.10)

(equality as topological vector spaces).

Laplacian. Let us consider the Laplacian A : D' — D'; from the Fourier represen-
tation (Av)z = —|k|*v we readily infer the following: for each real p and v € HES?,
one has Av € HY,, and

|Av]l, = [[vllpt2 (2.11)

(Avfv), = —[lvllp < —llvlly - (2.12)

Using Eq.(2.11), one infers that A is continuous from H&H? to HE, for each real p,
and from HESY, to Hy,.

Leray projection. This is the map
L:D — Dy, v+ Lvsuch that (Lv)y = Loy for k € Z2 ; (2.13)

here L is the orthogonal projection of C? onto k+ = {a € C? | k- a = 0} (so that
Lyc = c— (k-c)k/|k|?> and Loc = ¢, for k € ZI and ¢ € C?). One proves that
LD = DY, £D), = DYy, £L? = Dy N L2,



Fundamental bilinear map. Let us consider two vector fields v, w € D’ such that
vel? Ouwel?fors=1,..,d; (2.14)

then v - Qw belongs to the space L' of integrable vector fields on T¢. The bilinear
map sending v, w as in (2.14) into

P(v,w) == —L(v-0w) € LL" (2.15)

will be referred to as the “fundamental bilinear map”. In terms of Fourier compo-
nents, we have .
i

(v-Ow) = e > lon- (k= h)Jwi-n. (2.16)

hezd

for all k € Z¢; this implies that the k-th Fourier component of P(v,w) is

i

Pr(v,w) = _W

> on - (k= h)] Lywyn. (2.17)

heZd

(where, as in the previous paragraph, £, indicates the orthogonal projection of C%
onto k1). Of course, in Egs. (2.16) (2.17) the sum over Z? can be replaced with a
sum over Z¢\ {k}; moreover, if v has mean zero we can sum over the set Z¢\ {0, k},
hereafter denoted with Zg, .

To go on let us remark that, for v, w as in (2.14),

(v-Owlw) e = (P(v,w)|w)rz =0 if v-0w € L? and divo =divw =0 (2.18)

(this follows, e.g., from Eq. (1.8) and Lemma 2.3 of [23]; note that v - w € L?
implies P(v,w) € L?). We now add much more regularity. Let n,p denote two real
numbers; it is known that

p>d/2, vely, weH L =  Pv,w)c HE, (2.19)
and that there are constants K, Gp, € (0,400) such that the following holds:

1
1P(v, w)lly < SEpnllvllpllwlass + ollallwlp1) (2.20)

for p >n>d/2,veHy, weH L,
1
[P0, w)w)p| < SGpalllvllpllwlla + lvllnllwll,)lwll, (2:21)

forp>=n>d/2+1,veHy, weH".



Of course, with p = n and K, := K,,, G, := G, the above inequalities become
1P(v, W)l < Epllvllplwllprr — for p>d/2, v e Hyy, w € HES (2.22)

, ol < Gpllvll,pllwli; , 20 e :
(P (v, w)|w),| < Gpllv],]|wl| forp>d/2+1,v e Hy,, we HE (2.23)

Statements (2.19) (2.22) indicate that P maps continuously H, x HZ:' to HE,. The
same statements can be used in an obvious way to prove that P maps continuously
HSY, x HSp to HS,.

Eq. (2.22) will be referred to as the “basic” inequality for P, since it is closely related
to the standard norm inequalities about multiplication in Sobolev spaces. Eq. (2.23)
was established by Kato [15] for integer p, and generalized to noninteger cases in [8];
it will be referred to as the “Kato inequality”. To our knowldege, the relevance of
the Kato inequality (2.23) for the a posteriori analysis of NS approximate solutions
was first pointed out in [7]. Eqgs. (2.20) (2.21) are “tame” generalizations (in the
Nash-Moser sense) of the basic and Kato inequalities for P (for some inequalities
very similar to (2.21), see [1] [29] [34]).

The inequalities (2.20) (2.21) and the related constants were discussed in [21], gen-
eralizing previous results of [23] [24] on the special case p = n. The analysis of [21]
shows that the cited relations are fulfilled with

1
K =_-——_ k 2.24
m = Ty iy o) 22

Gpn = sup Gpn (k) | (2.25)

(27)2 0 kezg

where K, Gon : Z¢ — (0, +00) are the functions defined by

Q}% k—h
K. (k) i dlk , . 2.26
k) i= 4" 3 e T 20
hezd,
(|k[P — |k — R|P)*Q7 4_n
k):=4 7 ' >
gpn( ) Z (|h|p|k5 _ h|n—l + |h|n|k — h|p—1)2 ( 7)

d
hezd,

Here Z3, = 7%\ {0,k} (as already defined), and for all ¢,r,h,¢ € R?\ {0} we
stipulate the following:



Vg := convex angle between ¢,r (0, € [0,7]) , (2.28)

L sin 19hg if d 2 3’
One = { sin ¥, cos 19h+g,g ifd=2 (2.29)

(?). As examples for later use, let us give explicit values for the constants K, =
K,,G,, = G, and Gy, in space dimension 3, for some values of p,n of interest for
the sequel. From [21] [23] [24] we know that we can take (®)

K3 =0.320, G3 = 0.438, K5 =0.657, G5 =0.749, G553 =1.26 (d=3). (2.30)

3 The MHD Cauchy problem

Formulation of the problem. Let us choose two parameters
v,n € [0, +00) , (3.1)

that we call the viscosity and the resistivity following the Introduction. Moreover,

we fix a couple of initial data
Uo, by € HOEOO . (32)

The MHD Cauchy problem with viscosity, resistivity and initial data as above reads:
Findu,b € C*([0,T), HS,) (with T" € (0, +oc]) such that (3.3)

= vAu+ P(u,u) — P(b,b) ,
b=nAb+ P(u,b) — P(b,u) .
U(O) = Uyg, b(O) = bo

(with P as in Eq. (2.15)). In the above, one recognizes Eqs. (1.4) (1.5) of the
Introduction; the length 7" of the time interval considered in (3.3) is unspecified,
and depends on (u, b).

2
- 47 and sinvg, = /1 — M In the definition of Qp, for d > 3,
lqlIr] lq?[r[?
Vptee is meant to indicate any angle in [0, 7] if h 4+ ¢ = 0; the chosen value is immaterial, since
in this case ¥y = 7 and sind,y = 0. The coefficient Qpe arises in [21] as the norm of a certain
bilinear map acting on vectors of R%, a fact not relevant for our present purposes.
3The value of K3 employed here is taken from [21]; this value slightly improves the estimate
given previously in [24].

20f course, cos Vg
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A reformulation of the previous setting for MHD. For the sake of brevity, let
D' :=D'xD", D§, := D, x D, (3.4)
L? =12 xL?*; (3.5)

the last space is a Hilbert space with the inner product
(v|w)pe := (vjw) 2 + (b|c) 2 for v = (v,b), w = (w,c) € L* . (3.6)

By comparison with the Cauchy problem (3.3), we see that this involves the linear

operator
A:D' =D, v = (v,b) = Av := (vAv,nAb) (3.7)

and the bilinear map
= (v,b),w = (w,c) = P(v,w) = (P(v,w) — P(b,¢),P(v,c) — P(b,w)) . (3.8)

The largest domain on which P is well defined is formed by the pairs (v,w) as
above with v,b € L? and d,w,d,c € L2 for s € {1,...,d}; P maps this domain to
LILY x LI,
To go on, for any real p we introduce the Hilbert space
HY,, = Hy, x Hyy, (3.9)
equipped with the inner product
(viw)p = (v|w), + (ble)y, (3.10)

for v = (v,b),w = (w, ¢). From this inner product we also derive the norm

vl o=/ tviv) = Iz + ol (3.11)

We also set

HY, = HY, x HY ; (3.12)
this is a Fréchet space with the infinitely many norms || ||, (p € R or, equivalently,
p=0,1,2,..).

Keeping in mind Eqgs. (2.11) (2.12), one readily obtains the following: for each real
pand v = (v,b) € H%'? one has Av € HY,, and

AV, = \/V2||v|| o TP < pllvllpsa (3.13)

(Av|v), = V||U||p+1 77Hb”p+1 X UHVHp-s-l X _M”V||123 ) (3.14)

11



where we have set
g = min(v,n) . (3.15)

Eq. (3.13) implies that A is continuous from ngg2 to HY,, for each real p, and from
HS, to HSY,. In addition, due to the properties of P reviewed in the previous section,
P maps continuously HZ, x H&S' to HY, for each p > d/2, and Hs5, x H, to H,.
Let v = (v,b), w = (w,c), with v,b,w, ¢, dw,d,c € L? dive = divhb = divw =
dive = 0 and v- 9w, b-dc,v- e, b-Ow € L?; then P(v, w) € L?, and using Eq. (2.18)
one proves that (%)

(P(v,w)|w)r2=0. (3.16)

For the sequel of this paper, it is essential to point out that the map P fulfills the
following inequalities, containing suitable constants K, and G, and for the rest
structurally identical to the inequalities (2.20) (2.21) for P:

1

|P(v, W), < §Kpn(||v||p||w||n+1 + [[vllnl[wlp+1) (3.17)
for p>n>d/2, veHy, weHY;
1 A
P < =Gy n n
[PV w)w)pl < SGmllviplwlln + [Villwl)wl, (3.18)

forp>n>d/2+1, veH,, wecH".

We refer to Appendix A for the derivation of Egs. (3.17) and (3.18) from Egs. (2.20)
and (2.21), respectively (such a derivation is not so obvious, especially in the case
of (3.18)). This appendix shows that the constants in (3.17) (3.18) can be taken as
follows:

Kpn = V2K, , (3.19)
Gon = V2GCpn (3.20)

where K,,, G, are constants fulfilling (2.20) (2.21) (these could be taken as in Egs.
(2.24) (2.25), respectively). Of course, with p = n and K, := K,,, G, := G}, we get
[P w)llp < Kpllvilplwllpa

for p > d/2 HY H2 (3.21)
p , veHy,, wWE&hHy ;

(Pv,w)lw),| < GylvIllwli7

for p > d/2+1 H? HAH (3.22)
p y VE »os W S >0

4in fact
(P(v,w)|w)pz = (P(v,w)|w)pz — (P(b,c)|w)rz + (P(v,¢)|c)pz — (P(b,w)|c) 2 .

But (P(v,w)|w)r2 = 0 and (P(v,c)|c)r2 = 0 due to (2.18); moreover (P(b, ¢)|w) 2 +(P(b,w)|c) 2 =
(1/2)(P(b,c + w)|c + whp2 — (1/2)(P(b,c — w)|c — w)r2 = 0, where the first equality follows from
the bilinearity of P, ( | )12 and the second equality relies again on (2.18).

12



As an example, let us consider the case of space dimension d = 3 and give for later
use the explicit values for the constants K = Kp, Gpp = G and Kpn, Gpn for some
values of p, n. Taking the values of K3, etc. reported in Eq. (2.30), multiplying each
one of these values by v/2 and rounding up the results to three digits, we conclude
that we can take

K3 =0.453 , G3=0.620, K5 =0.930, G5 =1.06, G55 =179 (d=3). (3.23)

Let us return to the case of any space dimension d > 2. With the previous notations,
for uy = (uo, by) € HY,, we can rephrase as follows the Cauchy problem (3.3):

Find u = (u,b) € C>([0,T),HS,) (T € (0,+00]) such that

u=Au-+P(u,u), u(0) =up . (3.24)

This formulation makes evident the analogies with the NS Cauchy problem @ =
vAu + P(u,u), u(0) = ug, on the grounds of a “correspondence principle” already
mentioned in the Introduction (see Eq. (1.9)).

Local existence and uniqueness results for the Cauchy problem. The in-
compressible MHD Cauchy problem has been extensively discussed in the literature
in appropriate functional settings, not necessarily coinciding with ours. To our
knowledge, the case v, > 0 was first studied in [10]; a subsequent, influential work
on the same case is [33]. Reference [32] first treated the case v = n = 0 which is
technically harder, proving local existence and uniqueness and deriving a blow-up
criterion by means of techniques which in fact work for arbitrary v,n > 0.

Paper [32] considers MHD on R¢, [10] works on a domain in R?, [33] also considers
the case of T¢ (°); the reformulation of the main results from [10] [32] in the case of
T9 is straightforward. Another feature of the three cited works is that they consider
(strong) solutions of the Cauchy problem taking values in Sobolev spaces of finite
order. However, the adaptation of their results to a C'™° framework is obtained by
standard arguments, as indicated explicitly in [32]; the infinite order Sobolev spaces

% considered here allow a precise definition of the C* framework. (%)

Summing up we can refer to the existing literature, and especially to [32], to account
for the following statement:

3.1 Proposition. For all v,n > 0, uy = (ug, by) € HY, the following holds.

i) Problem (3.3) (or (3.24)) has a unique mazimal (i.e., unextendable) solution
u = (u,b), for suitable T € (0,+o00|; any other solution is a restriction of the
maximal one.

°To be precise, in [10] [33] d is 2 or 3.

6A similar situation occurs for the incompressible NS equations; the arguments to extend ex-
istence theorems and blowup criteria from a finite order to an infinite order Sobolev setting are
reviewed, e.g., in Appendix B of [25].
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ii) (Blow-up criterion). If T < +oo, for any n > d/2+ 1 one has

lim sup |[u(t)||, = +oo . (3.25)

t—T~

For completeness, let us add two remarks:
(i) There exist blow-up conditions finer than (3.25), and similar to the Beale-Kato-
Majda criterion for incompressible NS equations. For simplicity, let us consider
the case of space dimension d = 3. In [5], the following criterion was derived: if
T < 400, then

/0 dt (|| rotu(t)| o + [[roth(t)][ ) = +00 . (3.26)

Let us note that, for n > d/2+1 = 5/2, the Sobolev imbedding gives ||rot u(t)|| L~ +
|lrot b(t)|| L < const.||u(t)|,; thus if T < 400 we also have fOT dtlu(t)||, = +oo,
which of course implies (3.25).

(ii) The local existence (of strong solutions) for the MHD Cauchy problem in Sobolev
spaces of minimal order is obviously outside the scope of this paper; let us mention
the results of this kind obtained recently in [12] [13] in the especially hard case
v > 0,17 = 0. Another issue that we are not considering here consists of the blow-up
criteria derived in [11] (in a framework with low Sobolev regularity) in the cases
v>0,n=0and v=0,7>0.

Energy balance law. This is a well known fact, that we review just for convenience.
Let us consider the (maximal) solution u = (u, b) of the Cauchy problem (3.3)(3.24);
for all ¢ in its domain [0,7"), the squared norm

ha(®)l1Z2 = lu(@lIZ: + 1b(E)]Z2 (3.27)

represents (twice) the total energy of the system at time t.

3.2 Proposition. One has
d
S lullze = 2(Aufu) 2 < =2p[lulz: (3.28)
(with p as in Eq. (3.15)). This implies the following, fort € [0,T):
= [Juo]| 2 ifv=n=0,
()l { < |lugllgee ™ for all v,n > 0. (3.29)
Proof. Writing [Jul|?, = (u|u);2, taking the ¢ derivative and using Eqs. (3.24)
(3.16) (3.14) we get
d du
—lullze = 2(=[w) 12 = 2(Aulu) 1z + 2(P(w, w)u) 2 = 2(Aufu) 2 < =2pfulz: .

This proves Eq. (3.28). If v = = 0 we have A = 0, and Eq. (3.28) yields the first
statement in (3.29). For all v,n > 0, Eq. (3.28) gives as well the second statement
in (3.29). O
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4 Approximate solutions of the Cauchy problem
for incompressible MHD

The purpose of this section (and of the subsequent Section 5) is to convert to the
MHD case the framework developed in [25] for the approximate solutions of the
NS Cauchy problem; concerning this construction and its similarities with the cited
work, we recall the notice at the end of the Introduction.

From here to the end of the present section we fix a viscosity, a resistivity and a
MHD initial datum, namely

v,m € [O, +OO) s Uy — (UO, bg) € H%% . (41)

The definition, the lemma and the proposition which follow correspond to Definition
4.1, Lemma 4.2 and Proposition 4.3 of [25] on NS equations; this remark applies as
well to the related proofs.

4.1 Definition. An approzimate solution of the Cauchy problem (3.3) (or (3.24))
is any map u, = (u,,b,) € CY([0,T,), HY), with T, € (0,+00]. Given a map of
this kind, we use the following terminology:

(i) The differential error of u, is

du,

dt

A differential error estimator of order p € R foru, is a function e, € C([0,T,), [0, +00))
such that

e(u,) := — Au, — P(u,,u,) € C([0,T,), HY). (4.2)

le(ua)(®)llp < () for t€[0,T). (4.3)
(ii) The datum error of u, is
u,(0) —uy € HY,. (4.4)
A datum error estimator of order p € R for u, is a real number 6, > 0 such that
[[14(0) — o[, < 0. (4.5)

(iii) A growth estimator of order order p € R foru, is a function D, € C([0,1,), [0, +00))
such that
lua@)llp < Dy(t),  fort €[0,T). (4.6)

From here to the end of the section, we assume the following:

i) u = (u,b) is the maximal (exact) solution of the Cauchy problem (3.3)(3.24), of
domain [0,T);

ii) u, = (g, b,) is an approximate solution of the same Cauchy problem, of domain
0,T,).
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We also introduce the following notations:
iii) for any real p, €, and §, are estimators of order p for the differential and datum
error; D, is a growth estimator of the same order (see Definition 4.1);
iv) As in Eq. (3.15), we put
p = min(v,n) .

v) dT /dt stands for the right, upper Dini derivative; so, for each function f : [0,7) —
R (with 0 < 7 < 4+00) we have

arf atf

(4.7)

4.2 Lemma. For any real p consider the functiont € [0, min(7,T,)) — ||u(t) — u.(¢)|l,
(which is continuous, possibly non differentiable at times t such that u(t) = u,(t)).
Ifn,p € R are such that d/2+1 < n < p < 400, this function fulfills the inequality

d+
=l < (48)

< —pllu =l + (GpDy + KpDpi1))[u = uallp + Gpnl[a = tal|n][u = uall, + €,
everywhere on [0, min(7,7,)) .

Proof. We work systematically on the time interval [0, min(7’, 7)), using the ab-
breviations
Wi=1u— U, e=e(u,) . (4.9)

The definition (4.2) of the differential error amounts to

du,
dt

= Au, +P(u,,u,) +e;

making use of (3.24) we obtain

L L Y O S R B

dt dt dt
= Au, + Aw + P(u, + w,u, + w) — Au, — P(u,,u,) — e,
ie.,
dw
o Aw + P(u,, w) +P(w,u,) + P(w,w) —e. (4.10)

Let us consider an instant t, such that w(ty) # 0. In a neighborhood I of this
instant, the function ||w||, is differentiable and

drwll, _ dlwl, _ 1 diwll, 1 dw

aat 2w, dt EIRYAALE

16



which implies, due to (4.10),

drflwll, _
a (4.11)
- ﬁ (Aw|W), 4+ (P (g, W) W), + (P(W, 1,)|W), + (P(w, w)|w), —(e|lw),).

In the sequel we estimate the summands in the right hand side of Eq. (4.11). To
this purpose we note that the inequalities (3.18) (3.21) (3.22) for P, the Schwarz in-
equality, the inequalities (4.3) (4.6) defining the estimators €,, D, and the inequality
in (3.14) for A give

(Aw|w), < —plwll; . (4.12)
(P(ug, w)w), < Cylluallpllwl; < G, wll (4.13)
(P(w,u0)|w), < NPW, )l Wiy < Kplluallp Wl < KyDpaallwly - (4.14)
(P(w, W)|w), < Gyl Wllal| W3 (4.15)

(4.16)

—{elw)y < llellplwlly < 6wl -
Inserting Eqs. (4.12-4.16) into Eq. (4.11) one obtains

d*[wllp

dt < —pllwllp + (GDp + KpDp) [[Wllp + Gl [ Wil Wlly + € ; (4.17)

we repeat that this holds in a neighborhood of any instant t, such that w(ty) # 0.
Now, let us consider a instant ¢y such that w(ty) = 0. In this case we use a general
result on the Dini derivative (see e.g. [27]), ensuring that

d*[wllp dw

o (to) < HE(tO)Hp ; (4.18)

on the other hand, Eq. (4.10) for dw/dt and the assumption w(ty) = 0 give
(dw/dt)(ty) = —e(to) so that (recalling again Eq. (4.3) for €,)

dwllp

L 10) < lle(to)lp < eplto) (419)

But €, (o) equals the right hand side of Eq. (4.17) at ¢t = ¢, again by the assumption
In conclusion, Eq. (4.17) is proved at each instant in [0, min(7,T,)); recalling that
W = u — u,, we see that Eq. (4.17) coincides with the thesis (4.8). O

Combining the previous Lemma with the comparison theory for differential inequal-
ities one obtains the forthcoming proposition, which is the main statement of this
section:
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4.3 Proposition. Consider a real n > d/2 + 1, and assume there is a function
R, € C([0,T,),R), with T, € (0,T,], fulfilling the following control inequalities:
d*R,
dt

> —uR, + (GnDn + KnDn+1)Rn + énRi + €, everywhere on [0,T.), (4.20)

Ra(0) = 0y (4.21)

(with d* /dt as in Eq. (4.7); note that (4.20) (4.21) are fulfilled as equalities by
a unique function in C*([0,T.),R) for a suitable, mazimal T,). Then, (i) and (ii)
hold.

(i) The mazimal solution w of the MHD Cauchy problem (3.3) (3.24) and its time

of existence T are such that

T
() — wa(t)||ln < Ru(t)  forte[0,T0) (4.23)

)
(and Eq. (4.23) of course implies R, (t) = 0). In particular, if R, is global (T, =
+00) then u is global as well (T = 400).
(11) Consider any real p > n, and let R, € C([0,1.),R) be a solution of the linear
control inequalities

d*R . . .
7 2> —uR, + (GpDy+ KyDpi1 + GpuRp)R, + €, everywhere on [0,T.), (4.24)
R,(0) = 6. (4.25)
Then
[u®) —u,(@)ll, < Rp(t)  forte[0,T) (4.26)

(which of course implies R,(t) > 0). Conditions (4.24) (4.25) are fulfilled as equal-
ities by a unique function R, € C*([0,T.),R), given explicitly by

t
R,(t) = e #HA 0 ((51, +/ ds e“SAP(s)ep(s)> forte0,T.), (4.27)
0

Ay(t) = /Ot ds(GyDy(s) + KpyDpi1(s) + GonRon(s)). (4.28)

Proof. (i) The inequality (4.8) of the previous lemma and Eq. (4.5) for the estimator
dp, With p = n, read

o [CERHMES

< —pflu =g, + (énDn + KnDn—&-l)Hu — Uy || + énHu - ua“i + €n

everywhere on [0, min(7,7,)) ;
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Hua(o) - uOHn < 671

These inequalities for |[u—u,||,, are like the control inequalities (4.20) (4.21) for R,,,
with the reverse order relation; so, the comparison theorem of Caplygin-Lakshmikhantam
[16] [18] ensures that

[u(t) — uo ()]l < Ru(t)  fort € [0,min(T, Ty, 7)) = [0, min(T, 7))  (4.29)

(here and in the sequel, it should be kept in mind that 7. < T, by definition).
Finally, let us prove that

T>T. (ie,minT,7.) =1T,); (4.30)

indeed, if it were T' < T, for all ¢t € [0,T) we would have |Ju(t)|, < |[u(t) —u.(t)]],
+ua ()] < Rn(t) + D,(t) and this would imply limsup, - ||u(t)||, < R.(T) +
D, (T) < 400, contradicting the blow-up criterion (ii) of Proposition 3.1.

(ii) From (i) we know that 7" > T, and |[u — u,||, < R, on [0,T.). Making use of
this result and of the inequality (4.8), which is valid on the interval [0, min(7,7,)),
we obtain that, on the shorter interval [0, T,), there holds

(4.31)
< —pllu—u,ll, + (GpDy + KpDpia))|[u — gy, + GppRullu — uull, + ¢, .

The inequality (4.31) and the relation ||u,(0) —uyl|, < 6, have the same structure as
the relations (4.24) and (4.25), with the reversed order. Therefore, as in the proof of
(i) one can apply a comparison argument a la Caplygin-Lakshmikhantam ensuring
that

lu(t) —u. ()], < Rp(t) for t € [0,T%). (4.32)

Finally, using elementary facts on linear ODEs, one checks that the function R,
defined by (4.27) and (4.28) is the unique C' function on [0, T.) satisfying (4.24)
and (4.25) as equalities. O

4.4 Remark. In the sequel we often refer to the case mentioned just after Eqgs.
(4.20) (4.21), in which these control inequalities are fulfilled as equalities by a C*
function R,, € C1([0,T,),R), to be determined; this gives rise to the control Cauchy
problem

dR, . X .
o = —HRa+ (G Dy + KpyDpi1) Ry + GuR2 + €, (4.33)
Ra(0) = 6, (4.34)

for the unknown R,,.
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5 Simple analytical estimates arising from Propo-
sition 4.3

Let us consider again the Cauchy problem (3.3) (3.24); throughout this section
u = (u,b) € C([0,T),H,) is its maximal solution. In the sequel we present some
elementary, but useful consequences of Proposition 4.3 based on a very simple choice
of the approximate solution u, mentioned therein: the latter is assumed to be the
zero function.

5.1 Lemma. Let us introduce the function
u, : [0, +o00) — HS, u,(t) ;=0 forallt (5.1)

and regard it as an approzimate solution of problem (3.3)(3.24). The differential
and datum errors of this approximate solution are

e(u,)(t) =0, forallte|0,+00), u,(0) —uy = —uy. (5.2)

Consequently, the zero approximate solution has the following differential error, da-
tum error and growth estimators of any order p:

e =0, o0p = ||u0||p ;

D,(t) =0 .

For any fized n > d/2 + 1, the following holds:
(i) The control Cauchy problem (4.33)-(4.34) with these estimators takes the form

dR,
dt

= —uR, + G, R2, (5.5)
Rn(0) = [luolln (5.6)

and admits a solution R,, € C*([0,T.)),[0,+00)), given by

—ut
Ra(t) = [o]lne forte0,T,) . (5.7)
1 — Gpllug|lne,(t)
Here ) .
+00 if w>0, [[aolln < p/Gn
1 W , A
——log 1 —————] if u>0, ||ulln > p/Ghr,
T, = y g ( ool f 1 o] w/ (5.8)
ifp=20
( Galluolln

20



(intending 1/(G|luol|n) := +o0 if ug = 0), and

L—eHt 0
if >0,

eu(t) == L fu (5.9)
t if p=20

1—ent
(note that t = lim,,_,o+ Te)

(ii) For each real p > n, with R,, defined by (5.7) (5.9) and with the above mentioned
estimators, the function R, of Eq. (4.27) is as follows:

[[aollpe™

(1= Gl et

Ry(t) = forte0,T,) . (5.10)

] é’pn/én

Proof. It is obtained by elementary computations (similar to those presented in
[25], page 305 for the zero approximate solution of the NS Cauchy problem). O

The previous lemma allows one to infer the following statement, similar to Proposi-
tion 5.1 of [25] on the NS Cauchy problem.

5.2 Proposition. Let u = (u,b) € C([0,T),HS)) be the maximal solution of
the Cauchy problem (3.3)(3.24). Fiz any real n > d/2 + 1 and define T, and e, as
in Egqs. (5.8) and (5.9). Then

T>T,, |u@®)|, < [o]lne fort €0,T,) , (5.11)
1= Ghnllugllneu(t)
[[ao|pe "
lu(t)], < e forrealp >n andt €[0,7,) . (5.12)

1 — Gh[[uolne,(t)
In particular
1

T=T.=+00 if |[ugllp, <=
Juoll < £

; (5.13)

i this case u s global.

Proof. Use Proposition 4.3 with the approximate solution u,(t) := 0, along with
the previous Lemma 5.1; in particular, statement (5.13) follows from Eq. (5.8) of
this Lemma. [

Hereafter we present two consequences of Proposition 5.2; these have close analogies
with Corollaries 5.3 and 5.4 of [22] on NS equations.
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5.3 Corollary. Consider again the mazimal solution u of the Cauchy problem
(3.3)(3.24). Assume that

la(ty) || < (f; for somen >d/2+1 and t, € [0,T) . (5.14)
Then:
H (t)|lne—r =)
T = +o0, la(t)]]. < fort e[t +o0), (5.15)

Gullu(t)lnen(t —t)
with e, as in Eq. (5.9).

Proof. The function u | [t1,T") is the maximal solution of the Cauchy problem with
initial datum u(t,) specified at time t;, rather than at time 0; therefore, after a shift
in the time variable we can apply to this function Eqgs. (5.11)(5.13), which yield the
thesis (5.15). O

5.4 Corollary. Let u, = (u,,b,) € C([0,T,),HSY) be any approzimate solution
of the Cauchy problem (3.8)(3.24) with estimators €, 0, Dy, Dpy1 for some n >
d/2 + 1; assume the control inequalities (4.20) (4.21) to possess a solution R, €
C([0,T.),R), with T, € (0,T,] (this is nonnegative, see Proposition 4.3). Finally,
assume

(Dy, + Ry (1) < g for some t; € [0,T,) . (5.16)

n

Then, the mazimal exact solution u of the Cauchy problem (3.24) has the following
features:

euttl

(AD )( 1)
1= Gu(Dy + Ry) () et — )

Proof. Writing ||u(t1)|. < ||ua(t1)|ln + |[u(ti) — ua(t1)]], and using at time ¢; the
bounds (4.6) (with p = n) and (4.23) we get

T =400, [ult)]n< fort € [ty, +00) . (5.17)

la(t)ln < (Do + Ry (1) - (5.18)
Now the assumption (5.16) gives the inequality

0
[u(t)lln < ==

n

which has the form (5.14). By Corollary 5.3 we have Eq. (5.15), and inserting
therein Eq. (5.18) we obtain the thesis (5.17). O
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Applications to specific initial conditions. In this subsection the space dimen-
sion is

d=3, (5.19)
and we apply Proposition 5.2 with n = 3. Eq. (5.13) from the cited proposition,

together with Eq. (3.23) about the constant G, ensures the following: the MHD
Cauchy problem with a datum uy € H$y) has a global solution if

1% 2 ég”llo“g s Gg = 0.620. (520)

(in the above p := min(v, n), as in (3.15)). Hereafter we write explicitly the condition
(5.20) for two initial data often adopted in theoretical studies on MHD turbulence:
a three-dimensional Orszag-Tang vortex and an Arnold-Beltrami-Childress (ABC)
flow with a perturbing magnetic field (see, e.g., [6] [17] ).

i) Orszag-Tang vortex. This is the datum ug = (ug, by) where, as in [17],
up(z) := (—2sinzs, 2sinzy,0) | (5.21)
bo(x) := B( —2sin(2xs) + sinxs, 2sinzy + sinxg,sinz; +sinzy ) (B € R).
We have the Fourier representations

up = Z Uk Ck» by = Z boxer, (5.22)

k=+a1,*a2 k=+a1,*a2,*a3,+aq
ar = (1,0,0),  as:=(0,1,0), (5.23)
az := (0,0, 1), as = (0,2,0),

Uoa, = F (2m)¥2i(0,1,0), Up ey = F(27)%%i(1,0,0),
1 1
bota, :=7F (2m)%%ip <0,1,§), bota, = F(2m)3%ip (0,0,§>, (5.24)
11
bota; :=F (2m)%%ip (5,5,0), bota, := £(2m)%?iB(1,0,0)
(7). We find

luolls = (2m)*/1/4 + 13242 ; (5.25)

from here, we infer that the condition (5.20) of global existence for the MHD Cauchy
problem with the Orszag-Tang datum (5.22) holds if

1= 9.77 /4 + 13252, (5.26)

"To avoid misunderstandings, let us explain the notations +, F in Eq. (5.24) and in the subse-
quent Eq. (5.30). As an example, the first line in Eq. (5.24) means that ug 4, := —(27)%/2i(0, 1,0),
Uo,—a, = (27)3/20(0,1,0) and ug 4, := (27)%/2i(1,0,0), o —a, := —(27)3/2i(1,0,0).
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ii) ABC flow with perturbing magnetic field. This is the datum ug = (ug, by) where,
as in [6],

up(z) := (Bcoszy + Csinas, Asinzy + Ccosws, Acoszy + Bsinzy) ,  (5.27)
bo(z) := D(sinzy cos g, — coszy sinzy, 0) (A, B,C,D € R) .

We have the Fourier representations

wo= > umer, bo= Y borex, (5.28)

k=+a1,*a2,t+a3 k=+as,*+ap
aj,as,as as in (5.23), as:=(1,1,0), as:=(1,—1,0), (5.29)
A , B .
Up ta, = (27r)3/2§(0, ¥Fi, 1), UQ tay = (27r)3/25(1,0, Fi),
a0 C'
Uota, = (2m)Y7(Fi,1,0), (5.30)

D D
botas = (2#)3/2iz(—1, 1,0), botag = j:(27r)3/2iz(—1, —1,0),

In this case

|uglls = (2m)¥2 VA2 + B2 4 C2 + 4D2 ; (5.31)

from here, we see that the condition (5.20) of global existence for the MHD Cauchy
problem with the datum (5.28) holds if

p= 9.7V A2 + B2 4+ C2? + 4D2. (5.32)

6 The (Galerkin approximate solutions for the MHD
equations, and their errors

As well known, a Galerkin approximate solution for the NS equations, the MHD
equations or many other PDEs is supported by finite sets of Fourier modes. Hereafter
we adapt to the MHD case the presentation of the Galerkin approach already given
in [22] for the NS case (on this construction, see again the notice at the end of
the Introduction); in particular, Definition 6.1 and Propositions 6.2, 6.3, 6.5 in the
present section correspond, respectively, to Definition 6.3, Lemma 6.4, Proposition
6.7 and Lemma 6.8 in [22].

Throughout the section we consider a set G such that

GcCzZd, G finite, keG@e -ked. (6.1)
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Galerkin subspaces and projections. By definition, the Galerkin subspace and
the projection corresponding to G are, respectively:

HE, = {v €Dy, | v =0 for k € Z¢\ G} (6.2)

:{kaek | v € C T = v_g, k- vp = 0 for all k} ;

keG
EC Dy, — HE, , v = Z vker — &% 1= kaek . (6.3)
kezd keG
It is clear that
HE, C H; EC(HE,) = HS, for p € RU {oo}; A(HE,) = HE, . (6.4)
Moreover
(EC|w), = (v|€%w), for p € R, v,w € HE, . (6.5)
Let us also mention that
G HUHq q o :
|(1—E%)v]|, < G forp,g e R, p<q,veH, |G| := kg%‘lgI\lG |k|  (6.6)

(see e.g. [22], Lemma 6.2). We can introduce a “two-component” Galerkin subspace
and projection associated to G which are, respectively,

HE, = Hf, x HS, (6.7)

9Dy, - HY, , v=(v,b)— E% = (%, E) . (6.8)

The previous statements about HE, and €% have obvious implications for their two-
component analogues. In particular:

A(HS,) C H, (6.9)
(E%v|w), = (v|€9W), forp € R, v,w € HY, (6.10)
%
(1 —&%)v]|, < |g|q”_qp for p,g € R, p < q, v e HY, (6.11)

with |G| as in Eq. (6.6).

Galerkin approximate solutions. Let us be given v,n € [0,+00) and ug =
(Uo, bg) € H%%
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6.1 Definition. The Galerkin approximate solution of the MHD equations cor-
responding to v,n,uy and to the set of modes G is the maximal (i.e., unextendable)
solution ug of the following Cauchy problem:

Find ug = (ug, bg) € C=([0,T¢), HS,) such that (6.12)
d
% = Aug + SGfP(ug, ug) , ug(0) = &%y .

Let us note that the Cauchy problem (6.12) rests on the finite dimensional vector
space HE, and on the C* function HY, — H,, v — Av + E°P(v,v). Recalling
the definitions (3.7) (3.8) (6.7) of A,P,EY we can rephrase as follows problem (6.12)
in terms of the components ug, bg of ug:

Find ug, be € C=([0,Tg), HE,) such that (6.13)

d
E = VAUG+8G?(Ug, uG>—8G?(bg, bg) y

di = nAbg+8G?(UG, bg)—(gG(P(bg, Ug) 5

¢
dt
UG(O) = EGUQ s bG'(O) = SGbD .

The standard theory of ODEs in finite dimension grants local existence and unique-
ness for the (maximal) solution of (6.12) (or (6.13)); according to the same theory,
the finiteness of Ty would imply limsup, ;.- |lug(t)|| = +oo for any norm || || on
HE, (recall that all norms on a finite dimensional vector space are equivalent).
Hereafter we consider, in particular, the evolution of the L? norm ¢ — ||ug(t)| 12
(giving twice the “energy” of the Galerkin solution), and point out its implications
for Tg:

6.2 Proposition. Let us consider the mazximal solution ug of problem (6.12), of
domain [0,Tg). With p as in (3.15), one has

d
—lucliz = 2(Auglug) 2 < =2ulug]: - (6.14)

This implies the following, fort € [0,Tg):

= [[€%uo|| 2 ifv=n=0,
2 1
e (®llz { < || €% || 2e ™ for all v,n > 0. (6.15)
A consequence of these estimates is that
Te = +00 . (6.16)

Proof. Writing |Jug||?. = (ug|ug) 2, taking the ¢ derivative and using Eq. (6.12)
we get
d duG

anll(;”%z = 2<W|UG>L2 = 2<AUG|Ug>L2 + 2<8G:P(UG, uG’)|uG>L2 . (617)
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On the other hand, using Eq. (6.10) with p = 0 and Eq. (3.16),
(E9P(ug, ug)|ug) 2 = (P(ug, ug)|€%g) 2 = (P(ug, ug)lug),: =0;  (6.18)
moreover, due to Eq. (3.14) with p =0,
(Auglug)re < —pllugll - (6.19)

Inserting Eqgs. (6.18) (6.19) into Eq. (6.17) we obtain Eq. (6.14). Eq. (6.15) is a
straightforward consequence of Eq. (6.14) (in connection with this statement, let us
recall that v = n = 0 implies A = 0).

Finally, if Tg were finite we would have limsup,_,;_ lug(t)||zz = +oo (see the
remark a few lines before the present proposition); this would contradict Eq. (6.15),
so Tg = +o0. O

Fourier representation of the Galerkin approximants. Let us fix v,n > 0
and an initial datum ug = (ug, by) € HS; we consider the Fourier expansions

Uy = Z UokCk bo = Z b()kek (620)

kezg kezg
with coefficients gy, bor € C%; these fulfill the conditions
Ug - = ﬂok, bO—k = l_)ok, k- Uk — k- bgk =0. (621)

Denoting again with G a finite set of modes as in (6.1), we provisionally write
ug = (ug, bg) to indicate an unspecified function in C*°([0, +00), HY,) and associate
to it two families of Fourier coefficients vz, B € C*([0, +00),C?) (k € G), defined
by
ug(t) =Y wtex,  ba(t) =Y Bilt)e, fort e [0,+00); (6.22)
keG keG
we note that

Yok =Tk Bor=Bp k-m=k-B=0. (6.23)

6.3 Proposition. ug fulfills the Cauchy problem (6.12) (or (6.13)) if and only if
its coefficients v, By fulfill the following for all k € G:

% = —vIk* = W % (- O = )Lk — B~ (k= W))LxBin ) (6:24)
%:—Wﬁ—LZ([ (k= W) LrBrn — B - (k —h)L )
dt P 2 — T kk—h h KYVe—h )

Y£(0) = uog B(0) = box,
(intending Yi—n, Br—n := 0 if k — h & G, as for Ly, recall the explanations after Eq.

(2.13)).
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Proof. Clearly, ug fulfills problem (6.13) if and only if, for all £ € G,

d d
% = —v[kPyAPr(ug, ua)=Pi(be, be) | % = —n|k]*B+Pi(uc, be) —Prba, uc) ,
Y6(0) = uor ,  Br(0) = boy, - (6.25)

Using the representation (2.17) for the Fourier component Py ( , ) with the fact that
(ug)n = Y, (bg)n = B, for h € G and (ug), = (bg)n = 0 for h € Z¢\ G, we obtain
1
P =—— " (k—h -
k(uG7uG) (27-‘—)d/2 hEZG[’WZ ( )]»Clﬂk h

1
Prlberbe) = ~ gy > B+ (k= 1) LB
heq
and so on, thus Eq. (6.25) coincides with Eq.(6.24). O

6.4 Remark. We can regard the system (6.24) as a Cauchy problem for finitely
many unknown functions v, B € C*([0, +00),C?) (k € G). An elementary argu-
ment based on Egs. (6.24) and (6.21) shows that the unique solution (v, B )rec of
this Cauchy problem automatically fulfills the conditions (6.23) (a similar statement
on the Galerkin approximants for the NS equations is proved in [22], Proposition
6.7).

The Galerkin solutions in the framework of Section 4. From now on we
consider, for given v, > 0 and uy = (uo, by) € HY:

i) the MHD Cauchy problem (3.3) (3.24) and its maximal solution u € C*([0, 1), HS));
ii) the Galerkin approximant ug = (ug,bg) € C®([0,+00),HS,) defined by Eq.
(6.12), for a finite set G of modes as in Eq. (6.1). We also refer to the Fourier
representations (6.20)(6.22)(6.24) of ug, ug and of the Galerkin Cauchy problem.

We regard ug as an approximate solution of the MHD Cauchy problem (3.3) (3.24),
to be treated using the methods of Section 4 (and 5); to this purpose, we need
growth and error estimators for ug.

Concerning the growth of GG, we have the tautological growth estimators

Dy(t) = uc(®)llp, =  [> k2 (@) + [8:(0)2) (0 € Rt € [0,400)) 5 (6.26)
keG

the errors of ug and their estimators are discussed heferafter.
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6.5 Proposition. (i) The Galerkin solution ug has the datum error

ug(0) —ug = — (1—8G = Z UokCr, Z bokek ) (6.27)

kezd\G kezd\G

For each p € R, the datum error has the tautological estimator

dp = [[ug(0) — uol[, = Z |22 (Juo 2 + [bor|?) - (6.28)
keZd\G

and a rougher estimator, depending on another real number q = p,

[

’G|q—p'

[uG(0) — woll, < 0y Oy = (6.29)

(ii) The differential error of ug is

e(ug) = —(1 — €%)P(ug, ug) = (Z Prer s Y Ukek) (6.30)

where:
dG = (G+G)\ (Gu{0}) , (6.31)
1=~y 2 (D (k= Wi = By (k= W]CiBicn)

O .= —W Z ([% : (k’ - h)]Lkﬁk—h - [5h ) (k? - h)]£k%—h> .
heG

(In the above: G+ G :={p+q| p,q € G}, \ is the set-theoretical difference; again,
Yk—h ‘= 0 and ﬂkfh =0 ’I,fk —h ¢ G)
For each p € R, the differential error has the tautological estimator

= [le(uc)lly = [ D kP (lonl? + lowl?) ; (6.32)
kedG

there is a rougher estimator, depending on a second real number q > p, of the form

~

K,
E;q = |G|qq_p||uGHQ||uG”q+1 (6.33)

where K, € (0,400) is constant fulfilling (3.21) with p replaced by q (i.e., |P (v, w)||, <
KolVlglwllgs1 for all v € HEy, w € HE').
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Proof. (i) Egs. (6.27) (6.28) are self-evident. To derive Eq. (6.29), write ||ug(0) —
W, = [|(1 — €%)ugl|, and use the inequality (6.11).
(ii) Definition 4.2 for the differential error and Eq. (6.12) for ug give

d
e(ug) = % — Aug — P(ug, ug)
= 8G:P(UG, LIG) — :P(llg, UG) = —(1 — 8G):P(UG, LIG) X (634)

this proves the first equality in (6.30). In order to derive the second equality in
(6.30) we must compute the Fourier representation of (1 — £9)P(ug,ug). Let us
start from the equation

fP(llG, uG) = (T(Ug, UG) — :P(bg, bg), '.P(UJG, bG) — j)(bg, U(;)) (635)

and use the Fourier representation (2.17) of P, recalling again that (ug)n = Yn,
(bg)n = Bp for h € G and (ug)n = (bg)n, = 0 for h € G; this readily gives

ug, uG Z PkEEL Z OLEL R (636)

kezd kezd

where py, 0, are defined following Eq. (6.31) for all k € ZZ. Let us consider, for
example, the coefficient p;, which is a sum over h € GG containing terms of the form
Ye—p and Bg_p. If k € G+ G, for all h € G we have k—h ¢ G (since k—h € G would
imply k = (k—h)+h € G+ G); but k —h ¢ G implies v,_, = 0 and SBy_, = 0.
In conclusion we have p, = 0 for k € G + G; for similar reasons we have g, = 0 for
k ¢ G + G. Summing up, we can reformulate Eq. (6.36) as

:P(llg, llG) = Z Pk€L Z OLEE . (637)

ke(G+G)\{0} ke(G+G)\{0}

Application of 1 — €Y to the above sums deletes all terms with k& € G since (G +
G)\ (GU{0}) = dG (see Eq. (6.31)), we obtain

(1 — 8G) uG,uG (Z PEkCk Z 0k6k> . (638)
kedG kedG

Eqs. (6.34) (6.38) fully justify Eq. (6.30).

Once one has Eq. (6.30), statement (6.32) is obvious. The subsequent statement

(6.33) is proved using Eq. (6.11) and the inequality involving K, which imply

~

K,
11— E9)P(u,ua)ll, < |G,q e 1206 0) s < s el g o
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6.6 Remarks. We think it is conceptually important to propose here the ana-
logues of two remarks made in [22] about the Galerkin approach to NS equations.
(i) The “rough” error estimator €, of Eq. (6.33) is determined by the norm |Jug||, =

(D [k1P2(wl* + ]ﬁk\Q))1/2 and by the analogous norm of order ¢ + 1, whose
computation involves sums over G. The tautological estimator €, of Eq. (6.32) is
obviously more precise, but involves a sum over the set dG which is significantly
bigger than G. In applications with a large G, the sum over dG becomes too
expensive from a computational viewpoint and one is led to use the rough estimator
(6.33).

(ii) The Galerkin equations (6.24) are usually solved numerically; of course, this
procedure does not give the exact solution (v, 8x) (k € G) but, rather, some ap-
proximant whose distance from (v, 8x) should be estimated. In the application
presented in the next section, relying on a relatively small set G of modes, we have
assumed this distance to be negligible; this viewpoint should be revised if G were
much larger.

(iii) To get reliable results for Galerkin computations in many modes, one could
perhaps use an ODE solver implementing a standard numerical method and its
theoretical error estimates via a software for certified numerical computations, like
arb [14] or INTLAB [30]. Of course, an ODE solver of this kind would be also useful
to treat numerically the control Cauchy problem associated with the Galerkin (or
to any other) approximation. For general considerations on certified computations,
including applications to ODEs, see [31]. Let us also mention that the possibility
of future, certified numerical computations for Galerkin approximants and their a
posteriori analysis has been indicated in the already cited work [3], dealing with the
nonlinear PDE for a surface growth model.
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7 An application of the Galerkin method

In this section we apply the general framework developed in Secs. 2-4 adopting, as
approximate solutions, the Galerkin solutions described in Sec. 6. We will work in
space dimension

d=3. (7.1)

Moreover, we will specialize our analysis to the case where the dimensionless viscosity
and resistivity are equal:
v=n=pe€l0,+00) . (7.2)

We will choose as initial datum the ABC flow with perturbing magnetic field, given
by Egs. (5.27)-(5.30), with the following values for the parameters appearing therein:

A=B=C=D=1. (7.3)

The previous sections frequently refer to a basic Sobolev order n > d/2+ 1; here we
will take
n=3. (7.4)

We remark that, with our choice for the initial datum, one has

and the criterion (5.32) grants global existence for the solution of the Cauchy prob-
lem (3.24) if
w=259. (7.6)

As shown hereafter, the use of a Galerkin approximant for this Cauchy problem
allows, among other things, to improve significantly the bound (7.6).

So, let us consider the Galerkin approximate solution ug(t) = (ug(t),be(t)) for a
suitable, finite set G of Fourier modes. Following Eq. (6.22), we write

ug(t) =Y wex,  ba(t) =Y Bilt)e, for 0 <t < +oo. (7.7)

ked keG
with 7y, B, € C*°(]0, +00), C?), to be determined. We choose
Gi=1{k = (ki,ko,k3) €Z| —2< ky, ko, bz <2} . (7.8)
This set consists of 124 modes and admits the representation (used in the sequel)
G:=5U-5, S :={-k:keS}, (7.9)
S:={keG|k >0, or (k; =0and ky >0), or (k; =ky=0and k3 >0) };

note that SN —S =0, and S is made of 62 modes.
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The Galerkin approximation and its implications about the exact solution u of the
MHD Cauchy problem (3.24) have been considered for several values of u between
0 and 20, following for each p the scheme (i)(ii)(iii) described hereafter; the related
numerical computations have been implemented using Mathematica on a PC. Here
is the scheme, for a given value of p.

(i) First of all, the Galerkin approximate solution ug is computed numerically on a
finite time interval [0, Tx), for the set of modes G in Egs. (7.8) (7.9); this amounts to
solve numerically on [0, 7F) the system of equations (6.24) for the unknowns =, .
Due to the relations v_j(t) = 7,(t) and B_x(t) = B,(t), known from Section 6, the
computation is reduced to modes k € S.

In our numerical computations, Tr is between 0.5 and 2 (more details on this are
given in the sequel); the CPU time required to solve the system (6.24) on [0,TF) is
of the order of 1 minute in all cases considered. The rather small number of modes
in G and the precision of the Mathematica routines for ODEs presumably make
negligible the numerical errors in the treatment of (6.24). Our analysis assumes
this and confuses the numerical solution of (6.24) via Mathematica with the exact
solution (g, Bx) (k € G) (concerning this point, let us recall Remarks 6.6 (ii) (iii)).
(ii) The next step is to determine the growth and error estimators for ug. Our
attention is focused on the tautological growth estimators

Dy(t) = [luc(®)lly =, [D_ k2P (Iye() + Be(D)[2) (0= 3,4,5,6) (7.10)

keG

and on the tautological, differential error estimators

&(t) = lle(ua) )y = [ D Ik (Ipe()? + ox(D)2) (0 = 3,5) (7.11)
kedG

with dG determined by G and pg, 0. determined by the components 7, and Sy
(k € Q) according to Eq. (6.31). The choice of the orders p in Egs. (7.10) (7.11)
will be clarified by the subsequent item (iii).
In the case under analysis, the initial datum ug belongs to the Galerkin subspace
HE,, so the datum error —(1 — £%)uy vanishes, and the corresponding estimators
can be set to zero:

=0 (peR). (7.12)

For the computation of D, (p = 3,...,6) and €, (p = 3,5) via Mathematica, we
have used a two-step approach. First of all, we have used Egs. (7.10) (7.11) at a
grid of about 40 points in the interval [0, TF) then we have asked Mathematica to
interpolate the results. The calculation of €3 and €5 at the above mentioned grid of
points in [0, Tx) is the most expensive part of the present scheme in terms of time,
since it requires 15 minutes approximately for each one of the two estimators; all
the other computations for the present item (ii) are performed within few seconds.
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In the sequel, it is assumed that the interpolating functions produced in this way
can be confused with the actual functions D,, €.

(iii) Having the necessary estimators, we can pass to the control inequalities. In
particular, the control Cauchy problem of order 3 reads: find R3 € C*([0,T.),R)
(0 < T. < TF) such that

dR - : .
Wg = —uR3+ (G3D3 + K3Dy)R3 + G3R§ + €3, (7.13)

with K3, G as in BEq.(3.23) (see Remark 4.4, here used with n = 3 and 6, = 0). The
numerical solution of problem (7.13) (7.14) is performed almost instantaneously by
Mathematica, which easily detects the possible blow-up of R3 at a time T, < Tg.
In the sequel we assume that the numerical solution provided by Mathematica can
be confused with the actual solution R of (7.13) (7.14), even for what concerns its
domain (in connection with this issue, let us recall again Remark 6.6 (ii)).

On the grounds of Proposition 4.3, the solution u of the MHD Cauchy problem
(3.24) is granted to exist at least up to time T, and to fulfill

[u(t) — ug(t)|ls < Rs(t) for t € [0,T,). (7.15)

Let us also recall Corollary 5.4 which grants the following: if

(D3 + R3)(t1) < C/; for some t; € [0,T,) , (7.16)
3

the solution u of (3.24) exists up to 7" = +o00, and

Hu(t)||3 < (Dg + Rg)(tl)e*l‘(tftl)

< i’ for t € [ty, +00) . (7.17)
1-— Gg(Dg + Rg)(fl) eu(t - tl)

(e, as in Eq. (5.9)). Once R is known, using item (ii) of Proposition 4.3 one could
construct for each p > 3 a function R, with the same domain [0, T}), giving a bound
on ||u(t) — ug(t)||,. For example, if p = 5 we have a function R5 € C*([0,7,),R)
fulfilling as equalities the relations (4.24) (4.25) with p =5 and n = 3, i.e.:

dR A . A
d_t5 = —uRs+ (G5Ds + K5Dg + G53R3)Rs + €5 everywhere on [0,T,.), (7.18)

R5(0) =0, (7.19)

with K5, Gs, Gss as in Eq.(3.23). For the function R5 we have an integral represen-
tation, provided by Eqs. (4.27)(4.28); however, the direct numerical solution of the
Cauchy problem (7.18) (7.19) via Mathematica is almost instantaneous, and it has
been preferred to the computation of the integrals in (4.27)(4.28).
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Given the numerical solution Rs of Eqgs. (7.18) (7.19) (that we confuse with the
exact solution), we have the bound

lu(t) — ua(t)ls < Rs(t) for t € [0,7,). (7.20)

In the subsequent applications of the scheme (i)(ii)(iii) for several values of y, the
graph of R5 is reported only in a case with rather large p, in which R5(t) is small
with respect to Ds(t) = ||ug(t)||s; this fact makes the bound (7.20) interesting. In
the other cases considered, R5(t) is sensibly larger than D5 (t); this makes the bound
(7.20) less interesting, so the graph of R5 is not so useful.

Let us pass to exemplify the procedure (i)(ii)(iii) for some values of p.

Case p = 20. System (6.24) for the unknowns 7, 8r (k € G) has been integrated
on a time interval of length T = 0.5. Figures la and 1b report, as examples, the
graphs of |y (t)| and |Bx(t)| for &k = (0,1, 0) (where |z| := \/2?21 | 2;|? is the standard
C® norm). Figures lc-1f report the graphs of the estimators D,, €, for p = 3,5 (the
graphs of D, for p = 4,6 are omitted just for brevity).
The solution R3 of the control Cauchy problem (7.13) (7.14) is found to exist on
the whole interval [0, Tr) = [0, 0.5); its graph is given by Figure 1g.
It turns out that condition (7.16) (Ds + Rs)(t1) < j/Gs is fulfilled for any ¢; €
[0.01,0.5); this ensures that the solution of the MHD Cauchy problem (3.24) is
global (T' = 4+00) and decays exponentially as indicated by (7.17). For example, let
us write down the estimate (7.17) choosing ¢; = 0.25; with appropriate roundings we
have (D3 4+ R3)(0.25) = 0.186 and G(Ds + R3)(0.25) = 0.115, so the cited equation
gives

0.1866_20(t_0'25)
1 —0.115eg(t — 0.25)

(€90 as in (5.9)). Figure 1h gives the graph of R5(t) for ¢t € [0,0.5). Of course, we
have

[a(®)ls <

for ¢t € [0.25, +00) . (7.21)

[u(t) — uct)|s < Rs(t), |ult) — ua()|ls < Rs(t) fort €[0,05).  (7.22)

The first of these estimates is certainly interesting on the whole interval [0,0.5),
where R3(t) is always much smaller than Ds(t) := ||ug(t)||s (Rs(t) < Ds(t)/100 for
t € [0,0.5)). Concerning the second estimate, it should be pointed out that Rs(t) is
smaller than D;(t) := ||ug(t)]|s on the whole interval [0,0.5), and sensibly smaller
on a shorter interval (Rs(t) < Ds(t)/2 for t € [0,0.5) and R5(t) < Ds(t)/10 for
t € [0,0.047)).
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(a) u = 20. Graph of |yx(t)| for k = (0,1,0) (b) u = 20. Graph of |8 (t)| for £ = (0,1,0)
and for ¢ € [0,0.5).

and for ¢ € [0,0.5).
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0.2 0.3 0.4 0.5

(¢) p = 20. Graph of Ds(t) for t € [0,0.5). (d) p = 20. Graph of e3(¢) for ¢t € [0,0.5).
(e) u =20. Graph of D5(t) for t € [0,0.5). (f) u =20. Graph of €5(t) for ¢t € [0,0.5).

(g) 1 =20. Graph of R3(t) for t € [0,0.5). (h) = 20. Graph of R5(¢) for ¢t € [0,0.5).

Figure 1: Plots related to the case pu = 20.
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Case pu = 6. System (6.24) for v, Ox (k € G) has been integrated on a time
interval of length Tp = 2. Figures 2a and 2b give the graphs of |, (t)| and |Gy ()]
for k = (0,1,0). Figures 2c and 2d report the graphs of the estimators D3 and es.
The solution R3(t) of the control Cauchy problem (7.13) (7.14) is found to exist
on the whole interval [0,Tr) = [0,2); its graph is given by Figure 2e. Condition
(7.16) (Ds 4+ Rs)(t1) < p/Gs is fulfilled for any t; € [0.32,2); this ensures that
the solution u of the MHD Cauchy problem (3.24) is global (7' = +00) and decays
exponentially as indicated by (7.17). For example, let us write down the estimate
(7.17) choosing t; = 1; with appropriate roundings we have (D5 + R3)(1) = 1.09
and G3(Ds + R3)(1) = 0.68, so the cited equation gives

1.09e~60—1)
< f 1, 2
la(®)|ls T 0.68es(i = 1) ort € [1,400) (7.23)
(eg as in (5.9)). Of course,
|lu(t) —ug(t)||s < Rs(t) fort e 0,2). (7.24)

The above estimate is especially interesting when R3(t) is sensibly smaller than
D4(t) := |Jue(t)||ls- This does not hold on the whole interval [0, 2), but it is true on
shorter intervals: for example, Rs(t) < Ds(t)/10 for t € [0,0.11].

L L L I L L
05 1.0 15 2.0 0.5 1.0 1.5 20

(a) p = 6. Graph of |y(t)| for k = (0,1,0) (b) u = 6. Graph of |8 (t)| for & = (0,1,0)
and for ¢ € [0, 2). and for t € [0, 2).
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L L L L L L L L
05 1.0 15 20 05 10 15 20

(¢) p= 6. Graph of D3(t) for t € [0,2). (d) = 6. Graph of e3(t) for t € [0,2).

L L L
0.5 1.0 1.5 20

(e) u = 6. Graph of R3(t).

Figure 2: Plots related to the case p = 6.
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Case pu = 5. System (6.24) for v, Ox (k € G) has been integrated on a time
interval of length Tr = 2. Figures 3a and 3b give the graphs of |y ()| and |Gk (¢)]
for k = (0,1,0). Figures 3c and 3d report the graphs of the estimators D3 and es.
The solution R of the control Cauchy problem (7.13) (7.14) has domain [0,7})
where T = 0.3238...; Rs(t) is found to diverge for ¢ — T,. Figure 3e contains the
graph of R;.

Due to the features of our general scheme, the solution u of the MHD Cauchy
problem (3.24) is predicted to exist (at least) up to time 7,.. We have

lu(t) — ug(t)||s < Rs(t) fort e [0,T,) = [0,0.3238...); (7.25)

this inequality is especially interesting in the smaller interval [0,0.1], where R3(t) is
sensibly smaller than Ds(t) := |lug(t)||s (Rs(t) < Ds(t)/10 for t € [0,0.1]).

I L I L L
05 1.0 15 2.0 0.5 1.0 1.5 20

(a) p = 5. Graph of |y(t)| for k = (0,1,0) (b) u = 5. Graph of |8 (t)| for £ = (0,1,0)
and for ¢ € [0, 2). and for t € [0, 2).
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L L L L L L L
0.5 1.0 1.5 20 05 1.0 1.5 20

(c) p= 5. Graph of Ds(t) for t € [0,2). (d) = 5. Graph of e3(t) for t € [0,2).
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(e) w = 5. Graph of R3(t). This function
diverges as t — T, with T, = 0.3238....

Figure 3: Plots related to the case pu = 5.
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Case p = 0. Again, system (6.24) for v, B (k € G) has been integrated on a time
interval of length T = 2. Figures 4a and 4b give the graphs of |v,(t)], |Bk(t)| for
k =(0,1,0). Figures 4c and 4d report the graphs of the estimators D3 and e3.

The solution R of the control Cauchy problem (7.13) (7.14) has domain [0,7})
where T, = 0.1211..., and diverges for t — T,.. The graph of R3 is presented in
Figure 4e.

The solution u of the MHD Cauchy problem (3.24) is predicted to exist up to time
T.. We have

lu(t) —ug(t)||s < Rs(t) fort e [0,T,) =[0,0.1211...); (7.26)

this inequality is especially interesting in the smaller interval ¢ € [0,0.067], where
R5(t) is sensibly smaller than D5(t) := |[ug(t)||s (Rs(t) < Ds(t)/10 fort € [0,0.067]).

L L L L L L L
0.5 1.0 15 20 0.5 1.0 1.5 2.0

(a) p = 0. Graph of |y;(t)| for £ = (0,1,0) (b) u = 0. Graph of |Bx(t)| for k = (0,1,0)
and for t € [0,2). and for ¢ € [0, 2).
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(¢) u = 0. Graph of Ds(t) for t € [0, 2). (d) u = 0. Graph of e3(t) for t € [0,2).
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(e) p = 0. Graph of R3(t). This function
diverges as t — T, with T, = 0.1211....

Figure 4: Plots related to the case u = 0.
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Other cases. The conjecture of a critical value for pu. We have performed
computations similar to those described before even for ;1 = 10 and p = 3. In the
first of these supplementary cases, one infers global existence for the exact solution
u of the MHD Cauchy problem (3.24); in the second case the solution R3(t) of the
control Cauchy problem (7.13) (7.14) diverges for t — T, = 0.1853..., so we can
ensure existence of u only up to 7.

Summing up: for p = 20, 10, 6 our framework indicates that the solution of the MHD
Cauchy problem (3.24) is global; on the contrary, for p = 5, 3,0 the same framework
only ensures existence of u up to a time 7, (where, we recall, T, = 0.3238..., 0.1853...,
0.1211..., respectively).

The above results suggest that there should be a critical value p..; € (5,6] such
that: for p > pei, the framework of this section predicts global existence for the
solution u of the MHD Cauchy problem, while for 0 < p < pieris We can just predict
existence of u up to a finite time 7, = T.(u) (where, probably, T.(u) — +oo for
= Horit)-

Since our approach (to the Galerkin and) to the control Cauchy problem is numerical,
locating .+ with high precision is an engaging task, that we prefer to leave to future
investigations (these could take some advantage from the use of a certified numerical
approach, of the type mentioned in Remark 6.6(iii)).
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A Appendix. Proof of Egs. (3.17)- (3.20)

In this appendix we frequently use the following inequalities, holding for all «, 3,7, ¢
e R:

ay + B8 < Va2 + B2y/42 + 62, (A1)
Y+ < V22 + 62 (A.2)

Eq. (A.1) is just the Schwartz inequality for the standard inner product of R?; Eq.
(A.2) is the specialization of (A.1) to the case @« = § = 1. We will also use the
parallelogram law

lz + yll* + llz = yll* = 2[l«]* + 2[ly]* . (A-3)
holding for all elements z,y of any Hilbert space with norm || ||.

A.1 Proposition. Consider two reals p > n > d/2. Forv e HY,, w € H’;gl one
has the inequality

1
1P W)l < 5 (V2En) (VI Wllnr + [ a9 1), (A.4)

where K, is a constant fulfilling Eq. (2.20). Thus, Eqs. (3.17) (3.19) hold.

Proof. Let us fix p > n > d/2 and v = (v,0) € HY,, w = (w,c) € H&'. The
definition (3.8) of P gives

[P (v, w)ll, = \/IIT(v,w) = P, 7 + [[P(v, ¢) = Pb, w)][7 - (A.5)
Let us note that
[P (v, w) = P(b, )l < 1P, )l + [P )l
< %KPH(HUHI)HanH +lollallwllpes + ollpllclnsr + [0lnllcllp)

1
< §Kpn(\/HUHZ + HbH%\/HwH%H +lellna + Vol + HbH%\/HwHﬁﬂ +lellpe)

1
= S Bpn([VIp Wit + [VIalwllp+). (A.6)

In the above chain of relations, to go from the first to the second line we have used
the inequality (2.20); to go from the second to the third line, after exchanging the
order of summands we have used twice Eq. (A.1).

Similarly, we obtain

1
1P(v,€) =P, w)lly < 5 Epn(IVllp W llarr + [[VInllwllp+1)- (A7)
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Consequently, from (A.6) and (A.7), we obtain

[P v, w)ll, = \/Hﬂ’(v, w) =P, 5 + |P(v, ¢) = P(b, w3

3 2
< \/ 1 UVl s+ VIl 10?4 ==Vl W+ [Vl )2

Kpn
= \/% UVl Wlines + VIl wllpr),

which yields the inequality (A.4). O

A.2 Proposition. Consider two reals p >n > d/2+ 1. Forv € H%,, w € H%!
one has the inequality

[(P(v, w)|w),| < %(\/iGpn)(HvaHan Vil lwllp) Wl (A-8)

where Gy, is a constant fulfilling (2.21). Thus, Egs. (5.18) (3.20) hold.

Proof. In the sequel p > n > d/2+ 1 and v = (v,b) € HY,, w = (w,c) € H& are
fixed; we proceed in several steps.
Step 1. One has

(Pv,w)[w), = (P, w)w), + (P(v, c)|c)p+ (A.9)

1 1
—5(?(b,w +e)w +¢), + 5(T(b,w —o)|lw—c)p .

To prove this, we note that Eq. (3.8) for P implies

<?(V7 W)|W>P = <(:P(U’ w) - :P(bv C)? T(Ua C) - fp(bv w))’(wv C))P

= <iP(U, ’LU)"IU>p — <iP(b, C)|w>p + <{P(U, C)’C>p _ <:P(b, w)’C>p . (AlO)

On the other hand, by elementary manipulations relying on the bilinearity of P and
([ )p we get

(P(b, ), + (P(b, w)|c)y = %(T(b,w +O)w+ ) — %(?(b, w—c)w—c), (A1)

and inserting this result into (A.10) we get the thesis (A.9).
Step 2. One has

(P, W)Wl < Pl w)lwdy] + [(P(o,0) e}l (A.12)
1 1
FSIP(bw + O+ )| + 5 (P, w = c)|w = )yl
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This is an obvious consequence of (A.9).
Step 3. One has

1 1
[(P(o, w)|w)p| + [(P(v, )y < SCGpnllollpllWlnlwly + 5CGpnllvlnllwlly - (A-13)
In fact, due to (2.21),
1
[(P(v, w)w)pl < 5Gplllvllpllwll + [[v]lallwlls) wll (A.14)
1 2
= 5 Gmlvlpllwliallwlly + [Jvliallwl) 5

one treats similarly the term |[(P(v, ¢)|c),], so

[(P(o, w)|w)y| + [(P(v, e)e)y| (A.15)
1 2 1 2
< Gmllvlpllwlallwlly + ollallwlz) + SGumllvlplelaliely + [lvlallel)
1 1
= 5Gmllvllp((lwlnllwlly + llellnllely) + 5Gmlvlndlwl; + llel;)

On the other hand, due to (A.1)

wllallwlly + llellallcll, < Villwla + lelzy/llwlly + el = [wllallwll, . (A.16)
while
w2+ 1lell2 = w2 ; (A.17)

inserting Eqgs. (A.16) (A.17) into (A.14) we get the thesis (A.13).
Step 4. One has

1 1
SHP(bw + A+ eyl + 5P, w = )fw = )y (A.18)
1 1 )
<SGl 1, + 5 G Bl

In fact, using the inequality (2.21) for each one of the above two terms we get

1 1
§|<U>(b,w +c)Jw + ¢),p| + §|<ﬂ>(b, w —c¢)|w — c), (A.19)
1 1
< 3 Gon([Bllplwtellat[b]allwtellp)llwtellpt 7 Gon(lIblpllw=cllatbllaw=cllp) w=cll
1 1
= 7 Gmllbllp(lw+cllnllw+elly+[lw = cllnllw =clly) + 7 Gpnl[blln(lw +ellp + lw =) ;
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from here and from Eq. (A.1) we infer

S P00+ )+ ) + (P (b,w — o — )y (4.20)

1 1
< ZGanpr\/Hw +clf 4 [lw - CII%\/IIw + el + llw = el3+ 3 Gonllblln(llw el ;+llw—cl;)
On the other hand, the parallelogram law (A.3) for the Hilbert spaces Hg,, HE,, gives
lw + ¢l + lw = ell7 = 2[lwl;, +2[lell} = 2[|wl]5 | (A.21)

lw + ell; + llw = clly = 2[|wlly + 2lel; = 2[wl

and inserting Eq. (A.21) into (A.20) we get the thesis (A.18).
Step 5. The inequality (A.8) holds (so the proof is concluded). In fact, from Egs.
(A.12) (A.13) (A.18) we get:

[(P(v, W) W)l (A.22)

1 1
< SGpnlllvlly + 101 IWlla 1w llp + 5 Gonl[0lln + 011w 15 -

On the other hand, Eq. (A.2) gives
olly + l1bll, < V24/llvll2 + 1612 = V2]Iv]l, | (A.23)

[oll + [10lla < V24/II012 + 0112 = V2 vl .
and inserting these inequalities into (A.22) we obtain the thesis (A.8). O
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