N

N

Faults diagnosis via a dynamical sparse recovery method
and application to a gearbox system
Syrine Derbel, Florentina Nicolau, Nabih Feki, Jean Pierre Barbot, Mohamed
Abbes, Mohamed Haddar

» To cite this version:

Syrine Derbel, Florentina Nicolau, Nabih Feki, Jean Pierre Barbot, Mohamed Abbes, et al.. Faults
diagnosis via a dynamical sparse recovery method and application to a gearbox system. Journal of
Vibration and Control, In press. hal-02889813

HAL Id: hal-02889813
https://hal.science/hal-02889813
Submitted on 5 Jul 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02889813
https://hal.archives-ouvertes.fr

Faults diagnosis via a dynamical sparse recovery
method and application to a gearbox system

Syrine Derbel*»2. Florentina Nicolau !, Nabih Feki®, Jean Pierre Barbot !,
Mohamed Slim Abbes?, and Mohamed Haddar?

1QUARTZ Laboratory, ENSEA, 6 Avenue du Ponceau, 95014 Cergy-Pontoise, France
2LA2MP Laboratory, ENIS, 4 Route de la Soukra, 3038 Sfax, Tunisia
3Sousse University, ISSATSo, mechanical department, Sousse, Tunisia

Abstract

With the ever increase of the complexity and the importance of industrial systems,
diagnosis techniques allowing to detect, locate and identify any abnormalities in the
system as early as possible, have attracted a lot of attention over the past years. In this
paper, we present a diagnosis method for nonlinear dynamical systems, called sparse
recovery diagnosis (SRD), based on a dynamical algorithm that estimates a sparse fault
vector from few system measurements. The term sparse means that many faults can
be considered but only few of them can occur simultaneously. In order to illustrate the
performances of this diagnosis method, we apply it to a gear power transmission. This
dynamical system is among the most important mechanical components in industrial
systems. The gear power transmission model considered in this paper is composed
by a two-stage gear for which we take into account the torsional effect of the gears.
Different sensor and mechanical faults perturbing its operating mode will be modeled
and detected by the SRD method.

Keywords: Diagnostic, fault detection, sparse recovery diagnosis, gearbox system, gear
power transmission, mechanical faults, sensor faults.

1 Introduction

The diagnostic of industrial systems is one of the most important tasks that ensures the
continuity of the production, the safety and the economic aspects in the industries. For
these reasons, many diagnosis methods enabling early fault detection have been developed
in the literature (see for example, the following surveys [27], [I7]). The presence of faults
is very often the cause of system performances degradation, and even the damage and the
collapse of the whole system. An unexpected fault can affect either the sensors leading to
measurement errors (in that case, the fault is called a sensor fault) or the components of
the system leading to a change of the system properties (in that case, the fault is called an
operating fault).

*corresponding author: syrine.derbel@ensea.fr
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The faults diagnosis consists in three important steps: fault detection, fault location and
fault identification. The first step enables to detect the presence of a malfunction in the
system. Fault isolation consists on determining the location of faulty components, while
fault identification allows to identify the type, shape and size of the appeared fault. In
general, diagnosis methods are based on the concept of redundancy (see , for example, [17],
[24]) which can be of two types: hardware or analytical redundancy. The key idea of the
hardware redundancy is to compare duplicated measurements using multiple hardware (for
instance, sensors) for the same components and input signals. This comparison allows to
take the best diagnostic decision by using different methods such as majority voting, limit
checking, etc. The analytical redundancy uses specific information given by a mathematical
model or historic system data, or signals information. It includes the model-based methods,
the signals-based methods and the data-driven methods. Model-based methods such as
parity space techniques, observers’ methods and parameters estimation have been the object
of many papers (see, e.g., the surveys, [22], [25], [28]). Signals-based methods are discussed
and applied in many works (see, e.g., [30], [2], [31] and [I7]). They contain time domain,
frequency domain and time-frequency domain methods. Finally, data-driven techniques,
including neural networks and fuzzy logic methods, have been the aim of several research
works (see, e.g., [13], [17]).

In this paper, we present a diagnosis method (that we will call sparse recovery diagnosis,
or simply SRD method) for nonlinear dynamical systems. The SRD method is inspired from
sparse recovery methods ([5], [4]) which are well know in the field of signal processing (where
they are often applied for medical imaging and image processing, see, e.g., [9], [18]). From a
fault detection point of view, other methods based on similar theories (like compressing sens-
ing theory, sparse decomposition and impulse signal recovery) have been already developed
in the literature (e.g., [11], [38], [19], [23], [32]). They are based on the extraction of the fault
features through a sparse representation in a specific base (like Fourier, wavelet or cepstral
transforms, ete, for a spectral representation). In many works on fault diagnosis via sparse
recovery techniques, fault characteristics are directly extracted from a small number of ran-
dom projections without reconstructing the vibration signal completely and with prior fault
characteristic frequency knowledge required. On the contrary, the SRD method presented in
this paper is based on an analytical system modeling and allows to detect, locate and iden-
tify different types of faults affecting the dynamical system. The analytic model contains
the healthy and the faulty operating of the system and is given by a nonlinear state-space
representation. Whereas the previous works on fault diagnosis via sparse recovery techniques
consider the static case only, the SRD method allows to take into account operating faults
that depend on time and/or state. This is one of its most important characteristics.

The sparsity concept is introduced by the fact that the number of faults considered in the
system modeling is much greater than the number of monitoring sensors as well as by the
simultaneous appearance of the faults. This means that only a restricted number among the
modeled faults can appear simultaneously. This number depends essentially on the number
of monitoring sensors. Indeed, the SRD method takes into account a very large number of
possible faults that may act on the system, but it can be applied under the assumption that
few of them can occur simultaneously in the system. This can be seen as a limitation of
the method but it can be overcome by increasing the number of monitoring sensors (thus by
adding new sensors) allowing to obtain more system information and, therefore, to diagnose
more defects.

Another important point is that the SRD is an on line diagnosis method (where by
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on line we mean that all algorithms are solved in a continuous process and with the same
computation step).

Since the SRD method is based on a state-space representation, it belongs to the class
of model-based diagnosis methods. In the literature, many works apply or develop model-
based techniques in order to diagnose different faults (see , for instance, [29], [12], [44]).
Very often they are based on residuals generation for the state variables or/and the output
variables. The created residuals represent, in general, the difference between the estimated
healthy variables and the real ones. These methods allow to diagnose faults by checking the
consistency between this difference and a threshold that is fixed to distinguish the healthy
from the faulty operating of the system or by applying some temporal and/or frequency
analysis. However, in some complex systems, model-based methods require high amount of
measurements and computational efforts due to the existence of a large number of variables.
Moreover, each fault should have its own diagnosis algorithm to be analyzed, detected and
isolated, in particular, when similarities between different residuals occur. This may render
the system even more complex or may lead to dealing with big-data problems in the case of
many various faults. From this point of view, a main advantage of the SRD method is that it
allows to consider many different faults in the system modeling and, moreover, their diagnosis
is carried out by an on line diagnosis algorithm with finite-time convergence. Furthermore,
the SRD method allows to detect, locate and isolate faults using a single algorithm. This
is not always possible for others diagnosis methods (because of a difficult localization step
that requires some specific knowledge of the system characteristics, due to the lack of the
algebraic relations between different system variables).

To sum up, with the help of the SRD method, a complete diagnostic (detection, location
and identification) can be obtained. To illustrate its performances, we apply it to diagnose
faults in a gearbox system.

The gear power transmission has a crucial role in mechanical transmission systems and
its diagnosis depends on how faults affect the system. Some faults (like misalignment, eccen-
tricity) may produce amplitude modulations. On the other hand, frequency modulations can
be caused by other types of faults (such as gears cracking or flaking). Therefore, sometimes
it may be difficult to identify the nature of the defects.

The gearbox system considered in this paper is composed by a two-stage gear and is af-
fected by different mechanical and sensor faults. With the help of the SRD method, detection,
identification and localization of the system faults are carried out. The simulation results
show the accurate reconstruction of the mechanical faults and their diagnostic is carried out
by verifying the nature of the obtained defect signal and by using some frequential /temporal
characteristics of the gear elements.

The paper is organized as follows: the next section is devoted to the general presentation
of the SRD method. Then, in the third section, we present the healthy and faulty models of
the gear power transmission system and explain how the SRD method can be applied for this
particular dynamical systems. The fourth section shows simulations results implemented on
Matlab/Simulink and discusses the good performances of the SRD method. Finally, some
conclusions are presented.
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2 Sparse recovery diagnosis method

3 Problem statement

Table 1: Principal notations

Name || Description

x State vector

f(x) Nonlinear dynamics of the system

gj(x) || Nonlinear dynamics of the faults

wj jth operating fault, 1 < j <p

Ui Measurement output, 1 <i<m

hi(z) | Function of the measurement output, 1 <i <m

S; Fault of the ith sensor, 1 <i < m

n Dimension of the system state

m Number of monitoring sensors

P Number of system faults

q Total number of faults (¢ = p + m)

Pi Relative degree of the output y;

) Matrix information

X Measurement vector

d(t) Fault vector

s Number of simultaneously occurring faults

A Balancing parameter

@ Exponential coefficient

L?hi fth-order Lie derivative of the function h;
along the vector field f

Consider the following nonlinear state-space representation describing the healthy oper-
ating mode of the system:

(eoso "

yi = hi(z),1 <i<m.

where x € R" is the state vector, f(z) is the nonlinear dynamics, y € R™ is the m-dimensional
measurement output (corresponding to the sensor outputs). The point denotes the deriva-
tive with respect to an independent variable which in general represents the time. The
functions h;, for 1 < i < m, are supposed independent.

The appearance of faults in physical systems is often an inevitable phenomenon that, in
general, modifies their dynamical behavior. They are modeled by the following extension of
representation ([L)):

{ b= (o) + Y g(ayuy(t).

2
yi = hi(z) + 5,1 < i < m. (2)
where (wy(t), -+ ,w,(t))" and (sq,- -+, sm)T are vectors of, respectively, the system operating

faults and the sensor faults. All g;(z), 1 < j < p, are known vector fields related to the
dynamics faults. We suppose that f, g; and h; are sufficiently smooth. All sensor faults s;
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are assumed piecewise-constant functions (explaining the lack of the t-argument in (2)) of
the form:

0,if0<t<t,
5i _{ a;, if t >t )

for 1 <i < m, with a; the fault magnitude and ¢; the appearance time of the fault.

The total number of faults ¢ = p + m is supposed much greater than the number of
monitoring sensors (see Assumption [3.2). It is clear that if some faults are equal to zero
(i.e., w; = 0, for some 1 < j < p, or 5; = 0, for some 1 < ¢ < m), then those faults do not
affect the system and thus they do not disrupt the operating of . The principal notations
used in this section are recalled in Table [I

Example 3.1. In order to illustrate the different notations required for the introduction of
the SRD method, we consider the following system:

l"l =9 + X3+ 2$3w1 -+ x%wg,

;tg = 213?)) + 371 + T3Wwg + T3Ws3 + T3Wy, (4)
j,’g =X+ X4+ T3Wg + 2w4,

T4 = Ty + X3 + T3W0,

with the measurements:

Y1 = x1 + T2 + S1,
Yo = T2 + So, (5)
Y3 :ZE4+53,

where z = (z; w3 73 14)7 € R? is the state vector, (w; wy ws wy)” € R? is the vector of
operating faults, (s; so s3)7 € R3 is the vector of sensor faults and

2x3 3 0 0

0 T3 x3 XT3

g1 = 0 y 92 = T3 y 93 = 0 y g4 = 9

0 X3 0 0
are the vector fields showing how the operating faults w; act on the system. Notice that
they are state dependent. A

In order to apply the SRD method, it is important to work in coordinates in which each
output corresponds to one (and only one) state variable of the system. Hence, the following
change of coordinates may be required: introduce & = p(z) € R™ | where ¢(z) is a local
diffeomorphism whose m first components are given by ¢;(z) = h;(z) and the last n —m
are any original coordinates completing the functions h;, 1 <7 < m, to a coordinate system.
Notice that the local diffeomorphism () always exists. In the new coordinates, system
can be written as:

{ r=f(7)+ 251 95 (2)w; (1), (6)

with
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and P p

3,(@) = 52 () 9;(2) = T2 (7 (@) - g5(7 @),
where ¢! is the local inverse of p(z). Observe that in the new Z-coordinates, the measure-
ments are simply the m first states z;, 1 < i < m. Notice that for mechanical systems, this
is often the case since usually we measure the states of the system (displacements, rotational
speed, ete). In order to simplify the notation, from now on, we will drop the tildes.

We denote the total number of faults by ¢ (that is, ¢ = m + p) and define the following
global fault vector including the defects affecting both the dynamics and the sensors:

S1

dit)=| " | ere (7)

Example 3.1 (continuation). For system (4 together with measurements (f]), the diffeo-
morphism ¢(z) can be taken as:

i’l =T +5L’2,

jQ = Ty,
- 8
T3 = T4, (®)
Ty = X3,

with inverse

T = T1 — T2,

Ty = j?;

- 9
T3 = Ty, ( )
Ty = id

In the new Z-coordinates we obtain:

Ty = Ty + Ty + 203 + (F1 — To) Ty + 204wy + (22
. +i4)w2 + (%411}3 + £4w4,
Z?Q = 253?1 + Zi’4(7~}1 — [Eg) + :i4w2 + Zl~34’LU3 + 53411]4, (10)
T3 = T1 — Ty + T3 + Tawy + 2wy,
f4 = 532 + .fi + 534102,
with the measurements (notice that each output h; corresponds to a new state variable ;)
Y1 =21+ $1,
Yo = Tz + 52, (11)

Y3 = T3 + S3.

The global fault vector of (10)-(11) is defined by d(t) = [s1 s5 53 w1 wy w3 wy]” €R". A
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Definition 3.1 ((Relative degree with respect to the operating faults)). The relative degree
of the output component h;(z) = x;, 1 <i < m, is the positive integer p; defined as follows:

{L Lihi =0, forall 0< €< p—2,1<j <p,

L ]Lpl_lh # 0, for some 1 < j < p, (12)

where Lfchi denotes the fth-order Lie derivative of the function h; along the vector field f
(see Definition [3.2] below).

Definition 3.2 ((Lie derivative)). The Lie derivative of the function h;, 1 < i < m, along
a vector field f can be computed by:
Ox

Lyhi(x) = [ ().

Recursively, we can define, for £ > 1, the fth-order Lie derivative by:

OL " hy(x) .

Lihi(e) = Lo(Ly (@) = =52 f(o),
where L9h;(z) = hy(x).
Hence, the term ngLfchi of means
OL%hi ()
Ly, Lihi(z) = fa—x - g().

Based on Definition the relative degree p; with respect to the operating faults can
be calculated for each h;. The integer p; indicates the number of times that we have to
differentiate before the effect of the operating faults can be seen on the output components h;.
In other words, p; is the order of the first derivative of h; that explicitly involves some of
the operating faults w; and provides information of w; that will be used to detect them.
Indeed, recall that y; = hi(x) +s; = x; + s, for 1 < i < m (see (3)), where all s; are
piecewise-constants thus, by Definition [3.1] for 1 <i < m, we have:

y = Lhih +Z Ly, L hil) wy (t). (13)

In order to extract the sensor faults, we replace the states z;, for 1 <i < m, in by their
measured values y; = x; + s; (the real measurements affected by the faults)

) =14k, +Z LS hily, T))w; (8), (14)

where Z denotes the unmeasured states T = (Ty41, ..., Zp).

Notice that expression ([14) now involves explicitly s; (via y;) and this dependence may
be nonlinear. In this paper, we treat only the case when the right-hand side of is affine
with respect to s;, 1 <i < m, (i.e., of form (L5))). This assumption may seen restrictive, but
if is nonlinear with respect to s;, then a Taylor approximation of the first order can be
used (see [39]). With this assumption, can be written as follows:
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) =Lhh; +ZJU 5]+Z L hi))w; (2). (15)

Example 3.1 (continuation). For system , we compute the Lie derivative of each h;,
for 1 <14 < 3, along the vector fields g;, for 1 < j <4, and obtain p; =1, for 1 <7 < 3.

In order to extract the sensor faults, we replace the states T, o and 73 in by their
measured values given by . We obtain the following equations represented in form :

U1 = Liha(Z) + Zys1 4 (1 — T4) 82 + 2T4w1 + (35
+x4)w2 + i4w3 + 1%471)4,
= th2(~) + 1%481 — Z%482 + £4w2 + 57411}3 + i4w4,
thg( ) + S1 — S9 + S3 + $4UJ2 + 2w4,

(16)

where L¢h;, for 1 <4 < 3, is the healthy operating dynamics of the system expressed in

(L0).- A

Denote by y the measurement vector:

y(Pl) Lplh
X = : € R™. (17)
y%}m) - Lfvmhm

Physically, y € R™ represents the difference between the estimated time-derivatives of the
measurements y; and, the known dynamics of the healthy system. These derivatives can
always be estimated if the system is observable with respect to the outputs y; = h;(z), which
is guaranteed by the observability assumption below (see Assumption .

Observability is a measure of how well internal states of the system can be inferred
from knowledge of its external outputs [26]. A system is said to be observable if one can
determine the behavior of the entire system from its measurements and eventually from the
known inputs. More precisely, the current state values can be determined in finite-time using
only the outputs (we send the reader to [26] for different notions of observability and formal
definitions). If a system is not observable, this means that the current values of some of its
state variables cannot be determined through output sensors. So observability can been seen
as the ability to create enough smart sensors in order to recover all states of the system.
The definition of observability as well as the criteria for checking it uses the state-space
representation. To system , we associate the coditribution

O(z) = span{dLgchZ-(x),l <i<m,j >0}
System is locally observable with respect to its outputs y; = h;(x), 1 <i < m, if locally
dim O(x) = n, (18)

where n is the state-space dimension. This condition is called observability rank condition.
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Assumption 3.1 ((Observability)). We assume that system (2)) is observable with respect to
the outputs y; = h;(x), for 1 < i < m, that is, it verifies the observability rank condition (18]).

If the system is observable, dynamical equations can be designed to estimate the state of
the system from the outputs measurements. Such module is called a state observer or simply
an observer of the system. A state observer is typically computer-implemented and allows to
fully reconstruct the system state from its output measurements. If derivatives of the output
are required (as in our case, where we need y/" ... y~m), then the term differentiator is used.

Since Assumption is verified, nonlinear differentiators can be applied in order to
estimate in finite-time the derivatives (y\*", - y{™)), for more details, see [3], and thus to
compute y which plays an important role in the reconstruction (based on the measurements
y; and their derivatives) of the fault vector d(t). Indeed, from relation (15, it follows that

the vectors x and d(t) are related by an equation of the form:
x = ®(x)d(t), (19)
where ®(z) is the (m x ¢)-matrix given by:

11 - Ot Loy L3 " hy o Ly, LY hy
®(z) = 3 1 : : (20)

_ -
Omi- - .O'mnglL? I LgpL? B

Example 3.1 (continuation). Based on (16)), we deduce the measurement vector y € R3:

v1 — Lyha(T)
X=\ 92— Lshe(2) |, (21)
Yz — Lyhs()

and the matrix ®(z) € R3*":

T4 (1 — 954) 0 2x4 (:E4 + 554) T4 X4

‘I)({L') = .%4 —.f4 0 0 f‘4 i’4 i’4 . (22)
1 -1 1 0 T4 0 2

A

Equation (19) will be used to recover the unknown faults from the measurements infor-
mation. Indeed, the goal of the fault detection problem is to solve the algebraic system of m
equations, given by , with ¢ unknowns, i.e., the components of the fault vector d(t) € RY.
This problem is well known as a left invertibility problem (see, for instance, [37], [35], [36]).

The left invertibility problem has been widely studied and applied to many different
problems (going from fault diagnosis [33] to cryptographic applications [40], etc). It consists
in determining the causal factors (i.e., the unknown inputs signals or, like in our context,
the fault vector) from the knowledge of a set of observations (i.e., the measurement outputs
and its derivatives). In the case when ¢ < m (i.e., the number of measurements is greater
or equal than the number of the unknown inputs corresponding to the faults), the inverse
problem can be solved either by inverting, if possible, directly the matrix ®(z) (when m = ¢
and ®(x) invertible) or by solving the system of equations based on the dimension reduction
(if m > ¢q). In the over complete matrix (when m < ¢, which is usually the case in the context
of fault detection), the left invertibility problem either has no solution or has an infinity of
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solutions. However, if the vector d is sparse, then, in the particular case when relation ((19)
is static, that is, the matrix ® and the fault vector d are constant (do not depend on time
or state) reconstruction strategies enabling to exactly reconstruct the unknown signal and
can be deployed (see, for example, [6], [41]).

In the context of fault detection, techniques based on sparse recovery methods have
already been developed (see for example, [38|, [19]) with the particularity that the faults
are not introduced mathematically in the system and their features are recovered from the
frequency content in which the most coefficients are sparse (for instance, using Fourier or
wavelet transforms). Therefore, the originality of our work is firstly, to apply the SRD
method in the dynamical case (that is, when ®(x) and d(t) depend on time or state) and
secondly, to consider a system modeling based on a state-space representation that describes
the healthy and the faulty behavior.

Another particularity of the SRD method is that all algorithms (corresponding to the
optimization problem given by and to the observers equations, see, for instance [25],
[3], [15]) are solved in a continuous process (that is, in the same iteration loop) and with the
same computation step. In other words, with the help of a single simulation of all algorithms,
the diagnostic of numerous different faults is obtained which is not always possible for other
diagnostic methods (that often require several analyzes to be able to diagnose different
faults).

Remark 3.1. One of the difficulties when adapting the sparse recovery method to nonlinear
dynamical systems is the fact that the matrix ®(z) is state dependent and moreover, its
choice is not always unique, as explained below. Indeed, very often, when modeling the
system, the vector d(t) includes as much information as possible related to the faults, that
is, the fault signatures w; (i.e., the quantity that is always zero when the operating system
is healthy, and is nonzero when the corresponding fault acts on the system) as well as for
each w; the common terms to all components of the vector g; through which the fault w;
acts on the system. But d(¢) can also be defined with the help of the signatures w; only (like
in expression (7). So for nonlinear dynamical systems, the choice of the fault vector d(t),
and, therefore, of the matrix ®(z) is not unique. The choice of ®(x) is crucial for the SRD
method. Indeed, ®(x) has to satisfy some theoretical conditions (namely, the RIP condition
that will be defined below, see Definition [3.4). If the matrix ®(z) constructed in the classical
way, does not verify that condition, some constant or variable coefficients can be transferred
from the vector d(t) to the matrix ®(z) without loss of information on the fault vector (since
we always keep in d(t) the fault signatures as explained above).

Example 3.1 (continuation). Consider now the global fault vector d(t)=[s; so s3 wy wy T4ws
wy]T € R (notice that its 6th component contains the signature ws of the fault as well as
the term Z, which is common to all g3 components, see (10])). Tts associated matrix ®(z) is
given by:

Ty (1—-734) 0 274 (2474 1 Iy
=3, —-i4 0 0 T4 1 74 |. (23)
1 -1 1 0 T4 0 2
A

The goal of the SRD method is to reconstruct a sparse fault vector d(¢) based on the
measurement outputs y;, 1 < ¢ < m, and their derivatives. The term sparse means that the
dimension ¢ of d(t) may be very large (i.e., there are many possible faults that are taken into
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account in the model), but only a few number of components may be non zero (i.e., only
few faults act simultaneously on the system). In other words, the objective of this method
is to reconstruct the most parsimonious solution of the fault vector d(¢) with the help of the
measurements vector y and the matrix ®(z) (i.e., where by most parsimonious, we mean the
solution with the lowest number of non-zero components of d(t)). This can be reformulated
as the following optimization problem (|5, [7], [4]):

min||do. under the constraint x = ®(x)d(?). (24)
cRa

where ||d|| is a pseudo-norm and corresponds to the number of non-zero values of d(t).

An equivalent description of problem (24)) is to minimize a cost function constructed by
leveraging the observation error y — ®(z)d(t) by respecting the parsimony constraint on d(t)
via a balancing parameter X (see, for example, [7]):

min{z [ — ®()d(0) 3 + Ald(t) o} (25)

deRd

The optimization problem is N.P-complete, thus difficult to solve (since the pseudo-
norm zero is non-differentiable). But if the matrix ®(x) satisfies the Restricted Isometry
Property (RIP) recalled below, then problem can be transformed into an equivalent one
where the pseudo-norm ||.||¢ is replaced by the norm ||.||;. Before giving the RIP definition,
we need the notion of s-sparsity.

Definition 3.3 (sparsity). The fault vector d(t) is s-sparse if at most s non-zero faults can
appear simultaneously. The non-zero faults are called active faults or active nodes.

Notice that d(t) is s-sparse means that among the ¢ = m-+p modeled faults only s of them
may act on the system. Recall that the number ¢ of the total faults is much greater than s
which in turn is smaller than m. For the SRD method, we need the following assumption:

Assumption 3.2 (s-sparsity of the fault vector). We assume that d(t) is s-sparse and,
moreover that s verifies the following condition:

25+ 1 < m. (26)

Definition 3.4 (s-order RIP condition). A matrix ®(x) is said to satisfy the s-order RIP
condition, if for any s-sparse signal d(t), the following condition is verified:

(1= 8)ldl3 < | (x)d(t)]13 < (1 +85)]dl]3, (27)

where 65 € (0,1) is a constant parameter. This property will be called the s-order RIP
condition.

In order to check if a matrix ®(z) satisfies the s-order RIP condition, let I' denote any set
of s indices among 1 to ¢ (where ¢ is the total number of faults), i.e., I' is any s-combination
of the set {1,2,...,¢}. Notice that I" is not unique and there are ﬁis)! of them. Denote
by ®r(x) the sub-matrix of ®(x) formed by the columns of ®(z) indexed by the elements
of the set T' (i.e., corresponding to the active nodes s) and by ®f(z) its transposed matrix.
The s-order RIP condition for a matrix ®(x) is equivalent to the fact that all eigenvalues of
the matrix product ®%(2)®r(z), for all possible s-combinations I', must be strictly between
0 and 2, that is:

1 — 6, < eig(®L(x)®r(x)) <1+ 4, (28)
for 0, € (0,1).
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Remark 3.2. Recall that the matrix ®(x) associated to system and to fault vector
is not unique and its expression depends on the definition of d(t), see Remark If
no matrix ®(z) (constructed using the procedure of Remark verifies the s-order RIP
condition, we choose one of them and try to transform it in such a way that this property
is satisfied for the transformed matrix. We explain next how to do it. First, notice that if
the RIP condition is satisfied then all sub-matrices ®(z) are of full rank. Thus we have to
eliminate the columns of the original matrix ®(x) that are identical or proportional. In this
case, their corresponding faults act in the same way on the system and they can be emerged
by adding them and eliminating one of the columns.

For instance, if the first column ®; of ®(x) (corresponding to d;(t)) and the second one P,
(corresponding to dy(t)) are like above (i.e., ®; = ®5 or ®; = aP, where a is a constant
or a functional parameter), we will keep only one of them (say the first one) and its new
associated fault becomes d; (t) + da(t) if @1 = Po, respectively, d;(t) + ady(t), if ®; = aPs.
Remark that by regrouping the faults, the dimension of the global fault vector d(t) decreases
from ¢ to ¢ — 1. After this procedure the dimensions of ®(z) change as well (the number of
columns decreases, but the number of lines remains unchanged) and the new matrix ®(x)
no longer contains identical or proportional columns (this does not mean that ®(z) is of full
rank, in fact, ®(z) may possess columns that are linear combinations of at least two other
columuns. If the transformed matrix ®(z) still does not verify the RIP condition, we start to
eliminate those collinear columns and apply the same principle to regroup the corresponding
faults (for instance, if ®; = a®,+ bP3, where a and b are constant or functional parameters,
we keep ®, and ®3, but eliminate ®;, the new faults corresponding to ®, and ®3 being
dy(t) + ady(t) and ds(t) + bdi(t)). After each such column removal, we check if the new
matrix ®(x) verify the s-order RIP condition.

In order to check the s-order RIP condition, it may also be helpful to normalize each
column of the matrix ®(z) with respect to the norm || - ||o (after normalization, we should
have | @5 (z)]]2 = /Doy |[®ir(x)]? = 1, 1 < k < g, where ®;, denotes the kth column of
®). As a consequence of this normalization, each component of the fault vector has to be
multiplied by the norm of its corresponding column in ®(z). In some cases, the normalization
of the matrix ®(x) is not necessary to verify the s-order RIP condition (there are matrices
verifying this condition whose columns are not normalized).

In the sequel, we continue to denote the transformed matrix by ®(x), the new fault vector
by d(t) and its number components by g. Suppose that:

Assumption 3.3. (s-order RIP) The transformed matrix ®(x) is assumed to satisfy the
s-order RIP condition.

Under Assumption , the parsimony problem for the transformed matrix ®(z) and
the new fault vector d(t) becomes:

1
min{{x — ®(z)d(0)]5 + Alld(®)[|:}, (29)
and its solution exists and is unique [42].

Recall that m < ¢ (i.e., the number of monitoring sensors is significantly smaller than
the number of faults) and in general, even after transforming the original matrix ®(z), when
necessary, we still have m < ¢, where ¢ denotes now the dimension of the new regrouped
fault vector, thus, ®(x) cannot be invertible (since the matrix is not square) and, the left
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invertibility cannot be applied. Nevertheless, under Assumptions [3.2] and the fault
vector d(t) can be detected and reconstructed as a solution of (29). To that end, the following
dynamical algorithm based on sliding mode techniques [21] is proposed reminding very much
that of [42] with the difference that the matrix ® and the vector d are no longer constant
(see also [I] for the linear case):
{ 70 = o)+ (87 )20e) - Td)d(r) — 7 (x)x )", 0
d(t) = ea(u(t)),

where [.]% = [.|%sign(.), u(t) € R? is the internal state vector, ¢,(u(t)) = max(|u| —
A, 0)sign(u) is the continuous soft thresholding function, A € R? is a vector of constant
positive parameters that has to be suitably chosen in function of the noise and the minimum
possible absolute values of the faults, the vector cf(t) represents the estimation of the sparse
signal d(t), 7 is a (¢ X ¢)-diagonal matrix with constant parameters 7;, 1 < i < ¢, determined
by the physical properties of the implementing system, Id is the identity (¢ x ¢)-matrix and
the exponential coefficient « is such that o € [0, 1]. In [42], it has been proven, in the case
when the matrix ®(z) and the vector d(¢) are constant, that under Assumptions [3.2] and
and for o € [0,1), the state u converges, in finite-time, to its equilibrium point and thus
the estimated fault vector d(t) converges in finite-time to d(t). For a = 1, only asymptotic
convergence is ensured. If ®(x) and d(t) depend explicitly on time or/and states, when
adapting the proof of [42] to this dynamical case, the derivatives of ®(x) and d(t) appear
and have to be crushed with a suitable choice of A. In this case, a practical stability can be
guaranteed (see [8] for more details).

Remark 3.3. In the case when different faults are regrouped, the estimated fault vector
d(t) converges to the new fault vector d(t) (with regrouped faults). If one of the component
of d(t) corresponding to some regrouped original faults (say d; () + da(t)) is non zero, this
means that dy(t) or da(t) or both of them are activated. If only one fault among d;(t)
and dy(t) is activated, in general, the faults diagnosis is possible either by verifying the order
of magnitude of the defect or by the type of the obtained fault signal. However, if the
two added faults are activated simultaneously, the estimated fault vector given by the SRD
method contains the sum of these two faults and we may not be able to identify or to localize
them. These situations will be discussed in our case study in the next section.

Remark 3.4. In some cases, the dynamics f and/or vector fields g; can depend explicitly
on time (i.e., we have f = f(¢t,z(t)) and/or g; = g;(¢,z(t)), for some 1 < j < p). Thus
the system is a time-variant one. A classic way to transform it into a time-invariant system
(that is, of form (2))) is to introduce an additional state (which is simply the time-variable)
described by the equation:

G (t) = 1. (31)

The associated extended system is time-invariant and contains n+1 states variables ( v ) €
n+1

f(ZE, :En-i-l)

1 and the vector fields associated to the faults

R"*!. The new dynamics is

0
known state) of the system.

are (gj (m’xnﬂ)), for 1 < 7 < p. Moreover ¢ is, in general, also an output (or, at least, a
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4 Case Study

Table 2: Nomenclature of the two-stage gear system

Name || Description Unit

0; Angular position of the ith gear [rad]

R; Bases radius of the ith gear [m]

I; Inertia moment of the ith gear [kg x m?]
I Inertia moment of the shaft [kg x m?]
ke(t) | Time dependent gear-mesh stiffness || [N/m]

ks Torsional stiffness of the shaft [N x m/rad]
q Vector of degrees of freedom [rad]

F External torques vector [N x m]
Flee Eccentricity fault vector [N x m]
F, Crack fault vector [N x m]

In this section, we will apply the SRD method to diagnose mechanical faults in a gear
power transmission system. The considered system is a reduced model of two-stage gear that
takes into account only four degrees of freedom (see Figure . The principal notations used
in the system modeling are recalled in Table

4.1 Healthy model

The healthy system (see Figure [1)) is composed of two pinions and two wheels supported
by three shafts, one for the input shaft (the motor), the second for the intermediate shaft
(which connects both stages of the gearbox system) and the third for the output shaft (the
load). The model is obtained by developing the Lagrange equations of the kinetic and
potential energies corresponding to the two-stage gear (see also [20] and [14] for a single
stage modelisation).

The Lagrange formalism leads to the set of differential equations governing the system
motion:

Mg+ Cq+ K(t)q = F, (32)

where q is the vector of degrees of freedom q = [0 65 05 6,]*, M is the mass matrix expressed
by:

I 0 0 0
|0 L+1I 0 0

M=19 o Ii+1, 0 |’ (33)
0 0 0 L

with I; the inertia moment of the ith gear, 1 < i < 4, and I, the inertia moment of the
intermediate shaft, C the damping, F the applied forces vector I = [C,, 0 0 C,]T, where
C., and C,, are, respectively, the load and the motor torques of the system and K(¢) presents
the time-varying stiffness matrix containing the gear-mesh stiffness matrix K.(¢) and the
constant shaft torsional stiffness matrix K,:

K(t) = K.(t) + K,. (34)
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The gear-mesh stiffness matrix K. () is defined by :

k?l (t)CQR% kl (t)CQRlRQ 0 0
_ | Bi()PRiRy Ki(t)c*R3 0 0
K. (t) = 0 0 ko(t)c®R3 ko(t)c®R3Ry |’ (35)
0 0 ka(t)c?RuRs ko (t)c*RY

where R;, 1 < i < 4, represents the base radius of the ith gear and k;(t), j = 1,2, is the
time-varying stiffness for the jth stage defined as a square wave depending on time. The
constant ¢ simply denotes ¢ = cos(f), with 8 the helix angle of the gears.

The shaft torsional stiffness matrix K, is expressed as:

(36)

where k, is the constant torsional stiffness of the shaft.
Developing , we obtain the following state-space representation of the two-stage gear-
box model:

0, = Q,
0y = Q,
05 = Q,
04 = Qu,

Ql = %[_Kllel - K1292 - OHQI - CIQQQ + Cm]7
QQ = [2—_}_[5[—[(2101 — K2292 - K2363 - CQlQl

) —CQQQQ - 02393]7

Qg = IS—}FIS[—K;J,QQQ — K303 — K340, — U382

o —C3305 — Csaf],
. Q4 = i[—K43¢93 — K4494 - C43Q3 - C'4494 + CT]7

(37)

where K;; and Cyj, for 1 < 4,57 < 4, are respectively, the coefficients of the stiffness ma-
trix K(t) and damping matrix C, [0 Q|7 € R® is the state vector whose components are the
degrees of freedom of the system.

For , we have the following measurements:

yl — 917
Yo = s,
yz = 92 (38)
Ys = 0.

4.2 Faulty model

In this paper, we suppose that mechanical faults and sensor faults can affect the gearbox
system. We model two types of mechanical faults: eccentricity and crack defects. The faulty
model is given by the following equation of motion

Mg+ Cq+K(t)gq=F + F..+ F,, (39)
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Figure 1: Torsional model of a two-stage gear
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where F,. and F,, correspond, respectively, to the eccentricity and the crack defects.

The eccentricity fault is defined as the gap between the geometrical and the rotational
axes of the gear. Tt is composed by two components: the first one Fi.. is related to a
modification in the kinetic energy and the second one Fj.. is due to the change in potential
energy:

Fec - Flec + FQec- (40)

We have:
- Flee = [0 IQdJQ 0 I4w4}T, where w; is the angular velocity of the ith gear given by
w; = — R m with e; = cos(f)[sin(w;_1t — ¢;_1)€;—1 — sin(w;t — ¢;)e;], the

deviation due to the eccentricity defect of the gear, ¢; the initial eccentricity phases
and ¢; the eccentricity magnitude, i € {2,4},

- Fyee = [k1(t)0eRy cos(B) ki(t)deRycos(B) ky(t)de Rscos(B) ky(t)deRycos(B)]Y, with

de the initial deviation due to the eccentricity.

In our case, without loss of generality, the eccentricity effect due to the potential energy
Fye. is neglected, since the eccentricity fault affects the gear system on the inertia of the
system (so, in our model, its impact is already taken into account in the expressions of w;
and we keep the term due to the kinetic energy Fi.. only).

The crack defect F. is given by F. = [Rjcos(8)Aky,(t) Racos(f)Akyy,(t) Rscos(f)
Akopy(t) Rycos(f)Aka,(t)]T. The term Ak;,(t) (respectively, Ak;,(t)) characterizes the vari-
ation of the time-varying gear-mesh stiffness k;(t) associated to the pinion (respectively to
the wheel) of the jth stage of the gearbox system (in our application, 7 € {1,2}). These
quantities are indeed the product between the time-varying gear-mesh variation and the
deviation due to the crack. The fault vector F,. will be indicated through the drop of the
time-varying stiffness of the gears k;(t), j € {1,2}. In the healthy functioning case of the
gear (without faults), the global time-varying stiffness is a square wave function that nor-
mally evolves, for a spur gear, between a maximum value that corresponds to the maximum
number of segments in contact (two pairs of teeth) and a minimum value corresponding to
the minimum number of segments in contact (one pair of teeth in contact), see Figure
where t,,; is the meshing gear period for the first stage of the gearbox system. The descent
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in the curves (see Figure defines the progressive exit of a tooth pair from the meshing
zone and the rise corresponds to the gradual entry of a new pair of teeth in contact. In the
presence of defects, the disturbances appear on the temporal evolution of the global time-
varying stiffness ki(t) (see Figure for the first stage) at the moments of the passage of
the defective tooth (here, Z; = 18) in the zone of contact (see, e.g., [10], [43]).

In the faults modeling, we also take into account constant sensor faults Ay, Afy, A3 and
A, (corresponding, for instance, to offset faults), related to the two gear displacements. The
faulty model considering the crack, eccentricity and sensor faults is given by the following
system (compare it to (37)), the healthy model):

(0=,
0y = Qo,
05 = Qs,
01 =,
Q) = %[—KU% — K905 — Cii§y — Ci2fdy + O,
- FRicos(B) Ak (t)], (41)
Qy = IQ—JlrLS[—K2191 — K0y — Ka303 — Co1$
. —Co9Qy — Co3Q3 + Ry cos(B) Akyy(t) + Lows],
Q3 = ﬁ[—Ksﬁz — K303 — K3404 — Cs58y
) —03393 — 03494 + R3 COS(ﬁ)Akgp(t)],
Qy = i[—Kst@a — K40y — Cy38d3 — Cpafly + C,.
\ +R4 COS(B)AkZQw(t) + I4d)4],
with the measurements:
y1 = 61 + Aby,
Yo = Oy + Aby,
y3 = O3 + Abs, (42)
Yy = (94 + A94

The appearance of these faults in the gearbox system modify directly the dynamical
behavior of the system. It must be noted that the faulty system is a non-autonomous
system that depends explicitly on time (i.e., the drift and the vector fields associated to
the faults involve explicitly the ¢-variable through the terms K;;, 1 <i,j < 4, Ak;,(t) and
Ak (t), for j € {1,2}). In order to transform it into form (€]), the state extension explained
in Remark is applied, that is, we add to system the following equation £ = 1. From
now on, when we say system , we will actually refer to the extended system associated
to . Moreover, notice that in system , the measurements correspond indeed to states
of the system y; = 6;, for 1 <17 < 4. Thus, we do not need to make the change of coordinates
explained in the second section since system (41]) is already in form (@ We will denote the
faulty dynamics of (41), i.e., the right-hand side of (1)), by F(6, Q).

The total number of possible faults is much larger than 4 (the number of the monitoring
sensors, see (38)). Therefore, the SRD method can be applied. In the next part, we will
apply it in order to detect, identify and locate possible faults.
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Figure 2: Time-varying stiffness evolution divided by the meshing gear period t,,;

4.3 Application of the sparse recovery method

We define the global fault vector d(¢) that contains, not only the faults signatures but as
mush information as possible (see Remark [3.1)):

Aty
Ab,

Ry cos(8) Ak, (1)
d(t) = Rocos(B)Aki(t) | € R, (43)
R3 cos(5) Ak, (1)
Ry cos(B)Akay(t)
Iows
Ly,

In order to get relation between the measurement vector xy and the fault vector
d(t), we first compute the relative degrees of the outputs y; = 6; + Aby, yo = 0 + Abs,
ys = 03+ A3 and yy = 604 + Ab, as presented in ([13) (recall that the sensor faults are
supposed piecewise-constant). For instance, consider y; (the same calculation has to be
done for y, y3 and yy):

Y1 = Q1 + Aby,
Y = Ql = (1, (44)
i1 = Q1 = F5(601,02,1,Q),

where F5 = }T[_Kllel — K1202 — CHQl — 01292 +Cm + R1 COS(B)AIClp(tﬂ describes the faulty

dynamics of Qy, see (41)).
In order to extract the sensor faults, we replace the states 6, and 0y in F5(6;, 02,21, (2s)
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by their measured values 6, + A6y and 6, + A6, (i.e., with the presence of the sensor faults):

Y1 = F5(01 + A0y, 05 + A0y, 21, 8), (45)
1
] [ K11(91 + A@l) Klg(QQ + Aez) — CHQl
1
— 01292 + Cm + R1 COS(/B)Aklp(t)]. (46)

Applying the same principle for the remaining outputs, we obtain:

o = F6(01 + Aby, 05 + Aby, 05 + A3, 4, 09, Q3), (47)
Us = F7(02 + Ay, 05 + Abs, 0, + NGy, Qy, Q3,Qy), (48)
g = Fy(03 + A3, 04 + Aby, Q3,y), (49)

where Fy, F; and Fy describe, respectively, the faulty dynamics of Qs, Q3 and €y, see
for their expressions. When developing, — become:

K K R Ak, (t
U = Lfchl “HAg, — _12A9 ! 005(5]3 1p( )7 (50)
K21 KQQ K23
= L}hy — 0, — Aby — N
St Y AEY S G AR S G AN
Ry cos(B) Ak (1) Ty
1
" I+ 1, TLEL (51)
Kso K33 Kay
= L%hs — 05 — Af. — A
Ys fe3 13 +IS 2 Ig—FIS 3 13+ Il
Ry cos(8) Ak (1)
* I3+ I, o (52)
K K Ak, (t
s = Lihy — == SRS ﬁA& i COS(/? 2u(t)
4
+ Wy 53)

Notice that the above relations are affine with respect to the sensor faults Af; and they
are of form ([15)).

Following , we deduce the measurement vector x containing the available information
about the system (recall that x denotes the difference between the derivatives of the outputs
and the healthy operating dynamics of the system):

U1 — *[ K101 — K202 — C119Q1 — C128Qs + Cpy

jo — T [~ K261 — Koabz — Kozl — Corh
—C2292 — Ca3823]

Uz — 13+I [—K3200 — K3303 — K3404 — C322 ’
—C3303 — C348]

ja — 1-[~ K303 — Kua0s — Ca3Q3 — Caay + C]

X:



where {1, o, ¥3 and {4 are estimated using differentiators (see [15] where a sliding mode
differentiator is applied to a single stage of gears). It must be noted that differentiators
can be implemented since system verifies the observability property explained in As-
sumption [3.1] Algorithms very similar to those of [15] are used for the two-stage gear (in
particular, the differentiators parameters that have to be suitably chosen in order to ensure
rapid and accurate convergence between the real and the estimated system states, have the
same order of magnitude as those of [15]) and we do not present them here.

From this and definition of d(t), we determine the matrix ®(x) linking x and d(t)
as in (19)):

fu =K 9 Lo 0 000
1
Ry —Rp —Kng o 0 1.0 0 10
@ o 12+15 [2+[s I2+Is [2+Is (55)
- —K3s —K3z3 —K 1
O Bl 5 0 0 7 0 00
0 o0 Hs=Rugo o Lol

Iy Is I, VI

An important observation is that in our application, the matrix ®(x) depends explicitly on
time through the K-coefficients.

Recall that the SRD method guarantees that at most s faults can be accurately detected
and according to Assumption [3.2] the integer s should verify 2s + 1 < m, where m is the
number of the monitoring sensors (here, we have m = 4). Thus, the SRD method guarantees
that at most one fault can be accurately detected for the gearbox model (however, we will
see in the next section that, in general, we are able to accurately detect more than one fault).
This point can be seen as a limitation of the method but it is justified by the fact that in the
industries (and in particular for mechanical systems), the presence of several simultaneous
faults is not commun because they generate large disturbances in the system and leads to
the extreme case when the machine stops.

One of the most important conditions of the SRD method is that ®(z) has to satisfy the
s-order RIP property (here, with s = 1), see Definition From (j55), it can be noticed
that some columns are proportional (i.e., the faults corresponding to these columns, here,
the sixth and the ninth columns of ®(x), respectively, the eighth and the tenth columns
of ®(z), act in the same way on the system). Therefore, we deduce immediately that ®(x),
given by (55), does not verify the s-order RIP condition. Moreover, even if we define the
global fault vector d(t) with the help of the faults signatures only (that is, in (43)), the terms
R;cos(B), for 1 < i < 4, I, and I, are absent), its associate matrix ®(z) would not satisfy
the s-order RIP property either. Finally, observe that not all columns of the matrix ®(x)
are normalized with respect to the 2-norm. Thus, we have to modify the fault vector d(t),
as explained in Remark [3.2] by multiplying the faults associated to the non normalized
components of ®(z) by their corresponding norm and regrouping the defects which generate
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the collinearity of the columns:

n1A91
n2A92
n3A93
H4A04
d(t) _ Ry Cos(ﬁ[)lAlﬂp(t) c RS, (56)
Ro cos(B)Ak1w(t) + Towo
IQ+IS 12+IS
R3 cos(B)Akap(t)
I3+1s
%AM + Wy
with ny = [|®1(2)[|2, n2 = || P2()l2, ns = [[®3(2)]]2 and ny = [[®4(2)]2, where B;(x)

denotes the 7th column of and n; is its 2-norm.

In this case, the normalization of the matrix ®(z) is required since it contains different
orders of magnitude. By normalizing ®(z), we do not lose the fault vector information and
the new matrix (after regrouping the faults and normalization) becomes:

—L Iz g 0 1000
—K: —K: —K:
(Ig+152)1ﬂ1 (12+I:)2n2 (12+[:§n3 0 0100
¢ = 0 — K39 — K33 =Ks1 0010 : (57)
(Is+1Is)n2 (Is+Is)ns (I3+1s)na
K K
0 0 I4nt3 ﬁ 0001

It must be noted that with the new representation, we remain in the over complete matrix
case (i.e., the number of monitoring sensors is smaller than the number of faults, m = 4,q =
8). The next section presents the simulations results obtained for different activated faults
as well as for different cases of s. We will first see that, in accordance with the theoretical
results, when only one fault acts on the system, that fault is always correctly diagnosed by
the SRD method. Second, we will see that the SRD method works also in many cases when
two faults are activated.

5 Simulations and results

In order to evaluate the performances of the SRD method, simulations are carried on Mat-
lab/Simulink. The system parameters are given in Table . The designed system was im-
plemented with an odel Euler (we choose this solver because system is not C'-smooth),
and with the exponential coefficient a of being o = 0.5 (assuring a convergence in finite-
time). Notice that the considered faults have very different order of magnitude and we have
to take this into account when choosing the algorithm parameters A and 7: \; = 1072, 7; =
10* for 1 <4 < 4 (associated to sensor faults) and \; = 107, 7; = 10719 for 5 <4 < 8 (associ-
ated to operating faults). This choice of parameters is due to in the system modeling, that
is, we consider different types of faults with different orders of magnitude. Notice that if all
faults have the same order of magnitude, the same parameters A and 7 can be used for all
of them, see [39]).

Simulations results show the good performances of the SRD method to diagnose several
mechanical faults in the gearbox system developed in the previous section. Scenario 1 presents

21 /32



Table 3: Gear parameters

The first stage parameters Values
Module 2.5 mm
Tooth number of the pinion Z; 18
Tooth number of the wheel Z, 26
Face width 20mm
Pressure angle 20 deg
Helix angle [ (spur gear) 0 deg
Base radius of the pinion Iy 21 mm
Base radius of the wheel R, 30 mm
Rotational speed N 1674 rpm
Rotational speed N, 1159 rpm
The second stage parameters Values
Module 2 mm
Tooth number of the pinion Zj 20
Tooth number of the wheel 7, 35
Face width 38mm
Pressure angle 20 deg
Helix angle [ (spur gear) 0 deg
Base radius of the pinion Rj 18 mm
Base radius of the wheel R, 32 mm
Rotational speed Nj 1159 rpm
Rotational speed N, 662 rpm

the case when only one sensor fault occurs, i.e., s = 1, (recall that, according to Assump-
tion 3, we can accurately detect one fault among the eight possible). Scenario 2 explains the
case when crack faults occur. Scenario 3 considers two merged faults (crack and eccentricity)
that are activated (notice that we are still in the case s = 1, since for the modified fault
vector, the two original faults are merged into a single one). Scenario 4 illustrates several
examples when two different faults occur simultaneously (i.e., s = 2). Scenario 5 shows the
application of the SRD method when the measurements of the system are affected by a ran-
dom noise. The non activated faults are set to zero and for all scenarios the corresponding
estimates converge to zero. The last scenario (scenario 6) shows the application of SRD
method with non-stationary operating conditions.

For each scenario, the figures show all real defects d;(t), 1 < i < 8, and the estimated ones
cfi(t), 1 <@ < 8. Presenting all curves on the same figure allows us to highlight the sparsity
of the fault vector as well as the fact that (after a short transient time) the estimates of the
non-activated faults (those that are identically zero and do not act on the system) converge
indeed to zero. Zoomed regions of the estimated faults are carried out in all scenarios in
order to show the transient parts. We notice that at the beginning of the algorithm, all
estimated faults cii(t), 1 < ¢ < 8, varies in time, then the non-activated ones converge to
zero. The bold dotted signals represents the activated faults while the bold-solid line signal
correspond to their estimation given by the SRD method.
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Figure 3: Scenario 1: Sensor faults
5.1 Scenario 1 (s =1, an activated sensor fault)

This scenario illustrates the case when one fault among the eight possible faults given by
is activated. The SRD method is applied four times to extract each of the following faults
(for each case of Figure only one of them is activated and the others are set to zero):

0,0 <t < 0.01s,

1= Qb = { 102, ¢ > 0.01s,

0,0 <t < 0.01s,
52 = A6, = { 21072,¢ > 0.01s,

that affect the system at ¢ = 0.01,

0,0 <t <0.02s,
53= 00y = { 51078, > 0.02s,
that affects the system at t = 0.02s and

0,0 <t < 0.015s,

s4= 001 = { 1073, ¢ > 0.015s,

(58)

(59)

(60)

(61)
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that affects the system at t = 0.015s.

Figure show that the activated fault is always accurately recovered in finite-time
by the SRD method, while the estimated values of the non activated faults converge to zero.
Indeed, from each sub-figure, it is clear that the fault signal d; related to the sensor fault of
0;, 1 <1 < 4, converges to its non zero value, while the remaining d; converge to zero. This
confirms the good performances of the SRD method to diagnose sensor faults.

5.2 Scenario 2 (s = 1, an activated operating fault)

05 x 10 05 x 10
d ' ‘ 4
0 () A~ dy . @ Y &
o 10 / ds dy
L dy dy
05 v dg —05f canan @
g -1fo —[& 2 T %107 4
x dr X -1 4 dq
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(a) Crack in the first pinion: first stage (b) Crack fault for the second pinion: second stage

Figure 4: Scenario 2: Crack faults

This scenario presents the case when either the fifth or the seventh fault of d(t) is ac-
tivated. Both of them are operating faults (corresponding to the presence of the crack in
the first or in the second pinion of the gearbox system). It is clear from Figure 7?7 that
the estimated fault d5 recovered by the SRD method converges in finite-time to the acti-
vated fault and the non activated ones converge to zero. The signal ds is characterized by a
time-varying stiffness variation that occurs at each contact of the defective gear and its iden-
tification is guaranteed by the signal type (square wave that corresponds to a time-varying
stiffness form). Its localization is obtained by the distance between two successive peaks of
the time-varying stiffness variation that corresponds to the teeth number of the defective
gear. Here, this distance equals to Z; = 18 in Figure 7?7 and Z3 = 20 in Figure The
teeth numbers of the defective pinion ¢, for i € {1,3} are characteristics of the system which
are given in Table

5.3 Scenario 3 (s = 1, an activated merged fault corresponding to
eccentricity and crack defects)

This scenario corresponds to the case when either the defect dg or dg, regrouping the original
crack and the eccentricity faults of the gear, affect the system. We present two cases (for
the first one dg is activated and dg = 0, while for the second one dg = 0 and dg is activated).
From Figure[5] it is clear that we detect the presence of these faults by the convergence of the
estimated defects values to their real values. The distinction between crack and eccentricity
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Figure 5: Scenario 3: Merged faults

faults is always possible and due to the type of the obtained signals. As explained earlier,
the presence of the crack fault is characterized by a square wave signal (here, Z, = 26 in
Figure [5al and Z, = 35 in Figure [5¢| see Table [3) while the appearance of the eccentricity
fault is modeled by a sinusoidal form signal (see Figure [5b| and . The localization of the
eccentricity fault is determined from the rotational speed of the defective gear. For instance,
in Figure , the rotational speed of the obtained signal is w = 27 f = 2% = m =
175.5 rad/s which corresponds to the rotational speed of the first pinion (see Table .

In this scenario, a complete localization has been carried out: firstly, we are able to detect
the presence of the merged crack and eccentricity faults, secondly, to identify and distinguish
them from the obtained signals given by the SRD method, and, finally, to localize them with
the help of some characteristics of the mechanical system presented in the obtained signals
(e.g., the teeth number, the rotational speed of wheel /pinion).
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5.4 Scenario 4 (s =2, two faults occur simultaneously)
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Figure 6: Scenario 4: Two activated faults s = 2

Recall the efficiency of the SRD method is guaranteed for 2s + 1 < m (in the case of
the gearbox application, when only a single fault is activated). A natural question is what
happens when at least two faults occur simultaneously. While the previous scenarios present
the SRD method results for one active fault, Scenario 4 treats the case when two different
operating faults appear simultaneously (see Figure @) Figure illustrates the presence,
at the same time, of the crack defect in the first pinion and in the first wheel. The SRD
method gives a good convergence of the estimated faults to their real values and a complete
diagnostic can be carried out. The fault distinction is always possible by the tooth number
of the defective gear.

Figure [6b| displays the case when two sensor faults related to the displacements 6; and 6,
are activated. We can notice that these activated faults are also accurately recovered in finite-
time via the SRD method while the estimated quantities of the non activated faults converge
to zero. Thus, we are able to detect the presence of two different faults simultaneously
and conclude that the condition 2s +1 < m given in Assumption is sufficient but not
necessary for an accurate reconstruction of the faults using the SRD method.
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Figure[6c| presents the case when a crack in the first pinion and a sensor fault are activated.
It is clear that these faults are not recovered by the SRD method and their diagnostic is not
possible. This is due to the fact that the faults have different orders of magnitude. It should
be however noted to that our diagnosis method always allows the detection of an anomaly
in the system by the non-zero signals given by the SRD method.

Obviously it is possible to diagnose more defects by increasing the number of sensors and
therefore, providing more information about the system, and allowing to take into account
more possible faults. However, the simultaneous presence of several defects in industrial
systems leads to a fast decrease of the equipment life and to a large perturbation or even the
stop of the operating system.

5.5 Scenario 5 (s = 1, an activated fault in the presence of noises)
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Figure 7: Scenario 5: Presence of noise

Usually, the collected sensors signals are polluted by random noises due to the presence of
many source of vibration. Scenario 5 considers the case when the measurements are affected
by a white random noises. Figure [7a]shows the presence of a sensor fault, which is Af;, while
in Figure a crack fault in the first pinion occurs. For both cases, the estimated faults
given by the SRD method converge in finite-time to their real values. The diagnostic of
these faults is always possible by analyzing the nature of the obtained signals (as explained
in the previous scenarios). Thus, this diagnosis method is still able to identify mechanical
and sensor faults by including random measurement noises in the dynamical state-space
representation.

5.6 Scenario 6 (non-stationary operating conditions)

The last scenario illustrates the case of non-stationary operating conditions of the gearbox
system which is subject to a variable resistant torque. We have considered a load fluctuating
in a saw-tooth shape (see Figure [41])).

Figure [ shows the time evolution of the acceleration of the first stage gear by applying
a variable load torque. We notice the presence of peaks that correspond to the peaks of the
applied variable load.
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A sensor fault on the first pinion is activated at ¢t = 0,01s. Figure [10]illustrates the good
performances of the SRD method in non-stationary conditions.
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6 Conclusions

In this paper, a diagnosis method, called sparse recovery diagnosis (SRD), for nonlinear
dynamical systems is presented. Then it is applied to the mechanical system of a two-
stage gear model. A healthy and faulty modeling of the considered system are presented
and implemented via Matlab/Simulink. The SRD is applied in order to diagnose several
mechanical faults. Eccentricity, crack and sensor faults are modeled and recovered in finite-
time by this diagnosis method. The diagnosis method introduced in this paper is an effective
diagnosis method but it is not always able to detect and distinguish all types of defects.
For this reason, combining different diagnosis methods is suggested to obtain an optimized
and a perfect diagnostic for mechatronic systems. Our future work will be focused on the
comparison between other diagnosis techniques and the SRD algorithm as well as on the
theoretical generalization of the SRD method for a class of mechanical systems with the
presence of different possible faults.
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