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Abstract

The presence of missing values makes supervised learning much more challenging.
Indeed, previous work has shown that even when the response is a linear function
of the complete data, the optimal predictor is a complex function of the observed
entries and the missingness indicator. As a result, the computational or sample
complexities of consistent approaches depend on the number of missing patterns,
which can be exponential in the number of dimensions. In this work, we derive the
analytical form of the optimal predictor under a linearity assumption and various
missing data mechanisms including Missing at Random (MAR) and self-masking
(Missing Not At Random). Based on a Neumann series approximation of the
optimal predictor, we propose a new principled architecture, named Neumann
networks. Their originality and strength comes from the use of a new type of
non-linearity: the multiplication by the missingness indicator. We provide an
upper bound on the Bayes risk of Neumann networks, and show that they have
good predictive accuracy with both a number of parameters and a computational
complexity independent of the number of missing data patterns. As a result they
scale well to problems with many features, and remain statistically efficient for
medium-sized samples. Moreover, we show that, contrary to procedures using EM
or imputation, they are robust to the missing data mechanism, including difficult
MNAR settings such as self-masking.

1 Introduction

Increasingly complex data-collection pipelines, often assembling multiple sources of information, lead
to datasets with incomplete observations and complex missing-values mechanisms. The pervasiveness
of missing values has triggered an abundant statistical literature on the subject [13,130]]: a recent survey
reviewed more than 150 implementations to handle missing data [9]. Nevertheless, most methods
have been developed either for inferential purposes, i.e. to estimate parameters of a probabilistic
model of the fully-observed data, or for imputation, completing missing entries as well as possible
[S]. These methods often require strong assumptions on the missing-values mechanism, i.e. either
the missing at random (MAR) assumption [26]] — the probability of being missing only depends on
observed values — or the more restrictive Missing Completely At Random assumption (MCAR) — the
missingness is independent of the data. In MAR or MCAR settings, good imputation is sufficient to
fit statistical models, or even train supervised-learning models [[10]. In particular, a precise knowledge
of the data-generating mechanism can be used to derive an Expectation Maximization (EM) [2]]
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formulation with the minimum number of necessary parameters. Yet, as we will see, this is intractable
if the number of features is not small, as potentially 2¢ missing-value patterns must be modeled.

The last missing-value mechanism category, Missing Not At Random (MNAR), covers cases where
the probability of being missing depends on the unobserved values. This is a frequent situation in
which missingness cannot be ignored in the statistical analysis [[11]]. Much of the work on MNAR data
focuses on problems of identifiability, in both parametric and non-parametric settings [28} [19-21]].
In MNAR settings, estimation strategies often require modeling the missing-values mechanism [\§].
This complicates the inference task and is often limited to cases with few MNAR variables. Other
approaches need the masking matrix to be well approximated with low-rank matrices 17, |1}(6,[15,31].

Supervised learning with missing values has different goals than probabilistic modeling [10] and
has been less studied. As the test set is also expected to have missing entries, optimality on the
fully-observed data is no longer a goal per se. Rather, the goal of minimizing an expected risk lend
themselves well to non-parametric models which can compensate from some oddities introduced by
missing values. Indeed, with a powerful learner capable of learning any function, imputation by a
constant is Bayes consistent [10]. Yet, the complexity of this function that must be approximated
governs the success of this approach outside of asymptotic regimes. In the simple case of a linear
regression with missing values, the optimal predictor has a combinatorial expression: for d features,
there are 2¢ possible missing-values patterns requiring 2¢ models [12]].

Le Morvan et al. [12] showed that in this setting, a multilayer perceptrons (MLP) can be consistent
even in a pattern mixture MNAR model, but assuming 2¢ hidden units. There have been many
adaptations of neural networks to missing values, often involving an imputation with 0’s and con-
catenating the mask (the indicator matrix coding for missing values) [22| 18, [14} 33 [3]. However
there is no theory relating the network architecture to the impact of the missing-value mechanism on
the prediction function. In particular, an important practical question is: how complex should the
architecture be to cater for a given mechanism? Overly-complex architectures require a lot of data,
but being too restrictive will introduce bias for missing values.

This work addresses the challenge of supervised learning with missing values. We propose a
theoretically-grounded neural-network architecture which allows to implicitly impute values as a
function of the observed data, aiming at the best prediction. More precisely,

e We derive an analytical expression of the Bayes predictor for linear regression in the presence of
missing values under various missing data mechanisms including MAR and self-masking MNAR.

e We propose a new principled architecture, named Neumann network, based on a Neumann
series approximation of the Bayes predictors, whose originality and strength is the use of ®M
nonlinearities, i.e. the elementwise multiplication by the missingness indicator.

e We provide an upper bound on the Bayes risk of Neumann networks which highlights the benefits
of depth and learning to approximate.

e We provide an interpretation of a classical ReLU network as a shallow Neumann network. We

further demonstrate empirically the crucial role of the ® nonlinearities, by showing that increasing

the capacity Neumann networks improves predictions while it does not for classical networks.

We show that Neumann networks are suited medium-sized datasets: they require O(d?) samples,

contrary to O(2%) for methods that do not share weights between missing data patterns.

e We demonstrate the benefits of the proposed architecture over classical methods such as EM
algorithms or iterative conditional imputation [30]] both in terms of computational complexity
—these methods scale in O(2¢d?) [27] and O(d®) respectively—, and in the ability to be robust to
the missing data mechanism, including MNAR.

2 Optimal predictors in the presence of missing values

Notations We consider a data set D,, = {(X1,Y7), ..., (X,,Yy)} of independent pairs (X;,Y;),
distributed as the generic pair (X,Y"), where X € R% and Y € R. We introduce the indicator vector
M € {o, l}d which satisfies, forall 1 < j < d, M; = 1if and only if X is not observed. The random
vector M acts as a mask on X. We define the incomplete feature vector Xex= (R U {NA})?
(see [26]], [25, appendix B]) as )?j = NAif M; = 1, and )N(j = X otherwise. As such, Xisa
mixed categorical and continuous variable. An example of realization (lower-case letters) of the



previous random variables would be a vector x = (1.1,2.3, —3.1, 8,5.27) with the missing pattern
m = (0,1,0,0,1), giving 7 = (1.1, NA, — 3.1, 8, NA).

For realizations m of M, we also denote by obs(m) (resp. mis(m)) the indices of the zero entries of
m (resp. non-zero). Following classic missing-value notations, we let X 5(as) (resp. Xois(ar)) be

the observed (resp. missing) entries in X . Pursuing the above example, we have mis(m) = {1,4},
obs(m) = {0,2,3}, Tops(m) = (1.1, =3.1, 8), Trmisem) = (2.3, 5.27). To lighten notations, when
there is no ambiguity, we remove the explicit dependence in m and write, e.g., X ps-

2.1 Problem statement: supervised learning with missing values

We consider a linear model of the complete data, such that the response Y satisfies:
Y =585+ (X, 8%) + ¢, for some 85 € R, 8* € R, and € ~ N(0, 0?). (1)

Prediction with missing values departs from standard linear model settings: the aim is to predict Y’
given X, as the complete input X may be unavailable. The corresponding optimization problem is:

[ € argmin E[(Y — f(X))?], @)
f:f%R
where f)*? is the Bayes predictor for the squared loss, in the presence of missing values. The main

difficulty of this problem comes from the half-discrete nature of the input space X. Indeed, the Bayes
predictor f%(X) = E[Y" | X] can be rewritten as:

f;%()?) =E [Y | M, Xobs(M)] = Z E [Y|Xobs(m)aM = m] Trr=m, 3
me{0,1}4

which highlights the combinatorial issue of solving (Z): one may need to optimize 2¢ submodels, for
the different m. In the following, we write the Bayes predictor f* as a function of (X,p(ar), M ):

f*(Xobs(M)aM) =E [Y‘Xobs(M%M] .

2.2 Expression of the Bayes predictor under various missing-values mechanisms

There is no general closed-form expression for the Bayes predictor, as it depends on the data
distribution and missingness mechanism. However, an exact expression can be derived for Gaussian
data with various missingness mechanisms.

Assumption 1 (Gaussian data). The distribution of X is Gaussian, that is, X ~ N (p1,%).
Assumption 2 (MCAR mechanism). For all m € {0,1}¢, P(M = m|X) = P(M).

Assumption 3 (MAR mechanism). For allm € {0,1}%, P(M = m|X) = P(M = m|Xps(m))-
Proposition 2.1 (MAR Bayes predictor). Assume that the data are generated via the linear model

defined in equation (1)) and satisfy Assumption[I} Additionally, assume that either Assumption2|or
Assumption 3| holds. Then the Bayes predictor f* takes the form

f*(Xobsa M) = ﬁa + < :bsaXobs> + < ;isaﬂmis + Emis,obs(Eobs)_l(-)(obs - /ffobs)>7 (4)

where we use obs (resp. mis) instead of obs(M) (resp. mis(M)) for lighter notations.

Obtaining the Bayes predictor expression turns out to be far more complicated for general MNAR
settings but feasible for the Gaussian self-masking mechanism described below.

Assumption 4 (Gaussian self-masking). The missing data mechanism is self-masked with
P(M|X) = [1¢_, P(My|X}.) and Vk € [1,d]
1 (X — fin)?

P(Mlc:”Xk) ZKkeXp (_2&2> with 0 < Kj, < 1.
k



Proposition 2.2 (Bayes predictor with Gaussian self-masking). Assume that the data are generated
via the linear model defined in equation and satisfy Assumption |l| and Assumption Let
Yimis|obs = Zmis,mis —Zmis’obszfl Yobs,mis» and let D be the diagonal matrix such that diag(D) =

obs
(6%,...,02%). Then the Bayes predictor writes
f*(Xobsv M) = BS + < ;bS7XObS> + < :nisV (Id + Dmisz:n}iﬂobs)_l

X (/:Lmis + Dmisx’r:z];s\obs (,umzs + ZmiS,ObS (Zobs)_1 (Xobs - Mobs)))) (5)

The proof of Propositions[2.T|and 2.2] are in the Supplementary Materials (A.3]and[A.4). These are
the first results establishing exact expressions of the Bayes predictor in a MAR and specific MNAR
mechanisms. Note that these propositions show that the Bayes predictor is linear by pattern under the
assumptions studied, i.e., each of the 2¢ submodels in equationare linear functions of X ;. For
non-Gaussian data, the Bayes predictor may not be linear by pattern [[12, Example 3.1].

Generality of the Gaussian self-masking model For a self-masking mechanism where the prob-
ability of being missing increases (or decreases) with the value of the underlying variable, probit
or logistic functions are often used [[L1]. A Gaussian self-masking model is also a suitable model:
setting the mean of the Gaussian close to the extreme values gives a similar behaviour. In addition, it
covers cases where the probability of being missing is centered around a given value.

Differences between MNAR and M(C)AR predictors Assuming the approximation
(EmiswbsD’l )_1 ~ Id in the Bayes predictor with Gaussian self-masking, then it becomes

equal to the Bayes predictor in the M(C)AR cases, except that pi,,; is replaced with %( tmis + fmis)-
This highlights the fact that the conditional expectation E[X,,;5(ar)[ M, X ops(ar)] in the self-masking
case needs to be shifted towards fi,,;s, that is the value for which the probability of missing is highest.
1

. 141 . .
Note however that the approximations (Emis|obstis) ~ Id may be poor in practice.

3 Neumann networks: learning by approximating the Bayes predictors

3.1 Insight to build a network: sharing parameters across missing-value patterns

Computing the Bayes predictors in equations @) or (3) requires to estimate the inverse of each
submatrix X,y (,,) for each missing data pattern m € {0,1}4, ie one linear model per missing-value
pattern. For a number of hidden units < 2¢, a MLP with ReLU non-linearities can fit these linear
models independently from one-another, and are shown to be consistent [[12]. But it is prohibitive
when d grows. Such an architecture is largely over-parametrized as it does not share information
between similar missing value patterns. Indeed, the slopes of each of the linear regression per pattern
given by the Bayes predictor in equations (@) and (3)) are linked via the inverses of Xps.

Thus, one approach is to estimate only one vector p and one covariance matrix 3 via an expectation
maximization (EM) algorithm [2], and then compute the inverses of ;5. But the computational
complexity then scales linearly in the number of missing value patterns (which is in the worst case
exponential in the dimension d), and is therefore also prohibitive when the dimension increases.

In what follows, we propose an in-between solution, modeling the relationships between the slopes
for different missing data patterns without directly estimating the covariance matrix. Intuitively,
observations from one pattern will be used to estimate the regression parameters of other patterns.

3.2 Differentiable approximations of the inverse covariances with Neumann series

The major challenge of equations and () is the inversion of the matrices Yobs(m) forallm €
{0,1}%. Indeed, there is no simple relationship for the inverses of different submatrices in general.

As a result, the slope corresponding to a pattern m cannot be easily expressed as a function of X..
We therefore propose to approximate (Zobs(m)) forallm € {0, 1} recursively in the following
way. First, we choose as a starting point a d x d matrix S(%). Sggi (m) is then defined as the sub-matrix

of S(©) obtained by selecting the columns and rows that are observed (components for which m = 0)



and is our order-0 approximation of (Eobs(m)) - Then, for all m € {0, 1}¢, we define the order-/
approximation S'” oba(m) © (Zobs(m))_l via the following iterative formula: for all £ > 1,

S

obs(m)

= (Id = Sops(m)) Sy + 1. (6)

obs(m

These iterates can be expressed as a series (correspondig to a Neumann series if S(°) = I'd) and we
show that they converge linearly to (Xops(m)) -1 in the Supplementary Materials).

We now define the order-¢ approximation of the Bayes predictor in MAR settings (equation (@) as

f;(Xobsy M) = <Bob57 Xobs> + <5mi57 Hmis + Zmis,obssiil(m) (Xobs - Mobs)>' (7)
The error between the Bayes predictor and its order-¢ approximation is provided in Proposition
Proposition 3.1. Assume that the data are generated via a linear model defined in equation (1) and
satisfy Assumption|l| Additionally, assume that either Assumption |2|or Assumption|3|holds and that
the spectral radius of 3 is strictly smaller than one. Then, for all £ > 1,

1— 201 @* |2
E (fg*(Xobsa ) f*( obs) ))2 %E’ Hld S(S(;Z(M obs(M)Hz (8)

IN

The error of the order-¢ approximation decays exponentially fast with . More importantly, if the

submatrices Sggi of S(©) are good approximations of (Xops) "1 on average, that is if we choose S ©)
which minimizes the expectation in the right-hand side in inequality (), then our model provides a
good approximation of the Bayes predictor even with depth £ = 0. This is the case for a diagonal
covariance matrix, as taking S(°) = X~ has no approximation error as (27 ops = (Zops) L

3.3 Neumann-network architecture: multiplying by the mask

We propose a neural network architecture to approximate the Bayes predictor, where the inverses
(Xops) ! are computed using an unrolled version of the iterative algorithm. Figure 1| gives a diagram
for such neural network using an order-3 approximation corresponding to a depth 3. z is the input,
with missing values replaced by 0. y is a trainable parameter corresponding to the parameter p in
equation (7). To match the Bayes predictor exactly (equation (7)), weight matrices should be simple
transformations of the covariance matrix indicated in blue on Figure[l]

Note that the observed indices change for each sample, leading to an implementation challenge. For

a sample with missing data pattern m, the weight matrices S(?, VV](\,1 e)u and WJ(\? e)u of Figure|1{should
be masked such that their rows and columns corresponding to the indices mis(m ) are zeroed, and the
rows of Wy, corresponding to obs(m) as well as the columns of Wy, corresponding to mis(m)
are zeroed. Implementing efficiently a network in which the weight matrices are masked differently
for each sample can be challenging. We thus use the following trick. Let W be a weight matrix, v a
vector, and m = 1 —m. Then (W @mm " )v = (W (v©m)) ©@m, i.e, using a masked weight matrix
is equivalent to masking the input and output vector. The network can then be seen as a classical
network where the nonlinearities are multiplications by the mask.

Following strictly Neummann iterates would call for a shared weight matrix across all Wj(f e)u. Rather,
we learn each layer independently. This choice is motivated by works on iterative algorithm unrolling
[4]] where independent layers’ weights can improve a network’s approximation performance [32].

(2)
Neuw
Zabs)

FVeu
abs)

__________________________________________

Neumann iterations

Figure 1: Neumann network architecture with a depth of 3 — m = 1 — m. Each weight matrix
W) corresponds to a simple transformation of the covariance matrix indicated in blue.



Although our architecture is motivated by the expression of the Bayes predictor in MCAR and MAR
settings, we believe that a similar architecture can be used to target the prediction function (3] for
self-masking data, as we expect that the differences with can be absorbed in Wy;,.

3.4 Link with the multilayer perceptron with ReLU activations

A common practice to handle missing values is to consider as input the data concatenated with the
mask eg in [12]. The next proposition connects this practice to Neumman networks.

Proposition 3.2 (equivalence MLP - depth-0 Neumann network). Let [X ® (1 — M), M] € [0,1]% x
{0, 1}d be an input X imputed by 0 concatenated with the mask M.

o Let Hreru = (W € Rax2d, ReLU) be a hidden layer which connects [ X ® (1 — M), M|
to d hidden units, and applies a ReLU nonlinearity to the activations.

o Let Honm = (W € R4 @M) be a hidden layer that connects an input (X — p) ©
(1 — M) to d hidden units, and applies a © M nonlinearity.

Denote by hi**LU and hEM the outputs of the k' hidden unit of each layer. Then there exists
a configuration of the weights of the hidden layer Hp.ru such that Hoy and Hrery have
the same hidden units activated for any (Xops, M), and activated hidden units are such that

hkRELU(Xobsa M) — h%]w(Xoby M) + ¢ where ¢, € R.

Proposition states that a hidden layer H .y can be rewritten as a H ¢ s layer up to a constant.
Note that, as soon as another layer is stacked after H s or Hgerv, this additional constant can be
absorbed into the biases of this new layer. Thus the weights of H r. 7 can be learned so as to mimic
Henr- In our case, this means that a MLP with ReLU activations, one hidden layer of d hidden units,
and which operates on the concatenated vector, is closely related to the 0-depth Neumann network
(see Figure[T), thereby providing theoretical support for the use of the latter MLP. This theoretical
link completes the results of [12], who showed experimentally that in such a MLP O(d) units were
enough to perform well on Gaussian data, but only provided theoretical results with 2¢ hidden units.

4 Empirical results

4.1 The ©M nonlinearity is crucial to the performance

The specificity of Neumann networks resides in the ® M nonlinearities, instead of more conventional
choices such as ReLU. Figure 2] shows how the choice of nonlinearity impacts the performance as a
function of the depth. We compare two networks that take as input the data imputed by O concatenated
with the mask: MLP Deep which has 1 to 10 hidden layers of d hidden units followed by ReLU
nonlinearities and MLP Wide which has one hidden layer whose width is increased followed by a
ReL.U nonlinearity. This latter was shown to be consistent given 2¢ hidden units [12].

Figure [2] shows that increasing the capacity (depth) of MLP Deep fails to improve the performances,
unlike with Neumann networks. Similarly, it is also significantly more effective to increase the
capacity of the Neumann network (depth) than to increase the capacity (width) of MLP Wide. These
results highlight the crucial role played by the ® nonlinearity. Finally, the performance of MLP Wide
with d hidden units is close to that of Neumann with a depth of 0, suggesting that it may rely on the
weight configuration established in Proposition [3.2]

0.00
Figure 2: Performance as a func- % Neumann ..<o . —Test set
tion of capacity across architec- @ % ---Train set y:;t)\ll:vl'?rkwi dth
tures — Empirical evolution of the 8 _0 05 o1 o1d
performance for a linear generat- " 00008 o3 o34
ing mechanism in MCAR settings. £ /_e_e.ésgeéj o5 ©10d
Data are.generatefi under a 11ne§1r bt 0.10 - I MLP Deep o7 @30d
model with Gaussian covariates in g - 09 @s0d
a MCAR setting (50% missing val- 103 104
ues, n = 10°, d = 20). Number of parameters
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Figure 3: Left: learned versus analytic Neumann iterates — Neumann analytic is the Neumann
architecture with weights set to represent (6), supposing we have access to the ground truth parameters,
Neumann (resp. Neumann res) corresponds to the network without (resp. with) residual connections.
Right: Required capacity in various settings — Performance of Neumann networks varying the
depth in simulations with different number of samples n and of features d.

4.2 Approximation learned by the Neumann network

The Neumann architecture was designed to approximate well the Bayes predictor (). As shown
in Figure|[l} its weights can be chosen so as to express the Neumann approximation of the Bayes
predictor (7) exactly. We will call this particular instance of the network, with S(%) set to identity,
the analytic network. However, just like LISTA [4] learns improved weights compared to the ISTA
iterations, the Neumann network may learn improved weights compared to the Neumann iterations.
Comparing the performance of the analytic network to its learned counterpart on simulated MCAR
data, Figure [3] (left) shows that the learned network requires a much smaller depth compared to
the analytic network to reach a given performance. Moreover, the depth 1 learned network largely
outperforms the depth 1 analytic network, which means that it is able to learn a good initialization
S for the iterates. Fi gurealso compares the performance of the learned network with and without
residual connections, and shows that residual connections are not needed for good performance. This
observation is another hint that the iterates learned by the network depart from the Neumann ones.

4.3 Neumann networks require O(d?) samples

Figure |3 (right) studies the depth for which Neumann networks perform well for different number of
samples n and features d. It outlines that Neumann networks work well in regimes with more than
10 samples available per model parameters, where the number of model parameters scales as d*. In
general, even with many samples, depth of more than 5 explore diminishing returns. Supplementary
figure [5] shows the same behavior in various MNAR settings.

4.4 Prediction performance: Neumann networks are robust to the missing data mechanism

We now evaluate the performance of Neumann networks compared to other methods under various
missing values mechanisms. The data are generated according to a multivariate Gaussian distribution,
with a covariance matrix ¥ = UU " + diag(e), U € Rdx%, and the entries of U drawn from a
standard normal distribution. The noise € is a vector of entries drawn uniformly in [1072,107!]
to make X full rank. The mean is drawn from a standard normal distribution. The response Y is
generated as a linear function of the complete data X as in equation [T} The noise is chosen to obtain
a signal-to-noise ratio of 10. 50% of entries on each features are missing, with various missing data
mechanisms: MCAR, Gaussian self-masking and Probit self-masking. The Gaussian self-masking is
obtained according to Assumption (] while the Probit self-masking is a similar setting where the
probability for feature j to be missing depends on its value X; through an inverse probit function.
We compare the performances of the following methods:

o EM: an Expectation-Maximisation algorithm [29] is run to estimate the parameters of the joint
probability distribution of X and Y —Gaussian— with missing values. Then based on this estimated
distribution, the prediction is given by taking the expectation of Y given X.
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Figure 4: Predictive performances in various scenarios — varying missing-value mechanisms,
number of samples n, and number of features d. All experiments are repeated 20 times. For self-
masking settings, the x-xaxis is in log scale, to accommodate the large difference between methods.

o MICE + LR: the data is first imputed using conditional imputation as implemented in scikit-learn’s
[24]) Tterativelmputer, which proceeds by iterative ridge regression. It adapts the well known MICE
[3Q] algorithm to be able to impute a test set. A linear regression is then fit on the imputed data.

e MLP: A multilayer perceptron as in [12]], with one hidden layer followed by a ReLU nonlinearity,
taking as input the data imputed by O concatenated with the mask. The width of the hidden layer is

varied between d and 100d hidden units, and chosen using a validation set. The MLP is trained

using ADAM and a batch size of 200. The learning rate is initialized to % and deacreased by a

factor of 0.2 when the loss stops decreasing for 2 epochs. The training finishes when either the
learning rate goes below 5 x 1075 or the maximum number of epochs is reached.

o Neumann: The Neumann architecture, without residual connections, choosing the depth on
a validation set. The architecture was implemented using PyTorch [23]], and optimized using
stochastic gradient descent and a batch size of 10. The learning rate schedule and stopping criterion
are the same as for the MLP.

For MCAR and Gaussian self-masking settings, the performance is given as the obtained R2 score
minus the Bayes rate (the closer to O the better), the best achievable R2 knowing the underlying
ground truth parameters. For probit self-masking, as we lack an analytical expression for the Bayes
predictor, the performance is given with respect to the best performance achieved across all methods.

In MCAR settings, figure E| shows that, as expected, EM gives the best results when tractable. Yet, we
could not run it for number of features d > 50. Neumann is the best performing method behind EM,
in all cases except for n = 2 x 10*, d = 50, where depth of 1 or greater overfit due to the low ratio of
number of parameters to number of samples. In such situation, MLP has the same expressive power
and performs slightly better. Note that for a high samples-to-parameters ratio (n = 1 x 10, d = 10),
Neumann reaches an almost perfect R2 score, less than 1% below the Bayes rate.

For the self-masking mechanisms, the Neummann network significantly improves on the competitors,
followed by the MLP. This is even true for the probit self-masking case for whihch we have no
theorerical results. The gap between the two architectures widens as the number of samples increases,
with the Neumann network benefitting from a large amount of data. These results emphasize the
robustness of Neumann and MLP to the missing data mechanism, including MNAR settings in which
EM or conditional imputation do not enable statistical analysis.

5 Discussion and conclusion

Traditionally, statistical models are adapted to missing values using EM or imputation. However,
these require strong assumptions on the missing values. Rather, we frame the problem as a risk
minimization with a flexible yet tractable function family. We propose the Neumann network, a
theoretically-grounded architecture that handles missing values using multiplication by the mask as
nonlinearities. It targets the Bayes predictor with differentiable approximations of the inverses of the



various covariance submatrices, thereby reducing complexity by sharing parameters across missing
data patterns. Strong connections between a shallow version of our architecture and the common
practice of inputing the mask to an MLP is established.

The Neumann architecture has clear practical benefits. It is robust to the missing-values mechanism,
often unknown is practice. Moreover its sample and computational complexity are independent of
the number of missing data patterns, which allows to work with datasets of higher dimensionality
and limited sample sizes. This work opens many perspectives, in particular using this network as a
building block in larger architectures, eg to tackle nonlinear problems.
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Supplementary materials — Neumann networks: differential
programming for supervised learning with missing values

A Proofs

A.1 Proof of Lemmalll

Lemma 1 (General expression of the Bayes predictor). Assume that the data are generated via the linear model
defined in equation (1)), then the Bayes predictor takes the form

I (Xopsary, M) = B85 + (Bovs(anys Xovsan)) + (Bmisary> B[ Xmiscan) | M, Xopsan)), 9

where ( ﬁ;bs( My Brmis( ) correspond to the decomposition of the regression coefficients in observed and
missing elements.

Proof of Lemmal(l] By definition of the linear model, we have
f3(X) =E[Y|X]
=E[B5 + (6%, X) | M, Xops(ar)]
= B5 + (Bovs(arys Xovs(an)) + (Bmisary, B[ Xmisan) | M, Xops(an))-

A.2 Proof of Lemma[2l

Lemma 2 (Product of two multivariate gaussians). Let f(X) = exp (X —a) A~ (X —a)) and g(X) =

exp ((X — b) "B~ (X — b)) be two Gaussian functions, with A and B positive semidefinite matrices. Then
the product f(X)g(X) is another gaussian function given by:

FO090) = oxp (< a0+ B (@ 0) ) exp (=5 (X — )5 (X = ) )

where i, and ¥y, depend on a, A, b and B.

Proof of Lemma[Z] Identifying the second and first order terms in X we get:
-1 -1 -1
X, =A" +B (10)
Yolup=A""a+ B (11)
By completing the square, the product can be rewritten as:
1 _ _ _ 1 _
F(X)g(X) = exp (—5<a14 o+ b B ), mp) exp (—5<X ) TS (X - m)
Let’s now simplify the scaling factor:
c=a A 'a+b"B'b— ,u;,rEgl,up
—a"Aa+b" B b (aTA*(A*1 +B Y 'y BN AT 4 B’l)’l) (A'a+ B ')
— GT(A71 _ A*l(Afl + B*1)711471)a+ bT(371 _ B*l(Afl +B*1)71B71)b
—2a (AN AT +B Y B Y
a" (A+B) la+b" (A+B) 'b—2a"(A+B) b
—(@=b)T(A+B)(a—1b)

The third equality is true because A and B are symmetric. The fourth equality uses the Woodbury identity and
the fact that:

(AN A B Y B Y = (BA ' +B HA)

— (BA™'A+BB™'A)™"

=(B+4)"
The last equality allows to conclude the proof. O
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A.3  Proof of Proposition 2.1]

Proposition 2.1 (MAR Bayes predictor). Assume that the data are generated via the linear model defined in
equation (1) and satisfy Assumption[l] Additionally, assume that either Assumption2)or Assumption 3| holds.
Then the Bayes predictor [* takes the form

f*(Xob57 M) = ﬁa + </3;b37 Xobs> + <ﬂ:nis, Mmis + Em,is,obs (Eobs)il(Xobs - ,uobs)>7 (4)
where we use obs (resp. mis) instead of obs(M) (resp. mis(M)) for lighter notations.

Lemma [T] gives the general expression of the Bayes predictor for any data distribution and missing data
mechanism. From this expression, on can see that the crucial step to compute the Bayes predictor is computing
E[Xmis|M, Xobs], or in other words, E[X;| M, Xops] for all j € mis. In order to compute this expectation,
we will characterize the distribution P(X;|M, Xops) for all j € mis. Let mis' (M, j) = mis(M) \ {;}. For
clarity, when there is no ambiguity we will just write mis’. Using the sum and product rules of probability, we
have:

P(M7 Xja Xobs)

P(X;|M, Xops) = 12
(X5 |1M; Xobs) PO, Xon) (12)
_ fP(Ma X17X0b87Xmis’)deis’ (13)
B ffP(Ma Xj7Xob57Xmis/)deis’de
o fP(M|X0b57Xj7Xmis’)P(Xob57vaxmis’)deis’ (14)
N ffP(M‘Xob&XjaXmis’)P(XobS7XjaXmis’)deis’de
In the MCAR case, for all m € {0,1}¢,P(M = m|X) = P(M = m), thus we have
P(M)IP(X0b87Xj7Xmis’)deis/
P(X;|M, Xobs) = 15
( J| ’ ’ ) P(M)ffP(XObS’XjaXmis’)deis’de ( )
P(Xobs’Xj)
= el 16
P(Xobs) ( )
= P(X;|Xobs) (17

On the other hand, assuming MAR mechanism, that is, for all m € {0,1}%, P(M = m|X) = P(M =
m|Xops(m)), We have, given equation (T4),

P(M|Xobs)fP(Xob37Xj7Xmis’)deis’

P(X;|M, Xops) = 18

(X5 1M, Xob) P(M|[Xobs) [ [ P(Xops, X5, Xmis )X pmin d X (18
P(XObS7Xj)

_ 19

P(Xob.s) ( )

= P(X;[Xobs) (20)

Therefore, if the missing data mechanism is MCAR or MAR, we have, according to equation (I7) and Z0),
E[szs(M) ‘ M7 Xobs(]%)} = E[Xmis(hf) ‘Xobs(M)] .

Since X is a Gaussian vector distributed as N'(u,Y), we know that the conditional expectation

E[Xmis(a) | Xobs(ar)] satisfies

-1
E I:szs(m) | Xobs(m)} = Hmis(m) + Z:”mis(”m),obs('m) (Eobs(m)) (Xobs(m) - ,uobs(m)) ) (21)
[see, e.g.,[T6]. This concludes the proof according to LemmalT]

A.4 Proof of Proposition2.2]

Proposition 2.2 (Bayes predictor with Gaussian self-masking). Assume that the data are generated via the

linear model defined in equation (1) and satisfy Assumptionmand Assumpti()n Let Ynisjobs = Zimis,mis —
Sinis,obs Sops Sobs,mis, and let D be the diagonal matrix such that diag(D) = (51, ..,54). Then the Bayes
predictor writes

f*(Xobm M) = ﬂa + <6;bs7 X0b8> + <ﬂ:¢is7 ([d + Dmisz;ﬁis\obs)il
X (,[Lmzs + Dmisz;ﬁ.ﬂobs (Nmzs + Zmis,obs (Zobs)71 (Xobs - ﬂobs)))) (5)

In the Gaussian self-masking case, according to Assurnption the probability factorizes as P(M = m|X) =
P(Mpistm) = 1 Xmism)) P(Mops(m) = 0| Xobs(m))- Equationcan thus be rewritten as:

P(Mops = 0| Xops P(Mpis = 1| Xomis ) P(Xo 57X'7Xmis’ deis’
P(X M, Xgpe) = o Mots = O1Xon) | P [ Xomia) PKop, X ) (22)
P(Mobs = O‘Xobs)ffP(Mmis = 1|Xmis)P(Xob37Xj7Xmi5’)deis’de

_ fP(Mmze = 1‘Xmis)P(Xmis|Xobs)deis’ (23)
N ffP(Mmzs = 1|Xmis)P(Xmis‘Xobs)deis'de
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Let D be the diagonal matrix such that diag(D) = &2, where & is defined in Assumption Then the masking
probability reads:

d
1 ~ _ ~
P(Mmzs = I‘szs) = H Kk exp (7§(szs - ﬂmis)(Dmis,mis) I(Xmis - Nmzs)) (24)

kemis
Using the conditional Gaussian formula, we have P(Xmis| Xobs) = N (Xmis|fmis|obss Dmis|obs) With

/J“mis|obs = Hmis + E7nis,obszo_bls7obs (Xobs - ,uobs) (25)
Emis|obs = Emis,mis - Ewn's,obsnglsEobs,rrn‘s (26)

Thus, according to equation @4), P(Mmis = 1| Xmis) and P(Xmis| Xobs) are Gaussian functions of Xms.
By Lemma@ their product is also a Gaussian function given by:

1 _
P(Mmls = 1|Xmis)P(Xmis|Xobs) = KEXP (7§(szs - CLJVI)T (AM) ! (szs - a]VI)) (27)

where ans and Ajs depend on the missingness pattern and

d
K 1, 1~
K= H - b exp <_§(Hmis - Nmis\obs)T(Emiﬂobs + Dmis,mis) 1(//Lmis - //Lmis|obs))
kemis \/(27‘-) Imis| |Emis|obsl
(28)
(A]\/[)71 = D;L%s,mis + E;’jﬁsbbs (29)
(AM)71 am = D;L%S,misﬁmis + E;L%S\obgﬂmis\obs (30)
Because K does not depend on Xpmis, it simplifies from eq[23] As a result we get:
N (X , An ) d X s
P IM, Xope) = o mieloar, 4) 31)
J SN (Xomislan, Anr)dX i d X
= N(Xjl(an);, (An)j,s) (32)
By definition of the Bayes predictor, we have
% (X) =55 + (Bovs(m)> Xobs(an)) + (Brmisary, Bl X mis(an) | M, Xovs(an))), (33)
where
E[szs|M7 Xobs] = (al\i)mis- (34)
Combining equations 29), (30), (34), we obtain
-1
E[XTVLiS‘M7 Xobs} = (Id+ D"”isz;n;ﬂobs) (35)

X [fimis + DimisZpatajons (Hmis + Smis.ons (Sors) ™ (Xovs = tove))]  (36)

A.5 Controlling the convergence of Neumann iterates

Here we establish an auxiliary result, controlling the convergence of Neumann iterates to the matrix inverse.

Proposition A.1 (Linear convergence of Neumann iterations). Assume that the spectral radius of X is strictly
less than 1. Therefore, for all missing data patterns m € {0, 1}%, the iterates S(()?S(m) defined in equation (6)
converge linearly towards (Eobs(m))_l and satisfy, for all £ > 1,

17 = Sopsm) Sty ll2 < (1= Vobsm)) ‘I = Sopsm) Sy ll2

obs(m

where Voys(m) 1S the smallest eigenvalue of Lops(m)-

Note that Proposition[A.T]can easily be extended to the general case by working with ¥/p() and multiplying
the resulting approximation by p(X), where p(X) is the spectral radius of X.

Proof. Since the spectral radius of ¥ is strictly smaller than one, the spectral radius of each submatrix X ops(m)
is also strictly smaller than one. This is a direct application of Cauchy Interlace Theorem [7]] or it can be seen
with the definition of the eigenvalues

P(Xobs(m)) =  max uTEobs(m)u = max 7' Yz < maxz Yz = p(X) .
ueRlobs(m)] zer? z€R4
Tmis=0
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Note that S

Zi;t (Id — Sops)* 4+ (Id — Sops)" Sgbs(m) can be defined recursively via the iterative
formula

obs(m)
Sops(m) = (Id = Soba(m)) Sepamy + Id 37

The matrix (Zobs(m))’l is a fixed point of the Neumann iterations (equation (37)). It verifies the following
equation

(Sobsm)) ™" = (Id = Zops(m))(Sops(my) " +1d - (38)
By substracting[37]to this equation, we obtain
(Sobs(m)) ™" = Sopsmy = (Id = Sops(m)) ((Sobs(m)) ™ = Sopatm)) - (39)
Multiplying both sides by X,ps(m) yields
(Id = Sobs(m) Sovs(m)) = (Id = Soba(m))(Id = Zobs(m) Sopsim)) - (40)

Taking the ¢2-norm and using Cauchy-Schwartz inequality yields
1 = Zobs(m) Sops(myll2 < I1d = Zobs(m) 12111d = Sobs(m) Saps(umyll2 - (1)

Let Vops(m) be the smallest eigenvalue of ¥ops(m), Which is positive since X is invertible. Since the largest

eigenvalue of X, is upper bounded by 1, we get that || /d — i”z = (1 — Vops(m)) and by recursion we
obtain

||Id - Eobs(m)S£bs(m) ”2 < (1 — Vobs(m) )ZHId - Eobs(m)Sgbs(m) H2 . (42)
O

A.6 Proof of Proposition3.1]

Proposition 3.1. Assume that the data are generated via a linear model defined in equation (1) and satisfy
Assumption[l) Additionally, assume that either Assumption | or Assumption 3| holds and that the spectral radius
of X is strictly smaller than one. Then, for all £ > 1,

. 1— 20 * 12
B (1 (Xones ) = 1 e M) < E=2 R 8 1 590 mnanll] ®)

According to Proposition [2.1] and the definition of the approximation of order p of the Bayes predictor (see
equations (7))

f}(y[(fg) = <ﬂob37Xobs> + <ﬁmi57 Hmis + Emis,obsS(g?s (Xobs - Hobs)) 5

Then
E[(f% (%) = £3(X))%] -
— ]E|:<ﬁmzs 5 Emis,obs (Sﬁbs — E;bls)(Xobs _ Hobs)>2] (44)

- E[(ﬁ:nis)—rzmis,obs (Sﬁbs - Z;bls)(Xobs - Nobs)(Xobs - Nobs)—r(sflys - E;bls)zobs,misﬁ:nis} (45)

= E[(ﬂ:nis)—rzmis,obs (S(l;bs - obs) ]E[( obs — Mobs)(Xobs - ,U/obs) | ](Sobs - obs)zobs,misﬁqjﬂs}

Sobs
(46)
= E(Bfnis) " Zmis.ota(Sébs = To)Dobs (5655 — Topk) Tabs,mis Binis | )
= E[[|(Sobs)? (Sots) ™ (SoneSns = Idobs) Sovs.mis Binis I3 48)
= E[[|(Sobs)™F (Idobs = Sobs Sts) Sovs,mis B I3 (49)
< IS 2IZ 3B I1BE |l 1dobs — Sobs Sops|I3] (50)
< %Hﬁ*”gﬂ‘:[(l — Vobs) || Idobs — Sobs Seps [13] (51)

A.7 Proof of Proposition3.2]

Proposition 3.2 (equivalence MLP - depth-0 Neumann network). Let [X ® (1 — M), M] € [0,1]¢ x {0,1}*
be an input X imputed by 0 concatenated with the mask M.
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o Let Hreru = (W € RIx2d ReLU) be a hidden layer which connects [ X ® (1 — M), M] to d
hidden units, and applies a ReLU nonlinearity to the activations.

o LetHom = (W e R¥*4 4, QM) be a hidden layer that connects an input (X — pu) © (1 — M) to
d hidden units, and applies a © M nonlinearity.

Denote by hF*°"V and thM the outputs of the k" hidden unit of each layer. Then there exists a configuration

of the weights of the hidden layer Hreru such that Hon and Hrerv have the same hidden units activated
for any (Xovs, M), and activated hidden units are such that hkRELU(XobS, M) = thM(Xobs, M) + ci, where
ck € R

Let Hperv = ([W<X>, W<M>] € RX24, ReLU) be a hidden layer which connects [X, M] to d hidden

units, and applies a ReLU nonlinearity to the activations. We denote by b € R? the bias corresponding to this
layer.

Obtaining a © M nonlinearity from a ReLU nonlinearity. Letk € [1, d]. Depending on the missing
data pattern that is given as input, the k' entry can correspond to either a missing or an observed entry. We now
write the activation of the k*"* hidden unit depending on whether entry k is observed or missing. The activation
of the k*" hidden unit is given by

ar = WOX + WM + by (52)
= W]Eiil),sxobs + ng’]\f/[nz‘glmzs + bk (53)

Emphasizing the role of Wgﬂ,f) and Wé? we can decompose equation (53) depending on whether the Eth
entry is observed or missing

Ifk € mis, ar = Wye) Xovs + WO + WD 00T mio\ () + b (54)
Ik € obs, ar =W X+ WG Xovay (k) + Wit Lomis + bi. (55)

Suppose that the weights WO as well as Wi(’]y), 1 # j are fixed. Then, under the assumption that the support
of X is finite, there exists a bias by, which verifies:

VX, ak = WO Xk WS g Xobs\ (k) + Wi Lmis + 05 <0 (56)

i.e., there exists a bias b}, such that the activation of the k" hidden unit is always negative when k is observed.
Similarly, there exists W, ‘,2M> such that:

VX, ak = W) Xope + Wit™ + W L L mia (k) +0F >0 (57)

’,EM) such that the activation of the k*" hidden unit is always positive when k is

i.e., there exists a weight W,
missing. Note that these results hold because the weight WIEAZ) only appears in the expression of a; when entry

k is missing. Let hy, = ReLU (ax). By choosing by, = b}, and Wﬁf) = W,:”,iM), we have that:

Itk € mis, hr=ax (58)
Ifkc€obs, hip=0 (59)

As aresult, the output of the hidden layer H rer.u can be rewritten as:
hiy =ar ® M (60)

i.e., a ®M nonlinearity is applied to the activations.

Equating the slopes and biases of Hp.rv and Heone Let Hon = (W € R¥4, 1, ©M) be that
layer that connect (X — p) ® (1 — M) to d hidden units via the weight matrix W, and applies a © M nonlinearity
to the activations. We will denote by ¢ € R? the bias corresponding to this layer.

The activations for this layer are given by:
ar = Wk:,obs (Xobs - /Jfobs) + ck (61)
- Wk:,obonbs - Wk,obsﬂobs + ck (62)
Then by applying the non-linearity we obtain the output of the hidden layer:

Itk € mis, hr=ax (63)
Ifk € obs, hr=0 (64)
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It is straigthforward to see that with the choice of b, = b}, and W,gj\g ) = Wy ’(M) for Hreru, both hidden layers
have the same output h;, = 0 when entry k is observed. It remains to be shown that there exists a configuration
of the weights of H g such that the activations ax when entry k is missing are equal to those of Hgas. To
avoid confusions, we will now denote by a,iN) the activations of H s and by a,(cm the activations of Hrerv-
We recall here the activations for both layers as derived in[62]and [54}

(N)
a = Wk obs obs — Wk ,obs Hobs + ¢k

If k € mis, . 65
{ v = Wzg)izstobs + Wy ’(M) + Wlij\fms\{k}lk,mis\{k} + b ©

By setting W< ) = = Wj,., we obtain that both activations have the same slopes with regards to X. We now turn
to the biases. We have that:

W™+ W g Temis iy + 0k = W1 = WD 1+ b (66)

We now set:
Vj € obs, W,ij”) = Whjp; (67)
W,EM)l + b = ck (68)

to obtain that both activations have the same biases. Note that|67|sets the weights W, ; for all j # k (since obs
can contain any entries except k). As a consequence, equation @

implies an equation invloving W, ,’C(M> and by,
where all other parameters have already been set. Since W, ,;(M) and b}, are also chosen to satisfy the inequalities
[56]and [57] it may not be possible to choose them so as to also satify equation[68] As a result, the functions

computed by the activated hidden units of Hgerv can be equal to those computed by H s up to a constant.

B Additional results

B.1 Neumann network scaling law in MNAR
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Figure 5: Required capacity in various MNAR settings — Top: Gaussian self-masking, bottom:
probit self-masking. Performance of Neumann networks varying the depth in simulations with
different number of samples n and of features d.
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