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EXISTENCE OF WEAK SOLUTIONS TO A CROSS-DIFFUSION CAHN-HILLIARD
TYPE SYSTEM

VIRGINIE EHRLACHER, GRETA MARINO, AND JAN-FREDERIK PIETSCHMANN

ABSTRACT. The aim of this article is to study a Cahn-Hilliard model for a multicomponent mixture with
cross-diffusion effects, degenerate mobility and where only one of the species does separate from the others.
We define a notion of weak solution adapted to possible degeneracies and our main result is (global in time)
existence. In order to overcome the lack of a-priori estimates, our proof uses the formal gradient flow structure
of the system and an extension of the boundedness by entropy method which involves a careful analysis of
an auxiliary variational problem. This allows to obtain solutions to an approximate, time-discrete system.
Letting the time step size go to zero, we recover the desired weak solution where, due to their low regularity,
the Cahn-Hilliard terms require a special treatment.

1. INTRODUCTION

The aim of this work is to study a Cahn-Hilliard model with degenerate mobility for a multicomponent
mixture where cross-diffusion effects between the different species of the system are taken into account, and
where only one species does separate from the others. The motivation for considering such a model stems
from the fact that there exist multiphase systems where miscible entities may coexist in one single phase of
the system, [24, 32]. In the latter phase, cross-diffusion effects between the different miscible chemical species
may have to be taken into account in order to correctly model the evolution of the concentrations or of the
volumic fractions of each species.

More precisely, let Q be a regular open bounded subdomain of R? with d = 1,2,3. We assume that the
mixture is composed of n + 1 species for some positive n € N\ {0}, occupying the domain Q. Let T > 0
be some final time. For all 0 < ¢ < n, we denote by w;(¢,z) the volumic fraction of the ith species at time
t € [0,T] and point x € Q. We are interested in proving the existence of weak solutions u := (ug, u1, ..., Up)
to a system of the form:

Opu = div (M (u)Vu), (1.1)

that satisfy

V0<i<n, 0<u(t,z)<1l, and Zui(t,z)zlfor a.e. t €[0,T], z € Q.
i=0
Here, for all u € R, M(u) € RO+DX(+1) j5 a4 degenerate mobility matrix whose precise expression is
given in Section 2, while p is the chemical potential, defined as
uw= DyE(u).
In this work, the energy functional E : L>°(Q)"*! — R U {#£o0} is given by
E(u) = { Jo > ousInu; —u; 4+ 1) + 5|Vuo|® + Buo(l — uo)dz, if ug € H'(Q),
+0o0

otherwise,
for some constants € > 0 and S > 0. The logarithmic terms in this energy functional account for diffusion
while the other two terms are responsible for phase separation: the gradient term penalizes transitions while
the last term encourages ug to be either one or zero. Note that in contrast to most other multi-phase

(1.2)

)
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Cahn-Hilliard systems, in our case, the last two terms only act on ug, a situation called degenerate Ginsburg-
Landau energy in [21]. The model is equivalent to the standard classical two-phase Cahn-Hilliard model with
degenerate mobility in the case where n =1 and § = % (see [16] for example). In the case when ¢ = 5 =0,
system (1.1) boils down to a multi-species degenerate cross-diffusion system with size exclusion that was
studied in the following series of publications [6, 2, 3, 10]. Let us also mention [1] where the cross-diffusion
system with non-local interactions was studied which can be seen as a non-local precursor of our system.

Let us put our work into perspective with respect to previous results for multi-species Cahn-Hilliard and
cross-diffusion systems.

Cahn-Hilliard systems. The scalar Cahn-Hilliard equation was introduced in [9] as a model for phase sepa-
ration. Existence of weak solution was first shown in the case of constant mobility, see e.g. [19, 8], and later
extended to degenerate, concentration dependent mobilities [16]. For more details we refer the reader to the
review [29] and the monograph [27]. Multi-species Cahn-Hilliard systems have been studied in several earlier
works and usually consider an energy functional of the form

E(u) ::/Q [\I/(u)—i— %Vu-l"Vu dz,

for some symmetric semi-definite positive matrix I' € R(+D*(+1) and bulk free-energy functional ¥. In [18],
Elliott and Luckhaus proved a global existence result for such a multiphase Cahn-Hilliard system with
constant mobility and I' = ~I for some v > 0. In [17], the authors generalized their result to the case of
a degenerate concentration-dependent mobility matrix with a positive definite matrix I". Recently, in [5],
the authors proposed a novel hierarchy of multi-species Cahn-Hilliard systems which are consistent with the
standard two-species Cahn-Hilliard system, and which read as the model introduced above with I' a positive-
definite matrix, a constant mobility, and a particular bulk energy functional ¥. Numerical methods for such
systems were proposed and analyzed in several contributions, see e.g. [20, 33].

In all these works, global existence results are obtained for various mobility matrices M, bulk energy
functionals ¥, and, at least up to our knowledge, always for a positive definite matrix I which implies, from
a modeling point of view, that each species composing the mixture has the tendency to separate from all
other species. This also facilitates the analysis compared to our system since it ensures H2-regularity in
space for all species u;, ¢ = 0,...,n, while this can only be expected for ug in our case.

Cross-diffusion systems with size exclusion. Systems of partial differential equations with cross-diffusion have
gained a lot of interest in recent years [25, 11, 12, 26, 23] and appear in many applications, for instance the
modeling of population dynamics of multiple species [7] or cell sorting or chemotaxis-like applications [31, 30].
One major difficulty in the analysis of such strongly coupled systems is the lack of a priori estimates.
Maximum principles are not available in general and since such systems are often only degenerate parabolic,
classical energy estimates obtained by (formally) testing with the solution itself do not work. In particular it
is not possible to obtain L>° bounds (e.g. non-negativity) by choosing suitable test functions as done in [17]
for a multi-species Cahn-Hilliard system. For some cross-diffusion systems that feature an entropic or formal
gradient flow structure, these issues can be overcome. More precisely, for systems that can be written as

Opu = div(M (u)Voue(u)),
where e : Z — R is the entropy density corresponding to the entropy functional
E(u) = / e(u) dzx,
Q

with
Z = {u = (ugy...,Up) € R’f‘l, Zul = 1},
i=0

and for all u := (ug,...,un) € Z, Oye(u) = (Oype(u),...,0,e(u)). If the mobility matrix is positive
semi-definite, a formal calculation immediately shows that the entropy is non-increasing since

d t
EE(H) =— /Q Voue(u)' M(u)Voye(u) dx < 0.
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Thus all quantities appearing in the entropy remain bounded if the entropy of the initial configuration is
finite. The lack of maximum principles can be compensated by introducing entropy variables defined as
partial derivatives of the entropy density. More precisely, one defines h : £ — R™ as h(u) := Jye(u) =

(Ouge(n), ..., 0y, e(u)) for all u € Z. Tt turns out that, under appropriate assumptions, h is a one-to-one
mapping and thus for arbitrary w its inverse satisfies h=*(w) € Z. This idea was first applied in [6] and
later extended to more general systems in [23] and coined boundedness by entropy.

In our case, the method is not directly applicable due to the gradient term in the entropy density and one
of our contributions is its extension through the analysis of an auxiliary variational problem.

Finally, let us remark that the question of regularity and uniqueness for cross-diffusion systems with
entropic structure is mostly open except for a few works that, however, require additional assumptions,

[34, 35, 3].

Contribution and structure of the paper. In this article we prove the existence of global weak solutions to
system (1.1) with energy (1.2) and supplemented with appropriate initial- and boundary conditions.

The novelty of our work lies in the following contributions.

(a) This is, to the best of our knowledge, the first attempt to a cross-diffusion Cahn-Hilliard system.

(b) We are able to treat of an energy that only involves Cahn-Hilliard terms acting on uy but not
separately on the other species which yields to a transport term with low regularity in these equations.
This is done by an appropriate definition of weak solution and a careful analysis when performing
the limit of an approximate time-discrete system. A similar situation has so far only been studies in
the case of a non-degenerate mobility [13].

(c) We generalize the boundedness-by-entropy to some case when one cannot explicitly invert h but
instead has to solve a system of elliptic PDEs with logarithmic non-linearities. The literature on
such systems is rather sparse (see [28, 1]) but using variational methods we obtain existence of
positive solutions.

This manuscript is organized as follows. In Section 2, we give a precise definition of our mobility matrix,
introduce our notion of weak solution and state the main existence theorem. The proof is based on the
introduction of a regularized time discrete approximate problem, depending on a positive time step 7, which
is presented in Section 3. We derive a priori estimates and prove the existence of time-discrete iterates via a
Schauder fixed point argument. Finally, in Section 5 we exploit the regularity properties obtained in Section 4
in order to pass to the limit 7 — 0% and obtain a solution to (1.1).

We intend to study the sharp-interface limit of this model in a future work.

2. PRELIMINARIES AND MAIN RESULT

Let us first introduce some notation used in the manuscript, give a precise definition of (1.1) and state
our notion of weak solution together with the main existence result.

2.1. Notation. We assume in all the sequel that © is an open, bounded subset of R? with d < 3 so that the
embedding H?(Q)) < L°°() is compact and fix a final time 7 > 0. By N* := N\ {0} we denote the set of
positive integers. For a vector a € R™, diag(a) denotes the n x n matrix that has the components of a on its
diagonal.

For any 1, ¢ € H?(Q), we denote by
(&) sz = /Q 6+ V6 - Vi + ApAvdz,

and by (@]l g2(q) == 1/(, ®) m2(q). Similarly, for all [ = 0,1,2, and for all ¢ = (¢i)i<i<n, ¥ = (Vi)i<i<n €
(HY(Q))™, we denote by

(D, V) i) = Z<¢i7¢i>Hl(Q)a

i=1
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with
ol () = /(D D) (1))

and, for all ¢ = (¢)1<i<n € (L(Q))", we set

1]l (Lo @yn = | D 166l12 0 -
=1

Finally, we define the mapping x: Ry x Ry — R by
5 if1—-b+#0,
ri(a,b) = { 0 otherwise. (2.1)

2.2. Cahn-Hilliard cross-diffusion system. Let us present the system we consider in this article in full
detail. Let e > 0 and 8 > 0 and for all u = (ug, ..., u,) € (L>(Q) N H'(Q)) x (L>(Q))™ consider the energy

E(u) = /Q Z(uZ Inw; —u; +1) + %|Vu0|2 + Bug(l — ug)dx.
i=0

For all 0 < i < n let us introduce the chemical potentials, defined (on the formal level at this point) via
i = Dy, E(u) = Inu, Vi=1,...,n,
as well as
1o = Dy E(u) = Inug — eAug + B(1 — 2ug),
so that p:= (uo, 1, -- -, n) = DE(u). Let us also introduce the auxiliary variables
w; 2= Inwu; — Inwg Vi=1,...,n, (2.2)
and
wp = —eAug + B(1 — 2uyp).

To specify the mobility matrix let, for 0 < i # j < n, K;; denote some positive real number satisfying
K;;j = Kj;. Then for u € R"™1 let M(u) := (M;;(u)) € R(1x(n+1) be the matrix

0<i,5<n
M;ij(a) == —Kjjusu; Vi#£j=0,...,n,
Mi(w) = > Kyjuu; Yi=0,....n (2.3)
0<j#i<n

With these definitions, system (1.1) can be written, formally, in the scalar form:

Oyu; = diV( Z Kijuiu V(i — p) + KiowiuoV (i — uo))
1<j£i<n

= d1V< Z KijuiujV(wi — ’LUj) + Kioul-u()V(wi — ’LU())) (24)
1<j#i<n

= le( Z Kij(ujVui - uqu]) + Kio(’uOV’ui - uiVuo) - KiouiUva()),
1<j#i<n
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for 1 <i<nand

Orug = div Z KiouiuoV (po — 4i)

1<i<n

= div Z KiouiUQV(’wo - wi) (25)

1<i<n

= div Z Kio(uiVuo — UQVui) + K;ou;ugVwg

1<i<n

From this set of equations it is clear, at least formally, that

o (zn: u> =0. (2.6)
1=0

Let us introduce an initial condition

of the system which is assumed to satisfy
w(@) >0 V0<i<n, Y w)(z)=1, and u(0,z)=u’(z) (2.7)
i=0

for a.e. z € Q. In view of (2.6) we expect that solutions to system (1.1) satisfy
ug=1-— Zui, a.e. in (0,7T) x Q, (2.8)
i=1

and it can be easily checked that, if u satisfies (2.4) and (2.8), then necessarily (2.5) has to be satisfied as
well. We make a last remark. As 0 <wu; <1—wuy= ) u; for all 1 <7 <n, denoting

j=1
ki(t,x) = w(u;(t, x), uo(t, x)), (2.9)
it holds that
UQUiva = i UO(l - ’U,O)V’wo = IiiJ,
1-— Up

where J := ug(1 — ug) Vwyp.

Then, supplementing this set of equations with no-flux boundary conditions, we obtain that ((u;)o<i<n,J)
is a solution to

8tui = le( Z Kij(ujVui - uqu]) + Kio(’u,ovui - uiVuo) - KioﬁiJ) in (0, T) X Q,

1<j#i<n
up=1-> u in (0,7) x 9,
=t , (2.10)
J =ug(l — up)V (—eAug + (1 — 2ugp)) in (0,7) x Q,
( Z KZJ(UJVUZ — ’quu]) + Kio(u()Vui — u1Vu0) — Kiolii,]> -n=20 in (O, T) X 89,
1<j#i<n
u;(0,-) = u? in ,

where n denotes the normal unit vector pointing outwards the domain €.
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2.3. Notion of weak solution and main result. The aim of our work is to prove the existence of a weak
solution to system (2.10) in the following sense.

Definition 2.1. We say that ((u;)o<i<n,J) s a weak solution to (2.10) if
(1)0<ul§1f07"everyi—0 N
(2) Zuz—l a.e. in (0, T)XQ
=0

(3) ul € L2((0,T); HY(Q)) for all 1 <i < n;

(4) wo € L*((0,T); H*(9));

(5) Owu; € L2((0,T); (HY(2))) for all 0 <i <n;

(6) uwi(0,-) =uY for all 0 <i<n;

(7) J € (L*((0, T) x Q))4;

(8) J=(1—wup)upV ( EAUO + B(1 — 2ug)) in the following weak sense

/ IREES / | (e + 50— 2u0)) div((1 = wouam)do

for all m € L((0,T); (HY(2))4) N L"O((O T) x ;RY) which satisfy n-n =0 on 9Q x (0,T);
(9) for all 1 <i <m, for all ¢; 6 L ((0,7); HY(Q)),

T
/ (Orui, G3) (m1 () 1Y () dt

/ / ZJ (uJVul - UZVUJ) + KiO (Uovuz - ’UJiV’UJO - IQ“]) . V(bzd:rdt,
Q 1<j#i<n

where k;(t,z) = k(u;(t,x),uo(t, x)), with k defined in (2.1).

Note that due to k, our definition of weak solution is related (but stronger) than the one introduced in
[14] for a scalar, degenerate Cahn-Hilliard equation. Our main result is then the following.

Theorem 2.2. Let u’ = (uf),...,u) € H2(Q;R"™) be an initial condition satisfying (2.7). Then, there
exists at least one weak solution u to (2.10) in the sense of Definition 2.1.

The rest of the article is devoted to the proof of Theorem 2.2 which is structured as follows.

We first prove the existence of solutions to a regularized time discrete version of system (2.10). The proof
of the existence of solutions to this auxiliary problem is the object of Section 3 and is done using Schauder’s
fixed point theorem and an extension of the boundedness-by-entropy method, while Section 4 is dedicated
to estimates on various norms of such solutions. Finally, these estimates enable us to identify the limit of
the solution to the auxiliary problem as the time step goes to 0T as a weak solution to (2.10) in the sense of
Definition 2.1. This last step is detailed in Section 5

3. EXISTENCE OF SOLUTIONS TO A REGULARIZED DISCRETE IN TIME SYSTEM

For further use we introduce the sets
A= {u = (ui)i<i<n € (L))" 1 u; 20,i=1,...,n, ug:=1— zn:uz > 0}7
and .
B:= {45 = (¢i)1<i<n € (LZ(Q)" & ¢o = _Z¢i € Hl(m} '
i=1

Let us point out here that A is a closed convex non-empty subset of (L>°(£2))™. Moreover, it is clear from
the definition that for u € A every u; satisfies the box constraints 0 < wu; <1,7=0,...,n

The aim of this section is to prove the existence of a solution to a time-discrete regularized version of the
system introduced in the previous section. More precisely, for every positive time step 7 > 0, we want to give
a rigorous sense to a regularized semi-discretization of our system formally defined as follows. For all p € N,
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given u? := (u?, ..., ut) € AN (H%())" we look for a set of functions uP*! := (2!, ... uPt1) € A that is
weak solution to the following nonlinear system:

1
up "t — p+1 ;D+1 p+1 p+1
L ¢pidr = — E Kiju; V(w™ —wi™)
Q T Q

1<j#i<n
p+1 p+1 p+1 p+1/2 (31)
+ Kiou! T ug T V(w! T —wy ) ) - Véidx
— r(whtt — pH/ s Gi) H2(9)
for all 1 < i < n, where
ubt =1 Zuf“, up 1—Zuf,
=1 i=1
Wb = e AP 1 B(1 - 2uB), (3.2)
and
prrl 1nu pFl lnupJrl i=1 n.

5 gee ey

Let us emphasize that we use a semi-implicit discretization as we consider the terms arising from the concave
part of the entropy at the previous time step p. We will see below that this ensures that the discrete energy
is non-increasing.

To give a rigorous sense to this nonlinear system we will make use of a fixed-point argument. First of all,
let us point out that, defining

WPt = P T = T - Il 4 AT — B(1 - 2uB),

for all 1 <i < n, system (3.1) boils down to

w;

1)

uPtt —

/ - igdr = _/ ( Z K; u:D-i-l ;D-‘rlv(w;f-i-l . ﬂ)§+l) +Kiouf+1ug+1wa+l> - Veydz
Q Q

T 1<j#i<n (3.3)

— r(w?* 7¢i>H2(Q)'
The auxiliary variables w?™! = (@?*' ... @?*1) will play a central role in the proof of the existence of
solutions to this semi-discretized regularized system. We have the following result.

Theorem 3.1. Let 7 > 0 be a discrete time step, let p € N, and let uP € AN (H?(Q))". Then, there exists
a solution (uPT wPt1) € (AN (H?(Q))") x (H?(Q))"™ to the following coupled system: for all 1 <i < n, for
all ¢; € H2(Q),

+1
/u@dx:—/( S Kyul T @t — et 4 Kl p“vmf*l) Veydz
Q

T 1<j#i<n (34)
— r(w?* 7¢1>H2(Q)
and for all ¥ = (V;)1<i<n € BN (L>®(Q))",
Zn: / (Inu? ™ —Inuf ™y +eVul ™ - Viode = Zn:/ (wpﬂ +B(1 - 2“@) Yidz, (3.5)
i=179 ' i=179 '

where uf is given by (2.8). Moreover, the function uP™! satisfies the following property: there exists 6, > 0
such that

WPt > 6, foralll1<i<mn, and uhT i=1- Zuerl >8p, ae in (0,T) x Q. (3.6)
i=1
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Remark 3.2. The weak formulation (3.5) implies that, for all 1 <i <mn,

/Q(lmufJrl —Inuf ) — eVt Vde = /Q (u?f“ + 81— 2u€)) Yidx (3.7)
for all ; € L®(Q)NH' (). Besides, since mu?™", nuf™, @' and B(1 —2ub) belong to L=(Q), the first
three thanks to (3.6) and the last one by assumption, and since the set L>(Q) N H(2) is dense in H (),

we obtain that (3.7) holds for all 1; € H'(Q). As a consequence, ub™" is the unique solution in H'(Q) to
the problem

—Aul™ =@+ (1 - 2uh) — InwPT + Inuft? in D'(Q),
Vub™ n=0 on 9.
From now on and in all the rest of Section 3, we fix 7 > 0, u? := (uf,...,uP) € AN (H?*(2))" and denote
by uf :=1— > ub.
i=1

The proof of Theorem 3.1 makes use of Schauder’s fixed point theorem as follows. We first show that
for any @ = (a1,...,u,) € A there exists a unique solution w = (w1, ..., w,) € (H*(Q))" to the linearised
problem: for all 1 <4 <n and all ¢; € H*(Q),

T
/ i gbidx——/( 5 KijaiajV(wi—wj)+Kwaia0vwi>  Vida
Q Q

-
1<j#i<n

(3.8)

- T<1D;'D+1a ¢’L'>H2(Q)7

n

with @g := 1 — Y @;. We then prove that the map Sy : A — (H?(Q))" which associates to @1 € A the unique
i=1

solution w to (3.8) is continuous. This is the object of Section 3.1.

We then show that for all w € (H?(Q2))", there exists a unique solution u € AN (H2(Q))" to
> / (Inu; — Inug); + eVug - Vipodz = Z/ (i + B(1 — 2ub)) byde, (3.9)
= Ja =179
for all ¥ = (1;)1<i<n € BN (L™(Q))™, with ug given by (2.8). Problem (3.9) is to be interpreted as a weak
formulation associated to the relation
Inu; — Inug = w; — eAug + (1 — 2ul).

The map Sy : (H%(Q))" — A which to each w € (H?(Q2))™ associates the unique solution u € A to (3.9) is
then shown to be continuous. These results are proved in Section 3.2.

We finally conclude by showing that the map & = S308; : A — A is such that S(A) is a relatively compact
subset of (L>°(£2))", so that Schauder’s fixed point theorem can be used. This is the object of Section 3.3.

3.1. Definition and continuity of the map S;.

Lemma 3.3. For any u € A, there exists a unique solution w € (H2(2))™ to the problem: for all 1 < i < n,
for all ¢; € H*(Q),

~ _p
‘/Q Yi 7 ¢;dr = — /Q( Z KU’INLlQJV(QI}l — ’lT}j) + Kioaiﬂ()Vwi> -Vo;dx

-
1<j£i<n

(3.10)
— 7(Wi, $i) H2(0),

where Uy satisfies (2.8). Furthermore, there exists a constant My > 0, depending only on n, 7, and §2, such
that

Wl (f2(0))» < Mo. (3.11)
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Proof. We fix @ := (@i)1<i<n € A and introduce the matrices G(a) = (G;;(0))1<ij<n and H(Q) :=
(Hij(0))1<ij<n € R™*" defined by

Gij(0) == —Kjji;t; Vi£j=1,...,n
Giu() = Y Kyiii; Yi=1,..,n
1<j#i<n

and
H(ﬁ) = diag(Kloﬁlﬁo, ceey Knoﬁnﬂo)

Then, system (3.10) can be equivalently written as

1
- / (a—uP) - ¢pdx = / Vo - G(a)Vwdz + / Vo - Hu)Vwdz + 7(¢, W) (m2 () » (3.12)
Q Q Q
for all ¢ € (H*(2))". Let us point out that
0<G(n) <nKIl, and0<H(a)<KI, (3.13)
almost everywhere in €, in the sense of symmetric matrices, with K := O<m;x< K;; and I,, being the identity
<i#j<n

matrix of R"*™. The existence and uniqueness of a solution to (3.12) is then a consequence of Lax-Milgram’s
theorem. In particular, taking ¢ = w in (3.12) gives

_ 1~ - _
THW”%HZ(Q))" - Z s — u? || L2 1@ ]| L2

n 1/2
(Z ||ﬂi_uzi)||%2(sz)> [l 2 (0)-

2

\\IP—‘

Since u and u? belongs to A, this implies that

_ 1
Wl (a2 < ﬁ2\/ n|Q],
which yields estimate (3.11). O

Let us denote by S; : A C (L*®(Q))" — (H?*(Q))" the application that associates to each @ € A the
unique solution w to (3.10). We have the following result.

Lemma 3.4. The map S : A C (L>®(2))™ — (H?(2))™ is continuous.
Proof. Let u',t? € A and set w! = S;(a!) as well as w? = §;(4?). For all 1 <i # j < n we have
Gy (') — Gy (0*) = —Ky; [u (a5 — ;) + 5 (@5 — 7)) ,
u?) =

> Ky [af (i) —af) + a3 () —a?)]

1<j#i<n
Hi(u') — Hy (0%) = Ko [a (tig — 6g) + ag (i —a;)] ,

which yield the Lipschitz estimates
[1Gij(@") — G (@%)[| L) < K ([a) — @31l poe () + i — @[l (o) »
1Gii (') = Gii (0 || o) = K | (n = 1)||aj — @ || () + Z @) — @3l oo | »
1<j#i<n

[ Hi(0') = Hii(82)|| 1o () = K [|liig — @5l Lo (o) + |18 — @7 || 1o (0] -
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n R
Since [|a§ — 3|l o) < X |4 — @3] (g, there exists a constant C' > 0, only depending on n and K, such
i=1

that
-C (Z la; — @?|L°°(sz)> I<G@')-G@)<cC <Z la; — ﬂ?HLw(sz)) I (3.14)
and - -
-C (Z lla; — ﬂ12|L°°(Q)> I<H®@)-H®@)<C (Z la; — ﬂ?|Lw(Q)> L (3.15)
i=1 i=1
almost everywhere in (2, in the sense of symmetric matrices. Then, for all ¢ € (H*(Q))",
1 /Q(ﬁl — %) - pdx

= —/ Ve - (Ga")Vw' — G(a*)Vw?) dz — / Ve (H@")Vw' — H(@*)Vw?) dz
Q Q

— T<¢,‘7V1 — W2>(H2(Q))n.

Choosing ¢ = w! — w? in the above equality and using (3.11), (3.14), (3.15), and (3.13) gives the existence
of a constant ¢’ > 0, depending only on n, K, |Q|, and 7 such that
7w = W[z )
1
=-= / (@' —a?) . (w! —w?)dx
Q

T

- / V(w!' —w?) - (H(@") - H(@%)) Vw’dx
Q

< (Z I — ﬁﬂL“’(Q)) [wh — w2 (2 ()

=1

Thus,
[w! — W[l (2 < C <Z la; — a?HLw(sz)) :
i=1
which yields the continuity of Sj. O

3.2. Definition and continuity of the map S;. The aim of this section to prove the existence and
uniqueness of a solution u € A to the problem

w; =Inu; —Inug + eAug — (1 — 2uf)), i=1,...,n, (3.16)
when w € (H?())" is given.

In the case when € = 8 = 0, there is an algebraic relation which allows to explicitly express u in terms of
w and ensures that u € A (the boundedness-by-entropy method [6, 23]). In our case, the situation is more
involved, since, due to gradient term in the entropy, the densities u; are solutions to the nonlinear coupled
elliptic system (3.16).
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More precisely, we will identify the solution u to (3.16) as the unique weak solution in A N B to the
variational problem

Inu; —1 4 : dr = U; _ P id , .
;/ﬂ(nu nug)p; + eVug - Vooda ;/ﬂ(w + B(1 = 2ub)) ¢idx (3.17)

for all ¢ € BN (L*>(£2))™ which will be equivalently characterized as the unique solution to the minimization
problem

min Fg(v) (3.18)

where for all v € A we define
+o0 ifve B

n
Jo > vilnw; + 5|Vuol? — 3 vi fide  otherwise,
i=0 i=1

Fs(v) =

with f; := w; + (1 — 2uf) for all 1 <i < n.

The goal of this section is to rigorously prove all these claims. To this aim, we will proceed into three
steps: first we show that minimizers to (3.18) exist, then that these minimizers are solutions to (3.17), and
finally that the solution to (3.17) is unique.

Lemma 3.5. For all w € (H?(Q))", problem (3.18) admits at least one minimizer u € A.

Proof. Let w € (H?(2))". For all 1 <i <mn, let f; :=w; + B(1 — 2ub) € H*(Q) C L>(Q). Let us first show
that Fg is bounded from below on A. Fix u = (u;)1<i<n € A. Since zlnz —xz +1 > 0 for all z € [0,1] and

since —/ u; > —|Q| for all i = 0,...,n, we have
Q

/ Zui Inw;dx > / Z(uZ —1)dz = —n|Q|. (3.19)
=0

=0
Moreover,
- /Q wifidr > | fill ey, (3.20)

for all 1 <14 < mn. Collecting these estimates gives the existence of a constant C' > 0, which only depends on

n and €, such that
Fg(u) > -C <1 + Z |fi|L°°(Q)> :

i=1
This shows that Fy is bounded from below on A. Thus, inf 4 Fiy > —oco. Besides, inf 4 Fy < F(0) =0, as
0 € A. Thus, there exists a minimizing sequence (u"™),,en C A such that (Fg(u™)),ey is bounded and

lim Fg(u'™) = inf Fy.
m—o0 A

Using estimates (3.19) and (3.20) we obtain that (HVuém)‘ is bounded as well. Thus, up to the

L2 (Q)) meN
extraction of a subsequence that we still denote by u(™ for the sake of simplicity, there exists u € AN B
such that, as m — +o0,

ugm) — Uy weakly-* in L*(Q2), strongly in LP(Q) for all 1 < p < 400 and a.e. in €,
uém) —ug:=1-— Zul strongly in LP(Q) for all 1 < p < 400 and a.e. in €,
i=1

Vugm) — Vuyg weakly in (L?(Q))%.
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Since the function [0, 1] 3  — z In x is continuous and bounded in [0, 1], the Lebesgue dominated convergence
theorem yields that for all 0 <i <n

/ uz(-m) In uz(-m)dzzr — [ uijlnu;dz, asm — +oo.
Q Q

Furthermore, it holds that
/ [Vug|*da < liminf/ IVul™ 2da,
Q m—+oo [
and finally
/ fiul(_m)dxﬁ/ fiuidz, as m — +oo.
a2 Q

This implies
Fg(u) < liminf Fg(u™) = iI}‘f Fw,

m——+o0

which entails that u is necessarily a minimizer of Fy on A. O

Lemma 3.6. For all w € (H?(Q))" there exists 0w > 0 such that for any minimizer u to (3.18) it holds

i=1
Besides, for all N > 0, there exists § > 0 which only depends on n, Q, 7, 3, and N, such that for all
w e (H*()" with |W||(g2(a)» < N and for any minimizer u to (3.18) it holds that

u; >0 V1<i<n, 1—52u0::1—2ui25 a.e. in .
i=1

Proof. Let w € (H?(£2))" and for all 1 <4 < n let us denote by f; := w; + 8(1 — 2ub) € H?(2) C L>=(Q).
Let u be a minimizer of Fz on A.

Step 1: Let us first show that there exists 1 > § > 0, which only depends on n, Q, 8, 7, and i i || o= (),
such that 0 < ug almost everywhere in . The precise value of § will be specified later in the l;rloof.

We reason by contradiction and assume that the Lebesgue measure of the set

Ms:={xeQ : u(x) <}
is positive. Now, let us define
u := max(uo, 6),

Uj

D = wi — (ug — uo)

u i=1,...,n, (3.21)

1—11,07

n
and u’ := (ug,...,ud). In (3.21), since 1 — ug = Zl uj > u; > 0, the function lf;'m is well-defined almost
i=

lf;'m = 0 as soon as u; = 0. By definition, it holds that 1 > ug >0

and u$ + > ul = 1. Furthermore, ud(z) = 0 for all x € Q such that u;(x) = 0. For all z € Q such that

%

everywhere using the convention that

=1
u;(z) > 0, it follows that 1 — ug(z) > u;(z) > 0 and

50 = (o) (1 288~ wol) ine 8(0) —ole) 1= wlr)
u; (z) = ui(w) <1 1= uo(a) ) >0, s 1— uo(z) =1 —up(z) L

n
As a consequence, u® € A and u§ = 1 — > u. We now prove that for § sufficiently small, Fg (u,u3) <

i=1
Fg(u1,u2). Indeed, using the convexity of the function [0,1] 3 2 — zIn(z), the fact that |Vud| < [Vug| a.e.
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in Q and that u = u; on M§ = {x € Q : ug(z) > §} yields
F(u’) — Fy(u)

c

IN

fl(uf — u;)dz

NIE
NE

[ud nul — u; Inwg) + [ud Inud — o Inug] —

>

.
Il

-

3

fz(u;s — u;)dx

[ln uf + 1](uf —u;) + [In ug + 1](ug —ug) —

s
Il
-

=1

M=

IA
M:

—[nud + 1)(ud — uo) : i“uo + [Inuf + 1](uf — uo)dz
5 =1

- i fi(u — w;)d.

Ms =1

o
Il

To estimate the first term we note that

for all 1 <4 < n. Therefore,

[ (- o) e
M 1

—u
5 =1 0

13

(3.22)

n (7 U; s U; u; s
= 1 In (1— R
LS () () - (2 2] -
Using the fact that m[%)il lzInz| = 1, the fact that uf > 6 and that 1= < 1, we obtain that, if § <1/2,
z€]0,
- ) P Uq
/ Z—[lnui + 1] (ug — uo) dz
M 1_’LLO

N
Il
-

IN
S

+ |In(1 - &)| + 1> /Ms(ug — ug)dx

+|In2| + 1> / (u — ug)dz.
Ms

IN
S

/N N
Dl K

In addition, it holds that

/ [lnud + 1] (ud — uo)dz = (Ind + 1)/ (u — up)dz.
M Ms;

Finally, the last terms in (3.22) are estimated as follows:

_/M Zfz(uf —u;)dx < ; | fill L= () /M (ug — ug)dx

s =1 é

< (Z Wil Lo () + 3n[3> / (u — uo)d,
i=1 M

using [u? — u;| < uf — up. Combining all these estimates gives

Fa(u®) — Fe(u) < (Ind + C) /M (ud — u)dz,
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with

. 1

C = Zl H’lI}iHLco(Q) +3nB+n (g +In2+ 1) .
i=
Finally, we observe that f M (ug —ug) > 0, because the function ug — ug is assumed to be positive on the
set M which has positive measure. Thus, if the value of § is chosen so that § < min (%, e‘c), we have that
Ind 4+ C' < 0 which implies
Fw(ué) - Fw(u) < 0,

the desired contradiction. We have thus proved that, for every minimizer u € A to (3.18), there exists dw > 0

n
such that ug > dw, where ug =1 — > u,.
i=1
Moreover, the value of § can be chosen so that it only depends on n, 8, 2, 7, and N as soon as w is
assumed to satisfy | W||(g2(q)» < N, since H*(Q) is compactly embedded in L>(Q).

n
Step 2: Let us now show that there exists 1 > § > 0, which only depends on n, 2, 3, 7, and } ||w;| L (q),
i=1

1=

n
such that 1 —ug = > u; > J almost everywhere in Q. As before, the precise value of § will be specified later
n=1
in the proof. As in Step 1, we argue by contradiction assuming that the set
No={zeQ:1-68<up(x)}

has positive measure. Let us now define

ud := min(ug, 1 — ),

and u! as in (3.21). We still obtain that u® := (uf,...,ud) € A and that u = 1 — > u{. Doing similar
i=1

calculations as in Step 1 gives
Fg(w’) = Fg(u)
s 5 5 5 L (3.23)
< Z[ln ug + 1) (uf — u;) + [Inwug + 1](uy — wo)dr — Z filug — u;)de.
Ns =1 Ns i=1
On the one hand, it holds that

[INgE
£

Usq U ) i=1 . _ 0 5
ln(l_uo) (1_u0)‘+1}(u0 uo)dx—l—/j\/él_uo( ln(l uo)(uo uo))daj

< <n G - 1> +1n5) /M(Uo — ug)dz,

n
as Y. u; = 1 —ug and 1 — uf = § in Ns. Furthermore, if % > 0, we can estimate the second term on the
i=1

righz—hand side of (3.23) as

/ [Inuf + 1] (uf — uo)dr < (In2 + 1)/ (up — ud)dz,

Ns N

while the terms involving f; are estimated with similar calculations as in Step 1. Then we have

Fg(u®) — Fg(u) < (Ind + C) //\/ (uo — ud)de,
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with
- 1
C=In2+1 il oo 3 -+1).
024143 oo + wpn (3 +1)
We then reach the desired contradiction as soon as the value of § is chosen such that § < min(1/2,e~).

Moreover, as in Step 1, we obtain that the value of § can be chosen so that it only depends on n, 3, Q, T,
and N, as soon as W is assumed to satisfy ||W||(z2q)» < N.

Step 3: It remains to prove that for all 1 < ¢ < n there exists 1 > § > 0 such that u; > § a.e. in Q.
Without any loss of generality it is sufficient to prove the claim for ¢ = 1. To this end, let us again reason by
contradiction and assume that the set

Os5 ={z€Q: ui(z) <0}

has positive measure. Denoting by ¢6° the positive lower bound on 1 — ug obtained from Step 2, assuming
that 0 < § < %, we define

u$ = max(u1,9),
s § Uy :
ul =u; — (u) —uy) —————, =2,...,n,
j J ( 1 1)1 " ug — g J
’U,g = Uup.
n
Denoting by u® := (uf,...,uS), we again have u® € A and that ud = up =1 — > u?. Arguing as in Steps 1

=1
and 2 gives again the existence of a constant ¢ > 0, which only depends on 7, n, 8, and €2 such that, if

6 < min (1/2,6°/2), then
Fg(u’) — Fg(u) < (C +1n 5)/ (uf — uy)de,
Os
with .
C = |@illL=(e) +c

i=1
Thus, we obtain that Fy (u’) — Fi(u) < 0 if the value of § is chosen such that § < min (3,6°/2,e~¢) which
yields the desired contradiction. Moreover, if w is assumed to satisfy [|W||(z2(q)» < N, the value of § can
be chosen such that it only depends on 7, n, 2, 8, and N. Hence the desired result. 0

We remark that the technique of constructing competitors to the scalar Cahn-Hilliard energy was also
used in [22], yet in a different context.

Lemma 3.7. Every minimizer u € A of (3.18) belongs to B and is a weak solution to (3.16) in the sense
that

> / (Inwu; — Inug)g; + eVug - Vodr = Z/ (w; + B(1 — 2ub)) pde, (3.24)
=179 =179
for all ¢ € BN (L>(Q))"™. In particular,
Inu; — Inug + eAug = w; + B(1 — 2uf))  in D'(Q), (3.25)

forall1 <i<n.
Proof. Fix ¢ € BN(L>*(2))"™. Due to Lemma 3.6 we know that for every ¢ > 0 sufficiently small u+t¢ € ANB.

Moreover, since u is a minimizer of (3.18) it holds that

<ty Palnt16) = Fa(u)
t—0 t

(3.26)

n ) ) ) A . 2 _ 2 n
— lim Z (u; + to;) In(u; + to;) — u; Inw; n 3 |V (up + o) [Vuo| n Zfzébzdiﬂ

t—0 t 2 t
Qi i=1
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Lemma 3.6 and the Lebesgue dominated convergence theorem then give

. 2 (’U,i + t¢i) ln(ul + t(bz) — u; Inu; € |V(UQ + t¢0)|2 — |VUQ|2 - N
}%/920 t +2 t +Elfz¢zdx
! = (3.27)

Qi1 i=1

Combining (3.26) and (3.27) yields

Q-1 =1

Replacing ¢ by —¢ we obtain that u satisfies (3.24). Finally, for all 1 < i < n, we obtain (3.25) by considering
a test function ¢ = (¢;)1<j<n such that ¢; € D(Q) and ¢; =0forall 1 <j#i<n. O

Lemma 3.8. System (3.24) has at most one solution u € AN B.

Proof. Let us suppose that there exist two weak solutions u and @ in AN B to (3.24). Subtracting the
respective equations yields

0= / Z(lnul - 1n1~1,1 - (1DUO —1In ﬁo))gf)l - (1DUO - 1nﬁ0)¢0 + EV(UO - ﬁ,o) . V¢0d$,
Q=1

for all ¢ € BN (L>(N2))"™. Now, choosing ¢; = u; — @; for all 1 < i < n so that ¢g = — Y (u; — ;) = up — o
i=1
we obtain

0= / Z(lnui —Ina; — (Inug — Indg))(u; — ;) +eV(ug — o) - V(ug — to)dz
Q=1

_ / S (g — In ) (us — ) + (g — i) (g — o) + 2| V (g — i) 2d.
Q=1

The monotonicity of the logarithm implies (Inz — Iny)(z — y) > 0 for all , y > 0, which implies that all
terms in the above integral are non-negative, so that a.e. in Q2

and
V(UO - ﬂo) =0.

The strict monotonicity of the logarithm thus implies that w; = u; for 0 < ¢ < n, which yields the desired
result. O

We then let define Sy : (H%(2))" — A as the application which to any w € (H?(Q2))" associates the unique
minimizer u of (3.18), which is also the unique solution in AN B to (3.24). Our next aim is to prove that Sz
is a continuous map. To this end, we are going to prove that, if (v’v(m))meN is a sequence in (H?(Q))™ which
strongly converges in (H?(2))" to some w € (H?(2))", then the sequence of minimizers to the functionals
(Faom ) men converges to the minimizer of . We first collect some regularity properties of the minimizers.

Lemma 3.9. For all w € (H*(Q))", it holds that So(w) € (H?(Q))™. Moreover, for all N > 0, there
exists a constant My > 0, which only depends on n, 2, €, B, and N, such that for all w € (H?*(2))"™ with
||WH(H2(Q))H < N, we have

|S2(W)l| (zr2()yn < M.



EXISTENCE OF WEAK SOLUTIONS TO A CROSS-DIFFUSION CAHN-HILLIARD TYPE SYSTEM 17

Proof. Let w € (H?(2))", u := Sa(w). We first point out that, since u is a minimizer of F on A and
therefore Fy(u) < Fg(0) =0, it holds

3 = _
3 IVuolto) < nlfl sup [olnal + 350 <Z ||wz-||Loo<Q>> ,
xe|0,

=1
n|Q -
<"1 3510 (2 ||wz-|Hz<m> ,
n|Q B
< "B L a8l ) e -

Moreover, from Lemma 3.7 we have
Inu; — Inug + eAug = w; + (1 — 2uf) (3.28)

for all 1 < i < n, in the sense of distributions. How Lemma 3.6 implies || Inu;l|z~q) < [Indg| and
[ Inug| oo () < [Indg|. This yields Aug € L*(2) and

ellAuo| 20y < Q12 (210 b | + (@il L o) + 35)
< QY2 (2| b | + Ce||W || (mr2())» + 38)

where C, is the embedding constant for H?*(Q) < L*(Q). Moreover, if W satisfies |[W||(g2(q)» < N,
there exists § > 0, whose value only depends on n, 2, , and N, such that || Inw;|[z~@q) < |Ind| and
| Inuol| (o) < |Ind|. Hence, in this case,

el Augl 2oy < 19/Y2 (2] Ind| + N + 38) .
Let us now prove that Vu; € L2(2) for all 1 < i < n. Taking into account (3.28) we obtain that
@ —w; =In— V1<i,j<n,
U

which implies that u; = uje®™ =7 . Then, for all 1 <i < n, it holds that

—Vug =V iui =V u |14 Z Wi —W;
j=1

1<j#i<n

=1+ > " | Vui+u, Y €TV (w; — wy),

1<j#i<n 1<j#i<n
so that o
—Vug + u; Z ewiiw]‘V(’J)i — ﬁ)j) —Vugy + Z ’UJJV(EM — ’Lf)j)
Vu — 1<j#i<n _ 1<j#i<n
i = 1+ E eWi—W; - 1+ E eWi—W;
1<j#i<n 1<j#i<n

Thus, taking into account that 0 < u; <1 for all 1 < j <n, we obtain Vu; € LQ(Q) forall 1 <¢<n and
IVuill L2y < [Vuollzai) + (0 = DIV@ill2@) + D> [IVll20)-
1<j#i<n
Moreover, using the fact that d < 3 yields the compact embedding H*(Q2) — L*(Q), there exists a constant
C > 0 which only depends on €2 and n such that
IVuill Loy < [ Vuollza) + (0= DIIVllzaey + Y [V;llzae),
1<j#i<n

< C (lluoll 2oy + 1wl 20y -
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Finally, for all 1 <17 < n we have

—Aug = div 1+ Z Wi~ Wi Vu; + u; Z €7I}i7mjV(1Di — ﬁ)j) ,
1<j#i<n 1<j#i<n

=2 Z emiiﬂ}jV(’Ui}i - ’Lf}j) -Vu; + [ 1+ Z Wi Wi Ay

1<j#i<n 1<j#i<n

+ u; div Z Wi Wi V(ﬂ}i - ’Lf}j)

1<j#i<n

=2 > PV —wy) Vi + [ 14 Y €T | A

1<j#i<n 1<j#i<n
tug Y eIV (@ —wy)|? + e T AW — ;).
1<j#i<n
Hence,
1 ’IJJ —w
Aui: AuO—Z Z ° JV J)Vul

1+ Z eWi—W; 1<j#i<n
1<jAi<n

1 _ _ _ _
+ = > V(i — ) = wAlw; — ;)|
(1 + em—w,)

E 1<j#i<n
1<j#i<n

which implies that Aw; € L?(Q) and
[Auillz2(0) < [[Auollz2) + 2| VuillLa@) V(@i — w)) || (o)
_ 2 o
+ Z (IV (w; — @;) || Lacey)” + 1AW — ;)| L2(0)-
1<j#i<n

Thus, there exists a constant C’ > 0, which only depends on € and n, such that

| Auilzz) < € (Ioll ey + luollzz ey + IW s + W2 ) -
Collecting all these estimates gives the desired result. O
Lemma 3.10. The map Sz : (H?(2))" — A C (L>®(Q))" is continuous.

Proof. The continuity of the map Sz is a consequence of the bounds of Lemma 3.9. Indeed let ( (m)) men C

(H?(2))" be a sequence strongly converging to some w € (H2(22))". Set u(™ := Sy(w(™) for all m € N.
Let us prove that (u(m))mEN strongly converges in (L>°(£2))™ to u := Sa(W).

First of all, since the sequence (W(m))meN is bounded in (H?(2))", then Lemma 3.9 entails that also
the sequence (u(m))meN is bounded in (H?(Q2))". Up to the extraction of a subsequence (still denoted by
(u(m))meN for the sake of simplicity), there exists & € (H?(£2))™ such that

u™ — @ weakly in (H?(Q))" as m — +o0.

Let us prove that necessarily u = u, which will imply that the whole sequence (u(m)) weakly converges

in (H2(2))" to u.

meN
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Let us observe that the compact embeddings (H?(£2))" < (L*(Q))™ and H%(Q))" — (H(Q))™ imply
u™ — @ strongly in (L>(Q))" and u((Jm) — G strongly in H'(Q)
as m — +o00. Thus, we obtain
Fyim (u(m)) —Fs (1) asm — 4oo.

Besides, since for all v € A, Fgm (™) < Fyn) (v) and Fgm (V) = F(v) as m — 400, we obtain

Fy (1) < Fg(v) VveA
Hence, 1 is the unique minimizer of F on A, i.e., 1 = u. As a consequence, the whole sequence (u(m))mEN
weakly converges to u in (H?(Q2))". Finally, the compact embedding (H?(2))" < (L°°(2))" implies that

the sequence (u(m))m oy Strongly converges in (L*°(£2))" to u, which yields the desired convergence. Hence,
the continuity of the map Ss. g

3.3. Proof of Theorem 3.1.

Proof of Theorem 3.1. Let us define S : A — Aas S = $208;, with S : A — (H%(Q))" defined in Section 3.1
and Sy : (H?(Q))™ — A defined in Section 3.2. Thanks to Lemma 3.4 and Lemma 3.10 we obtain that S is
continuous. Besides, using Lemma 3.3 together with Lemma 3.9 we obtain that S(A) is a bounded subset
of (H?(2))" and hence a relatively compact subset of (L>°(2))". Since A is a closed convex non-empty
subset of (L>°(02))", Schauder’s fixed point theorem ensures the existence of a fixed point u?*! € A such
that u?t! = S(uP*!). Gathering the different results proved in Section 3.1 and Section 3.2 yield the desired
properties on the fixed-point uPt!. O

4. ESTIMATES ON THE SOLUTIONS OF THE TIME DISCRETE REGULARIZED SYSTEM

Let T > 0 be a fixed final time. For all 0 < 7 < 1 Theorem 3.1 implies that, for any initial condition u® €
AN(H?(2))", there exists a sequence (u?),eny C AN (H2(Q))" defined by recursion such that (uP*1, wPTl) €
(AN (H2(2))") x (H?(Q))™ is a solution to (3.4)-(3.5) for all p € N.

For all p € N* if u? := (u},...,uP) and WP := (w},...,wP), we set
n
uh:=1— Zu’;, uP = (uf,ul,...;ub), and w? :=Inu? —Inuf V1<i<n.
i=1
We also denote by w?™/? := —eAul™ + B(1 — 2uf) and finally set wP+?! := (wh /% WP+t wptl), for all
peN.

We then define several piecewise constant in time functions as follows: for all p € N*, for all 1 <7 < n
and all t € (tp—1,1p], we set

w?() =w, W) = w7 ) =l () =,

(™) _ o () _p P P (r) _, p=1/2 (T) — 4P
;. =W, w;, =w, =nu; —Inuy, wy’ =w, , w =wb.

(4.1)

W(T) — WP, 0

At time t = 0 we define u(™(0) = u’. Let P(") € N* be the lowest integer such that ¢p(-) > T. Furthermore,
we introduce the time-shifted solution o,u(™ as

o-u(t) =uP~! for all t € (t,_1,t,), p € N*,

n
whose components are given by (JTUY), o O'TU%T)), and set aTuéT) =1-Y aTuz(-T). Forallu = (ug,u1,...,u,) €
i=1

(L*°(2) N HY(Q)) x (L=(Q))™ we define
= €
Econy = i Inug 5 2d
(u) /Q ;ZOU nu; + 2|Vu0| x

and  Econc(u) = / Buo (1l — ugp)dz.
Q



20 V.EHRLACHER, G. MARINO, AND J.-F. PIETSCHMANN

For all 7 > 0 and ¢ > 0 we define the entropy functional

EC)(t) = /Q w07 (1) + 5 Vu (O + Borug” (1)1 = orul” (1))de
= Econv(u(T)(t)) + Econc(U‘ru(T)(t))
so that, for all p € N,
u P Pt 4 |Vup+1|2—|—[3ug(1 — uf)dx

=0
onv(uerl) + Econc( p)'

p+1

b\

Remark 4.1. It is easy to check that there exists a constant C> 0, independent of T, such that E (u(T)(t)) >
-C for allt > 0.

The objective of this section is to collect some estimates on the solution u(™) which will be used in the
sequel to pass to the limit as 7 — 07 in the time discrete regularized system. We begin by stating an
important property of the mobility matrix M which will be used in the following.

Lemma 4.2. Let z € R"*! and let M be defined as in (2.3). Then, for allu € R/,

z' M(u)z > 0.
Proof. Indeed, for all u = (ug,...,u,) € R} and all z = (2, ..., 2,) € R"*! we have
n n
= Z ZlM Zj + ZM”(II)Z
i,j=0 1=0
i
- 2 Kuuzujzlzj)—kig 52
i
= Z Kuuzujzlzj 5 Z K”ulujzf + 5 Z KZJUZUJZ?
i,7=0 i,57=0 i,j=0
J#i J#i i#]
n
= Z Kijuiu; (223 + §zj2 zlz]>
JE
1 n
=3 Z Kijumuj(z — 2;)? >0,
JE
which gives us the conclusion. O

We now state the monotonicity of the energy functional E(7).

Lemma 4.3. For all 7 > 0, the sequence (E)(t,))pen+ is non-increasing. Moreover, there exists C' > 0
such that for all > 0 and all t > 0,

/Q \Vul” ()2dx < C. (4.2)

Proof. We test each equation in (3.4) with the test function ¢; = @/ = w?™ — wg+1/2 and then sum
over i = 1,...,n. On the left-hand side, exploiting the convexity and concavity properties of the functions
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[0,1] 22— zlnz and [0,1] 2 x — x(1 — ), respectively, together with Remark 3.2, we have

p+1 P

u, — U, 1/2
/ - (warl — wng / Ydx
Q

- : Uf“ - Uf p+1 p+1 p+1 p

— ;/Q - [lnui —Inuf"™ +eAuf" —p(1— 2“0)} dux

=S /Q Ll; U+ /Q Lﬂf “ (™ - eau + 01— 2f)) e 4P
=1

> % [ECOnv(uerl) — Eeonv(0”) + Econc(u) — Eeconc(u”)]

On the right-hand side, exploiting Lemma 4.2 and the definition of the matrix M, see (2.3), we have

n

. p+1 p+1 p+1 p+1
E/< E Kijui " a7V (w] " —wiT)
i=1 7%

1<j#i<n

+ Kiouf+1u8+1V(w€+l _ wZOJJrl/Q)) . v(wg)-i-l . ng/Q)dx (44)
= /(prH)TM(upH)prde <0.
Q

From (4.3)-(4.4) it follows that

LE@) — @) <0 vpeN,

T

which implies that the sequence (E(u”))pen is non-increasing. In particular, there exists a constant C' > 0
such that E(uP) < E(u") < C, which in turn entails

E/ |Vub|*de < C,
2 Ja
for every p € N. Taking into account (4.1) yields the desired result. O

We now use the monotonicity of the entropy functional in order to establish some a-priori estimates that
will be used to pass to the limit as 7 — 0 in the time discrete system.

Lemma 4.4. There exists a constant C' > 0, independent of T > 0, such that

n T (T))2
- / Vel i < o
—Jo Jo u”
T
/ |Au(” Pddt < C,
o Jo
T
/0 /Q(l - uéT))u((JT)|VwéT)|2dxdt <C, (4.5)

n_o T
TZ/O HU’ET) - wéT)”%#(Q)dt <C. (4.6)
i=1
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Proof. First of all, let us introduce k := O<r_1;ir_1< K;;. We test each equation of (3.4) with ¢; = ‘pH =
<i#j<n
wPtt — w’0)+1/2 and sum for i = 1,...,n. On the right-hand side we have

Z/( Z K”up-‘rl p+1v( p+1 _ p+1>
Q

1<j#i<n
1, pt1 1 +1/2 1 +1/2
+ Kipu? T b ' (wh ™ — wh / )) V(! —wh /%) dz

AR p“/znip(m

_ Z/ < Ky — Wl L (- ot

1<g;ﬁ1<n

— 7w}

2

SB[ e

1<j#i<n

+ (Kio — K)u? T b v (wP T — w;0)+1/2)> SV (wPT — wgﬂ/z)dx (4.7)

1/2 1/2
+ul PP (Pt — )) V(P — Wby

n
+1 +1/2
- TZ lwf™" — wg / ||12r{2(9)

=A+B+C.
First of all observe that

A=-— / (VWP M (uPt ) VwPHide <0,
Q

where M is the matrix defined as in (2.3) but with Kj; replaced by K;; — k and where we used again Lemma
4.2. Let us consider the second term in (4.7). We have

_—kZ/< WP (P et

1<j#i<n

1/2 1/2
+Uf+lug+1V(wf+l _ wg+ / )) 'V(wf+l _ wg+ / )da

1, pt1 1 1 1, p+1 1 1
_—k2/< T VA (T e 1 R wa+>-wa+ dx

Uy i
1<j#i<n

+1, ptl +1 +1 +1/2
—I—kZ/ wy TV (T =Wl - Vg "2 dy
Q 1<j#i<n

+2kZ/ uf“ugHwaH-ng+1/2d:1:—k2/ PH P T T 2 d
; Q - Q

=: By + By + B3 + By.
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We estimate the terms of the expression above separately. First of all, taking into account (2.2) we have

_ p+1 ;D+1 p+1 ;D+1 p+1, p+1 p+1 p+1
By =—k E / up TV (W] wiT) +ul ug Vg -Vw? ™ dx
1<J;£z<n
=k E / fﬂugﬂ (V lnufJr1 - Vlnuf“) -V (lnuerl lnugﬂ) dx
QO<]7$1<71
1 p+1
\V.a Vu
= —k E p+1v'u,p+1 — up+1vrup+1) = 20 ) g
v % J uerl up+1
QO<]7$1<71 i 0

- VufJrl Vup+1
_kZ/((l - Ufﬂ)vufﬂ - ufHV(l - U?“)) : s T T dx

n —+1 p+1
Vul Vu
—k E /(VufJrl — TPt T ) L -0 dx

ubtt uﬁ“
3
VuPtt 2 et vt
= _kz T ; o dz
|Vup+l|2 V(1 - P+1) Vup+l
= _k/ Z ;D+1 - wPtt dz
U
|W’“|2 [Vup ™2
:_k/Z ub ! + Nl dz
U
n 12
[Vug ™|
= —k/ 7dx.
P
Exploiting symmetries gives
Bg:kZ/ WP (T — ) Vel e =

Q2 1<j#i<n

23



24 V.EHRLACHER, G. MARINO, AND J.-F. PIETSCHMANN

p+1/2 p+1

Moreover, taking into account the definition of wy n=20

on Jf), we have

, see (3.2), and using again the fact that Vug
By =26 / W2 g gy

n p+1 p+1

_ p+1, p+lg, p+1/2 Vu; Vg

=2k E /Q u; ug Vg pEs] e dx
= Ug

Uy

oS [ (R - ) S
i=1

= 2k/ (ugﬂv(l - ugﬂ) _ (1 pH)V p+1) -ng+1/2da:
Q

— —2k/ Vungl . ngJrl/de,

= 4kp / Vbt Vubdr — 2k / Vubth . V(—eAub™)dx
Q

< 4kB|| VU | 2oy I Vbl 2 o) — %5/ |Auf ™ Pda
<C- 2k5/ |Aubt 2 de,

where in the last two passages we applied the Cauchy-Schwarz’s inequality and then (4.2). Finally, by using
the constraint (2.8) we get

- —kZ/ PP T2 12 g /0(1—ug+1) BVl 2 de, (4.8)

From (4.7)-(4.8) we then have
v ;D+1|2

A< kZ/' e dx +O—2k5/|AuPH| dx

- k/Q(l - u8+1)u8+1|ng+1/2|2d:17.

Therefore, reasoning as in the proof of Lemma 4.3 gives
vy

kZ/ o +2k€/ |Aub 2 dx+k:/( B Tl T2 P da
Q

'L
1 +1/2
+TZIwa+ — w2 )

<C+ % (B(u?) — E(urt)).

Multiplying this inequality by 7, summing for 0 < p < P(") — 1, and then using Remark 4.1 yields

2
kZ/ /'V i d:zcdt—i—%a/ /|Au§f>| d;vdt—i—k/ / ul” |Vl 2 da

+7'/0 Z ||wz( )_wo )HH2 (dt
i=1

<C(T+1)+EQ®)+C,
which gives the desired result. 0



EXISTENCE OF WEAK SOLUTIONS TO A CROSS-DIFFUSION CAHN-HILLIARD TYPE SYSTEM 25

Remark 4.5. From (4.6) we have in particular that (\/?(wZ(T) - w(()T))) is uniformly bounded in L?((0,T); H*(Q)).
7>0

Using similar arguments as in Lemma 4.4, we can obtain further estimates. More precisely, we have the
following result.

Theorem 4.6. There exists a constant C > 0, independent of T > 0, such that

T
/ / WUV (w0 — w0l Pdadt < for all 1 < i <.
0 Q

Proof. We argue as in the proof of Lemma 4.4. First of all, we test each equation in (3.3) with ¢; =

wPtt — w;0;+1/2 and sum for ¢ = 1,...,n. On the right-hand side we have

n

. p+1 p+1 p+1 p+1
_E /( E Kijul ™ ] V(wh —w )
i=179

1<j#i<n

+ Kiouziaﬂugﬂv(w?ﬂ _ wg+1/2)) ) v(wg)-i-l _ w§+1/2)dx

n
—+1 —+1/2
=S Tl = w3 )
=1

n

p+1 p+1 p+1 p+1 p+1 p+1/2

_E / E Kijuy "l "V (w] " —wi ) - V(w] ™ — wy )dx
i=1"72 1<j4i<n

n n
- Z/gz Kigu! P uf ™V ()™ —wf ) Pdr 77wl = wf 2 g
=1 =1

n
< - / (VwP™)T M (uP ) VP da — Z/ Kioul T ub v (wPth — wg+1/2)|2dx
Q = Ja
n
<=3 [ Ko g Tl )P,
i=1

where we applied Lemma 4.2 with the vectors wP*! and uP*! and the matrix M given by (2.3). Then
reasoning again as in Theorem 4.4 gives

n T
Z/O / Kiou{u” |V (w{” = wi?)Pdzdt < C,
=1

and hence the conclusion follows. O

We finally point out that the a-priori estimates collected in Lemmas 4.4-4.6 allow us to get the following

Lemma 4.7. There exists C > 0, independent of T > 0, such that

/

2
W (1) — o ul(t)

T

dt<C foralll <i<n.
(H2())
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Proof. We fix i € {1,...,n} and ¢; € H?(Q). Then, for all p € N, taking into account the fact that
0< ug’ + <1 for all 1 < j < n and using Cauchy-Schwarz inequality, we obtain

1
- / (Wt —u?)pida
Q

T

< /Q > Kl T T — w4 | Kigul TPV (= o )] ) [V da

1<j£i<n

1/2
+ 7'<’LU§)+1 — wg+ / a¢i>H2(Q)

1 1 1 1 1 1 1 +1/2
S/ Z Kij (u§7+ IVl 4l ul |) + Ku? Tl P Wl T — w2 | vy da
& \1<jzi<n
pHl wg+1/2

+ 7llw; | 222 ()| Pill 72 ()

n
1/2 1/2
<C Y e e + ™ —wh” Plasy | 16illm @) + Tlw?™ — w2 gz o) 65l 20 -
j=1

Using the previous estimates proved in this section gives the desired result.. O

5. PASSING TO THE LIMIT AS 7 — 0 AND PROOF OF THEOREM 2.2

The aim of this section is to identify a weak solution to (2.10) in the sense of Definition 2.1 as the weak
limit of some extracted subsequence of (u(™)),+q as 7 — 0. Passing to the limit can be done for most terms
of the system using either standard arguments in the analysis of cross-difusion systems by the boundedness-
by-entropy method (see [23]), or of the Cahn-Hillard model with classical degenerate mobility (see [10]).
However, some terms appearing in the system require specific arguments, which are new at least up to our
knowledge, and which we detail below. Where not differently specified, the limit will be always understood
as T — 0.

The different estimates collected in Section 4 yield the existence of u = (uo, ..., u,) € L2((0,T); H*(Q)) x

n
(L2((0,T); HY(R2)))™ such that 0 < w; < 1 for all 0 < i < n, ug = 1 — > u;, and such that up to the

=1
extraction of a subsequence,

uET) — weakly in L*((0,T); H'(Q2)),

W — o

—0pu;  weakly in L*((0,T); (H*())"),
.

forall 1 <7 <mnand
u((f)(t) —ug weakly in L2((0,T); H*(Q)),
W~ )

— 0wy weakly in L2((0,T); (H*(Q))").
-

Using [15, Theorem 1], we also obtain that ul(-T) — u; strongly in L2((0,7T); L?(£2)) and u((f) — up strongly in
L2((0,T); HY(2)) and L2((0,T); L>=(2)). This is a consequence of the compact embeddings H'(Q) — L?(Q),
H2(Q) — L*®(Q), and H?*(Q) — H'(Q). The uniform bound of (uET)) . in L*°((0,7T); L*°(€))) implies
T>
that, up to the extraction of a subsequence
u{” —u;, strongly in LP((0,T); LP(Q)), ¥1<p<+o0,0<i<n.

Moreover, the uniform bound of (Vu((JT)> . in L>°((0,7); (L%(€2))?) implies that, up to the extraction of a
T>
subsequence,

Vu,(f) —Vug  strongly in LP((0,T); (L*(2))%).
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Furthermore, up to the extraction of a subsequence, (afug ))r>0 converges to ug weakly in L2((0,7T); H?(£2))
and strongly in L2((0,T); HY(Q)) and L?((0,T); L>(Q2)). Finally, Remark 4.5 gives
T (wET) “’) 0 strongly in L2((0,T); H3(Q)),
forall1 <i<n.
Equations (3.4) and (55) imply that, for all 1 <7 <mn,
/ /Q ) — o (T)@dxdt / /Q( Y KT — )

1<j#i<n

+ KioUET)ugT)V(wZ(T) — w(()T))) - Vo;dxdt (5.1)

T
— 7'/ (wgﬂ - w(()T),¢i>H2(Q)dt,

for all piecewise constant functions ¢; : (0,T) — H?(Q), with

ng) =In uET)

and w(()T) = —EAu(()T) + 51— QJTuéT)). (5.2)

Since the set of such ¢; is dense in L2((0,T); H*(Q)), the weak formulation (5.1) also holds for all ¢; €
L?((0,T); H? (Q)) Using (5.2) then we can rewrite (5.1) equivalently as follows: for all ¢; € L2((0,T); H*(Q)),

/ / gbldxdt / / : “vu(” §T>vu§”)-v¢idmt
Q Q

1<j#i<n

/ / Kioul'Vul™ Vi + / / KiouSuD vl - Voidadt  (5-3)

— 7’/ <w£7) — wo ,¢1>H2 @ dt,

The different convergences identified above enable to easily identify the limit as 7 — 0T, following standard

arguments in the study of cross-diffusion systems (see for instance [23]). More precisely, for all 1 <i# j <n
it holds that

/ / ¢Zd$dt—>/ 8tul,¢z> H2(Q)),H2(Q )dt

Q

T

/ /Q > K (ugﬂwif <T>vu<f>) Vidadt — / /Q > Kij (Vs — uiVuy) - Vidadt,

1<j#i<n 1<j#i<n

T
T Q 0 Q

T
T / <’U}1(T) — ’U}((JT), ¢i>H2 (Q)dt — 0.
’ (5.4)

Of course, all these convergences hold up to the extraction of subsequences. Passing to the limit in the term

/ / Kiou$"u{" V" - Vdadt

requires specific arguments which is the object of the following lemma. We set wg := —eAug+ S(1 —2up) and
point out that the convergences stated above imply that w( ™) s wo weakly in L2((0,T); L3(Q)) as 7 — 0.
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Lemma 5.1. There ezists J € L?((0,T); (L*(Q))?%) which satisfies J = (1 — ug)ugVwo in the weak sense,

i.e.,
T
/ / J - ndxdt = / /wo div(ug(1 — uo)n)dxdt,

for all m € L*((0,T); (H* )N L2((0,T) x Q;RY) with p-n =0 on 92 x (0,T) and such that, up to the
extraction of a subsequence

(1 —u{ SV =T weakly in L2((0,T); (L2(92))%) (5.5)
and w

ul(-T)uéT)VwéT) - l—ZJ weakly in L*((0,T); (L*(Q))%) (5.6)

—

forall1 <i<n.

Remark 5.2. The weak limit (5.5) can be obtained using classical arguments for the standard Cahn-Hilliard
system (see [16] for instance). We recall them in the proof below for the sake of completeness. However,
obtaining (5.6) is not standard, at least up to our knowledge, and the arguments which yield to this convergence
are detailed in the proof below. Let us mention here that one difficulty in the analysis is that the sequence

()
(ﬁ) does not converge a priori in any sense to T~ if 1 —ug = 0 in some parts of the domain .
u,
>0

Proof. From (4.5) we know that

T
/ /|u((JT)(1—u((JT))VwO |*dxdt </ /Uo |Vw0 |2dadt < C,
0o Ja

for every 7 > 0. Then, up to the extraction of a subsequence, there exists J € L2((0,T); (L%(€2))?) such that
w1 = ulYVw(? = T weakly in L2((0,T); (L2(2))4).

Let us now take n € L2((0,T); (H'(Q))%) N L>=((0,T) x ©;R?) which fulfills n-n = 0 on 9Q x (0,7).
Integrating by parts gives

/ /uo - Vw(T)ndxdt
/ / NwSvul - ndzdt — / / (M1 = u{ ' div ndadt.
Q Q
(7)

Since wy ' — wo weakly in L2((0,T); L?(f2)), the strong convergence of Vu(™) together with the fact that

uéT) converges a.e. and is uniformly bounded implies

1= 20w vul? = (1 = 2057w Vul) | weakly in L'((0,T); L (Q)%)

and enables us to pass to the limit in the first term on the right hand side of (5.7). For the second term we

(5.7)

argue again using the a.e. convergence of u((f) and thus obtain (5.5).
Let us now prove the weak convergence (5.6). We know that, up to the extraction of a subsequence,

uS"”) = g strongly in L2((0,T); L*°(2)). This implies that for almost all ¢ € (0,T)
”uE)T)(t) - Uo(t)HLoo(Q) =C-(t)

where C; satisfies / ! C-(t) dt — 0 (using a Cauchy-Schwarz inequality). In particular, for all § > 0, denoting
by 0

BT = {t € (0,7, llug” () = uo ()| = () > 3}
it holds that the Lebesgue measure of the set E%7 goes to 0 as 7 goes to 0. We also consider the complementary
of E®7, i.e., the set

BT 1= {8 € (0,71, [Jug” (1) = uo(t) | =) < ).
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Let now € > 0 and let us introduce the set
ME() = {z € Q1= ug(t,2) > e},
together with its complementary
M) :={zx e Q,1—up(t,z) < €}.
For all ¢ > 0 we can write
ug” (0w (1) Vg™ (1)

T T T T (58)
= xare ot (Bu (VT (1) + Xagee @yl 0wl () Vw7 (2).

Let us consider both terms separately. On the one hand, it holds that uET) <1- u(()T). Thus, we have

T 2
ar< [0 = uyvuty
L2(Q) _/0 ug (1= g ")V L2(Q)

dt < C,

T
| [rron @l @vai o)

for some constant C' > 0 independent of 7 > 0. Hence, if we consider the function h(") : (0,T) x Q@ — R
such that h((t,z) = xase c(t)ug )( x)u ET)(t,x)VwéT)(t,:v), it follows that there exists a function h¢ €
L2((0,7T); (L?(2))4) such that

he(™ < he weakly in L2((0,T); (L2(Q))?). (5.9)

Besides, since [|h€|| 20,7 (z2(0))2) < C for all € > 0, there exists h € L?((0,T); (L*(22))%) such that, up to
the extraction of a subsequence,

h¢ —h weakly in L2((0,T); (L*(Q))?) ase— 0T,
Let us now show that necessarily h = 0. Equation (5.9) implies that
R ~ b weakly in L'((0,T); (L2(Q))9),

and that

‘ : < limi e (7)
A ||L1((0,T),L2(Q)) < 11£n_)1101f h

L1((0,T);L2(Q))

To prove a bound on the right hand side we exploit the fact that ul(-T) <1- u((f) and u((f) <1 to estimate

T
he,(T) :/ H e (1) t (T) ANV (1) t ‘ dt
[, pmzmiay =, Parcou @uP@veP @,
g (r) () (r)
< () (1 = uy (t)) Vwy t’
< [ e @0 = @) vad m)
g e ) ()
S/ XMe,c(t) 1_ UO ‘\/1 g T (t)V’wOT (t) dt
0 () L2(Q)

(7)

oty 1 — a§ (1) W) O (67wl (1)

9 1/2
dt
L)

g(/j
§C</OT

2
dt /
Le=(Q) 0

5 1/2
Xareen \ 1 =g (1) Lo (9) dt) 7
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for some constant C' > 0 independent of 7. We further estimate the integrand of the last term of the inequality
above as

HXMe’C(t) 1—ui”(t) e

< HXM%) ( (@ + yJuolt) - u§ (¢ >|)
< HXME c(t \/1—’[1,0 H

L>(Q)

HxMec fuo(t) — w7 ()]

L (Q)

L (Q)
< Vet xeme ) ey i@ =0l ) ey o) = 0)
Loo(Q) L ()
< Vet 2xper (t) + Ve < 2ve+ 2xper (1)
This gives
T 2 T
/ Xazeey 1 —ul” (1) dt < AT +/ X e (£) (4 + 4+/€) dt
0 L>=(Q) 0
<ATe+ (44 4\/€)|E“7|.
Thus, since |[E“7|—0 as 7 — 07, we obtain that
T 2
lim inf Xareey\ 1 — uéT)(t) dt < 4Te.
T—0 L>(Q)
This implies that
( ) (r) () — limi &(7) vV
hgl_inf/ HXM& ety (E)u;” () Vg™ (¢ )’ 2@ dt = 11£n_}61f h (0T L)) <2CVTe.

As a consequence,
Al L1 ((0,7):L2(0)) < 2CV T,

that is, [|h¢||L1(0,7):02(2)) — 0 as € — 0. Moreover, since h® — h weakly in L*((0,7); L*(R2)), then the
weak convergence holds also in L!((0,7); L?(2)). This implies that h = 0.

Let us now consider the second term in (5.8). Let ¢(7) : (0,T) x © — R be defined by g% (t,z) =
XMe,c(t)ué )(t x)u (T)(t,x)Vw(()T)(t,x). Since

)

< H (1 = u )l

L2((0,1),L2()) L2((0,T);L2(€)) —
then there exists g¢ € L2((0,T); L?(R2)) such that, up to the extraction of a subsequence, g©(7) — g¢ weakly
as 7 — 0T. Let us prove that

u;(t, x)

mJ(f, xz) for almost all (¢,x) € (0,T) x Q.

9°(t, ) = Xare(r) (%)

On the one hand, we have

(7)
u; (t,x ui(t,
i () S e (@) (t, )

—t —————  for almost all (t,z) € (0,T) x Q.
1- uéT)(t, x) 1 —uo(t,z)

X et ()
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. w7 ()
Besides, xar<(z) —

< 1 for almost all ¢ € (0,7) so that Lebesgue’s dominated convergence theorem

u("’) (t)
implies that, up to tohe extraction of a subsequence,
()
2t
XMe (:1:)%7(5)) — fi strongly,
1—ug (1)

in any LP((0,T); LP(2)) for all p > 1, in particular in L?((0,7); L?(£2)). This, together with the fact that
(1 — u{ul VS = J weakly in L2((0,T); (L*(Q))?) yields that

o) = fe
in the sense of distribution. Hence, by uniqueness of the limit, we have
9- = [fiJ;
which was the desired result. Thus, in the distributional sense,
U — peT + he.
()

Now, since 1 —uy " — 1 — g strongly in L*>°(Q2) and u( ™) 5 u; almost everywhere it holds that ff — k;(¢, )
almost everywhere, as € — 01, being r;(¢,z) as defined in (2.9). Thus, the Lebesgue dominated convergence
theorem gives ff — r; strongly in L2((0,7); L?(Q2)) as € — 0T. Therefore,

fid = Kid,
so that finally, using the fact that h¢ — 0 weakly in L2((0,T); (L*(Q))?), we obtain that
uéT)uZ(-T)Vw(()T) — k;J  weakly in L2((0,T); (L*(2))9)
as 7 — 0T, which was the desired result. O

We are now in a position to complete the proof of our main theorem.

Proof of Theorem 2.2. We pass to the limit 7 — 0% in (5.3) using (5.4) and Lemma 5.1 which enables us to
identify the limit

/ / KiouluSvuw™ - vesdadt — / / KiokiJ - Vidadt,
Q

for all 1 <i < n. Thus, for all 1 <i <n and all ¢; € L%((0,T); H*(2))

T
/ (Ovui, i) g2y 2 () dt = / / Kij (u; Vu;, —u;Vuy) - Voidadt
0 Q

1<j#i<n
T
0 Q 0 Q

From the obtained weak formulation, it is clear that d,u; € L2((0,T); (H'(Q2))") and that, by density, we can
extend the above formulation to all ¢; € L2((0,T); HY(Q)) as follows:

T
/ (Ous, ) () a1 () At = / / > Ky (4;Vu; — u;Vuy) - Véidadt
0 Q

1<5#i<n
T
—/ / KiouoVu; - Vo;dzxdt +/ / KiokiJ - Vdxdt.
0 Ja o Ja
Lastly, we obtain that, necessarily, u;(0, ) = uY using similar arguments as in [23]. Hence ((u;)o<i<n,J) is a

weak solution of system (2.10) in the sense of Definition 2.1, which concludes the proof of Theorem 2.2. O
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