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Abstract

We give, for a complex algebraic variety S, a Hodge realization functor .7-'5 9 from the (un-
bounded) derived category of constructible motives DA.(S) over S to the (undounded) derived cate-
gory D(MHDM(S)) of algebraic mixed Hodge modules over S. Moreover, for f: T — S a morphism
of complex quasi-projective algebraic varieties, FZ% commutes with the four operations f*, fx, fi, f*
on DA (—) and D(MHM/(-)), making in particular the Hodge realization functor a morphism of
2-functor on the category of complex quasi-projective algebraic varieties which for a given S sends
DA.(S) to D(MHM(S)), moreover F&'% commutes with tensor product. We also give an algebraic
and analytic Gauss-Manin realization functor from which we obtain a base change theorem for al-
gebraic De Rham cohomology and for all smooth morphisms a relative version of the comparaison
theorem of Grothendieck between the algebraic De Rahm cohomology and the analytic De Rahm
cohomology.
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1 Introduction

Saito’s theory of mixed Hodge modules associate to each complex algebraic variety S a category M HM(.S)
which is a full subcategory of PShD(LO)ﬁLM(S/(S’I)) X1 Cri(S) which extend variations of mixed Hodge
structure and admits a canonical monoidal structure given by tensor product, and associate to each
morphism of complex algebraic varieties f : X — S, four functor Rfrag, Rfrdg«, fHHdg pxHdg Ty the
case of a smooth proper morphism f : X — S with S and X smooth, H”RfHdg*ngg is the variation of
Hodge structure given by the Gauss-Manin connexion and the local system H" R f.Zx. Moreover, these
functors induce the six functor formalism of Grothendieck. We thus have, for a complex algebraic variety
S a canonical functor

MH(/S) : Var(C)/S — D(MHM(S)), (f : X = S) — Rfira, 2%
and
MH(/-) : Var(C) — TriCat, S — (MH(S) : Var(C)/S — D(MHM(S))),

is a morphism of 2-functor. In this work, we extend M H(/—) to motives by constructing, for each

complex algebraic variety S, a canonical functor ]-'5 9 . DA(S) — D(MHM(S)) which is monoidal,
that is commutes with tensor product, together with, for each morphism of complex algebraic varieties
g:T — S a canonical transformation map 7'(g, F799), which make

FHU : Var(C) — TriCat, S~ (F§* : DA(S) — D(MHM(S))),

is a morphism of 2-functor : this is the contain of theorem 43. A partial result in this direction has been
obtained by Ivorra in [18] using a different approach. We already have a Betti realization functor

Bti_ : Var(C) — TriCat, S +— (Btig : DA(S) — D(S5)),

which extend the Betti realization. The functor F7% .= (FFPR Bti_) is obtained by constructing the
De Rham part

FEPR : Var(C) — TriCat, S — (FEPR : DA(S) = Dp(1.0)fi1,00(S/(S1))),

which takes values in the derived category of filtered algebraic D-modules Dp1,0)fi,00(S/ (S1)) =

Kp(lyo)filyoo(S’/(S'])))([El]_l) obtained by inverting the classes filtered Zariski local equivalences [E}]
modulo oo-filtered homotopy and then using the following key theorem (theorem 32)

Theorem 1. (i) Let S € Var(C). Let S = U;e1S; an open cover such that there exists closed embedding
i; 2 S; <= S; with S; € SmVar(C). Then the full embedding

Ls : MHM(S) < Cp1,0)pit,en(S/(S1)) x1 Dyia(S™™)



induces a full embedding
Ls : D(MHM(S)) = Dp10)pu.0(S/(S1)) %1 Dyar(S™)

whose image consists of (Mg, F,W),urs),(K,W),«a) € DD(l)Q)fi[)rh(S/(g[)) x1 Dy (S™) such
that
(H"(My, F,W), H"(ury)), H" (K, W), H"a) € MHM(S)

for all n € Z and such that for all p € Z, the differential of (Gr}}, My, F') are strict for the filtration
F (in particular, the differentials of (My, F,W) are strict for the filtration F).

(ii) Let S € Var(C). Let S = U;e1S; an open cover such that there exists closed embedding i; : S; < S;
with S; € SmVar(C). Then the full embedding

Ls MHM(S) — C’D(lyo)filﬂ«h(s/(g[)) X1 Dfil(San)
induces a full embedding
ts: D(IMHM(S)) — DD(l,O)fil,oo,rh(S/(gl)) x1 Dy (S™)

whose image consists of (M, F,W),ury),(K,W),a) € DD(l,O)fil,oo,rh(S/(gl)) X1 Dy (59™) such
that
(H" (M, F,W), H"(ury)), H"(K,W),H"a) € MHM(S)

for all n € Z and such that there exist r € N and an r-homotopy equivalence ((My, F,W),ur;) —
(M7, F,W),ury) such that for all p € Z, the differential of (Gr}y, M}, F) are strict for the filtration
F (in particular, the differentials of (M}, F,W) are strict for the filtration F).

Note that the category DD(l,O)fil,oo,rh(S/(gl)) is NOT triangulated. More precisely the canonical
triangles of DD(lyo)filyooyrh(S/(gj)) does NOT satisfy the 2 of 3 axiom of a triangulated category. Moreover
there exist canonical triangles of Dp(1,0) fit,c0,rn(S/ (S1)) which are NOT the image of distinguish triangles
of mg(D(MHM(S))). This method can be seen as a relative version of the construction of F.Lecomte
and N.Wach in [21].

In section 6.1.1 and 6.2.1, we construct an algebraic and analytic Gauss-Manin realization functor,
but this functor does NOT give a complex of filtered D-module, BUT a complex of filtered O-modules
whose cohomology sheaves have a structure of filtered Dg modules. Hence, it does NOT get to the desired
category. Moreover the Hodge filtration is NOT the right one : see proposition 118 and proposition 111
However this functor gives some interesting results. Let S € Var(C) and S = UL_,S; an open cover
such that there exist closed embeddings i; : S; < S; with S; € SmVar(C) smooth. For I C [1,---1],
denote by S; = NerS; and j;r : Sy — S the open embedding. We then have closed embeddings
ir St — S 1:=1L¢ 15}-. We define the filtered algebraic Gauss-Manin realization functor defined as

FSM . C(Var(C)*™/8) — Cosup(S/(S1)Y, M —
FSM(F) = ((6(51)*H0m'(L(i1*j?F)7Eet(Q;g,),Fb))[—dg,LU%(F)),
see definition 122. Note that the canonical triangles of DOfi[)'D)OO(S/(S’])) does NOT satisfy the 2 of

3 axiom of a triangulated category. The filtered algebraic Gauss-Manin realization functor induces by
proposition 107

FEM - DA(S)? = Dofip.oo(S/(S1)), M —
FEM(M) = ((e(Sr)«Hom® (L(ij; F), Eer( 75,) Fb))[—dg, ] ug,(F))

where F' € C(Var(C)*™/S) is such that M = D(A' et)(F). We then prove (theorem 35):



Theorem 2. (i) Let g: T — S is a morphism with T, S € Var(C). Assume there exist a factorization

g:T Ly xS 25 withy € SmVar(C), I a closed embedding and ps the projection. Let S = ut_, S;
be an open cover such that there exists closed embeddings i; : S; < S; with S; € SmVar(C). Then,
for M € DA.(S)

T(g, FM)(M) : Rg™ T FGM (M) — FEM (9" M)
is an isomorphism in Doy i1 p.oo(T/(Y x Sp)).
(ii) Let g : T — S is a morphism with T, S € SmVar(C). Then, for M € DA.(S)
T9(g, FEM)(M) : Lg™ ' FGM (M) — FEM (9" M)
is an isomorphism in Do, (T).

(iii) A base change theorem for algebraic De Rham cohomology : Let g : T — S is a morphism with
T,S € SmVar(C). Let h : U — S a smooth morphism with U € Var(C). Then the map (see
definition 1)

T (g,h) - Lg"™ 'R (Y5, Fo) — RR(Q, )7, Fb)

is an isomorphism in Do, (T).

Let S € Var(C) and S = U!_,S; an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(C). For I C [1,---1], denote by S; = N;ecrS; and j; : Sy < S the open embedding.
We then have closed embeddings i; : S; — S; = II;c 1S;. We define the filtered analytic Gauss-Manin
realization functor defined as

]'—SGM : DAC(S)OP — Dofilﬁpﬁoo(S/(S]))v, M —
FEMM) i= (e(Sr) Hom® (Any, L(irJiF), E(@5 ), Fy))[~ds, )., (F))
where F' € C(Var(C)*™/S) is such that M = D(A!, et)(F), see definition 143. We then prove (theorem
37):

Theorem 3. (i) Let g: T — S is a morphism with T, S € Var(C). Assume there exist a factorization

g:T Ly xS 25 withy € SmVar(C), I a closed embedding and ps the projection. Let S = ut_, S
be an open cover such that there exists closed embeddings i; : S; — S; with S; € SmVar(C). Then,
for M € DA.(S)

T(g, Fou ) (M) : Ry U FEL (M) — Ff a7 (9" M)

S,an T,an
is an isomorphism in Doy il pe oo (T/(Y X Sr)).
(i) Let g : T — S is a morphism with T, S € SmVar(C). Then, for M € DA.(S)

T(g, FGM)(M) - Lo FGM (M) — FEM (97 M)

S,an T,an
is an isomorphism in Do, (T).

A consequence of the construction of the transformation map between the algebraic and analytic
Gauss-Manin realization functor is the following (theorem 39)

Theorem 4. (i) Let S € Var(C). Then, for M € DA.(S)
Js(=) o H"T'(An, FSMY(M) : Js(H™(FSM(M))*™) = H"FSM (M)

S,an

is an isomorphism in PShp (S /(5¢™)).



(ii) A relative version of Grothendieck GAGA theorem for De Rham cohomology Let h : U — S a
smooth morphism with S,U € SmVar(C). Then,

Ts(=) 0 JsTS (an, h) : Js((R" 7.8} /5)™") = R heSfan /gan
is an isomorphism in PShp(S*™).

In section 6.1.2, using results of sections 2, 4 and 5, we construct the algebraic filtered De Rham
realization functor FEPE. We construct it via a larger category and use theorem 32: Let S € Var(C)

and S = UézlSi an open cover such that there exist closed embeddings i; : .S; — S; with S; € SmVar(C).
For I C [1,---1], denote by S; = N;e1S; and jr : S; — S the open embedding. We then have closed
embeddings iy : S; < S; := Il;¢;S;. we define in definition 133(ii) which use definition 129 and definition
41, the filtered algebraic De Rahm realization functor defined as

FEPR: C(Var(C)'™/S) = Cpra(S/(S1)), F = FEPR(F) =
(¢/(S1)s Hom* (RO (9 L(ir.j7 F)), Ezar (253", For))[=dg, ], uf ;(F))-
By proposition 114(ii), it induces

FEPR . DA(S) = Dp,oy5ua(S/(Sr)), M — FEPE(M) =

(¢/(Sr)Hom® (R (o L(irji (F. W), Ezar (055" Fpr))[=dg, ], uf , (F))

where F' € C(Var(C)*™/S) is such that M = D(A! et)(F). We compute this functor for an homological
motive in proposition 116 and we get by corollary 4, for S € Var(C) and M € DA.(S), FEPER(M) €
ms(D(MHM(S)), and the following (theorem 36):

Theorem 5. (i) Let g T — S a morphism, with S,T € Var(C). Assume we have a factorization

g: T Ly xS 2 S withyY e SmVar(C), | a closed embedding and ps the projection. Let
M € DA (S). Then map in np(D(MHM(T)))

T(g, FFPR)(M) : gifie  FEPR(M) = FEPR(g* M)
given in definition 138 is an isomorphism.

(ii) Let f: X — S a morphism with X, S € Var(C). Assume there exist a factorization f : X Ly x

S 25 S with Y € SmVar(C), I a closed embedding and ps the projection. Then, for M € DA.(X),
the map given in definition 159

Ti(f, FIPR) (M) - R FLPR(M) = FEPRRAM)
is an isomorphism in wg(D(MHDM(S)).

(iii) Let f : X — S a morphism with X, S € Var(C), S quasi-projective. Assume there exist a factor-

ization f: X Ly xS S withy € SmVar(C), I a closed embedding and ps the projection. We
have, for M € DA (X), the map given in definition 159

T.(f, FPR) (M) : FEPR(REM) =5 REFOFEPR(M)
is an isomorphism in ws(D(MHDM(S)).

(iv) Let f: X — S a morphism with X, S € Var(C), S quasi-projective. Assume there exist a factoriza-

tion f: X Ly xS S withY e SmVar(C), I a closed embedding and pg the projection. Then,
for M € DA.(S), the map given in definition 139

T(f, FFPRY)  FEPR(FM) S figiet FEPR(M)
is an isomorphism in wx (D(MHM (X)).



(v) Let S € Var(C) and S = Ul_,S; an open affine covering and denote, for I C [1,---1], St = Nie1S;
and j; : St — S the open embedding. Let i; : S; — S; closed embeddings, with S; € SmVar(C).
Then, for M, N € DA.(S), the map in 7g(D(MHM(S)))

given in deﬁnition 139 is an isomorphism.

We also have a canonical transformation map between the Gauss-Manin and the De Rham functor
given in definition 135 wich satisfy (see proposition 118) :

Proposition 1. Let S € Var(C) and S = U._,S; an open cover such that there ezist closed embeddings
;0 S; = S; with S; € SmVar(C).

(i) For M € DA.(S) the map in Dog p(S/(S1)) = Do p(S)
o T(F§M, FEPRY(M) : 0pa FSM (LDsM) =5 00 FEPH (M)
given in definition 135 is an isomorphism if we forgot the Hodge filtration F'.
(ii) For M € DA.(S) and all n,p € Z, the map in PShog p(S/(S1))
FPHT(FSM, FEPRY (M) : FPH"FSM (LDsM) — FPH" FEPR (M)

given in definition 135 is a monomorphism. Note that FPH"T(F§M, FEPE)(M) is NOT an iso-
morphism in general : take for example M(S°/S)Y = D(A, et)(j.Eet(Z(5°/S))) for an open
embedding j : S° — S, then

FEM(LDsM(S°/8)") = F§M(Z(S°/S)) = jE(Ose, Fy) ¢ ms(MHM(S))

and hence NOT isomorphic to F§M (LDgM (5°/S)V) € ms(MHM(S)), see remark 9. It is an iso-
morphism in the very particular cases where M = D(A' et)(Z(X/S)) or M = D(A!,et)(Z(X°/S))
for f : X — S is a smooth proper morphism and n : X° — X is an open subset such that
X\X° = UD; is a normal crossing divisor and such that fip, = foi; : D; — X are SMOOTH
morphism with i; : Dy — X the closed embedding and considering fixo = fon : X° — S (see
proposition 111).

Let S € Var(C). Let S = U;S; an open cover such that there exists closed embedding 4; : S — S;
with .S; € SmVar(C). We define the Hodge realization functor as, using definition 133,

FH9 = (FEPE Btig) : O(Var(C)*™/S) — Dp.oya(S/(S1)) xr Da (S

which is on objects given by, for F € C(Var(C)*™/S), taking (F,W) € Cy;u(Var(C)*™/S) such that
D(A', et)(F,W) gives the weight structure on D(Al, et)(F),

F§Y(F) = (F§PR(F), Biig F.o(F)) :=
(e(S) Hom (RS (03, Lirag (F,W)), RO (T(D1) (), (Bwar (U5 F). 1),
e(S).sing . An L(F, W), a(F)) € Dp1,0)7u(S/(S1)) x1 Dyu(S*™),
where «(F) is given in definition 169 and on morphism, for m : F; — Fy with Fy, Fy € C(Var(C)*™/S),
F§(m) = (FEPR(m), Biig (m), 0(m)),
where 6(m) is given in definition 169. This functor induces by proposition 114 the functor
F§ = (F§P",Btig) : DA(S) = Dp.0)a(S/(S1) x1 Dya(S™),
M = D(A!,et)(F) = Fg™(M) := F"(F) = (F§P*(M), Btig M, a (M),

with a(M) = a(F).
The main result of this article is the following (theorem 43) :



Theorem 6. Let k C C be a subfield.
(i) For S € Var(C), we have F&*(DA.(S)) € D(MHM(S)),
vs : D(MHM(S)) = Dp(1,0)7a(S/(S1)) x1 Dpu(S°")
being a full embedding by theorem 32.
(i) The Hodge realization functor Frqay(—) define a morphism of 2-functor on Var(C)
FH9 . Var(C) — (DAL(—) — D(MHM(-)))
whose restriction to QPVar(C) is an homotopic 2-functor in sense of Ayoub. More precisely,

(i10) for g : T — S a morphism, with T,S € QPVar(C), and M € DA.(S), the the maps of
definition 138 and of definition 165 induce an isomorphism in D(MHM (T))

T(g, FH49) (M) := (T(g, F*PT)(M), T(g, bti)(M),0) :
gHOFGU M) = N gagng FEPR (M), g™ Btis(M), g* (M)
= o (FEP (9" M), Bt (9" M), alg™ M) =: F7 (" M),
(ii1) for f: T — S a morphism, with T, S € QPVar(C), and M € DA.(T), the maps of definition
139 and of definition 166 induce an isomorphism in D(MHM/(S))
T.(f, FH9) (M) = (T (f, FFPRY(M), Tu (£, bti) (M), 0) :
RftagnFr " (M) := 15" (REAFLPR(M), Ry Blir (M), fu(a(M)))
o151 (FEPR(REM), BUG(REM), a(RF.M)) = FE¥(Rf.M),

(i2) for f: T — S a morphism, with T, S € QPVar(C), and M € DA.(T), the maps of definition
139 and of definition 166 induce an isomorphism in D(MHM/(S))

T(f, F149)(M) := (Ti(f, FFPRY(M), Ti(f, bti) (M), 0) -
RfiragFyp (M) == o5 (Rf FEPR(M), R fiw Btig (M), fi(a(M)))
S g (FEPR(RAM), Btig(RAM), o iM)) = FJ(RAM),

(i43) for f: T — S a morphism, with T, S € QPVar(C), and M € DA.(S), the maps of definition
139 and of definition 166 induce an isomorphism in D(MHM(T))

T'(f, FH9) (M) == (T'(f, FFPR) (M), T'(f, bti) (M), 0) -
FrHAEE9 (M) = gt (et FEPR(M), 1 Btis (M), f'(a(M)))
s i FEPR(F M), Btis(f M), a(f' M) =: FL(f' M),

(ii4) for S € Var(C), and M, N € DA.(S), the maps of definition 139 and of definition 166 induce
an isomorphism in D(MHM/(S))

T(®, FH949) (M, N) := (T(®, FEPR) (M, N), T(®, bti) (M, N), 0) :
15 (FEPR(M) @550 FEPR(N), Bis (M) @ Btig(N),a(M) @ a(N))
= FEU(M @ N) =15 (FEPR(M @ N), Btis(M @ N),a(M @ N)).

(iii) For S € Var(C), the following diagram commutes :

Var(C)/S MHUS) D(MHM(S))
M(/S)l lbs
DA(S) e Dop(1,0)71(S/(S1)) X1 Dyir(5°™)



We obtain theorem 6 from theorem 5 and from the result on the Betti factor after checking the
compatibility of these transformation maps with the isomorphisms a(M).

I am grateful to F.Mokrane for his help and support during the preparation of this work as well as
J.Wildeshaus for the interest and remarks that he made on a first version of this text. I also thank
J.Ayoub, C.Sabbah and M.Saito for the interest they have brought to this work.

2 Generalities and Notations

2.1 Notations

e After fixing a universe, we denote by

Set the category of sets,
Top the category of topological spaces,
Ring the category of rings and cRing C Ring the full subscategory of commutative rings,
RTop the category of ringed spaces,

* whose set of objects is RTop := {(X,Ox), X € Top, Ox € PSh(X, Ring)}

* whose set of morphism is Hom((T, Or), (S,0s)) :=={((f : T — 5), (ay : f*Os — Or))}
and by ts : RTop — Top the forgetfull functor.

Cat the category of small categories which comes with the forgetful functor o : Cat —
Fun(A?, Set), where Fun(A?, Set) is the category of simplicial sets,

RCat the category of ringed topos

* whose set of objects is RCat := {(X,0x), X € Cat, Ox € PSh(X,Ring)},
* whose set of morphism is Hom((7,Or),(S,0g)) :={((f: T — S),(ay : f*Os — Or)), }
and by tc : RCat — Cat the forgetfull functor.

e Let F: C — (' be a functor with C,C’ € Cat. For X € C, we denote by F(X) € C’ the image of X,
and for X, Y € C, we denote by F*XY : Hom(X,Y) — Hom(F(X), F(Y)) the corresponding map.

e For C € Cat, we denote by C°? € Cat the opposite category whose set of object is the one of C :
(C°P)? = €%, and whose morphisms are the morphisms of C with reversed arrows.

e Let C € Cat. For S € C, we denote by C/S the category

whose set of objects (C/S)? = {X/S = (X,h)} consist of the morphisms h : X — S with
XecC,

whose set of morphism Hom(X’/S, X/S) between X'/S = (X',h'),X/S = (X,h) € C/S
consits of the morphisms (g : X’ — X) € Hom(X’, X) such that ho g =h'.

We have then, for S € C, the canonical forgetful functor

r(S):C/S—=C, X/S—r(S)(X/S)=X, (g:X')S— X/S)—7r(S)(g) =g

and we denote again r(S) : C — C/S the corresponding morphism of (pre)sites.

Let F: C — C' be a functor with C,C’ € Cat. Then for S € C, we have the canonical functor

Fs:C/S — C'/F(S), X/S s F(X/S)=F(X)/F(S),
(9:X'/S = X/S) = (F(g): F(X')/F(S) — F(X)/F(5))



— Let S € Cat. Then, for a morphism f : X’ — X with X, X’ € § we have the functor

C(f):8/X" = 8/X, Y/X'= (Y, f1) = C()HY/X) = (Y, fo f1) € §/X,
(9:V1/X" = Y2/ X') = (C(f)(9) =g : Y1/X = V2/X)

— Let S € Cat a category which admits fiber products. Then, for a morphism f : X’ — X with
X, X' € S, we have the pullback functor

P(f):8/X - S/X', Y/X = P(f)(Y/X):=Y xx X'/X' € §/X/,
(9:Y1/X = Y2/X) = (P(f)(9) == (g x I) : Y1 xx X' = Y2 xx X)

which is right adjoint to C(f) : S/X’ — §/X, and we denote again P(f) : /X’ — S/X the
corresponding morphism of (pre)sites.

e Let C,7 € Cat. Assume that C admits fiber products. For (S,) € Fun(Z°P,C), we denote by
C/(S.) € Fun(Z, Cat) the diagram of category given by
—forI'eZ, C/(S.)(I) :=C/Sr,
—forrry: I — J,C/(Se)(r1s) := P(rry):C/S; — C/S;, where we denoted again rr; : S; — Sy
the associated morphism in C.

e Let (F,G) : C = (' an adjonction between two categories.

— For X € C and Y € C’, we consider the adjonction isomorphisms
« I(F,G)(X,Y) : Hom(F(X),Y) — Hom(X,G(Y)), (u: F(X) = Y) — (I(F,G)(X,Y)(u) :
X = G(Y))
x [(F,G)(X,Y) : Hom(X,G(Y)) - Hom(F(X),Y), (v: X = GY)) — (I(F,G)(X,Y)(v) :
F(X)—=Y).
— For X € C, we denote by ad(F,G)(X) := I(F,G)(X, F(X))(Irx)) : X = Go F(X).
— For Y € C' we denote also by ad(F,G)(Y) :=I(F,G)(G(Y),Y)(Uaw)) : FoG(Y) =Y.
Hence,
— for v : F(X) — Y a morphism with X € C and Y € C’, we have I(F,G)(X,Y)(u) =
G(u) o ad(F, G)(X),
—for v : X — G(Y) a morphism with X € C and Y € C’, we have I(F,G)(X,Y)(v) =
ad(F,G)(Y) o F(v).
e Let C a category.
— We denote by (C, F') the category of filtered objects : (X, F) € (C, F) is a sequence (F*X)ecz
indexed by Z with value in C together with monomorphisms a, : FPX < FP71X — X,

— We denote by (C, F, W) the category of bifiltered objects : (X, F,W) € (C, F, W) is a sequence
(W*F*X)e.s € Z? indexed by Z? with value in C together with monomorphisms WIFPX <
Fr=1X WIFPX — WI LFPX,

e For C a category and ¥ : C — C an endofunctor, we denote by (C,X) the corresponding category of
spectra, whose objects are sequence of objects of C (T;);ez € Fun(Z,C) together with morphisms
s; : T; = XT;41, and whose morphism from (T3;) to (T}) are sequence of morphisms T; — T/ which
commutes with the s;.

e Let A an additive category.
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— We denote by C(A) := Fun(Z, A) the category of (unbounded) complexes with value in A,
where we have denoted Z the category whose set of objects is Z, and whose set of morphism
between m,n € Z consists of one element (identity) if n = m, of one elemement if n = m + 1
and is () in the other cases.

— We have the full subcategories C*(A), C~(A), C*(A) of C(A) consisting of bounded, resp.
bounded above, resp. bounded below complexes.

— We denote by K(A) := Ho(C(A)) the homotopy category of C(A) whose morphisms are
equivalent homotopic classes of morphism and by Ho : C(A) — K(A) the full homotopy
functor. The category K (A) is in the standard way a triangulated category.

e Let A an additive category.

— We denote by Cr;(A) C (C(A),F) = C(A, F) the full additive subcategory of filtered com-
plexes of A such that the filtration is biregular : for (A*, F') € (C(A), F), we say that F is
biregular if F*A" is finite for all r € Z.

— We denote by Coriy(A) C (C(A),F,W) = C(A, F,W) the full subcategory of bifiltered com-
plexes of A such that the filtration is biregular.

— For A®* € C(A), we denote by (A*, F,) € (C(A),F) the complex endowed with the trivial
filtration (filtration bete) : FPA™ = 0if p > n+ 1 and FPA™ = A™ if p < n. Obviously, a
morphism ¢ : A* — B®, with A®, B®* € C(A) induces a morphism ¢ : (A®, F;,) — (B®, Fy).

— For (A*,F) € C(A,F), we denote by (A*,F(r)) € C(A, F) the filtered complex where the
filtration is given by FP(A®, F(r)) := FPT"(A® F).

— Two morphisms ¢1,¢2 : (M, F) — (N,F) with (M, F),(N,F) € C(A,F) are said to be
r-filtered homotopic if there exist a morphism in Fun(Z, (A, F))

h:(M,F(r—1)[1] = (N,F),h:= (" : (M"" F(r —1)) = (N", F))pnez,

where Z have only trivial morphism (i.e. h is a graded morphism but not a morphism of
complexes) such that d’h + hd = ¢1 — ¢2, where d is the differential of M and d’ is the
differential of N, and we have h(FPM" 1) C FP="T1N™ note that by definition r does NOT
depend on p and n ; we then say that

(h, @1, ¢2) : (M, F)[1] = (N, F)

is an r-filtered homotopy. By definition, an r-filtered homotopy (h, ¢1,¢2) : (M, F)[1] —
(N, F) is an r'-filtered homotopy for all 7/ > r, and a 1-filtered homotopy is an homotopy of
C(A, F). By definition, an r-filtered homotopy (h, ¢1,d2) : (M, F)[1] — (N, F) gives if we
forgot filtration an homotopy (h, ¢1,¢2) : M[1] = N in C(A).

— Two morphisms ¢1,¢2 : (M, F) — (N,F) with (M, F),(N,F) € C(A,F) are said to be
oo-filtered homotopic if there exist r € N such that ¢1,¢2 : (M, F) — (N, F) are r-filtered
homotopic. Hence, if ¢1, ¢o : (M, F) — (N, F) are co-filtered homotopic, then ¢1, ¢ : M — N
are homotopic ; of course the converse is NOT true since r does NOT depend on p,n € Z.

— We will use the fact that by definition if ¢ : M — N with M, N € C(A) is an homotopy
equivalence, then ¢ : (M, Fy) — ¢(N, F) is a 2-filtered homotopy equivalence.

— A morphism ¢ : (M, F) — (N, F) with (M, F),(N,F) € C(A, F) is said to be an r-filtered
homotopy equivalence if there exist a morphism ¢’ : (N, F') — (M, F') such that

x ¢ ogp: (M,F)— (M, F) is r-filtered homotopic to I, and

x pog@' : (N,F)— (N, F) is r-filtered homotopic to I.
If¢: (M,F)— (N, F) is an r-filtered homotopy equivalence, then it is an s-filtered homotopy
equivalence for s > r. If ¢ : (M, F) — (N, F) is an r-filtered homotopy equivalence, ¢ : M — N
is an homotopy equivalence
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— A morphism ¢ : (M, F) — (N, F) with (M, F),(N,F) € C(A, F) is said to be an oo-filtered
homotopy equivalence if there exist € Z such that ¢ : (M, F) — (N, F) with (M, F), (N, F) €
C(A, F) is an r-filtered homotopy equivalence. If ¢ : (M,F) — (N,F) is an oo-filtered
homotopy equivalence, ¢ : M — N is an homotopy equivalence ; the converse is NOT true
since 7 does NOT depend on p,n € Z.

— We denote by K, (A, F) := Ho,(C(A, F)) the homotopy category of C(A, F) whose objects
are those of C(A, F) and whose morphisms are the morphisms of C(A, F') modulo r-filtered
homotopies, and by Ho, : C(A, F) — K,.(A, F) the full homotopy functor. However, for r > 1
the category K,.(A, F') with the canonical triangles the standard ones does NOT satify the 2
of 3 axiom of a triangulated category. Indeed, for r > 1, a commutative diagram in K,.(A, F)

(A*, F) —™ = (B, F) Cond(m) = ((A*, F)[1] & (B*, F),d,d" = m) (A°, )] ,

| o

’

(A'*,F) "~ (B'*, F) — Conelin’) = (A'*, F)[1] & (B'*, F),d,d"~ m’) — (A"*, F)[1]

i.e. which commutes modulo r-filtered homotopy can NOT be completed with a third vertical
arrow. In particular, for » > 1 and commutative diagram in C(A, F')

(A%, F) ="~ (B*, F) —— Coné(m) = ((A*, F)[1] & F),d,d' = m) —— (A*, F)[1]
¢vl wl l (o[1],%) l¢[1]
(A", F) ™ (B'*, F) — Conelin’) = (A", F)[1] & F),d,d"™=m') —= (4'*, F)[1]

if ¢ and ¢ are r-filtered homotopy equivalence, then (¢[1],%) is NOT necessary an r-filtered
homotopy equivalence.

— We denote by Ky ,(A) := Hoq(C}ii(A)) the homotopy category of Cjpy(A) whose objects
are those of C;(A,) and whose morphisms are the morphisms of Cy;;(AA) modulo r-filtered
homotopies, and by Ho, : Cfi(A) — Kyir(A) the full homotopy functor. However, for r > 1
the category K i (A) with the canonical triangles the standard ones does NOT satify the 2
of 3 axiom of a triangulated category.

— We denote by K 00(A) := Hos (Ci1(A)) the homotopy category of Cy;i(A) whose objects
are those of C'y;;(A,) and whose morphisms are the morphisms of Cj;(A) modulo oo-filtered
homotopies, and by Hoeo : Cii(A) = Ky oo(A) the full homotopy functor. However, the
category K fi1.0o(A) with the canonical triangles the standard ones does NOT satify the 2 of 3
axiom of a triangulated category.

— We have the Deligne decalage functor

Dec: C(A,F) = C(A,F), (M,F) — Dec(M, F) := (M,DecF),
Dec FPM™ := FPY"M™ N d~ Y (FPHipmrt)

It is the right adjoint of the shift functor
S:CAF)—=CAF), (M,F)—~ S(M,F):=(M,SF), SFPM" := FP~"M"
The dual decalage functor

Dec” : C(A, F) = C(A,F), (M, F) + Dec’ (M, F) := (M,Dec’ F),
Dec’ FPM™ := FPTM™ 4 d(FPH—1pmth

is the left adjoint of the shift functor. Note that Dec((M, F)[1]) # (Dec(M, F))[1], Dec” ((M, F)[1]) #
(Dec” (M, F))[1] and S((M, F)[1]) # (S(M, F))[1].
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e Let A be an abelian category. Then the additive category (A, F) is an exact category which
admits kernel and cokernel (but is NOT an abelian category). A morphism ¢ : (M, F) — (N, F)
with (M,F) € (A, F) is strict if the inclusion ¢(F"M) C F"N NIm(¢) is an equality, i.e. if
G(F"M) = F"N NIm(e).

e Let A be an abelian category.

— For (A*, F) € C(A, F), considering a,, : FPA®* — A® the structural monomorphism of of the
filtration, we denote by, for n € N,

H™(A*,F) € (A, F), FPH"(A®, F) := Im(H"(a,) : H"(FPA*) — H"(A®)) C H"(A*)

the filtration induced on the cohomology objects of the complex. In the case (A®, F) € Cry(A),
the spectral sequence EP+7(A*, F') associated to (A°®, F') converge to Gri. HPT9(A®, F), that is
for all p,q € Z, there exist rp1q € N, such that EP9(A*, F) = Grh HPT9(A*, F) for all
8§ < T'pig-

— A morphism m : (A*,F) — (B*,F) with (4*, F),(B*,F) € C(A, F) is said to be a filtered
quasi-isomorphism if for all n,p € Z,

H" Gr%.(m) : H"(Grh, A®) = H"(Gr}. B®)

is an isomorphism in A. Consider a commutative diagram in C(A, F')

(A*,F) —™~ (B*, F) Coné(m) = ((A*, F)[1] ® (B*, F),d,d ™ m) (A%, F)[1]
¢>l wl l (¢[1],9) l¢>[1]
(A", F) "o (B'*, F) —— Cone(in’) = (A'"*, F)[1] @ (B'*, F),d,d"™ m') — (A'*, F)[1]

If ¢ and ¢ are filtered quasi-isomorphisms, then (¢[1],1) is an filtered quasi-isomorphism.
That is, the filtered quasi-isomorphism satisfy the 2 of 3 property for canonical triangles.

— If two morphisms ¢1,¢2 : (M, F) — (N,F) with (M, F),(N,F) € C(A,F) are r-filtered
homotopic, then for all p,q € Z and s > r.

EQ(¢1) = EQ(¢2) : EQU(M, F) = EQ(M, F).

Hence if ¢ : (M, F) — (N, F) with (M, F'), (N, F) € C(A, F) is an r-filtered homotopy equiv-
alence then for all p,q € Z and s > r.

EP(¢) « ERY(M, F) = EP9(N, F)

is an isomorphism in A.

— Let » € N. A morphism m : (4*, F) — (B*, F) with (4°*, F),(B*,F) € C(A, F) is said to be
an r-filtered quasi-isomorphism if it belongs to the submonoid of arrows generated by filtered
quasi-isomorphism and r-filtered homotopy equivalence, that is if there exists m; : (C?, F) —
(CP 1, F), 0<i<s, with (CF,F) € C(AF) (C§,F) = (A*, F) and (Cg,F) = (B*, F), such
that

m=mgo---om;o---omg: (A°, F)— (B*,F)

and m; : (C?, F) — (C?1, F) either a filtered quasi-isomorphism or an r-filtered homotopy
equivalence. Note that our definition is stronger then the one given in [9] in order to get a
multiplicative system. Indeed, if m : (4*, F) — (B®, F) with (A*, F),(B*,F) € C(A,F) is an
r-filtered quasi-isomorphism then for all p,q € Z and s > r,

EP(m) : EP9(A®, F) = E(B®, F)

13



is an isomorphism in .4, but the converse is NOT true. If a morphism m : (A®*, F) — (B*, F),
with (A*, F), (B*, F) € Cy;y(A) is an r-filtered quasi-isomorphism, then for all n € Z

H"(m) : HM(A*, F) = H"(B*,F)

is a filtered isomorphism, i.e. an isomorphism in (A, F). The converse is true if there exist
Ni,Ny € Z such that H"(A*) = H*(B®) = 0 for n < N; or n > Ny. A filtered quasi-
isomorphism is obviously a 1-filtered quasi-isomorphism. However for » > 1, the r-filtered
quasi-isomorphism does NOT satisfy the 2 of 3 property for morphisms of canonical triangles.

— A morphism m : (A*,F) — (B*,F) with (4°,F),(B°*,F) € C(A,F) is said to be an oo-
filtered quasi-isomorphism if there exist » € N such that m : (A®, F) — (B*, F') an r-filtered
quasi-isomorphism. If a morphism m : (A®*, F) — (B®, F), with (A4*,F),(B*,F) € Cru(A) is
an oo-filtered quasi-isomorphism, then for all n € Z

H"(m) : H"(A*,F) = H"(B*,F)

is a filtered isomorphism. The converse is true if there exist Ny, No € Z such that H"(A®) =
H™(B*) =0 for n < Ny or n > Na. The oco-filtered quasi-isomorphism does NOT satisfy the
2 of 3 property for morphisms of canonical triangles. If m : (4°*, F) — (B*®, F) is such that
m : A* — B*® is a quasi-isomorphism but m : (4*, F) — (B*, F) is not an oo-filtered quasi-
isomorphism, then it induces an isomorphisms H"(m) : H*(A®) = H™(B*®), hence injective
maps
H"(m): FPH"(A®*, F) — FPH"(B*, F)

which are not isomorphism (the non strict case). If m : (4°,F) — (B*®,F) is such that
m : A* — B*® is a quasi-isomorphism but m : (A*, F) — (B*, F) is not an oo-filtered quasi-
isomorphism (the non strict case), then H™ Cone(m) = 0 for all n € N, hence Cone(m) — 0
is an oo-filtered quasi-isomorphism ; this shows that the oco-filtered quasi-isomorphism does
NOT satisfy the 2 of 3 property for morphism of canonical triangles.

e Let A be an abelian category.

— We denote by D(A) the localization of K (A) with respect to the quasi-isomorphisms and by
D : K(A) — D(A) the localization functor. The category D(A) is a triangulated category in
the unique way such that D a triangulated functor.

— We denote by Dy;;(A) the localization of Ky, (A) with respect to the filtered quasi-isomorphisms
and by D : Ky;(A) — Dy (A) the localization functor.

e Let A be an abelian category. We denote by Inj(A) C A the full subcategory of injective objects,
and by Proj(A) C A the full subcategory of projective objects.

e For § € Cat a small category, we denote by
— PSh(S) := PSh(S, Ab) := Fun(S, Ab) the category of presheaves on S, i.e. the category of
presheaves of abelian groups on S,
— PSh(S, Ring) := Fun(S, Ring) the category of presheaves of ring on S, and PSh(S, cRing) C
PSh(S, Ring) the full subcategory of presheaves of commutative ring.

— for F € PSh(S) and X € S, F(X) = I'(X, F) the sections on X and for h : X’ — X a
morphism with X, X’ € S, F(h) := FXY(h) : F(X) — F(X’) the morphism of abelian
groups,

— C(S) = PSh(S,C(Z)) = C(PSh(S)) = PSh(S x Z) the big abelian category of complexes of
presheaves on S with value in abelian groups,

— K(S8) := K(PSh(S)) = Ho(C(S)) In particular, we have the full homotopy functor Ho :
C(S) = K(5),
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Ciay5it(S) := Clay i (PSH(S)) C C(PSh(S), F,W) the big abelian category of (bi)filtered com-
plexes of presheaves on § with value in abelian groups such that the filtration is biregular, and
PShg) a(S) = (PSh(S), F, W),

Kyi(S) :== Kpu(PSh(S)) = Ho(Cru(S)),
Kyi,(S) = Ky, (PSh(S)) = Hor(Cra(S)), Krit,oo(S) = Kpit,e0 (PSh(S)) = Hooo (Crar (S)).

For f: T — S a morphism a presite with 7,8 € Cat, given by the functor P(f):S — T, we will
consider the adjonctions given by the direct and inverse image functors :

(f*, f«) = (f7% f«) : PSh(S) < PSh(T), which induces (f*, f+) : C(S) = C(T), we denote,
for F € C(S) and G € C(T) by

ad(f*, f)(F) : F = fofF , ad(f* £)(G) - 7 .G = G

the adjonction maps,

(fe, f1) : PSh(T) = PSh(S), which induces (f., f+) : C(T) S C(S), we denote for F € C(S)
and G € C(T) by

ad(fu, fF) : G =[G, ad(fe, f)G) : fuf 'F = F

the adjonction maps.

e For (S,05) € RCat a ringed topos, we denote by

PShog(S) the category of presheaves of Os modules on S, whose objects are PShog (S)? =
{(M,m), M € PSh(S),m : M ® Os — M}, together with the forgetful functor o : PSh(S) —
PShOS (8)7

Cos(S) = C(PSho,(S)) the big abelian category of complexes of presheaves of Og modules
on S,

Ko4(S) := K(PShoy(S)) = Ho(Co,(S)), in particular, we have the full homotopy functor
Ho:Co4(S) = Kog(S),

Cogs2)1it(S) := Cra) i (PShog (S)) € C(PShoy(S), F, W), the big abelian category of (bi)filtered
complexes of presheaves of Os modules on S such that the filtration is biregular and PSho (2)ri1(S) =
(PShos (8), F, W),

Kosji(S) := Kra(PSho, (8)) = Ho(Cos rir(S)),

Kogfir(S) = Kri,r(PShog(8)) = Hop(Cosfit(8)): Kosfiteo(S) = Krit,eo(PSho4(S)) =
Hooo (Cosg fit (5))-

e For S, € Fun(Z, Cat) a diagram of (pre)sites, with Z € Cat a small category, we denote by

'S, € Cat the associated diagram category
* whose objects are I'S) = {(X1,urs)rer}, with X; € Sy, and for r7; : I — J with
I,J € Z, ury : X; — rr;(Xr) are morphism in S; noting again r7; : S — Sy the
associated functor,
% whose morphism are m = (my) : (X1, ury) = (X7, v17) satisfying vy yomy = rry(my)oury
in Sy,
PSh(S.) := PSh(I'S,, Ab) the category of presheaves on S,
* whose objects are PSh(S,)° := {(Fs,ur;)1ez}, with F; € PSh(S;), and for vy : [ — J
with I,J € Z, ury : F; — r1j.F; are morphism in PSh(S;), noting again r;; : Sy — S
the associated morphism of presite,

* whose morphism are m = (my) : (Fr,ury) — (Gr,vyy) satisfying vy jomy = rrjamyoury
in PSh(Sy),
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— PSh(S,, Ring) := PSh(T'S,, Ring) the category of presheaves of ring on S, given in the same
way, and PSh(S,, cRing) C PSh(S,, Ring) the full subcategory of presheaves of commutative
ring.

— C(S.) := C(PSh(S,)) the big abelian category of complexes of presheaves on S, with value in
abelian groups,

— K(S,) := K(PSh(S,)) = Ho(C(S,)), in particular, we have the full homotopy functor Ho :
C(S,) = K(S.),

= Cray1it(Se) 1= C(2)7a(PSh(S,)) C C(PSh(S,), F,W) the big abelian category of (bi)filtered
complexes of presheaves on S, with value in abelian groups such that the filtration is biregular,
and PShz)7(Se) = (PSh(S,), F, W), by definition C(a)t;1(Se) is the category

* whose objects are C(2)7;1(Se)? := {((Fr, F,\W),urs)1ez}, with (Fr, F,W) € Caya4(Sr),
and for ryy : I — J with I,J € Z, ury : (Fr, F,W) — r15.(Fy, F,W) are morphism in
C(2)£i1(S1), noting again rry : S; — S the associated morphism of presite,

* whose morphism are m = (my) : (Fr, F,W),ur;) — (Gr,F,W),vry) satisfying vy o
my = rrymyoury in Cig)4(Sr),

= Kpu(Ss) := Kyu(PSh(S.)) = Ho(Cra(S.)),

= Kt (Se) := Kir,r (PSh(Ss)) = Hor (Crit(Se)), Kpit00(Se) := Kit 00 (PSh(S, ) = Hooo (Crir(Se))-

Let Z,7" € Cat be small categories. Let (fo,s) : Te — Se a morphism a diagrams of (pre)site
with T € Fun(Z, Cat),Se € Fun(Z’, Cat), which is by definition given by a functor s : Z — I’ and
morphism of functor P(fe) : Ss(e) := Se 05 — Ts. Here, we denote for short, Sye) 1= Se 05 €
Fun(Z, Cat). We have then, for r;; : I — J a morphism, with I, J € Z, a commutative diagram in

Cat

Dyry = Sy i>SS(I) .

4

Ty — T

We will consider the the adjonction given by the direct and inverse image functors :

((for8)*s (for8)*) = ((for )1, (for 8)x) : PSh(Sy(e)) = PSH(TL),
F = (Fr,urg) = (fe,8)"F = (f{F1,T(Dys15)(Fy) o frury),
G = (Gr,v1y) &= (fe,8)+G = (fr.G1, frev1s).

It induces the adjonction ((fe,5)*, (fe,5)x) : C(Sse)) = C(Ts). We denote, for (Fr,ury) € C(Ss(a))
and (G[,'U[J) S 0(7;) by

ad((f‘vs)*v (f.,S)*)((F],’U,]J)) : (FI,UIJ) — (f'vs)*(f'vs)*(FlvulJ)a
ad((fe,8)", (fe,8)«)((G1,v10)) : (fo,8)" (fo,8)x(Gr,v1s) = (Gr,v15)

the adjonction maps.

Let Z € Cat a small category. For (S.,0Og,) € Fun(Z, RCat) a diagram of ringed topos, we denote

— PShog, (Se) := PSho,, (I'S.) the category of presheaves of modules on (S, Os, ),
* whose objects are PShog, (Se)? := {(Fr,urs)rez}, with Fi € PSho, (S1), and for ry; :
I — J with I,J € Z, ury : Fi — rr5F; are morphism in PShog, (Sr), noting again
rrj : 8y — S the associated morphism of presite,

* whose morphism are m = (my) : (Fr,ury) — (Gr,vyy) satisfying vy jomy; = rrjamyoury
in PShog, (Sr),
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~ Cog, (8) = C(PShoy, (S4)),

— Kos, (Se) := K(PShog, (S.)) = Ho(Cog, (S.)), in particular, we have the full homotopy
functor Ho : C(Se) = K(S.),

— Cos, @)fit(Se) = Cog, 2)7a(PSh(S.)) C C(PShog, (Se), F,W) the big abelian category of
(bi)filtered complexes of presheaves of modules on (S, Og, ) such that the filtration is biregular,
and PShog, (2)fi1(Se) = (PShog, (Se), I, W), by definition Co,_(2)ri(Se) is the category

* whose objects are OOS. (2).,«1-1(8.)0 = {((F], F, W), ’LL[J)IGI}, with (F], F, W) € OOSI (g)fil(S[),
and for ryy : I — J with I,J € Z, ury : (Fr, F,W) — r;5.(Fy, F,W) are morphism in
Cos, (2)fil (Sr), noting again ry; : Sy — Sy the associated morphism of presite,

* whose morphism are m = (my) : (Fr, F,W),ur;) — (Gr,F,W),vry) satisfying vy o
my = rryemgoury in Cog (2)7i(S1),

— Kog, (2)5i1(Se) = K (PShog, (2)(Se)) = Ho(Coyg, (2)1it(Se))s

— Kog, fit,r(Se) := Kyitr(PShog, (Se)) = Hop(Coyg, fit,r(Se)), Kog, fil,oo(Se) := Koo r(PShog, (Se)) =
How (Cosg, fit,00(Se))-

e Let S € Cat. For ¥ : C(S) — C(S) an endofunctor, we denote by Cx(S) = (C(S),X) the
corresponding category of spectra.

Denote by Sch € RTop the full subcategory of schemes. For a field k, we consider Sch /k :=
Sch / Spec k the category of schemes over Spec k. We then denote by

— Var(k) C Sch /k the full subcategory consisting of algebraic varieties over k, i.e. schemes of
finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) € SmVar(k) C Var(k) the full subcategories consisting of smooth varieties and
smooth projective varieties respectively.

A morphism h : U — S with U, S € Var(k) is said to be smooth if it is flat with smooth fibers.
A morphism r : U — X with U, X € Var(k) is said to be etale if it is non ramified and flat. In
particular an etale morphism r : U — X with U, X € Var(k) is smooth and quasi-finite (i.e. the
fibers are either the empty set or a finite subset of X)

Denote by Top? the category whose set of objects is
(Top?)° := {(X, Z), Z C X closed} C Top x Top
and whose set of morphism between (X1, Z1), (X2, Z2) € Top? is
Homry,e (X1, Z1), (X2, Z2)) := {(f : X1 = X3), s.t. Z1 C f~(Z2)} C Homrop (X1, X2)
For S € Top, Top? /S := Top? /(S, S) is then by definition the category whose set of objects is
(Top? /S)° :={((X,Z),h),h: X = S, Z C X closed } C Top /S x Top

and whose set of morphisms between (X1,21)/S = (X1, Z1),h1), (X2, Z2)/S = (X2, Z2),ha) €
Top? /S is the subset

HOHlTOp2 /S((Xl,Zl)/S; (XQ,ZQ)/S) =
{(f: X1 — X2), st.hiof=hyand Z; C f~'(Z;)} C Homprop(X1, X2)

We denote by

s : Top*?" /S :={((Y x S, Z),p),p: Y xS =S, ZCY x S closed } — Top* /S
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the full subcategory whose objects are those with p : ¥ x .S — S a projection, and again ug :
Top? /S — Top®?" /S the corresponding morphism of sites. We denote by

Grg : Top /S — Top*?" /S, X/S — Crg(X/S) := (X x S, X)/S,
(9: X/S = X'/S) = Crd(g) :==(gxIs: (X xS, X) = (X' xS,X")

the graph functor, X — X X S being the graph embedding (which is a closed embedding if X is
separated), and again Gry’ : Top®?" /S — Top /S the corresponding morphism of sites.

Denote by RTop? the category whose set of objects is
(RTop?)" := {((X,0x), Z), Z C X closed} C RTop x Top
and whose set of morphism between ((X1,Ox,), Z1), ((X2,0x,), Z2) € RTop? is

HomRTopz(((X1=OX1)7Z1)= ((X270X2)722)) =
{(f : (Xl,OXl) — (X2,0X2)), s.t. Z1 C fﬁl(ZQ)} C HomRTop((X1;OX1)7 (X2,0X2))

For (S, Og) € RTop, RTop? /(S, Os) := RTop? /((S, Os), S) is then by definition the category whose
set of objects is
(RTop? /(S, 0s))? :=
{(((X,0x),Z),h),h: (X,0x) = (S,0s), Z C X closed } C RTop /(S,Os) x Top

and whose set of morphisms between (((X1,0x, ), Z1), h1), (X2, 0x,), Z2), ha) € RTop* /(S,Os)
is the subset

HOHlRTop2 /(S,Os)(((Xla OXl)? Zl)/(Sv OS)) ((XQ, OXz)v ZQ)/(Sv OS)) =
{(f : (XlaOXl) — (XQ,OXz)), s.t. hy o f = hy and Z1 C f_l(Zz)}
C HOHlRTop((leO)ﬁ)a (X2,0X2))

We denote by
s : RTop®?" /S := {(((Y x S,¢*Oy ® p*0s),Z),p),p:Y xS —= S, ZCY xS closed } — RTop* /S

the full subcategory whose objects are those with p : ¥ x § — S is a projection, and again
s : RTop? /S — RTop**" /S the corresponding morphism of sites. We denote by

Grg : RTop /S — RTop>?" /8,
(X,0x)/(8,05) = Grg’((X,0x)/(8, 05)) := (X x 8,¢"Ox ®p"0s), X)/(5,0s),
(9: (X,0x)/(5,05) = (X',0x)/(8,05)) =
Gré?(g) = (g X Ig: ((X X Sv q*OX ®p*05)7X) - ((X/ X Sv q*OX ®p*05),X/))
the graph functor, X — X x S being the graph embedding (which is a closed embedding if X is

separated), p: X xS — S, ¢: X xS — X the projections, and again Grg’ : RTop*?" /S — RTop /S
the corresponding morphism of sites.

We denote by Sch? € RTop? the full subcategory such that the first factors are schemes. For a field
k, we denote by Sch? /k := Sch® /(Spec k, {pt}) and by

— Var(k)? C Sch? /k the full subcategory such that the first factors are algebraic varieties over
k, i.e. schemes of finite type over k,

— PVar(k)? ¢ QPVar(k)? C Var(k)? the full subcategories such that the first factors are quasi-
projective varieties and projective varieties respectively,
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— PSmVar(k)? C SmVar(k)? C Var(k)? the full subcategories such that the first factors are
smooth varieties and smooth projective varieties respectively.

In particular we have, for S € Var(k), the graph functor

Grg : Var(k)/S — Var(k)>?P"/S, X/S + Grs’(X/S) := (X x S8,X)/S,
(g: X/S = X'/S) = Cri(g) == (gxIs: (X xS, X)— (X' x5 X")

the graph embedding X < X x S is a closed embedding since X is separated in the subcategory
of schemes Sch C RTop, and again Grg’ : Var(k)>?" /S — Var(k)/S the corresponding morphism
of sites.

Denote by CW C Top the full subcategory of CW complexes, by CS C CW the full subcategory of A
complexes, by TM(R) C CW the full subcategory of topological (real) manifolds which admits a CW
structure (a topological manifold admits a CW structure if it admits a differential structure) and by
Diff(R) C RTop the full subcategory of differentiable (real) manifold. We denote by CW? C Top?
the full subcategory such that the first factors are CW complexes, by TM(R)? C CW? the full
subcategory such that the first factors are topological (real) manifolds and by Diff(R)? C RTop?
the full subcategory such that the first factors are differentiable (real) manifold.

Denote by AnSp(C) C RTop the full subcategory of analytic spaces over C, and by AnSm(C) C
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). A mor-
phism h : U — S with U, S € AnSp(C) is said to be smooth if it is flat with smooth fibers. A
morphism r : U — X with U, X € AnSp(C) is said to be etale if it is non ramified and flat. By
the Weirstrass preparation theorem (or the implicit function theorem if U and X are smooth), a
morphism 7 : U — X with U, X € AnSp(C) is etale if and only if it is an isomorphism local.

We denote by AnSp(C)? C RTop? the full subcategory such that the first factors are analytic spaces
over C, and by AnSm(C)? € AnSp(C)? the full subcategory such that the first factors are smooth
analytic spaces (i.e. complex analytic manifold). In particular we have, for S € AnSp(C), the graph
functor

Crg : AnSp(C)/S — AnSp(C)*?"/S, X/S s Grg*(X/S) := (X x S, X)/S,
(9:X/S = X'/S) = Gri*(g) == (g x Is : (X x S, X) = (X' x 8,X"))

the graph embedding X — X x S is a closed embedding since X is separated in RTop, and again
Grg” : AnSp(C)*?" /S — AnSp(C)/S the corresponding morphism of sites.

For V € Var(C), we denote by V" € AnSp(C) the complex analytic space associated to V' with
the usual topology induced by the usual topology of C¥. For W € AnSp(C), we denote by W €
AnSp(C) the topological space given by W which is a CW complex. For simplicity, for V' € Var(C),
we denote by Ve := (V")® ¢ CW. We have then

— the analytical functor An : Var(C) — AnSp(C), An(V) = Vo,
— the forgetful functor Cw = tp : AnSp(C) - CW, Cw(W) = W,
— the composite of these two functors Cw = Cwo An : Var(C) - CW, é\v\//(V) =Vew,

We have then

— the analytical functor An : Var(C)? — AnSp(C)?, An((V, Z)) = (V" Z),
— the forgetful functor Cw = tp : AnSp(C)? — CW?, Cw((W, 2)) = (Wev, Z°v),

— the composite of these two functors Cw = CwoAn : Var(C)2 — CW?, Cw((V,Z2)) =
(Vcw7 ZCUJ)'
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2.2 Additive categories, abelian categories and tensor triangulated categories

Let A an additive category.

e For ¢ : F* — G* a morphism with F*,G* € C(A), we have the mapping cylinder Cyl(¢) :=
(F™ @ Frtl @ Gt (0, 05t ¢+ + 9"G) € C(A). and the mapping cone Cone(¢) := ((F" @
G (0%, 9" T + 0"G) € C(A).

e The category K(A) := Ho(C(A)) is a triangulated category with distinguish triangles F* ir,
Cyl(¢) £ Cone(¢) —5 F*[1].

e The category (A, F) is obviously again an additive category.

e Let ¢ : F* — GG* a morphism with F'*,G* € C(A). Then it is obviously a morphism of filtered
complex ¢ : (F*, Fy) — (G*, Fy), where we recall that Fy, is the trivial filtration (F*, Fy,), (G®, F) €
Cru(A).

We recall the following property of the internal hom functor if it exists of a tensor triangulated
category and the definition of compact and cocompact object.

Proposition 2. Let (T,®) a tensor triangulated category admitting countable direct sum and product
compatible with the triangulation. Assume that T has an internal hom (bi)functor RHom(.,.): T2 — T
which is by definition the right adjoint to (- ® ) : T2 — T. Then,

e for N € T, the functor RHom(-,N) : T — T commutes with homotopy colimits : for M =
holim_,;c; M;, where I is a countable category, we have

RHom(M,N) = ho lim RHom(M;, N).

—iel

o dually, for M € T, the functor RHom(M,-) : T — T commutes with homotopy limits : for
N =holim, ;¢ N;, where I is a countable category, we have

RHom (M, N) = holim RHom (M, N;).
—

Proof. Standard. O

Let (T,®) a tensor triangulated category admitting countable direct sum and product compatible
with the triangulation. Assume that 7 has an internal hom functor RHom(.,.): T — T.

e For N € T, the functor RHom(-, N) : T — T does not commutes in general with homotopy limits
: for M = holim, ;c;M;, where I is a countable category, the canonical map

holim RHom(M;, N) — RHom(M, N)

— i€l
is not an isomorphism in general if I is infinite. It commutes if and only if N is compact.

e Dually, for M € T, the functor RHom(M,e) : T — T does not commutes in general with infinite
homotopy colimits. It commutes if and only if M is cocompact.

Most triangulated category comes from the localization of the category of complexes of an abelian
category with respect to quasi-isomorphisms. In the case where the abelian category have enough injective
or projective object, the triangulated category is the homotopy category of the complexes of injective,
resp. projective, objects.

Proposition 3. Let A an abelian category with enough injective and projective.
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o A quasi-isomorphism ¢ : Q® — F*, with F*,Q®* € C~(A) such that the Q™ are projective is an
homotopy equivalence.

e Dually,a quasi-isomorphism ¢ : F* — I*, with F*, I°* € CT(A) such that the I" are projective is
an homotopy equivalence.

Proof. Standard. O

Proposition 4. Let A an abelian category with enough injective and projective satisfying AB3 (i.e.
countable direct sum of exact sequences are exact sequence).

o Let K(P) C K(A) be the thick subcategory generated by (unbounded) complexes of projective objects.
Then, K(P) — K(A) EEN D(A) is an equivalence of triangulated categories.

o Similarly, let K(I) C K(A) be the thick subcategory generated by (unbounded) complezes of injective
objects. Then K(I) — K(A) EEN D(A) is an equivalence of triangulated categories.

Proof. Tt follows from proposition 3 : see [23]. O
Let A C Cat an abelian category. Let ¢ : (M, F') — (N, F') amorphism with (M, F'), (N, F) € Cfu(A).
Then the distinguish triangle
(M, F) % (N, F) 2 Cone(¢) = (M, F)[1] & (N, F), (d,d — ¢) 25 (M, F)[1]
gives a sequence

s (M, FY O v my 22O g (Cone()) 2P B, F) -

which, if we forgot filtration is a long exact sequence in A ; however the morphism are NOT strict in

general.

2.3 Presheaves on a site and on a ringed topos
2.3.1 Functorialities

Let S € Cat a small category. For X € & we denote by Z(X) € PSh(S) the presheaf represented by X.
By Yoneda lemma, a representable presheaf Z(X) is projective.

Proposition 5. e Let S € Cat a small category. The projective presheaves Proj(PSh(S)) C PSh(S)
are the direct summand of the representable presheaves Z(X) with X € S.

o More generally let (S,0g) € RCat a ringed topos. The projective presheaves Proj(PSho(S)) C
PSho,(S) of Os modules are the direct summand of the representable presheaves Z(X) @ Og with
X es.

Proof. Standard. O
Let f: 7T — S a morphism of presite with 7,8 € Cat. For h: U — S a morphism with U, S € S, we
have f*Z(U/S) = Z(P(f)(U/S)).
We will consider in this article filtered complexes of presheaves on a site. Let f:7 — S a morphism
of presite with 7, S € Cat.
e The functor f. : C(T) — C(S) gives, by functoriality, the functor
f* : O(Z)le(T) — O(Q)fil(s)a (Ga F) = f*(Gv F) = (f*Ga f*Fv )a

since f, preserves monomorphisms.
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e The functor f*: C(S) — C(T) gives, by functoriality, the functor
[*:Cayra(8) = Coypa(T), (G, F) = f5(G, F), FP(f*(G, F)) := Im(f*F*G — f*G).
In the particular case where f* : PSh(S) — PSh(T) preserves monomorphisms, we have f*(G, F) =
(f*G, fF).
e The functor f+: C(S) — C(T) gives, by functoriality, the functor
e Ciyra(T) = Craypa(S), (G, F) = G F) = (G, f+F),
since f+: C(S) — C(T) preserves monomorphisms.
Let f: T — S a morphism of presite with 7,S € Cat.
e The adjonction (f*, f.) = (f71, fu) : C(S) = C(T), gives an adjonction
(' 1) : Caypa(S) S Capga(T), (G.F) = (G F) , (G.F) = £.(G, F),
with adjonction maps, for (G1, F) € C(2)7:(S) and (G2, F) € C2)5u(T)
ad(f*, f)(G1, F) : (G1, F) = fof(Gr, F) 5 ad(f7, £)(G2, F) : f7 fu(G2, F) = (G, F).
e The adjonction (f., f+) : C(S) = C(T), gives an adjonction
(fer f1) £ Cya(T) S Crayra(S), (G, F) = fu(G,F) , (G, F) = fH(G,F),
with adjonction maps, for (G1, F') € C(9)£:1(S) and (G2, F) € C(2)5i(S)
ad(f*, fu)(G2, F) : (G2, F) = [+ fu(G2, F) , ad(f*, f.)(G1, F) = fof H(G1, F) = (G1, F).

Remark 1. Let 7,8 € Cat small categories and f : T — S a morphism of presite. Then the functor
f* : PSh(S) — PSh(T) preserve epimorphism but does NOT preserve monomorphism in general (the
colimits involved are NOT filetered colimits). However it preserve monomorphism between projective
presheaves by Yoneda and we thus set for (Q,F) € Cyy(Proj(PSh(S))), that is FPQ™ € Proj(PSh(S))

forallp,n € Z, f*(Q,F) = (f"Q, f"F).

For a commutative diagram of presite :

D= T/LS/

G

T-2-58
with 7,7'S,S’ € Cat, we denote by, for F' € C(S’),

f1« ad(g5,92+)( ad (g7 g1+ )(f2+95 F) f g*F
E— b PY ¢

* 91 F) * * * *
T(D)(F) : g} f F = 91 f1+92+95 F = g1 g1+ f2195 F

the canonical transformation map in C(7), and for (G, F) € Cy(S'),

f1ad(g3,924)(G,F

) * * * *
91 f1+92+95 (G,F) = 9191*f2*92(G7F)
dd(QIQl*)(fZ*‘];(G)F)) f2*g§(G, F)

T(D)(G, F) : g f1.(G, F) &

the canonical transformation map in Cy;(7T) given by the adjonction maps.
We will use the internal hom functor and the tensor product for presheaves on a site or for presheaves
of modules on a ringed topos. We recall the definition in the filtrered case.
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e Let (S,0g) € RCat. We have the tensor product bifunctor
() ® (-) : PSh(S)? — PSh(S), (F,G) — (X € S (F® G)(X) := F(X) ® G(X)
It induces a bifunctor :
@ ():CS) xCS) = C(S),(F,G) » FRG:=Tot(F*@G*), FRG)" = ®rezF" @ G""
and a bifunctor
()R () : C(S) x Cog(S) = Cos(S), a(F®G) :=F® (a.G)

For (G1,F),(Ga, F) € Cry(S), Gz € C(S), we define (note that tensor product preserve monomor-
phism only after tensoring with Qg € PSh(S))

— Fp((Gl,F)(X)Gg) = Im(FpGl ® Gz — Gy ®G3) and FP(G3®(G1,F)) = Im(G3 ® FPG3 —
Gs ®G1),

— Fqu((Gl,F) X (GQ,F)) = Im(FpGl ®F¢1G2 — Gl ®G2) and
F*((G1, F)®(Ga, F)) := FF Totpp((G1, F)®(G2, F)) := ®pez Im(FPGL@FF 191Gy — G12G2)

Note that in the case where GT = 0 for n < 0, we have (G1, F},) @ (Go, F) = G1 ® (G2, F). We get
the bifunctors

(=) @ (=) : Cra(8)* = Cra(S), (=)@ (=): Cra(S) x Cogru(S) = Cog ir(S)-
We have the tensor product bifunctor
() ®os () : PShog(8)? = PSh(S), (F,G) — (X € S = (F ®04 G)(X) = F(X) ®o,(x) G(X)
It induces a bifunctor :

() ®os () : Cos(S) x Cog(8) = C(8), (F,G) = F ®og G :=Tot(F* ®os G*)

For (G1,F), (G2, F) € Cogji(S), Gs € Cog(S), we define similarly (G, F)®04Gs, G3Qo04 (G1, F),
and

F*(Gy, F)®04(Ga, F)) := F¥ Totpp((G1, F)®04(Ga, F)) := @pez Im(FPG1R04 F*1Gy — G120,Go)

Note that in the case where G = 0 for n < 0, we have (G1, F}) ®oy (Ge, F) = G1 ®0, (G2, F).
This gives

— in all case it gives the bifunctor (=) ®o, (=) : Coor ru(S) ® Cosfu(S) = Cru(S).
— in the case Og is commutative, it gives the bifunctor (—) ®og (=) : Cogs fit(S)? = Cog ri(S).
e Let (S,05) € RCat. We have the internal hom bifunctor

Hom(-,-) : PSh(S)? — PSh(S),
(F,G) — (X € S — Hom(F,G)(X) := Hom(r(X).F,r(X).G)

with 7(X) : § = §/X (see subsection 2.1). It induces a bifunctors :
Hom(-,-) : C(S) x C(S) — C(S), (F,G) — Hom*(F,G)
and a bifunctor
Hom(-,:) : C(S) x Cogx(S) = Cos(S), aHom(F,G) := Hom(F, a.G)
For (G1,F), (G2, F) € Cru(S), Gs € C(S), we define
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— FPHom(Gs,(G1, F)) := Hom(Gs, FPG1) — Hom(Gs,G1)), note that the functor G —
Hom(F,G) preserve monomorphism,

— the dual filtration F~PHom((G1, F), G3) := ker(Hom(G1, Gs) — Hom(F?Gy,G3))
— FPFHom((G1, F), (Ge, F)) := ker(Hom(G1, FPG3) — Hom(F9G4, FPGy)), and

FFHom®((G1, F), (G2, F)) = Totpr Hom((G1, F), (G2, F)) =
Dpez ker(Hom(Gy, FFPGy) — Hom(FPGy, FFPGY))
We get the bifunctors
Hom(-,-) : Cru(8) x Cra(8) = Cra(8), Hom(:,-) : Cra(S) x Cosja(S) = Cogs ru(S)
We have the internal hom bifunctor

Homog (-, ) : PSho, (S) x PShe, (S) — PSh(S)
(F,G) — (X € § = Homog (F,G)(X) := Homo, (r(X ). F,7(X).G).
It gives similarly

— in all case a bifunctor Homog (-, ) : Crios(S) X Cruog (S) = Cru(S),
— the case Og is commutative, a bifunctor Homog (-, -) : Crios(S) x Criog(S) = Cog i (S).

Let ¢ : A — B of rings.

e Let M a A module. We say that M admits a B module structure if there exits a structure of B
module on the abelian group M which is compatible with ¢ together with the A module structure
on M.

e For N; a A-module and Ny a B module. I(A/B)(Ny, No) : Hom4 (N1, N2) = Homp(N; ®4 B, No)
is the adjonction between the restriction of scalars and the extension of scalars.

e For N/, N a A-modules, evs(hom,®)(N’',N"”,B) : Homa(N',N")®4 B — Homa(N',N" @ 4 B).
is the evaluation classical map.

Let ¢ : (S,01) — (S,02) a morphism of presheaves of ring on S € Cat.

e Let M € PSho, (S). We say that M admits an Oy module structure if there exits a structure of O
module on M € PSh(S) which is compatible with ¢ together with the O; module structure on M.

e For Ny € Co,(S) and Ny € Cop,(S),
I(01/02)(N1, N2) : Homgp, (N1, N2) — Homo, (N1 ®0, B, N2)

is the adjonction between the restriction of scalars and the extension of scalars.

e For N',N" € Co, (S),
evo, (hom, ®)(N', N”,O3) : Homo, (N', N") ®0, O3 — Homo, (N',N" @0, O2).

is the classical evaluation map.
Let (S,0s) € RCat.
e For Iy, Fy,G1,G2 € C(S), we denote by

T(®, 'Hom)(Fl, Fs, Gl, GQ) : 'Hom(Fl, Gl) (24 HOm(FQ, GQ) — 'Hom(Fl ® Fy, G1® GQ)

the canonical map.
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e For G3 € C(S) and G1,G2 € Cog(S), we denote by

ev(hom, ®)(Gs,G1,Ga) : Hom(Gs,G1) ®os G2 — Hom(Gs, G1 ®os Ga2)
p@s (s d(s") ®s)

e Let S € Cat a small category. Let (Hx : C(S/X) — C(S/X))xes a familly of functors which is
functorial in X. We have by definition, for Fy, F € C(S), the canonical transformation map

T(H,hom)(Fy, Fz) : H(Hom?®(Fy, F2)) — Hom®*(H(F1), H(F)), (1)
¢ € Hom(Fy|x, Fyx) — HFfxFax(g) € Hom(H (Fyx), H(Fx)) (2)

in C(S).
Let 7,S € Cat small categories and f : 7 — S a morphism of presite.

e For Fi, F5 € C(T) we have by definition f,(F; ® F2) = fiF1 ® f«F>. For G1,G3 € C(S), we have
a canonical isomorphism f*G; ® f*Gs = f*(G1 ® G3) since the tensor product is a right exact
functor, and a canonical map f1G; ® f1Gy — fH(G1 ® Ga).

e We have for F € C(S) and G € C(T) the adjonction isomorphim,
I(f*vf*)(Fu G) : f*Hom.(f*Fv G) l> %Om.(Fu f*G) (3)

e Let Og € PSh(S,Ring) by a presheaf of ring so that (S,0Ogs), (T, f*Og) € RCat. We have for
F € Coy(S) and G € Cy-04(T) the adjonction isomorphim,

I(f*, f)(F,G) : fHom$. o (f*F,G) = Homd (F, f.G), (4)

and

— the map ad(f*, fu)(F) : F — f.f*F in C(S) is Og linear, that is is a map in Co,4(S),
— the map ad(f*, f«)(G) : f*f«G — G in C(T) is f*Og linear, that is is a map in Cf-o4(T).

e For F|, F; € C(T), we have the canonical map

T.(f, hom)(Fy, Fy) := T(f«, hom) : fiHom®(F1, F3) = Hom®*(f.F1, f«F2), (5)
for X e S, ¢ S Hom(Fl‘f*(X),FQ‘f*(X)) — f*Fl‘f*(X)’F2‘f*(X)(¢) S Hom(f*Fl‘f*(X), f*F2|f*(X)) (6)

given by evaluation.
e For G1,Gy € C(S), we have the following canonical transformation in C(7)

T(f, hom)(G1,G2) :==T(f", hom)(G1,G2) : (7)
frHom(Gr,ad(f*,f«)(G2)) f*%om.(Gl,f*f*G2) fAI(f*, f)(G1,G2) (8)

ad(f*.f.)(Hom(f*G1,f* G2)) Hom® (f*G1, f*G2) 9)

f*HO’ITL. (Gl, Gg)
f*f*’Hom' (f*Gl, f*GQ)

e Let Og € PSh(S,Ring) by a presheaf of ring so that (S,0s), (T, f*Os) € RCat. For G1,G3 €
Co(S), we have the following canonical transformation in Cy-og (7))

T(f, hom)(Gl,Gg) = T(f*,hom)(Gl,Gg) : (10)

[*Homog (Gr,ad(f*,f+)(Gz FI(f*,f)(G1,G2) (11)

D e . x
[ Homg (G, fof*G2)
ad(f* . fo)(Hom x o g (F*G1.f* Ga)

f*’HombS (Gl, GQ)

[T fHomG o (f7 G, f7G2)

Hom}*o_g (f*Glaf*GQ)v (12)
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e Let Og € PSh(S, Ring) by a presheaf of ring so that (S, Og), (T, f*Os) € RCat. For M € Co,(S)
and N € Cy«o4(T), we denote by

ad(f*).f*)(M®Os.f*N)

T(f,)(M,N): M Qo f«N (13)
L FH(M @0y f.N) = fu(F*M @50 f* £ N) 20D, ¢ (01 @16, N) (14)

the canonical transformation map.
Let f: (T,0Or) — (S,0g) a morphism with (S, Og), (T,Or) € RCat. We have the adjonction
(F7%, )  Cos(8) = Cor(T)
with f*"4G = f*G®0, Or. If f*: C(S) — C(T) preserve monomorphisms, it induces the adjonction
(f°%, f2) : Cosa(S) S Corfa(T)

with f*m°d(G, F) := f*(G,F) ®+0s Or.
For a commutative diagram in RCat :

D= (T',05) =2~ (8,01)
s
(T,0:) —2= (8, 04)
we denote by, for ' € Co; (S8,

°f1. ad(g3™ % g2 ) (F)

T™ed(D)(F) : gimodf b 2 91 1. g2: g3 OUF = g1y, f2r g3 F

ad(g; ™% g1+) (f2e g3 ™ F) *mod
P F

the canonical transformation map in Co,(7) and, for (G, F) € Co; ra(S'),

g™ f1. ad(g5™ % g2.) (G, F)

T™°YD)(G, F) : ;™" f1.(G, F) 97" f1og2: 95U G F) = g7 g1s fou g3 ™G, F)

ad(g;modgl*)(f2*9;m0d(G7F)) Q*Q;mOd(G7 F)

the canonical transformation map in Co, i1(7T) given by the adjonction maps.
Let f: (T,0r) — (S,0s) a morphism with (S, Og), (T,O7) € RCat.

e We have, for M, N € Cop(S) the canonical transformation map in Co,. (7))

T(f,hom)(M,N)®f+0, O2

TmOd(f, hom)(M, N) . f*mOdHOHlOl (M, N)
e(hom,®)(f*M,f*N)

Homyo,(f*M, f*N) @f-0, O2
I(f*01/02)(f*M,f*™°4N)

'Homf*ol (f* ]\47 f*mOdN) Homoz (f*modM7 f*mOdN)

e We have, for M € Cp,(S) and N € Co,.(T), the canonical transformation map in Co, (T)

A(F*mod £y (M N
TmOd(f,®)(M,N) : M@Os f*N ad(f f)( ®og f )

*mo *1M.0 *1M.0 d(f*mod;f*)(N)
Fo UM ®04 foN) = fo(f*UM ®0, folf N) 2 D02,

(15)
fo(f M ®0, N)  (16)

the canonical transformation map.
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We now give some properties of the tensor product functor and hom functor given above
Proposition 6. Let (S,0g) € RCat. Then, the functors
o ()@ (=) :C(8)? = C(S), C(S) x Cos(S) = Cos(S)

® (—)®0g (=) : Coz(S) x Coy(S) — C(S) and in case Os is commutative (—) ®o, (—) : Cog (8)? —
Cos (8)

are left Quillen functor for the projective model structure. In particular,

o for L € C(S) is such that L™ € PSh(S) are projective for all n € Z, and ¢ : F — G is a quasi-
isomorphism with F,G € C(S), then ¢ @I : F® L — G® L is a quasi-isomorphism,

o for L € Coy(S) is such that L™ € PSho,(S) are projective for alln € Z, and ¢ : F — G is a
quasi-isomorphism with F,G € Co4(S), then ¢ @I : F ®oy L — G Qo4 L is a quasi-isomorphism.

Proof. Standard. O
Proposition 7. Let (S,0g) € RCat. Then, the functors
o Hom(,-) : C(S) x Cos(S) = Cog(S), C(S) x Cog(S) = Cos(S),

e Homog (") : Cowr (S)xCos(S) = C(8) and in the case Og is commutative Homo (-, ) : Cos(S) %
COS (S) - COS (8)7

are on the left hand side left Quillen functor for the projective model structure. In particular,

o for L € C(S) is such that L™ € PSh(S) are projective for all n € Z, and ¢ : F — G is a
quasi-isomorphism with F,G € C(S), then Hom(L,®) : Hom®*(L, F) — Hom*(L,G) is a quasi-
isomorphism,

o for L € Co4(S) is such that L™ € PShog(S) are projective for allm € Z, and ¢ : F — G is a
quasi-isomorphism with F,G € Co4(S), then Homog (L, ¢) : Homg, (L, F') — Homg, (L,G) is a
quasi-isomorphism.

Proof. Standard. O

Let S € Cat a site endowed with topology 7. Denote by a, : PSh(S) — Sh(S) the sheaftification
functor A morphism ¢ : F* — G* with F'*,G* € C(S)) is said to be a 7 local equivalence if

a-H"(¢) : a  H"(F*) = a, H"(G*®)

is an isomorphism for all n € Z, where a, is the sheaftification functor. Recall that C;(S) C (C(S), F) =
C(PSh(S), F) denotes the category of filtered complexes of abelian presheaves on & whose filtration is
biregular.

e A morphism ¢ : (F*, F) — (G*, F) with (F*,F),(G*,F) € Cyy(S) is said to be a filtered 7 local
equivalence or an 1-filtered 7 local equivalence if

a, H"(¢) : a, H"(Grh F*) =5 a, H" (G}, G*)
is an isomorphism for all n,p € Z.

e Let » € N. A morphism ¢ : (F*,F) — (G*, F) with (F*,F),(G*,F) € Cy;y(S) is said to be an
r-filtered 7 local equivalence if it belongs to the submonoid of arrows generated by filtered 7 local
equivalences and r-filtered homotopy equivalences, that is if there exists ¢; : (C?, F) — (Cg, 1, F),
0<i<s,with (C?,F) € Cry(S), (C3,F) = (F*,F) and (C?,F) = (G*, F), such that

¢p=¢s0- 00 0¢y: (F*,F)— (G F)
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and ¢; : (CF,F) — (Cp,,, F) either a filtered 7 local equivalence or an r-filtered homotopy equiva-
lence. If ¢ : (F*,F) — (G*, F) with (F*,F),(G*,F) € Cy(S) is an r-filtered 7 local equivalence,
then for all p,q € Z,

a;EP(¢) : a, EPY(F*, F) = a, EP9(G*, F)

is an isomorphism but the converse is NOT true. Note that if ¢ is an r-filtered 7 local equivalence,
that it is an s-filtered 7 local equivalence for all s > r.

e A morphism ¢ : (F*,F) — (G*, F) with (F*,F),(G*, F) € Cfy(S) is said to be a co-filtered 7
local equivalence if there exists r € N such that ¢ is an r-filtered 7 local equivalence. If a morphism
¢:(F*,F)— (G*,F) with (F*, F),(G*, F) € Cyu(S) is an oo-filtered 7 local equivalence then, for
all n € Z,

a-H"(¢) : a  H"(F*,F) — a, H"(G*, F)

is an isomorphism of filtered sheaves on §. Recall the converse is true in the case there exist
N1, Ny € Z, such that H"(F*,F) = H"(G*,F) =0 for n < Nj or n > Na.

Let (S,0) a ringed topos where S € Cat is a site endowed with topology 7. A morphism ¢ : (F*, F) —
(G*,F) with (F*,F),(G*,F) € Cogsu(S) is said to be a filtered 7 local equivalence or an 1-filtered 7
local equivalence if o¢ : (F'*, F) — (G*, F) is one in Cy;(S), i.e.

a; H"(¢) : a, H"(Grh F*) = a, H" (G}, G*)

is an isomorphism for all n,p € Z. Let r € N. A morphism ¢ : (F*, F) — (G*, F) with (F*,F),(G*,F) €
Cos rit(S) is said to be an r-filtered 7 local equivalence if there exists ¢; : (C7, F) — (C? 1, F'), 0 <i < s,

(2 K2

with (C?, F) € Cogsa(S) (C3, F) = (F*,F) and (C?,F) = (G*, F), such that
¢p=cso--0p0--0¢y: (F* F)— (G*,F)

and ¢; : (C,F) = (Cp,, F) either a filtered 7 local equivalence or an r-filtered homotopy equivalence.
Let S € Cat a site which admits fiber product, endowed with topology 7. A complex of presheaves
F* € C(S) is said to be 7 fibrant if it satisfy descent for covers in S, i.e. if for all X € S and all 7 covers
(¢i : Ui = X)ier of X, denoting Uy := (U, Xxg Uy, Xg Ui, )ipes and for I C J, pry: Uy — Uy is the
projection,
F*(¢;) : F*(X) — Tot(®carar=eF* (Ur))

is a quasi-isomorphism of complexes of abelian groups.
e A complex of filtered presheaves (F'*, F) € C;(S) is said to be filtered 7 fibrant or 1-filtered 7

fibrant if it satisfy descent for covers in S, i.e. if for all X € S and all 7 covers (¢; : U; = X);er of
X

3

(F*, F)(ci) : (F*, F)(X) = Tot(Gcarar=e(F*, F)(Ur))
is a filtered quasi-isomorphism of filtered complexes of abelian groups.

e Let € N. A complex of filtered presheaves (F*, F) € Cr;y(S) is said to be r-filtered 7 fibrant
if there exist an r-filtered homotopy equivalence m : (F*, F) — (F'*, F) with (F'*,F) € Cy(S)
filtered 7 fibrant. If (F*, F) € Cry(S) is r-filtered 7 fibrant, then for all X € S and all 7 covers
(ci: Ui = X)ier of X,

EPI(E®, F)(ci) : EPUF, F)(X) = EP4(Tot(Gearar=e(F*, F)(Ur)))

is an isomorphism for all n,p € Z, but the converse is NOT true. Note that if (F'*, F') is r-filtered
7 fibrant, then it is s-filtered 7 fibrant for all s > r.
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e A complex of filtered presheaves (F*,F) € Cf;(S) is said to be oo-filtered 7 fibrant if there exist
r € N such that (F'®, F) is r-filtered 7 fibrant. If a complex of filtered presheaves (F*, F') € Cy;(S)
is co-filtered 7 fibrant, then for all X € S and all 7 covers (¢; : U; — X);ey of X,

HY(F*, F)(ei) - H'(F*, F)(X) = H" Tot(@carar=e(F*, F)(Ur))
is a filtered isomorphism for all n € Z.
Let (S,0) a ringed topos where S € Cat is a site endowed with topology 7. Let r € N.
e A complex of presheaves F* € Cp,(S) is said to be 7 fibrant if F'* = oF* € C(S) is 7 fibrant.

e A complex of presheaves (F**, F') € Cogfu(S) is said to be filtered 7 fibrant if (F'*, F) = (oF*,F) €
Cyi(S) is filtered 7 fibrant.

e A complex of presheaves (F*, F) € Cogru(S) is said to be r-filtered 7 fibrant if there exist an -
filtered homotopy equivalence m : (F*, F) — (F'*, F) with (F'*, F) € Cog i(S) filtered 7 fibrant.

2.3.2 Canonical flasque resolution of a presheaf on a site or a presheaf of module on a
ringed topos

Let S € Cat a site with topology 7. Denote a, : PSh(S) — Shv(S) the sheaftification functor. There is
for F' € C(S) an explicit 7 fibrant replacement :

o k:F* — EXF*®):=Tot(E:(F"®)), if F'* € CT(S),
o k: F* — E*(F*) := holim Tot(E?*(F*=")), if F'* € C(S) is not bounded below.
The bicomplex E*(F*®) := E2(F*) together with the map k: F* — E*(F*) is given inductively by

e considering ps : S° — S the morphism of site from the discrete category S™ whose objects are the
points of the topos S and we take
o = ad(p, ps.)(F*) — EO(F*) = ps.piF* = @) _lim _F*(X),

XeS,seX
sEST

then a ko : a,F* — E°(F*®) is injective and E°(F*®) is 7 fibrant,
e denote Q°(F®) := a, coker(ko : F'* — E°(F*)) and take the composite
E°(F*) = Q" (F*) — E'(F*) .= E"(Q"(F*)).

Note that k : F* — E*(F*) is a 7 local equivalence and that a,k : a.F* — E*(F*) is injective by
construction.

Since EY is functorial, E is functorial: for m : F'* — G*® a morphism, with F'*, G* € C(S), we have
a canonical morphism E(m) : E(F) — E(G) such that E(m)ok = k' om, with k : F — E(F) and
k' : G — E(G). Note that E° hence E preserve monomorphisms. This gives, for (F*,F) € Cy(S), a
filtered 7 local equivalence k : (F*, F) — E*(F*, F) with E*(F*, F) filtered 7 fibrant.

Moreover, we have a canonical morphism E(F) ® E(G) — E(F ® G).

There is, for g : T — S a morpism of presite with 7,8 € Cat two site, and F* € C(S), a canonical
transformation

T(g,E)(F*®):g"E(F*) = E(g"F*) (17)

given inductively by

o T(g,E°)(F) := T(g,ps)(psF) : g*E°(F) = g*ps«psF — prig*psF = pr.vypg*F = E°(g*F),
T(9,Q°)(F) := T(g,E°)(F) : g*Q°(F) = coker(¢*F — g*E°(F)) — Q°(g*F) = coker(¢g*F —
E%(g*F)
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. T(g,Q")(F) : "B (F) = g* E°(Q(F)) ZZX I, po(geo(pryy ZLOE), oo+ ) =

El(g*F).
Let (S,0s) € RCat with topology 7. Then, for F* € Co4(S), E-(F*) is naturally a complex of Og
modules such that &k : F'* — E.(F*) is Og linear, that is is a morphism in Co4(S).

2.3.3 Canonical projective resolution of a presheaf of module on a ringed topos

Let (S,0g) € RCat. We recall that we denote by, for U € S, Z(U) € PSh(S) the presheaf represented
by U : for V € S Z(U)(V) = ZHom(V,U), and for h : V3 — Vo a morphism in S, and hy : V4 = U
Z(U)(h) : hy — hohq, and s is the morphism of presheaf given by s(V1)(h1) = F(h1)(s) € F(V1). There
is for F' € Co4(S) a complex of Og module an explicit projective replacement :

o 1 L3(F*) = Tot(LY(F*)) — F*, it F* € O~ (S),
e ¢: LY(F*) :=holim Tot(Lg (F*<")) if F'* € C(S) is not bounded above.

For Og = Zs, we denote Ly, _(F*) =: L(F*). The bicomplex L, (F'*) together with the map ¢ : L, (F'*) —
F* is given inductively by

e considering the pairs {U € S, s € F(U)}, where U is an object of S and s a section of F over U we
take
qo: LY(F) := @ Z(U) ® Og > F,
(UeS,seF(U))

then ¢q is surjective and L(O)(F ) is projective, this construction is functorial : for m : F — G a
morphism in PSh(S) the following diagram commutes

g
@(Ues,seF(U)) Z(U) ® Og =———>F
Lo(m)l m
g
Bes,veawy ZU) © O = G

where (Lo(m)w,s))w,mw)(s)) = Izw) and (Lo(m)jw,s))w,s) = 0 if 8" # m(U)(s),
e denote K2 (F) := ker(qo : LY(F) — F)) and take the composite

. . K& (F
a1 L(F*) = LY (KH(F*)

K (F®) — LH(F*).

Note that ¢ = ¢(F) : L(F*) — F* is a surjective quasi-isomorphism by construction. Since L(O) is
functorial, Lo is functorial : for m : F* — G* a morphism, with F*,G* € C(S), we have a canonical
morphism Lo(m) : Lo(F) — Lo(G) such that ¢/ o Lo(m) = mo ¢, with ¢ : Lo(F) — F and ¢ :
Lo(G) — G. Note that LY and hence Lo preserve monomorphisms. In particular, it gives for (F*, F) €
Cos(8), a filtered quasi-isomorphism ¢ : Lo (F*, F) — (F*, F). Moreover, we have a canonical morphism
Lo(F)® Lo(G) = Lo(F @ G).

Let g : T — S a morphism of presite with 7,S € Cat two sites.

e Let F'* € C(S). Since g*L(F*) is projective and q(¢*F) : L(g*F*) — ¢g*F* is a surjective quasi-
isomorphism, there is a canonical transformation

T(g,L)(F*®): g"L(F*) — L(g"F*) (18)

unique up to homotopy such that q(¢*F) o T(g,L)(F*) = g*q(F).
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o Let F'* € C(S). Since L(g*F*) is projective and g*q(F) : g*L(F*) — ¢g*F* is a surjective quasi-
isomorphism, there is a canonical transformation

T(g,L)(F*) : L(g"F*) — g"L(F*) (19)
unique up to homotopy such that g*q(F) o T(g, L)(F*®) = q(g*F).

e Let F'* € C(T). Since L(g.F*®) is projective and g.q(F) : g.L(F*®) — g.F* is a surjective quasi-
isomorphism, there is a canonical transformation

Ti(g, L)(F*) : L(g«F*) — g L(F*) (20)
unique up to homotopy such that g.q(F) o Ti(g, L)(F*) = q(g+F).

Let g : (T,0r) — (S,0g) a morphism with (7,07),(S,0s) € RCat. Let F* € Co4(S). Since
g*™°4 Lo (F*) is projective and q(g*™°F) : Lo(g*™°¢F*) — ¢g*™°4F* is a surjective quasi-isomorphism,
there is a canonical transformation

T(g,Lo)(F*) : g*™*Lo(F*) = Lo(g"™*F*) (21)

unique up to homotopy such that ¢(g*™°¢F) o T(g, Lo)(F*®) = g*™°dq(F).

Let p : (S12,0s,,) — (S81,0s,) a morphism with (Si2,0s,,),(S1,0s,) € RCat, such that the
structural morphism p*Og, — Og,, is flat. Let F'* € Co4(S). Since Lo(p*™°?F*®) is projective and
p*modq(F) : p*™iLo(F*) — p*™ed[* is a surjective quasi-isomorphism, there is also in this case a
canonical transformation

T(p,Lo)(F*®) : Lo(p*™°iF®) — p*™? Lo (F*) (22)

unique up to homotopy such that p*™°dq(F) o T'(p, Lo)(F*) = q(p*™°?F).

2.3.4 The De Rham complex of a ringed topos and functorialities

Let A € cRing a commutative ring. For M € Mod(A), we denote by
Der4(A, M) C Hom(A, M) = Homap(A, M)

the abelian subgroup of derivation. Denote by Iy = ker(s4s : A® A - A) C A® A the diagonal ideal with
salar,az) = a1 — ag. Let Q4 := I4/I3 € Mod(A) together with its derivation map d = da : A — Q.
Then, for M € Mod(A) the canonical map

w(M) : Homa(Qa, M) = Dera(A, M), ¢+ ¢pod

is an isomorphism, that is €4 is the universal derivation. In particular, its dual T := DA(QA) =
DA(I4/13%) is isomorphic to the derivations group : w(A) : T4 — Dera(A, A). Also note that Der (A, A) C
Hom(A, A) is a Lie subalgebra. If ¢ : A — B is a morphism of commutative ring, we have a canonical
morphism of abelian group Qp,4)¢ : Qa4 — Qp.

Let (S,0s) € RCat, with Og € PSh(S, cRing) commutative. For G € PShp,(S), we denote by

Derog (05, G) C HOm(Os, G) = Homap (05, G)
the abelian subpresheaf of derivation. Denote by Zs = ker(ss : Os ® Os — Og) € PShogsx04(S) the

diagonal ideal with sg(X) = sog(x) for X € 8. Then Qo := Zs/Z% € PSho,(S) together with its
derivation map d : Og — Qo is the universal derivation Og-module : the canonical map

w(G) : Homog (o, G) = Derpg(0s,G), ¢ +— ¢pod
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is an isomorphism. In particular, its dual T, := Dgs (Qos) = ]D)g (Zs/T%) is isomorphic to the presheaf
of derivations : w(Og) : Tos — Derpg(Og,Os) and Derp, (Ogs, Og) C Hom(Og, Og) is a Lie subalgebra.
The universal derivation d = dog : Os = Qo4 induces the De Rham complex

DR(Os) : Q‘.S = /\.Qos S C(S)

A morphism ¢ : Oy — Og with Og, O5 PSh(S, cRing) induces by the universal property canonical
morphisms
Qo/s/os : Qo/s — QOS N DgSQog/OS ITOS — To/s

in PShos (S)

e In the particular cases where S = (S, 0g) € Var(C) or S = (5,0g) € AnSp(C), we denote as usual
Qg := QOS/CS’ Tg := TOs/Cs and DR(S) = DR(Os/(Cs) : Qé S C(S)

e In the particular cases where S = (5, 0g) € Diff(R) is a differential manifold, we denote as usual
AS = QOS/RS7 TS = TOS/RS and DR(S) = DR(OS/RS) : A% S C(S)

For f : (X,0x) — (S,0s) with (X,0x),(S,0s) € RCat such that Ox and Og are commutative, we
denote by
QOX/f*Os = coker(QOX/f*OS : Qf*Os — QOX) S PShf*os (X)

the relative cotangent sheaf. The surjection ¢ = qo,/r @ Qox — Qoyx/f-0s gives the derivation
w(Qox /f+05)(@) = doy 5 : Ox — Qoy /505~ 1t induces the surjections ¢P := APq : Q%X — ng/f*Os'
We then have the realtive De Rham complex

DR(Ox/f*Os) = be/.f*os = /\.Qox/,f*Os € Cf*Os (X)
whose differnetials are given by
for X° € X andw € T(X°,Q7, ) d(¢*(w)) := " d(w))

Note that Qf, /.o, € Crr0s (8) is a complex of f*Og modules, but is NOT a complex of Ox module
since the differential is a derivation hence NOT Ox linear. On the other hand, the canonical map in
PShy-04(S)

T(f,hom)(Og,0s) : f*Hom(0s,0g) — Hom(f*Og, f*Og)

induces morphisms
T(f, hom)(OS, 05) : f*Tos — Tf*OS and ]D)?*OST(f, hom)(OS, Os) : Qf*OS — f*Qos.
In this article, We will be interested in the following particular cases :

e In the particular case where Og PSh(S, cRing) is a sheaf, Qog,Tos € PShog(S) are sheaves. Hence,
T(f,hom)(Os,0s) : ar f*Tos =+ Ta, s+0s and DP.o T(f, hom)(Os,0s) : Qa, fr05 — arf*Qog

are isomorphisms,where a, : PSh(S) — Shv(S) is the sheaftification functor. We will note again
in this case by abuse (as usual) f*Ogs := a,f*Os, f*Qos = ar [*Qog and f*Tos := arf*Tog, so
that

Qp-05 = [Qog and fTog =Tro

e In the particular cases where S = (5,0s), X = (X,0x) € Var(C) or S = (5,05), X = (X,0x)
AnSp(C), we denote as usual Qx /g := Qo /<04, 4x/s = Gox/s : Qx = Qx/g and DR(X/S) :=
DR(Ox/f*Os) : Q..X/S S Cf*OS (S)

m

e In the particular cases where S = (S,05), X = (X,0x) € Diff(R), we denote as usual Ax,g :=
Qo /f-0s+ 4x/s = dox/s + Ax = Axys and DR(X/S) := DR(Ox/[*Os) : A5 € Cp-05(9).
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Definition 1. For a commutative diagram in RCat

D= (¥,0x)—">(5,05) .
i
(X', 0x) A (T,0r)
whose structural presheaves are commutative sheaves, the map in Cg/*oxﬁl()(’)

QOX//g/*OX - g *(Qb){?Fb) = (Q;/*OX’Fb) - (be/ ) Fb)
pass to quotient to give the map in Cq'*Ox,fil(X/)

Qoy /g+0x)/(0r/5705) = (Qoy /505 )"
9" Qox /2050 F0) = Qoo s prog ) = Qo000 Fb)
It is in particular given for X'© € X', ¢*(X°) « X'° and & € F(XO,QgX/f*OS),

’

Q0119705 )(0r /g 05) (K VW) = G045/ Qo pg0, (@) €T(X QG )

where w € T'(X°, Q4 ) such that qo /5(w) = ©. We then have the following canonical transformation
map in Coyra(T)

TMO(D) : g*mOdLof*E(Qz)X/f*oSan) L Q*f*E(Q.oX/f*osan) ®g-0s Or

T(g' . E)(—)oT(D)(E(Q, /s+04))

(FLE(g™ (5 05+ F))) ®gr05 Or

E(Q<OX/ /gl*ox)/(OT/Q*Os)

) m
fiE(Q.OX//f/*OT7Fb) ®g*0s Or — f:‘E(Q:)X//f/*OT’Fb)’

with m(n ® s) = s.n.

2.4 Presheaves on diagrams of sites or on diagrams of ringed topos

Let Z,7' € Cat and (fe,s) : Te — Se a morphism of diagrams of presites with 7, € Fun(Z, Cat), S, €
Fun(Z’, Cat). Recall it is by definition given by a functor s : Z — I’ and morphism of functor P(f,) :
Ss(e) = Se 05 — T,. and that we denote for short, Sy := Se 0 s € Fun(Z, Cat). Recall that, for
rry: 1 — J a morphism, with I, J € Z, D¢;; is the commutative diagram in Cat

Dy = Sy) —==Ss) -

fJT fIT
Tt

T ——T

The adjonction
((f'v S)*a (f'a S)*) = ((f'a S)ila (f'a S)*) : O(Ss(-)) S 0(7;)7
G = (Gr,urs) = (fe,8)"(G) == (f{(G1), T(Dsrs)(Gy) © frurs)
G = (Gr,ury) = (fe,8)«(G) := (f1+(Gr), frsury)

gives an adjonction

((fo,5)", (fo,58)x) : Crayit(Ss(ey) = Craypir(Te),
(GvF) = ((leF)vulJ) = (f.,S)*(G,F) = (fI*(GIaF)vT(DfIJ)(GJaF) OfI*UIJ)
(G, F) = ((G1, F),ur) = (fe, 8)+(G, F) := (fr:(G1, F), frsurs).
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For a commutative diagram of diagrams of presite :

(92)5;)

1) - 7ﬂ >‘é;6 3
® sh(e)
l(fzﬁsz) (f1,51)

(91)51)

Tso(e) = Ss(e)

with Z,7', 7, J’ € Cat and T, € Fun(Z, Cat), 7] € Fun(Z’, Cat), Se € Fun(J,Cat),S, € Fun(J’, Cat),
and s = s1 08, = s 0] : 7" — J, we denote by, for F' = (Fr,ury) € C’(Sé,z(.)),

g7 f1« ad(g3,92.)(

ad(g7 g1+)(f2x 95 F) FougiF
————— J2x02

the canonical transformation map in C(7, (), and for (G, F) = ((G1, F'),urs) € Cyq (S;;(.))v

* F) * * * *
T(D)(F) : g f1xF 91 f1:92+95 F = 9191 f2495 F

91 f1x ad(g*,g *)(G,F) * * * *
A 2 91f1*92*92(G7F) = 9191*f2*92(G7F)

ad(gy g1+)(f2495(G,F)) Forgi (G, F)
*42 )

the canonical transformation map in C';(7,,()) given by the adjonction maps.
Let So € Fun(Z,RCat) a diagram of ringed topos with Z € Cat. We have the tensor product bifunctor

() ® (-) : PSh(S,)? — PSh(S,),
((Fr,urg, (Gr,ury)) = (Fr,urg) @ (Gr,vry) == (Fr @ Gr,urg Q vry)

T(D)(GvF) :grfl*(GvF)

We get the bifunctors
(=) @ (=) : Cra(Sa)® = Cra(Se)s (=) @ (=) : Cra(Se) x Cogfit(Se) = Cog it (Se)-
We have the tensor product bifunctor
(1) ®os () : PShoy (S')2 — PSh(S.),
((Fryurg, (Gryurg)) = (Fr,urg) ®os, (Gr,vrg) = (Fr ®os, Gr,ur; @ vry)
which gives,
e in all case it gives the bifunctor (—) ®os (=) : Coor fi(Se) ® Cog fit(Se) — Crit(Se).
e in the case Og is commutative, it gives the bifunctor (—) ®og (=) : Cog fit(Se)? = Cog fit(Se).

Let (fo, ) : (Te, Or) — (Se, Og) a morphism with (S,, Og) € Fun(Z’, RCat), (7, Or) € Fun(Z,RCat)
and Z,7" € Cat. which is by definition given by a functor s : Z — Z’ and morphism of ringed topos
fo : (Te,01) = (Ss(e), Os). As before, we denote for short, (S, Os) := (Se,Os) 0 s € Fun(Z, RCat).
Denote as before, for r;; : I — J a morphism, with I,J € Z, D¢y the commutative diagram in RCat

Dyry = Sy — Ss(1) -

4

7} Trg 7—]

We have then the adjonction

((f'a S)*mOdv (f'v S)*) : COS (Ss(-)> S OOT (7;)7
(Gryurs) = (fo, ) UG ury) i= (fi™Gr, T (Dy1)(Ga) o f7Mur),
(Gr,ury) = (feo, 8)«(Gr,ury) == (f1+Gr, freury).
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which induces the adjonction

((fo, 8) % (fo, 8)%) : Cos fit(Sse)) S Coppir(Te),
(Gr, F)urs) v (fo, 8)U(Gr, F),urg) i= (NG F), T Dyrs)(Gy) o f7%ur ),
((G1,F),ury) = (fe,8)«((G1,F),ury) == (f1«(G1, F), frsury).

For a commutative diagram of diagrams of ringed topos, :

(92, 52)
(7:/702) (S//(.),Oi) )

l(h s2) l(flvsl)

1, 51)
(Te, 02) —— < (Ss(e), O1)

with Z,7', 7, J" € Cat and T, € Fun(Z, Cat), 7, € Fun(Z’, Cat),Se € Fun(J, Cat), S, € Fun(J’, Cat),
and s = s1 08, =) 089 : 7" — J, we denote by, for F' = (Fr,ury) € Ooi (S;,Q(.)),

mOdfl* ad(Q;mOdvg%)(F) modF

T™°UD)(F) : gimodfy, F 2 95 f1,.92.93™UF = g7 g1, f21. 95

ad(g1™°% g1 ) (f2 93 ™ F) d
f * *mo F

the canonical transformation map in Co, (7, ()), and for G = ((Gr, F),urs) € Cor ra (Sé,z(.)),

xmod ad(g2™od go, 1
TmOd(D)(G,F) ‘g modfl*(G F) 91 f1x ad(g3 ,924) (G, F)

mOdfl*gz*g*mOd(G F) _ gmedgl*fz*g*mOd(G, F)
ad(g;modgl*)(f%k‘hnwd(c: F)) *mod(G F)

the canonical transformation map in Co, yi1(7s,(e)) given by the adjonction maps.

Let (S.,Os) € Fun(Z,RCat) a diagram of ringed topos with Z € Cat and, for I € Z, S; is endowed
with topology 77 and for r : I — J a morphism with I,J € Z, r;; : S; — Sy is continous. Then the
diagram category (I'S.,Og) € RCat is endowed with the associated canonical topology 7, and then

e Amorphism ¢ = (¢1) : (£, F),urs) = (G, F),ury) with ((Fr, F), urs), (Gr, F),urs) € Cog pi(Se)
is a filtered 7 local equivalence if and only if the ¢; are filtered 7 local equivalences for all I € 7.

o Letr € N. Amorphismgf) = (gf)[) : ((F],F),U]J) — ((G[,F),’U[J) with ((F[,F),U[J), ((G[,F),’U[J) S
Cogs5il(Se) is an r-filtered 7 local equivalence if and only if there exists ¢; : ((Cir, F), wiry) —
(Clisnyr, F)sugit1yrs), 0 < i < s, with (Cir, F), uirg) € Cogpa(Se), (Cor, ), uors) = ((£1, F),urs)
and ((Csr, F),usry) = ((Gr, F),vry), such that

p=¢s0-0¢;0--0¢y: ((Fr,F),urs) = ((Gr, F),vrr)

and ¢; : (CF,F) = (Cp,,, F) either a filtered 7 local equivalence or an r-filtered homotopy equiva-
lence. the ¢; are r-filtered 7 local equivalences for all T € 7.

e A complex of presheaves ((Gr, F'),urs) € Cog rit(Se) is filtered 7 fibrant if and only if the (G, F') €
Cog5il(Sr) are filtered 7 fibrant for all I € Z.

e Let r € N. A complex of presheaves ((Gr, F),ury) € Cogsir(Se) is r-filtered 7 fibrant if there exist
an r-filtered homotopy equivalence m : ((Gr, F'),ury) — ((G}, F),ury) with (G}, F) € Cogrii(Se)
filtered T fibrant.
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2.5 Presheaves on topological spaces and presheaves of modules on a ringed
spaces

In this subsection, we will consider the particular case of presheaves on topological spaces.
Let f: T — S a continous map with S, T € Top. We denote as usual the adjonction

(f*, f+) == (P(f)", P(f)«) : PSh(S) = PSh(T)
induced by the morphism of site given by the pullback functor
P(f) : Ouv(S) — Ouv(T), (§° C ) P(f)(S°):=8°xsT = f1(S°)cT

Since the colimits involved in the definition of f* = P(f)* are filtered, f* also preserve monomorphism.
Hence, we get an adjonction

(f*5 f) : PShya(S) = PShpau(T), [5G, F) = (f*G, [*F)
Let f : (T,Or) — (S,0g) a morphism with (S, Og), (T',Or) € Top. We have then the adjonction
(oL, ) i= (P(F)"™% P(f)x) : PShog sa(S) S PShopsa(T), fUG, F) == f*(G, F) ®;-05 Or

Recall CW C Top is the full subcategory whose objects consists of CW complexes. Denote, for n € N,
I":=10,1]", 8" :=1"/0I" € CW and A™ C I"™ the n dimensional simplex. We get I*, A* € Fun(A, CW)
Denote for S € Top, 15 := S x I'/(({0} x S)u ({1} x S)) € Top.

e Let f: T — S amorphism with T, S € Top. We have the mapping cylinder Cyl(f) := (T'xI')UsS €
Top and the mapping cone Cone(f) := (T x I') Uy S € Top. We have then the quotient map
qs : Cyl(f) — Cone(f) and a canonical retraction ry : Cone(f) — X'T

e Recall two morphisms f,g : T — S with T, S € Top are homotopic if there exist H : T x I' — S
continous such that H o (I x ig) = f and H o (I x i;) = g. Then K(Top) := Hop: (Top) is a
triangulated category with distinguish triangle

T 2y Cyl(f) 25 Cone(f) -5 ST

e For X € Top, denote for n € N, m,(X) : Homg (op) (S™, X) the homotopy groups. For f: 7T — S
a morphism with 7', S € Top, we have for n € N the morphisms of abelian groups

o :mn(T) = 7o (S),h— foh

Recall two morphisms f,g : T — S with T, S € Top are weakly homotopic if f. = g« : m,(T) —
7 (S) for all n € N.

e For X € Top, denote by Ci"8(X) := ZHom(A*, X) € C~(Z) the complex of singular chains and
by C%,.(X) := D2Ci™8(X) := DZHom(A*, X) € C~(Z) the complex of singular cochains. For

sing

f:T — S amorphism with T, S € Top, we have

— the morphism of complexes of abelian groups
Jo: CIUE(T) 5 CF72(S),0 1 f o0,
— the morphism of complexes of abelian groups

f* = DRt Chag(T) = Cing(S), @ [ra: (0. [0(0) := a(f 0 0))

sing
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We denote by Cy € CT(X) the complex of presheaves of singular cochains given by,

sing

(U C X) = Cxaing(U) 1= Cx ging(U) 1= Clip(U) := D*ZHom(A*, U),

sing
(: Up = U2) o (57 £ Clig(U1) = Cling (U2)

sing sing

and by ¢x : Zx — C¥ gy, the inclusion map. For f: T — S a morphism with T',.S € Top, we have
the morphism of complexes of presheaves

f* : C;',sing - f*C;,sing
in C(S).
Theorem 7. (i) If two morphisms f,g: T — S with T,S € Top are weakly homotopic, then

H™(f.) = H"(9+) : Hysing(T,Z) := H"C¥8(T) — Hy, 6ing(S, Z) := H"C8(9).

(ii) For S € Top there exists CW(S) € CW together with a morphism Ls : CW(S) — S which is
a weakly homotopic equivalence, that is Lg. : m,(CW(S)) = 7,(S) are isomorphisms of abelian
groups for all n € N.

(i)’ For f : T — S a morphism, with T,S € Top, and Lg : CW(S) — S, Lg : CW(T) - T
weakly homotopy equivalence with CW(S), CW (T') € CW there exist a morphism L(f): CW(T) —
CW (S) unique up to homotopy such that the following diagram in Top commutes

cw(s) i ~s .

o)

ow(r)y X1

In particular, for S € Top, CW(S) is unique up to homotopy.
Proof. See [15]. O

We have Kunneth formula for singular cohomology :

Proposition 8. Let X1, X9 € Top. Denote by p1 : X1 x X9 — X1 and p2 : X1 x X9 — Xy the projections.
Then
pi@ps: Ch (X1) ® Chpu(X2) = Chipe (X1 X Xo)

sing sing sing

is a quasi-isomorphism.

Proof. Standard (see [15] for example): follows from the fact that for all p € N, H"C%  (AP) = 0 for all

sing

n € 7. O

Remark 2. By definition, X € Top is locally contractile if an only if the inclusion map cx : Zx — Cx 0
is an equivalence top local. In this case it induce, by taking injective resolutions, for n € Z isomorphisms

H"& : HY(X,Zx) = H"(X, C% ging) = H"Clinp(X) =1 Hi,o (X, Z).

sing sing
We will use the following easy propositions :

Proposition 9. (i) Let (S,0s) € RTop. Then, if K* € Cy_(S) is a bounded above complex such that
K™ € PSho,(S) are locally free for all m € Z, and ¢ : F* — G* is a top local equivalence with
F,G€Coy(S), then 91 : F®* Qo L* — G* ®p4 L® is an equivalence top local.
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(it) Let f : (T,Op) = (S,0s) a morphism with (T,Or),(S,0s) € RTop. Then, if K € C§_(S) is a
bounded complex such that K™ € PShog(S) are locally free for alln € Z, and N € Co, (T)

koT™(f,@)(M, E(N)) : K&og [ E(N) = f((f" " K)@0r E(N)) = fE((f"K)®o, E(N))
is an equivalence top local.

Proof. Standard. O

Proposition 10. Leti: (Z,0z7) < (S,0s) a closed embedding of ringed spaces, with Z,S € Top. Then
for M € Cog(S) and M € Ci04(Z),

T(,)(M,N): M ®0g i« N = i.(i" M Q;+04 N)
is an equivalence top local.

Proof. Standard. Follows form the fact that j*i./N = 0. O

We note the following :

Proposition 11. Let (S,0g) € Sch such that Og s are reduced local rings for all s € S. For s € S
consider q : Log ,(k(s)) — k(s) the canonical projective resolution of the Os s module k(s) := Og,s/ms
(the residual field) of s € S. For s € S denote by is : {s} < S the embedding. Let ¢ : F — G a morphism
with F,G € Cog,c(S) i.e. such that a,erH"F, a5, H"G € Coh(S) . If

l§¢ ®i§Os Lif;Os (k(s)) : ZzF ®i§Os Lif;Os (k(s)) — ZzG ®i§Os LizOs (k(s))
is a quasi-isomorphism for all s € S, then ¢ : F — G is an equivalence top local.

Proof. Let s € S. Since tensorizing with L;-o4(k(s)) is an exact functor, we have canonical isomorphism
a(F),a(G) fiting in a commutative diagram

H™(i29®is 04 Lizog (k(s)))

H"(ZiF ®i§Os Lif;Os (k(s))) Hn(Z:G ®i§Os Li;OS (k(s)))
la(F) la(G)

, i(H" )06 Lizog (K(s))

is(H"F) ®i:05 Lizos (k(s)) =2 S i5(H"G) ®iz0s Lizos (k(s))

Let n € Z. By hypothesis

H"(i¢ @05 Lizos (k(s)))  H"(ilF ®i;05 Lizos (k(s))) = H"(i{G ®i;05 Lizos (k(s)))
is an isomorphism. Hence, the diagram 2.5 implies that

iy(H"$) ®iz05 Lizos (k(s)) 1 i{(H"F) ®i;05 Lizos (k(s)) = i (H"G) ®iz0s Lizos (k(s))

is an isomorphism. We conclude on the one hand that iH"¢ : itH"F — iiH"G is surjective by
Nakayama lemma since i*H"F', i H"G are Og ¢ modules of finite type as F,G € Cog (S) has coherent
cohomology sheaves, and on the other hand that the rows of the following commutative diagram are
isomorphism

HO (i (H"$)® i 0g Liz og (K(s)))

HO(i5(H"F) @is05 Lizos (k(s))) HO(i%(H"G) @iz05 Liz0s ((s))) -
l E(H"$)®ix 0 k(s)~ l
i2(H"F) @304 k(s) i5(H"G) ®i:04 k(s)

Since

is(H"$) ®ix0g k(s) 1 i5(H"F) ®iz04 k(s) = i3 (H"F) @05 k(s)
is an isomorphism for all s € S, Og s =: i;Og are reduced, and a,q, H"F, a4, H"G are coherent, i: H"¢ :
1:H"F — i H"G are injective. O
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Let ¢ : Z < S a closed embedding, with S, Z € Top. Denote by j : S\Z < S the open embedding of
the complementary subset. We have the adjonction

(ix,3') == (ix,it) : C(Z) = C(S), with in this casei'F :=ker(F — j.j*F).

It induces the adjonction (i.,4') : Cia)piu(Z) — Cay7u(S) (we recall that i := i preserve monomor-
phisms).

Let ¢ : Z < S a closed embedding, with S, Z € Top. Denote by j : S\Z < S the open embedding of
the complementary subset. We have the support section functors :

e We have the functor
Tz :C(S) = C(S), Fr—Tz(F):=Cone(ad(j*, 7:)(F) : F = j.j"F)[-1],
together with the canonical map vz (F) : Tz F — F. We have the factorization

) 1 ad(i.,i ) (F)Y

ad(iv, &) (F) : ii'F ryF 225

F.

3

and ad(i,, ') (F)" :i,i'F — T'zF is an homotopy equivalence. Since I'z preserve monomorphisms,
it induce the functor

Tz :Cru(S) = Cra(S), (G, F) = Tz(G,F):=(TzGTzF),
together with the canonical map vz ((G, F) : Tz(G,F) — (G, F).
e We have also the functor
ry:C(S)— C(S), F— T'LF := Cone(ad(ji, j*)(F) : ij*F — F),
together with the canonical map vy (F) : F — ', F. We have the factorization

vy (F) ad(i*,i.)(F)7

ad(i*,i,)(F) : F Ty F ii*F,

and ad(i*,4.)(F)Y : TLF — i,*F is an homotopy equivalence. Since I, preserve monomorphisms,
z z
it induce the functor

Lz :Cru(S) = Cru(S), (G, F) = T%(G,F):=(I'yG,TLF),
together with the canonical map v%(G,F) : (G, F) = '} (G, F).

Definition-Proposition 1. (i) Let g : S’ — S a morphism and i : Z < S a closed embedding with
S',8,Z € Top. Then, for (G,F) € Cry(S), there is a canonical map in Cy;y(S)

T(Q?V)(GaF) : g*PZ(GaF) — FZXSS’Q*(GuF)
unique up to homotopy such that vzx s/ (9" (G, F)) o T(9,7)(G, F) = g*vz(G, F).

(ii) Let ih : Z1 — S, ia 1 Zo — Zy be closed embeddings with S, Z1,Z € Top. Then, for (G,F) €
Cfil(s)a

— there is a canonical map T(Z2/Z1,7)(G,F) : T'z,(G,F) = I'z, (G, F) in Cyy(S) unique up
to homotopy such that vz, (G, F) o T(Z2/Z1,7)(G, F) = vz,(G, F) together with a distinguish
triangle in Ky (S) := K(PShyy(S))

dd(]; 7j2*)(FZI (G7F))

T(Z4/Z1,7)(G,F
T2, (G, F) Z220C0, b (@, F) T2 020 (G, F) = Ty (G, F)[1]
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— there is a canonical map T(Z2/Z1,vV)(G, F) : T} (G, F) = T} (G, F) in Cru(S) unique up to
homotopy such that vy, (G, F) = T(Z2/Z1,~")(G, F) o vy (G, F). together with a distinguish
triangle in Ky (S)

ad(ja1,j3)(G,F) T(Z2/Z1 7" )(G,F))
T\ (G,F) Lﬂ“gl(@ F) 2720 I}, (G, F) =Ty, 4 (G F)1]

(iii) Consider a morphism g : (S, Z') — (S, Z) with (S, Z"), (S, Z) € Top®>. We denote, for G € C(S)
the composite
T(Z'/Zx 58 vY)(G)

T(D,’YV)(G) . g*FéG:%F%XSS/g*G Fv/g*G

*_V G Vv
and we have then the factorization vy (¢9*G) : ¢*G EMEACIN g TYG TDA7)E), 'y g*G.

Proof. (i): We have the cartesian square

S\Z— =5
'
S\Z x5S~
and the map is given by
(1,T(9,4)(4"G)) : Cone(g"G — g"j.j*G) — Cone(g"G — jLj "¢ G = j.g " j"G).

(ii): Follows from the fact that j{T'z,G = 0 and j{T'} G = 0, with j; : S\Z; — S the closed embedding.
(iii): Obvious. O

Let (S,0g) € RTop. Let Z C S a closed subset. Denote by j : S\Z < S the open complementary
embedding,

e For G € Co.(S), I'zG := Cone(ad(5*, j«)(G) : F — j.j*G)[—1] has a (unique) structure of Og
module such that vz(G) : T'zG — G is a map in Co,(S). This gives the functor

FZ : COsfil(S) — OfilOs(S); (G,F) — Fz(G,F) = (FzG,FzF),

together with the canonical map vz((G,F) : T'z(G,F) — (G,F). Let Zy C Z a closed subset.
Then, for G € Coy(S), T(Z2/Z,7)(G) : Tz,G — T'zG is a map in Co(S) (i.e. is Og linear).

e For G € Co,(S), I'G := Cone(ad(ji, j*)(G) : 71j*G — G) has a unique structure of Og module,
such that v%(G) : G — I'}G is a map in Co,(S). This gives the functor

Fé : COSfil(S) — Cfilos (S)u (GuF) = Fé(GuF) = (P\Z/Gvr\Z/F)u

together with the canonical map v3((G,F) : (G,F) — I'(G,F). Let Zy C Z a closed subset.
Then, for G € Co4(S), T(Z2/Z,7")(G) : TG — Ty, G is a map in Co,(S) (i.e. is Og linear).

e For G € Cp,(5), we will use
ry"G: = DYLoTZEDYG)
= Cone(DY Lo ad(jx, j*)(E(DSQR)) : DY Loj.i* E(DYG) — DY Lo E(DYG))
and we have the canonical map ”yz’h(G) M — F}’hG of Og module. The factorization
oDC I(4r i) (DO 7* od(ini*
ad(]|,]*)(LOM) ]lj*LOG (k D I(J47J )(]D) J LOG) d(].] LOG))q
ad(j.,i")(E(DF LoG))

DS Loj»j*E(DS LoG) DS Lo E(D§ LoG)
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17 (LoG), LoG (koD I(j1,5*)(DC5* LoG)od(jij* LoG))?

Iy

gives the factorization vé’h(LoG) : LoG
F}’hLOG. We get the functor

T": Cosfir(S) = Cosri(S), (G, F) —TyMG, F) :=DYLoTzE(DY (G, F)),
together with the factorization
vz (Lo (G,F))

VE)h(LO(GvF)) : LO(GvF)
(koD I(§1,5)(DF 5" Lo (G, F))od(ji15* Lo (G, F)))?

F%‘LO(G? F)

I} "Lo(G, F),

e Consider Z C Og a right ideal of Og such that 79 C Z, where Z, C Og is the left and right ideal
consisting of section which vanish on Z.

— For G € PShp,(S), we consider, S° C S being an open subset,
IG(S°) =< {fm,m e G(S°), f € Z(5°)} >C G(S?)

since 7 is a right ideal, and we denote by b;(G) : ZG — G the injective morphism of Og modules
and by ¢z(G) : G = G/IG the quotient map. The adjonction map ad(ji, 7*)(G) : 17*G — G
factors trough b;(G) :

5/5(@) b1 (G)

b
ad(j, j")(G) : 1j" G G

We have then the support section functor,
1797 Coy(S) = Cos(S), G Ty G = Cone(br(G) : IG = G)
together with the canonical map *yg’O(G) G — Fé’OG which factors through

VY(G) bs2(G)

e,

vl @) @ r;°a.

By the exact sequence 0 — ZG M G ﬂ G/ZIG — 0, we have an homotopy equivalence
cr(G):Ty2'a = G/IG.
— For G € PShp,(S), we consider
Vi (G): G — G®osDY(T) := G R0y Hom(Z,Os)
The adjonction map ad(j*, j«)(G) : G — j.j*G factors trough b7 (G) :

. : vis(G)
ad(j*,j.)(G) : G RGN G ®o; DI(T) 2 j.5*G

We have then the support section functor,
9" Coy(S) = Cos(S), G TG := Cone(b;(G) : G — G ®o, D(Z))[—1]
together with the canonical map 75 (G) : T'9G — G which factors through

bé/z (&) vz (G)

v @) T)aG ;G G.

41



— By definition, we have for a canonical isomorphism
I(D,7°)(G) : DTV 16 = 19 'DEG
which gives the transformation map in Co(S)

DI(DAO)BLE)

T(D,7°)(@G) : TV0'DgG X2 p22rv-0IpQG

DYTY ! d(G)

DYry g ic Dgry’a

Definition-Proposition 2. (i) Let g : (5,0s/) — (5,0s) a morphism and i : Z — S a closed
embedding with (S’,Og:, (S,0g) € RTop. Then, for (G,F) € Cogru(S), there is a canonical map
in Cog, rir(S")

T (g, 7)(G, F) : g T 2(G, F) = Tz 559" (G, F)
unique up to homotopy, such that vzx s (g*™°1G) o T™°(g,7)(G) = g*™°y;G.

(i1) Let i1 : (Z1,0z,) < (S,0s), iz : (Z2,0z,) < (Z1,0z,) be closed embeddings with S, Z1, Zs € Top.
Then, for (G, F) € Cogfiu(S), there is a canonical map in Cog i (S)

T(ZQ/Zla’Yvyo)(Ga F) : F\Z/;O(Ga F) — F\Z/;O(Ga F)
unique up to homotopy such that WE;O(G, F)=T(Z2/Z1,7V°)(G,F)o WZ;O(G, F).

(iii) Consider a morphism g : ((S',0s), Z") — ((S, Os), Z) with ((S’,0s), Z') — ((S,0s), Z) € RTop™.
We denote, for M € Co4(S) the composite

~ ’ S’ V,0 G
TmOd(D,’yv’O)(G) . g*mOdF}’OG ~y Fé,)?ss,g*modG T(Z2']ZxsS" v ")(G) F}’,Og*mOdG

and we have then the factorization

*mod’y\/,O(G)

'Yg;o(g*mOdM) . g*modG g z g*modF\Z/,OG TMOd(D,'Yv’O)(G)

Fé}og*mOdG

Proof. (i): We have the cartesian square

S\Z—? -5
4
S\Z x5S
and the map is given by
(1, T™(9.4)(i* @) : Cone(g™*'G — g™"*jj*G) = Cone(g™™*'G — jLj g™ *'C = jLg """ G).

(ii):Obvious.
(iii):Obvious. O

Definition-Proposition 3. Consider a commutative diagram in RTop

Dy= f:(X,0x) —— (Y,0y) —— (S,05)
A
(X Ox — (v, 0y) = (T, 07)

with i, 1 being closed embeddings. Denote by D the right square of Dg. The closed embedding i’ : X' — Y’

factors through i’ + X' 2 X xy Y' 2% Y where i},1, are closed embeddings.
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(i) We have the canonical map,

EQ0,,14"+0v))/(0r/9-0s)) © T(g" E)(=) 0 T(g",7) (=) :

g *FXE(Qby/;D*OS’Fb) — FXXYY/E(QZ)Y//p/*OT’Fb)

unique up to homotopy such that the following diagram in Cyr.po s piu(Y') = Cprepeogpu(Y') com-
mutes

E(Ff‘ls(oy,/Y))/(oT/s))OT(Q”7E)(*)°T(9"1’Y)(*) Qe 7
by e KB g )

’YX()\L l'VXXyY’()
" EQ@o.,, 14"+ 0y )00 /5 ° T8 E)=)
g *E(Qby/p*ostb) - E( .oz,/p’*oT’Fb)

g *TxE(Qe

(ii) There is a canonical map,

TO(D)" : g*mOdLOp*PXE(Q.Oy/;D*Os’Fb) = Pl xxy vy B(

Oy//p,*OT ) Fb)

unique up to homotopy such that the following diagram in Co.ra(T) commutes

73(D)”

g LopTx B /e 0 Fb) Xy v B, 6,0 Fb) -
’rx()l lvxww()
G Lop B, o F) (D) DB 0 T)
(i1i) We have the canonical map in Cpr.q, (Y')
T(X'/X 3y Y N EQ), jy-0p F) : T B, 60 F) = Txsy v B a0, F)

unique up to homotopy such that yxx,vy/ (=) o T(X'/X xy Y',v)(—=) = vx/(—).
Proof. Immediate from definition. We take for the map of point (ii) the composite

TWO(D)V : g*mOdLOp*FXE(Q.OY/p*OsuFb) i> g*p*I‘XE(Q:)Y/p*OSJFb) ®g*05 OT

T(g",E)(—)oT(g" 7)(—=)oT(DYEQS  /prog))

(p;FXxYY’E(g Qby/p*OSva)) ®g=0s Or

E(wal /g”*oy)/(oT/Q*os))

p;FXXYY’E(Q.OY//p/*OTan) ®g-0s Or —> p;FXxYY'E(Q.OY//p/*OTaFb)v
with m(n ® s) = s.n. O

Definition 2. (i) Let S € Top. For Z C S a closed subset, we denote by Cz(S) C C(S) the full
subcategory consisting of complexes of presheaves F' € C(S) such that awpH"™(j*F) = 0 for all
n € Z, where j : S\Z — S is the complementary open embedding and a.op is the sheaftification
functor.

(i)’ More generally, let (S,0Og) € RTop. For Z C S a closed subset, we denote by
Cog,z(S) C Cos(S), QCohz(S) C QCoh(S)
the full subcategories consisting of complexes of presheaves G € Cog(S) such that aiopH™(j*F) =0
for all n € Z, resp. quasi-coherent sheaves G € QCoh(S) such that j*F = 0.
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(i) Let S € Top. For Z C S a closed subset, we denote by Cyiy z(S) C Cri(S) the full subcate-
gory consisting of filtered complexes of presheaves (G,F) € Cyy(S) such that there exist r € N
and an r-filtered homotopy equivalence ¢ : (G, F) — (G',F) with (G',F) € Cry(S) such that
atopj H" Grh.(G',F) = 0 for all n,p € Z, where j : S\Z — S is the complementary open em-
bedding and aop ts the sheaftification functor. Note that this definition say that this r does NOT
depend on n and p.

(i)’ More generally, let (S,0g) € RTop. For Z C S a closed subset, we denote by
COs,fil,Z(S) C COs,fil(S)7 QCOhfihz(S) - QCOh(S)

the full subcategories consisting of filtered complexes of presheaves (G, F) € Cogyru(S) such that
there exist r € N and an r-filtered homotopy equivalence ¢ : (G, F) — (G', F) with (G', F) € Cyu(S)
such that aopj*H"™ Grh.(G', F) = 0 for all n,p € Z, resp. filtered quasi-coherent sheaves (G, F) €
QCoh(S) and an r-filtered homotopy equivalence ¢ : (G, F) — (G', F) with (G', F) € Cyy(S) such
that there exist r € N such that j*H™ Grh.(G, F) = 0 for all n,p € Z. Note that this definition say
that this v does NOT depend on n and p.

Let (S,0g) € RTop and Z C S a closed subset.

e For (G, F) € Cyiy(S), we have I'z(G, F),T'%L(G, F) € Crq, z(S).

o For (G, F) € Cogra(S), we have T'z(G, F), T} (G, F), T 2" (G, F),T'}°(G,F) € Cogri,z(S).
Proposition 12. Let S € Top and Z C S a closed subspace. Denote by i : Z — S the closed embedding.

(i) The functor i* : Shvz(S) — Shv(Z) is an equivalence of category whose inverse is i, : Shv(Z) —
Shvz(S). More precisely ad(i.,i*)(H) : i*i.H — H 1is an isomorphism if H € Shv(Z) and
ad(i«,1*)(GQ) : G = i.3*G is an isomorphism if G € Shvz(S).

(i1) : The functor i* : Shvy z(S) — Shvyu(Z) is an equivalence of category whose inverse is i :
Shv ;i (Z) — Shv i, z(S). More precisely ad(is,i*)(H, F) : i*i.(H, F) — (H, F) is an isomorphism
if (H,F) € Shv(Z) and ad(is,i*)(G,F) : (G, F) — i,.i*(G,F) is an isomorphism if (G,F) €
ShVZ(S)

(iti) : The functor i* : Dy yi.z(S) = D u(Z2) is an equwalence of category whose inverse is i, :
D, ri(Z) = Dy ti,z(S). More precisely ad(i.,i*)(H,F) : i*i.(H,F) — (H,F) is an equivalence
top local if (H,F) € C¢y(Z) and ad(ix, *)(G, F) : ( F) — i.i*(G, F) is an equivalence top local
if (G,F) € Ofilﬁz(S).

Proof. (i):Standard.
(ii): Follows from (i).
(iil): Follows from (ii). O

Let S € Top and Z C S a closed subspace. By proposition 12, if G € C(S), ad(i«,*)(I'zG) : TzG —
i+1*T'zG is an equivalence top local since I'zG € Cz(S5).

Let (S,05) € RTop. Let D = U;D; C X a normal crossing divisor, denote by j : S\D < S the open
embedding, and consider Zp C Og the ideal of vanishing function on D which is invertible. We set, for
M e Cos (S),

M(xD) = livrln’HomoS (™, M),

and we denote by ap(F) : F — F(xD) the surjective morphism of presheaves. The adjonction map
ad(j*,j«)(F) : F — j.«j*F factors trough ap(F) :

as/p(F)

o, pp) 220, G R

ad(j*, j-)(F) : F

44



Remark 3. o Let j: U — X an open embedding, with (X,0x) € RTop. Then if F € Coho,, (U) is
a coherent sheaf of Oy module, j.F is quasi-coherent but NOT coherent in general. In particular
for F € Co,(U) whose cohomology sheaves aiq, H"F' are coherent for all n € Z, the cohomology
sheaves R"j. F := a; H"j.E(F) of Rj.F = j.E(F) are quasi-coherent but NOT coherent.

o Let j: U < X an open embedding, with X € Sch. Then if F' € Coh(U) is a coherent sheaf of Oy
module, j. F' is quasi-coherent but NOT coherent. However, there exist an Ox submodule F' C j. F
such that j*F = F and F € Coh(X).

The following propositions are true for schemes but NOT for arbitrary ringed spaces like analytic
spaces :

Proposition 13. (i) Let X = (X,0x) € Sch a noetherien scheme and D C X a closed subset.
Denote by j : U = X\D — X an open embedding. Then for F € QCoho, (U) a quasi coherent
sheaf, j.F € QCoho, (X) is quasi-coherent and is the direct limit of its coherent subsheaves.

(ii) Let X = (X,0x) a noetherien scheme and D = UD; C X a normal crossing divisor. Denote by
j: U= X\D < X an open embedding. Then for F € QCoho, (U) a quasi coherent sheaf, the
canonical map ax,p(F) : F(xD) = j.F is an isomorphism.

Proof. Standard. O

Proposition 14. Let S = (S,0g) € Sch and Z C S a closed subscheme. Denote by i : Z < S the closed
embedding.

(i) For G € QCohz(S), i*G has a canonical structure of Oz module. Moreover, the functor i* :
QCohz(S) = QCoh(Z) is an equivalence of category whose inverse is i, : QCoh(Z) — QCohz(S).

(i) : The functor i* : QCohysy,z(S) — QCohyy(Z) is an equivalence of category whose inverse is
Ty - QCOhfil(Z) — Qcohfi[)z(S).
(i1i) : The functor i* : Dogfi,z,qc(S) = Doy filqc(Z) is an equivalence of category whose inverse is
it Doy fit,ge(Z) = Do fit, z,4e(5)-
Proof. (i):Standard.
(ii): Follows from (i).
(iii): Follows from (ii) since ¢* and i, are exact functors. O

Definition 3. Let (S,0s) € RTop a locally ringed space with Og commutative. Consider an kg €
Cos(S). Let T C Og an ideal subsheaf and Z = V(I) C S the associated closed subset. For G €
PSho,(S), we denote by Gz = G := lim, G/I*G the completion with respect to the ideal T and by
F(G):G— Gy the quotient map. Then, the canonical map
dns,Z(G) a d(G) DgQG T4 (®Kkg,hom)(DSG,05)
T™°YT 7 E,hom)(—,—

Homos (]D)gG Rog KS, Iis) ) Homos (PzE(]D)gG Rog Iis), PzE(Hs))

factors through

COZO G A ds ,Z(G)
dnS,Z(G) -G @) Gy 5 HOTI’LOS (FzE(DgG ®og Iis),rzE(lis))

Clearly if G € Coy(S) then dyg z(G) is a map in Coy(S). On the other hand, we have a commutative
diagram

P des 2 (255) oOP

QOS #Omos (FZE(DSQOS ®og Iis),rzE(HS))
ld -

p+1 drg 2 (21) 0P+t
QS #Omos(rzE(DSQOS ®og IQS),FzE(Iis))
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so that dig z(Q%) € C(9).
The following theorem is the from [14]

Theorem 8. Let S € Var(C). Let Z = V(Z) C S a closed subset. Denote by Kg € PSho,(S) the
canonical bundle. Then, for G € Cog (5),

dics.7(G) : Gz = Homos(TzEMYG ®os Ks), TzE(Ks))

is an equivalence Zariski local.

Let f : (X,0x) — (S,0s) a morphism with (S,0g) € RTop. In the particular case where Og is
a commutative sheaf of ring, To, € PSho(S) and Qos = Do Tos € PShp,(S) are sheaves and the
morphism in PSh(X)

T(f, hom)(Os, Os) : f*Hom(Os,O0s) — Hom(f*Os, f*Os)

induces isomorphisms T'(f,hom)(Og, Os) : f*To, — Tf0s and Do, T(f, hom)(Og,0s) : Qp0y —
f*Qos where for F € Shv(S), we denote again (as usual) by abuse f*F := a,f*F € Shv(S), aiqu :
PSh(S) — Shv(S) being the sheaftification functor.

Definition 4. (i) Let (X,0x) € RTop. A foliation (X,0x)/F on (X,0Ox) is an Ox module Qo /F €
PSho, (X) together with a derivation map d == dr : Ox — Qo /5 such that

— the associated map q = qr := wx(d) : Qoy — Qo /F is surjective

— satisfy the integrability condition d(ker q) C ker g which implies that the map d : Q%X — Q%J;l
induce factors trough

d
j2 p+1
Qo, — Qo

q”:_/\pqt quJrl:_/\pq

p d p+1
QOX /F QOX /F
and d : ng/]_. — ng;l/F is neccessary unique by the surjectivity of qP : Q%X — QZX/]_..

In the particular case where Qo /5 € PShoy (X) is a locally free sheaf of Ox module, Doy q :
Tox 7 = DoxQoy 7 — Tox is injective and the second condition is then equivalent to the fact
that the sub Ox module To ;7 C Toy is a Lie subalgebra, that is [To /7, Toy /7] C Tox /7

(i1) A piece of leaf a foliation (X,0x)/F with (X,0x) € RTop such that Ox is a commutative sheaf
of ring is an injective morphism of ringed spaces | : (Z,0z) — (X,0x) such that Q0 /0,
Qi~ox — Qo, factors trough an isomorphism

Dy« 0y T(i,hom)(Ox,0x)

% itq .
Qi*OX/Oz : Qi*OX (3 QOX — ’L*QOX/]: — QOz-

(i) If f : (X,0x) — (S,0s) is a morphism with (X,0x),(S,0s) € RTop, we have the foliation
(X,0x)/(S,0s) := ((X,0x), f) on (X,0x) given by the surjection

q: QOX — Qox/f*os = COker(QOX/f*Os : Qf*Os — QOX)-
The fibers ix, : (Xs,0x,) = (X,0x) for each s € S are the leaves of the foliation.
(iv) We have the category Fol RT op

— whose objects are foliated ringed spaces (X,0x)/F with Ox a commutatif sheaf of ring and
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— whose morphisms f: (X,0x)/F — (S,0s5)/G are morphisms of ringed spaces f : (X,0x) —
(S, 0s) such that Qo /505 : Q05 — Qox factors through

. Df*osT(.ﬂhom)(Os@sa{l Qox /1705
f 0y ————————= Qo ————> QOX

f*QQl lQ}'
q
Q6 /+0s

[*Qog/g Qox /7

This category admits inverse limits with (X,0x)/F x(Y,0y)/G = (X xY,p%Ox @p}-Oy) /05 F
vy G and

(X,0x)/F X(s,05) /1 (Y,0v)/G = (X x5Y,05(pxOx ®@ pyOy))/px F @ pyg
with 0s : X Xg Y — X x Y the embedding given by the diagonal §s : S — S x S.

Let S € Top. Let S = Uézls’i an open cover and denote by S; = NMierS;. Let i; : S; — S; closed
embeddings, with S; € Top. For I C [1,---[], denote by St = Il;c1S;. We then have closed embeddings
ir : S; — Sy and, for J C I, the following commutative diagram

Dry= 51 L>g1

juT PIJT

Sy Y Sy

where jry : S; < S5 is the open embedding so ~thatt jrojry = jj. and pry: S’J — 5’1 the projection.
This gives the diagram of topological spaces (Sr) € Fun(P(N), Top) which which gives the diagram
(S1) € (Ouv(Sy)) € Fun(P(N), Cat) Denote m : S;\(Sr\Sy) < S; the open embedding.

Definition 5. Let S € Top. Let S = Uﬁzlsi an open cover and denote by Sp = NierS;. Let i; : S; — S;
closed embeddings, with S; € Top. We denote by Cry(S/(S1)) C Cru((Sr)) the full subcategory

e whose objects are (G, F) = ((G1, F)icp,..q), ury), with (G, F) € Ctis,(Sr), andury : m*(Gy, F) —
m*p]J*(GJ, F) are co-filtered top local equivalences satisfying for I C J C K, prjujikoury = urg
mn Cfil(S]),

o the morphisms m : ((Gr, F),ury) = ((Hy, F),vr;) being (see section 2.1) a family of morphism of
complexes,

m = (m; : (G],F) — (HDF))IC[L---Z]
such that vy omr = prj«myoury in sz-l(S'I).

A morphism m : ((Gr, F),ur;) — ((Hr, F),vr7) is an r-filtered top local equivalence if there evists ¢; :
((Cir, F)yuirg) = ((Cagnyrs F)swigryrs), 0 < i < s, with ((Cir, F),wiry) € Cra(S/(S1)) ((Cor, F),uors) =
((G], F), ’u,]J) and ((Cs[, F), uSIJ) = ((H[, F), 1)](]), such that

¢=dso---0pio---0¢: (G, F),urs) = (Hr, F),vr7)

and ¢; : ((Cir, F),uirg) — ((Cigyr, F),u@s1yrs) either a filtered T local equivalence or an r-filtered
homotopy equivalence.

Denote L = [1,...,I] and for I C L, poory : S % S;— S, Prorn : S X S; — S the projections.By
definition, we have functors

o T(S/(51) : Cra(S) = Cra(S/(S1), (G, F) = (ir.j; (G, F), I)
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o T((Sr)/S): Cra(S/(S1)) = Cra(S), (G, F),urs) + holimscr, Poon«L's,Pron (G1, F).
Note that the functors T/(S/(S;) are embedding, since
ad(i}, i) Gi F) : i3ir-gi F = G F

are top local equivalence.

Let f : X — S a morphism, with X, S € Top. Let S = U._,S; and X = UL_, X; be open covers and
i S = S, i X — X; be closed embeddings, such that, for each i € [1,1], fi := fix, : Xi — S; lift to
a morphism fz : X; — S Then, fr = fix, : X1 = Nier X; — St = NierS; lift to the morphism

fr=Merfi: Xr = Wer Xi — Sp = Wier S

Denote by pry : Sy — S; and Py X; — X7 the projections. Consider for J C I the following
commutative diagrams

Diy= S——=58; ,D), = X, —> X, , Dyr= S —1=5;
juT ZDIJT j}JT P/UT fIT fIT
SJL>§J XJL>XJ X]L>X]

We have then following commutative diagram

X, o X, X\X] .

./ nI
JI‘] ’ / /
Pry Pry Pry

. lr. ~ npxI ~ ~
i Xy —=' X x X1 x X —= Xy -~ XA\X
J

whose square are cartesian. We then have the pullback functor
F*: Caypa(S/(S1)) = Claypa(X/ (X)),
((GlaF)aulJ) = f*((GfaF)aulJ) = (P}If}ﬁ(GfaF%f;uIJ)
with

ad(pyy .2, (—) ) Ty (pro,my) (=)~ )

PIIJ*’YJVQ,(*)

p/IJ*F}/(I X;*(J\IPI*JJCI* (Gr, F)

U%, F31(p5 s prae) (= =) (urs)

i L%, i fi (Gr F) = 0550, Fip7,(Gr, F) L%, f5(Gy. F)

Let (G7 F) S szl(S) Since, j}*l/[*j}*f*(G,F> = O7 the HlOI‘phiSm T(Djl)(]?(G, F)) . ffll*]?(G,F) N
ilz*j}*f*(G, F) factors trough

Vi, (=)

. Fei Fei T7(D41) (57 (G.F))
T(Ds)(§7(G,F)) « fiin; (G, F) === T, f{irj;i (G, F) ——="="—=

.07 (G, F)
We have then, for (G, F) € Cfy(S), the canonical transformation map

T(£,7(0/1))(G,F)

FT(S/(SD)(G, F) T(X/(X0))(f*(G, F))

| |

Frr oex Fr T7(Dy1)(31 (G,F)) 0k
(Fg(lflll*]](GvF)vaI) Al (Z/I*]If (GvF)vl)
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]i’roposition 15. Let S € Tgp. Let S = UlizlSl- an open cover angi denote by St = Ne1S;. Letji 0 S; —
S; closed embeddings, with S; € Top. Denote by D(2)fi1,00((S/(S1))) = Hotop,0o(C(2)7a((S/(S1)))) the

localization of O(Q)fil((S/(S’]))) with respect to top local equivalences. The functor T(S/(S1)) induces an
equivalence of category

T(S/(S1)) : Di2yfit,0(S) = D2y pit,0((S/(S1)))
with inverse T((S1)/S)

Proof. Follows from the fact that for (G, F) € Cp;(S),
ho }g% pO(OI)*ngp?(OI) (i1:J71 (G, F)) — pO(OI)*Fglj;(Ga F)
is an equivalence top local. O

For f: T — S a morphism with T',.S € Top locally compact (in particular Hausdorf), e.g. 7,5 € CW,
there is also a functor fi : C(T') — C(S) given by the section which have compact support over f, and,
for K1, K, € C(T), we have a canonical map

Ti(f, hom) : fiHom(K1, K2) = Hom(fi K1, fi1K2)
The main result on presheaves on locally compact spaces is the following :
Theorem 9. Let f: T — S a morphism with T, S € Top locally compact.

(i) The derived functor Rf, : D(T) — D(S) has a right adjoint f* (Verdier duality) and, for Ki, Ko €
D(T) and K3, K4 € D(S), we have canonical isomorphisms

— Rf.RHom*(RfiK,, K3) = RHom* (K1, f'K3)
- f’R’Hom'(Kg, K4) l> R’Hom'(f*K3, f!K4)

(ii) Denote, for K € D(S), D(K) = RHom®*(K,a\Z) € D(S) the Verdier dual of K. Then, if K €
D.(S), the evaluation map ev®(S)(K) : K — D(D(K) is an isomorphism.

(iii) Assume we have a factorization f : T Ly g of f with I a closed embedding and p a smooth
morphism of relative dimension d. Then f'K = i'p* K[d]

Proof. (i):Standard, the proof is formal (see [31]).
(ii): See [31].
(iii): The fact that p' K = p*K[d] follows by Poincare duality for topological manifold. O

We have by theorem 9 a pair of adjoint functor
(Rfi, f') : D(T) = D(S)
e with fi = f, if f is proper,

e with f' = f*[d] if f is smooth of relative dimension d.

2.6 Presheaves on the big Zariski site or on the big etale site

For S € Var(C), we denote by pg : Var(C)*™ /S — Var(C)/S be the full subcategory consisting of the
objects U/S = (U, h) € Var(C)/S such that the morphism h : U — S is smooth. That is, Var(C)*™/S is
the category

e whose objects are smooth morphisms U/S = (U, h), h: U — S with U € Var(C),
e whose morphisms g : U/S = (U,h1) — V/S = (V,hg) is a morphism g : U — V of complex

algebraic varieties such that ho o g = hj.
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We denote again pg : Var(C)/S — Var(C)*™ /S the associated morphism of site. We will consider

r*(S) : Var(C) 2% Var(C)/5 255 Var(C)*™ /S

the composite morphism of site. For S € Var(C), we denote by Zg := Z(S/S) € PSh(Var(C)*™/S) the
constant presheaf By Yoneda lemma, we have for F' € C(Var(C)*™/S), Hom(Zs,F)=F. For f : T — S
a morphism, with T, S € Var(C), we have the following commutative diagram of sites

Var(C)/T —5 Var(C)*™ /T (23)

lp(f) lP(f)

Var(C)/S —2> Var(C)*™ /S
We denote, for S € Var(C), the obvious morphism of sites
&(S) : Var(C) /8 22 Var(C)*™ /S <% Ouv(s)
where Ouv(S9) is the set of the Zariski open subsets of S, given by the inclusion functors €(.5) : Ouv(S) —

Var(C)*™/S < Var(C)/S. By definition, for f : T'— S a morphism with S, T" € Var(C), the commutative
diagram of sites (23) extend a commutative diagram of sites :

&(T) : Var(C)/T —"— Var(©)™ /T — L ouv(T) (24)
lP(f) lP(f) lP(f)
&(S) : Var(C) /S —* = Var(C)™ /S —=2 . Ouv(S)

e As usual, we denote by
(f* fe) = (P(f)", P(f)«) : C(Var(C)*™ /S) — C(Var(C)*™ /T)

the adjonction induced by P(f) : Var(C)*™ /T — Var(C)*™/S. Since the colimits involved in the
definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an adjonction

(f%5 f+) : Cra(Var(C)*"/S) = Cra(Var(C)™™/T), f(G, F) := (f*G, fF)

e As usual, we denote by
(f, f+) = (P(f)", P(f)+) : C(Var(C)/S) — C(Var(C)/T)

the adjonction induced by P(f) : Var(C)/T — Var(C)/S. Since the colimits involved in the
definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an adjonction

(f*, fe) : Cra(Var(C)/S) = Cpa(Var(C)/T), f*(G,F) = (f*G, [*F)

e For h: U — S a smooth morphism with U, S € Var(C), the pullback functor P(h) : Var(C)*™/S —
Var(C)*™ /U admits a left adjoint C(h)(X — U) = (X = U — S). Hence, h* : C(Var(C)*™/S) —
C(Var(C)*™ /U) admits a left adjoint

hy : C(Var(C)*™ /U C(Var(C)*™/S), F V. h li FWV' K
{+ CVar(©)™ /U) = COVar(©)™/$), F s (Viho) = | Tm - F(V', 1))
Note that we have for V/U = (V, ') with ' : V' — U a smooth morphism we have hy(Z(V/U)) =
Z(V'/S) with V'/S = (V' h o h'). Hence, since projective presheaves are the direct summands of
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the representable presheaves, hy sends projective presheaves to projective presheaves. For F'® €
C(Var(C)*™/S) and G* € C(Var(C)*™/U), we have the adjonction maps

ad(hs, h*)(G*) : G* = h*hy,G* | ad(hy, h*)(F®) : hyh*F* — F*.

For a smooth morphism h : U — S, with U, S € Var(C), we have the adjonction isomorphism, for
F e C(Var(C)*™/U) and G € C(Var(C)*™/S),

I(hy, h*)(F,G) : Hom®(h4F, G) = h.Hom® (F, h*G). (25)
e For f : T — S any morphism with 7,5 € Var(C), the pullback functor P(f) : Var(C)/T —

Var(C)/S admits a left adjoint C(f)(X — T) = (X — T — S). Hence, f* : C(Var(C)/S) —
C(Var(C)/T) admits a left adjoint

fi : C(Var(C)/T) — C(Var(C)/S), F+— ((V,ho) — (V’,fofgﬂ(v,ho)F(V/’ 1)

Note that we have, for (V/T) = (V,h), f1Z(V/T) = Z(V/S) with V/S = (V, f o h). Hence, since
projective presheaves are the direct summands of the representable presheaves, hy sends projective
presheaves to projective presheaves. For F'* € C(Var(C)/S) and G* € C(Var(C)/T), we have the
adjonction maps

ad(fy, f)(G®) : G* = f7fG® ad(fy, f)E®) 2 fof "B — F*.

For a morphism f : T — S, with T, S € Var(C), we have the adjonction isomorphism, for F' €
C(Var(C)/T) and G € C(Var(C)/S),

I(fy, [ )(F,G) : Hom®(fyF, G) = f Hom®(F, f*G). (26)

e For a commutative diagram in Var(C) :

92
E—

=V U
b

T- 2.9

D

3

where h; and hg are smooth, we denote by, for F* € C(Var(C)*™/U),
Ty(D)(F*) : haggs F* — gihagF*®

the canonical map in C(Var(C)*™/T') given by adjonction. If D is cartesian with hy = h, g1 = ¢
nghIZUT%T,gIZUT%U,

Ty(D)(F*) =: Ty(g, h)(F*®) : hig “F* = g"hy F*
is an isomorphism and for G* € C(Var(C)*™/T)

T(D)(G®) = T(g,h)(G*) : "h.G* = hlg™G*
is an isomorphism.

e For a commutative diagram in Var(C) :



we denote by, for F'* € C(Var(C)/X),
Ty(D)(F*®) : fa192F° — g1 frs F*

the canonical map in C(Var(C)/T) given by adjonction. If D is cartesian with hy = h, g1 = ¢
nghIZXT%T,gIZXT—}X,

Ty(D)(F*) =: Ty(g, ))(F*) : fig "F* = g" f,F*
is an isomorphism and for G* € C(Var(C)/T)

T(D)(G") = T(g.h)(G*) : f"9.G" = g.f "G
is an isomorphism.

For f:T — S a morphism with S, T € Var(C),

o we get for F' € C(Var(C)*™/S) from the a commutative diagram of sites (24) the following canonical
transformation

T(e, f)(F®): fre(S)«F* — e(T).f"F*®,

which is NOT a quasi-isomorphism in general. However, for h : U — S a smooth morphism with

~

S,U € Var(C), T'(e,h)(F*) : h*e(S).F* — e(T).h*F* is an isomorphism.

o we get for F' € C'(Var(C)/S) from the a commutative diagram of sites (24) the following canonical
transformation

T(e, )(E®) : f'e(S).F* — e(T).f*F*,

which is NOT a quasi-isomorphism in general. However, for h : U — S a smooth morphism with

~

S,U € Var(C), T(e,h)(F*®) : h*e(S)«F* — e(T)«h*F* is an isomorphism.
Let S € Var(C),
e We have for F,G € C(Var(C)*™/8S),
— e(9)(F®G)=(e(S)F) ® (e(S)«G) by definition
— the canonical forgetfull map
T(S, hom)(F,G) : e(S) Hom*(F,G) — Hom®(e(S). F,e(5).G).
which is NOT a quasi-isomorphism in general.
By definition, we have for F' € C'(Var(C)*™/S), e(S)«Ezar(F) = E.qr(e(S)+F).
e We have for F,G € C(Var(C)/5S),
— e(9)(F®G)=(e(S)F) ® (e(S)«G) by definition
— the canonical forgetfull map
T(S, hom)(F,G) : e(S) Hom®(F,G) — Hom®(e(S).F,e(S).G).
which is NOT a quasi-isomorphism in general.
By definition, we have for F' € C'(Var(C)/S), e(S)«Ezar(F) = E.ar(e(S).F).
Let S € Var(C).
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e We have the dual functor
Dg : C(Var(C)*™/S) — C(Var(C)*™/S), F +— Dg(F) := Hom(F, Ee:(Zs))
It induces the functor

LDg : C(Var(C)*™/S) — C(Var(C)*™/S), F — LDg(F) := Ds(LF) := Hom(LF, Ew,(Zs))

e We have the dual functor
Dgs : C(Var(C)/S) — C(Var(C)/S), F +— Dg(F) := Hom(F, Eet(Zs))
It induces the functor

LDg : C(Var(C)/S) — C(Var(C)/S), F s LDg(F) := Dg(LF) := Hom(LF, Et(Zs))

The adjonctions
(€(5)%,e(5)«) : C(Var(C)/S5) = C(S) , (e(S)",e(5)+) : C(Var(C)*™/5) = C(S)
induce adjonctions
(e(S)*,é(9)«) : Cru(Var(C)/S) = Cru(S) , (e(S)*,e(S)s) : Cru(Var(C)*™/S) = Cru(S)
given by e(S).(G, F) := (e(9)+G, e(S).F), since e(S5). and e(S)* preserve monomorphisms. Note that
e for F' € PSh(Var(C)*™/S), e(S).F is simply the restriction of F' to the small Zariski site of X,

e for F' € PSh(Var(C)/S), é(S).F = e(S)«ps«F is simply the restriction of F' to the small Zariski
site of X, pg.F being the restriction of F' to Var(C)*™/S.

Together with the internal hom functor, we get the bifunctor,

e(S)«Hom(-,-) : Cru(Var(C)*™/S) x Cry(Var(C)*™/S) — Caru(S), (27)
(E,W), (G, F)) — e(S)Hom®* ((F*, W), (G*, F)). (28)

For i: Z — S a closed embedding, with Z, S € Var(C), we denote by
(ix,i') := (P(i)s, P(i)}) : C(Var(C)*™/Z) = C(Var(C)*™/S)

the adjonction induced by the morphism of site P(i) : Var(C)*™/Z — Var(C)*™/S For i : Z — S a
closed embedding, Z, S € Var(C), we denote

Zz,s = Cone(ad(i",i.)(Zs) : Zs — i+Zz)

We have the support section functors of a closed embedding ¢ : Z — S for presheaves on the big
Zariski site.

Definition 6. Let i : Z — S be a closed embedding with S,Z € Var(C) and j : S\Z — S be the open
complementary subset.

(i) We define the functor
'z :C(Var(C)*™/S) — C(Var(C)*™/S), G* — I'zG* := Cone(ad(j*, j.)(G*) : G* — j.j"G*)[-1],

so that there is then a canonical map vz(G*) : T'zG* — G°.
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(ii) We have the dual functor of (i) :
Iy« C(Var(C)™/8) — C(Var(C)*™/S), F > Tz (F*) := Cone(ad(jy, j*)(G*) : jyj"G* — G*),
together with the canonical map v%(G) : F — ' (G).
(iti) For F,G € C(Var(C)*™/S), we denote by
1y, hom)(F,G) := (I, 1(js, )(F, G)™") : T Hom(F, G) =5 Hom(T'F, G)
the canonical isomorphism given by adjonction.

Let i : Z — S be a closed embedding with S, Z € Var(C) and j : S\Z < S be the open complemen-
tary.

e For G € C(Var(C)*™/S), the adjonction map ad(i.,i')(G) : i+i'G — G factor through vz(G) :

ad(ix,i')(Q)"

ad(i.,i)(G) : i,i'G r,(G) 29 a.

However, note that when dealing with the big sites P(i) : Var(C)*™/Z — Var(C)*™/S, if G €
C(Var(C)*™/S) is not A} local and Zariski fibrant,

ad(ix,i')(G)Y 1 i.i'G — T'2(G)

is NOT and homotopy equivalence, and I'zG € C(Var(C)*™/S) is NOT in general in the image of
the functor i, : C(Var(C)*™/Z) — C(Var(C)*™/5S).

e For G € C(Var(C)*™/S), the adjonction map ad(i*,i.)(G) : G — i.i*G factor through v} (G) :

(G) ad(i",i4)(G)”

ad(i*,i,)(G) : ¢ 229 rva el
and as in (i), ad(i*,is)(G)7 : T%(G) — i,i*G is NOT an homotopy equivalence but

Let i : Z < S be a closed embedding with S, Z € Var(C).

e Since I'z : C(Var(C)*™/S) — C(Var(C)*™/S) preserve monomorphism, it induces a functor

I'z: Cfil(Var((C)Sm/S) — Cfil(Var((C)Sm/S), (G, F) = Fz(G, F) = (FzG,FzF)

e Since I'Y, : C'(Var(C)*™/S) — C(Var(C)*™/S) preserve monomorphism, it induces a functor
T} : Cpu(Var(C)*™/S) — Cry(Var(C)*™/S), (G, F) — T4 (G, F) := (TG, T F)
Definition-Proposition 4. (i) Let g : 8" — S a morphism and i : Z — S a closed embedding with
S’,8,Z € Var(C). Then, for (G,F) € C¢y(Var(C)*™/S), there exist a map in Cyy(Var(C)*™/S")
T(9: G, F): g'T2(G, F) = Tzx559"(G, F)
unique up to homotopy such that yzx s (9*(G, F)) o T(g9,7v)(G, F) = g*vz(G, F).

(i) Let iy : Zy < S, ia : Zo < Z1 be closed embeddings with S, Z1,Zs € Var(C). Then, for (G, F) €
Cra(Var(C)*™/5),

— there exist a canonical map T(Z2/Z1,7)(G, F) :Tz,(G,F) = T'z, (G, F) in Cry(Var(C)*™/S)
unique up to homotopy such that vz, (G, F) o T(Z2/Z1,7)(G,F) = vz,(G, F), together with a
distinguish triangle

T(Z2/Z1,7)(G,F) ad(j3 .52+ )(T'z, (G, F))
Akl LAt

FZ2 (GaF) FZI (Gv F) I‘lZ1\Z2 (Gv F) — FZz (GaF)[l]

m Kfil (Var(C)Sm/S) = K(PShfil (Var(C)Sm/S)),
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— there exist a map T(Z2/Z1,v')(G,F) : Ty (G, F) =T
up to homotopy such that vy (G, F) =T (Z2/Z1,7")(G,
quish triangle

2,(G, F) in Cpy(Var(C)*™/S) unique
F)ony (G, F), together with a distin-

ad(j2z,45)(T'y, (G.F)) T(Z2/Z1 7Y ) (G, F)

Fél\ZQ (G7 F)
in Kypy(Var(C)*™/S).

(iii) Consider a morphism g : (S',Z') — (S, Z) with (S',Z'),(S,Z) € Var*(C) We denote, for G €
C(Var(C)*™/S) the composite

F\Z/l (G5 F)

I7,(GF) = T7,\ 4G P[]

T(Z')ZxsS" ~4V)(Q)

T(D,’Y\/)(G) . g*F%G :—> F%XSS/Q*G Fv/g*G
and we have then the factorization vy (¢9*G) : ¢*G Lt iGN g TYG A6 'y g*G.

Proof. (1): We have the cartesian square

S\Z—? s
i
S\Z x5S
and the map is given by
(I.T(g.J)(j*G)) : Cone(g"G — g"j.j"G) — Cone(g"G — jij "g"G = jlg"*j*G).
(ii): Follows from the fact that j{T'z,G = 0 and j{T'} G = 0, with j; : S\Z; — S the closed embedding.
(iii): Obvious. O
The following easy proposition concern the restriction from the big Zariski site to the small site Zariski
site :

Proposition 16. For f: T — S a morphism and i : Z — S a closed embedding, with Z,S,T € Var(C),
we have

(i) e(S).f. = fee(T). and e(S)* f. = fue(T)"
(ii) e(S).Tz = Tze(S),.

Proof. (1):The first equality e(S).«f« = f«e(T). is given by the diagram (24). The second equality is
immediate from definition after a direct computation.
(ii) For G* € C(Var(C)*™/S), we have the canonical equality

e(S).I'z(G*) = e(5). Cone(G — j.j*G*)[—1] = Cone(e(S).G* — e(S).j«j G*)[—1]
= Cone(e(9)«G* — j.j%e(5).G*)[—1]
= TI'ze(9).G*
by (i) and since j : S\Z < S is a smooth morphism. O

Definition 7. For S € Var(C), we denote by
Cos (Var(C)*™/S) := Ce(s)- 0, (Var(C)*" /5)

the category of complexes of presheaves on Var(C)*™/S endowed with a structure of e(S)*Og module,
and by
Cos rit(Var(C)* /S) := Ces)-0g pur(Var(C)*™ /S)

the category of filtered complexes of presheaves on Var(C)*™/Sendowed with a structure of e(S)*Og
module.

55



Let S € Var(C). Let Z C S a closed subset. Denote by j : S\Z < S the open complementary
embedding,

For G € Co, (Var(C)*™/S), T'zG := Cone(ad(j*, j«)(G) : F — j.j*G)[—1] has a (unique) structure
of €(5)*Og module such that vz(G) : TzG — G is a map in Co4(Var(C)*™/S). This gives the
functor

FZ : Cosj'il(VaY(C)Sm/S) — OfilOs (Var((C)sm/S), (G, F) — Fz(G, F) = (FzG, FzF),

together with the canonical map vz((G,F) : Tz(G,F) — (G,F). Let Zy C Z a closed subset.
Then, for G € Co,(Var(C)*™/S), T(Z2/Z,7)(G) : Tz,G — I'zG is a map in Co,(Var(C)*™/S)
(i.e. is e(9)*Og linear).

For G € Co,(Var(C)*™/S), T'}G := Cone(ad(js, j*)(G) : jsj*G — G) has a unique structure of
e(S)*Og module, such that v%(G) : G — I'}G is a map in Co,(Var(C)*™/S). This gives the the
functor

F% : COsfil(S) — OfilOs (S), (G, F) — F%(G, F) = (F\Z/G, F\Z/F),
together with the canonical map v3((G,F) : (G,F) — I'(G,F). Let Zy C Z a closed subset.
Then, for G € Cog(Var(C)*™/S), T(Z2/Z,v")(G) : T3G — T'y, G is a map in Cog(Var(C)*™/S)
(i.e. is e(5)*Og linear).

Definition 8. Let S € Var(C). Let Z C S a closed subset.

(i)

(1)

(ii)

()’

We denote by

Cz(Var(C)*™/S) c C(Var(C)*™/8S)
the full subcategory consisting of complexes of presheaves F'* € C(Var(C)*™/S) such that aee H"(j*F*) =
0 for all m € Z, where j : S\Z < S is the complementary open embedding and ae; is the sheaftifi-
cation functor.

We denote by
Cog.z(Var(C)*™/S) C Coz(Var(C)*™/8S),

the full subcategory consisting of complexes of presheaves F'* € C(Var(C)*™/S) such that ace H" (j*F*) =
0 for all m € Z, where j : S\Z < S is the complementary open embedding and ae; is the sheaftifi-
cation functor.

We denote by

Cfuyz(Var((C)sm/S) C Ofil (Var((C)sm/S)
the full subcategory consisting of filtered complexes of presheaves (F'*, F) € Cyy(Var(C)*™/S) such
that there exist r € N and an r-filtered homotopy equivalence ¢ : (F*, F) — (F'*, F) with (F'*, F) €
Cti(Var(C)*™/S) such that aeij* H" Gy (F'*, F) = 0 for all n,p € Z, where j : S\Z < S is the
complementary open embedding and at is the sheaftification functor. Note that by definition this r
does NOT depend on n and p.

We denote by

Cos rir.z(Var(C)™™/5) € Cog pa(Var(C)*™ /S)
the full subcategory consisting of filtered complexes of presheaves (F*,F) € Cogru(Var(C)*™/S)
such that there exist r € N and an r-filtered homotopy equivalence ¢ : (F*, F) — (F/',F) with
(F'*,F) € Cogpu(Var(C)*™/S) such that acj*H" Grb(F'*, F) = 0 for all p,q € Z, where j :
S\Z < § is the complementary open embedding and a.; is the sheaftification functor. Note that by
definition this r does NOT depend on n and p.

Let S € Var(C) and Z C S a closed subset.
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e For (G, F) € Cyy(Var(C)*™/S), we have I'z(G, F),T'%(G, F) € Cyi,z(Var(C)*™/S).
e For (G,F) € Coggi(Var(C)*™/S), we have I'z(G, F),I', (G, F) € Cogrii,z(Var(C)*™/S).
Let Se € Fun(Z, Var(C)) with Z € Cat, a diagram of algebraic varieties. It gives the diagram of sites
Var(C)?/S, € Fun(Z, Cat).
e Then Cy;(Var(C)/S,) is the category
— whose objects (G, F) = ((Gr, F)iez,ury), with (Gr, F) € Cry(Var(C)/Sr), and ury : (G, F) —

r1g«(Gy, F) for rry : I — J, denoting again r;; : S; — Sy, are morphisms satisfying for
I—J— K, TIJ«UJK OUTJ = UK In C’fil(Var((C)/S]),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (m] : (G],F) — (H[,F))]el'

such that vy omy = pryemyoury in Cpy(Var(C)/Sy).
e Then Cy; (Var(C)*™/S,) is the category

— whose objects (G,F) = ((GI;F>I€I;UIJ)7 with (G],F) € Cfu(Var((C)Sm/S]), and uyy :
(G1,F) = r15.(Gy,F) for rry : I — J, denoting again r;; : S; — Sy, are morphisms
satisfying for I — J — K, rrpugk oury = urg in Cyy(Var(C)*™/Sy),

— the morphisms m : (G, F),ury) — ((H, F),vrs) being (see section 2.1) a family of morphisms
of complexes,
m = (mr: (G, F) = (H, F))rez

such that vyy omy; = prjemyousy in Cfil(Var((C)Sm/S]).
As usual, we denote by
(fas fox) = (P(fo)*, P(fo).) : C(Var(C)*™ /S,) — C(Var(C)*™ /T.)

the adjonction induced by P(f,) : Var(C)®*™) /T, — Var(C)(*™ /S,. Since the colimits involved in the
definition of f¥ = P(f,)* are filtered, f& also preserve monomorphism. Hence, we get an adjonction

(f2, fox) : Cra(Var(C)™ /Sy) = Cpiy(Var(C)*™ /T,),
Fi(Gr F),urg) = ((f;Gr, fiF). T(fr,r1.0)(=) © fiurs).

Let S € Var(C). Let S = Ul_, S; an open affine cover and denote by St = NjerS;. Let i; 1 S; — S;
closed embeddings, with S; € Var(C). For I C [1,---1], denote by St = Il;c;S;. We then have closed
embeddings iy : S; < Sy and for J C I the following commutative diagram

Dry= 51 L>g1

jI.IT pIJT

Sy —1=8;

where pry : S; — S is the projection and jr; : S; < S; is the open embedding so that j; o j;; = .
This gives the diagram of algebraic varieties (S;) € Fun(P(N), Var(C)) which the diagram of sites
Var(C)*™/(S;) € Fun(P(N),Cat). Denote by m : S;\(S;\S;) < S; the open embedding. Then
Cq(Var(C)*™/(Sy) is the category

e whose objects (G, F) = ((Gr, F),urs) with (Gy,F) € Cpy(Var(C)*"/S;), and ury : (Gr, F) —
pri«(Gr, F) are morphisms satisfying for I C J C K, prjujk o ury = urg in Cyy(Var(C)*™/Sy),
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e the morphisms m : (G, F),ury) — ((H, F),vrs) being a family of morphisms of complexes,
m = (my: (G, F) = (Hp, F))rez
such that vyy omr = prjemyoury in Cyy (Var((C)sm/S'I).

Definition 9. Let S € Var(C). Let S = Uﬁzlsi an open cover and denote by S; = NierS;. Let
i S; — S; closed embeddings, with S; € Var(C). We will denote by Cpry(Var(C)*™/(S/(S1))) C
Cyu(Var(C)*™ /(Sy)) the full subcategory

e whose objects (G, F) = ((Gr, F)rcp,.qp,urs), with (Gr, F) € Criv.s, (Var(C)*"/Sr), and ury :
m*(Gr, F) = m*prj.(Gy, F) for I C J, are oo-filtered Zariski local equivalence, satisfying for
IcJcC K, PIJ«UJK OUT] = UTK N Ofil(Var((C)sm/S[),

o the morphisms m : ((G, F),ury) — ((H, F),vry) being (see section 2.1) a family of morphisms of
complexes,
m = (m; : (G],F) — (HDF))IC[L---Z]

such that vry omy =prysmyoury in Cpy (Var((C)S’”/S‘I).

A morphism m : ((Gr,F),ur;) — ((Hr,F),vry) is an r-filtered Zariski, resp. etale local, equiva-
lence, if there exists ¢; : ((Cir, F'),uirg) = ((Clivyr, F)yugg1yrs), 0 < i < s, with ((Cir, F),uirs) €
Cyri(Var(C)*™ /(S/(S1))) ((Cor, F),uors) = (G1, F),ury) and ((Csr, F),usry) = ((Hr, F),v1), such
that

p=¢s0---0pio---0¢y: (G, F),urs) = ((Hr, F),v1s)

and ¢; : ((Cir, F),uirg) — ((Ciigryrs F), ugis1yrg) either a filtered Zariski, resp. etale, local equivalence
or an r-filtered homotopy equivalence.

Denote L = [1,...,(] and for I C L, poory : S X S; — S, Pron S X S; — S; the projections. By
definition, we have functors

o T(S/(Sr)) : Cru(Var(C)*™ /S) = Cpu(Var(C)*™/(S/(51))), (G, F) = (ir<j; (G, F),T(D1)(j; (G, F))),
o T((51)/S) : Cru(Var(C)*™ /(S/(51))) = Cru(Vax(C)*™/S), ((Gr, F),urs) = bolimrc . pocory=LI'$, 250y (G1, F).
Note that the functors T'(S/(S;) are NOT embedding, since
ad(i7, i) (7 F) < itin g F — jiF

are Zariski local equivalence but NOT isomorphism since we are dealing with the morphism of big sites
P(ir) : Var(C)*™/S; — Var(C)*™/S;. However, by theorem 16, these functors induce full embeddings

T(S/(Sr)) : Dya(Var(C)*™/S) = Dyu(Var(C)*™ /(S/(51)))
since for F' € C(Var(C)*™/5),
ho }1&0% Poon«L &, Pron (131 F) = pon«T'8, 31 F
is an equivalence Zariski local.

Let f: X — S a morphism, with X, S € Var(C). Let S = Uﬁ;lSi~ and X = Ul_, X; be affine open
covers and i; : S; < S;, it : X; = X; be closed embeddings. Let f; : X; — S; be a lift of the morphism

3

fi= f|X1 : X; — S;. Then, f; = f|XI : X1 = Nier X; = St = NyerS; lift to the morphism

fr=Merfi: Xr = Wer Xi — Sp = Wier S
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Denote by prs : S’J — 5’1 and p}; : )N(J — XI the projections. Consider for J C I the following
commutative diagrams

Dyy = SILS’I , D7y = X, —Ls X, , Dy = SIL>§I
B Y A
Sy L>S’] X;—1s X, X —> X,

We have then following commutative diagram

X; o X, X\X] .

./ nI
JI‘] ’ / /
Pry Pry Pry

. lr. ~ nyxI ~ ~
i Xy —=' X x X1 x X —= Xy -~ XA\X
J

whose square are cartesian. We then have the pullback functor
F* : Caypa(Var(©)™™ /S/(31)) = Ciay pa(Var(©)™ /X /(X1),
(Gr, F),ury) = f*((Gr, F),ury) == (Cx, f{ (G1, F), fyury)
with

Fx rx ad ’*) ’ D) > Fx Ty ( ‘1n/)(7)71)
fyurs: Fyffff (G, F) M PQJ*PJJF}IJCI (Gr, F) e A

p/IJ*'Y;/(J(_)

p/IJ*P}/(IXj(J\Ipr]f}F (Gr, F)

T%, F31(p% 5 op1aa) (=, =) (urs)

pIIJ*F}/(Jpr]fN;(GIa F) = p/IJ*FB/(J EP?J(GL F) Fg(,, E(Gh F)

Let (G, F) € Cyy(Var(C)*™/S). Since, j}*i}*j}*f*(G,F) = 0, the morphism T'(Dy7)(j5 (G, F)) : f}‘iz*j}*(G,F) N
ilz*j}*f*(G, F) factors trough

. S Vi, (=) S TY(Dyr)(G3(GOF)) o e o
T(Ds1)(G5(G, F)) : fringi (G, F) 5T, ffingi(G, F) —L 0220 i 7 (G, F)

We have then, for (G, F) € Cy;(S), the canonical transformation map

T(f,T(0/1)(G,F)

F*T(S/(SN)(G. F)

—l

T(X/(XD)(f*(G, F))

l_

T7(Dy1)(57 (G, F)) g e e
d - (Z/I*.]I f (GvF)vj)

To show that the cohomology sheaves of the filtered De Rham realization functor of constructible
motives are mixed hodge modules, we will need to take presheaves of the following form

Definition 10. (i) Let f : X — S a morphism with X,S € Var(C). Assume that there exist a

factorization f: X Y xS 5 S, withY € SmVar(C), i : X — Y is a closed embedding and p the
projection. We then consider

Q(X/S) = pyT'xZy xs € C(Var(C)*™/8S).

By definition Q(X/S) is projective.
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(ii)

(iii)

(iv)

Let f: X — S and g : T — S two morphism with X, S,T € Var(C). Assume that there exist a

factorization f: X Y xS 5 S, withY € SmVar(C), i : X <= Y is a closed embedding and p the
projection. We then have the following commutative diagram whose squares are cartesian

fiX—syxSLsg
QIT g”:—(IXg)T QT
FoXp— sy xT X
We then have the canonical isomorphism in C(Var(C)*™/T)
T(f,9,Q): 9" Q(X/S) = g*piT X Ly xs KLICEIORN phg *TX Zy s

pyT(g" AV)(=)""
: PiT%, Zy xr = Q(X7/T).

Let f : X — S a morphism with X, S € Var(C). Assume that there exist a factorization f : X AN

Y x84 S, withY e SmVar(C), i : X — Y is a closed embedding and p the projection. We then
consider
Q"(X/S) == p.L xEet(Zy xs) € C(Var(C)*™/85).

Let f: X — S and g : T — S two morphism with X,S,T € Var(C). Assume that there ezist a

factorization f: X Y xS 5 S, withY € SmVar(C), i : X — Y is a closed embedding and p the
projection. We then have the following commutative diagram whose squares are cartesian

f:X — s yxsLt s
g/T g//;—(IXg)T QT
f’:XT—>i, Y xT 2T
We then have the canonical morphism in C(Var(C)*™/T)
* * T(g,p)(— " %
T(£,9.Q") : ¢°Q"(X/S) = g"p.Tx Ber(Zyx5) — 22, 49" Tx Bur(Zy )

:(T l//7 _
LEACRLIGIN . xp Bet(Zy x1) =: Q"(X7/T).

We now give the definition of the A' local property :
Denote by

Pa : Var(C)™ /8 — Var(C)™) /S, X/S = (X, h) — (X x A')/S = (X x A',hopx),
(g:X/S = X"/S) = ((gxIn): X x A'/S — X' x A'/S)

the projection functor and again by p, : Var(C)™ /S — Var(C)®*™ /S the corresponding morphism of

site.

Definition 11. Let S € Var(C). Denote for short Var(C)(*™) /S either the category Var(C)/S or the
category Var(C)*™/S.

(10)

(i)

A complex F € C(Var(C)*™ /8) is said to be A1 homotopic if ad(py,pax)(F) : F — paxp:F is an
homotopy equivalence.

A complex F € C(Var(C)*™)/S) is said to be A' invariant if for all U/S € Var(C)™) /S,
F(pu): F(U/S) = F(U x A'/S)

is a quasi-isomorphism, where py : U x A — U is the projection. Obuviously, if a complex F €
C(Var(C)*™)/S) is A* homotopic then it is A" invariant.
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(i) Let T a topology on Var(C). A complex F € C(Var(C)™ /S) is said to be A' local for the topology
7, if for a (hence every) T local equivalence k : F — G with k injective and G € C(Var(C)5™) /S)
T fibrant, e.g. k: F — E.(F), G is A invariant for all n € Z.

(iii) A morphism m : F — G with F,G € C(Var(C)®*™)/S) is said to an (A", et) local equivalence if for
all H € C(Var(C)™) /S which is A local for the etale topology

Hom(L(m), Eot(H)) : Hom(L(G), For () — Hom(L(F), Eou(H)

is a quasi-isomorphism.
Denote O* := P*\ {1}
e Let S € Var(C). For U/S = (U, h) € Var(C)*™ /S, we consider

O0* x U/S = (0* x U,hop) € Fun(A, Var(C)*™/S).
For F € C~(Var(C)®™/S), it gives the complex
C.F € C~(Var(C)*™/S),U/S = (U,h) — C,F(U/S) := Tot F(O" x U/S)
together with the canonical map cp := (0,Ip) : F — C.F. For F € C(Var(C)*™/5), we get
C.F := holim,, C,F<" € C(Var(C)*™/9),

together with the canonical map c¢p := (0,Ip) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(C)*™/S), we get by functoriality the morphism C.m : C,.F — C.G.

e Let S € Var(C). For U/S = (U, h) € Var(C)/S, we consider
O0*x U/S = (A* x U,hop) € Fun(A, Var(C)/S).
For F' € C~(Var(C)/S), it gives the complex
C.F € C~(Var(C)/S),U/S = (U,h) — C,F(U/S) := Tot F(O* x U/S)
together with the canonical map ¢ = ¢(F) := (0,Ir) : F — C.F. For F € C(Var(C)/S), we get
C.F := holim,, C,F=" € C(Var(C)/9),

together with the canonical map c¢p := (0,Ip) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(C)/S), we get by functoriality the morphism C,m : C.F — C.G.

Proposition 17. (i) Let S € Var(C). Then for F € C(Var(C)*™/S), C.F is A local for the etale
topology and ¢(F) : F — C.F is an equivalence (Al et) local.

(ii) A morphism m : F — G with F,G € C(Var(C)*™) /S) is an (A',et) local equivalence if and only
if there exists
{Xl,a/S,O[ S Al} sy {XT,Q/S,OL c Ar} C V&I‘(C)(5m)/s

such that we have in Ho;(C(Var(C)™) /S))

Cone(m) = Cone(©aeca, Cone(Z(X1 4 x A'/S) — Z(X1.4/5))
— - = Baea, Cone(Z(Xyq x A/S) = Z(X,.0/5)))

Proof. Standard : see Ayoub’s thesis for example. O

Definition-Proposition 5. Let S € Var(C).
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(i) With the weak equivalence the (Al,et) local equivalence and the fibration the epimorphism with
AL local and etale fibrant kernels gives a model structure on C(Var(C)*™/S) : the left bousfield
localization of the projective model structure of C(Var(C)*™/S). We call it the projective (A, et)
model structure.

(ii) With the weak equivalence the (A',et) local equivalence and the fibration the epimorphism with Als
local and etale fibrant kernels gives a model structure on C(Var(C)/S) : the left bousfield localization
of the projective model structure of C(Var(C)/S). We call it the projective (A, et) model structure.

Proof. See [10]. O
Proposition 18. Let g : T — S a morphism with T, S € Var(C).

(i) The adjonction (g%, g«) : C(Var(C)*™/8S) = C(Var(C)*™/T) is a Quillen adjonction for the (Al et)
projective model structure (see definition-proposition 5).

(i) Leth : U — S a smooth morphism with U, S € Var(C). The adjonction (hy, h*) : C(Var(C)*"/U) =
C(Var(C)*™/S) is a Quillen adjonction for the (Al,et) projective model structure.

(i)” The functor g* : C(Var(C)*™/S) — C(Var(C)*™ /T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A, et) local equivalence.

(ii) The adjonction (g*,g«) : C(Var(C)/S) < C(Var(C)/T) is a Quillen adjonction for the (Al et)

projective model structure (see definition-proposition 5).

i)’ The adjonction (gy,g*) : C(Var(C)/T) = C(Var(C)/S) is a Quillen adjonction for the (Al et
(ii) (98,97

projective model structure.

(i1)” The functor g* : C(Var(C)/S) — C(Var(C)/T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A, et) local equivalence.

Proof. Standard : see [10] for example. O
Proposition 19. Let S € Var(C).
(i) The adjonction (p%, ps«) : C(Var(C)*™/S) = C(Var(C)/S) is a Quillen adjonction for the (A',et)

projective model structure.

(i) The functor ps. : C(Var(C)/S) — C(Var(C)*™/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (Al,et) local equivalence.

Proof. Standard : see [10] for example. O

Let S € Var(C). Let S = ufi:lsi an open affine cover and denote by S; = NierS;. Let 4; :
S; < S; closed embeddings, with S; € Var(C). For (Gr,K;s) € C(Var(C)*™ /(57)°P) and (H;,T1;) €
C(Var(C)*™) /(Sr)), we denote

HOTTL((G], K]J), (H], T]J)) = (HOTI’L(G}, H]), UIJ((G], K[J), (H], T[J))) S C(Var((C)(sm)/(S'I))
with
urg((Gr, Kr5)(Hy, T15)) - Hom(Gr, Hy)
ad(p7 ;,p174+)(—) T(prs,hom)(—,—)

————————= prypryHom(Gr, H) ——————= pry«Hom(py;Gr,pHr)

Hom(pl,G1.Tes) . Hom(K1;,H.
L pr g Hom(p} G, Hy) Hom(Fe ), pryHom(Gy, H).
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This gives in particular the functor

C(Var(C)™ /(81)) = C(Var(C)™ /(S1)°P), (H, Tr5) — (Hy, Try).

Let S € Var(C). Let S = Uﬁzlsi an open affine cover and denote by S; = N;c1S;. Let i; : .S; — S; closed
embeddings, with S; € SmVar(C). The functor p, extend to a functor

Pa : Var(C)™ /(S1) — Var(C)™ /(Sy), (X1/S1,s15) — (X x AY/S, s15 x T)

(9="(g91) + (X1/S1,510) = (X]/S1,87,)) = ((g x Inx) + (X1 x A'/S1,s15) = (X] x A'/S1,87,))

the projection functor and again by p, : Var(C)™ /(S;) — Var(C)®™) /(S;) the corresponding morphism
of site.

Definition 12. Let S € Var(C). Let S = UézlSi an open affine cover and denote by S; = Nic1S;. Let
;1 S; = S; closed embeddings, with S; € Var(C).

(i0)

(1)

(i)

(iii)

(iv)

A complex (Fr,ur;) € C(Var(C)™) /(81)) is said to be A' homotopic if ad(p’, pas)((Fr,uzrs)) :
(Fr,urg) = paxpi(Fr,ury) is an homotopy equivalence.

A complex (Fr,ury) € C(Var(C)*™) /(S})) is said to be A' invariant if for all (X;/S;,s15) €
Var(C)t™ /(Sr)

(Fi(px,)) : (F1(X1/51), Fs(s1)) o urs(—=) = (Fr(X; x A'/Sp), Fy(sry x I) ours(—))

s a quasi-isomorphism, where px, : X1 X Al = X7 are the projection, and sry: X X S’J\I/S’J —
X;/S;. Obviously a complex (Fr,ur;) € C(Var(C)™ /(Sy)) is A' invariant if and only if all the
Fr are A' invariant.

Let T a topology on Var(C). A complex F = (Fr,uzy) € C(Var(C)*™ /(Sy)) is said to be A" local for
the T topology induced on Var(C)/(Sy), if for an (hence every) T local equivalence k : F — G with k
injective and G = (Gy,vrs) € C(Var(C)™ /(Sy)) T fibrant, e.g. k: (Fr,urs) — (B (Fr), E(ury)),
G is Al invariant.

A morphism m = (my) : (Fr,ury) — (Gr,vry) with (Fr,ury), (Gr,vry) € Q(Var(((f)(sm)/(gl)) is
said to be an (A, et) local equivalence if for all (Hy,wry) € C(Var(C)™) /(Sr)) which is A local
for the etale topology

(HOHI(L(’ITL]), Eet(H]))) : HOHI(L(G], ’U]J), Eet (H], wU)) — HOIH(L(F], UIJ), Eet(H], ’LU]J))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) — (Gr,vry) with (Fr,ury), (Gr,ury) €
C(Var(C)™) /(S1)°P) is an (A, et) local equivalence, then all the my : Fr — G are (A',et) local
equivalence.

A morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € C(Yar(C)(Sm)/(S'I)Op) is
said to be an (A, et) local equivalence if for all (Hy,wry) € C(Var(C)™) /(St)) which is A local
for the etale topology

(HOHI(L(’ITL]), Eet(H]))) : HOHI(L(G], ’U]J), Eet (H], wU)) — HOIH(L(F], UIJ), Eet(H], ’LU]J))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) — (Gr,vry) with (F1,ury), (Gr,ury) €
C(Var(C)*™) /(S1)°P) is an (A, et) local equivalence, then all the my : Fr — G are (A',et) local
equivalence.

Proposition 20. Let S € Var(C). Let S = Ut_,Si an open affine cover and denote by St = NierS;. Let
;1 S; <= S; closed embeddings, with S; € Var(C).
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(i) A morphism m : F — G with F,G € C(Var(C)™ /(S)) is an (A", et) local equivalence if and only
if there exists

{Kran/Sruty)e et} {(Xpar /St ) 0 € Ay € Var(©F™) /(S))
with ub ; + X a1 X S'J\I/S’J — X1.0.7/87, such that we have in Ho(C(Var(C)™ /(S1)))

Cone(m) = Cone(Daen, Cone((Z(X1,a.1 X Al/gl),Z(u}J x 1)) — (Z(XLQJ/S’I),Z(U}J)))
— -+ = Baen, Cone((Z(Xya,r x A'/S1), Z(uf; x 1)) = (Z(Xr.a,1/51), Z(u}))))

(ii) A morphism m : F — G with F,G € C(Var(C)™ /(S7)°P) is an (A, et) local equivalence if and
only if there exists

{(Xl,ay,/g,, ul)),a € Al} . {(Xr,ay,/é,, uh ), a € AT} C Var(C)™ /(Sp)°P
with ub; : X1.0,0/S7 — Xt X S’J\I/S'J, such that we have in Hoe, (C(Var(C)™) /(Sy)or))

Cone(m) = Cone(Daen, Cone((Z(X1,a.1 X Al/gl),Z(u}J x I)) — (Z(Xl,aJ/S’I),Z(u}J)))
o = Daen, Cone((Z(Xrag x AY/Sp), Z(uh, x 1)) = (Z(Xra1/S1), Z(u} ;))))

Proof. Standard. See Ayoub’s thesis for example. O

e For f : X — S a morphism with X,S € Var(C), we denote as usual (see [10] for example),
Z'(X/S) € PSh(Var(C)/S) the presheaf given by

— for X'/S € Var(C)/S, with X’ irreducible, Z!" (X/S)(X'/S) := Z/3/X(X'xsX) C Z4,,(X'xs
X) which consist of algebraic cycles a = 7, njo; € 24, (X’ xg X) such that, denoting
supp(a) = U;a; C X’ xg X its support and f/ : X’ xg X — X’ the projection, f|/supp(a) :
supp(a) — X'’ is finite surjective,

— for g: X2/S — X1/S a morphism, with X;/S, X2/S € Var(C)/S,

Z7(X/8)(g) : 27 (X/8)(X1/S) = L' (X/S)(X2/S), e (g x I)" (a)

with g x I': X5 xg X — X x5 X, noting that, by base change, fa)supp((gx1)~1(a)) : SUPP((g X
I)71(a)) — X is finite surjective, fa : X2 xg X — X5 being the projection.

e For f : X — S a morphism with X,5 € Var(C) and r € N, we denote as usual (see [10] for
example), Z¢“" (X /S) € PSh(Var(C)/S) the presheaf given by

— for X'/S € Var(C)/S, with X’ irreducible, Z¢9i"(X/S)(X'/S) := Zewwr/X (X' xg X) C
Z4.,(X" xg X) which consist of algebraic cycles a = > nja; € Zq,, (X’ x5 X) such that,
denoting supp(a) = U;a; € X’ xg X its support and f' : X’ xg X — X’ the projection,
f" supp(a) ° supp(a) — X' is dominant, with fibers either empty or of dimension r,

— for g: X2/S — X1/S a morphism, with X;/S, X5/S € Var(C)/S,
B (X/S)(g) : (X )(X1/S) = TP (X/)(Xa/S). 0 (g x 1) o)

with g x I': X3 xg X — Xi x5 X, noting that, by base change, fa)supp((gx1)~1(a)) : SUPP((g X
I)71(a)) — X5 is obviously dominant, with fibers either empty or of dimension 7, fo : X X g
X — X5 being the projection.

e Let S € Var(C). We denote by Zg(d) := Z¢90(S x A?/S)[—2d] the Tate twist. For F €
C(Var(C)/S), we denote by F(d) := F ® Zs(d).
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For S € Var(C), let Cor(Var(C)*™/S) be the category
e whose objects are smooth morphisms U/S = (U, h), h: U — S with U € Var(C),

e whose morphisms « : U/S = (U, h1) — V/S = (V,hg) is finite correspondence that is a €
@;275(U; x5 V), where U = U;U;, with U; connected (hence irreducible by smoothness), and
Z13(U; x5 V) is the abelian group of cycle finite and surjective over U;.

We denote by Tr(S) : Cor(Var(C)*™/S) — Var(C)*™ /S the morphism of site given by the inclusion
functor Tr(S) : Var(C)*™ /S — Cor(Var(C)*™/S) It induces an adjonction

(Te(S)* Tr(S)s) : C(Var(C)™™ /) = C(Cor(Var(C)*™/S))

A complex of preheaves G € C(Var(C)®™/S) is said to admit transferts if it is in the image of the
embedding

Tr(S). : C(Cor(Var(C)*™/S) — C(Var(C)*™/95),

that is G = Tr(S). Tr(S)*G.
We will use to compute the algebraic Gauss-Manin realization functor the following

Theorem 10. Let ¢ : F* — G* an etale local equivalence with F*,G* € C(Var(C)*™/S). If F*
and G* are A' local and admit tranferts then ¢ : F* — G* is a Zariski local equivalence. Hence if

F € C(Var(C)*™/8S) is Al local and admits transfert
k: E.or(F) = Eet(Erar(F)) = Eet(F)

is a Zariski local equivalence.

Proof. See [10]. O

2.7 Presheaves on the big Zariski site or the big etale site of pairs

We recall the definition given in subsection 5.1 : For S € Var(C), Var(C)?/S := Var(C)?/(S,S) is by
definition (see subsection 2.1) the category whose set of objects is

(Var(C)?/9)% .= {((X,Z),h),h: X — S, Z C X closed } C Var(C)/S x Top

and whose set of morphisms between (X1, Z1)/S = (X1, Z1),h1), (X1, Z1)/S = ((X2, Z2), ha) € Var(C)?/S
is the subset

Homvyar(c)2/s((X1, 21)/S, (X2, Z2)/S) ==
{(f: X2 = Xo), st.hiof=hyand Z; C f~(Z2)} C Homyuy(c)(X1, X2)

The category Var(C)? admits fiber products : (X1, Z;) X(3,7) (X2, Z2) = (X1 x5 Xo,Z1 Xz Z3). In
particular, for f : T — S a morphism with S, T € Var(C), we have the pullback functor

P(f) : Var(C)*/§ — Var(C)*/T, P(f)((X, Z)/8) == (X1, Zr)/T, P(f)(9) == (9 x5 f)

and we note again P(f) : Var(C)?/T — Var(C)?/S the corresponding morphism of sites.

We will consider in the construction of the filtered De Rham realization functor the full subcategory
Var(C)?*m /S C Var(C)?/S such that the first factor is a smooth morphism : We will also consider, in
order to obtain a complex of D modules in the construction of the filtered De Rham realization functor,
the restriction to the full subcategory Var(C)??" /S C Var(C)?/S such that the first factor is a projection
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Definition 13. (i) Let S € Var(C). We denote by
ps : Var(C)*>*™ /S — Var(C)?/S

the full subcategory consisting of the objects (U,Z)/S = ((U,Z),h) € Var(C)?/S such that the
morphism h : U — S is smooth. That is, Var(C)>*™ /S is the category

— whose objects are (U,Z)/S = ((U,Z),h), with U € Var(C), Z C U a closed subset, and
h:U — S a smooth morphism,

— whose morphisms g : (U, Z)/S = (U, Z),h1) — (U',Z")/S = (U',Z"),ha) is a morphism
g:U = U’ of complex algebraic varieties such that Z C g=*(Z') and hy o g = h;.

We denote again ps : Var(C)?/S — Var(C)?*™ /S the associated morphism of site. We have
r(S) : Var(C)? 1(8)=r(5,5), Var(C)?/$ £% Var(C)*>*™ /S
the composite morphism of site.
(ii) Let S € Var(C). We will consider the full subcategory
ps : Var(C)*?" /S — Var(C)?/S
whose subset of object consist of those whose morphism is a projection to S :

(Var(C)%?"/S)? := {((Y x S, X),p), Y € Var(C), p: Y x S — S the projection} C (Var(C)?/S)°.

(ii) We will consider the full subcategory
s : (Var(C)**mP" /S < Var(C)*>*™/S
whose subset of object consist of those whose morphism is a smooth projection to S :
(Var(C)%*m?" /)0 .= {((Y x 8, X),p), Y € SmVar(C), p:Y x S — S the projection} C (Var(C)?/S)°

For f : T — S a morphism with T, S € Var(C), we have by definition, the following commutative
diagram of sites

Var(C)2/T -k Var(C)2?" /T . (29)
K \
P(f) Var(C)%sm /T [ Var(C)2smer /T
Var(C)?/S P(f)‘L Var(C)*rr /S P(f)
Var(C)2*™/$ 1 Var(C)2mvr /8

Recall we have (see subsection 2.1), for S € Var(C), the graph functor

Grg : Var(C)/S — Var(C)>?"/S, X/S +— Gre*(X/S) := (X x S, X)/S,
(9:X/S = X'/S) = Cr(g) = (gxIs: (X xS, X) = (X' xS,X")
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Note that Grg’ is fully faithfull. For f : T — S a morphism with T, S € Var(C), we have by definition,
the following commutative diagram of sites

12
Grp

Var(C)2#" /T Var(C)/T . (30)
\ l K
P(f) Var(C)2sm#r /T o ‘ P Var(C)™ /T
Var(C)>?" /S P((,,%]\,FJ Var(C)/S P(f)
X\ [ K
Var(C)2m /8 Grs Var(C)™™ /8§

where we recall that P(f)((X,Z)/S) := ((Xr,Zr)/T), since smooth morphisms are preserved by base
change.

e As usual, we denote by
(f*, f2) = (P(f)", P(f)s) : C(Var(C)>™) /S) — C(Var(C)>=™)/T)

the adjonction induced by P(f) : Var(C)?(™) /T — Var(C)>®™) /S. Since the colimits involved
in the definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an
adjonction

(f*, fo) : Cra(Var(C)>6™ /S) = Ciy(Var(C)2E™) /T, (G, F) := (f*G, f*F)

For S € Var(C), we denote by Zs := Z((S,S)/(S, S)) € PSh(Var(C)*{™) /S) the constant presheaf.
By Yoneda lemma, we have for F' € C(Var(C)%(™ /S), Hom(Zs, F) = F.

e As usual, we denote by
(F*, 1) = (P(H)", P(£)x) : O(Var(C)C™PT [S) — C(Var(C)> ™" /T)

the adjonction induced by P(f) : Var(C)%(™P" /T — Var(C)*(™)Pr /S Since the colimits involved
in the definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an
adjonction

(f*, f) = Cra(Var(C)> ™7 [8) = Cpy(Var (C)C™PTT), f*(G, F) := (f*G, f*F)

For S € Var(C), we denote by Zg := Z((S, S)/(S, S)) € PSh(Var(C)?*™/S) the constant presheaf.
By Yoneda lemma, we have for F' € C(Var(C)%*™/S), Hom(Zs,F) = F.

e For h : U — S a smooth morphism with U, S € Var(C), P(h) : Var(C)?>*™/S — Var(C)>*™/U
admits a left adjoint

C(h) : Var(C)**™ /U — Var(C)*>*™ /S, C(h)(U',Z"),h") = (U, Z'),ho I).
Hence h* : C(Var(C)?*m/8) — C(Var(C)%*™ /U) admits a left adjoint
hy : C(Var(C)?*™/U) — C(Var(C)**™/S)

F he - (U, Z), h li F(U',Z" /U
> (F (U 2)ho) > (U 20/0)
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e For h: X — S a morphism with X, S € Var(C), P(h) : Var(C)?/S — Var(C)?/X admits a left
adjoint
C(h) : Var(C)?/X — Var(C)?/S, C(h)((X',Z'),h') = (X', Z'),ho ).

Hence h* : C(Var(C)?/S) — C(Var(C)?/X) admits a left adjoint
hy : C(Var(C)*/X) — C(Var(C)**™/S)

F ' (X, Z),h li F(X',Z")/X
o (P (X2 ho) s ol F((XZ)/X))

e For p: Y xS — S a projection with Y, S € Var(C) with Y smooth, P(p) : Var(C)%smr" /S —
Var(C)>$™P" /Y x S admits a left adjoint

C(p) : Var(C)>*™P" /Y x § — Var(C)?*™P" /8,
COI(Y' % $,2),5) = (V' x 5,Z'),pop).

Hence p* : C(Var(C)?*™"/S) — C(Var(C)>*™P" /Y x S) admits a left adjoint
py : C(Var(C)25mP" /Y x S) — C(Var(C)?*™?" /S)

Fr (mF:((YoxS,2Z),p) — lim F(Y'xY x8,2)Y xS
(P (Yo ):po) (Y'xY x8,2"),pop' )= ((Yo xS, Z),po) (( )/ )

e For p: Y xS — S a projection with Y, S € Var(C), P(p) : Var(C)*?"/S — Var(C)*>*"/Y x S
admits a left adjoint

C(p) : Var(C)*P" )Y x S — Var(C)??" /S, C(p)((Y' x S,Z'),p') = (Y x 8,Z'),pop).
Hence p* : C(Var(C)??"/S) — C(Var(C)?>?" /Y x S) admits a left adjoint

py : C(Var(C)**" /Y x S) — C(Var(C)**"/S)

F— (pgF: (Yo xS,Z),po) — F((Y’xYxS,Z’)/YxS);

lim
((Y'xY xS,Z"),pop’)—((Yo xS,Z),po)

Let S € Var(C).

e We have the dual functor
Ds : C(Var(C)*(™ /S) — C(Var(C)*™/S), F = Ds(F) := Hom(F, Et(Z((S,5)/5)))
It induces the functor
LDg : C(Var(C)>t™) /8) — C(Var(C)>™ /S, F s LDg(F) := Dg(LF) := Hom(LF, Ee,(Z((S,5)/S)))
e We have the dual functor
Dy : C(Var(C)>™Pr /§) — C(Var(C)>™P" /S), F s D (F) := Hom(F, E,(Z((S,5)/5)))
It induces the functor

LDg : C(Var(C)>Emrr /8) - C(Var(C)> 6™ /8 F s LDg(F) := Dg(LF) := Hom(LF, Eet(Z((S, S)/S)))

Proposition 21. (i) Let S € Var(C). Let h: U — S a smooth morphism with U € Var(C). Then for
F € C(Var(C)*™/S), the canonical map in C(Var(C)>*m?" /S)

T(Grg, hom)(Z(U/S), F) : Grg* Hom(Z(U/S), F) = Hom(Gr&* Z(U/S), Grs™* F)

is an isomorphism.
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(i) Let S € Var(C). Let h : U — S a morphism with U € Var(C). Then for F € C(Var(C)/S), the
canonical map in C(Var(C)?P"/S)

T(Gri?, hom)(Z(U/S), F) : Gri?* Hom(Z(U/S), F) = Hom(Gri* Z(U/S), Gri?* F)
is an isomorphism.

Proof. (i): We have, for (X x S, Z)/S € Var(C)?*™P" /S the following commutative diagram
Y25 Hom(Z(U/S), F)(X x S &) e) e U )G s B 7117/9), Grl2* F) (X x S, Z)/5S)

1— l—

im((xxs.2)/5)>arzv/s) F(U xs V) lim(x xv,2)/2x sU)—Grl2(W/S)F(W)

We then note that the map {((( (X x S,2)/8) — Gr(V/S)) N = {(XxU,2)/z xgU) — Grg (W/S)}
obviously admits an inverse since a map (X x U, Z xg U)/S — (W x S,W)/S) is uniquely determined
by a map ¢g : X — W such that (g x Is)(Z) € W. (ii):Similar to (i). O

We have the support section functors of a closed embedding ¢ : Z < S for presheaves on the big
Zariski site of pairs.

Definition 14. Let i : Z < S be a closed embedding with S,Z € Var(C) and j : S\Z < S be the open
complementary subset.

(i) We define the functor

I'z : C(Var(C)**™/8) — C(Var(C)*>*™/S), G* +— I'zG* := Cone(ad(j*, j.)(G*) : G* = 4.5 G*)[-1],
so that there is then a canonical map vz(G*) : T'zG* — G°.

(i) We have the dual functor of (i) :

Y : C(Var(C)2*™ /S) — C(Var(C)*™/S), F — Ty(F*) = Cone(ad(je,§*)(G) : js*G* — G*),

together with the canonical map v%(G) : F — ' (G).

(iii) For F,G € C(Var(C)%*™/S), we denote by

I(y,hom)(F,G) := (I, 1(js,5*)(F,G)™ ') : T zHom(F,G) = Hom(T'y F,G)

the canonical isomorphism given by adjonction.

Note that we have similarly for i : Z — S, ¢’ : Z/ < Z closed embeddings, g : T — S a morphism
with T, S, Z € Var(C) and F € C(Var(C)?*™/S), the canonical maps in C(Var(C)**™/S)

o T(g,7)(F): g'Tz2F = Tzxorg*F, T(g,7)(F) : T%, .0g"F = g*TzF
T(Z')Z,7)(F): Ty F —T4F, T(Z'/Z,4V)(F) : TYF — T}, F

but we will not use them in this article.
Let S € Fun(Z, Var(C)) with Z € Cat, a diagram of algebraic varieties. It gives the diagram of sites
Var(C)?/S, € Fun(Z, Cat).

e Then Cy;(Var(C)>(5™) /S,) is the category

— whose objects (G, F) = ((Gr, F)rez,ury), with (Gr,F) € Cpy(Var(C)>™ /S;), and ury :
(G1,F) = r15.(Gy,F) for rry : I — J, denoting again r;; : Sy — Sy, are morphisms
satisfying for I — J — K, rrjujk oury = urg in Cfil(Var((C)Qv(Sm)/S[),
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— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,

m= (my:(Gr,F)— (Hr, F))iez

such that vyy omy = prjemyousy in Cfil (Var(C)Qv(Sm)/Sl).
e Then C};(Var(C)>(™Pr/S,) is the category

— whose objects (G, F) = ((G1, F)rez,ury), with (Gr, F) € Cpy(Var(C)2™Pr /1) and uy s :
(G1,F) = r1j«(Gy,F) for r;y : I — J, denoting again r;; : St — Sy, are morphisms
satisfying for I — J — K, rrjujx oury = urg in Cfil(Var((C)Qv(Sm)/S[),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,

m = (m] : (G],F) — (H[,F))]el'
such that v;y omr =prpemyouryin Cpy (Var(C)2(smer /S,

For s : 7 — J a functor, with 7,7 € Cat, and f, : Te — Sy(e) a morphism with T, € Fun(J, Var(C))
and Se € Fun(Z, Var(C)), we have by definition, the following commutative diagrams of sites

Var(C)?/T, . Var(C)??" /T, : (31)
PT. »‘ PT.
P(fs) Var(C)2s™ /T, [Pre) Var(C)%smer /T,
Var(C)2/S. Pl Var(C)2?" /S, P(fs)
Var(C)%m/S, £ Var(C)2smrr /S,
and
Gr,lrz.
Var(C)>P" /T, Var(C . (32)
K l
P(f.) Var(C)%s™mr" /T, Pife) Var(C)*™ /T,
GrJZ; [
Var(C)*P" /S, Pifo) Var(C P(fs)
& [
Grgz.
Var(C)*5™ /S, Var(C)*™/S,

Let s : 7 — J a functor, with Z,J € Cat, and fe : Te — Sy(e) a morphism with 7, € Fun(J, Var(C))
and Se € Fun(Z, Var(C)).

e As usual, we denote by
(fas fox) = (P(fa)", P(fo).) : C(Var(C)t™ /S,) — C(Var(C)>(™)/T,)

the adjonction induced by P(f,) : Var(C)%(™ /T, — Var(C)>(™ /S,. Since the colimits involved
in the definition of f& = P(f,)* are filtered, f also preserve monomorphism. Hence, we get an
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adjonction

(f3, for) = Cru(Var(C)* ™) /S4) S Cpa(Var(C)* ™) /T,
Fe(Gr, F)yury) := (1 G, f1F), T(fr.r15)(=) o frury)

e As usual, we denote by
(f3, fax) = (P(fa)", P(fa):) : C(Var(C)>t™P7/S,) = C(Var(C)> P /1)

the adjonction induced by P(f,) : Var(C)>(™Pr /T, — Var(C)2(™Pr/S,. Since the colimits
involved in the definition of f¥ = P(f,)* are filtered, fJ also preserve monomorphism. Hence, we
get an adjonction

(f2, fox) : Cra(Var(C)>mer /S ) < Cpy (Var(C)> ™ /T,),
f.*((GIaF)vuIJ) = ((ffGlaffF)aT(fI,hJ)(—) o ff“IJ)

Let S € Var(C). Let S = Uﬁzlsi an open affine cover and denote by S; = NjesS;. Let i; : S; — S;
closed embeddings, with S; € Var(C). For I C [1,---1], denote by St = Il;c;S;. We then have closed
embeddings ¢; : S — Sy and for J C I the following commutative diagram

Dry= 51 L>g1

juT PUT

SJL>§J

where pry : S’J — 5'1 is the projection and j;; : S; < Sy is the open embedding so that j; o j;j; =
j7. This gives the diagram of algebraic varieties (S;) € Fun(P(N), Var(C)) which gives the diagram
of sites Var(C)?/(S;) € Fun(P(N), Cat). This gives also the diagram of algebraic varieties (S7)°P €
Fun(P(N)°?, Var(C)) which gives the diagram of sites Var(C)?/(S;)? € Fun(P(N)°?, Cat).

e Then Cj;(Var(C)2 (™) /(§1)) is the category

— whose objects (G,F) = ((Gr,F)rcp,..qp,urs), with (Gr, F) € Cti(Var(C)2(m) /1), and
ury : (Gr, F) = p1y«(Gy, F) for I C J, are morphisms satisfying for I C J C K, prj«usx o
Urg = UuUjK in C’fil(Var((C)Q*(Sm)/S[),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (my:(Gr,F) = (Hr, F))rcp,.

such that vyy om; = prjemyousy in Cfil(Var(C)Z(sm)/S']).
e Then Cj;(Var(C)2(™Pr /(51)) is the category

— whose objects (G, F) = ((G1, F)rcp,..qp,urs), with (Gr, F) € C'fil(Var(C)2’(5m)pT/S’1), and
ury 2 (Gr, F) = p1y«(Gy, F) for I C J, are morphisms satisfying for I C J C K, prj«usx o
Uryg = Ui in Cfi[(VaY(C)2’(Sm)pr/S]),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (my:(Gr,F) = (Hr, F))rcp,.q

such that vyy omy = prjemyousy in Cfil (Var(C)2’(5m)pT/§1).

e Then Cj;(Var(C)2(™) /(S1)°P) is the category
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— whose objects (G, F) = ((Gr, F)1cp,..qp, urs), with (G, F)) € Cpy(Var(C)> ™ )/Sr), and upy :
(Gj,F) — p;;(Gr, F) for I C J, are morphisms satisfying for I C J C K, pjgurjousx = urg
in Cy(Var(C)>™ /Sk),

— the morphisms m : (G, F),ury) = ((H, F),vr) being (see section 2.1) a family of morphisms
of complexes,

m = (my:(Gr,F) = (Hr, F))rcp,.q

such that vy omy =pj;mrouryin Cry (Var((C)Q’(Sm)/S'J).
e Then C};(Var(C)2(™P" /(51)°P) is the category

— whose objects (G, F) = ((Gr. F)rcpi,qp, urs), with (Gr, F) € Cpy(Var(C)%(Emer /S, and
urg : (G, F) — pi;(Gr, ) for I C J are morphisms satisfying for I C J C K, p%purso
UK = UK in Cfi[ (Var((C) Sm)pr/SK)

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (my:(Gr,F) = (Hr, F))rcp,.

such that vy omy =pj mrouryin Cry (Var((C)Q’(Sm)W/S'J).
We now define the Zariski and the etale topology on Var(C)?/S.
Definition 15. Let S € Var(C).

(i) Denote by T a topology on Var(C), e.g. the Zariski or the etale topology. The T covers in Var(C)?/S
of (X,Z)/S are the families of morphisms

{(c; : (Ui, Z xx U;)/S = (X, 2)/8)ier, with (¢; : Uy = X)ier T cover of X in Var(C)}
(ii) Denote by T the Zariski or the etale topology on Var(C). The T covers in Var(C)**™ /S of (U, Z)/S
are the families of morphisms
{(c; : (Ui, Z xu Uy) /S — (U, Z2)/8S)icr, with (¢; : U; — U);er T cover of U in Var(C)}
(iii) Denote by T the Zariski or the etale topology on Var(C). The T covers in Var(C)>(™Pr /S of
(Y x 8,7)/S are the families of morphisms
{{c; xIs: (Ui x S, Z xyxs Ui xS)/S —= (Y x8,2)/8)icr, with (¢; : Uy = Y )icr 7 cover of Y in Var(C)}
Let S € Var(C). Denote by 7 the Zariski or the etale topology on Var(C). In particular, denoting a :

PSh(Var(C)%(s™) /S) — Shv(Var(C)>™ /S) and a, : PSh(Var(C)>{™?7 /§) — Shy(Var(C)>(sm)pr /S)
the sheaftification functors,

e a morphism ¢ : F — G, with F,G € C(Var(C)>®™)/S), is a 7 local equivalence if a,H"¢ :
a,H"F — a,H"G is an isomorphism, a morphism ¢ : F — G, with F,G € C(Var(C)%(smr7/g),
is a 7 local equivalence if a,H"¢ : a; H"F — aH™G is an isomorphism ;

e [* ¢ C(Var(C)*>™/8) is 7 fibrant if for all (U, Z)/S € Var(C)*>®™ /S and all 7 covers (c; :
(Ui, Z Xy UZ)/S — (U, Z)/S)le] of (U, Z)/S,

F*(¢;) : F*((U, 2)/8) = Tot(@ecarar—e F* (U1, Z xy Ur)/S))

is a quasi-isomorphism of complexes of abelian groups, F'* € C(Var(C)>(™?7/S) is 7 fibrant if
for all (Y x S,Z)/S € Var(C)>=™Pr /S and all 7 covers (¢; x Is : (U; x S, Z xyxs U; x S)/S —
(Y X S7Z)/S)Z€I of (Y X Sa Z)/S

F*(ci x Is) : F*((Y x 8, 2)/8) — Tot(Bearai—e F*(Ur x S, Z1 xy U;)/S))

is a quasi-isomorphism of complexes of abelian groups ;
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e a morphism ¢ : (G1,F) — (Go, F), with (G4, F), (G2, F) € Cpy(Var(C)>™)/S), is an filtered 7
local equivalence if for all n,p € Z,

a;H" Grh.(¢) : a, H" Grl(G1, F) — a.H" Grh.(Ga, F)

is an isomorphism of sheaves on Var(C)% (™) /S a morphism ¢ : (Gy, F) — (G, F), with (G, F), (G, F) €
Cpa(Var(C)2(mPr /8) s an filtered 7 local equivalence if for all n,p € Z,

a:H" Gr%(¢) : a; H" Gr}.(G1, F) — a-H" Gl (Gs, F)
is an isomorphism of sheaves on Var(C)2(sm)pr /g

e let » € N, a morphism ¢ : (G1,F) — (Go, F), with (G1,F), (G2, F) € Cpy(Var(C)26m)/S),
is an r-filtered 7 local equivalence if there exists ¢; : (C;, F) — (Ciy1, F), 0 < i < s, with
(Ci, F) € Cpy(Var(C)>™)/S), (Co, F) = (G, F) and (Cs, F) = (G2, F), such that

p=¢s0-0¢;0--0¢y: (G, F) = (Ga, F)

and ¢; : (Ci, F) — (Cit1, F) either a filtered 7 local equivalence or an r-filtered homotopy
equivalence, a morphism ¢ : (G, F) — (G2, F), with (G, F), (G2, F) € Cpy(Var(C)»Gmrr/g),
is an r-filtered 7 local equivalence if there exists ¢; : (C;, F) — (Ciy1, F), 0 < ¢ < s, with
(Cy, F) € Cpy(Var(C)2(smpr /G (Cy, F) = (Gy, F) and (Cy, F) = (Go, F'), such that

p=¢s0-0¢;0--0¢y: (G, F) = (Ga, F)

and ¢; : (Cy, F) = (Cy11, F) either a filtered 7 local equivalence or an r-filtered homotopy equiva-
lence ;

e (F*,F) € Cpy(Var(C)>(m™)/S) is filtered 7 fibrant if for all (U, Z)/S € Var(C)*»®™) /S and all 7
covers (¢; : (Ui, Z xy U;) /S = (U, Z)/8S)ier of (U, Z)/S,

H" G (F*,F)(c;) : (F*,F)((U,2)/S) —
H" Grlp(Tot(®cardi=e (F*, F) (U1, Z xy Ur)/S)))

is an isomorphism of of abelian groups for all n,p € Z ; (F*, F) € Cy(Var(C)2(m™Pr /S) is filtered
7 fibrant if for all (Y x S, Z)/S € Var(C)%(™?P" /S and all T covers (c; x Is : (U; x S, Z Xy x5 U; x
S)/S = (Y x8,2)/S)ier of (Y xS,2)/8,

H"Grb.(F*, F)(c; x Ig) : H" Gt (F*, F)((Y x S,2)/S) =
H" GI‘%(TOt(@Card]:.(F', F)((U] X S, Z Xy U])/S)))
is an isomorphism of abelian groups for all n,p € Z.
Let Se € Fun(Z, Var(C)) with Z € Cat.

o A morphism m : ((Gr, F), urs) — ((Hr, F),vrs) in Cfil(vaf(C)Q’(sm)/S-) is an r-filtered Zariski,
resp. etale local, equivalence, if there exists ¢; : ((Cir, F), wirs) = ((Ciyr, F), wirnyrs), 0 < i <
s, with ((Cir, F),uiry) € Cya(Var(C)>™) /S) ((Cor, F),uors) = ((Gr, F),ury) and ((Csr, F), usry) =
((Hr,F),vry), such that

¢p=¢s0---0pjo---0¢pg:((Gr,F),ur;) = (Hr,F),vrs)

and ¢; : ((Cir, F),uirg) = ((Cix1)1, ), wit1yrs) either a filtered Zariski, resp. etale, local equiv-
alence or an r-filtered homotopy equivalence.
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e A morphism m : ((Gr, F),urs) — ((Hr, F),vr;) in Cpy(Var(C)2™Pr /S, is an r-filtered Zariski,
resp. etale local, equivalence, if there exists ¢; : ((Cir, F'), uirs) = ((Cigryr, ), wiignyrs), 0 < i <
s, with ((Ciz, F),uirs) € Cya(Var(C)>m™Pr /S,) ((Cor, F),uors) = (Gr, F),ury) and ((Csz, F), usrs) =
((Hy, F),vry), such that

¢p=¢s0---0¢;0---0¢y: ((Gr,F),urs) — ((Hr, F),vry)

and ¢; : ((Cir, F),uiry) = ((Cix1)1, ), uis1y1s) either a filtered Zariski, resp. etale, local equiv-
alence or an r-filtered homotopy equivalence.

Will now define the A! local property on Var(C)?/S.
Denote O :=Pg\ {1}

e Let S € Var(C). For (X,Z)/S = ((X,Z),h) € Var(C)>(*™) /S we consider
(O x X,0% x Z)/S = ((O* x X,0° x Z,hop) € Fun(A, Var(C)>™) /$).
For F € C~(Var(C)%(s™/8S), it gives the complex
C.F € C~ (Var(C)>t™ /8 (X, 2)/S = (X, Z), h) — C.F((X, Z)/8) := Tot F((O0*x X,0*x Z/S)
together with the canonical map cp := (0,Ir) : F — C,F. For F € C(Var(C)>™)/8), we get
C,F := holim,, C, F<" € C(Var(C)>t™ /9),

together with the canonical map cp := (0,If) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(C)>=™) /8), we get by functoriality the morphism C,m : C, F — C.G.
e Let S € Var(C). For (Y x S,2)/S = ((Y x S, Z),h) € Var(C)>=™Pr /S we consider
(O"xY xS5,0"xZ)/S= (O xY x 5,0 x Z,hop) € Fun(A, Var(C)/S).
For F € C~(Var(C)>(™P"/8) it gives the complex

C.F € C~ (Var(C)»tmrr /gy,
(Yx8,2)/S=(Y x5,Z),h) = C.F(Y x 5,Z)/S):=Tot F(O" x Y x S,0° x Z)/S)

together with the canonical map ¢ = ¢(F) := (0,Ir) : F — C.F. For F € C(Var(C)>(™Pr/S) we
get
C.F := holim,, C, F<" € C(Var(C)>mrr /g,

together with the canonical map ¢ = ¢(F) := (0,Ip) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(C)>(=™Pr/8), we get by functoriality the morphism C,m : C.F — C.G.

o Let S € Var(C). Let S = L{lizlSl- an open affine cover and denote by Sr = NjerS;. Let i; : S; — S;
closed embeddings, with S; € Var(C). For F = (Fr,uz;) € C(Var(C)>(™) /(S})), it gives the
complex

C.F = (C.Fr,Cyury) € C(Var(C)>»6™ /(S7)),
together with the canonical map cp := (0,Ip) : F — C.F.

e Let S € Var(C). Let S = Qézlsi an open affine cover and denote by St = NjerS;. Let i; : S; — S;
closed embeddings, with S; € Var(C). For F = (Fr,u;;) € C(Var(C)>(™) /(S})), it gives the
complex

C.F = (C.F;,Coury) € C(Var(C)>0™ /(S;)°P),
together with the canonical map cp := (0,Ip) : F — C,F.
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e Let S € Var(C). Let S = UL_,S; an open affine cover and denote by S = N;erS;. Let i; : S; — S;
closed embeddings, with S; € Var(C). For F = (Fr,ur;) € C(Var(C)>tm™»r /(S})), it gives the
complex

C.F = (C.Fy,Cuury) € C(Var(C)>EmPr /(§r)),

together with the canonical map cp := (0,1p) : F — C,F.

e Let S € Var(C). Let S = glizlSl- an open affine cover and denote by Sr = NjerS;. Let i; : S; — S;
closed embeddings, with S; € Var(C). For F = (F,ury) € C(Var(C)>™Pr/(Sy)), it gives the
complex

C.F = (C.Fy,Coury) € C(Var(C)2Emer /(§1)oP),
together with the canonical map cp := (0,Ip) : F — C.F.

Let S € Var(C). Denote for short Var(C)*(*™) /S either the category Var(C)?/S or the category
Var(C)2*™/S. Denote by
pa : Var(C)>Gm) /8 — Var(C)>(™) /s,
(X,2)]S =((X,2),h) = (X x A, Z x A')/S = (X x A", Z x A' hopx),
(9:(X,2))S = (X',2"))8) = ((g x In1) : (X x A, Z x A')/S — (X' x A, Z' x A")/S)
the projection functor and again by p, : Var(C)>»®™) /S — Var(C)*{™) /S the corresponding morphism
of site. Let S € Var(C).Denote for short Var(C)%(s™) /S either the category Var(C)2/S or the cate-
gory Var(C)?#*™/S. Denote for short Var(C)*(™P" /§ either the category Var(C)??" /S or the category
Var(C)>*™r" /S. Denote by
Pa : Var(C)>»EmPr 1§ Var(C)2(5mer /g,
(Y x8,2)/8=((Y x8,Z),ps) = (Y x S x A", Zx A")/S = ((Y x S x A", Z x A", ps o py xs),
(g: (Y x8,2)/S = (Y x8,Z)/8) = ((gx In1): (Y x Sx A, Z x A1)/S = (Y x S x A, Z' x A1)/S)

the projection functor and again by p, : Var(C)2(™Pr /S — Var(C)>(™)P7 /S the corresponding mor-
phism of site.

Definition 16. (i0) A complex F € C(Var(C)>©™)/S) is said to be A' homotopic if ad(p, pas)(F) :
F — papiF is an homotopy equivalence.

(i0)° A complex F € C(Var(C)>»™Pr /8) is said to be A' homotopic if ad(pf, pax)(F) : F — pasp’F is
an homotopy equivalence.

(i) A complex F € C(Var(C)>™)/8), is said to be A' invariant if for all (X, Z)/S € Var(C)>(™ /8
F(px): F((X,Z)/8) = F((X x A, (Z x A1))/S)

is a quasi-isomorphism, where px : (X x Al (Z x AY)) — (X, Z) is the projection. Obviously, if a
complex F € C(Var(C)>™ /8) is A homotopic, then it is A invariant.

(i)’ A complex G € C(Var(C)>™P7 /S s said to be A invariant if for all (Y xS, Z)/S € Var(C)>(smpr /g
Glpyxs) : G((Y x 5,2)/8) = G((Y x A' x 5,(Z x A"))/S)

is a quasi-isomorphism of abelian group. Obviously, if a complex F € C(Var(C)>(m™Pr/8) js Al
homotopic, then it is A" invariant.

(i) Let T a topology on Var(C). A complex F € C(Var(C)>(5™ /S) is said to be A' local for the T
topology induced on Var(C)%/S, if for an (hence every) T local equivalence k : F — G with k
injective and G € C(Var(C)>™) /S) 7 fibrant, e.g. k: F — E.(F), G is A' invariant.
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(ii)" Let T a topology on Var(C). A complex F € C(Var(C)>™Pr/8) is said to be A" local for the T
topology induced on Var(C)?P" /S, if for an (hence every) T local equivalence k : F — G with k
injective and G € C(Var(C)>(™Pr /S)  fibrant, e.g. k: F — E.(F), G is A" invariant.

(iii) A morphism m : F — G with F,G € C(Var(C)*»©™)/S) is said to an (A',et) local equivalence if
for all H € C(Var(C)>©™) /S which is A local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eet(H)) — Hom(L(F), Ee:(H))
is a quasi-isomorphism.

(i)’ A morphism m : F — G with F,G € C(Var(C)>™P" /S) is said to an (A, et) local equivalence if
for all H € C(Var(C)>™Pr /8 which is A local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eet(H)) — Hom(L(F), Eet(H))
is a quasi-isomorphism.

Proposition 22. (i) Let S € Var(C). Then for F € C(Var(C)>®™)/S), C,F is A" local for the etale
topology and ¢(F) : F — C.F is an equivalence (Al et) local.

(i)’ Let S € Var(C). Then for F € C(Var(C)>»tm™rr/S) C,F is A' local for the etale topology and
c(F): F — C.F is an equivalence (A, et) local.

(ii) A morphism m : F — G with F,G € C(Var(C)*>(™ /8) is an (A, et) local equivalence if and only
if aee H"Cy Cone(m) =0 for all n € Z.

()" A morphism m : F — G with F,G € C(Var(C)>(™?Pr/S) is an (A, et) local equivalence if and
only if act H"C, Cone(m) = 0 for all n € Z.

(iii) A morphism m : F — G with F,G € C(Var(C)>»®™) /S) is an (A', et) local equivalence if and only
if there exists

{(X1.0,Z1,0)/S,a € M}, ... {(Xra, Zra)/ S, a € Ay} C Var(C)26™) /5
such that we have in Ho;(C(Var(C)>™) /8))
Cone(m) = Cone(@aen, Cone(Z((X1.a x AY, Z1 o x AY)/S) = Z((X1.0, Z1.0)/9))
— = Baea, Cone(Z((Xra x A, Z o x AY)/S) = Z( X, Zra)/5)))

(i) A morphism m : F — G with F,G € C(Var(C)>™Pr/8) is an (Al et) local equivalence if and
only if there exists

{(Va xS, Z10)/S,0 € M}, ... {(Vea X S, Zra)/S, 0 € Ay} C Var(C)>(mrr /g
such that we have in Ho;(C(Var(C)>™) /8))

Cone(m) = Cone(@aen, Cone(Z((Yi,o x Al x S, Z1 4 x AN)/S) = Z((Yi,a X S, Z1.4)/S))
— o= Baen, Cone(Z((Yra x A X S, Z, 0 x AY)/S) = Z((Yra X S, Zr.0)/9)))

Proof. Standard : see Ayoub’s thesis section 4 for example. Indeed, for (iii), by definition, if Cone(m) is
of the given form, then it is an equivalence (A!, et) local, on the other hand if m is an equivalence (A!, et)
local, we consider the commutative diagram

B o p

¢ ca

to deduce that Cone(m) is of the given form. O
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Definition-Proposition 6. Let S € Var(C).

(i) With the weak equivalence the (Al,et) local equivalence and the fibration the epimorphism with
AL local and etale fibrant kernels gives a model structure on C(Var(C)*™)/S) : the left bousfield
localization of the projective model structure of C(Var(C)>(™) /S). We call it the projective (A, et)
model structure.

(ii) With the weak equivalence the (A',et) local equivalence and the fibration the epimorphism with Als
local and etale fibrant kernels gives a model structure on C(Var(C)>™P"/S) : the left bousfield
localization of the projective model structure of C(Var(C)>(™®r/S). We call it the projective
(Al et) model structure.

Proof. Similar to the proof of proposition 5. o
We have, similarly to the case of single varieties the following :
Proposition 23. Let g : T — S a morphism with T, S € Var(C).

(i) The adjonction (g*,g.) : C(Var(C)>(s™) /S) = C(Var(C)>C™ /T) is a Quillen adjonction for the

projective (A, et) model structure (see definition-proposition 6)

(i)’ The functor g* : C(Var(C)>t™)/S) — C(Var(C)>™ /T) sends quasi-isomorphism to quasi-
isomorphism, sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local
to equivalence etale local, sends (A, et) local equivalence to (Al,et) local equivalence.

(ii) The adjonction (g*,g.) : C(Var(C)>(smPr /8) & C(Var(C)>™P" /T is a Quillen adjonction for
the projective (A, et) model structure (see definition-proposition 6)

(ii)” The functor g* : C(Var(C)>CmPr/S) — C(Var(C)>™P" /T sends quasi-isomorphism to quasi-
isomorphism, sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local
to equivalence etale local, sends (A',et) local equivalence to (A',et) local equivalence.

Proof. (i):Follows immediately from definition. (i)’: Since the functor ¢g* preserve epimorphism and also
monomorphism (the colimits involved being filetered), ¢* sends quasi-isomorphism to quasi-isomorphism.
Hence it preserve Zariski and etale local equivalence. The fact that it preserve (Al, et) local equivalence
then follows similarly to the single case by the fact that g, preserve by definition A' equivariant presheaves.
(ii) and (ii)’: Similar to (i) and (i) . O

Proposition 24. Let S € Var(C).

(i) The adjonction (p%,pss) : C(Var(C)*>*™/S) = C(Var(C)?/S) is a Quillen adjonction for the

(A1, et) projective model structure.

(i)’ The functor ps. : C(Var(C)?/S) — C(Var(C)*5™/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A1, et) local equivalence.

(i) The adjonction (p%, ps«) : C(Var(C)>*mP"/S) = C(Var(C)*?"/S) is a Quillen adjonction for the
(Al et) projective model structure.

(i) The functor ps. : C(Var(C)>P"/S) — C(Var(C)**™P" /S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A, et) local equivalence.

Proof. Similar to the proof of proposition 19. o

Proposition 25. Let S € Var(C).
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(i) The adjonction (u%,ps«) : C(Var(C)*Pr/S) = C(Var(C)?/S) is a Quillen adjonction for the

(A, et) projective model structure.

(i)’ The functor uss : C(Var(C)?/S) — C(Var(C)*P"/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A1, et) local equivalence.

(ii) The adjonction (u, ps«) : C(Var(C)>*m?" /S) S C(Var(C)*P"/S) is a Quillen adjonction for the

(A1, et) projective model structure.

(ii)" The functor ps. : C(Var(C)>*™/S) — C(Var(C)*mP"/S) sends quasi-isomorphism to quasi-
isomorphism, sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local
to equivalence etale local, sends (A, et) local equivalence to (Al,et) local equivalence.

Proof. Similar to the proof of proposition 19. Indeed, for (i)’ or (ii)’, if m : F — G with F,G €
C(Var(C)%(™)) is an equivalence (A, et) local then (see proposition 22), there exists

{(X1,0: Z1,0)/S, 0 € A1}, ..., {(Xras Zra)/S, a0 € Ay} C Var(C)2™) /S
such that we have in Ho.,(C(Var(C)%(5™) /S))

Cone(m) = Cone(@aen, Cone(Z((X1.a x AY, Z1 o x AY)/S) = Z((X1.0, Z1.4)/5)

— - = Daen, Cone(Z((Xyo x AY, Zy o x AY)/S) = Z(Xr0s Zr.a)/S))

= Cone(Cone(Paecr, Z(X1.05 Z1.0)/5) @ Z(A',AY) /S = Gaer, Z(X1.05 Z1.0)/5)
— o= Cone(Daen, Z(Xras Zra)/S) @ Z((AY, AY))S) = @aen, Z(Xr.as Zra)/9)),

)
)
)

this gives in Hoes (C(Var(C)?(5m)p7 /8))

Cone(pg.m) — Cone(
Cone((Lps« Daca, Z(X1,a, Z1,0)/5)) @ Z((A1,A")/S) = (Lppse Baca, Z((X1,05 Z1,0)/5))
— e — COHG((LMS* @aEAT Z((Xr,ou Zr,a)/s)) ® Z((AlvAl)/s) — (LNS* @aEAT Z((Xl,OH Zl,a)/s))))

hence ps«m : s« F — ps«G is an equivalence (Al, et) local. O
We also have
Proposition 26. Let S € Var(C).

(i) The adjonction (Grs**,Gry) : C(Var(C)/S) < C(Var(C)??"/S) is a Quillen adjonction for the
(Al et) projective model structure.

(ii) The adjonction (Grg™ Gris : C(Var(C)*™/S) < C(Var(C)>*™?"/S) is a Quillen adjonction for
the (A, et) projective model structure.

Proof. Immediate from definition. O

e For f : X — S a morphism with X,S € Var(C) and Z C X a closed subset, we denote
Z'((X,Z)/S) € PSh(Var(C)?/S) the presheaf given by

— for (X', 2')/8 € Var(C)?/S, with X" irreducible,
7 (X, 2)/8)((X', 2')/S) = {a € ZI1X(X x5 X), stpx (3 (Z2) C Z} C 24, (X x5X)
— for g1 (Xa, Z2)/S — (X1, 71)/S a morphism, with (X1, Z1)/S, (Xa, Z2)/S € Var(C)2/S,
7 (X, 2)/8)(9) : 2" (X, 2)/S) (X1, Z1)/S) = 2" (X, Z)/$) (X2, Z2) /), a = (9xI)”H ()
with g x I : Xo x5 X — X1 x5 X.
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e For f : X — S a morphism with X, S € Var(C), Z C X a closed subset and r € N, we denote
721 ((X, Z)/S) € PSh(Var(C)?/S) the presheaf given by

— for (X', Z")/S € Var(C)?/S, with X’ irreducible,
Z (X, 2)[S)(X', 2)/8) i= {a € 209X (X x5 X),s:tpx (03 (Z) } € Zay, (X' x5X)

— for g: (X2,22)/S — (X1,Z1)/S a morphism, with (X1, Z1)/S, (X2, Z2)/S € Var(C)?/S,
ZMT (X, 2)/S)(g) : 22T (X, 2)/S) (X1, 21) /) — L7 (X, 2)/S) (X2, Z2)/S), a v (g% 1)~ (@)
with g x I : Xo xg X — X3 xg X.
e Let S € Var(C). We denote by Zg(d) := Z¢%9((S x A% S x A4)/S)[—2d] the Tate twist. For
F € C(Var(C)?/S), we denote by F(d) := F ® Zg(d).
For S € Var(C), let Cor(Var(C)*(*™ /S) be the category

e whose objects are those of Var(C)>(™) /S i.e. (X, Z)/S = ((X,Z),h), h: X — S with X € Var(C),
Z C X a closed subset,

e whose morphisms « : (X', 2)/S = (X', Z),h1) = (X, Z)/S = (X, Z), ha) is finite correspondence
that is a € &,Z2"((X;,2)/S)((X',Z")/S), where X' = L; X/, with X/ connected, the composition
being defined in the same way as the morphism Cor(Var(C)(*™)/S).

We denote by Tr(S) : Cor(Var(C)%(™ /) — Var(C)?(*™) /S the morphism of site given by the inclusion
functor Tr(S) : Var(C)%(™) /S < Cor(Var(C)?(*™) /S) Tt induces an adjonction
(Tr(S)* T(S).) : C(Var(C)>™) /S) = C(Cor(Var(C)>™) /9))

A complex of preheaves G € C(Var(C)*(™)/S) is said to admit transferts if it is in the image of the
embedding
Tr(S). : C(Cor(Var(C)>t™ /S) — C(Var(C)>™) /9),

that is G = Tr(S). Tr(S)*G. We then have the full subcategory Cor(Var(C)?(™)P" /§) c Cor(Var(C)2(5™) /)
consisting of the objects of Var(C)%(™?"/S). We have the adjonction

(Tr(S)* Tr(S).) : C(Var(C)>EmPr /8§) = C(Cor(Var(C)>mPr /§))

A complex of preheaves G € C(Var(C)?(™P"/S) is said to admit transferts if it is in the image of the

embedding
Tr(S). : C(Cor(Var(C)>EmPr /8) s C(Var(C)>mrr /8,

that is G = Tr(S). Tr(S)*G. )
Let S € Var(C). Let S = Ul_,S; an open affine cover and denote by S; = M;erS;. Let i; : S; < S;
closed embeddings, with S; € Var(C).

e For (Gy,K;y) € C(Var(C)>©™) /(8§1)°P) and (Hy,Tr ;) € C(Var(C)>(™) /(S})), we denote
Hom((Gr, K1), (Hr, Try)) == (Hom(Gy1, Hy),urs((Gr, K1), (Hr, T1y))) € C(Var(C)>¢™ /(S))
with

ury((Gr, Kry)(Hr, Try)) : Hom(Gr, Hy)

ad(py y,pry«)(—) T(prj,hom)(—,—)

pry«Hom(pi;Gr,p7Hr)

Hom(Kry,H.
Hom(Frr Ha), pro«Hom(Gy, Hy).

pr«pyyHom(Gr, Hy)
H 15G1,Tr.
Homeiy G111, pro«Hom(py;Gr, Hy)
This gives in particular the functor

C(Var(C)>™ /(S1)) — C(Var(C)>C™ /(81)°P), (Hy, Try) — (Hy, Try).
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e For (Gy,Kry) € C(Var(C)2m™Pr /(§1)°P) and (Hy, Try) € C(Var(C)>™Pr /(S1)), we denote
Hom((Gr, K1), (Hr, Trs)) == (Hom(Gy, Hr),ur;((Gr, K1), (Hr, T15))) € C(Var(C)>E™P" /(S1))
with

ury((Gr, Kry)(Hr, Try)) : Hom(Gr, Hy)

ad(p] y,pry«)(—) T(prj,hom)(—,—)

pry«Hom(p;;Gr,p7Hr)

Hom(Kry,H.
Hom(Frr 1), prr«Hom(Gy, Hy).

pry«p1, Hom(Gr, Hr)

Hom(p] ;G1,Tr7)
e A LR EEN pry-Hom(p};Gr, Hy)

This gives in particular the functor

C(Var(C)2’(sm)pT/(5'1)) — C(Var(c)2,(sm)pr/(5})0;))7 (H], T]J) — (H], T]J).

Let S € Var(C). Let S = Uﬁzlsi an open affine cover and denote by S; = N;c1S;. Let i; : .S; — S; closed
embeddings, with S; € Var(C). The functors p, naturally extend to functors

Pa : Var(C)>6™ /(S;) — Var(C)>¢™) /(S;),

((X,2)/51,ur;) = (X x AY, Z x AY) /St ury x I),

(9: (X, 2)/Sr,ury) = (X', 2")/S1,u17)) =

(g x In1): (X x AL, Z x AYY/Spury x I) — (X' x A, Z" x AY)/St,ury x I))

the projection functor and again by p, : Var(C)>(™ /(S;) — Var(C)2(™) /(S;) the corresponding
morphism of site, and

Pa : Var(C)> ™7 /(Sp) = Var(C)> ™7 /(Sy),
((Y X S’],Z)/g[,uL]) — ((Y X g[ X Al,Z X Al)/g],uIJ X I),
(g : ((Y X g],Z)/S’[,U[J) — ((Y’ X g],ZI)/S’[,U]J)) —
(g x Inn) : (Y x S; x AN, Z x AY)/Sr,ury x I), (Y x S; x AY, Z' x AY) /St ury x 1)),
the projection functor and again by p, : Var(C)>™»" /(S;) — Var(C)>(™P /(S;) the correspond-

ing morphism of site. These functors also gives the morphisms of sites p, : Var(C)>(s™) /(Sp)oP —
Var(C)%(™) /(S1)°P and p, : Var(C)2™Pr /(§1)oP — Var(C)>(sm)pr /(Sp)ep,

Definition 17. Let S € Var(C). Let S = UL_,Si an open affine cover and denote by S; = NicrSi. Let
;1 S; = S; closed embeddings, with S; € Var(C).

(i0) A complex (Fr,urs) € C(Var(C)>6™) /(S;)) is said to be A* homotopic if ad(p:, pax)((Fr,urys)) :
(Fr,ury) = paspli(Fr,ury) is an homotopy equivalence.

(i0)” A complex (Fr,ur;) € C(Var(C)2™Pr /(81)) is said to be A' homotopic if ad(pf, pas ) (Fr,ury)) :
(Fr,ury) = paspli(Fr,ury) is an homotopy equivalence.

(i) A complex (F1,ury) € C(Var(C)>(s™) /(Sy)) is said to be A* invariant if for all (X1, Z1)/Sr,515) €
Var(C)> ™) /(Sr)

(Fi(px,))  (Fi((X1, Z1)/S1), Fa(srr)ours(=) = (F1((XrxA', (Zr<A"))/Sr), Fy(srsxI)ours(=))
is a quasi-isomorphism, where px, : (X; x A, (Z; x AY)) — (Xr,Z1) are the projection, and

sry o (Xr x S'J\I,ZI)/S’J — (X7,21)/S5. Obviously a complex (Fr,ur;) € C(Var(C)>(™) /(5p))

is A invariant if and only if all the Fr are A' invariant.
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(1)’

(i)

()’

(iii)

(i)’

(i)

(i)’

A complex (Gr,ury) € C(Var(C)>(sm)pr /(S1)) is said to be A invariant if for all (Y xSy, Z1)/Sr,s15) €
Var(C)>Cmrr /(Sp)

(G1(pyys,)) : (Gr((Y x S1,21)/51),G (1) o urs(=)) =
(G]((Y X S’] X Al, (Z[ X Al))/g[),GJ(S[J X I) OU]J(—))

is a quasi-isomorphism. Obviously a complex (Gr,urs) € C(Var(C)>C™pr/(S1)) is A invariant if
and only if all the Gy are A' invariant.

Let 7 a topology on Var(C). A complex F = (Fr,ur;) € C(Var(C)>®™ /(S1)) is said to be Al
local for the T topology induced on Var(C)2/(Sr), if for an (hence every) T local equivalence k -
F — G with k injective and G = (Gr,vr5) € C(Var(C)>6™) /(S1)) 7 fibrant, e.g. k : (Fr,urs) —
(E,(Fr),E(ury)), G is A! invariant.

Let 7 a topology on Var(C). A complex F = (Fr,ur;) € C(Var(C)>6™Pr /(S)) is said to be
Al local for the T topology induced on Var((C)2/(5'1), if for an (hence every) T local equivalence
k: F — G with k injective and G = (Gr,ury) € C(Var(C)2m™pr/(S1)) 7 fibrant, e.g. k :
(Fr,ury) — (E-(Fr), E(ury)), G is A invariant.

A morphism m = (mp) : (Fr,ury) — (Gr,vrs) with (Fr,ury), (Gr,vry) € C(Var(C)>6™) /(Sp)) is
said to be an (A', et) local equivalence if for all H = (Hy,wry) € C(Var(C)>®™) /(S1)) which is A
local for the etale topology

(HOHI(L(’ITL]), Eet(H]))) : HOHI(L(G], ’U]J), Eet (H], wU)) — HOIH(L(F], UIJ), Eet(H], ’LU]J))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) — (Gr,vry) with (Fr,ury), (Gr,ury) €
C(Var(C)>(s™) /(Sy)) is an (A, et) local equivalence, then all the my : Fy — Gy are (Al et) local
equivalence.

A morphism m = (mp) : (F1,ur;) = (Gr,v1s) with (Fr,ury), (Gr,vry) € C(Var(C)mrr /(Sp))

is said to be an (A', et) local equivalence if for all (Hy,wry) € C(Var(C)>™Pr /(S1)) which is Al

local for the etale topology

(Hom(L(mI), Eet (H[))) . HOHl(L(G[, ’U]J), Eet (H[, ’UJ[J)) — HOm(L(F], UIJ), Eet(H], UJ]J))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,ury) €
C(Var(C)>(™Pr /(S1)) is an (A, et) local equivalence, then all the my : F — Gy are (A, et) local
equivalence.

A morphism m = (mg) : (Fr,ur;) — (Gr,vrs) with (Fr,ury),(Gr,vrs) € C(Var(C)>(m) /(S7)oP)

is said to be an (A, et) local equivalence if for all H = (Hy,wr;) € C(Var(C)>™) /(S1)) which is

Al local for the etale topology

(HOHI(L(’ITL]), Eet(H]))) : HOHI(L(G], ’U]J), Eet (H], wu)) — HOIH(L(F], UIJ), Eet(H], wU))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) — (Gr,vry) with (Fr,ury), (Gr,ury) €
C(Var(C)2(™) /(S1)°P) is an (A, et) local equivalence, then all the my : Fr — G are (A, et) local
equivalence.

A morphism m = (mp) : (Fr,ury) — (Gr,vrs) with (Fr,ury), (Gr,vr;) € C(Var(C)>mer /(Sp)op)

is said to be an (A', et) local equivalence if for all (Hy,wry) € C(Var(C)>™Pr /(S1)) which is Al

local for the etale topology

(Hom(L(mI), Eet (H[))) . HOHl(L(G[, ’U]J), Eet (H[, ’UJ[J)) — HOm(L(F], UIJ), Eet(H], UJ]J))

is a quasi-isomorphism. Obviously, if a morphismm = (myp) : (Fr,ur;) — (Gr,vry) with (Fr,ury), (Gr,ury) €
C(Var(C)2mPr /(§1)°P) s an (A, et) local equivalence, then all the my : Fr — Gy are (A',et)
local equivalence.
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Proposition 27. Let S € Var(C). Let S = UlizlSi an open affine cover and denote by S; = N;c1S;. Let
;1 S; = S; closed embeddings, with S; € Var(C).

(i) Then for F € C(Var(C)>(™) /(S;)°P), C.F is A" local for the etale topology and ¢(F) : F — C.F
is an equivalence (A1, et) local.

(i)’ Then for F € C(Var(C)>mpr /(§1)oP), C,F is A local for the etale topology and ¢(F) : F — C.F
is an equivalence (A1, et) local.

(ii) A morphism m : F — G with F,G € C(Var(C)>®™) /(S1)°P) is an (A, et) local equivalence if and
only if act H"C, Cone(m) = 0 for all n € Z.

(i)’ A morphism m : F — G with F,G € C(Var(C)>(™P" /(§1)°P) is an (A',et) local equivalence if
and only if aee H"Cy Cone(m) =0 for all n € Z.

(iii) A morphism m : F — G with F,G € C(Var(C)>®™) /(81)°P) is an (A', et) local equivalence if and

only if there exists

{(Xran Zran)/Sruts)a e M}y {(Knans Zra)/S1,uf ) a € Ay | € Var(©)26m) /(87
with
uh s (Xiards Zia,)/Ss = (Xiar % Sirs Ziar < Spg)/Ss
such that we have in Hoe, (C(Var(C)>(™) /(S1)°P))
Cone(m) = Cone(

Baen, Cone((Z((X1,a,0 X A, Z1a,0 x AY)/S1), Z(upy x 1)) = (Z((X 10,15 Z1,0,1)/S1), Z(u} 1))
% PR %

Daen, Cone((Z((Xra,r X A, Zra1 x AY)/S1), L(uty x 1)) = (Z((Xr.a,1: Zr,a1)/S1), L(u] 1))

(iii)” A morphism m : F — G with F,G € C(Var(C)>™P" /(§1)°P) is an (A', et) local equivalence if
and only if there exists
{((Yl,a,l X 81, Z1,0.1) /S, upy), 0 € AI} beees {((Yr,a,l X S1, Zr.a.1)/S1,ul ), 0 € Ar}
C Var(C)>™Pr /(S;)
with ~ ~ ~ ~ ~
uyy: Via,s X 85, Z1,a,1)/S1 = Yo X S1, Ziax X Spi)/Ss
such that we have in Hoe, (C(Var(C)>(5™) /(S1)oP))
COHG( ) = (@aEAl
Cone((Z((Yi,a,r x A" x 81, Z1 o0 x A")/S1), Z(ujy x 1)) = (Z(Y1,a,0 X S; Z1,0,1)/51), Z(ury)))

— = ®QGAT
Cone((Z((Yro.r X AY X S1, Zpor x AY)/S1), Z(uh ; x 1)) = (Z((Yyor X S15 Zr.a)/ 1),Z(u’;J)))

Con
Si

(iv) A similar statement then (iii) holds for equivalence (A', et) localm : F — G with F,G € C(Var(C)>(™ /(5))
(iv)’ A similar statement then (iii) holds for equivalence (A', et) localm : F — G with F,G € C(Var(C)>(m™Pr /(5p))
Proof. Similar to the proof of proposition 22. See Ayoub’s thesis for example. o

In the filtered case we also consider :
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Definition 18. Let S € Var(C). Let S = UL_,S; an open affine cover and denote by St = N;icrSi. Let
i; 0 S; = S; closed embeddings, with S; € SmVar(C).

(i) A filtered complex (G, F) € Cyy(Var(C)>™) /S) is said to be r-filtered A' homotopic if ad(p%, pax)(G, F) :
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(i)’ A filtered complex (G, F) € Cyy(Var(C)>™) /(S1)) is said to be r-filtered A' homotopic if ad(p, pax) (G, F) :
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(ii) A filtered complex (G, F) € Cpy(Var(C)>mPr /8) is said to be r-filtered A' homotopic if ad(py:, pas)(G, F) :
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(i)’ A filtered complexr (G,F) € Cpy(Var(C)>™Pr /(Sp)) is said to be r-filtered A homotopic if
ad(pX, pax ) (G, F) : (G, F) = paspi(G, F) is an r-filtered homotopy equivalence.

We will use to compute the algebraic De Rahm realization functor the followings
Theorem 11. Let S € Var(C).

(i) Let ¢ : F* — G* an etale local equivalence with F*,G* € C(Var(C)>*™/S). If F* and G* are
Al local and admit tranferts then ¢ : F* — G*® is a Zariski local equivalence. Hence if F €
C(Var(C)?*™/S) is Al local and admits transfert

k:E.or(F) = Eet(E.ar(F)) = Eet (F)

is a Zariski local equivalence.

(ii) Let ¢ : F* — G* an etale local equivalence with F*,G* € C(Var(C)>*™"/S). If F* and G*
are A local and admit tranferts then ¢ : F®* — G*® is a Zariski local equivalence. Hence if F €
C(Var(C)2sm7 /S) is A' local and admits transfert

k:E.or(F) = Eet(Erar(F)) = Eet(F)
is a Zariski local equivalence.

Proof. Similar to the proof of theorem 10. O

Theorem 12. Let S € Var(C). Let S = UL_,S; an open affine cover and denote by S; = Nic1Si. Let
;1 S; = S; closed embeddings, with S; € Var(C).

(i) Let¢ : (F*,F) — (G*, F) a filtered etale local equivalence with (F*, F), (G*, F) € Ct;(Var(C)*5™ /).
If (F*,F) and (G*, F) are r-filtered A* homotopic and admit tranferts then ¢ : (F*, F) — (G*, F) is
an r-filtered Zariski local equivalence. Hence if (G, F) € C(Var(C)**™/S) is r-filtered A' homotopic

and admits transfert

k:E,ur(G,F) = Eet(Fo0r (G, F)) = Eet(G, F)

is an r-filtered Zariski local equivalence.

-

Let ¢ : (F*,F) — (G*,F) a filtered etale local equivalence with ((F},F),urs),((GY,F),vry) €
Ca(Var(C)25™/(Sp)). If (F*, F),ur;) and ((G*,F),vr;) are r-filtered A* homotopic and admit
tranferts then ¢ : ((F*, F),ury) = ((G*, F),vry) is an r-filtered Zariski local equivalence. Hence if
(Gr,F),ury) € C(Var(C)?5m/8) is r-filtered A homotopic and admits transfert

(i)

k- (Ezar(GlaF)auIJ) — (Eet(Ezar(GluF))quJ) = (Eet(GaF)aulJ)

is an r-filtered Zariski local equivalence.
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(ii) Let ¢ : (F*,F) — (G*, F) a filtered etale local equivalence with (F*, F), (G*, F) € Cy(Var(C)»*m" /S).
If F* and G* are r-filtered A' homotopic and admit tranferts then ¢ : (F*,F) — (G*,F) is an
r-filtered Zariski local equivalence. Hence if (G, F) € C(Var(C)%smPr/S) is r-filtered A homotopic
and admits transfert

k: Eur(F) = Eet(Erar(F)) = Eet(F)

is an r-filtered Zariski local equivalence.

(i))” Let ¢ = (F*,F) — (G*,F) a filtered etale local equivalence with ((F7,F),urs), (G}, F),v15) €
Cryu(Var(C)2smer /(Sp)). If (F*, F),urs) and ((G*, F),vrs) are r-filtered A' homotopic and admit
tranferts then ¢ : ((F*, F),ury) — ((G*, F),vry) is an r-filtered Zariski local equivalence. Hence if
(G1, F),ury) € C(Var(C)**mP" /S) is r-filtered A* homotopic and admits transfert

k: (Ezar(Gr, F)ury) = (Bet(Ezar(Gr, F)) ury) = (Eet(G, F),ury)
is an r-filtered Zariski local equivalence.
Proof. Similar to the proof of theorem 11. O
We have the following canonical functor :
Definition 19. (i) For S € Var(C), we have the functor
(=)' : C(Var(C)*™/8) — C(Var(C)>*™/S),
F— F' (U, 2)/8) = ((U.Z),h) = FF((U Z)/S) = (Lzh"LF)(U/U),
g (U, 20, ) = (U, 2), 1) =
TR, (g (D ht LE)) (U U

(TZwpurg W LE)(U'/U")
T(Z')ZxuyU' V) (g*h*LF)(U' /U

(F'(g) - (F§h*LF)(U/U)
Tlgn")(h* LE)(U'/U")

Tz g" " LF)(U'/U")))
where iy p-LFy(w/U) S the canonical arrow of the inductive limit. Similarly, we have, for S €
Var(C), the functor
(=)' : C(Var(C)/S) — C(Var(C)?/S),
Fr— F' (X, 2)/8) = (X, Z),h) = F'((X, Z)/8) == (Pzh* F)(X/X),
(9: (X', 2), W) = (X, 2),h)) = (F"(g) : (Th*LF)(X/X) — (Tg,h*LF)(X'/X")))

Note that for S € Var(C), 1(S/S) : Z((S,S)/S) — Z(S/S)'' given by

1(8/9)((U, 2), h) = Z((S, 8)/S) (U, 2), b)) LEIDCID, 708190 (U, 2), h) = (TYZ(U/U))(U/U)

is an isomorphism.

(i) Let f: T — S a morphism with T,S € Var(C). For F € C(Var(C)*™/S), we have the canonical
morphism in C(Var(C)>*™/T)

T(f, D) (F) :=T*(f,T)(F): f*(F") = (f*F)",

T(f,T)F)((U',Z2")/T = (U, Z"),}h)):

AN o lm (TLh*LF)(U/U)
((U",2") W)= ((Ur,Z7)hr) = (U, Z) )

r o ’
LoDy, 5 LE) U JUY) = (T b f* LE)(U' JU)

(T, T (f,L)(F)(U'/U")

(LY *LEF)U' U = (f*F)' (U, 2'), k)
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where fu :Ur : U xgT — U and hy : Up :=U xgT — T are the base change maps, the equality
following from the fact that ho fyol = fohrol= foh'. For F € C(Var(C)/S), we have similarly
the canonical morphism in C(Var(C)?/T)

T(f.D)(F): f*(F5) = (fFF)L.

(iii) Let h : U — S a smooth morphism with U, S € Var(C). We have, for F € C(Var(C)*™/U), the
canonical morphism in C(Var(C)%*™/9)

Ty(h,T)(F) : hy(F") — (hyLF)",

Ty(h, T)(F)((U', Z'), 1) : hy(FO) (U, Z'), ') := lim (T *LF) (U’ JU")
((U7,2/),h) =5 ((U,U),h)

(D" ad(hy, ™) (LF)) (U /U")

(LY, 1*h*hy LF)(U'JU") =: (hy LR ((U', Z") /1)
() Let i : Zy — S a closed embedding with Zy,S € Var(C). We have the canonical morphism in
C(Var(C)%*m/9)

1.6, D) (Z(Z0/20))  i- (L 20/ Z0))" — (i-Z(Z/Z))",
T.(6, D) (Z(Z0/20)) (U, 2), ) : i.((Z(Z0/ Z0))" (U, Z), 1) 1= (T, 2y LA 20/ Z0))(U x5 Zo)
T (iw, v )Z(Z0/Z0))(Ux 5 Z0)

(T Z(Z0/Z0)U x5 Zo) = (WZ(Z/2) (U, 2), )
Definition 20. Let S € Var(C). We have for F € C(Var(C)*™/S) the canonical map in C(Var(C)*™/S)
Gr(F) : Grg, psu " — F,
Gr(F)(U/S) : TYp* F(U x S/U x §) "L DCSITE), b p(orjury = F(U/S)

where h : U — S is a smooth morphism with U € Var(C) and h : U LUxS L S is the graph
factorization with | the graph embedding and p the projection.

Proposition 28. Let S € Var(C).
(i) Then,

—ifm: F — G with F,G € C(Var(C)*™/S) is a quasi-isomorphism, m' : F* — G' is a
quasi-isomorphism in C(Var(C)?*m/8S),

—ifm: F — G with F,G € C(Var(C)*™/S) is a Zariski local equivalence, m" : F¥' — GV is a
Zariski local equivalence in C(Var(C)%*™/8S), if m: F — G with F,G € C(Var(C)*™/S) is an
etale local equivalence, m* : F¥ — G is an etale local equivalence in C(Var(C)2*™/S),

—ifm: F — G with F,G € C(Var(C)*™/S) is an (Al,et) local equivalence, m* : F'' — GV is
an (A, et) local equivalence in C(Var(C)**™/S).

(ii) Then,

—ifm: F — G with F,G € C(Var(C)/S) is a quasi-isomorphism, m' : FI' — G' is a quasi-
isomorphism in C(Var(C)?/S5),

—ifm: F — G with F,G € C(Var(C)*™/S) is a Zariski local equivalence, m" : F¥' — GV is a
Zariski local equivalence in C(Var(C)**™/S), if m : F — G with F,G € C(Var(C)/S) is an
etale local equivalence, m'' : F¥' — G is an etale local equivalence in C(Var(C)2/S),

—ifm: F — G with F,G € C(Var(C)*™/S) is an (Al,et) local equivalence, m* : F'' — GV is
an (A, et) local equivalence in C(Var(C)%/S).
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Proof. (i): Follows immediately from the fact that for (U, Z), h) € Var(C)%*™/S,
e if m: FF — G with F,G € C(Var(C)*™/S) is a quasi-isomorphism, I')h*LF(m) : T},h*LF —
I'Yh*LG is a quasi-isomorphism

e if m: F — G with F,G € C(Var(C)*™/S) is a is a Zariski or etale local equivalence, I',h* LF(m) :
I'Yh*LF — I'yh* LG is a Zariski, resp. etale, local equivalence,

o ifm: F — G with F,G € C(Var(C)*™/S) is an (A, et) local equivalence, ', h* LF(m) : T} h*LF —
I'Yh*LG is an (A, et) local equivalence.

(ii): Similar to (i). O

2.8 Presheaves on the big analytical site

For S € AnSp(C), we denote by ps : AnSp(C)*™/S < AnSp(C)/S be the full subcategory consisting
of the objects U/S = (U,h) € AnSp(C)/S such that the morphism h : U — S is smooth. That is,
AnSp(C)*™ /S is the category

e whose objects are smooth morphisms U/S = (U, h), h : U — S with U € AnSp(C),

e whose morphisms g : U/S = (U,h1) — V/S = (V,hg) is a morphism g : U — V of complex
algebraic varieties such that he 0 g = h;.

We denote again pg : AnSp(C)/S — AnSp(C)*™ /S the associated morphism of site. We will consider

5(5) : AnSp(C) ~&% AnSp(C)/S 255 AnSp(C)*™/S

the composite morphism of site. For S € AnSp(C), we denote by Zg := Z(S/S) € PSh(AnSp(C)*™/S)
the constant presheaf By Yoneda lemma, we have for F' € C(AnSp(C)*™/S), Hom(Zs,F) = F. For
f:T — S a morphism, with 7', S € AnSp(C), we have the following commutative diagram of sites

AnSp(C)/T — AnSp(C)*™ /T (33)
lP(f) lP(f)
AnSp(C)/S —2~ AnSp(C)*™ /S
We denote, for S € AnSp(C), the obvious morphism of sites
&(S) : AnSp(C)/S 22 AnSp(C)*™ /5“2y Ouy(S)

where Ouv(S) is the set of the open subsets of S, given by the inclusion functors é(S) : Ouv(S) —
AnSp(C)*™/S — AnSp(C)/S. By definition, for f : T — S a morphism with S,T € AnSp(C), the
commutative diagram of sites (33) extend a commutative diagram of sites :

T e(T)

é(T) : AnSp(C)/T ———— = AnSp(C)*" /T ————— Ouv(T) (34)
lp(f) lp(f) lp(f)
&(S) : AnSp(C)/S — - AnSp(C)*m /5 — Ouv(S)

e As usual, we denote by
(f* fo) == (P(f)", P(f)+) : C(AnSp(C)*™/S) = C(AnSp(C)*™"/T)

the adjonction induced by P(f) : AnSp(C)*™/T — AnSp(C)*™/S. Since the colimits involved
in the definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an
adjonction

(f%5 f+) : Cra(AnSp(C)*™/S) = Cra(AnSp(C)™™/T), [*(G, F) = ([*G, [*F)
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e As usual, we denote by

(f*; f+) = (P(f)", P(f)«) : C(AnSp(C)/S) = C(AnSp(C)/T)

the adjonction induced by P(f) : AnSp(C)/T — AnSp(C)/S. Since the colimits involved in the
definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an adjonction

(f* f+) : Cru(AnSp(C)/S) = Cra(AnSp(C)/T), f*(G, F) = (f*G, [*F)

e For h: U — S asmooth morphism with U, S € AnSp(C), the pullback functor P(h) : AnSp(C)*™/S —
AnSp(C)*™ /U admits a left adjoint C(h)(X — U) = (X — U — S). Hence, h* : C(AnSp(C)*"/S) —
C(AnSp(C)*™ /U) admits a left adjoint

. sm sm : ! i
e : C(AnSP(C)™ [U) > C(AnSp(C)™/S), F s ((Viho) w5 Tim - F(V, )

Note that for A’ : V' — V a smooth morphism, V',V € AnSp(C), we have hy(Z(V'/V)) =
Z(V'/S) with V'/S = (V' h o h'). Hence, since projective presheaves are the direct summands of
the representable presheaves, hy sends projective presheaves to projective presheaves. For F'® €
C(AnSp(C)*™/8S) and G* € C(AnSp(C)*™/U), we have the adjonction maps

ad(hy, h*)(G*) : G* — h"hyG*® , ad(hy, h™)(F*®) : hyh"F*® — F°.
For a smooth morphism h : U — S, with U, S € AnSp(C), we have the adjonction isomorphism, for
F € C(AnSp(C)*™/U) and G € C(AnSp(C)*™/S),
I(hy, h*)(F, G) : Hom®(hyF, G) = hoHom® (F, h*G). (35)
e For f : T — S any morphism with 7,5 € AnSp(C), the pullback functor P(f) : AnSp(C)/T —

AnSp(C)/S admits a left adjoint C(f)(X — T) = (X — T — S). Hence, f*: C(AnSp(C)/S) —
C(AnSp(C)/T) admits a left adjoint

fy: C(AnSp(C)/T) — C(AnSp(C)/S), F = ((V,ho) = F(V', 1)

lim
(V’,hoh’)—(V,hq)

Note that we have for A’ : V/ — V a morphism, V',V € AnSp(C), hy(Z(V'/V)) = Z(V'/S) with
V'/S = (V’',hoh'). Hence, since projective presheaves are the direct summands of the representable
presheaves, hy sends projective presheaves to projective presheaves. For F* € C'(AnSp(C)/S) and
G* € C(AnSp(C)/T'), we have the adjonction maps

ad(fy, [)(G®) : G* = [P /G, ad(fy, f7)(F®) : fyf " F* — F*.

For a morphism f : T — S, with 7,5 € AnSp(C), we have the adjonction isomorphism, for
F € C(AnSp(C)/T) and G € C(AnSp(C)/S5),

I(fy, [*)(F,G) : Hom®*(fyF,G) = f Hom®(F, f*G). (36)
e For a commutative diagram in AnSp(C) :

D=VvV-2.U

3

hg hl
g1
T——=S5

where hy and hy are smooth, we denote by, for F* € C(AnSp(C)*™/U),

Ty(D)(F®) : haygsF* — gy F®
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the canonical map in C'(AnSp(C)*™/T) given by adjonction. If D is cartesian with hy =h, g1 =g
fo=h :Ur—>T,¢ :Upr—U,

Ty(D)(F*) =: Ty(g, h)(F*®) : hig "F* = g*hy F*
is an isomorphism and for G* € C(AnSp(C)*™/T)

T(D)(G*) = T(g,h)(G*) : g"h.G* = h.g"G*
is an isomorphism.

e For a commutative diagram in AnSp(C) :

we denote by, for F'* € C(AnSp(C)/X),
Ty(D)(F*®) : foygoF* = g1 frsF*

the canonical map in C(AnSp(C)/T) given by adjonction. If D is cartesian with hy = h, g1 = g
fo=hW:Xr—>T,¢: Xr— X,

Ty(D)(F*) =: Ty(g. f)(F*) : fig “F* = g" fyF*®
is an isomorphism and for G* € C(AnSp(C)/T)

T(D)(G®) = T(g,h)(G*) : ["9.G* = gL "G
is an isomorphism.

For f:T — S a morphism with S,T € AnSp(C),

e we get for FF € C(AnSp(C)*™/S) from the a commutative diagram of sites (34) the following
canonical transformation

T(e, f)(F®): fre(S)«F* — e(T).f"F*®,

which is NOT a quasi-isomorphism in general. However, for h : U — S a smooth morphism with

~

S,U € AnSp(C), T'(e,h)(F*) : h*e(S)«F* — e(T).h*F* is an isomorphism.

e we get for F' € C(AnSp(C)/S) from the a commutative diagram of sites (34) the following canonical
transformation
T(e, f)(F®): fre(S)F* — e(T).f*F*®,

which is NOT a quasi-isomorphism in general. However, for h : U — S a smooth morphism with

~

S,U € AnSp(C), T'(e, h)(F*®) : h*e(S).F* — e(T).h*F* is an isomorphism.
Let S € AnSp(C),
e We have for F,G € C(AnSp(C)*™/S),
— e(9)(F®G)=(e(S)F) ® (e(S)«G) by definition
— the canonical forgetfull map
T(S, hom)(F,G) : e(S) Hom®(F,G) — Hom®(e(S)+F, e(S)«G).

which is NOT a quasi-isomorphism in general.
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By definition, we have for F' € C(AnSp(C)*™/S), e(S)«Eusu(F) = Eusu(e(S)«F).
e We have for F,G € C(AnSp(C)/S),
— e(9)(F®G) = (e(9)«F) ® (e(5)G) by definition

— the canonical forgetfull map
T(S,hom)(F,G) : e(S)sHom®(F,G) — Hom*(e(S).F,e(S).G).
which is NOT a quasi-isomorphism in general.
By definition, we have for I € C(AnSp(C)/S), e(S)«Eusu(F) = Eusu(e(S)F).

Let S € AnSp(C). We have the support section functor of a closed subset Z C S for presheaves on
the big analytical site.

Definition 21. Let S € AnSp(C). Let Z C S a closed subset. Denote by j : S\Z — S be the open
complementary subset.

(i) We define the functor
Tz : C(AnSp(C)*™/S) — C(AnSp(C)*™/S), G* — I'zG*® := Cone(ad(j*, 5. )(G*) : G* — 4.j"G*)[-1],
so that there is then a canonical map vz(G*) : T'zG* — G°.

(i) We have the dual functor of (i) :

7 : C(AnSp(C)™/S) — C(AnSp(C)*™/S), F = T7(F*) := Cone(ad(j;, j7)(G*) : juj"G* — G*),
together with the canonical map v%(G) : F — T%(G).
(iii) For F,G € C(AnSp(C)*™/S), we denote by
167, hom)(F, G) = (I, 1(js, /)(F, G)) : T s Hom(F, G) = Hom(T'F, G)
the canonical isomorphism given by adjonction.

Let S € AnSp(C) and Z C S a closed subset.

e Since I'z : C(AnSp(C)*™/S) — C(AnSp(C)*™/S) preserve monomorphism, it induces a functor
Iz : Cra(AnSp(C)*™/S) — Cra(AnSp(C)*™"/S), (G, F) = I'z(G, F) := (I'zG,I'zF)

e Since I'}, : C(AnSp(C)*™/S) — C(AnSp(C)*™/S) preserve monomorphism, it induces a functor
I : Cru(AnSp(C)™/5) — Cra(AnSp(CY™/S), (G, F) o TY(G, F) = (TG, T%F)

Definition-Proposition 7. (i) Let g : S’ — S a morphism and i : Z < S a closed embedding with
S’,8,Z € AnSp(C). Then, for (G, F) € Cyyu(AnSp(C)*™/S), there exist a map in Cy;(AnSp(C)*™/S")

T(9,7)(G,F): 9T z(G,F) =5 Tzx.5:9" (G, F)

unique up to homotopy, such that vzxss' (9" (G, F)) o T(g,7)(G, F) = g"vz(G, F).

(i) Let iy : Zhv < S, ia : Zo < Zp be closed embeddings with S, Z1,Zs € AnSp(C). Then, for
(G,F) € Cry(AnSp(C)*™/S),

89



— there exist a canonical map T(Z2/Z1,7)(G, F) : T7,(G, F) = I'z, (G, F) in Cyy (AnSp(C)*™ /S)
unique up to homotopy such that vz, (G, F) o T(Z3/Z1,7)(G, F) = v2,(G, F), together with a
distinguish triangle

T(Z2/Z1,7)(G,F) ad(j3 .52+ )(Tz, (G, F))
Akl LAt

FZ2(GaF) FZI (Gv F)

I‘lZl\Zz (Gv F) - FZz (Ga F)[l]

m Kfil (AnSp(C)Sm/S),

— there exist a map T(Z2/Z1,7")(G,F) : Ty (G, F) =Ty (G, F) in Cyy(AnSp(C)*™/S) unique
up to homotopy such that vy (G, F) = T(Z2/Z1,7")(G, F) oy, (G, F), together with a distin-
guish triangle

ad(j2.33) (%, G)
%

T(Z3/71 7" )(G,F)
I'02(G.F) Y, (G, F) ——= I, (G F) =Ty 4G, F)]

in Ky (AnSp(C)*™/S).

(iii) Consider a morphism g : (S',Z) — (S,2Z) with (S',Z) — (S,Z) € AnSp(C). We denote, for
G € C(AnSp(C)*™/S) the composite

T(Z']ZxsS" ~Y)(G)

T(D,v)(Q) : g*T LG = P\Z/XSS’Q*G I'Y.q¢"G

and we have then the factorization vy, (g*G) : ¢*G gz(C), g TG TOA)NE), 'y gG.

Proof. Similar to definition-proposition 1 or definition-proposition 4. o

Definition 22. For S € AnSp(C), we denote by
Cos (AnSp(C)*™/S) := Ce(s)+ 05 (AnSp(C)*™ /5)

the category of complexes of presheaves on AnSp(C)*™ /S endowed with a structure of e(S)*Og module,
and by
Cos 1it(AnSp(C)*"/S) 1= Ce(s)- 04 i (AnSp(C)™™ /)

the category of filtered complexes of presheaves on Var(C)*™/Sendowed with a structure of e(S)*Og
module.

Let S € AnSp(C). Let Z C S a closed subset. Denote by j : S\Z < S the open complementary
embedding,

e For G € Coy(AnSp(C)*™/S), I'zG := Cone(ad(j*, j«)(G) : F — j.j*G)[—1] has a (unique) struc-
ture of e(S)*Og module such that vz(G) : T'zG — G is a map in Co, (AnSp(C)*™/S). This gives
the functor

Iz : Cogsri(AnSp(C)*™ /S) = Crios (AnSp(C)*™/S), (G, F) = T'z(G, F) := (I'zG,T'zF),

together with the canonical map vz ((G, F) : T'z(G, F) — (G, F). Let Zy C Z a closed subset. Then,
for G € Cog (AnSp(C)*™/S), T(Z2/Z,v)(G) : T2,G — I'zG is a map in Co4 (AnSp(C)*™/S) (i.e.
is €(5)*Og linear).

e For G € Co,(Var(C)*™/S), T'}G := Cone(ad(js, j*)(G) : jsj*G — G) has a unique structure of
e(S)*Og module, such that v (G) : G — I';G is a map in Co, (AnSp(C)*™/S). This gives the the
functor

F% : COSfil(S) - OfilOs (S ) (GaF) = F%(GaF) = (F%G, F%F)a

)
together with the canonical map v%((G, F) : (G, F) = '} (G, F). Let Zy C Z a closed subset. Then,
for G € Cog(AnSp(C)*™/S), T(Z2/Z,~")(G) : TyG — Ty, G is amap in Cog (AnSp(C)*™/S) (i.e.
is €(5)*Og linear).
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Definition 23. Let S € AnSp(C). Let Z C S a closed subset.

(1)

(1)

(i)

(i)’

We denote by
Cz(AnSp(C)*™/S) c C(AnSp(C)*™/8S),

the full subcategory consisting of complexes of presheaves F'* € C(AnSp(C)*™/S) such that ays, H™(j*F*®) =
0 for alln € Z, where j : S\Z < S is the complementary open embedding and a,s, is the sheaftifi-
cation functor.

We denote by
Cos.z(AnSp(C)*™/S) C Cos(AnSp(C)*™/5),

the full subcategory consisting of complexes of presheaves F'* € C(AnSp(C)*™/S) such that ays, H™(j*F*) =
0 for alln € Z, where j : S\Z < S is the complementary open embedding and a,s, is the sheaftifi-
cation functor.

We denote by

C'fil,Z(AnSp((C)Sm/S) C Ofil (AnSp(C)Sm/S)
the full subcategory consisting of filtered complezes of presheaves (F'*,F) € Cyy(AnSp(C)*™/S)
such that there exist r € N and an r-filtered homotopy equivalence ¢ : (F*, F) — (Fl',F) with
(F'*,F) € Cry(AnSp(C)*™/S) such that ays,j*H" Grb(F'*, F) = 0 for all n,p € Z, where j :
S\Z < S is the complementary open embedding and a,s, is the sheaftification functor.

We denote by
Cos fi1,z(AnSp(C)*™ /S) C Cos jur(AnSp(C)*™ /5)
the full subcategory consisting of filtered complezes of presheaves (F*,F') € Cogrit(AnSp(C)*™/S)

such that there exist r € N and an r-filtered homotopy equivalence ¢ : (F*,F) — (F/',F) with
(F'*,F) € Cogssu(AnSp(C)*™/S) such that ays,j*H™ Crh(F*,F) = 0 for all n,p € Z, where
j:S\Z < S is the complementary open embedding and a,s, is the sheaftification functor.

Let S € AnSp(C) and Z C S a closed subset.

For (G, F) € Cyy(AnSp(C)*™/S), we have I'z(G, F),T'% (G, F) € Cri,z(AnSp(C)*™/S).
For (G, F) S Cosfil(AnSp((C)Sm/S), we have Fz(G, F),F\Z/(G, F) S Oosfihz(AnSp(C)sm/S).

Let Se € Fun(Z, AnSp(C)) with Z € Cat, a diagram of algebraic varieties. It gives the diagram of
sites AnSp(C)?/S, € Fun(Z, Cat).

Then Cf; (AnSp(C)/S,) is the category

— whose objects (G, F) = ((Gr, F)rez,ury), with (Gr,F) € Cyy(AnSp(C)/Sr), and ury :
(G, F) = r15.(Gy,F) for rry : I — J, denoting again r;; : Sy — Sy, are morphisms
satisfying for I — J — K, rrpuyk ourg = urk in Cry(AnSp(C)/Sy),

— the morphisms m : (G, F),ury) — ((H, F),vr5) being (see section 2.1) a family of morphisms

of complexes,
m = (mr: (Gr,F) = (Hr, F))rez

such that vy omy = pryemyoury in Cpy(Var(C)/Sy).
Then Cy;; (AnSp(C)®™/S,) is the category

— whose objects (G, F) = ((Gr, F)iez,urs), with (Gr, F) € Cry(AnSp(C)*™/Sy), and uyy :
(G, F) = r15(Gy,F) for rry : I — J, denoting again r;; : Sy — Sy, are morphisms
satisfying for I — J — K, rrjujx oury = urg in Cfil(AnSp((C)Sm/Sl),
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— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (my: (G, F) = (Hp, F))rez

such that vy omy = prjemyoury in Cry(AnSp(C)*™/Sy).

As usual, we denote by
(f, fox) = (P(f2)", P(fa)+) : C(AnSp(C) ™ /Ss) — C(AnSp(C)*™) /T.)

the adjonction induced by P(f.) : AnSp(C)*™ /T, — AnSp(C)(*™ /S,. Since the colimits involved in
the definition of fJ = P(fe)* are filtered, fJ also preserve monomorphism. Hence, we get an adjonction

(f2, for) : Cpu(AnSp(C)*™ /S,) = Cra(AnSp(C)™) /Ty,
Je (G, F),urg) := ((ffGr, f1F), T(fr,r15)(=) o ffury).
Let S € AnSp(C). Let S = UézlSi an open cover and denote by S; = NierS;. Let i; : S; — S;

closed embeddings, with S; € AnSp(C). For I C [1,---1], denote by S; = ;1 S;. We then have closed
embeddings iy : S; — Sy, and for J C I the following commutative diagram

Dry= 51 L>g1

juT PUT

Sy —1=8;

where p;ry : S; — S; is the projection and jr; : S; < St is the open embedding so that j; o jr; = j;.
This gives the diagram of analytic spaces (S7) € Fun(P(N), AnSp(C)) which which gives the diagram of

sites AnSp(C)Sm/(SI) € Fun(P(N), Cat). Denote by m : S7\(S7\Ss) < S the open embedding. Then
Cyi(AnSp(C)*™ /(S1) is the category

e whose objects (G, F) = ((Gr, F),uzy) with (Gy, F) € Cy(AnSp(C)*™/S;), and uyy : (Gr, F) —
pry«(Gy, F) are morphisms satisfying for I C J C K, prjujkxoury = urg in Cry(AnSp(C)*™/Sy),

e the morphisms m : (G, F),ur;) = ((H, F),vrs) being a family of morphisms of complexes,
m = (m[ : (G[,F) — (H],F))]el'
such that vyy omy = pryemyoury in Cpy (AnSp((C)Sm/g[).

Definition 24. Let S € AnSp((C). Let S = UL_|S; an open cover and denote by S; = N;e1S;. Let i
S; — S closed embeddings, with S; € AnSp(C). We denote by the full subcategory C'¢;1(AnSp(C)*™ /(S/(S1))) C
Cyiu(AnSp(C)®™ /(S1)) the full subcategory

e whose objects (G, F) = ((G1, F)rcp,..qpurs), with (G, F) € Ctir.s, (AnSp(C)*™/Sy), and usy :
m*(Gr, F) = m*p1y.(Gy, F) for I C J, are oo-filtered usu local equivalence, satisfying for I C J C
K, prysusk oury = urg in Cpy(AnSp(C)*™ /St),

o the morphisms m : ((G,F),ury) = ((H, F),vr;) being (see section 2.1) a family of morphisms of
complezes,
m = (my : (G, F) = (Hr, F))rcp,

such that vry omy = prj«myoury in Cfil(AnSp((C)Sm/g]).
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A morphism m : ((G1, F),ury) — ((Hr, F),vry) is an r-filtered usu local equivalence, if there exists ¢; :
((Cir, F),uirg = (Ciigryrs F)yuiyrg), 0 < i < s, with ((Cir, F),uirs € Cry(AnSp(C)>C™) /(S/(S))))
((Cor, F),uory) = (Gr, F),urs) and ((Csr, F),usrg = ((Hr, F),v1s), such that

¢=dso---0pio---0¢: (G, F),urs) = (Hr, F),vr5)

and ¢; = ((Cir, F),uirg) = (Cixyr, F),u@g1)rs) either a filtered usu local equivalence or an r-filtered
homotopy equivalence.

Denote L = [1,...,l] and for I C L, po(or) : S X S;— S, Pror : S X S; — S; the projections. By
definition, we have functors

o T(S/(51) : Cru(AnSp(C)*"/S) — Cra(AnSp(C)*™ /(S/(51))), (G, F) = (irsj; F, T(D1s) (i1 (G, F))),
e T((51)/5) : Cru(AnSp(C)*™/(S/(S1))) = Cra(AnSp(C)*™/S), (G, F),urs) = holimscr, poor) T4, P or) (G1, F).-
Note that the functors T'(S/(S;) are NOT embedding, since
ad(if, i )G F) - ifirei F — 41 F

are usu local equivalence but NOT isomorphism since we are dealing with the morphism of big sites
P(ir) : AnSp(C)*™/Sr — AnSp(C)*™/S;. However, these functors induces full embeddings

T(S/(S1)) : Dsa(AnSp(C)*™/S) = Dsu(AnSp(C)*™ /(S/(S1)))
since for F' € C'(AnSp(C)*™/S),
ho }gl}: po(m)JS;Z’?(oz) (il*j}kF) - pO(OI)*FSIj;F

is an equivalence usu local.

Let f: X — S a morphism, with X, S € AnSp(C). Let S = Uf;:lSj- and X = UL_, X; be affine open

covers and i; : S; — S;, i} : X; < X; be closed embeddings. Let f; : X; — 9; be a lift of the morphism
fi= f|X1 : X; — S;. Then, f; = f|XI : X1 = Nier X; = St = NyerS; lift to the morphism

fr=Merfi: Xr = Wier Xi — Sp = Wier S

Denote by prs : S’J — 5’1 and p}; : )N(J — XI the projections. Consider for J C I the following
commutative diagrams

Dy = SILS'I , Dyy = X —Ls X, , Dyr = SILSYI
j”T p”T j}JT pIIJT fIT JZIT
Sy s Sy X, —L- X, X, —= X

We have then following commutative diagram

X; o X, X\X] .

’ nI
J1g
pIIJ T ZD}JT ZD}JT

. lr. ~ nyxI ~ ~
i Xy —=' X x X1 x X —= Xy -~ XA\X
J

whose square are cartesian. We then have the pullback functor

f* 1 Claypa(AnSp(C)*™ /5/(S1)) = Ca)pa(AnSp(C)*™ /X /(X))
(G, F),ury) = f*((G1, F),urs) == (T%, f1(G1, F), fyury)

93



with

Tk P ad( ’*1 ’ (=) - e T, (pr. m«,)(*)*l)
fyurs: FX{I fi(Gr F) R p/IJ*pIJI‘}I fi(G1, F) R

p/IJ*F}I XXJ\IPJEJC; (Gr, F)

Prrevx (=) TY, 511 5p10)(= =) (ury)

pIIJ*P}/(Jpr]]ZI*(Gh F)= p/IJ*FB/(J EP?J(GD F) FB/(,, JE;(GJa F)

Let (G,F) € Cpy(AnSp(C)*™/S). Since, j*i},j*f*(G,F) = 0, the morphism T(D;;)(j(G, F)) :
Fring (G, F) = it i f*(G, F) factors trough

VX, (5)

. e B (D)} (G F))
T(Ds1)(j (G F)) : ffirei (G, F) ——— T, ffirji (G, F) ————

.01 (G, F)
We have then, for (G, F) € Cyy(S), the canonical transformation map

PTG, F) — LTS pix /(%)) (£(G, F))

| |

Frr oex Fr T7(Dys1)(i1 (G,F)) 0k pw
(Fg(lflll*]](GvF)vaI) ah (Z/I*]If (GvF)vl)

We have similarly to the algebraic case, we have:

Definition 25. (i) Let f : X — S a morphism with X,S € AnSp(C). Assume that there exist a

factorization f: X S5Y xS 5 S, withY € AnSm(C), i : X — Y is a closed embedding and p the
projection. We then consider

Q(X/S) :=psT'\ Zy x5 := Cone(Z((Y x S)\X/S) = Z(Y x S/S)) € C(AnSp(C)*"/S).
By definition Q(X/S) is projective since it is a complex of two representative presheaves.

(i) Let f : X — S and g : T — S two morphism with X,S,T € AnSp(C). Assume that there exist a

factorization f: X Y x 8 & S, with Y € AnSm(C), i : X < Y is a closed embedding and p the
projection. We then have the following commutative diagram whose squares are cartesian

fiX—svYxSs2sg
Q’T g”:—(IXg)T QT
Xy ey xT X
We then have the canonical isomorphism in C(AnSp(C)*™/T)
T(f,9,Q) = Ty(g,p) (=)~ o Ty(g",J)(—) " :
9 Q(X/S) = g" pTx Ly xs = Pil%, Zy w1 = Q(X1/T)
with j: Y x S\X <= Y x S the closed embedding.

Let S € AnSp(C). Denote for short AnSp(C)(*™) /S either the category AnSp(C)/S or the category
AnSp(C)*™/S. Denote by

Pa : AnSp(C)©*™ /S — AnSp(C)™ /S, X/S = (X,h) — (X x D')/S = (X x D', hopx),
(g:X/S = X"/S) = ((gx Ipn) : X xD'/S = X' xD'/9)

the projection functor and again by p, : AnSp(C)™ /S — AnSp(C)*™ /S the corresponding morphism
of site.
We now define the D! localization property :
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Definition 26. Let S € Var(C).
(i0) A complex F € C(AnSp(C)™ /S) is said to be D' homotopic if ad(ps, pax)(F) : F — paxpiF is

an homotopy equivalence.
(i) A complex F € C(AnSp(C)*™ /8S) is said to be D' invariant if for all U/S € AnSp(C)=™ /S,
F(py): F(U/S) = F(U x D'/S)

is a quasi-isomorphism, where py : U x D' — U is the projection. Obviously, a D' homotopic
complex is D' invariant.

(ii) A complex F € C(AnSp(C)™ /S) is said to be D' local for the usual topology, if for a (hence
every) usu local equivalence k : F — G with k injective and G € C(AnSp(C)™ /S) usu fibrant,
e.g. k: F = By (F), G is D! invariant for all n € Z.

(iii) A morphism m : F — G with F,G € C(AnSp(C)™ /S) is said to an (D', usu) local equivalence if
for all H € C(AnSp(C)*™) /S) which is A local for the etale topology

Hom(L(m), Eysy(H)) : Hom(L(G), Eysu(H)) — Hom(L(F), Eysu(H))
is a quasi-isomorphism.

Proposition 29. A morphism m : F — G with F,G € C(AnSp(C)*™) /S) is an (D', et) local equivalence
if and only if there exists

{X14/S, €M1}, ... {X,0/S €A} C AnSp(C)™) /S
such that we have in Ho.;(C(Var(C)™) /S))
Cone(m) = Cone(@aen, Cone(Z(X1,oxD'/S) = Z(X1.4/9)) = -+ = Baen, Cone(Z(X, o xD/S) = Z(X,.0/9)))
Proof. Standard. O

Definition-Proposition 8. Let S € AnSp(C)

(i) With the weak equivalence the (D', usu) local equivalence and the fibration the epimorphism with
DY local and usu fibrant kernels gives a model structure on C(AnSp(C)*™/S) : the left bousfield
localization of the projective model structure of C(AnSp(C)*™/S). We call it the (D', usu) projective
model structure.

(ii) With the weak equivalence the (D', usu) local equivalence and the fibration the epimorphism with
DY local and usu fibrant kernels gives a model structure on C(AnSp(C)/S) : the left bousfield
localization of the projective model structure of C(AnSp(C)/S). We call it the (D', usu) projective
model structure.

Proof. Similar to the proof of definition-proposition 5. O
Proposition 30. Let g : T — S a morphism with T, S € AnSp(C).
(i) The adjonction (g*,g«) : C(AnSp(C)*™/S) = C(AnSp(C)*™/T) is a Quillen adjonction for the

(DY, et) projective model structure.

(1)’ Leth : U — S a smooth morphism with U, S € AnSp(C). The adjonction (hy, h*) : C(AnSp(C)*™/U) =
C(AnSp(C)*™/S) is a Quillen adjonction for the (D', et) projective model structure.

(i)” The functor g* : C(AnSp(C)*™/S) — C(AnSp(C)*™ /T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence usu local to equivalence usu local, sends (D!, et) local equivalence to (D, et) local
equivalence.
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(ii) The adjonction (g*, g«) : C(AnSp(C)/S) = C(AnSp(C)/T) is a Quillen adjonction for the (D!, et)
projective model structure (see definition 5).
(i)’ The adjonction (gs,9*) : C(AnSp(C)/T) < C(AnSp(C)/S) is a Quillen adjonction for the (D, et)
projective model structure (see definition 5).
(i1)” The functor g* : C(AnSp(C)/S) — C(AnSp(C)/T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence usu local to equivalence usu local, sends (D', et) local equivalence to (D', et) local
equivalence.

Proof. Similar to the proof of proposition 18. O
Proposition 31. Let S € AnSp(C).
(i) The adjonction (p§,ps«) : C(AnSp(C)*™/S) = C(AnSp(C)/S) is a Quillen adjonction for the

(DY, et) projective model structure.

(ii) The functor ps« : C(AnSp(C)/S) — C(AnSp(C)*™/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence usu local to equivalence usu local, sends (D', usu) local equivalence to (D', usu)
local equivalence.

Proof. Similar to the proof of proposition 19. o

Let S € AnSp(C). Let S = UL_;S; an open affinoid cover and denote by S; = NierSi. Let ;1 S; — S;
closed embeddings, with S; € AnSp(C). For (Gr,K;;) € C(AnSp(C)™ /(S;)°P) and (H;,Try) €
C(AnSp(C)™) /(Sr)), we denote

Hom((Gr, K15), (H1,T1y)) := (Hom(Gr, Hy),urs((Gr, K1), (Hr, Tr))) € C(AnSp(C)*™ /(S)))
with

UIJ((G],K]J)(H],T[J)) . HO’I”I’L(G],H])

ad(p;.lvpl.l*)(f) ) T(pIJvhom)(*v*)

pry«Hom(pi;Gr,p7Hr)

MPIJ*HOTU(GJ,HJ).

pry«pr; Hom(Gr, Hy
Hom(p7 ;Gr1,Tr7) *
SO Pry m LT, pro«Hom(ps,;Gr, Hy)
This gives in particular the functor

C(AnSp(C)™ /(S1)) = C(AnSp(C)©™™ /(S51)°P), (Hy, Tr5) — (Hy, Try).

Let S € AnSp(C). Let S = Ut_,S; an open affinoid cover and denote by St = N;erS;. Let i; : S; < S;
closed embeddings, with S; € AnSm(C). The functor p, extend to a functor

Pa - ADSP(C)(Sm)/(g]) — AHSp(C)(Sm)/(S’]), (X]/S’[,S[J) — (X X Dl/g[,S[J X I),
(9="(g91) + (X1/S1,510) = (X]/S1,57,)) = ((g x Ip1) + (X1 x D' /Sy, s15) = (X7 x D'/S1,87,))

the projection functor and again by p, : AnSp(C)®*™ /(S§;) — AnSp(C)™ /(S;) the corresponding
morphism of site.

Definition 27. Let S € AnSp(C). Let S = UL_1S; an open affinoid cover and denote by S; = N;crSi.
Let i; : S; = S; closed embeddings, with S; € AnSp(C).

(i0) A complex (Fr,urs) € C(AnSp(C)™ /(S)) is said to be D' homotopic if ad(p:, pas)((Fr,ury)) :
(Fr,ury) = paspti(Fr,ury) is an homotopy equivalence.
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(i) A complexr (Fr,uzy) € C(AnSp(C)™) /(Sy)) is said to be D' invariant if for all (X;/S;,s15) €
AnSp(C)“™ /(S)

(Fi(px,)) : (Fr(X1/S1), Fy(s12)) o urs(=) = (Fir(Xy x A'/S1), Fy(s1s x I) o ugs(—))

is a quasi-isomorphism, where px, : X; x A' — X are the projection, and sy : X1 X S'J\I/S’J —
X;/S;. Obviously a complex (Fr,ur;) € C(AnSp(C)™ /(S;)) is D invariant if and only if all
the Fr are A invariant.

(ii) Let T a topology on AnSp(C). A complex F = (Fr,ur;) € C(AnSp(C)®™ /(S})) is said to be D'
local for the T topology induced on AnSp(C)/(Sy), if for an (hence every) T local equivalence k
F — G with k injective and G = (G1,v1;) € C(AnSp(C)™ /(S)) T fibrant, e.g. k : (Fr,ury) —
(E,(Fr),E(ury)), G is D! invariant.

(iii) A morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € C(AnSpN((C)(Sm)/(S'I)) 18
said to be an (D, usu) local equivalence if for all (Hy,wr;) € C(AnSp(C)™) /(St)) which is D'
local for the usual topology

(HOIH(L(m]), Eusu(H]))) . HOHI(L(G], 'U[J), Eet(H], wU)) — HOIII(L(F], UIJ), Eusu(H], ’LU]J))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) — (Gr,vry) with (F1,ury), (Gr,ury) €
C(AnSp(C)™ /(51)°P) is an (D', usu) local equivalence, then all the my : Fr — Gy are (D', usu)
local equivalence.

(iv) A morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € C(AnSpr)(Sm)/(gl)"p)
is said to be an (D', usu) local equivalence if for all (Hy,wry) € C(AnSp(C)*™) /(Sr)) which is D'
local for the etale topology

(HOIH(L(m]), Eet(H]))) . HOIH(L(G], U]J), Eusu (H], wu)) — HOHI(L(F], UIJ), Eusu(H], ’LU]J))

is a quasi-isomorphism. Obviously, if a morphism m = (mg) : (F1,urs) — (Gr,vry) with (Fr,ury),(Gr,urs) €
C(AnSp(C)™) /(S1)°P) is an (D', usu) local equivalence, then all the my : Fr — G are (D', usu)
local equivalence.

Proposition 32. Let S € AnSp(C). Let S = UL_,S; an open affinoid cover and denote by St = NicrS;.
Let i; - S; = S; closed embeddings, with S; € AnSp(C).

(i) A morphism m : F — G with F,G € C(AnSp(C)®*™ /(S1)) is an (D', usu) local equivalence if and

only if there exists
{(Xl,a,l/gla U}J), o€ Al} sy {(XT)QJ/S'], u}]), o€ AT} C AnSp((C)(Sm)/(g])
with ub ; + X a1 X gJ\I/S’J — Xi.0.7/S7, such that we have in Hoys, (C(AnSp(C)=™) /(S1)))

)
)

(ii) A morphism m : F — G with F,G € C(AnSp(C)™ /(S1)°P) is an (D', usu) local equivalence if
and only if there exists

{(Xl,a,l/gla U}J), a € Al} Sy {(XT)QJ/S’], U?J), a < AT} C AHSP(C)(Sm)/(gj)Op

with ub; : X1.0,0/S7 — Xt X S’J\I/S'J, such that we have in Hoe, (C(AnSp(C)™) /(S7)°P))

Cone(m) = Cone(Daca, Cone((Z(X1,a,1 X Dl/gl),Z(u}J x I)) — (Z(XLQJ/S’]) (u}J
J

,Z(ugy)
— o= Daen, Cone((Z(Xy.a.r x DV/Sp), Z(uy; x 1)) = (Z(Xy.a.1/S1), Z(u} )

Cone(m) =5 Cone(®aen, Cone((Z(X1,a.1 x DV/Sp), Z(ut; x 1)) = (Z(X1,0.1/51), Z(u};)))
— - = Daen, Cone((Z(Xna)] X Dl/gj),Z(u}] x 1)) — (Z(Xr,a,l/gl)vz(u}]))))

Proof. Standard. See Ayoub’s Thesis for example. O
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2.9 Presheaves on the big analytical site of pairs

We recall the definition given in subsection 5.1 : For S € AnSp(C), AnSp(C)?/S := AnSp(C)?/(S,S) is
by definition (see subsection 2.1) the category whose set of objects is

(AnSp(C)?/8)° :={((X, Z),h),h: X — S, Z C X closed } C AnSp(C)/S x Top

and whose set of morphisms between (X1, Z1)/S = (X1, Z1), h1), (X1, Z1)/S = (X2, Z5), ha) € AnSp(C)?/S
is the subset

Homansp(c)2/s((X1, 21)/8, (X2, Z2)/5) =
{(f Xy — XQ), s.t. hy o f = hy and Z7 C fﬁl(ZQ)} C HomAnSp(C) (Xl, XQ)

The category AnSp(C)? admits fiber products : (X1,21) X(s,7) (X2, 2Z2) = (X1 xg X2, 21 Xz Z2). In
particular, for f: T — S a morphism with S,T € AnSp(C), we have the pullback functor

P(f) : AnSp(C)*/S — AnSp(C)*/T, P(f)((X, Z)/S) == (X1, Z1)/T, P(f)(9) == (9 x5 [)

and we note again P(f) : AnSp(C)?/T — AnSp(C)?/S the corresponding morphism of sites.

We will consider in the construction of the filtered De Rham realization functor the full subcategory
AnSp(C)**™ /S C AnSp(C)?/S such that the first factor is a smooth morphism : We will also consider,
in order to obtain a complex of D modules in the construction of the filtered De Rham realization
functor, the restriction to the full subcategory AnSp(C)??"/S C AnSp(C)?/S such that the first factor
is a projection :

Definition 28. (i) Let S € AnSp(C). We denote by
ps : AnSp(C)**™ /S < AnSp(C)?/S

the full subcategory consisting of the objects (U,Z)/S = ((U,Z),h) € AnSp(C)?/S such that the
morphism h: U — S is smooth. That is, AnSp(C)**™ /S is the category

— whose objects are (U,Z)/S = ((U,Z),h), with U € AnSp(C), Z C U a closed subset, and
h:U — S a smooth morphism,

— whose morphisms g : (U, 2)/S = ((U,Z),h1) — (U',Z")/S = (U',Z"),h2) is a morphism
g:U — U’ of complex algebraic varieties such that Z C g='(Z') and ha o g = hy.

We denote again ps : AnSp(C)?/S — AnSp(C)?*™ /S the associated morphism of site. We have

*(S) : AnSp(C)? "= A 1gh(C)2 /8 L5 AnSp(C)>*™ /S

the composite morphism of site.
(ii) Let S € AnSp(C). We will consider the full subcategory
s : AnSp(C)*P" /S — AnSp(C)?/S
whose subset of object consist of those whose morphism is a projection to S :

(AnSp(C)?77/8)% .= {((Y x S, X),p), Y € AnSp(C), p:Y x S — S the projection} C (AnSp(C)?/S)°.

(i) We will consider the full subcategory
ps ¢ (AnSp(C)**™P"/§) — AnSp(C)**™/S
whose subset of object consist of those whose morphism is a smooth projection to S :

(AnSp(C)>s™Pr /SY0 .= {((Y x S, X),p), Y € SmVar(C), p:Y x S — S the projection} C (AnSp(C)?/S)°
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For f : T — S a morphism with 7,5 € AnSp(C), we have by definition, the following commutative
diagram of sites

AnSp(C)%/T mr AnSp(C)%?" /T . (37)
P(f) AnSp(C)%s™ /T r(f) AnSp(C)2smer /T
AnSp(C)?/S pmL AnSp(C)2*r /S P(f)
\ [ K
AnSp(C)2"Sm/S ©s AnSp(C)Zsmpr/S

Recall we have (see subsection 2.1), for S € Var(C), the graph functor

Grg : AnSp(C)/S — AnSp(C)*?P" /S, X/S + Grg?(X/S) := (X x S, X)/S,
(g: X/S = X'/S) = Crd(g):=(gxIs: (X xS, X)— (X' x5 X))

For f : T — S a morphism with 7,5 € AnSp(C), we have by definition, the following commutative
diagram of sites

AnSp(C)2P" /T o AnSp(C)/T . (38)
P(f) AnSp(C)2smer /T }ﬁv AnSp(C)*™ /T
L Gr lQ
AnSp(C)*?r/S ‘L AnSp(C)/S P(f)
Gr]é2 \
AnSp(C)?sm /S AnSp(C)*™/S

where we recall that P(f)((X, Z)/S) := ((Xr, Zr)/T), since smooth morphisms are preserved by base
change.
As usual, we denote by

(f*, f) == (P(f)*, P(f)«) : C(AnSp(C)**™/S) — C(AnSp(C)**™/T)

the adjonction induced by P(f) : AnSp(C)?*™ /T — AnSp(C)?*™/S. Since the colimits involved in the
definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an adjonction

(f*, £2) - Cra(AnSp(C)**™ /8) = Cra(AnSp(C)**™/T), f*(G,F) := (f*G, f'F)

For S € AnSp(C), we denote by Zg := Z((S,S)/(S,S)) € PSh(AnSp(C)**™/S) the constant presheaf
By Yoneda lemma, we have for F' € C(AnSp(C)**™/S), Hom(Zs,F) = F.

For h : U — S a smooth morphism with U, S € AnSp(C), P(h) : AnSp(C)**™/S — AnSp(C)*>*™/U
admits a left adjoint

C(h) : AnSp(C)>*™ /U — AnSp(C)>*™ /S, C(h) (U, Z"),}) = (U, Z'),ho ).
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Hence h* : C(AnSp(C)?*™/S) — C(AnSp(C)?*™/U) admits a left adjoint

. 2,sm 2,sm . : / /
hy : C(ANSP(C)>™" /U) — O(AnSp(C)>™ /), Frs (e (U 2)ho) sl F((U'2)/U)

For F'* € C(AnSp(C)?*™/S) and G* € C(AnSp(C)**™/U), we have the adjonction maps
ad(hy, h*)(G*) : G* — h*hyG* | ad(hy, h*)(F*) : hyh*F* — F*.

For a smooth morphism h : U — S, with U,S € AnSp(C), we have the adjonction isomorphism, for
F € C(AnSp(C)?*™/U) and G € C(AnSp(C)?*™/S),

I(hy, h*)(F,G) : Hom® (h4F, G) = h,Hom® (F,h*G). (39)
For a commutative diagram in AnSp(C) :

92
E—

=V U
b

T- 2.9

D

)

where hy and hy are smooth, we denote by, for F'* € C(AnSp(C)**™/U),
Ty(D)(F*®) : haggs F'* — grhig F*®

the canonical map given by adjonction. If D is cartesian with hy = h, g1 = g fo = b : Ur = T,
g/ Ur — []7 ,
Ty(D)(F*) =: Ty(g, h)(F) : ég F* — g"hyF*®

is an isomorphism.
We have the support section functors of a closed embedding ¢ : Z — S for presheaves on the big
analytical site of pairs.

Definition 29. Leti: Z — S be a closed embedding with S, Z € AnSp(C) and j : S\Z < S be the open
complementary subset.

(i) We define the functor

I'z : C(AnSp(C)**™/S) — C(AnSp(C)**™/8S), G* + T zG* := Cone(ad(j*, j.)(G®) : G* = j.j*G*)[-1],
so that there is then a canonical map vz(G*) : T'zG* — G°.

(ii) We have the dual functor of (i) :
I : C(AnSp(C)**™/S) — C(AnSp(C)*™™/S), F = T;(F*) := Cone(ad(jz, ") (G*) : juj*G* — G*),
together with the canonical map v%(G) : F — ' (G).

(iii) For F,G € C(AnSp(C)**™/S), we denote by

1y, hom)(F, G) = (I, I(js, j*)(F,G)"1) : T 7Hom(F, G) = Hom(TF, G)

the canonical isomorphism given by adjonction.

Note that we have similarly for i : Z < S, i’ : Z/ < Z closed embeddings, g : T — S a morphism
with T, S, Z € AnSp(C) and F € C(AnSp(C)?*™/8S), the canonical maps in C'(AnSp(C)?*™/S)

o T(9.7)(F): g*'TzF = Lzusrg*F, T(g,7")(F) : T%, .rg"F = g*'T 2 F
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T(Z'/Z,A)(F): Tz F —T4F, T(Z')Z,4Y)(F) : T4F — T}, F

but we will not use them in this article.
Let S, € Fun(Z, AnSp(C)) with Z € Cat, a diagram of algebraic varieties. It gives the diagram of
sites AnSp(C)?/S, € Fun(Z, Cat).

e Then Cy;(AnSp(C)>(*™) /S,) is the category

— whose objects (G, F) = ((GI,F)Iez,uU), with (Gr, F') € Cfil(AnSp(C)2’(sm)/SI), and ury
(G, F) = r15(Gy, F) for rry : I — J, denoting again ry; : SI —> S, are morphisms
satisfying for I — J — K, ryjuyk oury = urg in Cry(AnSp(C)* (sm) /S7),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,

m = (m] : (G],F) — (H[,F))]el'
such that v;y omr =prpmyouryin Cpy (Var(C)2(sm) /S).
e Then Cy;(AnSp(C)>=™)P7 /G,) is the category
— whose objects (G, F) = ((Gr, F)iez,urs), with (G7,F) € Cpy(AnSp(C)>(™Pr/Sp) and
ury : (Gr, F) = r1(Gy, F) for rp; : I — J, denoting again r7y : Sy — S, are morphisms
satisfying for I — J — K, rrj.uyx o ury = urg in Cpy(AnSp(C)*6™) /Sy,

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms

of complexes,
m = (m] : (G],F) — (H[,F))]el'

such that v;y omy = prjemyouyy in Cfl-l(AnSp(C)Q’(Sm)pr/Sl).

For s :Z — J a functor, with Z,J € Cat, and f, : Ts — Sg(e) a morphism with 7, € Fun(J, AnSp(C))
and Se € Fun(Z, AnSp(C)), we have by definition, the following commutative diagrams of sites

AnSp(C)?/T, . AnSp(C)>*" /T, . (40)
PTe »‘ PTe
P(fe) AnSp(C)>*™ /T, r<f.> AnSp(C)>*m#" /T,
AnSp(C)2/S. Pl AnSp(C)27r /S, P(fs)
PSe PSe

HSe

AnSp(C)2*™ /8 AnSp(C)%smrr /S,
and
GI‘12
AnSp(C)2?" /T. T AnSp(C)/T (41)
PTe i PTe
P AnSp(C)*mr /T, iy AnSp(C)™ /T,
G JZ
AnSp(C)**#7/S, Pife) AnSp(C)/S, P(f)
[{ PSe
Gr_lg2.
AnSp(C)%=m /S, AnSp(C)*™ /S,
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Let s: Z — J a functor, with Z,J € Cat, and f, : Te — Sy(e) a morphism with 7, € Fun(J, AnSp(C))
and Se € Fun(Z, AnSp(C)).

e As usual, we denote by

(f2, for) = (P(fa)*, P(fa)x) : C(AnSp(C)>™ /S,) — C(AnSp(C)>™)/T,)

the adjonction induced by P(f,) : AnSp(C)*(™) /T, — AnSp(C)>™)/S,. Since the colimits
involved in the definition of fJ = P(f.)* are filtered, f¥ also preserve monomorphism. Hence, we
get an adjonction

(f3, fox) : Cra(AnSp(C)**™ /S,) S Cri(AnSp(C)> ™ /Ty),
fe (G, F)urg) = ((fiGr, fTF), T(fr,r1)(=) o frury)

e As usual, we denote by

(£, fox) = (P(fo)", P(fa)+) : C(AnSp(C)* ™" /S,) — C(AnSp(C)> ™" /T, )

the adjonction induced by P(f,) : AnSp(C)%™P" /Ty — AnSp(C)>™Pr/S,. Since the colimits
involved in the definition of fJ = P(f.)* are filtered, f¥ also preserve monomorphism. Hence, we
get an adjonction

(f2. fox) = Cra(AnSp(C)* ™7 /S) S Cra(AnSp(C)* ™7 /1),
fo((Gr F)yurg) = ((fiGr, /1 F), T (fr.r1s)(=) o flury)
Let S € AnSp(C). Let S = U._,S; an open affinoid cover and denote by SI = NierSi- Let i; : S; — S;

closed embeddings, with S; € AnSp(C). For I C [1,---1], denote by S; = IT;c;S;. We then have closed
embeddings iy : S; < Sy and for J C I the followmg commutative diagram

Dry= 51 L>5'1

juT PIJT

Sy —L=8;

where pry : S’J — g[ is the projection and j;j : S; < St is the open embedding so that j; o jr; = j;.
This gives the diagram of analytic spaces (S;) € Fun(P(N), AnSp(C)) which gives the diagram of sites
AnSp(C)?/(S;) € Fun(P(N), Cat). This gives in the same way the diagram of analytic spaces (S7)? €
Fun(P(N)°?, AnSp(C)) which gives the diagram of sites AnSp(C)2/(57)°" € Fun(P(N)??, Cat).

e Then C};;(AnSp(C)>(™ /(S1)) is the category

— whose objects (G, F) = ((G1, F)icp,...p, urs), with (Gr, F) € Cti(AnSp(C)>(™) /Sr), and
J: (G, F) = prj«(G;, F) for I~C J are morphisms satisfying for I C J C K, prj«uji o
Uryg = Ui in Cfil(AnSp(C)2’(5m)/S’1),

— the morphisms m : (G, F),ury) — ((H, F),vrs) being (see section 2.1) a family of morphisms
of complexes,
m = (my:(Gr,F) = (Hr, F))rcp,.q

such that v;y om; = prjemyousy in Cfil(AnSp(C)z’(sm)/S’]>.
e Then C};;(AnSp(C)>(™P" /(S1)) is the category

— whose objects (G, F') = ((Gr, F)cp,..q), urg), with (Gr, F) € Ctit(AnSp(C)>™Pr /S 1) and
ury : (G1, F) = prj«(Gy, F) for I C J, are morphisms satisfying for I C J C K, prj«uji o
uryg = UuUrK in Ofil(AHSp(C)Q’(Sm)pT/S[),
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— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (m; : (G],F) — (HIuF))IC[1,~--l]

such that v;y omy = prjemyousy in Cfil(AnSp((C)Q’(Sm)pT/S']).
e Then Cj;(AnSp(C)>(5™ /(S1)?P) is the category

— whose objects (G, F) = ((G1, F)rcp,.)> urs), with (Gr, F) € Cyy(AnSp(C)* (sm) /S1), and
ury : (G, F) = pj,; (G, F) for I C J are morphisms satisfying for I C J C K, p¥urso
UK = UIK in Ofil(AIlSp( )2 (Sm)/SK)

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (mr: (Gr,F) = (Hr, F))rcp, -

such that vy omy = pj;mroury in Cpy(AnSp(C )% (em /S ).
e Then Cj;;(AnSp(C)>(5™Pr /(S1)°P) is the category

— whose objects (G, F) = (G, F)ici,..q, urs), with (Gy, F) € Cpy(AnSp(C)>(m™Pr/Sp), and
7:(Gy, F) = p1;(Gr, F) for I C J, are morphisms satisfying for I C J C K, plgurso
UK = UIK in Ofil(AHSp(C)2’(sm)pr/SK>,

— the morphisms m : (G, F),ury) = ((H, F),vrs) being (see section 2.1) a family of morphisms
of complexes,
m = (my: (G, F) = (Hr, F))rcp,.

such that vy; omy = pj,;mroury in Cfl-l(AnSp((C)Q’(Sm)pT/gJ).
We now define the usual topology on AnSp(C)?/S.
Definition 30. Let S € AnSp(C).

(i) Denote by T a topology on AnSp(C), e.g. the usual topology. The T covers in AnSp(C)?/S of
(X,2)/S are the families of morphisms

{(c; : (Ui, Z xx Uy) /S = (X, Z)/S)icr, with (¢; : Ui = X)ier 7 cover of X in AnSp(C)}

(ii) Denote by T the usual or the etale topology on AnSp(C). The 7 covers in AnSp(C)%*™/S of
(U,Z)/S are the families of morphisms

{(c; : (Ui, Z xp U;) /S — (U, Z)/S)ier, with (¢; : U; = U)ier T cover of U in AnSp(C)}

(iii) Denote by T the usual or the etale topology on AnSp(C). The T covers in AnSp(C)>™Pr /S of
(Y x S,Z)/S are the families of morphisms

{(e; x Is: (Ui x S, Z xyxs Ui x 8)/S = (Y x8,2)/S)ict, with (¢; : U; = Y );er 7 cover of Y in AnSp(C)}

Let S € AnSp((C) Denote by 7 the usual topology on AnSp((C). In particular, denoting a, :
PSh(AnSp(C)%¢™ /8) — Shv(AnSp(C)*™)/S) and a, : PSh(AnSp(C)> ™" /S) — Shv(AnSp(C)>™Pr/S)
the sheaftification functors,

e a morphism ¢ : F — G, with F,G € C(AnSp(C)**™)/S), is a 7 local equivalence if a,H"¢ :
a;H"F — a,H"G is an isomorphism, a morphism ¢ : F — G, with F, G € C(AnSp(C)>mrr/g),
is a 7 local equivalence if a,H"¢ : a; H"F — aH™G is an isomorphism,
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e [* € C(AnSp(C)>t™)/S) is 7 fibrant if for all (U,Z)/S € AnSp(C)>(*™) /S and all 7 covers
(Ci : (U“Z XU UZ)/S — (U, Z)/S)lgj of (U, Z)/S,

F*(ci) : F*((U,2)/S) — Tot(Searar—eF* (U1, Z x17 Uz)/S))

is a quasi-isomorphism of complexes of abelian groups ; F* € C'(AnSp(C)%(*™P" /§) is 7 fibrant if
for all (Y x S,Z)/S € AnSp(C)>*™P" /S and all 7 covers (¢; x Is : (Ui x S, Z Xyxs U; x S)/S —
(Y X S, Z)/S)le] of (Y X S, Z)/S,

F.(Ci X Is) : F.((Y X S, Z)/S) — TOt(EBcard]:.F.((U] X S, 1 Xy U])/S))
is a quasi-isomorphism of complexes of abelian groups,

e a morphism ¢ : (G1,F) — (Go, F), with (Gy, F), (Ga, F) € Cy(AnSp(C)>™) /S, is a filtered 7
local equivalence if for all n,p € Z,

a;H" Gt ¢ : a- H" G (G1, F) — a.H" Gri.(Gs, F)

is an isomorphism of sheaves on AnSp(C)*(™) /S ; a morphism ¢ : (G1,F) — (G2, F), with
(G1, F), (Ga, F) € Cpyy(AnSp(C)2(5™Pr /G is an filtered 7 local equivalence if for all n,p € Z

a;H" Gt ¢ : a- H" Gl (G1, F) — a.H" Gr}.(Gs, F)
is an isomorphism of sheaves on AnSp(C)*(=™)rr /g

e a morphism ¢ : (G1,F) — (Go,F), with (G, F),(G2,F) € Cy(AnSp(C)>C™)/S), is an r-
filtered 7 local equivalence if there exists ¢; : (Ci, F) — (Ciy1, F), 0 < i < s, with (C;, F) €
Cia(AnSp(C)>™) /8), (Cy, F) = (G1, F) and (Cy, F) = (Go, F), such that

p=¢s0-0¢;0--0¢y: (G, F) = (G, F)

and ¢; : (Cy, F) = (Ciy1, F) either a filtered 7 local equivalence or an r-filtered homotopy equiv-
alence, a morphism ¢ : (G1,F) — (Go, F), with (G1,F), (G, F) € Cpy(AnSp(C)>(smrr/8),
is an r-filtered 7 local equivalence if there exists ¢; : (C;, F) — (Ciy1, F), 0 < i < s, with
(Cy, F) € Cyyy(AnSp(C)2(5mPr /8) (Co, F) = (G1, F) and (Cs, F) = (Ga, F'), such that

p=¢s0--0¢;0---0¢g:(G1,F) = (Ga,F)

and ¢; : (Cy, F) = (Cy11, F) either a filtered 7 local equivalence or an r-filtered homotopy equiva-
lence ;

e (F*,F) € Cyy(AnSp(C)>(™) /) is filtered 7 fibrant for all (U, Z)/S € AnSp(C)>™) /S and all 7
covers (¢; : (Ui, Z xy U;) /S = (U, Z)/8S)ier of (U, Z)/S,

H" Grh.(F*,F)(¢;) : H" Grh(F*, F)((U, 2)/S) —
H" Grip(Tot(®cardr=e (F*, F)((Ur, Z xy Ur)/S)))

is an isomorphism of abelian groups for all n,p € Z ; (F*, F) € C};1(AnSp(C)>(™P /S) is filtered
7 fibrant for all (Y x S, Z)/S € AnSp(C)>™P" /S and all T covers (¢; x Is : (Ui x S, Z Xy x5 U; x
8)/S = (Y x 5,2)/S)ict of (Y x 8,2)/5,

H" Gr?.(F*, F)(c; x Is) : H" Grlu(F*, F)((Y x S,Z)/S) —
H" Gl”%(TOt(EBcard]:.(F.,F)((U} X S,Z Xy U])/S)))

is an isomorphism of abelian groups for all n,p € Z.

Let So € Fun(Z, AnSp(C)) with Z € Cat.
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e A morphism m : ((Gr, F),ur;) — ((Hr, F),vry) in Cpi(AnSp(C)>(5™) /S,) is an r-filtered Zariski,
resp. etale local, equivalence, if there exists ¢; : ((Cir, F'), uirs) = ((Cigryr, ), wgignyrs), 0 < i <

s, with ((Cir, F),uir5) € Cpu(AnSp(C)>™) /Sy) ((Cor, F),uors) = ((Gr, F),ury) and ((Csz, F), usry) =

((Hy, F),vry), such that
p=¢s0---0p;0---0dy: ((Gr,F)yury) = ((Hr, F),vry)

and ¢; : ((Cir, F),uiry) = ((Cix1)1, ), uis1y1s) either a filtered Zariski, resp. etale, local equiv-
alence or an r-filtered homotopy equivalence.

e A morphism m : ((Gr,F),ur;) — ((Hr,F),vrs) in Cpy(AnSp(C)2™Pr/S,) is an r-filtered
Zariski, resp. etale local, equivalence, if there exists ¢; : ((Cir, F), uirs) = ((Clivryr, F), uit1)17),
0 <i< s, with ((O,L'],F),UUJ) S Ofil(AnSp(C)Q’(Sm)pT/S.) ((COI,F),U()]J) = ((G[,F),U[J) and
((CSI,F),US]J) = ((H],F),U]J), such that

¢p=¢s0---0¢;0---0¢y: ((Gr,F),urs) — ((Hr, F),vry)

and ¢; : ((Cir, F),uiry) = ((Cix1)1, F), u(i1y1s) either a filtered Zariski, resp. etale, local equiv-
alence or an r-filtered homotopy equivalence.

Will now define the D' local property on AnSp(C)?/S. Let S € AnSp(C). Denote for short
AnSp(C)*>(=™) /S either the category AnSp(C)?/S or the category AnSp(C)**™/S. Denote by

Pa : AnSp(C)>™) /S 5 AnSp(C)>(™) /g,
(X,2)/S =((X,Z),h) = (X xD', ZxD')/S = (X x D', Z x D' hopx),
(9:(X,2)/S = (X',Z))S) = ((g x Ip1) : (X xD', Z xD")/S — (X' x D', Z' x D')/9)

the projection functor and again by p, : AnSp(C)>(™) /S — AnSp(C)>(™ /S the corresponding mor-
phism of site. Denote for short AnSp(C)% (™" /S either the category AnSp(C)%?"/S or the category
AnSp(C)*s™rr /S. Denote by

Pa : AnSp(C)>™Pr /1§ 5 AnSp(C)>(™mPr /g,
(Y x8,2)/S=((Y xS,Z),ps) = (Y x SxD" ZxD"/S = (Y xS xD" Z xD' psopyxs),
(g: (Y x8,2)/S = (Y' x8,2)/8) = ((gx Ip1): (Y x SxD' ZxD")/S = (Y x S xD' Z' xD')/S)

the projection functor and again by p, : AnSp(C)>(™?P"/S — AnSp(C)*™)Pr /S the corresponding
morphism of site.

Definition 31. Let S € AnSp(C).

(i0) A complex F € C(AnSp(C)>™)/8), is said to be D' homotopic if ad(p’, pax)(F) : F — F is an
homotopy equivalence.

(i) A complex F € C(AnSp(C)*™) /8, is said to be D' invariant if for all (X, Z)/S € AnSp(C)*™) /S
F(px): F((X,2)/S) = F((X x D', (Z x D'))/S5)
is a quasi-isomorphism, where px : (X x D', (Z x D)) — (X, Z) is the projection.

(i0)’ Similarly, a complex F € C(AnSp(C)>™Pr/8), is said to be D' homotopic if ad(p’,pas)(F) :
F — F is an homotopy equivalence.

(i)” Similarly, a complex F € C(AnSp(C)>(™Pr/S) is said to be D' invariant if for all (Y x S,Z)/S €
AnSp(C)>(smrr /g

F(pyxs): F(Y x 8,2)/S) = F((Y x S x D', (Z x D'))/S)

is a quasi-isomorphism
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(ii) A complex F € C(AnSp(C)>™) /S) is said to be D' local for the T topology induced on AnSp(C)2/S,
if for an (hence every) T local equivalence k : F — G with k injective and G € C(AnSp(C)%(*™)/S)
T fibrant, (e.g. k: F — E.(F)), G is D! invariant.

(ii)’ Similarly, a complex F € C(AnSp(C)>(™P"/S) is said to be D' local for the T topology induced
on AnSp(C)2/S, if for an (hence every) T local equivalence k : F — G with k injective and G €
C(AnSp(C)>EmPr /8 1 fibrant, e.g. k: F — E.(F), G is D' invariant.

(iii) A morphism m : F — G with F,G € C(AnSp(C)>(5™ /8) is said to an (D', usu) local equivalence
if for all H € C(AnSp(C)>™ /S) which is D' local for the usual topology

Hom(L(m), Eysy(H)) : Hom(L(G), Eysu(H)) — Hom(L(F), Eysu(H))
is a quasi-isomorphism.

(iii)’ Similarly, a morphism m : F — G with F,G € C(AnSp(C)>™P" /S is said to be an (D', usu)
local equivalence if for all H € C(AnSp(C)?(™Pr /8) which is D local for the usual topology

Hom(L(m), Eysy(H)) : Hom(L(G), Eysu(H)) — Hom(L(F), Eysu(H))
is a quasi-isomorphism.

Proposition 33. (i) A morphism m : F — G with F,G € C(AnSp(C)>(5™) /S) is an (D', usu) local
equivalence if and only if there exists

{(X1.0,Z1.0)/S 0 € M}, ... {(Xra: Zra)/S, 0 € Ar} C AnSp(C)> ™) /S
such that we have in Hoe (C(AnSp(C)%(5™) /8))

Cone(m) = Cone(®aen, Cone(Z((X1.4 x DY Z1 o x DY /S) = Z((X1.0, Z1.4)/9))
— = Baen, Cone(Z((X1,q x DY, Zy o x DY /S) = Z((X1.05 Z1.0)/5)))

(i) A morphism m : F — G with F,G € C(AnSp(C)>™P7 /S) is an (D', usu) local equivalence if and

only if there exists

{(Via X8, Z10)/S,0 € M1}, ... {(Yra X S, Zp.a) /S, € Ay} € AnSp(C)>(™) /S
such that we have in Hoe: (C(AnSp(C)2(m™Pr /§))

Cone(m) = Cone(Daen, Cone(Z((Y1,4 X S x D!, Z1,0 % Dl)/S’) = Z(Y1,0 X S,Z1.4)/5))
— = Daen, Cone(Z((Yiq x S x DY Z1 o x DY /S) = Z((Yia X S, Z1,4)/9)))

Proof. Standard. O
Definition-Proposition 9. Let S € AnSp(C).

(i) With the weak equivalence the (D', et) equivalence and the fibration the epimorphism with D' local
and etale fibrant kernels gives a model structure on C(AnSp(C)>(™)/8S) : the left bousfield local-
ization of the projective model structure of C(AnSp(C)>™)/S). We call it the projective (D', et)
model structure.

(ii) With the weak equivalence the (D', et) equivalence and the fibration the epimorphism with D' local
and etale fibrant kernels gives a model structure on C(AnSp(C)>™P7 /S : the left bousfield local-
ization of the projective model structure of C(AnSp(C)*™Pr /S). We call it the projective (D', et)
model structure.

Proof. Similar to the proof of proposition 5. o
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We have, similarly to the case of single varieties the following :
Proposition 34. Let g : T — S a morphism with T, S € AnSp(C).
(i) The adjonction (g*,g«) : C(AnSp(C)>=™ /S) = C(AnSp(C)>C™ /T) is a Quillen adjonction for

the (DY, usu) model structure.

(i)’ The functor g* : C(AnSp(C)>™) /S) — C(AnSp(C)*™)/T) sends quasi-isomorphism to quasi-
isomorphism and equivalence usu local to equivalence usu local, sends (D, usu) local equivalence to
(DY, usu) local equivalence.

(ii) The adjonction (g*, g.) : C(AnSp(C)>EmPr /Sy = C(AnSp(C)>™P" /T is a Quillen adjonction
for the (D', usu) model structure.

(i) The functor g* : C(AnSp(C)>C™Pr/S) — C(AnSp(C)>E™Pr /T sends quasi-isomorphism to
quasi-isomorphism and equivalence usu local to equivalence usu local, sends (D', usu) local equiva-
lence to (D', usu) local equivalence.

Proof. Similar to the proof of proposition 23. o
Proposition 35. Let S € Var(C).
(i) The adjonction (p%,ps«) : C(AnSp(C)?*™/S) = C(AnSp(C)?/S) is a Quillen adjonction for the

(A1, et) projective model structure.

(i)’ The functor ps. : C(AnSp(C)?/S) — C(AnSp(C)?*™/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence usu local to equivalence usu local, sends (D', usu) local equivalence to (D', usu)
local equivalence.

(i) The adjonction (p%, ps«) : C(AnSp(C)%*mPr/S) S C(AnSp(C)*P7/S) is a Quillen adjonction for
the (A, et) projective model structure.

(ii)’ The functor ps. : C(AnSp(C)??"/S) — C(AnSp(C)>*™r"/S) sends quasi-isomorphism to quasi-
isomorphism, sends equivalence usu local to equivalence usu local, sends (D', usu) local equivalence
to (D, usu) local equivalence.

Proof. Similar to the proof of proposition 19. o
We also have
Proposition 36. Let S € AnSp(C).
(i) The adjonction (Grs*,Grg.) : C(AnSp(C)/S) = C(AnSp(C)*?"/S) is a Quillen adjonction for

the (D, usu) projective model structure.

(ii) The adjonction (Grg™ Grss : C(AnSp(C)*™/S) = C(AnSp(C)>*™"/S) is a Quillen adjonction
for the (D', usu) projective model structure.

Proof. Immediate from definition. O

Let S € AnSp(C). Let S = Ul_,S; an open affine cover and denote by S; = N;erS;. Let i; : S; — S;
closed embeddings, with S; € AnSp(C).

e For (G, Kry) € C(AnSp(C)>(™) /(81)°P) and (H;,Tr;) € C(AnSp(C)>™ /(S;)), we denote

Hom((Gr, K17), (H1,T1y)) == (Hom(G1, Hp),ur;((Gr, K1), (Hr, T1))) € C(AnSp(C)>¢™) /(S;))
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with

UIJ((G],K]J)(H[,T]J)) . HO?’TL(G],H])

ad(p7 ,pry+)(—) T(prg,hom)(—,—)

pry«Hom(pi;Gr, 7 Hr)

Hom(Kry,H.
Hom(Frr Ha), prr«Hom(Gy, Hy).

pry«ppyHom(Gr, Hy)

Hom(p7 ;Gr1,Tr7)
BASalise PSR RN pro«Hom(pi,Gr, Hy)

This gives in particular the functor

C(AnSp(C)>¢™ /(S;)) — C(AnSp(C)> ™ /(S)°P), (Hy,T1s) v (Hy, Try).

e For (Gy, K1) € C(AnSp(C)>(™Pr /(S1)°P) and (Hp, Try) € C(AnSp(C)>(™)P /(S})), we denote
Hom((Gr,K11), (H1,T17)) == (Hom(Gr, Hy),urs((Gr, K1), (Hy,T17))) € C(AnSp(C)*C™Pr /(Sy))
with

ury((Gr, Kry)(Hr, Try)) : Hom(Gr, Hy)

ad(py y,pr7+)(—) T(p1g,hom)(—,—)

pry«p7Hom(Gr, Hr) pro«Hom(p;;Gr,py Hr)

Hom(p; ;Gr1,T15) Hom(K1,Hy)
%

pri«Hom(p;;Gr, Hy) ——————= prpHom(G 5, Hy).

This gives in particular the functor

C(AnSp(C)*> ™" /(51)) = C(AnSp(C)> ™" /(S1)°P), (Hy, Try) = (H1, Tr).

Let S € AnSp(C). Let S = Ul_,S; an open affinoid cover and denote by S; = N;erS;. Let i; : S; < S;
closed embeddings, with S; € AnSp(C). We have the functors
Pa : AnSp(C)>™) /(S1) — AnSp(C)> ™) /(S
((X,2)/81,ur5) = (X x D', Z x D')/St,urs X .
(9: ((X,2)/Sr,ury) = (X', 2")/S1,u10) = ((9 % Ip) : (X x D', Z x DY) /Sp,ury x I) = (X" x D', 2" x DY) /Sp,ury x

the projection functor and again by p, : AnSp(C)>¢™) /(S;) — Var(C)>®™) /(S;) the corresponding
morphism of site, and

Pa - AnSp(C)>™PT /(1) — AnSp(C)2EmPr/(Sy),

((YXS‘],Z)/S’],U]J) ((YXS]X]D)l ZX]D)l)/S],UIJXI),

(g : ((Y X g[,Z)/S’],U]J) — ((Y’ X S’],Z/)/S’],UIJ)) — ((g X I]D)l) : ((Y X S[ X ]D)l Z X ]D)l)/S[,’u,]] X I),

(( XS[X]D)I Z’XD)/S},U[JXI)),

the projection functor and again by p, : AnSp(C)>™»r /() — AnSp(C)2’(5m)pT/(S’I) the correspond-
ing morphism of site. These functors induces also morphism of s1tes pa : AnSp(C)>(™) /(S)oP —
AnSp(C)>™) /(§7)°P and p, : AnSp(C)>=™Pr /(§1)°P — AnSp(C)> (=™ pr/(S})"p

Definition 32. Let S € AnSp(C). Let S = UL_,S; an open affine cover and denote by S; = M;e1S;. Let
i; + S; = S; closed embeddings, with S; € AnSp(C).

(i0) A complex (Fr,ury) € C(AnSp(C)Z(Sm)/(S’])) is said to be D homotopic if ad(p, pas)((Fr,ury)) :
(Fr,urg) = paxpi(Fr,ury) is an homotopy equivalence.

(i0)’ A complex (Fr,ur;) € C(AnSp(C)>™Pr /(81)) is said to be D homotopic if ad(ps, pax ) (Fr, ury)) :
(Fr,ury) = paspti(Fr,ury) is an homotopy equivalence.
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(i) A complex (Fy,ury) € C(AnSp(C)>™) /(8y)) is said to be D invariant if for all (X1, Z1)/S1,s17) €
AnSp(C)>™) /(S})

(Fi(px,)) : (F1((X1, Z1)/S1), Fr(sps)ours (=) = (Fr(XrxD*, (ZyxDY))/S1), Fy(spyxI)ours(—))

is a quasi-isomorphism, where px, : (X; x D', (Z; x DY) — (X1, Z1) are the projection, and
sty (X1 x Spg, Z1)/Sy — (X75,25)S5.

-

A complex (Gr,ury) € C(AnSp(C)>™Pr /(81)) is said to be D' invariant if for all (Y xSy, Z1)/Sr,s15) €
AnSp(C)*m™Pr /(Sr)

(Grpyys,) : (Gr((Y x 51,Z1)/51),Gy(s10) 0 urs (=) =
(G]((Y X S’] X Dl, (Z] X Dl))/gj),GJ(S]J X I) OUIJ(_))

(i)

is a quasi-isomorphism.

(i) Let T a topology on AnSp(C). A complex F = (Fy,ur;) € C(AnSp(C)>™) /(S})) is said to be
D' local for the T topology induced on AnSp(C)2/(S;), if for an (hence every) T local equivalence
k: F — G with k injective and G = (Gr,vr;) € C(AnSp(C)>C™ /(Sp)) 7 fibrant, e.g. k :
(Fr,ury) — (E-(Fr), E(ury)), G is D' invariant.

(i)’ Let T a topology on AnSp(C). A complex F = (Fr,ur;) € C(AnSp(C)>™Pr /(S})) is said to be
D' local for the T topology induced on AnSp(C)?/(Sr), if for an (hence every) T local equivalence
k: F — G with k injective and G = (Gy,urs) € C(AnSp(C)>C™Pr/(Sp)) 7 fibrant, e.g. k :
(Fr,ury) — (E-(Fr), E(ury)), G is D invariant.

(iii) A morphism m = (my) : (Fr,ury) — (Gr,vry) with (Fr,ury),(Gr,vry) € C(AnSp((C)f’(sm)/(S’[))
is said to an (D', usu) local equivalence if for all H = (Hr,wyy) € C(AnSp(C)>(™) /(S1)) which is
D! local for the usual topology

(HOHI(L(’ITL]), Eet(H]))) : HOHI(L(G], ’U]J), Eet (H], wU)) — HOIH(L(F], UIJ), Eet(H], ’LU]J))

is a quasi-isomorphism. Obviously, if a morphism m = (my) : (F1,urs) — (Gr,vry) with (Fr,ury),(Gr,ury) €
C(AnSp(C)>¢™) /(S1)) is an (D', usu) local equivalence, then all the my = Fy — G are (D', usu)
local equivalence.

(iii)” A morphismm = (my) : (Fr,ury) = (Gr,vr) with (Fr,urs), (G, vr5) € C(AnSp(C)>m™pr /(S))

is said to an (D', usu) local equivalence if for all (Hr,wry) € C(AnSp(C)>(™Pr/(S1)) which is D!
local for the usual topology

(HOHI(L(’ITL]), Eet(H]))) : HOHI(L(G], ’U]J), Eet (H], wu)) — HOIH(L(F], UIJ), Eet(H], wU))

is a quasi-isomorphism. Obviously, if a morphism m = (mg) : (Fr,urs) — (Gr,vry) with (Fr,ury),(Gr,ury) €
C(AnSp(C)>Emrr /(S1)) is an (D', usu) local equivalence, then all the my : Fr — G are (D', usu)
local equivalence.

(iv) A morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € C(AnSp(C)2’~(5m)/(5’1)°p)
is said to an (D', usu) local equivalence if for all H = (Hy,wyy) € C(AnSp(C)*©™) /(Sy)) which is
D! local for the usual topology

(HOHI(L(’ITL[), Eet (H]))) : HOHI(L(G], ’U]J), Eet (H], wu)) — HOIH(L(F], UIJ), Eet(H], wU))
is a quasi-isomorphism. Obviously, if a morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,ury) €

C(AnSp(C)2m) /(§7)9P) is an (D', usu) local equivalence, then all the my : Fr — Gy are (D', usu)
local equivalence.
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(iv)” A morphismm = (myp) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vrg) € C(AnSp(Q)Q’(Sm)pr/(gj)"p)
is said to an (D', usu) local equivalence if for all (Hy,wr;) € C(AnSp(C)>E™PT /(S1)) which is D'
local for the usual topology

(Hom(L(mI), Eet (H[))) . HOm(L(G[, 1)](]), Eet (H[, ’UJ[J)) — HOID(L(F], UIJ), Eet(H], U]]J))

is a quasi-isomorphism. Obviously, if a morphism m = (mp) : (Fr,ur;) — (Gr,vry) with (Fr,ury), (Gr,ury) €
C(AnSp(C)>tmrr /(§1)°P) 4s an (D, usu) local equivalence, then all the m; : Fy — G are
(DY, usu) local equivalence.

Proposition 37. Let S € AnSp(C). Let S = UézlSi an open affine cover and denote by S; = Nic1S;.
Let i; : S; = S; closed embeddings, with S; € AnSp(C).

(i) A morphism m : F — G with F,G € C(AnSp(C)>®™) /(51)°P) is an (D', usu) local equivalence if
and only if there exists
{((Xl,a,la Zl,a,[)/gla u}])v a e Al} P {((Xr,oc,[; Zr,a,[)/gla u?])v a € AT‘} C Ansp(c)Z(sm)/(gI)op
with R ~ R R
uby  (Xiants Zia,s)/Ss = (Xiar X Spg, Ziar < Spa)/Ss
such that we have in Hoe, (C(AnSp(C)> (™) /(S)or))
Cone(m) — Cone(
@aen, Cone((Z((X1a,r X DY, Zra,r x DY)/S1), Z(ujy x 1)) = (Z((X1.a,15 Z1,0,1)/51), Llui )

_) oo _)
DaeA, Cone((Z((Xna)] X ]D)lv Zra,1 X ]1])1)/5'1)7 Z(upy x 1)) — (Z((Xr,a,lv Zr,a,l)/gl)v Z(u7y))))

(i)’ A morphism m : F — G with F,G € C(AnSp(C)>™»" /(§1)°P) is an (D', usu) local equivalence
if and only if there exists
{(Caa xSt Zva)/81ui ) 0 € M by { (Vs % 81 Zpau) /81 u7), 0 € A
C AnSp(C)>™Pr/(Sy)

with
u st Yo, X 85, 2Z1,0,0)/S5 = Yoo X S, Ziax x Spr)/Ss

such that we have in Hoe, (C(AnSp(C)>™) /(S;)oP))

Cone(m) = Cone(Daea,
COHG((Z((YLQJ X ]D)l X g], Zl,a,] X ]D)l)/g]),Z(u}J X I)) — (Z((le,a,l X S, Zl)m[)/g]),Z(’U,]J)))
— = Daca,
Cone((Z((Yr,a,r x D' x Sp, Zy.a.r x DV)/S1), Z(ufy x 1)) = (Z((Yr.ax X S1, Zra)/S1), Z(u7;)))
(ii) A similar statement holds for (D', usu) local equivalence m : F — G with F, G € C(AnSp(C)>¢™) /(S7)).
(i)’ A similar statement holds for (D', usu) local equivalence m : F — G with F,G € C(AnSp(C)>Gmrr /(S1)).
Proof. Standard. See Ayoub’s thesis for example. O

Definition 33. (i) A filtered compler (G, F) € C;(AnSp(C)>™) /S) is said to be r-filtered D' ho-
motopic if ad(pl, ax) (G, F) : (G, F) = pasp’(G, F) is an r-filtered homotopy equivalence.
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(i)” A filtered complex (G, F),ury) € Cpia(AnSp(C)2(™) /(S)) is said to be r-filtered D' homotopic

if ad(py, pax)((G1, F),urg) : ((Gr, F),ury) = paxps((G1, F),ury) is an r-filtered homotopy equiva-
lence.

(ii) A filtered complex (G, F) € C}y(AnSp(C)?™Pr /S) is said to be r-filtered D' homotopic if ad(py, pax ) (G, F) :
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(i)’ A filtered complex ((Gr,F),urs) € Cpa(AnSp(C)>™Pr /(Sy)) is said to be r-filtered D' homo-

topic if ad(p,pax) (Gr, F),ury) : (Gr, F),ury) = paspi((Gr, F),ury) is an r-filtered homotopy
equivalence.

We have the following canonical functor :
Definition 34. (i) For S € AnSp(C), we have the functor
(—)" : C(AnSp(C)*™/S) — C(AnSp(C)**™/S),
Fw——F": (U, 2)/S) = (U, Z),h) » F*((U, Z)/S) = (Tyh*LF)(U/U),
(¢: (U, 2),1") = (U, Z),h) =
"

(FT(g) : (rvh*LF)(U/U)M( TYh*LF)) (U /U

T(g:7")(W*LF)(U'/U")

(CZwpurg W LE)(U'/U")
T(Z')ZxuU' V) (g*h*LF)(U' /U

Tz g"h*LF)(U'/U")))

where YryheLF)(U/U) S the canonical arrow of the inductive limit. Similarly, we have, for S €
AnSp(C), the functor

(=) : C(AnSp(C)/S) — C(AnSp(C)?/S),
F s FT 2 (X, 2)/S) = (X, 2),h) = F'((X. 2)/S) :=