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COMPUTATION OF MINIMAL COVARIANTS BASES
FOR 2D COUPLED CONSTITUTIVE LAWS

B. DESMORAT, M. OLIVE, N. AUFFRAY, R. DESMORAT, AND B. KOLEV

ABSTRACT. We produce minimal integrity bases for both isotropic and hemitropic invariant
algebras (and more generally covariant algebras) of most common bidimensional constitutive
tensors and — possibly coupled — laws, including piezoelectricity law, photoelasticity, Eshelby and
elasticity tensors, complex viscoelasticity tensor, Hill elasto-plasticity, and (totally symmetric)
fabric tensors up to twelfth-order. The concept of covariant, which extends that of invariant
is explained and motivated. It appears to be much more useful for applications. All the tools
required to obtain these results are explained in detail and a cleaning algorithm is formulated
to achieve minimality in the isotropic case. The invariants and covariants are first expressed
in complex forms and then in tensorial forms, thanks to explicit translation formulas which
are provided. The proposed approach also applies to any n-uplet of bidimensional constitutive

tensors.
CONTENTS
1. Introduction 1
2. Tensorial operations 4
3. Real linear representations of 2D orthogonal groups 5
4. Invariant theory in 2D 7
4.1. Invariant algebra 8
4.2. Covariant algebra 8
5. Computing integrity bases 10
5.1. SO(2) invariant algebras 10
5.2.  O(2) invariant algebras 11
6. Cleaning algorithm 14
7. From complex monomials to tensor covariants 16
8. Minimal covariant bases for most common constitutive tensors and laws 18
8.1. Third-order tensors 19
8.2. Fourth-order tensors 20
8.3. Viscoelasticity law and Hill elasto-plasticity 23
8.4. Piezoelectricity law 24
8.5. Twelfth-order totally symmetric tensor 28
9. Conclusion 31
Appendix A. An explicit harmonic decomposition 31
Appendix B. Harmonic decomposition of a totally symmetric tensor 35
Appendix C. The Hilbert series of an O(2)-representation 36
Appendix D. Proofs 39
References 41

1. INTRODUCTION

The modern assertion that a physics is a group [90] has important consequences regarding the
inwariance of the physical quantities. Hence, these questions have to be formulated and studied
within the Mathematical framework of groups and Representation Theory [95]. In d-dimensional
solid mechanics, the invariance properties of constitutive laws are formulated with respect to the
full orthogonal group O(d). Quantities that are invariant with respect to the special orthogonal
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group SO(d) are called hemitropic invariants, while those that are invariant with respect to the
full group O(d) are called isotropic invariants.

In continuum mechanics, constitutive equations, linear or non-linear, are naturally described
using tensors [42, 98]. Yet classical in linear theories, constitutive tensors are also encountered
in non-linear mechanics of materials such as, for instance, anisotropic elasto-plasticity (e.g. Hill
yield tensor [45]), in continuum damage mechanics (for a description of damage anisotropy
see [21, 20, 75, 58, 49, 59]) and in nonlinear piezoelectricity /magnetism (e.g. the magnetostric-
tion morphic tensor [33, 46]).

Orders of constitutive tensors, which are usually lower than four in classical linear elasticity
and piezoelectricity, can however reach six in generalized continuum theories, such as strain
gradient or micromorphic continua [6, 3, 77, 10]. They can be odd orders, forbidding then the
definition of spectral invariants from Kelvin’s matrix representation® [11, 25, 54, 16]. They can
even rise up beyond order six when fabric tensors are involved [64, 52, 48, 50, 97, 79, 32, 23, 18|.
A sound analysis of these tensors, of their invariants and their symmetry classes, gives precious
information and modelling tools for the physics that can be described by them.

Tensors having symmetries can be described using their invariants and covariants [71, 73, 72].
Note however that the invariants must be chosen inside a given class: polynomial, rational or
algebraic (such as the eigenvalues of a matrix). Besides, it is important to describe the tensors
properties by a finite number of such invariants. To do so, mathematical definitions are required.
For instance, one could be interested to describe the algebra of polynomial invariants using a
minimal set of generators of this algebra (usually called an integrity basis), or to find a finite
separating set of invariants —in a given class— which can be used to factor any invariant function
of these tensors (set usually called a functional basis), with the property that an integrity basis
is a functional basis [106]. If the later set is probably more pertinent in practical applications
and of lower cardinality [63, 30, 69], there is however no algorithm to obtain such a set. On the
contrary, there exist general —but complex— algorithms to compute a minimal integrity basis
[105, 27, 66].

The complexity increases with the order of the tensor. In 3D, this complexity is already high,
while it remains reasonable in 2D. For example in 3D, a minimal integrity basis for the elasticity
tensor is constituted of 294 invariants (for both SO(3) and O(3) [70, 72]), while in 2D it is
constituted of 5 invariants for O(2) and of 6 invariants for SO(2) [103]. This huge difference is
roughly due to the following facts:

e The harmonic decomposition of the space of elasticity tensors contains more harmonic
components in 3D than in 2D [8, 13].

e The dimension of the space of harmonic tensors of order n is equal to 2n 4+ 1 in 3D
(like the space of spherical harmonics of degree n) and is equal to 2 in 2D (for n > 1).
The later is the dimension of the space generated by cosnf and sinnf in the Fourier
decomposition.

In 3D, the first step consists in determining an integrity basis for harmonic tensors. Such results
are available in the literature but only up to order 5 (i.e., up to degree 10 for binary forms
[60]), due to the exponential growth of the computations with the order n of the tensor. In the
present contribution on the 2D case, we formulate a general method and provide an algorithm
to compute a minimal integrity basis for isotropic/hemitropic invariants and covariants of a
tensor or a family of tensors. In particular, we provide a minimal integrity bases for 2D totally
symmetric tensors —such as fabric tensors [52]— up to order 12, which include the cases of 2D
harmonic tensors of orders 2, 4, 6, 8, 10 and 12.

The structure of 2D constitutive tensors spaces and the determination of their symmetry
classes has already been considered in a previous contribution [4]. Among the remaining open
problems is the formulation of a systematic procedure to determine a minimum integrity basis

1M0re0ver, the spectral invariants of the R44+1D/2_Kelvin matrix of an elasticity tensor do not characterize the
geometry of its orbits in R? (with d = 2 in 2D and d = 3 in 3D). They are algebraic invariants of O(d(d 4 1)/2).
Any function invariant with respect to O(d(d + 1)/2) is also invariant with respect to O(d), but the converse is
false.
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for either isotropic or hemitropic polynomial invariant functions on a given tensor space. Such
a set is useful for two reasons; on the one hand, every polynomial invariant can be recast as
a polynomial function of these generating invariants and, on the other hand, it separates the
orbits (i.e. sets of tensors of the same kind), which means that at least one of the generating
invariants takes different values, when evaluated on two tensors which are not of the same kind.
This last property makes it possible to decide whether, or not, two tensors describe the same
material up to an orthogonal transformation.

Let us first present a quick overview of this question in the mechanical community. The
story started in 1946 with Weyl’s pioneering book [105], from which was extracted the methods
and vocabulary still used in continuum mechanics nowadays. It took, however, a few decades
before some basic results, such as the determination of a minimal integrity basis for a n-uplet
of three-dimensional second-order tensors and vectors [92, 93, 88, 85, 53, 82|, were published.
In these approaches, a (non necessarily minimal) generating set is obtained first, using for
instance Weyl’s polarization theorem. In a second step, a reduction procedure is achieved, using
polynomial relationships (syzygies) between the polynomial invariants [81, 86], to eventually
obtain a minimal integrity basis. For second-order tensors, these syzygies are essentially derived
from Cayley-Hamilton’s theorem, and are thus useless for higher order tensors. In that case,
only partial results have been obtained [87, 89, 11, 107, 12, 108], until recently.

In this approach [65], the problem of higher order tensors in 3D is recast in the realm of
binary forms, which are complex homogeneous polynomials in two variables. Using a powerful
tool called the Cartan map [19, 8, 30|, an integrity basis for the binary form of degree 2n
can then be translated into an integrity basis for the harmonic tensor of degree n [30, 72].
The gain is that invariant theory of binary forms (also know as Classical Invariant Theory) is
an area of mathematics which has been extensively studied by a wide number of prestigious
mathematicians such as Gordan or Hilbert and in which an impressive number of results has
already been produced. Combining these results with the use of the harmonic decomposition [8,
91], integrity bases for the third order totally symmetric tensor and for the fourth-order elasticity
tensor have been obtained recently [68, 65, 70]. In this approach, Gordan’s algorithm for binary
forms [38, 39, 40, 41] is used first to generate a (non necessarily minimal) integrity basis and then,
a reduction process using modern computational means is achieved to obtain minimality [67].

In 2D, the situation is much simpler and integrity bases are known in specific situations. For
instance, regarding its practical importance for plate theory and laminated structures, the bidi-
mensional (plane) elasticity tensor has been widely studied [102, 13, 43, 103, 101, 99, 26, 35, 29].
In [35], a comparative review of the literature on O(2) and SO(2) invariants of the elasticity ten-
sor is provided. Recently, there has been an attempt (unfortunately with mistakes) to determine
an integrity basis for fourth-order tensors of Eshelby type — i.e. photoelasticity type [63] — and
partial results for the piezoelectricity tensor are already known [100]. Nevertheless, analysing
the literature, it appears that a general, effective and systematic method to compute a minimal
integrity basis for coupled constitutive laws and more generally for tensors of any order is still
lacking, and that almost no results are known for the covariant integrity bases [72]. We more-
over point out that the literature results on 2D invariants are rarely expressed using tensorial
expressions.

Concerning practical applications, an integrity basis is required to formulate invariant re-
lations that characterize intrinsic properties of a constitutive law, such as the belonging to a
symmetry class [102, 103, 5, 7, 72], the special (r¢) orthotropy [101, 99] or the existence of a
pentamode [62, 51, 28]. Such kind of relations are interesting for optimal design algorithms
since they allow to formulate frame-independent constraints on the sought material [104, 80].
Invariants for higher order tensors will naturally find applications to extend this approach to the
generalized (Mindlin) elasticity models used to describe the effective behaviour of architectured
materials [1, 78, 83].

The goal of the present contribution is to propose a general and effective method to compute
a minimal integrity basis for any O(2) or SO(2) representation and to apply it to continuum
mechanics constitutive laws. To this end, we follow the path traced by Vianello [103] for the
bidimensional elasticity tensor and formulate the problem within the framework of Invariant
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Theory [105, 94, 74, 55, 27]. This allows us to produce a minimal integrity basis for 2D higher
order tensors with or without any particular index symmetry, under both groups O(2) and
SO(2). Minimality of the integrity bases is obtained using a Computer Algebra System and
an algorithm which is explained in details. Integrity bases are first formulated using complex
variables (as in [103]). In a more mechanistic way, we provide an original process allowing to
translate all these expressions into tensorial ones.

This paper intents to be as self-contained as possible, and many illustrating examples are
provided along the lines.

The outline of the paper is the following. In section 2, we recall basic operations on tensors,
some of which are well-known and others are new. The link between totaly symmetric tensors and
homogeneous polynomials is explained. Main concepts from the theory of linear representations
of the orthogonal groups O(2) and SO(2) are presented in section 3. In section 4, we introduce
basic notions of Imwvariant Theory, such as polynomial invariants and covariants. The main
results of the paper are given in section 5, where integrity bases for bidimensional tensors of any
order (and more generally any linear representation of O(2) and SO(2)) are derived. Hemitropic
(i.e. for SO(2)) integrity bases produced are already minimal but isotropic ones (i.e. for O(2))
are not. A cleaning algorithm to achieve this task is formulated in section 6. The computed
integrity bases are written in terms of complex monomials. It is more useful, in mechanics, to
express them using tensorial operations. These translation rules are formulated in section 7.
In section 8, we illustrate the power of our methods by providing minimal integrity bases for
an extensive list of constitutive tensors (up to twelfth-order) and coupled laws in mechanics of
materials, including Eshelby /photoelasticity tensors, linear viscoelasticity, Hill elasto-plasticity,
linear piezoelectricity and fabric tensors. Besides, four appendices are provided to detail and
deepen some technical points.

2. TENSORIAL OPERATIONS

This paper is about tensors polynomial invariants. In this section we recall basic operations
on tensors, some of them are well-known, others are less. We shall denote by T"(R?) = ®"R?,
the vector space of 2D tensors of order n. Using the Euclidean structure of R?, we will not make
any difference between covariant, contravariant or mixed tensors. We will encounter tensors
with various index symmetries, among them tensors which are totally symmetric. The subspace
of T"(R?) of totally symmetric tensors will be denoted by S"(R?). Given T € T"(R?), the
total symmetrization (over all subscripts) of T, denoted by T* is a projector from T"(R?) onto
S"™(R?). The following tensorial operations will be used (see also [30, 72]).

(1) The symmetric tensor product between two tensors S; € S™(R?) and Sy € S"2(R?),
defined as
(2.1) S1®Sy = (81 (= Sz)s S Sn1+n2,
(2) The 7-contraction of two tensors T; € T™(R?) and Ty € T"2(R?), defined in any

orthonormal basis as

(2.2) (T Do) s = T T2
. 1 2 11ty —rJr+1Ing "7 il"'inl—rkl"'kr kl"'krjr+1"'jn2’

which is a tensor of order ni + ny — 2r.
(3) The skew-symmetric contraction between two totally symmetric tensors S; € S™ (R?)
and Sy € S"2(R?) is defined as

(2.3) (Sl X SQ) = —(Sl -€ - SQ)S S Snl+n272(R2),

where € is the 2D Levi-Civita tensor. In any orthonormal basis (e1,es2), we get €;; =
det(e;,e;) and

S
o _ (a )
(81X 82)i1iny ny—2 = (5]ksji1...in1 Smnﬁl...inﬁnrg) :
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There is a well-known correspondence ¢ : S*(R?) — P, (R?) between totally symmetric tensors
of order n on R? and homogeneous polynomials of degree n in two variables. Given T € T"(R?)
we associate to it the polynomial p = ¢(T) in P, (R?), where
(2.4) plz) =T(z,...,z).

In components, this writes
p(@) = Tiyiy. i TiyTiy - - - Ti,, Where &= (x1,z2) = (x,y).

Note that ¢(T) = ¢(T*) and that when restricted to S*(R?), this correspondence S + p is
a bijection, the inverse operation being given by the polarization of p (see [105, 8, 9, 72]).
Making use of this correspondence, the three tensorial operations defined above are recast into
polynomial operations as follows. Let p; := ¢(S;) for i = 1,2, be the homogeneous polynomials
associated with S; € S™ (R?). Then,

(1) the symmetric tensor product S; ® Ss translates as p1ps;

(2) the symmetrized r-contraction (S ) Sy)? translates as

(n1 — 1) (ng — ) <= [T J"p1 0" po
2.5 = ;
(2:5) {p1, P2}, n1!ng! l;) k) Oxkoyr—F Oxkoyr—+’
(3) The skew-symmetric contraction S; x So translates as
1
(26) [pl’ p2] = det(vpla VPQ),
ninz

where V denotes the gradient.

3. REAL LINEAR REPRESENTATIONS OF 2D ORTHOGONAL GROUPS

The full orthogonal group in dimension 2, denoted by O(2), is defined as the set of linear
isometries of the canonical scalar product on R2. In the canonical basis (e1,ez), this group
is represented by the two-by-two matrices g which satisfies g/g = I. In particular, we have
det g = +1. The subset of matrices g such that detg = 1 is a subgroup of O(2), denoted by
SO(2), which is the rotation group of the Euclidean space R?, each rotation being represented
by the matrix

(3.1) . <COS€ —sin9>
. 0 = .

sinf  cos@

The full orthogonal group is obtained from SO(2) by adding the reflection with respect to the
horizontal axis

(3.2) o= (é _01> .

Besides, each element of O(2) can be written, either as rg (if detg = 1) or org (if detg = —1),
and we have the relations
o =1id, org = r_go,

where org = r_gyo is the reflection with respect to the axis

(0 (0
7“,9/2(61)—(:08 3 e; —sin 3 es.

Next, we recall a few basic concepts in representation theory of groups. More details can be
found, for instance, in [95].

Definition 3.1. A linear representation (V,p) of a group G on a vector space V is a linear
action of G on V. More precisely, it is given by a mapping

p:G— GL(V),

where GL(V) is the group of invertible linear mappings on V and such that p(g192) = p(91)p(g2),
for all g1,99 € G.
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Linear representations of G = SO(2) and G = O(2) play a fundamental role in 2D solid
mechanics. They arise, for instance, when V = Ela is the space of fourth-order plane elasticity
tensors, or when V = Piez is the space of third-order bidimensional piezoelectric tensors.

A linear representation is by definition linear in v € V and thus p(g) is represented by a matrix
[p(g)] once a basis of V is fixed. A basic example is provided by the standard representation of
O(2) on V = T"(R?), the vector space of n-th order tensors of dimension 2". In the canonical
basis of R?, (e1,ez), the tensor p(g)T has for components

(3.3) PDTirin = > Givjr* GinjnTiroon-
Jisessdn
By the way, a natural basis for T (R?) is provided by (e;,...;, ), where
€i1in = € B D€y,

and the lezicographic order has been adopted on multi-index (i1, ...,%,). Thus, the correspond-
ing matrix representation in this basis writes

[p(9)T] = [p(9)][T],
where, introducing the multi-index I = (i1,...,4,), J = (J1,- -+, Jn)s

(0917 = Girjs *** Gingn-
Three other examples are provided in Appendix A.

Definition 3.2. A representation is irreducible if there is no stable subspace under G other
than {0} and V.

Definition 3.3. Two linear representations (Vi,p1) and (Va,p2) of the same group G are
equivalent if there exists a linear isomorphism ¢ from V; to Vs such that

p(p1(g)v1) = p2(g)p(v1),
for all v; € V; and g € G.
Real irreducible representations of 2D orthogonal groups are well-known (see for instance [37]).

Each real irreducible representation of SO(2) is either equivalent to the trivial representation on
R, denoted by pg and defined by

po(9)A = A,
for all g € SO(2) and all A € R, or to the two-dimensional representation on R? given by

rg € SO(2) — pu(rg) = <

and indexed by the integer n > 1.
Each real irreducible representations of O(2) is either equivalent to the trivial representation
on R, denoted by pg, the sign representation on R, denoted by p_; and defined by

p-1(9)§ = (det g)¢,

for all g € O(2) and all £ € R (£ is sometimes called a pseudo-scalar), or to one of the following
representations on R? given by

cosnf —sinnb cosnf  sinnb
pn(re) = 9 pn(O'T’g) = 9

cosnf —sinnb
sinnf  cosnd

> € GL(R?),

sinnf  cosnf sinnf — cosnd

and indexed by the integer n > 1.

Remark 3.4. Besides p,, one can build a new irreducible representation, called the twisted
representation (associated in 3D with pseudo-tensors). It is defined by

pn(g) = det(g)pnlg), g€ O(2).

However, and contrary to what happens in 3D, this new representation p,, is equivalent to p,
for every n > 1. Indeed, if we set

= Tr/2 :R? — R?,
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one can check that ¢ is an equivariant isomorphism:

o pn(re) = pn(re) o, and o pp(ore) = pnlore) o .
For n = 0, we have pg = p_1, which is not equivalent to pp. In other words, there are neither
pseudo-vectors and nor pseudo-tensors in 2D but there exists pseudo-scalars.

There are two models, useful in practice, for 2-dimensional irreducible representations of the
orthogonal groups:

(1) The spaces H.,(R?) of homogeneous harmonic polynomials (polynomials with vanishing
Laplacian) in two variables z, y of degree n > 1,
(2) The spaces H"(R?) of nth-order harmonic tensors (totally symmetric tensors with van-
ishing traces).
And, to complete these alternative models for n = 0 and n = —1, we set
HO(R?) = Ho(R?) = R, with the trivial representation,

and
H'(R?*) =H_;(R*) =R, with the sign representation.
Any linear representation (V,p) of SO(2) or O(2) can be decomposed into a direct sum of
irreducible representations. This is known as the harmonic decomposition of V and means that

(3.4) V~H"(R?) @ --- @ H™(R?),

where n; € {—1,0,1,2,... } and where multiplicities are allowed. An explicit method to achieve
such a decomposition for any representation V of SO(2) or O(2), based on the infinitesimal
action of SO(2), is described in Appendix A. It extends, somehow, a method used in [102, 103,
99, 100] for bidimensional elasticity (see also [91, 8] and [24, 9] for 3D elasticity using different
approaches). The harmonic decomposition of the space of totally symmetric tensors is handled
in Appendix B.

Ezample 3.5. The harmonic decomposition of fourth-order tensors under O(2) are given below,
depending on their index symmetries, as described in [4], and where we have set T = (T};1;).

Tkl No index symmetry 3H™H(R?) @ 3H'(R?) @ 4H?(R?) @ H*(R?)
Tk One minor symmetry QH_l(RZ) @ QHO(RQ) &) 3H2(R2) &) H4(R2)
Tk Major symmetry H™!(R?) @ 3H(R?) @ 2H?(R?) @ H*(R?)
Tij) (ki) Minor symmetries Hfl(Rz) &) QHO(Rz) & 2H? (RQ) @ H4(R2)
Tijki = Tjur = Trii;  Normal Klein sym. 3H°(R?) @ H?(R?) @ H*(R?)

Tijny Tot. sym. over 3 index H '(R?) @ H'(R?) @ 2H?*(R?) @ H*(R?)
T\ k) Elasticity 2H°(R?) ® H*(R?) @ H*(R?)

Ty Totally symmetric HO(RQ) &) H2(R2) &) H4(R2)

Remark 3.6. Once an explicit harmonic decomposition has been fixed, a given tensor is param-
eterized by scalars, pseudo-scalars and harmonic tensors of order n > 1 (which depend on two
parameters). For instance, in the case of the elasticity tensor, we get

C = (A u,h, H)
where ), 1 € HO(R?), h € H?(R?), H € H*(R?). The remarkable fact is that all the results we

present in section 8 are independent of this choice. All formulas are valid, independently of the
particular choice of an explicit harmonic decomposition.

4. INVARIANT THEORY IN 2D

Let (V, p) be a linear representation of G = O(2) or G = SO(2). The action of G on V induces
a linear representation of G on the algebra R[V] of polynomials functions on V, which will be
denoted by %, and which is given by

(4.1) (g% p)(v) = p(p(g) 'v).
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4.1. Invariant algebra. The invariant algebra of V under the group G, denoted by Inv(V, Q)
(and more usually by R[V]“ in the Mathematical community), is defined as

Inv(V,G) :={peR[V], gxp=p, Vg€G}.

It is a subalgebra of R[V], which is furthermore finitely generated, thanks to Hilbert’s theorem [44,
96]. Moreover, since the group action on polynomials preserves vector spaces of homogeneous
polynomials of given degrees, it can always be generated by homogeneous polynomial invariants.

Definition 4.1 (Integrity basis). A finite set of G-invariant homogeneous polynomials {.J1, ..., JJy}
over V is a generating set (also called an integrity basis) of the invariant algebra Inv(V,G) if
any G-invariant polynomial J over V is a polynomial function in Ji,...,Jy, i.e if J can be
written as

Jw)=P(J(v),..., Iyw), wevV,
where P is a polynomial function in N variables. An integrity basis is minimal if no proper
subset of it is an integrity basis.

Remark 4.2. A minimal integrity basis of homogeneous invariants is not unique, several choices
are possible but its cardinality, as well as the degree of the generators are independent of the
choice of a particular basis [31].

Definition 4.3. An homogeneous polynomial invariant is called reducible if it can be written
as the product of two (non constant) homogeneous polynomial invariants, or more generally as
a sum of products of two (non constant) homogeneous polynomial invariants. Otherwise, it is
called irreducible.

Lemma 4.4. Let J := {J1,...,JJn} be a set of homogeneous polynomial invariants which
generates Inv(V,G). If some J, € J is reducible, then J \ {J.} is still a generating set of
Inv(V,G).

Proof. Suppose that J. € J is reducible. Then, it can be written as a sum of products of two
(non constant) homogeneous polynomial invariants.

Te=>Y L,
p,q

where deg(1,1;) = deg J,, for each pair (p,q). Thus, for each k, deg I} < degJ, (because I} is
not constant). Besides, each I} writes as

Ik:Pk(Jl’,JN)

But P, cannot depends on J, since degl; < deg.J.. The conclusion follows, since each Iy,
and thus J,., can then be rewritten as polynomial functions of the homogeneous invariants in

TN} O

Corollary 4.5. A minimal integrity basis constituted of homogeneous invariants contains only
irreducible invariants.

4.2. Covariant algebra. There is a useful extension of the concept of invariant which is called
a covariant [55, 72]. Its definition involves two representations py and pw of G of the same
group G (see definition 3.1).

Definition 4.6. A mapping v — c(v) from V to W is a covariant of v € V of type W, if
c(pv(g)v) = pw(g)cv),  VgeG.

It is called a polynomial covariant of type W if moreover the mapping v — c(v) is polynomial
in v.

Remark 4.7. In the situations we are usually concerned with in mechanics, V and W are tensor
spaces and the condition c(pv(g)v) = pw(g)c(v) is written generally as c(g x T) = g » ¢(T),
where it is understood that the action * is the usual action of G on tensors. For G = SO(2), it
simply means that the covariant c(T) of T is rotated by g if T is rotated by g.
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Ezample 4.8. The harmonic components of C € Ela, h and H (see remark 3.6), as well as the

symmetric second-order tensor do(H) := H:H introduced in [15], are polynomial covariants of
C of respective type H?(R?), H*(R?) and S?(R?), for the actions of both groups SO(2) and O(2).

The concept of polynomial covariant is particularly useful when restricted to covariants of
type S"(R?) endowed with the tensorial representation

(pn(9)S) (@1, ..., 2,) =S(g 'xy,..., 9 2,), g € 0(2).

In that case, to each polynomial covariant c of v of type S"(IR?), corresponds an homogeneous
polynomial ¢(c(v)) of degree n (see section 2), and

pe(v,z) := ¢(c(v))(z) = c(v)(z,...,x)

is a polynomial function of both v and . Moreover, we get

pe(pv(g)v, g2) = c(pv(g)v)(9z, . .., gx)
= (pn(9)c)) (g, ... g2)
=c()(g ' (92),..., 9" ' (92))
=c(v)(z,...,x)
= pe(v, ).
Therefore, to every covariant ¢ of type S?(R?), corresponds a unique invariant polynomial

pe of (v,x). In other words, the polynomial covariants of type S*(R?) can be identified with
elements of the invariant algebra

R[V & RY.
This justifies the following definition.

Definition 4.9. The covariant algebra of V, i.e. the algebra generated by the polynomial
G-covariants of V of type S*(R?), denoted by Cov(V,G), is defined as

Cov(V,G) :=Inv(VOR? G),
where G acts on V@ R? as
(v,2) — (p(g)v, gz), veV, zeR? ge€QqG.

Remark 4.10. Polynomial covariants appear to be much more useful than polynomial invariants
to solve many problems in Invariant Theory such as the characterization of symmetry classes
for instance [7, 72] or the characterization of geometric properties [96].

The covariant algebra Cov(V,G) is naturally bi-graded, by the degree d in v € V, on one
hand, called the degree of the covariant, and by the degree o in = (x,y) € R?, on second hand,
called the order of the covariant. The set of covariants of order 0 is a subalgebra of Cov(V,G)
which corresponds exactly to Inv(V,G) (this justifies the fact that the covariant algebra is an
extension of the invariant algebra and contains more information). The set of covariants of
degree d and order o is a finite dimensional vector subspace of Cov(V, G) which is denoted by

COVCLO(V, G)

Example 4.11. The following expressions are SO(2)-covariants of a € S?(R?) of respective type
S?(R?), S?(R?) and S%(R?):

a2, 1xa, a®a®a3,
where the notation a”*! = a”-a has been used. There polynomial counterparts write
a’(z,z) =z -a’ z, (1 x a)(z,z) = det(a-z,z), (x-a-z)?(x-a® x),

and belong respectively to
Covy2(S*(R?),S0(2)),  Covi(S*(R?),S0(2)),  Covsg(S*(R?),S0(2)).

The first one and the third one are also O(2)-covariants, but not the second one.
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5. COMPUTING INTEGRITY BASES

The approach developed in this section has already been applied to plane elasticity by
Vianello [103, 35], following a work of Pierce [76], and in a related way by Verchery some years
before [102]. Our goal is to explain a systematic way to obtain integrity bases for the invariant
algebra Inv(V,G) of any linear representation V of G = SO(2) or G = O(2), the computation
of an integrity basis for Cov(V, G) being a particular case, since it is just the invariant algebra

of V& R2.

5.1. SO(2) invariant algebras. We will start by studying the case of a representation V of
the rotation group SO(2). To compute an integrity basis for V, the first step is to split V into
irreducible components:

(5.1) V ~ gH(R?) @ H (R?) @ - -- @ H™ (R?), 1y eN, ny; e N,

where some nj may be equal (multiplicities of two-dimensional components H™ (R?) are al-
lowed). An explicit way to accomplish this task is detailed in Appendix A. Using this decom-
position, a polynomial on V writes

p()‘la cee 7)‘11()7@17 bla ceey Qpy, bT‘)a
where \; belongs to H(R?) = R and (ay, b;) € R? are the components of Hy € H" (R?) in some

basis.

Remark 5.1. Since each ); is itself an invariant, every invariant polynomial which contains
Aj, and which is not reduced to it, is necessarily reducible. Our goal being to compute a
minimal integrity basis, and thus irreducible invariants of V, we can thus consider only invariant
polynomials which depend on

(aly bla ey Ay br)
Indeed, a minimal integrity basis for V consists of a minimal integrity basis of
™ (R2) DO Hnr(R2)’
to which we must add Aq,..., Ay,

Following Vianello [103], let us now introduce the complex variable z; := ay + ibg. Then, any

real polynomial in (aq,b1,...,a,,b,) can be recast as
al arsB1 | =
Z Catyottr BrrBe 2 o 2B @i, B € N,
ag,Bk

in which the condition of being real writes

CB1 ey Bryat,enar = Can,.ar, B, Bro

where ¢ means the complex conjugate of c¢. The advantage of this choice of variables is that the
action of SO(2) preserves the monomials, since

ing0 —inkﬁzk,

p(ro)zy = €™ 2z, p(re)Zp = e

and thus

T * (Z(lxl e Zfrffl . Ef"‘) — ei(nl(al761)+"'+n7‘(a7‘76’r>)zfél e Z?"Efl e 257‘

We need, therefore, only to compute invariant monomials.

Lemma 5.2. A monomial

(5.2) m = 2{" ---zf‘rifl R
is SO(2)-invariant if and only if (aq,...,ap,B1,...,Br) is solution of the linear Diophantine
equation

(5.3) nioy + -+ npap —n1Pfr — - —npfr = 0.
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A solution (aq,...,a4,B1,...,0) of (5.3) is called irreducible if it is not the sum of two non-
trivial solutions, and reducible otherwise. It was shown by Gordan [39] (see also [57, Section
6.5] and [96, Section 1.4]) that there is only a finite number of irreducible solutions of (5.3).
Algorithms to compute these irreducible solutions can be found in [56, 17]. As one can expect,
such minimal solutions lead directly to a minimal integrity basis of Inv(V,SO(2)).

Theorem 5.3. Let (V,p) be a real linear representation of SO(2) which decomposes as
(5.4) V ~ yoHO(R?) @ H (R?) @ - -- @ H™ (R?), vy eN, ny e N*.
Then, a minimal integrity basis of Inv(V,SO(2)) consists of the homogeneous invariants
(5.5) Nzt Re(my),  Im(my),
where 1 <i <y, 1 <k <r, and my; are the irreducible solutions of (5.3) such that m; # m;.
Proof. Consider first the algebra of compler invariant polynomials

A :=Clz1,Z1,. .. ,zr,Er]SO(z).
It follows from [96, Lemma 1.4.2], that a minimal integrity basis for A is given by

2kZk; my, my,

where 1 < k < r and m; are the irreducible solutions of (5.3) such that m; # m;. Thus, A is
also generated by
1 _ - 1 _
ZkZk, %e(ml) = §(ml + ml), Jm(m;) = Q_Z(ml —my),

which is still minimal. Now every real polynomial in
Inv(V,S0(2)) = Rlay, by, . .., a, b0

is a real polynomial in

_ 1 _ ~ 1 _
2k Z ks Re(m,) = §(ml +my), Jm(my) = 2_i(ml —my).
Hence, this set is a generating set of Rlaq,b1,...,a,, br]SO(z) which is also minimal. Otherwise,

one of these invariants could be written as a real polynomial in the others and this would
contradict the fact that this set is minimal as a generating set of A. As already stated (see
remark 5.1), we conclude that

Aol Re(my),  Im(my),
is a minimal integrity basis of Inv(V,SO(2)). O
Ezample 5.4. A minimal integrity basis for the action of SO(2) on Ela has been computed in [103],

using the harmonic decomposition, and representing an elasticity tensor C = (A, p, h, H) (see
remark 3.6) in complex form. The basis writes

AW, ’22‘2 ) ’24‘2 ) %Q(ZSZ% ’Jm(z%ﬁ),

where zo = hy1 + ihio and 24 = Hij11 + iHip1o are the components of Hy := h € H?(R?)
and Hy := H € H*(R?) in some orthonormal basis of R%. The tensorial expressions of these
invariants are provided in example 7.5.

5.2. O(2) invariant algebras. Consider now a representation V of the orthogonal group O(2),
which decomposes as

V ~ m_1H YR?) @ mgH°(R?) @ H™(R?) @ - - - @ H™ (R?),

where m_; > 0, mg > 0 and n; > 1. An integrity basis of Inv(V,0(2)) will be obtained from
one of the invariant algebra of the restriction of the representation of O(2) on V to its subgroup
SO(2). This integrity basis will not be minimal in general and further computations will be
necessary to extract from it a minimal integrity basis.
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Theorem 5.5. Let (V,p) be a real linear representation of O(2) which decomposes as
V ~ m_1H(R?) @ mgH(R?) @ H™ (R?) & - - - @ H™ (R?),

where m_1,my € N and ni € N*. Then, an integrity basis for Inv(V,0(2)) consists of the
homogeneous invariants

(5.6) s |z, Re(my), &€, &Im(my), Jm(m,)Im(my,),

where A\, € HO(R?), & € H™Y(R?) and where my are the irreducible solutions of (5.3) such that
m; # m; and only remains the terms Jm(my) Jm(my,) for which neither mym,, nor m,m,
contains a factor zsZs for some s € {1,...,r}.

The proof of theorem 5.5 requires a useful tool in invariant theory called the Reynolds operator,
which is defined as follows.

Definition 5.6. Given a compact group G and a linear representation V of G, the Reynolds
operator is the linear projector from R[V] onto the invariant algebra Inv(V,G), defined as

(5.7) Ra(p) = /G(g*p) dp,  peR[V],
where dy is the Haar measure on G.

Definition 5.7. Given a compact group G, the Haar measure is a (bi-invariant) probability
measure on GG and is uniquely defined [95]. For G = SO(2), it writes as

1 2
| f@yan=g [ s
SO(2) ™Jo
for every continuous function f on SO(2), whereas for G = O(2), it writes as
1 2 1 2
/ flg)dp = — f(re)do + — f(org) do,
0(2) 4 0 47 0

for every continuous function f on O(2).

Proof of theorem 5.5. Consider an O(2)-invariant polynomial p. It is obviously invariant under
SO(2) and we get thus

5.9 b= Ro(p) = 5 (Rso (b) + 0 x Bso(p) = 3(b+ 0 +p).

Now as an element of Inv(V,SO(2)) and using theorem 5.3, p can be written as a polynomial
expression
p = P\, &, [21], Re(my), Im (my)),
and we have moreover
Ox A =Ag, 0K ==&,
and
ox |z =z*, oxRe(my) = Re(my), o+ Im(my) = — Im(my).
We get thus
g% p = P\, =&, |2f* , Re(my), — Tm(my)).
Now, using (5.8), we have
b= (POW& |l Re(m), 3m(my)) + PO, ~&i 1l Ste(my), — Tm(om) )
and expanding P, we deduce thereby that Inv(V,0O(2)) is generated by the homogeneous in-
variants
Moo al®, Re(my), &&, &Om(my),  Im(my) Im(my).

Note however that

Jm(my) Im(m,) = Re(my,) Re(m,) — Re(m,m,)

= NRe(m,m,) — Re(m,,) Re(m,,).
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Hence, we can remove Jm(m,)IJm(m,) from the list of generators, each time m,m, or m,m,
can be recast as

(25%5)m,
for some s € {1,...,r} and m is a monomial which satisfies (5.3). Indeed, then Jm(m,) Jm(m,)
is reducible and can be removed from the set of generators by lemma 4.4. This applies, in
particular, to each invariant (Jm(my))?2. O

The elimination of Jm(m,) Jm(my), each time m,m, or m,m, contains a factor z,Zs in the
list of generators, does not lead, in general, to a minimal basis, even if it reduces a priori the
number of generators, sometimes drastically.

Remark 5.8. For those of you who have been involved in similar calculations, the problem of
whether such invariants as products Jmm,Jmm, could always be removed a priori from a
minimal basis of Inv(V,0(2)) founds here a definitive answer. Indeed, there are examples
in section 8 where such products cannot be removed (even in the case of totally symmetric
tensors, see subsection 8.4, for instance).

A reduction procedure, which we call cleaning and described in section 6 is thus required to
obtain a minimal integrity basis or to check that a given basis is already minimal. In practice,
and the argument will be used when applying the cleaning procedure, it is enough to reduce the
integrity basis

(5.9) B = {\zk\Q ,ﬂ%e(ml),Jm(mi)Jm(mj)}

of Inv(H" (R?) @ - - - @ H" (R?),0(2)), to obtain a minimal integrity basis of the full space
m_1H Y (R?) @ mgH’(R?) @ H™ (R?) & - - - @ H™ (R?).

The argument is formalized as the following theorem.

Theorem 5.9. Let MB be a minimal integrity basis of
Inv(H" (R?) @ --- @ H" (R?), 0(2)),
extracted from B (5.9). Then, a minimal integrity basis for
Inv(m_H (R?) @ moH’(R?) @ H" (R?) @ - - - @ H" (R?),0(2)),
is given by
MBU { Ay, &€, & Im(my)

where 0 < 4,5 < m_1, 0 < k < myg, and m; are the irreducible solutions of (5.3) such that
m; # my

Proof. The invariant algebra Inv(V,0(2)) is multi-graded; each invariant writes uniquely as a
sum of invariants which are multi-homogeneous relatively to the decomposition

V ~ m_H Y (R?) @ meH°(R?) @ H" (R?) @ - - - @ H™ (R?).
In other words,

Inv(V,0(2)) = P Invg (V,0(2)),
K

where
K = (81, Sm_1,€1y---€mgs K1y, k),

is a multi-index in which s; indicates the degree in §&;, e indicates the degree in A\, k; indi-
cates the degree in H,,, and Invg (V) is the vector space of multi-homogeneous invariants of
multi-degree K. Any relation among multi-homogeneous invariants happens in one vector space
Invg(V,0(2)). Thus, neither A, nor §;&;, can be recast using other invariants from the set (5.6).
This is because the spaces Inv g (V,0(2)) which contains either i or §;&; are one-dimensional.
This is also true for & Jm(my;), not because the corresponding space Invg (V,0(2)), to which
it belongs is one-dimensional, but because if it could be recast using other invariants from the
set (5.6), then Jm(my) could be re-written using |z|*, Re(m;) and Jm(m;) (j # 1), which would
lead to a contradiction. O
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Ezample 5.10. A minimal integrity basis for the action of O(2) on Ela has been computed
in [103]. It consists in the following five invariants

_ _ 2
>‘a M, 22292, ZAZ4, 9{2(2224),

where z9 = h11 +ih1o and z4 = Hyq111 +1H1112. The tensorial expressions of these invariants are
provided in example 7.5.

We finally formulate as a theorem another reduction result, which avoids useless computations.

Theorem 5.11. Let V =H"(R?) @ --- @ H™(R?), where nj, > —1. Then, any stable subspace
W of V writes

W= H (B) & - © H' (B?),
where {nkl, e ,nkp} is a subset of {n1,...,n,}. Moreover, given any minimal integrity basis
MB of Inv(V,0(2)), which consists only of multi-homogenous invariants, a minimal integrity
basis of Inv(W, O(2)) is obtained by extracting, from MB, multi-homogenous invariants which

depend only on the variables
Hy, ,....Hy .

Proof. Let W be a stable subspace of V. Since each H"(IR?) is an irreducible representation, each
stable subspace W N H"(R?) of H"(R?) is either {0} or H"(R?). This proves the first assertion.
Consider now a multi-homogenous invariant J on V, then evaluated on W it either vanishes if
it depends on more variables than Hy oo ,anp or is equal to itself overwise. Finally, given
I € Inv(W,0(2)), observe that it extends naturally as a element of Inv(V,0(2)) by setting
variables other than Hy,, ... ,anp to 0. It can thus be recast as a polynomial in the multi-
homogeneous invariants of MB, but when evaluated on W, each term of MB which depends on
more variables than H"h yenn ,anp vanishes, which concludes the proof. ]

Remark 5.12. Theorem 5.11 applies, in particular to any stable subspace W of V = T"(R?),
defined by some index symmetries, and thus in particular to W = S"(R?). It applies also to the
space W = §"~2¥(R?), which can be considered as a subspace of V = S?(R?), because there is a
natural and equivariant linear embedding
S"2K(R?) — S*(R?), S—10---016S.
—_————

k copies
6. CLEANING ALGORITHM

Starting from a finite generating set B (5.9) of the invariant algebra
(6.1) A= Inv(H" (R) & - & H (R?),02)), g, > 1,
the cleaning algorithm produces a minimal integrity basis MB extracted from B. The invariant
algebra A is multi-graded by the fact that each polynomial invariant can be uniquely decomposed
into a sum of polynomial invariants which are homogeneous into each factor (multiplicities
allowed)

H™ (R?),...,H" (R?),

of respective degrees ki, ks, ..., k.. This information will be encoded into the multi-index

K = (kl,kig, .. .,k‘r).

Therefore, the invariant algebra A can be decomposed as the direct sum
A= D
K

where each Ag is the finite dimensional subspace of A consisting of multi-homogeneous invari-
ants of multi-degree K. The remarkable fact is that the dimension ax of Ax can be computed a
priori using the Hilbert series of A (see Appendix C), which writes, by theorem C.2 and remark
C.3,

1
H(ty,..ty) =) jaxty' -7, ax = (b + Bx),
K
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where S = 0 each time one of the k; is odd and S = 1 otherwise, and where bg is the number
of solutions (a1, ..., ;) of the linear Diophantine equation

(6.2) 209mq + -+ + 20,n, = king + - + keny, o > 0.

Let now Bi := BN Ak be the subset of B of homogeneous polynomials with multi-degree
K = (k1, ks, ..., k). Choosing a total order < on the set of multi-index K, leads to a partitioning
of B as

N
B=||Bxk, where K;<K; if i<j
=0
Remark 6.1. Any finite set S of p homogeneous polynomials in Ag is a family of vectors vy, ..., v,
in the finite dimensional space Ag of dimension ax and we can thus define its rank, Rank(S).

The proposed cleaning algorithm with
e inputs: Bg,, ak,, with K; < Kj, for all ¢ < j,
e output : MJB,
consists in:

(1) Inmitialization : determine a subfamily 70 C By, of linearly independent polynomials
such that Rank(F°) = a,.

(2) Iteration step n (1 < n < N): suppose that we have obtained, at step n — 1, the
family F"~! = {Iy,..., I} and note that F"~! may contain homogeneous polynomials
with different multi-indices K (I;),..., K (Is) but all are strictly lower than K, where
K (I) stands for the multi-index of homogeneous polynomial I.

(a) Determine the finite set Ry, of all reducible homogeneous polynomials of multi-
degree K, that can be constructed, in two steps, using elements of Frl

(i) Find the p solutions «o],ad...,ad (1 < j < p) of the linear Diophantine
system
(6.3) K (1) + ...+ asK(L) = Kn,

J J ;
(ii) If p >0, Ry, = S [{ 1 L5210+ 1 gjgp}, else Ry, = 0,

(b) if Rank(Rk, ) = ak,, Xk, =0, go to (d),
(c¢) Determine a subset Xk, C By, of minimal cardinal such that

Rank(RKn U XKn) = aK,,

i.e. check one by one the invariants of Bk, that need to be added to match the
dimension ag, . This requires to compute the rank of the new set of vectors in Ay, ,
each time we add a new element,
(d) Fr .= Frlu Xy,
(3) Termination: MB := FV.

The cleaning algorithm was applied with the following specifications.

e All minimal solutions of the Diophantine equation (5.3) were obtained using the software
of algebraic geometry Normaliz [17];

e The Diophantine equation (6.2) as well as the linear Diophantine system (6.3) were
solved using Mathematica [47];

e The adopted total order on multi-index K = (kyq,...,k,) was the lexicographic order

Ki < Kj ek =k, .. k==K, ky<k,, forsomel<g<r—1I;

e In step (2)(c) of the algorithm, it is necessary to order the element of By, = BN Ak,
to be tested. We have used the Mathematica built-in function Sort.

Remark 6.2. When the covariant algebra is involved, the cleaning algorithm is applied to the
invariant algebra

Inv(R? @ H™ (R?) @ - -- @ H™ (R?), 0(2)).
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In that case, the multi-index has been numbered as
K = (ko, ]{31, /{?2, ey kr),

where kg represents the degree in @, i.e. the order of the associated covariant. The choice of
the adopted lexicographic order implies that the cleaning is processed by increasing the order
of covariants, first. Of course, other total orders on the set of multi-index are possible and they
may be more adapted to other situations considered.

7. FROM COMPLEX MONOMIALS TO TENSOR COVARIANTS

Regarding mechanical applications, an integrity basis should be expressed in terms of tensors
invariants, rather than in terms of complex monomials. A translation of the real and imaginary
parts Re(my), Im(my;) of the previous monomials is thus mandatory. As recalled in section 2,
there is a natural correspondence

¢ : SUR?) — P, (R?),

which associates to any totally symmetric tensor S of order n, an homogeneous polynomial p of
degree n, which writes as

p(m) :S(x7"'7x)7 x:(x7y)'
Under this isomorphism, which is O(2)-equivariant, the subspace H"(R?) of harmonic tensors of
order n (traceless tensors) is sent to the subspace of homogeneous harmonic polynomials H,,(R?)
(polynomials with vanishing Laplacian). A natural basis for H,(R?) is given by the real and
imaginary parts of the complex function 2" = (x + iy)",
" =Re(x +iy)",  py” = Im(z +iy)".

This basis corresponds to the image under ¢ of the following basis of H"(R?)

5] n

K =Y () (c0ter o
k=
: n

where ® stands for the symmetric tensor product (2.1) and

(7.1)

el =€ 0e

means the tensor product of p copies of vector e;. Thus, any harmonic polynomial h in #,,(R?)
writes

h = ap{"” + bp}”,
and the harmonic tensor H = ¢~!(h) in H"(R?) writes

a = H11...11

H=aK" + K™, where
! 2 b= Hiy..12
while the other components [52] of H are

Hl---l 2...9 = (—1)pH1...11 and H 1---1 2...2 = (—1)pH1...12.
~— =~ ~— =~

n—2p 2p n—2p—1 2p+1

Remark 7.1. In both cases, the matrix form of p,, in these bases is

(pn(ro)] = <cos nf —sin n0> ‘

sinnf  cosnd
Note however, that none of the defined bases are orthonormal for the natural scalar products
on both spaces. There are however orthogonal and their norms are equal (see remark A.3).
Normalizing the bases, will not change the matrix representation and is thus inessential.
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Consider now a representation
(7.2) V~H"(R?) @ - @ H" (R?),

of G = SO(2) or G = O(2), where ny > 1 for each k. Generating sets for Inv(V, G) have been
provided in section 5, but in terms of monomials

_ 01 ar=P1 -
m_zl ...erzl ...ZET7

whose exponents satisfy the linear Diophantine equation (5.2). Here, z = aj + iby corresponds
to the components (ag, by,) of the factor Hy € H™(R?) in the direct sum (7.2) relative to the

basis (Kgn)7 Kgn)), where we have used the correspondence
hy(z) = Hy(z, ..., x) € Hy, (R?),

and recast hy as a polynomial function of the complex variables z = x + iy and Z = x — y.
It is the goal of this section to translate real and imaginary parts of the monomials m into
tensors invariants. To do so, observe first that

1
h, = ﬂ%e(zkz"’f) = ﬂ%e(zkin’“) = 5 (Ekz”k + Zkgnk) ,
and its conjugate harmonic function Ek writes as
~ 1
h, = Jm(Ekz"’“) = — Jm(zkzn’@) = 2— (?kznk — Zkznk) ,
7

where z = x 4+ iy and zp = ap + ibg. We will now provide three theorems which enable to
translate real and imaginary parts of monomials m into tensors invariants. Their proofs are
provided in Appendix D.

Theorem 7.2. Let hy, = ¢(Hy) € Hp, (R?), where ny > 1. Then,

Theorem 7.3. Let H; € H" (R?) be harmonic tensors where nj > 1 and set p(H;) = Re(z,;2™7).
Then
NRe (51 .. .gpzn1+---+np) =20"1g ((H1 OO Hp)/) .

Theorem 7.4. Let H; € H" (R?) be harmonic tensors where nj > 1 and set p(H;) = Re(z,;2™7).
Let Ny =n1 + - +ny, No =np41+ -+ 0yt and assume that Ny < No. Then

= - No—N
%e(zl---zpzpﬂ---szrSz 2 1)

(1\{1)

= opts—1-N1) 4 <(H1 - ©Hp) Hpt1 00 Hp+s)/> ’

and
Jm (21 C ZpZpgl e -EerSZNQ_Nl)
2(p+372N1)(N1 + Ny — 2)'

BT L7 <tr(Nl_1) (10 0Hy) x (Hpp1 @ © Hp+s)’))

(1\_71)

— glrrsm1-N) g (<H1 ool W ([1xHulo 0 HHS”)

N-
= _orrs1-Mg (([1 «H] o om) W Hy 00 Hp+s>']) .

FEzxzample 7.5. Let C € Ela be a bidimensional elasticity tensor. Its harmonic decomposition
writes C ~ (A, i, h, H), where h € H?(R?) and H € H*(R?) (see example 3.5 and remark 3.6).
Writing

p(h) = Re(Zo2?), and G(H) = Re(Z42%),

the translation of monomial invariants given in 5.4 and 5.10, namely

Z2Z_2, 2424, %Q(Z%Z_ZL)? jm(Z%Z_4)



18 B. DESMORAT, M. OLIVE, N. AUFFRAY, R. DESMORAT, AND B. KOLEV

write
_ 1@ 1
2222=§(h . ):ah:h,
_ 1 4) 1
ZaR4 = ﬁ(H . H) = gH il H,
1 4 1
%d%zﬁzﬂmQhYQH%:ﬂhJLh%

while there are several possibilities to translate Jm(z5%3):

Jm(257) = §u~3((h ®h) x H)
;@)

(hoh) uxH»:ih41xHyh

@

B~ = 00

= () oDy

We deduce thus the following results.
(1) A minimal SO(2)-integrity basis for C € Ela is

H):—ih:H:(lxh).

A, u, h:hy H:H, h:H:h h:H:(1xh).
(2) A minimal O(2)-integrity basis for C € Ela is
A i, h:hy H:H, h:H:h.

8. MINIMAL COVARIANT BASES FOR MOST COMMON CONSTITUTIVE TENSORS AND LAWS

In this section, we illustrate the power of the method explained in this paper by providing
a minimal integrity basis for an exhaustive list of constitutive tensors and laws which involve
several tensors. More precisely, applying theorems 5.3, 5.5, and 5.9, and using the cleaning
algorithm detailed in section 6, we obtain explicit results in 2D for:

e Third-order tensors with no index symmetry T3(R?), thus for third-order tensors with
any kind of index symmetries (by theorem 5.11), and in particular for the piezoelectricity
tensor P € Piez;

e Fourth-order tensors with no index symmetry T4(IR?), thus for fourth-order tensors with
any kind of index symmetries (by example 3.5 and theorem 5.11), and in particular for
the elasticity tensor C € Ela and the photoelasticity /Eshelby tensor IT € Gel;

e The complex viscoelasticity tensor, or more precisely its de-complexification, Ela ¢ Ela,

e The Hill elasto-plasticity constitutive equations;

e The linear piezoelectricity constitutive law, which involves three constitutive tensors, the
dielectric permittivity tensor (of order two), the piezoelectricity tensor (of order three)
and the elasticity tensor (of order four);

e Twelfth-order totally symmetric tensors S € S!'?(R?) and thus for totally symmetric
fabric tensors [52] of order 4, 6, 8 and 10 (by remark 5.12).

In each case, we provide an harmonic decomposition and a minimal integrity basis of the
covariant algebra (except for S'?(R?), for which we provide only an integrity basis for its invariant
algebra due to its very large cardinal), and this both for G = O(2) and G = SO(2).

Remark 8.1. For each produced SO(2)-integrity basis, the generators I satisfy either o x I = I
or o x [ = —I. In the first case, we shall refer to I as an isotropic invariant (since it is O(2)-
invariant), and in the second case, as an hemitropic invariant. Besides, the following notation has
been adopted. For each factor H"(R?) which occurs in the harmonic decomposition provided,
the corresponding variable is written as z,, if there is only one component H"(R?) in this
decomposition or z,q, Znh, Zne, - - - if the component H"”(R?) appears with multiplicity.
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8.1. Third-order tensors. The harmonic decomposition of T3(IR?) is the same for SO(2) and
O(2) and writes

T3(R?) ~ 3H' (R?) @ H3(R?).
We will thus write T = (214, 215, #1c, 23), after the choice of an explicit harmonic decomposition
(such as example A.5) and we have the following result.

Theorem 8.2. A minimal integrity basis for Cov(T3(R?),S0(2)) consists in the 57 covariants
(30 invariants) of Table 1 and Table 2. A minimal integrity basis for Cov(T3(R?),0(2)) is
provided by the 31 covariants (17 invariants) of Table 1.

TABLE 1. Isotropic covariants of T3(R?)

# order degree Formula # order degree Formula
1 0 2 Z1aZla 18 1 1 me[?laz}
2 0 2 Z1b21b 19 1 1 me[Elbz}
3 0 2 Z1cZ1e 20 1 1 %e[zlcz}
4 0 2 23%3 21 1 3 Re[2?,732]
5 0 2 Re[z1aZ10] 22 1 3 Re[27,Z32]
6 0 2 Re[z10Z1c) 23 1 3 Re[27,232]
7 0 2 mt[21b21c} 24 1 3 E)Re[zlazlbzgz}
8 0 4 Re[23, 73] 25 1 3 Re[z1021c232]
9 0 4 Re[z}, Z3] 26 1 3 Re[z1p21232]
10 0 4 %e[zfczgé}_ e 5 0 ~
11 0 4 Re[z1027;, 23] 28 N 9 n — 5
12 0 4 Relzpzlzs) 431”5332}
13 0 4 R 21073] 292 2 Delepzsz’]
e 30 2 2 Re[z1.2322)
14 0 4 %e[zfazlczg]
50 4 Refef,21573] 31 3 1 Relz329
16 0 4 Re[z1427,23]
17 0 4 Re[z1421p21¢23)
TABLE 2. Hemitropic covariants of T3(RR?)
# order degree Formula # order degree Formula
32 0 2 Jm[214Z 1) 45 1 1 Jm[Z142]
33 0 2 Jm[z14Z16) 46 1 1 Jm[Z1p2]
34 0 2 Jm[z1Z16] 47 1 1 Jm[Z1c2]
35 0 4 Im[z3,Zs] 448 1 3 Im[22,Z32]
360 4 Jm[z3,Z3] 49 1 3 Jm[z3,Z32]
37 0 4 Jm[z} 23] 50 1 3 Jm[2? Z3z]
38 0 4 Im[z142%, 23] 51 1 3 Jm[z14215232]
39 0 4 Jm[z1p23. 73] 52 1 3 Jm[z1621c232]
40 0 4 Jm[z3, 21.73] 53 1 3 Jm[z1p210232]
2 —
i; 0 4 Il z1cZs) 54 2 2 Imlz1a7322]
0 4 Jwm(27,z1523] s 3%
2 — 55 2 2 Jm[zlbzsz }
43 0 4 Jm(z1427,.Z3] 56 5 5 5 RS
44 0 4 Tlm[zlazlbzlczg] m[ZICZSZ ]
57 3 1 Jm[Z32°)

An application of theorem 8.2 concerns the bidimensional piezoelectricity third-order tensor
P (also denoted e in the IEEE Standard on Piezoelectricity, ANSI/IEEE 176 -1987), with index
symmetry Pj;, = Pjj. It relates the electric displacement D to the stress tensor o € S?(R?), at
vanishing electric field, as [84]

D::P:CJ'7 Di:JDiijjk-
The space of 2D piezoelectricity tensors, noted Piez, has the same harmonic decomposition for
both O(2) and SO(2) and writes [36] 2H!(R?) @ H3(R?). By theorem 5.11, minimal integrity
bases for Cov(Piez,G) (G = O(2) or G = SO(2)) are obtained by setting 2z, = 0 in theorem 8.2

(with 214, 21p, 23 defined as in example A.6). Using translation formulas of section 7, we deduce
the following corollary, which completes partial results obtained by Vannucci in [100].
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Corollary 8.3. A minimal integrity basis of Cov(Piez, SO(2)), where we have set P = (v,w, H),
with v,w € H'(R?) and H € H3(R?), consists in the 30 covariants (13 invariants) of Table 3. A
minimal integrity basis of Cov(Piez, O(2)) consists in the 17 covariants (8 invariants) of Table 4.

TABLE 3. A minimal integrity basis for Cov(Piez, SO(2))

# order degree Formula # order degree Formula
1 0 2 v-v 14 1 1 v
2 0 2 w-w 15 1 1 w
3 0 2 v-w 16 1 1 1xv
4 0 2 v Xw 17 1 1 1xw
5 0 2 H'H 18 1 3 v-H-v
6 0 4 (v-H-v) v 19 1 3 w-H-w
7 0 4 (v H-v) w 20 1 3 v-H-w
8 0 4 (wH w) w 21 1 3 v-H-(1xv)
9 0 4 (wH w) v 22 1 3 w-H- (1 Xxw)
10 0 4 (v-H-v)- (1 x0) 23 1 3 v -H-(Ixw)
11 0 4 (‘UH'U)(].X‘U)) 24 2 0 1
27 2 2 H-(1xv)
28 2 2 H (1 xw)
29 3 1 H
30 3 1 1xH
TABLE 4. A minimal integrity basis for Cov(Piez, O(2))
# order degree Formula # order degree Formula
1 0 2 v 9 1 1 v
2 0 2 w - w 10 1 1 w
3 0 2 v-w 11 1 3 v-H-v
4 0 2 H'H 12 1 3 w-H-w
5 0 4 (v-H-v) v 13 1 3 v-H-w
7 0 4 (w-H -w) w 15 2 2 H.-v
17 3 1 H

Finally, we will complete our investigations of third-order tensors, in order to be fully ex-
haustive, by adding the space of totally symmetric tensors S*(R?). Its harmonic decomposition
writes S3(R3) ~ H!'(R?) @ H3(R?) and corresponds to the subspace w = 0 of Piez.

Corollary 8.4. A minimal integrity basis for Cov(S3(R?),S0(2)), where we have set S =
(v, H), withv € H'(R?) and H € H3(R?), consists in the 13 covariants (4 invariants) of Table 5.
A minimal integrity basis for Cov(S*(R?),0(2)) consists in the 8 covariants (3 invariants)
of Table 6.

8.2. Fourth-order tensors. The harmonic decomposition of T*(R?) relative to SO(2) writes
6H(R?) @ 4H?(R?) @ H*(R?).

We will thus write

T = (A1, A2, A3, a5 A5, A6, 2245 220, 22¢5 22ds 24)
after the choice of an explicit harmonic decomposition. For O(2), we get

3H(R?) @ 3H°(R?) @ 4H*(R?) @ H*(R?),

and we will have

T = (£1,€2, 83, A1, A2, A3, 224, 290, 22¢, 224 24)-
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TABLE 5. A minimal integrity basis for Cov(S3(R?),S0(2))

# order degree Formula # order degree Formula
1 0 2 v-v 5 1 1 v
20 2 HH 6 1 1 1xv
30 4 (w-H-v)-v 7 1 3 v-H-v
4 0 4 (v-H-v)-(1xv) 8 1 3 v-H-(1xv)
9 2 0 1
10 2 2 H v
1 2 2 H-(1xv)
12 3 1 H
13 3 1 1xH
TABLE 6. A minimal integrity basis for Cov(S?(R?),0(2))
# order degree Formula # order degree Formula
1 0 2 v 4 1 1 v
2 0 2 HH 5 1 3 v Hw
7 2 2 H-v
8 3 1 H

Note that in the present case, there are pseudo-scalars which reduce to additional H®(R?) com-
ponents when restricted to SO(2): & = A4, {2 = A5 and &5 = Xg.

Theorem 8.5. A minimal integrity basis for Cov(T*(R?),SO(2)) consists in the 62 covariants
(48 invariants) of Table 7 and Table 8. A minimal integrity basis for Cov(T*(R?),0(2)) consists
in the 115 covariants (78 invariants) of Table 7 and Table 9.

Remark 8.6. In the case of O(2), all products Jm(m,) Jm(m,) disappear after cleaning but the
products & Jm(m;) remain, of course, and are listed in table Table 9.

TABLE 7. Isotropic covariants of T*(R?)

# order degree Formula # order degree Formula
1 0 1 A 19 0 3 me[22az2b24}
2 0 1 A2 20 0 3 Re[22422:24)
3 0 1 A3 21 0 3 NRe[z2q 22474]
4 0 2 22aZ2a 22 0 3 ERE[ZQbZQCEd
5 0 2 29p22h 23 0 3 %e[zzb22d§4}
6 0 2 Z2072¢ 240 3 Re[z2c224%4]
T 2 25 2 0 2z

9 il
& 0 Zaza 2% 2 1 Re[z2q2?]
9 0 2 Relz20721)] 27 2 1 Re[Fap22]
10 0 2 ‘.RR[ZQQZQC] 28 2 1 ERE[EQ 22}
0 2 Delz2aZad] 29 2 1 9%[22222}
12 0 2 ‘.Re[z%zzc} 30 2 2 m[ — 2]
130 2 Ref[eapZodl fl#2a 242
14 9 % 2b=2d 31 2 2 Re[z0p2422)
15 8 3 miigcg}i] 322 2 Re[mczae’]

2a > 52

16 0 3 Rel =2 z4] 33 2 2 Re[z0qza2°]
17 0 3 Re[z3,.24] 34 4 1 Re[Z42?]
18 0 3 Re[22,74]

Photoelasticity tensor. The 2D photoelasticity tensor II [22], like the 2D Eshelby tensor, has the
following index symmetry Il = ILj;5; = Il;;.. The corresponding tensor space, noted Gel in
[34], has the following harmonic decomposition under SO(2)

3HO(R?) & 2H2(R?) & HA(R?),
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TABLE 8. Hemitropic covariants of T*(IR?)

# order degree Formula # order degree Formula

35 0 1 §1 =M\ 50 0 3 ﬁm[z2a22d24]
36 0 1 2 = A5 51 0 3 jm[ngzQCz;]
370 1 & =2 52 0 3 Om[zopzaqZa)
38 0 2 Jm[224Z2p) 53 0 3 Jm(z2c224Z4)
390 2 ImlzaZa] 54 2 1 Jm[Zaez?]
400 2 JmlezaZa) 55 2 1 3m[§2az2]
a0 2 ImlzaZa] 56 2 1 3m[E2bz2]
420 2 OmlzaZa) 57 2 1 jm[ZQCzQ]
30 2 Imlzaczad] 58 2 2 jm[zzdz 2]
4 0 3 Jm([23,%4] 0 9 5 jm[z2“§4z2]
jg 8 g Imlz3, %] 60 2 2 3m[zzi2122]
470 3 ﬂiéﬁéﬂ or 2 2 OmlzaZa?’]
48 0 3 Jm[z2q22p74] 62 4 1 Jm[z424]

49 0 3 3m[2’2a22034}

TABLE 9. Isotropic products of hemitropic covariants of T4(R?) (i = 1,2, 3)

# order degree Formula 7# order degree Formula

35 0 2 €2 71, 72, 73 0 4 & Im[z0020pZ4]
36 0 2 &2 74, 75, 76 0 4 & Im[z0022074]
37 0 2 £2 77,78, 79 0 4 & Im[224 204Z4]
38 0 2 &6 80, 81, 82 0 4 & Tm[zop22024),
39 0 2 £183 83, 84, 85 0 4 £ Im[20p 20474
40 0 2 £283 86, 87, 88 0 4 & Im[zac20474]
41,42,43 0 3 £ Im[z2aZ 2] 9. 90 o1 5 5 6, m(za02?)
44, 45, 46 0 3 & 3111[22@22.:} 92’ 937 o1 5 5 gz jm(§2a22)
47,48,49 0 3 £ Im[204Z04] o o6 o ; : gz. jm(z2bz2)
50,51, 52 0 5 &idmlzZa] 98,99,100 2 > & 3m(§z;z2)
55’2’ g‘; gg (0] g gl ;ﬁzzbzzﬁ 101, 102, 103 2 3 & Im[z2a7s2?)
5060 61 0 4 £ Im[22 4] 104, 105, 106 2 3 £ Tm[z0p7422]
62: 63: 61 0 4 ‘. Jm[z§:z ] 107, 108, 109 2 3 & gm[zch;zz]
65 66.67 0 4 £ (3 2] 110, 111, 112 2 3 £ Im[2047422)
68, 69, 70 0 4 & Im[22 74] 113, 114, 115 4 2 & Im(Z42%)

and
H1(R?) @ 2H°(R?) & 2H?(R?) & H*(R?),
under O(2). It corresponds to the subspace of T4(R?), where
A=A da=p, =& M=86=8=0, z2=2:=0

In the following corollary, we provide for it a minimal integrity basis of its covariant algebra and
correct, by the way, an error in [63]. Indeed, the O(2)-integrity basis of its invariant algebra
provided there, is of cardinal 10, and omits all the irreducible invariants of Table 12.

Corollary 8.7. A minimal integrity basis for Cov(Gel,SO(2))), where we have set
II = (£, A p, by, by, H),

with € € H1(R?), A\, u € HY(R?), hy,hy € H2(R?), H € H*(R?), consists in the 25 covariants
of Table 10 and Table 11 (14 invariants). A minimal integrity basis for Cov(Gel, O(2))) consists
in the 25 covariants (14 invariants) of Table 10 and Table 12.

Remark 8.8. In [63], the authors have forgotten the 4 products & IJmm,; of Table 12 which
cannot be removed from any minimal basis of the O(2)-invariant algebra, by theorem 5.5.
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TABLE 10. Isotropic covariants of the photoelasticity tensor

# order degree Formula Formula # order degree Formula Formula
1 0 1 A A 10 2 0 zZ 1

2 0 1 m m 11 2 1 Re[Zaq 22] h;

3 0 2 220724 hy : hy 12 2 1 Re[zap 22 ho

4 0 2 Z9b 72 hs : hy 13 2 2 Re[z24Z42%] H:hy
5 0 2 Z4%4 H:H 14 2 2 Re[20p742%] H:hy
6 0 2 ‘.RR[ZQQEQZ,] hi : hs — 4

70 3 Mefe,za] hiH:hy B4 1 Pefzef] H

8 0 3 Re[22,Z4] hy : H: hy

9 0 3 %e[zgaz%a] hi :H: hy

TABLE 11. Hemitropic covariants of the photoelasticity tensor

# order degree Formula Formula # order degree Formula Formula
16 0 1 I3 I3 21 2 1 Jm[z2422] (1 x hy)
17 0 2 Jm[224Z2p) hy : (1 x hy) 22 2 1 Jm[Zop22] (1 x hg)
18 0 3 Jm(23,Z4] h; :H: (1 xhy) 23 2 2 Jm[z24%Z422] H: (1 x hy)
19 0 3 Jm[23,74] ho : H: (1 x ha) 24 2 2 Jm[zpZ4z2] H: (1 X ha)
2 Z. h;:H:(1xh
0 0 3 JmlzaznZa] b (1 x ho) 2% 4 1 Im[ZazY] (1 x H)
TABLE 12. Isotropic products of hemitropic covariants of the photoelasticity
tensor
# order degree Formula Formula # order degree Formula Formula
16 0 2 £2 &2 21 2 2 £Im(Z2422) &1 x hy
17 0 3 ETm[224Z2p] ¢hy : (1 X hy) 22 2 2 £Tm(z9p22) €1 x hy
18 0 4 €Im[22,%4] £hy :H: (1 xh) 23 2 3 £dm[z24%422] E€H: (1 x hy)
19 0 4 £Im[22,Z4] ¢hy : H: (1 x ho) 24 2 3 €Tmlzopz42%]  €H: (1 X hy)
2 4 zZ hi:H:(1xh
0 0 Imlzzaz00Za] €hu (1 x h2) 25 4 2 £om(zszt) €1xH

Elasticity tensor. The 2D elasticity tensor C has the index symmetry Cijr = Cjit = Cijie =
Ciij- The corresponding tensor space Ela has the following harmonic decomposition
2H’(R?) ® H*(R?) @ H'(R?),
both for O(2) and SO(2). It corresponds to the subspace of T4(R?), where
As=86=86=8§=0, Zop = 22¢ = 224 = 0,
and to the subspace of Gel, where
£E=0, h; = h, hy; = 0.

The following corollary completes the already known integrity basis of the invariant algebra of
Ela (see examples 5.4, 5.10 and 7.5) into a minimal integrity basis of its covariant algebra.

Corollary 8.9. A minimal integrity basis for Cov(Ela, SO(2))), where we have set C = (A, u, h, H),
with A\, € HO(R?), h € H2(R?), H € H*(R?), consists in the 18 covariants (6 invariants)
of Table 13 (A) and Table 13 (B). A minimal integrity basis for Cov(Ela, O(2)) consists in the

9 covariants (5 invariants) of Table 13 (A).

8.3. Viscoelasticity law and Hill elasto-plasticity. In linear viscoelasticity, the application
of a periodic strain tensor at frequency f, seen as the imaginary part of € = €, exp(2imft),
generates a periodic stress tensor which is the imaginary part of ¢ = o, exp(i(27 ft+¢)); €, and
0, are the assumed constant strain and stress amplitude (symmetric) tensors and ¢ is the phase
shift. A frequency dependent anisotropic viscoelasticity behaviour can then be formulated as

(8.1) o=C":¢,
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TABLE 13. Covariants of Ela

(A) Isotropic covariants (B) Hemitropic covariants
# order degree Formula # order degree Formula
1 0 1A 10 0 3  h:H:(1xh)
2 1
0 s 1 2 1 1xh

50 2 h:h 12 2 2  H:(1xh
4 0 2 H:H (1 xh)
5 0 3 h:H:h 13 4 1 1xH

6 2 0 1

7 2 1 h

8 2 2 H:h

9 4 1 H

where C* = C*(f) = Cy + i Cy (with Cy,Cy € Ela) is the complex viscoelasticity tensor. For
the purpose we are concerned in, we will however still consider this representation as a real
representation of either SO(2) or O(2) and represent it as the (de-complexified) vector space
V = Ela @ Ela.

On the other hand, Hill elasto-plasticity constitutive equations [45] can be summarized into
the linear elasticity law

oc=C:(e—¢€"),
where C € Ela is the elasticity tensor, €? € S?(R?) is the plastic strain tensor, and into the
(plasticity) yield criterion
f=0:P%:0—-R(p) <0,

where P? ¢ Ela is the Hill fourth-order tensor and R is the hardening function (p being the
so-called accumulated plastic strain). The evolution laws are obtained by generalized normality
(see [58]). Hill elasto-plasticity law is also represented by a pair (Cy,Cs2) of tensors of the
elasticity type, but this time, with C; = C, and Cy = P,

The harmonic decomposition of V = Ela & Ela, which is the same for SO(2) and O(2), is

4HC (R?) @ 2H?(R?) @ 2H*(R?),
and we will write
(C1,C2) = (A1, Ao, i1, 12, 224, 226, Z4a, 24b) = (A1, A2, p1, pi2, iy, ho, Hy Hy).

Theorem 8.10. A minimal integrity basis for Cov(Ela @ Ela, SO(2)) consists in the 41 covari-
ants (24 invariants) of Table 14 and Table 15. A minimal integrity basis for Cov(Ela®Ela, O(2))
consists in the 28 covariants (17 invariants) of Table 14 and Table 16.

Remark 8.11. Note that, in the minimal covariant basis for Cov(Ela @ Ela, O(2)), it remains 3
products Jm(m,,) Jm(m,) (see Table 16), which cannot be eliminated after cleaning.

8.4. Piezoelectricity law. The linear piezoelectricity law [84] is a linear relation between the
(symmetric) second-order strain tensor €, the (symmetric) second-order stress tensor o, the
electric field F, and the electric displacement D. It writes

c=C:e—E P, 0ij = Cijri€rs — PrijEk,
D=P:o+¢l-E, Di = Pirow + €3, L,

where C € Ela is the elasticity fourth-order tensor (Cjjii = Cjirr = Chiij), P € Piez is the
piezoelectricity third-order tensor (Py;; = Pgji), and €f is the (symmetric) second-order dielectric
permittivity tensor (which should not be confused with the Levi-Civita tensor € or the strain

tensor €). The harmonic decomposition of the constitutive tensor (C,P,ef), with respect to
either SO(2) or O(2) writes as

3H(R?) @ 2H!(R?) @ 2H?(R?) @ H3(R?) @ H*(R?),
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TABLE 14. Isotropic covariants of V = Ela & Ela

# order degree Formula Formula # order degree Formula Formula

1 0 1 A1 A1 17 2 0 2Z 1

2 0 1 U1 U1 18 2 1 Re[Z2422 h;

3 0 1 A2 A2 19 2 1 Re[Zop22] hs

4 0 1 U2 U2 20 2 2 Re[22474022] Hi :hy

5 0 2 220724 hy : hy 21 2 2 Re[z2aZ4p2%] Ha:hy

6 0 2 ZobZop hs : hy 22 2 2 Re[20pZ4022] Hi : hy

7 0 2 240Z4a Hy :: Hy 23 2 2 Re[z0pZ4p22] Ha: hy

8 0 2 Z4bz4b7 H2 o H2 24 4 1 %2[341124] H1

9 0 2 Rez2aZ2p) h; : hy e L Felo ot H

10 0 2 Re[240Z 1] H, :: H e[zap2"] 2

11 0 3 me[z;azzm] h; : H; : hy

12 0 3 Re[22,Z4a] hy : H; : hy

13 0 3 Re[23, Zap)] h; :Hy:hy

4 0 3 Re[23,Zap) hy : Ha : hy

15 0 3 me[22a22b§4a} h; : Hy : he

16 0 3 Re[z2029pZ4p] hi:Ha:ho

TABLE 15. Hemitropic covariants of V = Ela & Ela
# order degree Formula Formula # order degree Formula Formula
26 0 2 Jm[z24Z2p) h; : (1 x hg) 34 2 1 Jm[z24 22 1xhy
27 0 2 Jm[z40Zap) H;: (1 x Hg) 35 2 1 Jm[Zop22] 1 x hy
28 0 3 Jm(23,Z4a] hy : H; : (1 x hy) 36 2 2 Jm[z20Z4a2%] Hi: (1 x hy)
29 0 3 Im[22, Z4a] hy : H; : (1 x hy) 37 2 2 Jmlz20Z4p2%] Ha: (1 x hy)
30 0 3 Jm(22, Zap)] h; : Hy: (1 x hy) 38 2 2 Jmlz0pZ4022]  Hi: (1 x hg)
31 0 3 Im[22,Z 4] hy : Ho : (1 x hy) 39 2 2 Jm[z0pZ4p2%]  Ha: (1 x ho)
32 0 3 Jm[z2q22b% h; :H;: (1 xh
33 0 3 zm{zijziiziﬂ hy  H - E1 X hii a0 4 1 Om[zaez] 1 x H,
41 4 1 Jm[Z4 2% 1 x Hy

TABLE 16. Isotropic products of hemitropic covariants of V = Ela & Ela

# order degree Formula Formula

26 0 4 Jm[zgaE%] jm[z4a24b] (hl : (1 X hg))(Hl i (1 X HQ))
27 2 3 Jm[z4aZ4p) TM[Z2022]  (Hp (1 x H2)) (1 x hy)

28 2 3 Jm[240Z4p) jm[ngZQ} (Hy :: (1 x H2)) (1 x hg)

and we will write
(C,P,eq) = (M, A2, A3, 214, Z1bs 2245 220, 23, 24)-

Theorem 8.12. A minimal integrity basis for the SO(2)-covariant algebra for the triplet (C,P,ef)
consists in the 206 covariants (121 invariants) of Table 17 and Table 18. A minimal integrity
basis for the O(2)-covariant algebra for the triplet (C,P,e§) consists in the 123 covariants (71
invariants) of Table 17 and Table 19.

Remark 8.13. In this case also, it remains many products Jm(m,,) Jm(m,) (see Table 19) which
cannot be eliminated from the O(2)-integrity basis .
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TABLE 17. Isotropic covariants for the triplet (C,P,ef)

# order degree Formula

1 0 1 A

2 0 1 A2

3 0 1 A3

4 0 2 Z1aZ1a

5 0 2 Z1b21b

6 0 2 22a%2a

7 0 2 Z2pZ2b

8 0 2 2323

9 0 2 2474

10 0 2 NRe [Zlazlb]

11 0 2 Relz2qZ2p)

12 0 3 Re[22,Z2a]

13 0 3 Re[2?, Zap)]

4 0 3 Re[27,Z2a]

15 0 3 Re(27,Zas]

16 0 3 Re[z3,Z4]

7 0 3 Re[22,74]

18 0 3 NRe[z1a21pZ24)
19 0 3 Eﬂe[zlazlbng}
20 0 3 %E[zlaz’QaEg]
21 0 3 me[zlbzgazg}
22 0 3 %E[zleszg}
23 0 3 me[zlaz%fg}
24 0 3 Re[z2422p24)
25 0 3 me[zlazggd

26 0 3 NRe[z1,23%4)

27 0 4 Re[z3 23]

28 0 4 Relz?, z173]
200 4 Re[z1a22, 73]
30 0 4 Re[23, 23]
310 4 Re[z14%2, 23]
32 0 4 Relz1p72, 23]
33 0 4 me[zlazgangzg}
34 0 4 %E[zlbfgangz;ﬂ
35 0 4 Re[z1a75, 23]
36 0 4 Re[z1575, 23]
37 0 4 Re[22, z2aZ4]
38 0 4 Re[21421p22024)
39 0 4 Re[22, 22a74]
40 0 4 Relz7, zob74]
41 0 4 Re[z1a21p22b74]
42 0 4 Re[2%, 20574
43 0 4 %e[z1a22a23z41]
44 0 4 me[zlbzgaz3z4]
45 0 4 Re[z14Z2pZ324]
46 0 4 NRe[z1p22p2324]
47 0 4 Re[z207224]

48 0 4 Relzop2324]

49 0 5 Re[z3, 73]

50 0 5 Re[22, z0p72)
51 0 5 Re[22422, 73]
520 5 Re[23, 73]
530 5 Relz},Z4]

54 0 5 Re[23, z1474]
55 0 5 Re[27,22,74]

# order degree Formula

56 0 5 Re[z1a25,74]
57 0 5 Re[z],Z4]

58 0 5 Re[2242527)
59 0 5 Re[z2p2571]
60 0 5 Re[z?, 75 24]
61 0 5 Relz1421pZ224]
62 0 5 Re[27, 75 24]
63 0 6 Re[z1aZ527]
64 0 6 Relz1p2523)
65 0 7 Re[2575

66 1 1 Re[Z142]

67 1 1 Re[Z1p2]

68 1 2 me[zlazgaz]
69 1 2 NRe[z1pZ242]
70 1 2 Re[z1aZ2p 2]
71 1 2 i)%e[zlbigbz]
72 1 2 me[zgazg«;z}

73 1 2 NRe[zopZ372]

74 1 2 me[2’3§4z}

75 1 3 Re[z2,Z32]

76 1 3 Re[z2, 232]

7 1 3 Re[27,Z32]

78 1 3 Re[z3,232]

79 1 3 NRe[Z2qZop232]
80 1 3 Re[z1a21p2372]
81 1 3 %e[?gazgmz}
82 1 3 me[22b23Z4z}
83 1 3 Re[z14220Z42]
84 1 3 Re[z1p2207472)
85 1 3 NRe[z1a22p7472)
86 1 3 Re[z1p20p242]
87 1 4 Re[22,242]

88 1 4 Re[22,242]

89 1 4 Re[z1472247]
90 1 4 Relz1p23242]
91 1 4 Re[2?, 21p742]
92 1 4 D‘ie[zlaz%bzlz]
93 1 5 Re[z3232]

94 2 0 2z

95 2 1 Re[Zoq 22

96 2 1 Re[Zop2?)

97 2 2 Re[2147322]
98 2 2 Re[z1p2322)
99 2 2 Re[224Z422]
100 2 2 Re[z0p2422)
101 2 3 Re[z2,7427]
102 2 3 Re[27,Z427]
103 2 3 Re[z32422]
104 2 3 Re[z1a21p242°]
105 3 1 Re[Z327]

106 3 2 Re[z14242°]
107 3 2 Re[21pZ42°)
108 4 1 Re[za24]
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TABLE 18. Hemitropic covariants for the triplet (C,P,e{)

# order degree Formula

109 0 2 Jm[214Z1p)

110 0 2 jm[zgang}

111 0 3 Jm[2?,Z24]

112 0 3 Jm[22 Zap)

113 0 3 Jm[z?, Z24]

114 0 3 Jm[z3, Zap]

115 0 3 IJm[23,%4

116 0 3 Im[z2,Z4]

117 0 3 Im[z1a21b%2a]
118 0 3 3m[z1az1bz2b]
119 0 3 3m[2’1a22a23]
120 0 3 Jm[z1p22423)
121 0 3 Jm[z1p22p 23]
122 0 3 Jm[z1a22p%3]
123 0 3 Im[z2q22p74]
124 0 3 Jm[zlazgzﬂ
125 0 3 3m[21b23§4]
126 0 4 Jm(z}, %3]

127 0 4 Jm[22, z1p23]
128 0 4 Im[z142%,Z3]
120 0 4 Im[z3, Zs]

130 0 4 Im[z1473, 23]
131 0 4 Jm[z1,%3, 23]
132 0 4 Jm[zlazgangzg]
133 0 4 Im[z1pZ24Z25 23]
134 0 4 Im[z14%5, 23]
135 0 4 Jm[z15735, 23]
136 0 4 jm[z%amau]
137 0 4 Im[z1a21p220%4]
138 0 4 Im[z?, 224 %4]
139 0 4 Jm[22 z9pZ4]
140 0 4 Jm[zlazlbz2b24}
141 0 4 Jm[22, 224 %4]
142 0 4 Jm[zlazgaz;a,zd
143 0 4 3m[21b§2a§324]
144 0 4 Tlm[zlaz%zgu]
145 0 4 Im[z1pZ2pZ324]
146 0 4 Im(z2q7324]
147 0 4 Im[z2p%5 24
148 0 5 Jm(z3, 73]

149 0 5 Jm(z3, 22p73]
150 0 5 Jm[z2425, 73]
151 0 5 m[z5, 23]

152 0 5 Jm(z],Z4]

153 0 5 Jm(z}, 21p24]
154 0 5 Jm[z?, 23, Z4]
155 0 5 Im[z1a27,Z4]
156 0 5 Jm[z},Z4]

157 0 5 Im[z2q23%25
158 0 5 Jm[z2p25%7)

# order degree Formula

159 0 5 Jm[z%azg)zd
160 0 5 Im([21021pZ324]
161 0 5 ﬁm[zlbzz,)zd
162 0 6 Jm[z142522]
163 0 6 Jm[zlb23z4]
164 0 7 Jm([z5Z3]

165 1 1 Jm[Z142]

166 1 1 Jm[Z1p2]

167 1 2 Jm[214Z242]
168 1 2 Im[z1pZ242]
169 1 2 jm[zlangz}
170 1 2 Jm[zlbngz}
171 1 2 3m[22a532]
172 1 2 Jm[zpZ32]
173 1 2 3m[ng4z]
174 1 3 Im[23,%732]
175 1 3 Jm[z3,232]
176 1 3 Jm[z%,Z32]
177 1 3 Jm(z5, 232
178 1 3 Jm[Z24Z2p232]
179 1 3 Im[z1421p237]
180 1 3 Jm[EQGZ3Z4z]
181 1 3 Jm[22b23z4z]
182 1 3 Jm[214224Z42]
183 1 3 Im[z1p224747]
184 1 3 Jm[z1422pZ42]
185 1 3 Im[z1p2opZ42]
186 1 4 Im[z3,742]
187 1 4 Jm[z3,Z42]
188 1 4 Jm([z14Z3242]
189 1 4 Jm(z1p23242]
190 1 4 Im[z?, 21pZ4%]
191 1 4 Im[z142%,742]
192 1 5 Im([z323 2]
193 2 1 Jm[z24 22
194 2 1 Jm[Zap22]
195 2 2 Jm[z147322]
196 2 2 Jm[z1,Z322]
197 2 2 Jm[z20%422]
198 2 2 Jm[zgpZ422]
199 2 3 Jm[2?, 2427
200 2 3 Im[z?, 2427
201 2 3 Jm([z5 2422
202 2 3 Jm[z1421pZ422)
203 3 1 Jm[Z325)

204 3 2 Jm[z14Z42%]
205 3 2 Jm[z1,242°]
206 4 1 Jm[z42%)

TABLE 19. Isotropic products of hemitropic covariants for the triplet (C,P,&f)

# order degree Formula

109 0 4 Im[z1aZ1p) IM[224Z2p)
110 0 5 Jm[z14Z1p) I (22, Z4]
111 0 5 Im[z14%Z15] IM[23, Z4]
112 0 5 Jm([z14Z1p) IM[224 2252 4]
113 0 5 3]’1’1[2’2@5%] 3m[21a 2324}
114 0 5 Jm(z24Z2p] IM[21p23Z4]

# order degree Formula

115 2 3 Im[z24Z2p) IM[Z14 2]
116 2 3 JIm[z24Z2p) IM[Z152]
117 2 4 Jm([23,Z4] Im[Z102]
118 2 4 Jm([22,Z4] Im[Z1p2]
119 2 4 Im[22,Z4] Im[Z142]
120 2 4 Im[z2,Z4] Im[Z1, 2]
121 2 4 Im[z2q29p74] IM[Z14 2]
122 2 4 JIm[z2q29p%4] IM[Z1p 2]
123 2 4 Im[z2qZ2p) IM[23Z4 2]
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8.5. Twelfth-order totally symmetric tensor. Totally symmetric tensors are encountered
for the intrinsic description of directional data [52]. They may represent the directional density
of spatial contacts and grains orientations within granular materials [64], the directional crack
density [52, 75, 61, 97], or the directional description of microstructure degradation by rafting
in single crystal superalloys at high temperature [18].

The harmonic decomposition of S'?(R?) is the same under SO(2) or O(2) and writes

HO(RQ) @ H2(R2) ey H4(R2) ey HG(RQ) o) HS(R2) ey HIO(R2) ey H12(R2)7
and we will write
S = (A, 22, 24, 26, 28 210, 212),
where A € R and z; € C. Due to the large number of two-dimensional harmonic components,

only minimal integrity bases for its invariant algebra are detailed (and, as for piezoelectricity
law, translations into tensorial expressions will not be provided).

Theorem 8.14. A minimal integrity basis for Inv(S'2(R?),SO(2)) consists in the 211 invariants
of Table 20 and Table 21. A minimal integrity basis for Inv(S'2(R?),0(2)) consists in the 113
inwvariants of Table 20 and Table 22.

Remark 8.15. Again, it remains four products Jm(m,,) Jm(m,) (see Table 22) which cannot be
eliminated from the O(2)-integrity basis .



TABLE 20. Isotropic invariants of S'?(R?)

Formula
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Z27s)

Z473)

# Formula

56 0 5 9}12[2'123621034}
57 0 5 me[z%()leZQZe}
58 0 5 %2[210342226]
59 0 5 NRe[z1026%; 28]
60 0 5 Re[22,z102678]
61 0 5 NRelz1226Z273)
62 0 5 9}‘2[210212’2628}
63 0 5 me[Z10Z8312Z2Z4}
64 0 5 9}‘2[2'12285102426}
65 0 5 ‘.RR[Z1224323528]
66 0 6 9“12[2’1032}

67 0 6 Re[2271073)
68 0 6 Re[2377,Z4]
69 0 6 me[zlgfézd

70 0 6 Re[25,22,Z6]
71 0 6 9‘{e[z§’21024]
72 0 6 Re[z5Z1272]
73 0 6 Re[23,7275]
74 0 6 Re[22,752s]

75 0 6 Re[237272]

76 0 6 9}‘2[2103624]

7 0 6 Re[2625%772]
78 0 6 9“‘2[25’21021222]
79 0 6 ‘.)‘ie[z%ozezmzz}
80 0 6 9“12[2 02831222}
81 0 6 ‘.Re[zlozgzmzﬂ
82 0 6 %2[2122621024}
83 0 6 ‘.Re[z%ozgzmu
84 0 6 Re[27,Z1 2ZQZ4}
85 0 6 Re[22,21025%6]
86 0 6 Re[22,7276 73]
87 0 7 9“12[21252}

88 0 7 Re[237¢]

89 0 7 Re[27,z]

90 0 7 Re[27,Z12Z5]
91 0 7 Relz425,74]
92 0 7 Re[27,Z1Z6]
93 0 7 Re[z7yz1278]
94 0 7 Re[23,75 %3]
95 0 7 Re[25,z6 73]

96 0 7 Re[22)21274]
97 0 7 Re[z527073]
98 0 7 Re[27,28Z2573)
99 0 7 Re[2302352274]
100 0 8 Re[23,22]

101 0 8 Re[z473,72]
102 0 8 Rel21 750 24]
103 0 8 Re[23027,75]
104 0 8 Re[23, 28735 72)
105 0 9 Re[z],Z8]

106 0 9 Relz3,75522]
107 0 9 Relz,77 28]
108 0 10 Rel[e7,71y22]
109 0 11 Relz7,25)
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TABLE 21. Hemitropic invariants of S'2(R?)

# order degree Formula # order degree Formula

110 0 3 Jm[z473) 161 0 5 Jm[z102623 28]
11 0 3 Jm[z8%2] 162 0 5 Im[22,Z10Z67s)
112 0 3 Jm[z1222] 163 0 5 Jm[z1226Z272)
113 0 3 jm[zlgzlofg] 164 0 5 jm[zlozlgzezg]
114 0 3 3]’1’1[2’62224} 165 0 5 3]’1’1[2’10282125254]
115 0 3 jm[z’gzgze} 166 0 5 3m[z12z82102426]
116 0 3 3]’1’1[2’102456] 167 0 5 3]’1’1[2’1224222628]
117 0 3 Jm[z10Z2Z8] 168 0 6 Jm[210%3)

118 0 3 Jm[z12Z478] 169 0 6 Jm[z2Z1073)
119 0 4 Jm[z673) 170 0 6 Jm[z5%374]
120 0 4 Jm[z1274] 171 0 6 Jm[z12Z5%4]
121 0 4 Jm[z2Z1072] 172 0 6 Jm[z3,7%576)
122 0 4 Jm[z5Z1274] 173 0 6 Jm[zgZ1073)
123 0 4 Jm[282324] 1740 6 Im[z3712%2]
124 0 4 Jm[z10Z272] 175 0 6 IJm[2%)Z2%5]
125 0 4 Jm[23z2%6) 176 0 6 Jm([2%,737s]
126 0 4 Jm[z10Z3%6) 177 0 6 Jm[zgZz2Z2]

127 0 4 Jm[23,Z1278] 178 0 6 Jm[z1026%4)
128 0 4 Jm([z12Z275] 179 0 6 Im[2622%2,72]
129 0 4 Jm([22Z47s8] 180 0 6 Jm[z8Z10Z1272]
130 0 4 Jm[z3Z107Z6] 181 0 6 Jm[22, 2672, Z2]
131 0 4 Cim[z4z821022} 182 0 6 jm[zl()ZgElQEg]
132 0 4 Jm[z1024Z12%2] 183 0 6 Jm[z10227%,%2]
133 0 4 Jm([z628Z12%2] 184 0 6 Jm[z12237%,74]
134 0 4 Jm([2628%Z10%4) 185 0 6 Im[22) 2872, %4]
135 0 4 jm[z10Z521224] 186 0 6 3m[zf02122324]
136 0 4 Jm[z1028Z12%6] 187 0 6 Jm[z2,Z1025%6)
137 0 4 Cim[212222426] 188 0 6 jm[z%QEgzefg]
138 0 4 Jm[z426Z27s) 189 0 7 Jm[z1278]

139 0 5 Jm[z5%3] 190 0 7 Jm[z37z¢]

140 0 5 Im[2275 191 0 7 Im[2%,Z5]

141 0 5 Jm[z75735] 192 0 7 Jm[z7,Z1274]
142 0 5 Im[z3Z10Z2] 193 0 7 Im[2873)Z4]
143 0 5 Jm[z2Z1273] 194 0 7 Jm[z75750Z6)
144 0 5 Jm([2252%,Z4] 195 0 7 Jm[zP,Z1275)
145 0 5 Jm[z102524] 196 0 7 Jm[z352%,23]
146 0 5 Im[23)Z1273] 197 0 7 Jm[23,Z6 %3]
147 0 5 Jm[z122323] 198 0 7 Jm[z%21274]
148 0 5 Jm[z12%5%6] 199 0 7 Im[2573,%3]
149 0 5 Jm[z10287g) 200 0 7 Jm[23, 28775 73)
150 0 5 Im[22727s] 201 0 7 Im[23)Z2,72%4]
151 0 5 Jm[2%,z27s] 202 0 8 Jm[z30z2]

152 0 5 Jm[22)Z4%3] 203 0 8 Im[zg73Z2]
153 0 5 Jm[z3Z4%2) 204 0 8 Jm[z]z5574]
154 0 5 Jm[2226Z1272] 205 0 8 Im[23)22, 75
155 0 5 Jm[2628%210%3) 206 0 8 Jm[z3, 28754 72]
156 0 5 Im[z1026Z1273] 207 0 9 Im[z{,Z3]

157 0 5 Jm[z2Z10Z274] 208 0 9 Jm[z0z5573]
158 0 5 Jm([21226Z10%2) 209 0 9 Im[z$,Z1,Zs]
159 0 5 Jm[z3,Z122276) 210 0 10 Jm[z75z1572]
160 0 5 Jm[z1024Z2%2) 211 0 11 Jm[295750]

TABLE 22. Isotropic products of hemitropic invariants of S!?(R?)

#  order degree Formula

110 0 6 Jm([z4Z3] Jm[z12Z2]
111 0 6 Jm[z1222] Im[zsz7]
112 0 6 jm[zlgzlofg] Jm[ZgEZ]
113 0 6 Jm[z1223] Jm[z10Z278]
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9. CONCLUSION

In this paper, we have formulated, with full details, a method to compute a minimal integrity
basis for the invariant algebra of any 2D constitutive tensor (and more generally of any linear
representation of the orthogonal groups SO(2) or O(2)). These results are formalized as theo-
rem 5.3 and theorem 5.5. In the second case, a minimal integrity basis is obtained after applying
a “cleaning algorithm” which is explained in section 6. Besides, several reduction lemmas have
been proven in section 5, which allow to reduce a priori the complexity of the computations
required to obtain minimality.

Meanwhile, a new paradigm has also been introduced: the concept of polynomial covariant
which extends the idea of a polynomial invariant. This notion is not really new in mathematics,
since it goes back to the early ages of Classical Invariant Theory in the nineteenth century.
However, it was not clear how to formulate this concept in the framework of tensor spaces
rather than binary forms, for which it was introduced first. This task is now achieved and the
covariant algebra of a representation V of G (where G = O(2) or G = SO(2)), is defined as

Cov(V,G) := Inv(V & R? Q).

In other words, it is defined as the invariant algebra of the considered vector space V (and thus,
in particular, for any constitutive tensor), to which is added a vector space R? (i.e. a vector
x = (z,y)). This concept, as exotic as it may sound first for a non specialist, has proven to be
much more useful than the invariant algebra itself to solve, for instance, such a problem as the
characterization of symmetry classes of the elasticity tensor [72] in a simple manner (compared
to invariant characterization of only its fourth-order harmonic part in [5]). It is implicit in the
work of [15] and more generally in the theory of tensorial representations [14].

Therefore, we have computed minimal integrity bases for covariant algebras rather than in-
variant algebras, and this for an exhaustive list of constitutive tensors and laws (a minimal basis
for the invariant algebra is however immediately deduced from a minimal basis of the covariant
algebra but the converse is, of course, not true). The proposed algorithm has proven to be very
effective and this is illustrated by the fact that we have been able to compute a minimal integrity
basis for the covariant algebra of the following constitutive tensors and laws: all third order ten-
sors (including the piezoelectricty tensor), all fourth-order tensors (including the elasticity, the
Eshelby and the photoelasticity tensors), the linear viscoelasticity law, the Hill elasto-plasticity
constitutive equations, the linear (coupled) piezoelectricity law, and (by theorem 5.11) any even
order symmetric tensors up to order 12.

Our method relies first on an explicit harmonic decomposition of the given tensor space. The
means to achieve this first task are explained with full details in Appendix A and Appendix B.
This allows us then to parameterize a tensor by an n-uple of complex numbers (z1,...,2,)
together with some real parameters )\ (some isotropic invariants) and §; (some hemitropic
invariants) but which do not enter explicitly in the computing process. A finite integrity basis
is then obtained by solving a Diophantine equation which must be satisfied by the exponents of
the monomials

m = z{" ---z,‘?‘TE?l N e
Integrity bases are thus formulated first using these complex variables (together with the Ag
and &;). Moreover, a rigourous and quite exhaustive process has been achieved in section 7 to
translate all these expressions into tensorial ones, since those are familiar to the mechanical
community. Minimal integrity bases for most common constitutive tensors and laws have been
expressed this way.

APPENDIX A. AN EXPLICIT HARMONIC DECOMPOSITION

In this appendix, we propose a general method to obtain explicitly an harmonic decomposition
of any linear representation V of the orthogonal groups SO(2) or O(2), the main application
remaining the special case of a tensorial representation. The method exposed here is rather
simple, since it requires only the diagonalization of a matrix. It is however limited to dimension
2 and cannot be generalized to dimension 3 or higher. This is not the only procedure to obtain
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an explicit harmonic decomposition, other approaches are discussed, for instance, in [109]. The
procedure described here follows moreover the same lines as Verchery’s original construction for
the elasticity tensor [102], and applied later to the piezoelectricity tensor by Vannucci [100]. The
methodology consists in the following steps.

(1) Consider first the linearized action of SO(2) on V, or more precisely, the induced repre-
sentation p’ of the Lie algebra so(2) of SO(2) on V. The Lie algebra, so(2), is one-dimensional
and spanned by

e d — 0 -1
T dfl,, '\ 0 )¢
This action is given by
d
/
dwpw= = plro.
do |,

(2) Using an SO(2)-invariant inner-product (-,-) on V, we have

(p(g)v1, p(g)v2) = (v1,v2),
for all v1,v2 € V and for all g € SO(2) and thus

(0 (w1,v2) = — (w1, o' (W)v2).

In other words, p'(u) is a skew-symmetric linear endomorphism of V relatively to this invariant
inner product.

Remark A.1. An O(2)-invariant inner-product on T"(R?) is given, using (2.2), by

(1_1)

(T1,Tg):=T; - Ty

and can be extended into an hermitian product on the complexification (’IF")(C = T" @ ¢T" of
T"(R?), by

(n) =
<T1,T2> = T1 . T2.

The matrix representation [p’(u)] of p’(u) in the basis (e;, ®...®e;,) of T"(R?) is thus obtained
using the expression

d n
(A1) T P(m)(en@---@ein):Zeh@---@’ueik@---@eim
=0 k=1
so that
n
(A.2) (pl(u)T)h---in = ZuikjkTil---ik—ljkikﬂ---in-

k=1

In practice, we usually consider representations which are stable subspaces V of T"(R?) rather
than T"(R?) itself. Typically, V is a subspace of T"(R?) defined by some index symmetries. An
orthonormal basis of V consists then of linear combinations of e;, ® ... ®e;, (see examples A .4,
A.5 and A.6, for instance).

(3) Since p/(u) is skew-symmetric, its eigenvalues are pure imaginary complex numbers. More-
over, since we know a priori that p decomposes into harmonic factors, we can conclude that these
eigenvalues write in, where n € Z are relative integers. Each vanishing eigenvalue corresponds
to a factor HY(R?), while each pair of eigenvalues (in,—in) (n > 1) corresponds to a factor
H"(R?) (with possible multiplicity). Therefore, the de-complexification of an orthonormal basis
(with respect to the hermitian product on the complexification space Ve .=Va iV) of eigen-
vectors for p/(u) provides an explicit harmonic decomposition relatively to SO(2). Let denote
by Uy the (real) unit eigenvectors associated with the corresponding vanishing eigenvalues, by
W, the (complex) unit eigenvectors associated with the eigenvalues in; (when n; > 1) and by
W, their complex conjugates, associated with the eigenvalue —in.
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Remark A.2. Note that each real unit eigenvector Uy is defined up to a sign whereas each
complex unit eigenvector W is defined up to a phase or in other words up to a complex number
e, This ambiguity is well-known in Quantum Mechanics and discussed, for instance, in [2,
section 11.B.1].

(4) When a representation of O(2) is involved, one starts by calculating an harmonic de-
composition relatively to the subgroup SO(2) and then checks, for each vanishing eigenvalue,
whether the corresponding eigenvector Uy, satisfies p(o)Uy, = Uy, or p(0)Uy, = —Uy. In the first
case, such an eigenvector will still be denoted by U but in the second case, it will be changed
to V;. Note now that

plro)Ur =Uy,  p(rg)Vi=Vi,  p(re) W, = ™'W,,
independently of the choice of the eigenvectors Uy, W;. However, the problem is slightly more
subtle for . Indeed, the C-linear extension of the representation p satisfies
p(U)Uk‘ = Uk;a p(U)VZ = _Via p(O')Wl = Wla
only if the arbitrary phase 1; in the choice of W; has been chosen so that
p(o)W; =W,

which happens only for two values of 1; (which differ by 7). This must be calculated in order
to produce an explicit harmonic decomposition relative to the group O(2) and fixes, by the way,
the ambiguity. In the following examples, this choice has been made.

Finally, one ends up with the following orthonormal decompositions of T € V C T"(RR?).

SO(2)-decomposition:

120 r
T=> MUi+> (FWi+2W)),
k=1 =1

O(2)-decomposition:

mo m—1 T
T=> MU+ Y &Vit Y @EWi+2W),
k=1 i=1 =1
where

A = (T,Uk> € R, &= <T,VZ> € R, = (T,Wl> e C.
Remark A.3. Writing z; = a; + ib;, we get
ZW + ZlWl =2 (al %Q(Wl) + b Jm(Wl)) .

The factor 2 here is meaningless, since the harmonic components are defined up to a scaling fac-
tor. The basis, (Je(W;), Jm(W;)) of the factor H™ (R?) in the decomposition of T is orthogonal

but not orthonormal, since
1
Re(W)|| = ||[Tm(Wy)|| = —=.
[Re(Wi)[| = [[Tm(Wi) 7
But the same is true for the basis (Kgn),K;n)) of H"(R?), as defined in (7.1), it is orthogonal
but not orthonormal, since

[

Ezample A.4. Let a € V = S?(R?) C T?(R?) be a symmetric second order tensor and e ® eq,
ex®es, % (e1 ® ez + ey ® ey ), be an orthonormal basis of V. Then p(g)a = gag’ writes [p(g)a] =

[o(g)][a] with [a] = (a11,a22, V2 a12)" and

cos?f sin?0 — 51%9 0 0 )
p(r)] = | sin®0 cos® =) [fw]=| 0 0 V2
sin20  _ sin20 cos 20 \/5 _\/5 0

V2 V2
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The eigenvalues of [p(u)] read 0,27, —2i and the associated eigenvectors are respectively [U] =

(U1, Uaz, V2 Uyo)t = (%, %,U)t, [Wa] = (Wa)11, (W2)22,v2 (Wa)19)t = (%,—%,—ﬁ)t and

[Ws], so that in O(2) case

1
A= {(a,U)=—tra, 29 = (a, W) = a}y + iaa,

V2

where af; = 3(a11 — as2) is the first component of the deviatoric part a' = a — 1 (tra) 1.

Example A.5. Let V = T3(R?). Then, an orthonormal basis is given by

el —e1®e ey, €21 = €2 ¥ ey ®eq, €122 = €1 ® ey ® ey,
€212 = e2 ®ep ® ey, €929 = €2 ¥ e3 ® ey, elj12 — €1 ®¥ep ®ey,
€11 = e2®e; Yeq, €121 = e1 ®WexReq,

where (e1,e) is an orthonormal basis of R2. Using (A.2) one obtains
(A.3) (0" (u)T)ijr = wipTpjk + wjpTipk + wipTijp-
Setting

[T] = (T111, Too1, Thoo, Tor2, Taza, Tiiz, Tor1, Tho1)',

and the same for [p/(u)T] (as well as for the eigenvectors [W, ] of [p'(u)]), one gets [p'(u)T] =
[/ (u)][T], where

0o 0o o o 0 -1 -1 -1
0o 0o 0o o0 -1 0 1 1
o o o o -1 1 0 1
o (w)] = 0o o o0 0 -1 1 1 0
0 1 1 1 0 0 0 O
1 0 -1 -1 0 O 0 O
1 -1 0 -1 0 O O O
1 -1 -1 0 0 O O O

[p'(u)] is indeed skew-symmetric, with eigenvalues i,1,,3i and their four conjugates, with cor-

responding eigenvectors [Wy,] = 3(1,0,0,1,—4,0,0, —i)!, [Wy,] = ﬁ(Lo,Q, —1,—4,0, —2i,4)¢,

(Wi.] = ﬁ(l,?),—1,—1,—1’,—32‘,1’,2‘)2 (W3] = 2%/5(1,—1,—1,—1,2', —i,—i,—i)! and their four

conjugates. This corresponds to an harmonic decomposition 3H!(R?) @ H?(R?) of T3(R?), where

1 7
21a = (T, Wy,) = §(T111 + T512) + §(T222 + T191),
(T, W1s) = ——(Ti11 + 2795 — Tona) — ——(Thos + 2To1 — Thor)
VA pr— s = — — B — — s
1b 16 W 111 122 212 W 222 211 121
1 7
z1e = (T, W) = 2—\/6(T111 + 3T591 — Tho2 — To12) + 2—\/6(T222 + 31112 — To11 — Thin),
1 7
23 = (T, W3) = ——(T111 — T — Tz — Tora) + ——=(—Toa + Ti1a + Tor1 + Tiar)-
3= ( 3) 2\/5( 111 221 122 h12) 2\/5( 222 112 211 121)

Example A.6. Let V = Piez C T3(R?) be the vector space of 2D piezoelectricity tensors P, where
P;ji. = Piyj. An orthonormal basis is given by

€111, €122, E(emQ + e291), E(elm + e191), €211, €222.

The induced representation of the Lie algebra s0(2) on Piez still writes as (A.3). We now set

[P] = (Pi11, Pi22, V2Pa12, Paoz, P11, V2P112)',
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and the same for [p'(u)P] (and the [Wy,]), so that
0 0 0 0 -1 —v2
0 0 0 -1 0 V2
20T R A R G
0 1 V2 0 0 0
1 0 —v2 0 0 0
V2 =2 —1 0 0 0

which is indeed skew-symmetric, with eigenvalues 7,7, 37 and their three conjugates with corre-
sponding eigenvectors [Wm] = %(\/5 0,1,—iv2,0, i), [Wy) = ﬁ(l,i’), —V/2, —i, —3i,iv/2),
W3] = 2f( —1,—v/2,i,—i,—iy/2)" and their three conjugates. This corresponds to an har-
monic decomposition 2H! (R2) H3(R?) of Piez, where

;
o= (T,Wy,) = %(Hn + Poi2) + E(PQQQ + Pr112),
1 7
21y = (T, W) = —— (Pi11 + 3P1as — 2Po1a) + ——(Pygs + 3Py11 — 2Pp1s),
1= 1b) 2\/6( 111 122 212) 2\/6( 292 211 112)
1 7
23 = (T, Wsy) = ——=(P111 — Pios — 2P + ——(—Pyog + P11 + 2P, .
3= ( 2) 2\/5( 111 122 212) 2\/5( 90 + Pai1 112)

APPENDIX B. HARMONIC DECOMPOSITION OF A TOTALLY SYMMETRIC TENSOR

The harmonic decomposition of an homogeneous polynomial p of degree n is unique and
writes

(B.1) p=ho+qh; +---+q'h,,

where 7 := [n/2] (with |z] the floor function), q(zx) := 22+y? and hy € H,,_ox(R?) are harmonic
polynomials of respective degree n — 2k. These harmonic functions can be calculated iteratively
using the relation

rl(n+r)!

A"(q"h) =4" h,
n!
where h is an homogeneous harmonic polynomial of degree n and r» > 0. More precisely, we have
4—7"
Ap, if n is even;
(r!)?
hr = 4T
— A" if n i .
1) p, if nis odd
Then, we compute inductively hg, for Kk =r — 1,7 — 2,..., using the relation
2k)
B.2 hy, = 4*(7 — 7h;
(B.2) k ATE—aY p Z q

Jj=k+1

which leads to hg after r iterations. The harmonic function hg (of degree n) is called the leading
harmonic part of p and will be denoted by p" when necessary.

Using now the correspondence between totally symmetric tensors and homogeneous polyno-
mials, we set hy = ¢(Hy) and we get

1) = H;) =h 10---©1oH;) =q"h sum).
(1) =q, ¢(Hp) =hp, ¢LO---©1TOHE) =q"h;  (no sum)

k copies
We deduce then the harmonic decomposition of a totally symmetric tensor S € S"(R?)

(B.3) S=Hy+10H;+---+106---010H,.
N—_————

r copies
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Moreover, using the identity ¢(tr" S) = %A%&(S), valid for every symmetric tensor S or
order n, we can explicit the factor Hy, where we have set 199 =1 ® --- ® 1 for j copies of 1.
Indeed,

47" ( n)2 tr" S, if n is even;
H, — r! |
4—7"% tr" S, if nis odd;
r
and
T
H), =47"% <Z> trf [ S — Z 1% © H;

j=k+1
The leading harmonic part S’ := Hy of S, such that ¢(S’) = ¢(S)?, is an harmonic tensor in
H"™(R?).
APPENDIX C. THE HILBERT SERIES OF AN O(2)-REPRESENTATION

Consider a linear representation (V, p) of a compact group G which splits into a direct sum
of stable subspaces
V=Vi® - -V,
Then, each v € V can be decomposed uniquely as v = (v1,...,v,) and each invariant polynomial
writes

p('U) :p(vla""’vp)a v; EVZ
Thus, the invariant algebra Inv(V, G) inherits a multi-graduation
Inv(V,G) = @ Invy, 4, (V,G),
ki,...kp

where Invy, i (V,G) is the finite dimensional subspace of multi-homogeneous invariant poly-
nomials p which have degree ki in v1, k2 in v, ..., and k, in v,. The dimensions of these vector
spaces are encoded into the multivariate Hilbert series

k
(C.1) Hp(tl,...,tp) = Z Aoy oo ke t]fl e ty?
—

where

akl,...,kp = dimInd17___7kp(V, G)
The remarkable fact is that the Hilbert series is a rational function that can be calculated a
priori, using the Molien—Weyl formula [95, 96].

Theorem C.1 (Molien—Weyl formula). The multi-graded Hilbert series (C.1) of Inv(V, Q)

writes as
Hyltr,... .t / d
! G]—[det —tkpk @) )

where dp is the Haar measure on G (see definition 5.7) and py is the restriction of the repre-
sentation to V.

In the special case where G = O(2) and
V ~ H"(R?) @ - - - @ H™ (R?),
which is the important case for us, we have the following more explicit result.
Theorem C.2. Let (V,p) be a linear representation of O(2) which decomposes as
V ~ H"(R?) @ - - - @ H™ (R?),
where 1 < ny <--- <mn,. Then, the Hilbert series of Inv(V,0(2)) writes as

1
27tz +

H(t )= 1 1
R R t=7 M | Srerer ey &) -8
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where
L - 1 1 T ki ok

— z dz = by vk tll SRR N

20 |2 j=1 Pt (1 — tgzme)(1 — tgz—"k) 0T 1 r
and

bkl b = i / Z(Zoq—kl)n1+---+(20w—ky)nr Z—ldz
T o<arzk, 7 I71=1

is the number of solutions (a1, ...,a,) of the linear Diophantine equation
(C.2) 200m1 + -+ + 200, = king + - + kpeny,  a; > 0.

Remark C.3. Note that
1 20 2, k kr
e D VRIS AR
T

Z17~~~7€r20 kh---JfrZO

where By, . % = 0 when at least one of the k; is odd and By, . . = 1 otherwise.

Remark C.4. When the harmonic decomposition of the representation (V,p) of O(2) involves
some components H~!(R?) and/or H°(R?), then one can easily obtain its Hilbert series by
modifying the series provided in theorem C.2; using the general formula given in theorem C.1
and observing that

det(I —topo(re)) =1 — to, det( —topo(ore)) =1 — to,
det(I —t_1p_1(rg)) =1—1t_q, det(I —t_1p_1(org)) =1+1t_q,
where pg and p_; are defined in section 3.
Remark C.5. For a linear representation V of SO(2), which decomposes as
V ~ ygH(R?) @ H™ (R?) @ - - - @ H™ (R?),
where 1 < nj < --- < n,, the Hilbert series of Inv(V,SO(2)) writes

T

1 1 1
H(tog, tops - - 1 t1s e tr) = ——
(toa, ton 1 r) o (1_t0a)(1_t0b).../|z1]}_[1(1—tkz”k)(1—tkz"k)

Proof of theorem C.2. Observe first that
det(I — tupp(org)) =1 —1t2, Vn>1,

2"z,

where the notation p,, has been introduced in section 3. Now, from Molien—Weyl formulae (see
theorem C.1) and the expression of the Haar measure on O(2) (see definition 5.7), we deduce

that
1

Hy(t1,...,ty) = §{I(t1,---,tr)+ (1_@).%.(1_15%)}’

1 [ & 1
I(t1,... tr :—/ dé.
(t2 ) 27 Jo kl;[l det(I — typn, (19))

where

But, for all n > 1, we have
det(I — tp,(rg)) = 1+ t* — 2t cos(nd)
= (1 — te™)(1 — te~™?)
=(1—tz")1—tz"), z=¢"?,
and thus
1 a 1

I(ty,...,t,) = — —1d
( b ’ T) 271 |z|=1 ol (1 — tkz"k)(l — tkz_nk) o &
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where
r 1 T i g
kII1 (1 — gz )(1 — tyz—") - ]}_[1 (;(tkz ) > Ej (trz" )7

= Z z(aln1+...+arnr)*(51n1+---+ﬁrnr)tc¥1+51 . ta’l‘+67‘
1 T :

1,81, 00, Br

Setting k; := «; + 5;, this latest sum can now be recast as

Z Z 5201 —k1)ni+-+(2ar —kp)ny t’fl---tkr

r o
k1,..kr \0<a;<k;

and we get thus

Tty tr) = Y bt

K1,k >0

where

1 _ _ _

Ok ook = 57— ZRea=Rmit o+ Qor—hrnr 5 =1q,,
um \z|:1
0<a; <k

Moreover, since

1 _ 1 if m=0

— 227z = 7

2 J)2 =1 0 otherwise,

T

bk, ...k, is the number of solutions of the linear Diophantine equation
20041 + ... + 20,0, = kyny + ... + kenp, oy > 0.
O

FEzample C.6. Let Ela be the vector space of bidimensional elasticity tensors. Its harmonic
decomposition (see example 3.5) writes

Ela ~ 2H°(R?) @ H?(R?) @ H*(R?).

Let us associate to the components (A, i, h, H), the formal variables (o4, top, t2,t4). Then, using
theorem C.2, remarks C.4 and C.5, we get

1+ 3ty
1 —toa) (1 — top) (1 — 13)(1 — t3)(1 — t3t4)’

Hg1a,50(2)) (foas tov, t2, ta) = (

and
1

1 —toa) (1 — top) (1 — 3)(1 — t3)(1 — t5ta)

The Taylor expansion of H(gas0(2)) Writes

H (g12,0(2)) (toa, tob; t2, ta) = (

H (m1a.50(2)) (toas tovs t2,t4) = 1+ toa + top + toator + toa + top + 15 + 15 + -+
+ 212ty 4+ - + Btoatats + -+ 1183410 ...
We deduce from this expansion that the space of homogeneous invariants of multi-degree (1,0, 0, 0),

corresponding to tq,, is of dimension 1 (and spanned by \) and that the space of homogeneous
invariants of multi-degree (0,0, 2, 0) corresponding to #3 is of dimension 1 (and spanned by tr a?).
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APPENDIX D. PROOFS

It is useful in invariant theory to introduce the following bi-differential operators
0? 0? 0? 0?
Aaﬁ = + , Qaﬁ = — ,
0z, 0xg  0ya,0yg 0x,0ys  0ya0xg
which are known respectively as the polarized Laplacian and the Cayley operator. The polarized
Laplacian A,p is invariant under O(2) and the Cayley operator Q4 is invariant under SL(2, R).

Anyway, they are both SO(2)-invariant. Since we shall use the complex variables (z,z) rather
than the real variables (z,y), we introduce also the complex differential operators

o _1(o 0N o _1(0 0
dz 2\0zx oy)’ 0z 2\0x oy)’

and the complex bi-differential operator

82
of "= 02,073
and we get
D5 = (Das + i),
or
P =2 <Da3 + Dﬁa> L Qup=—2i (Dag - Dﬁa> .

Given two homogeneous polynomials pi, ps of respective degree ny and ny, we have then

(n1 —r)l(ng —r)!

{p1,p2}, = iy (Absp1(@a)pa(25)), .,
(ny —r)l(ng —r)! (( u
—or D s+D a) o )
nq'no! a5+ B p1(z )pQ(mﬁ) o=z
_ o (ny —r)l(ng —r)! ZT: r J"p1 J"p2
n1!ns! = \k) 0zFz( k) 92(r=R gz
Now, if we apply this formula to two harmonic polynomials hy = Re(Z;2™) and hy =

Re(Z22™2) with 1 < r < ny < ng, the only non-vanishing terms in the sum correspond to
k=0 and k =r. We get thus

(D.1) {hy,ho}, =271 (22)" " Re (21722 ™) .
On the other hand, we have

1

[p1,p2] = — P, (2a5P1(@a)P2(25))5, —5,—s

= 2 ((DaB - Dﬁa)pl(xa)pZ(x5)>

nin2

_ 2 (Op10p2 _ Op10p2
ning \ 0z 0z 0z 0z )

Applying this formula, first, to h; = fRe(Z;2™) and ha = Re(Z22™2), where 1 < n; < ng, we get

Ta=Tg=T

(D.2) [hy, ho] = (22)™ 71 Jm (2122227 ™)
and, then, to the Euclidean metric q := 22 4 y? = 2Z and h; = Re(Z,2™), where 1 < ny, we get
(D.3) [q,hy] = Jm(z12™) = hy.

Next, observe that given p harmonic polynomials hi,... h,, where hy = PRe(Z,2"*), the

leading harmonic part of the product hy - --h, writes

1

(D4) ()’ = (Re(z2™) - Re(z,2™))° = 5

Re(Zp, -+ Zp, 2" T)
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according to Appendix B. For instance, if 1 < nj; < ns < ng and ng < ni + ng, we have
1 _
%2(?12”1) 9{2(?22”2) %2(232"3) = 2—2 {9{2(2122232”14_”24_”3) +q™ 9{2(2122?32 n1+n2+n3)
+q"? %2(21 Z223zn17n2+n3) +q™ %e(?lzﬂgz"l*m’m)} ,

and its leading harmonic term, of degree nq + no + ng in z,z, is
1
(ﬂ%e(zlz’“) %e(@zm) me(§32n3))0 = 2—2 me(§1§2§32n1+n2+n3).

Finally, given an homogeneous harmonic polynomial h of degree n and r > 0, we have

n+r)!

|
A(qh) = 4™ h

n! ’
and thus, for ny < ngy, we get by (D.2)
4mi=l(py —1)(ng — 1)
(ng —nq)!
since Jm (21Z22™27 ™) is of degree ng — ny.
Proof of theorem 7.2. Let Hy, € H™ (R?), where nj, > 1 and set hy, = ¢(Hy). Then,
hy, = Jm(Zp2™) = [q, hi] = ¢(1 x Hy),

by (D.3), and as 1 x Hy, translates as [q, hg], according to section 2. O

|
(D5) A1 [hl, hg] = “Jm (le2zn27n1) R

Proof of theorem 7.5. Let H; € H™ (R?) be harmonic tensors where ng; > 1, for 1 < j < p and
set ¢(H;) = hj = Re(z;2"%). Then, ¢ (H; ®--- ® Hy) = hy ---h;, and by (D.4), we get thus

¢((H1 @---@Hp)’) — (hl---hp)o
1
= oy Re(zr 7 ),

O
Proof of theorem 7.4. Let H; € H"* (R?) be harmonic tensors where ng, > 1for1<j<p+s
and set ¢(H;) = h; = %e(Ejzn’“J), Zy =21 2p, L2 = Zpy1° Zpys, N1 = Ny + -+ + g, and
Ny = ng,,, + -+ ng,,,. There is no loss of generality in assuming that Ny < Nj. Then,
by (D.1) with » = Ny, we get

_ — _ 1
Ne (Zl T ZpZptl e ‘EersZNQ Nl) = 9%(ZIZZZNQ Nl) ~ 9Ni-1 {HI’H2}N1 )

where H; := Re(Z;2Vi) for i = 1,2. But, by (D.4), we have
Hy =2""'(hy-+hy) =219 (H; @ - ©Hy)'),
and
Hy = QSil(hp-i—l T hp-l—s)o - 2371(? ((Hp—i—l ©-0 Hp-l—s)/) .
But, according to section 2

/ (Nl)

{Hu, H2}N1 - 2p+372¢ ((Hl ©--- O Hp) Hp1©--- 0 Hp-i-S)/) :

We get therefore

- - No—N
%e(zl---zpzpﬂ---szrSz 2 1)

(1\{1)

= 2(pts—1-Ni) g ((Hl ©---OH,) Hpr1 00 HerS)/) )

which is the first identity of theorem 7.4. Next, by (D.5), we get
Jm (21 Ce ZpZpal e -EerszNQ*Nl) = jm(2172ZN27N1)
_ (N2 — N1)!
4N1—1(N1 — 1)'(N2 — 1)]

AN [Hl, Hg] .



COMPUTATION OF MINIMAL COVARIANTS BASES 41

Besides, we have

|
AT§(8) = ———o(t" S),

n—2r
for every symmetric tensor S or order n. Ai)plying) this formula to ¢(S) = [Hy, Hs|, of degree
n = N1+ Ny — 2, with r = Ny — 1 and where
S=2""2(H; 0 0H,) x (Hy1 0 0H,p)),
we get
(N1 + Ny — 2)!

ANTHH Hy] = 2Pt =2
[H1, Ho (Ny — Ny)!

& (tr(er) ((H1 @0 Hp)’ x(Hp1©--- 0 Hp+8)/)> )

and thus

~ = - No—N
Jm(zl---zpzp+1---zp+sz 2 1)

2(p+s—2N1) Ny + Ny —2)! _
= - 1()!(N2 T ) é (tr(N1 1) ((H1 © - OH) x (Hpy1 0 © Hp—i—s),)) ’

which is the second identity of theorem 7.4. It remains to show that

N
Jm(zr - 2pZpgr 'zp-i-sZNer) - _2(p+8_1_N1)¢ <([1 xH]o-- 0 Hp)/ ( '1) (Hp+1 ©--0 Hp-i—s),)

(J\fl)

— grre1-Ng <<H1 o-oH) ([ xHu oo Hp“)') |

To do so, we use the fact that Jm z = Re(—iz) and thus that h; = Re(iz;z™). We have therefore

NQ_NI) = NRe ((_izkl) T ZhpZhpi1 " Phpys ZN2_N1)

= —Re (12122227 )

1 —~
= oM 1 {Hth}Nl
Op+s—2 " ) /

Jm(zkl s kazklﬂrl s Ekpﬂz

1

N
- _2(p+8717N1)¢ <([1 xHi]©--- 0 Hp)l ( ‘1) (Hp+1 ©--0 Hp+s)/> ’

by (D.1) and (D.4). The same way, we deduce that

Jm(zkl ce kazklﬂrl ce Ek'pﬁ»s ZNQ_NI) = Re (Z1EZN2_N1)

1 —~
T oMl {HI’H2}N1
N
el (<H1 ool ([ xHulo-0 Hp“)') |
O
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