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Abstract

For a standard binary branching Brownian motion on the real line, it is known
that the typical position of the maximal position M; among all particles alive at
time t is my + O(1) with m; = V2t — % logt. Further, it is proved independently
in [1] and [2] that the branching Brownian motion shifted by m; (or M;) converges
in law to some decorated Poisson point process. The goal of this work is to study
the branching Brownian motion conditioned on M; <« m;. We give a complete
description of the limiting extremal process conditioned on {M; < \/2at} with
a < 1, which reveals a phase transition at o = 1 — /2. We also verify the conjecture
of Derrida and Shi [20] on the precise asymptotic behaviour of P(M; < V2at) for
a < 1.

Keywords. Branching Brownian motion; lower deviation probability.
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1 Introduction

Branching Brownian motion (BBM) is a spatial branching process of great interests in
recent years. On the one hand, its connection with the partial different F-KPP equation
brings out many studies on both probabilistic and analytic sides, see for instance, [27],

[10], [24] and [2]. On the other hand, it is the fundamental model to understand the
BBM-universality class which includes the 2-dim Gaussian free field [6], [I1] and 2-dim
cover times [10], etc.

We consider a one-dimensional standard binary branching Brownian motion. It is
a continuous-time particle system on the real line which is constructed as follows. It
starts with one individual located at the origin at time 0 that moves according to a
standard Brownian motion. After an independent exponential time of parameter 1, the
initial particle dies and gives birth to 2 children that start at the position their parent
occupied at its death. These 2 children then move according to independent Brownian
motions and give birth independently to their own children at rate 1. The particle system
keeps evolving in this fashion for all time.

For all £ > 0, we denote by N(¢) the collection of the individuals alive at time ¢. For
any u € N(t) and s < t, let X,,(s) denote the position at time s of the individual u or its



ancestor alive at that time. The maximum of the branching Brownian motion at time ¢
is defined as M := max{X,(t) : u € N(¢)}.

The asymptotic behaviour of M; as t — oo has been subjected to intense study,
partly due to its link with the F-KPP reaction-diffusion equation, defined as

Ou = %Au—u(l—u). (1.1)

Precisely, McKean [25] showed that the function (¢,z) — u(z,t) = P(M; < z) is the
unique solution of (1.1) with initial condition u(z,0) = 1y;~0}-
With the help of (1.1), Bramson [10] proved that uniformly in z € R,

tli>IIolo P(M; <my+ z2) tlggo u(mg + 2z, t) = w(z), (1.2)

where m; = /2t — % logt and w is the travelling wave solution of the F-KPP equation
at speed v/2, which satisfies fw” + v2w' — w(1 — w) = 0.
Later, Lalley and Sellke [24] showed that the limiting distribution function w can be

written as .
w(z) := Ele=C0¢™ " D], (1.3)

where Cy > 0 is a constant and Dy, is an a.s. positive random variable, constructed as
the almost sure limit of the so-called derivative martingale, defined for all ¢ > 0 by

D= Y (V2 — X, (t))e¥?Xu -2,

u€eN(t)

Further, the branching Brownian motion seen from its tip, i.e., > ,cn() 0x,()—m;
has gained much interest. It is conjectured since the work of [24] that it converges in law
to some invariant point process. Then, this convergence has been verified independently
by [1] and [2]. Let & = > ,en() 0x.(t)—m, be the extremal process of the branching
Brownian motion, they showed that as t — oo,

(&, My — my) = (€, max x),
ze€
where = denotes convergence in distribution for the topology of vague convergence
of random measures. In the rest of the article, we always consider the convergence of
random measures with the topology of vague convergence, i.e., & — £ if (&, @) — (€, P)
for all continuous compactly supported function ¢.
Precisely, the limiting extremal point process £ point process can be constructed as

E = Z Z 5x+y,

z€P yED,

where conditioned on Dy, defined in (1.3), P is a Poisson point process with intensity

Cov2Doge V22 dz (Cp is the same as in (1.3)) and conditioned on P, (D,,z € P) are
i.i.d. decorated point processes in (—oo,0] with an atom at 0, which we refer to as the



decoration of the branching Brownian motion. More properties of this limiting point
process have been investigated in [15], [4] recently.

We are interested in the behaviour of the branching Brownian motion conditioned
on {M; < v/2at} with o < 1. This leads to the consideration of the shifted point process

(c/‘t(a) = Z 6 u(t)—\/i(lt’ t 2 0,
ueN(t)

under the probability P(-|M; < v/2at). We show that & (a) converges in law in the
vague topology to some limiting point process and obtain that the limiting point process
exhibits a phase transition at

—y:i=1- V2.

The corresponding lower deviation probability P(M; < v/2at) also exhibits a phase
transition at «., as previously detected in [19] and conjectured in [20].

Before stating precisely our main result, let us briefly stress a few links with other
works in the literature.

1. Tt is natural to consider also the branching Brownian motion conditioned on large
maximum. Conditioned on {M; > v/2at} with a > 1, this question has been
studied in [12] and a Yaglom-type theorem was obtained. It is more subtle when
a = 1 and Chauvin-Rouault [13] also conjectured a Yaglom theorem in this case.
In particular, it is proved in [I] that conditioned on {M; > /2t + ay/t} with
any a € (0,00), the point process ZHGN(t) 6Xu(t)*Mt converges in law to some
point process D, which serves as the decoration process appeared in the limiting
extremal process of BBM in their work.

2. BBM is usually viewed as a continuous-time analogue of branching random walks
(BRW) in discrete time. In fact, the BBM should be considered as a BRW in
Schroder case where the offspring could be less than or equal to 1. There exist
also BRWs in Bottcher case where the offspring is at least 2. It has been detected
in [14] that the atypically small maximum comes from different mechanisms in
the two cases. One could expect that the conditioned BRW in Schréder case
behaves similarly as conditioned BBM, yet conditioned BRW in Boéttcher case
would be more complicated and be of different nature. It is an interesting question
to understand the conditioned structure in Bottcher case.

3. As 2-dimensional discrete Gaussian free field (2d DGFF) belongs to the BBM-
universality class, our result naturally leads to thinking about the description of
2d DGFF conditioned to stay negative/positive, which is connected with the so-
called entropic repulsion. However, the entropic repulsion is more challenging
because of the following two aspects. First, the interior bulk estimates of DGFF is
comparable with the lower deviation estimates of BRW in Béttcher case, which are
totally different from that of BBM, see for example [28]. Secondly, the boundary
estimates show that only the spins close to the boundary are responsible for the



hard wall condition that the whole DGFF stays positive. One can refer to [3], [21]
and [7] for more details.

4. Our work on conditioned BBM could lead to further research on conditioned BBM
in presence of selection or coalescence which are closely related to the noisy FKPP
equation. The appearance of atypically large maximum for BBM with selection is
discussed in [18]. The lower deviation for maximum is studied in [26] and [27] for
BRW with coalescence. It is intriguing to understand how the conditioned process
and the large deviation probabilities are modified by the selection or coalescence.

5. In view of (1.2) and (1.3), the event that M is atypically small is related to the
event that D, is atypically small. Inspired by this observation, one may consider
the BBM or BRW conditioned on {0 < Do, < ¢} which was asked in [23]. In
the literature, [5] showed that the law of a Galton-Watson process conditioned on
the limiting martingale being small is described as a Galton-Watson process with
minimal branching until a given generation, which then behaves as typical process
after that generation. This phenomena occurs also in our result. The heuristic will
be discussed at the end of this section.

1.1 Main theorems

To state the main theorem, let us introduce the first branching time, defined by
T:=1inf{t > 0: #N(t) > 2}.

The corresponding position of the initial ancestor is Xy(7). Then we obtain the following
result on conditioned BBM.

Theorem 1.1. Conditioned on {M; < \/2at}, the following convergences in law hold.
1. If a € (—~,1), then

L (1-a)

—=E Xolr) — (Vat = mip). My = V2at | = (€ -x.~B), (1)
—x
t 3

where & and (x, FE) are independent, with & a standard Gaussian random variable
and E an exponential random variable with parameter /2. The joint distribution
of (x, E) is given by

z—y

Py <z,E >y) x e_‘/ﬁ'yy/ e_ﬁyzw(z)zdz, z€R, yeRy.

—00

Moreover, we have, jointly with the convergence in (1.4),
Sila) = Ex(a) =& = Z Oz—vys (1.5)
ze€1UE

where given x, &1 and & are i.i.d. point processes distributed as £ conditioned on
{max & < x}.



2. If a = —, then

t —
(\/;7X®(T) - (\/iOét - mt—T)v Mt - ﬁat) = (50&7 =X _E)7 (16)
where &, and (x, E) are independent, (x, E) are the same as in (1.4) and &, is
a positive random variable with density 2_3(‘/§+1)/4I’((3\/§ —1)/4)udr/2e= 20 qu.
Further, we have jointly

Ei(a) = Ex(a) =&, (1.7)
where £~ is the same as in (1.5).

3. If a < —7, then
(t =t A7 V2t = Xp(t A7), My = V2at) = (€ar—Xar —Fa),  (18)

where &, is distributed as

1

1 2
= S5a(d - V2az+(1-a?)s 2d d
-~ o(ds) + (o) /Re u(z, s)“dzds,
with ®(a) == -1 +v/2 [ ds [ dye(l—a2)5+ﬁayu(y, 5)2 € (0,00), E, is distributed
as an exponential random variable with parameter —v/2c, and the joint distribution
of (€as Xa, Fa) is given by

P(SOZ < L1y Xa < x27Eoc > 1:3)

1 2 az
e 7<1]'{333<12} /‘13 \/56\/5 dZ

®(a)
+ \/5/361 ds /ITI3 eﬂo‘(w3+z)+(1_°‘2)su(z, S)de),
0 —0o0
for any x1,x3 € Ry and x2 € R. Further, we have jointly

Ei(a) = Exo(a) = 0y Ligumoy + Ligas0) D oy (1.9)
rEB1UB2

where given (&, Xa), B1 and Bs are i.i.d. copies of DuEN(Ea) 0x,(¢a) conditioned
on {Mfa S XO(}

Remark 1.2. One could see in the limiting point process £~ the union of two independent
copies of conditioned £. That is because for the conditioned BBM, the initial ancestor
gives birth at time 7 to two children, which produce typically behaved BBMs and give
rise to independent copies of £ conditioned to remain below some appropriate level. In
the regime where o < —v, Observe that t —t A7 has a Dirac mass at 0, which corresponds
to the probability that no branching occurs before time t.



To illustrate this phenomena, we draw, in Figure 1, schemes of the expected behaviour
of the branching Brownian motion conditioned to stay below v/2at in the three regimes.

\@at *****************

(a) o€ (=7,1) (b) @ = —y () a<—y

Figure 1: Scheme of the first branching time in different conditioning scenarios. The
initial particle is drawn in red, its two offspring giving birth to the green and blue
subtrees respectively. The typical branching zone is drawn as a grey area. Its width is
of order t'/2 and its height of order 1 in cases (a) and (b).

In this work, we also study the precise asymptotic of P(M; < \@at) in the three
regimes. Derrida and Shi [19] obtained the exponential decay as follows,

6—2(\/5—1)(1—a)t+o(t)7 for —y<a<l,

¢~ (1+o?)t+o(t). for a < —7, 88 ¢ — 00.

P(M; < V2at) = {

A phase transition occurs at —y = 1 — /2 ~ —0.414. Later, Derrida and Shi [20]
conjectured the second order as below
3y

C(l)(a&gc)Tt%e’_QV(l_o‘)t, if > —7,

P(M; < V2at) ~ 1 (1.10)
%t‘ie_“*az)t, if a < —,
with some constant C(Y) € (0, 00) and
1 0
o) =——+ \/i/ ds/ dye(l*"‘2)‘(”+\ﬁ0‘3/fu(g/,3)2 € (0, 00). (1.11)
o 0 R

We verify this conjecture and obtain the asymptotic for o = 1—1+/2 in the next theorem.
Theorem 1.3. Ast — 0o, the following convergences holds.

1. IfOé € (_7’1); 5
P(M; < V2at) ~ CD (v4t) 7 e~ 21 (1-) (1.12)

where CM) =1 [ e V27 (2)2dz € (0,00) and vy = % €(0,1).



2. Ifa = —,

P(M; < v2at) ~ CO1/4e= 14700 (1.13)
where
C(I)F 3v2-1
c® .= \/12*/ “3”/2e—2u2dU/ eV w(z) dz = %
T JRy R V2m27 1
3. If a < —7,

P(M; < V2at) ~ i(%)t—ée—@m%. (1.14)
s

Remark 1.4. In fact, we could look closer around the phase transition point —v and
obtain the following results by a straightforward adaptation of the reasoning used in
Section 5. We leave the proof to interested readers. Let a : Ry — R with a; = o(t).

1. If a; = o(+/t), then
P(M; < =27t + ay) ~ CO3/ =2Vt V2 (1.15)
2. If a; = av/t with a € R, there exists a positive function a ++ C(a) such that
P(M; < —V29t + az) ~ C(a)t?/1e=2V2rtHV2ar, (1.16)
3. If limy oo % = oo and a; = o(t), then there exist Cc®) ™ > 0 such that
P(M; < —/24t + az) NC(3)G?7/26—2\/§715+\/§’Y%’ (1.17)
P(M, < —V2yt — a;) ~C@ (t/at)?w/?“t—I/Qe—mt—ﬁwt—%. (1.18)

Finally, we could consider the BBM conditioned on the event {M; < m; — a;} where
lim;_,o ay = 00 and a; = o(t). In that case the first branching time happens at a time of
order a;, and the process after that first branching time is a branching Brownian motion
conditioned on an event of positive probability. So the eventual limiting process is the
same as in the regime with o < —~.

Remark 1.5. If a; = o(t) and limy_, a; = 0o, then as t — oo,

P(M; < my — ag) ~ CWem V20, (1.19)

Moreover, conditioned on {M; < m; — a;},

T — %at
e , Xo(T) — (\/57' —ay), My — (my —ap) | = (§,—x,—F), (1.20)
t
and jointly,
Z OX,(t)—(mi—ar) = €5 (1.21)
ueN(t)

where (&, x, F,E7) is the same as Theorem 1.1.



Note that (1.19) is already known in the literature (see [2]); the joint convergence in
distribution described in (1.20-1.21) is new. One could follow the arguments in Section
3 to complete the proof. We shall omit the details.

Remark 1.6. In this article, we choose to focus on branching Brownian motions with
binary branching, to keep the proofs as simple as possible. Up to minor changes, one can
assume the number of children made by an individual at death to be i.i.d. integer-valued
random variables of law v. As long as v(0) = 0 (i.e. the process never gets extinct) and
S, k(log k)?v(k) < co (an integrability condition guaranteeing the non-degeneracy of
the limit D), we expect similar results to hold.

Remark 1.7. Bai and Hartung in [3] considered the following joint deviation probability
P(M; < V2at, (1, Xp(1)) € ), a<1.

They obtained the first order of the decay rate for various cases by imposing constraints
on the first branching time and location. Based on our work, it is possible to further
refine their results to obtain precise prefactors.

Before proving our main result, we quickly recall the heuristics given in [19] to explain
the asymptotic decay of P(M; < v/2at) in (1.10) in the next section.

1.2 Heuristics behind the conjecture (1.10)

Recall that 7 is the first branching time of the process and Xy(7) the position of the par-
ticle at that first branching time. As particles behave independently after they branched,
the probability of observing an unusually low maximum decays sharply after each branch-
ing event. Therefore, to maximize the possibility that M; < v/2at, a good strategy is
to make the first branching time as large as possible. Recalling that P(7 > s) = e™*
and that we expect exponential decay in ¢, it is reasonable to conjecture that 7 ~ Ayt
conditioned on {M; < v/2at}, for some A\, € [0,1]. Additionally, after that branching
time, particle should behave as regular branching Brownian motions with length ¢t — 7,
therefore the maximal position at time ¢ should be around level Xy(7)+4+/2(t —7), which
has to be lower than v/2at. This yields the condition Xy(7) < v/2at + v2(T — t).
Then, with B a standard Brownian motion, observe that

P(T = M, Xp(7) < V2at +V2(1 — 1)) = e MP(By < V2at + V2(\ — 1)t)

~ exp <—t (x\—l- w>> .

Thus, to maximize this probability, one has to choose the parameter A\, € [0,1] that
minimizes the quantity
(@ —(1-N)?

3 .
Note that if & > —vy = 1 — /2, this minimum is attained for A\, = (
if @ <y, this minimum is attained at A, = 1.

A+

1—a)

V2

€ [0, 1], whereas



As a result, we expect three different behaviours for the branching Brownian motion
conditioned on having a maximum smaller than v/2at, depending on whether « is larger
than, smaller than, or equal to —v. In the first case, the branching time should happen
at some intermediate time in the process, and the branching Brownian motion after
this first branching time should behave as a regular process, conditioned on an event of
positive probability. If & < —+, then one expects the process not to branch until the
very end of the process, which allows an explicit description of the extremal process in
that case. In the intermediate case & = —+, the branching time should be such that t — 7
is large, but negligible with respect to ¢t. In this setting, the behaviour of the process
after that time should not be too different from the case a > —~.

The main idea behind the proof of all these results is the decomposition of the
branching Brownian motion at its first branching point. More precisely, the cumulative
distribution function of the maximal displacement, defined as u(z,s) = P(M; < z), for
all s > 0 and z € R, satisfies

t
u(z,t) = e 'P(B; < 2) +/ ds/ P(B, € dy)e *u(z — y,t — ), (1.22)
0 R

where (B:)i>0 is a standard Brownian motion. This formula allows us to bootstrap
close to optimal bounds on u(v/2t — ay,t) from a priori bounds, using Laplace’s method
(see e.g. [17, Chapter 4]). This allows us to obtain equivalents for different regimes as
t, ag — OQ.

Observe that (1.22) is a simple consequence of the Markov property applied at the
first branching time of the branching Brownian motion. Indeed, at time ¢, the original
ancestor did not split with probability e~?, in which case its position is distributed as a
Gaussian random variable with variance t. Otherwise, the ancestor died at time s with
probability e~®ds, in which case the maximum of the branching Brownian motion at time
t has the same law as the maximum of two independent branching Brownian motions at
time ¢ — s, shifted by the position of the ancestor at time s, which is distributed as Bs.

We use (1.22) to show that with high probability, conditioned on {M; < /2t — a;},
the first branching time has to happen at some specific time and position with high
probability. Depending on the growth rate of a;, this first branching time can be either
o(t) (Theorem 1.5), of order At + O(t'/?) for some A € [0,1] (when a € (—v,1)), or of
order t — o(t) (when a < —v).

The rest of the paper is organized as follows. In Section 2, we state some well-
known results on branching Brownian motion and show some rough bounds of u(z,t).
In Section 3, we treat the case where a € (—v,1). Section 4 is devoted to the study of
the regime that a < —v. In Section 5, we consider the critical case @ = y. The proofs
of some technical lemmas are postponed to Appendix A.

In this paper, we write f(t) ~ g(t) as t — oo to denote lim; % = 1. As usual,

f(t) = oi(g(t)) means lim; oo % = 0. The quantities (C;);en and (c¢;)ien represent

positive constants, and ¢, C' are non-specified positive constants, that might change from
line to line, taken respectively small enough and large enough.



2 Preliminary results and well-known facts

In this section, we recall previously known results on the maximum and extremal process
of branching Brownian motions. We source most of the results stated here from the book
of Bovier [9] for convenience, and refer the reader to it for the origins of these results.
Using these results, we obtain first order estimates on u(z,t) = P(M; < z).

Let Cf(R) be the set of non-negative continuous functions on R with compact sup-
port. We begin by recalling that by [, Proposition 2.22], for any family (Dy)cjo,00]
of point processes, the joint convergence in law of (Dy,maxD;) to (Deo, max D) is
equivalent to

V¢ € CH(R), Vz € R, tli)m E {e*f‘ﬁdpt;math < z} =E [e*f‘z’dp‘”;maXDoo < z] ,
oo

(2.1)
writing E [X; A] for E [X 1 4], with X a random variable and A a measurable event.

For all ¢ € CH(R), we denote by

)

ug: (2,t) ERL xR— E {e Louenn 402, pp, < z} =E| [ fs(z-Xu(®)

u€N(t)

(2.2)
where fy @y — e*¢’(*y)]l{y20}. Recall that ug is the unique solution of the F-KPP
partial differential equation (1.1) with initial condition fg, i.e.

{ du = $Au—u(l —u),

(2.3)
ug(2,0) = fo(z), for all z € R.

We remark that the cumulative distribution function of M; is given by u(z,t) = ug(z, t).

By (2.1), the joint convergence in law of the centred extremal process and maxi-
mal displacement of the branching Brownian motion can be rewritten as the following
pointwise convergence

Vo € CIF(R),Vz € R,tlim ug(my + z,t) = we(2), (2.4)

where wy(2) :=E [e_f¢('_z)d5; max € < z}.

Moreover, convergence (2.4) in fact holds uniformly on compact sets, by [9, Lemma 5.5
and Theorem 5.9]. Let K > 0. As min,¢[_g g wg(z) > 0, this uniform convergence re-
sult implies that

o 1ol 221) = w2
=00 1<K we(2)
Applying the above result to the function ¢ = 0 gives that uniformly on z € [—-K, K],
u(my + z,t) = w(z)(1+0(1)) as t — oo.
Let (B, t > 0) be a standard Brownian motion. We recall the following classical
asymptotic on the tail of the standard Gaussian variable (see e.g. [9, Lemma 1.1]). For
any z > 0,

= 0. (2.5)

1 2 1 2
e 21 —2Y) < P(By > 2) < —2%/2, 2.6
o ( 2z %) <P(By Z)_z 5=¢ (2.6)

ﬁ

10



It follows that for any z > 0 and ¢ > 0,

/ \/ﬁ /72 _7dz— (Bt>z)§z\/;re‘3i. (2.7)

Observe that (2.5) gives tight bounds on u(z,t) for z in a neighbourhood of m;. We
use the above equation (2.7) to give cruder bounds on u(z,t) outside of this neighbour-
hood. At time ¢, the system contains #N(¢) > 1 individuals, the positions of which are
distributed with the same law as B;. Therefore, for any ¢ > 0 and z € R,

u(z,t) = P(M, < 2) < P(B, < ),
which using (2.7), yields for z < 0:

vt o2

u(z,t) < ———=—=e" 2. (2.8)
—zV2m

This straightforward upper bound, combined with the lower deviation results of Derrida
and Shi [19] gives us the following lemma.

Lemma 2.1. For any 8 > 1 and € > 0, there exists t. g > 1 such that for any t > t. g,

1, ifa>1;
e~(-a)tret  up o< <1
et i <<y,
e‘”’gt, if a < —p.

u(v2at,t) < (2.9)

Proof. Let > 1. We begin by noting that u(z,t) < 1 for any z € R and ¢ > 0.
Additionally, by (2.8), for any a < —1, we have

]. 2 2
w(V2at, 1) < ————e %t < et 2.10
( ) < o < (2.10)

for all ¢t > 1. To complete the proof, it is therefore enough to bound u(v/2at,t) for

€ [_Bv 1)
We first reformulate Derrida and Shi’s result [19, Theorem 1] as follows:
) 0, if a > 1;
tllglo n logu(v2at,t) = (a) == —27(1 —a), if —y<a<l; (2.11)

—(1+ a?), if a < —7.

Note that being a cumulative distribution function for any ¢ > 0, the function z — u(z, t)

is non-decreasing. Thus, both w and 1 (a) are non-decreasing in a € R, and
moreover 1 is continuous. By Dini’s theorem, the convergence in (2.11) holds uniformly

11



on any compact sets in R, hence in particular on [—/3,1]. As a result, for all € > 0 ,there
exists t. g > 1 such that for all t > ¢, 5, we have

1
sup ‘f log u(v/2at,t) — w(a)’ <e. (2.12)
a€[—p,1]
We then deduce (2.9) from (2.12) and (2.10). O
Next, we recall [14, Theorem 1.7], that gives a tight estimate on the moderate lower

deviations of the maximal displacement: for any sequence (a;) such that lim;_,o, a; = 00
and a; = o(t),
[P)(Mt <my — at) — G*ﬁ('ﬁ*()t(l))at'

To complete this section, we strengthen the above estimate into the following non-
asymptotic upper bound for u(m; — z,t).

Lemma 2.2. For any d € (0,1), there exist K5 > 1 and Ts > 1, such that for any t > Ty
and any z > Ky,

u(mg — z,t) =P(My <my — z) < cgeV2I1-0)z, (2.13)
with ¢ > 1 a constant depending on §.

The idea of the proof of this result is mainly borrowed from the proof of Theorem 3.2
(Case 2) in [22]. We apply the Markov property at some intermediate time, and observe
that either there is an anomalously small number of particles alive at that time, or all of
the particles alive at that time must satisfy Lemma 2.1. The detailed proof is postponed
to Appendix A.1.

3 The case —vy<a<1

In this section, we treat the case when 1 —+1/2 < a < 1 and prove (1.4), (1.5) and (1.12).
The proof of Theorem 1.5, which can be though of as & =1 — 0,(1) can be obtained in
a very similar fashion. We thus feel free to omit it.

Recall that v = v/2 — 1 and if —y < a < 1, we expect the existence of \, € (0,1)
such that with high probability the first branching time of the branching Brownian
motion conditioned on the event {M; < v/2at} is close to A4t. In this situation, we have

_ 1=
Ao =122,

Let ¢ € CF(R). Applying the Markov property at the first branching time 7, we
obtain that u, satisfies (1.22) as well:

t
ug(z,t) =e'E (6_¢(Bt_z);Bt < z) +/ e_sds/ P(Bs € dy)ug(z —y,t —s)*  (3.1)
0 R

= U (2,t) 4+ UL (2,1). (3.2)

12



Note that U{b(z,t) is the contribution to uy(z,t) = E (e_ Lent ¢(X“(t)_z);Mt < Z),

which comes from the event {7 > ¢} on which no branching occurred. As we write u for
ug, we denote by U; and Us the quantities defined above with ¢ = 0.

Using standard computations for the Brownian motion, we first give an uniform
estimate of U{b(\/ﬁat, t) for a € [0, 1), as well as an exact asymptotic for o < 0.

Lemma 3.1. Let ¢ € C/(R). For a > 0, we have

e_H¢||oo

5 et <UP(V2at,t) < e . (3.3)

Moreover, for a < 0, we have
lim \/fe(Ho‘z)tUd)(\/ﬁat,t) =
t—o00 1

o—(1+a?)t

Vil as t — 00.

In particular, for a < 0 we have Uy(v/2at,t) ~

Proof. We have Uy *(V2at,t) = et E(e=*Bi— Va2al). B < V2at). For all a > 0, as ¢ is
non-negative, we have 1 > E(e —¢(Bt— ‘[at)7Bt < fat) > e ||¢H°°]P’(Bt < 0), which is
enough to prove (3.3).

Additionally, for a < 0, by Girsanov transform, we then have

U{b(\@at,t) = e~ (I+e)t R (e"ﬁ(Bt)’ﬁan; B; < 0)

—(14a?
-¢ 7 e e e~V /2=0y)—V2ay g,

vV 2t —00

The dominated convergence theorem yields

lim ’ e_y2/2t_¢(y)_\/§aydy:/0 e—¢(y)—\/§aydy7

t—00 J_~o —0o0

which completes the proof. O
Remark 3.2. For all o € (=7, 1), we have u(v2at,t) = e=27(1-a)t+oe(1)) by [19]. More-
over, observe that

1, if0<a<l;

14+a?, if —y<a<O.

271 —a) < {

As a result, Lemma 3.1 shows that Ui(v/2at,t) = o;(1)u(v/2at,t) for all a € (—v,1),
which by (3.2) implies that u(v/2at,t) ~ Ua(v/2at,t) as t — oo.

We thus turn to study Uzd’(\/iat, t), which is by definition

_ (ms+z—v2at)?
T 2(t—s)

V2m(t —s)

ug(ms + 2, 5)°.

US(V2at,t) = /ds/dz

13



Recalling that v, = 7\”}0‘ 1— T € (0,1), our next lemma consists in the observation

that most of the mass on this double integral is carried by {(s,2) : |s — vat| < AV, |2 —
ms| < K}, with A, K large enough constants. This is consistent with (1.12), and can be
thought of as a proof of the tightness of the family of variables

{71730 = (1= 0a)0). X(7) = (V2at = me_r), My — V2t £0),¢ > 0}

For any Borel sets I C [0,¢] and B C R, let

_ (ms+z—v2at)?

2(t—s)
[J2 (\/>Ozt t, _[ B /dS/ dZ t ) U¢(m8 —|—275)2.
— S

Lemma 3.3. Let o € (—v,1), we set Iy 4 = {vat—A\/ﬂ vat+A\/ﬂ N [0,t] for all
At > 0. For all € CH(R), we have

eQ*y(l—a)t

lim sup lim sup -5 — (U5 (Vaat,t) — US (Vaot, t, I a, [ K, K])| = 0a(1).  (3.5)

K—oo t—o00

The proof of Lemma 3.3 is postponed to Appendix A.2. A consequence of this result
is that the asymptotic behaviour of U2¢ (V2at,t) as t — oo is captured by the following
lemma.

Lemma 3.4. Let o € (—v,1), we set I;q,p = {vatqta\/ﬂ vat+b\/ﬂ N [0,t] for all
a<beR. Then for all a < b and a’ <V, we have

2fr

[

627(1_04)

lim ————~ (\fattltab, [a’, V])

v —V2 2
tvo0 (vat)37/2 dr /, e VTwy(z)*dz.  (3.6)

Proof. Recall that we can write

P f , b/ Uat-‘rb\/ (t 5) b, \/iatfmsfz)z 2d
U. 2o, t, It g p, (@, :/ 2t-5)  ug(ms + z,s5)°dz.
2( t,a,b [ D vattavi \/m 45( s )

By the uniform convergence (2.5), we observe that uniformly in s € I; 45,

b 7(\/§at7msfz)2 9 b’ 7(\/§at7'msfz)2 9
/ e 265 ug(mg + z,8)“dz ~ / e 205 wg(z)“dz,
a

’ a/

as t — 0o. Then, with the change of variable s = ut, we have

Us(V2at,t, Iy o, [a', 1))
2
b _ ’ log(ut)—z
~ vaJrﬁ 7t€ 92 ) ’ %(%log(“t)—\/ﬁz) (2f2z(1—u) ) w¢(2)2dz
)

u
va—&—% \/27Tt(1 —'LL) a

14



as t — o0, by setting

(o —u)?

ga(u) :u € (0,1) — (1 —u)+ T

(3.7)

Note that uniformly in z € [@/,¥'] and in u € [vy + %, Vo + %], as t — oo we have
2
(2%/{ log(ut) — z)
2t(1 — u)

A
(S tostur) - v22) = T log(uat) — VEyz + (1)
— U

= Ot(].)

and

It then follows that as t — oo,

(vat)?w/? 'Ua“l‘%

Uz(\/ﬁat, t, It,a,ba [a’/7 bl]) e
27 (1 — va) Juat

b/
PR ORI / e*ﬁ72w¢(z)2dz.

(3.8)
We estimate that quantity by doing an asymptotic expansion of g, around vg.
By change of variable 7 = v/t(u — v,), we have

Uof‘l’i b r

/ vt e t9a (W) /i dy :/ ¢ 19 vat ) gy
va+$ a

We note that g, is smooth and strictly convex, and attains its minimum of 2v(1 — «) at

u = v,. By Taylor’s expansion at v,, we have as |h| | 0,

ot + 1) — galta) = 9/ (0e)h + 9" (va)h® + o(h?) = f_ﬂhQ +o(h).  (39)

Hence,

’Ua—i-i b V2 b V2
/ NG e—tga(u)\/idu _ 6—27(1—04)15/ 6_%T2+Ot(1)d7’ -~ e—2ﬂ/(1—0¢)t/ e—%ﬂdr’
va—i-% a a

as t — oo by dominated convergence. In view of (3.8), this is enough to complete the
proof of (3.6). O

To prove (1.4),(1.5) and (1.12), first, for all ¢ € C(R), 21,22 € R and x5 > 0, we
set

Fi(¢; 1, 72, 23)
=FE (e—f¢d5t<a>; L\/‘;a” < 21, Xo(7) > V2at — my_y — 20, My < V20t — xg) :

and we shall study the asymptotic behaviour of this quantity as t — co. Applying the
Markov property at time 7, we have

Fi(¢;x1,22,23) = U;IBQ5 (\/iat,t, [Uat — V1, t} , (—oo,:rg]) ,

15



with 75,0 : y — ¢(y — x3). Therefore, using Lemma 3.3 gives

lim €27 (0, )32 F (¢ 21, 29, 23)
t—o00

2v2r2

S

with the 04(1) term being uniform in K, using that by definition, w, ¢ = we(- — ).
Hence, letting K — oo then A — 0o, we conclude that

7\@7'211}(]5(2 — x3)2dz +04(1) + ok (1),

627(1_a)

}i{{}OW t(¢; w1, T2, 73) = /_ml\/T /

x3)?dz.  (3.10)

With (3.10) in hand, we are now ready to prove (1.4), (1.5) and (1.12).

Proof of (1.12). We first prove (1.12). By (1.22), we have
P(M; < vV2at) = U (V2at, t) + Us(vV2at, ) = Us(v2at, 1) + o(t31/2e~ (100t
using Lemma 3.1. Applying then Lemma 3.3, for all A, K > 0 we have
tliglo(vat)_37/2e(l+°‘2)tIP’(Mt < V2at)
= tlggo(uat)*w/?e(HaQ)tFt(0; A, K,0) + oa(1) + ok (1).

Hence, letting K — oo then A — oo, by the monotone convergence theorem, (3.10)
yields

tlim (vat)_?”/Qe(Haz)tIP(Mt <V2at) = / Fdr/ —V2yzy, 2)2dz = CcW,
— 00 27-(-7
O
Proof of (1.4). By (3.10), for all 1,22 € R and x3 € R, we have
1—
P (T < Wat + 21V, Xy(r) > V2at — my_r — x9, My < V2at — 953)
2\/7“
= Fy(0; 21, @9, x3) ~ (vat)7/%e™ (1+a?) / / (z — x3)2dz,
—x1 1/27T
which we can rewrite as
. Fi(0;21, w9, 3) / V3 /‘”2_””3 V32 2
1 = T3 vz d
200 P(M; < \/Qozt C(l) 1/27T e —00 ‘ w(z)ydz,
which completes the proof of (1.4). O
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Proof of (1.5). We finally turn to the proof of (1.5), i.e., the joint convergence in dis-
tribution of the extremal process seen from /2at, conditioned on {M; < v/2at}. By a
straightforward adaptation of [9, Proposition 2.2], to obtain this weak convergence, it is
enough to obtain for all ¢ € CF(R) and z1,z2 € R, 23 > 0 the convergence

lim E [e_f¢dgt(a);7 < (1 — wa)t + 21V, Xp(7) > Voat —my_, — LEQ‘Mt < \@at}

t—o0
:E{ef@ig_;xgxg}]?(f Sa:m/‘fl@).

By (3.10) and (1.5), we have immediately that

F<¢ x1,T2 0) 1 T1 @_Zi/—gf T2 N
lim 2 = / dr—— x/ e V2
t=oo P(My < v2at) 200 J_o \/@ o ¢

2)%dz.

Observe that according to the definition of £~ writing £ for the limiting extremal process
of the unconditioned branching Brownian motion, we have

E {e_f‘z’d‘g_;x < Iz} _ /xz E {6_ Y ece Pla—2)

—00

2
max £ < z} P(x € dz)

1 (22 s
:2C<1>/, eV uwy(2)%dz,

which is therefore enough to end the proof. O

Remark 3.5. Theorem 1.5 could be obtained following a similar line of proof as above.
The principal difference is that the Laplace method in the proof of Lemma 3.4 has to
be applied with a maximum obtained on the boundary of the interval of definition. All
other estimates follow with straightforward modifications, by replacing 1 —a by as/v/2t.

4 The case a < —v

We now treat the case of & < —y. We use in this section that, conditioned on the event
{M; < \/2at}, with high probability no branching occurs before time ¢ — O(1). We use
this observation to prove (1.8), (1.9) and (1.14), by using the same decomposition of
ug(t,x) as UfS + U; as in the previous section. Contrarily to the previous section, Uf
and Ug) are of the same order of magnitude.

Note that the asymptotic behaviour of Uf) (vV2at,t) is given by Lemma 3.1. To
study the asymptotic behaviour of Ug(ﬂat, t), we begin by showing that ¢t — 7 is tight
conditioned on {M; < v/2at}.

Lemma 4.1. Assume that o < —v, then for all ¢ € CF(R) we have

lim lim Ve U (V2at,t,[A, 1], R) = 0. (4.1)

A—o0 t—00
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The proof of Lemma 4.1 is postponed to Appendix A.3. The next lemma completes
the description of the asymptotic of Uf .

Lemma 4.2. If a < —v, then for any x > 0 and —oo < ¢ < d < 0o we have
1tl_i>m \/ie(1+°‘2)tU§5(\@at,t, [0, 2], (c,d)) / / V20 s(y,5)%e (1=a%)s qyds. (4.2)

Moreover, we have
*° (1—042)54-\/501 2
/ / e Yu(y, s)“dyds < oo. (4.3)
0o Jr
Proof. Observe that we can rewrite

_ (V2at—y)?

—(t—s) 2(t—s)
US(Vaat, 1, [0, 2], [¢; d]) /ds/ dy© N e R
— S
—(1+a2)t (V2as—y)2
e fa
- d 1 a Yy— 2(t—s) ,8 2
V2t / / y\/ u¢(y )
—(1+a2)t (VZas—y)2
e —a? V2ay— Y
~—— dS/ dyell o)V 2 ™00 "y (y, )2,
vV 2rt /0 c Y ¢<y )

as t — 0o. Then, by the monotone convergence theorem, as t — oo we have

z pd _ (V2as—y)> z pd
/0 / AL = u¢(y75)2e(17a2)sdyds—>/0 / eﬁayu¢(y,5)26(1*a2)8dyds,
& &

which completes the proof of (4.2).
The rest of the proof is devoted to show that [;° [ e(1=® s tV20uy(y ) 2dsdy < oo.
As a first step, we bound for any s > 0 the quantity Is := [ efayu(y, s)2dy. First, by
2.8), for all y < 0 we have 0 < u(y, s) < sU2 o—y?/2s 5 1, therefore
ly]

1 0o V2a
I, < / eﬁo‘ydy +/ e‘/%ye_yQ/sdy < € + s\/ﬂseo‘%,
—00 1 —\/504
by (2.6). As a result, for all A > 0, we have
A 1—a?)s+v2 2 A 1—a?
/ / ed=a)stvV2ey, 4, 6)2dsdy :/ 1725 ds < 0. (4.4)
0 JR 0

To complete the proof of (4.3), it is enough to bound [3° [ (1= DstvV20yy(y 5)2dyds
for A > 1 large enough. Recall that u(y,s) = P(M, < y) is close to 1 for y > v/2s and
to 0 for y < v/2s. Observe that

/oo /oo 6(1—a2)s+\/§ayu(y’5)2dyds S/oo /oo 6(1—a2)s+\/§aydyds
A 2s A 2s

1 o0 2
(1-« )s+2asd
= e s < 00, 4.5
—V2a /A (45)
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using that for all @ < —v, 1 — a? 4+ 2a < 0. Therefore, we only need to bound
oo V2 1—-a?)s+v/2 2 ot 1—a?)s+2 2
/ / e =05 +V2ay, (4 ) 2dyds :/ / e—ad)st2easy, (/o2 5)2V/2sdads,
A —00 A —00

by change of variable y = v/2sz. We now apply Lemma 2.1 to bound u(v/2xs, s)? for s
large enough, depending on the region to which x belongs.

Let £ > 0, that will be taken small enough later on, and 5 > 1—a/2 > 1. We assume
that A > t. g, and we bound the above integral using (2.9). First, for = in the interval
[—, 1], we have

oo rl
/ / 6(1—a2)s+2arsu(\/§$5’ 5)2\/§Sd$d$
A -y
oo rl 2
S/ / e(1—a®)s+20ms —4y(1-w)s+2e5, /5 ¢ 10 0
A -
o 1
S/ \@86(1_02—474-25)5/ e2atdn)zs 40 q g
A -

e el it~ 2y <a <o
< ﬂ(l +7) [ sell-o?+20)s+2es if a = —2;
a+2’y fOO (1—a? —4y—2ay—4~? )s+2€sd8 if @ < —27.

As1—a? — 4y —2ay — 442 < 0 for all @ < —27, we conclude that for all £ > 0 small
enough,

/AOO /1 e(l_o‘2)5+2°‘”u(\@xs, 5)2V/2sdzds < co. (4.6)
-y
We then consider the case x € [/, —v]. In fact
/OO /MY 6(1_0‘2)8+2°‘“u(\/§m, 5)%V/2sdxds
/ / (1-a?)s+2aws ,~2(1+22)s+2e5 | /50
/ V2se—(1+a2/2-2¢)s / 76 2(—0/2)% {1 s

/ / ~(1+e2/2-2)s 45 < oo, (4.7)

for all € < 1/2. Similarly, for z < —p:

o pr—pB [ -8
/ / e(l—a2)5+2axsu(\/§$$’S)Qﬂsdxds S/ \/586(1—042/2)5/ e—?(w—a/?)Qsdxds
A J—o0 A

—0o0

0o —B—a/2
< / \/536(1_‘12/2)5 / 6_2925dyds.
A —0o0
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Using that —§ — /2 < —1, we have for all s > 0:

/5&/2 e_2y2sdy < /OO e_2y25dy < ie—Qs,
o 1 4s
by (2.7), yielding
0o [y
/ / —o®)s 2025\ s, 5)2y/2sdads < —/ 1t/ < o, (4.8)
A J-p

Consequently, using (4.5-4.8), for any A > 0 large enough

0o ol
/ / 6(1_a2)s+2xasu2(ﬂx3’ s)V2sdzds < oo,
A —00

which, with (4.4), completes the proof of (4.3). O

We now first prove the joint convergence in law of the first branching time and
position, and the shifted extremal process, conditioned on {M; < \/iat}, when a < —v.
Observe that by Lemma 3.1, we have

E (e_f¢d5t(a); 7>t My < V2at — z)
6—(1+a2)t

vV 2t —0o0

as t — oo. Similarly to the case o € (—v, 1), the key to the proof of this theorem is the
determination of the asymptotic behavior of

=E (eid)(Bt*‘/iat); B < V2at — z) ~ efd)(y)*\/iaydy, (4.9)

Ft(¢a x1,22, 1'3)

—F (e—f¢d5t<a>;7 € [t — z1,8], Xy(r At) < V2at — 25, My < V20t — 13)

as t — o0.
Using the branching property at time 7, we observe that

Fy(¢; w1, w2, w3) = Uy (V20t, 1, [0, 1], [12, 0)),

and therefore, by Lemma 4.2 we have

T 0o
lim 1/2e(1+e” Yy (¢; 21, 20, 13) = / 6(1_0‘2)3/ e‘/iayu(i,(y — x3,5)%dyds.  (4.10)
0 2

t—o0

We are now in the position to prove (1.8), (1.9) and (1.14). We begin with proving
(1.14).
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Proof of (1.14). Observe that by (3.2), we have
P(M; < V2at) = Ui (V2at, t) + Us(V20t, t).

Using (4.10) with zo = —oo and z; = A together with Lemma 4.1, we have letting
t — oo then A — oo:

lim ¢'/2¢(1+0%) Us(V2at,t) = / 6(1_a2)s/ eﬁayu(y—azg,s)2dyds,
0 R

t—o00

which, together with (4.9), implies P(M; < v/2at) ~ 3%6*(1““2” as t — 00.

Proof of (1.8) and (1.9). To prove (1.8), it is enough to observe that

F . / TroQ—I3
l1m t(07xlax2a$3) — / 1 042)8 \[axg / e\/iayu(p(y’ 8)2dyd8,
=% P(M, < v2at)  @(a) o

by (4.10). This proves that (¢t —t A 7,v/2at — Xy(t A T),v/2at — M) jointly converge in
distribution as t — oo.

We now prove the convergence of the extremal process & (a). For any ¢ € CF(R),
using again the decomposition at first branching time of the branching Brownian motion,

we have
E [e—f¢d5’f(a);Mt < \/ﬁat} = UP(V2at, t) + US (V2at, 1),

which, by (4.10) and (1.14), yields
i B [o= 4500 1, < ]

t—o0
0 [e'e)
:q)(f;( [ ez [T a [ ooy, s2az).

—00

Asu(z,s) =E (e_ 2 uen ¢(X“(S)_Z); M, < z), we observe that we can rewrite this limit
as

/R+ xR

2
M, < z] P(&, € ds, xa € d2)

eXp( > e(x 2))
u€N(s)

proving that &(a) converges weakly to () in P(-|M; < v/2at)-distribution. In the
same spirit as in the proof of case o > —<, one could obtain the joint convergence in
distribution of & (a)) with (¢t — ¢ A7, Xy(¢t A 7)), thus completing the proof of (1.9). O

= Ele J #d€= ()],
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5 The critical case a = —v

We consider in this section the case a = 1 — /2 = —v and prove (1.6), (1.7) and
(1.13). In this case, the first branching time should occur around time t — O(t'/?)
with high probability. We use again (1.22) to compute the asymptotic behaviour of
P(M; < —/27t), and decompose the integral (3.1) onto sub-intervals of interest to
prove the joint convergence in distribution of the first branching time and position and
the extremal process of the branching Brownian motion.

Recall that, by (3.2), we have u(—+v/2vt,t) = Ui(—v/29t,t) + Ua(—+/27t,t), and by
Lemma 3.1, we have, as t — o0,

Ur(—V279t,t) ~ !

e~ (Y20t o 37/4— (147t (5.1)

Ny
m
~

Therefore, to complete the proof of (1.13), it is enough to show that

Us(—v/27t,t) ~ O 237/4e= (147" a5t — 0. (5.2)

Moreover, for any 0 < a < b <t and o’ <V, we set

_ (z+ms+\/§'vt—at)2
2(t—s)

V27 (t —s)

/

b b
Us(—V271,t, [a, b], [d, V]) := / e (%) ds ¢

u(ms + 2, 8)%dz.

Equation (5.2) follows from the next two lemmas.

Lemma 5.1. For all A, K > 0, we have

(1)t

limsup ———— Ve

Ua(—=V23t, ) = Us(—V2t,1, [VE/A, AVA], [ K, K])| = 04(1) + 0k (1).
t—o0

This lemma allows to localise the first branching time and position, conditioned on
{M; < —ﬁ’yt}. We note that it is similar to the proof of Lemma 3.3, and postpone its
proof to Appendix A.4. The next lemma gives a more detailed estimate of the time at

which this branching event occurs.

Lemma 5.2. For any 0 < a < b and ¢ < d fized, for all ¢ € CI(R), we have

(172t

lim U2 (—V29t,t, [avt, bVE, [, 1))

t—00 t3 /4

1 b 3 2 b/
= — p3V/2g=2r dr/ V27 (2)2d.
vV 271'/(1 a’ (b( )

Proof. This proof is similar to the proofs of Lemmas 3.4 and 4.2. By (2.5), we have

_ (z+ms+f’yt)

b, 2(t—s)
Ugb(_\/}yta t [a\/i b\/ﬂv [ala b/]) / —(t- S)d / \/m ms + Z, S)de

(z+ms+v27t)?

bvt Ve T
N/ —(t=s)qg 2dz
a’ \/27‘(’ t— S
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as t — 0o. Note that 1+ 42 = 24/2v. Hence by simple calculations we obtain

U3 (—vV29t,t, [aVE, bVE, [d, 1)

~ o ()t /b\ﬁE S%/%—% ds
a\/z vV 27t Ja

With a change of variable s = rv/t, the proof is now complete. O

z)dz, ast— oo.

Now we are ready to prove (1.8), (1.9) and (1.14).

Proof of (1.13). Recall that it is enough to prove (5.2). For all t > 0 and A, K > 0, we
have

Us(=v2rt,1) = (Ua(=V231,1) = Ua( V21,1, [Vi/A, AV, [- K, K]))
+ UQ(_\/ﬁf}'tata [\/%/A’ A\/ﬂv [_Kv K])

Therefore, using Lemmas 5.1 and 5.2, we obtain

Jim ¢ Ty (vt 1)
1 A K
=o04a(1)+ok(1) + Nor /1/A 3126727 4 /—K efﬂ7zw2(z)dz,

which converges to C?) as A, K — . O

Proof of (1.6) and (1.7). For any x1,z3 € Ry and x9 € R, applying the Markov prop-
erty at time 7, and using (5.1), we have

P (7>t =21Vt Xp(r) > (—V2yt + ) — 22, My < —V/29t — 23)

t 00
= e_rdr/ P(B, € dy)u*(—V2~yt — x5 —y,t —r
/txnﬁ (—V2yt—mi_r)—z2 ( Ju'( ’ )

_ 2
+ 0y (1)37/ e~ (1471
(z4ms+V2yt+az)?

z1Vt T2—X3 o 2(t—s)
:/ ds/ ¢ u*(ms + z,8)dz + ot(l)t37/4e_(1+72)t,
0 —00 27(t — s)

using the change of variables s =t —r and z = —/2yt — 23 — y — m,. We now apply
Lemma 5.1 to obtain
P (T >t — a1Vt Xg(1) > (—V2yt + my_y) — xo, My < —V/27t — :Ug)
=(04+(1) + 0x4(1) + 0r(1))*/ e (70!

_ (zms+vV2yttaz)?

1Vt T2—23 o 2G—3) )
+ ds/ u”(ms + z, s)dz.
VijA K 2r(t — s)
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Then Lemma 5.2 gives

P (7>t — 21Vt Xp(r) > (—V2yt +mu_r) — 22, My < —V2yt — 13)

~ Lt37/467(1+72)t /11 7437/2672r2dr /mz—m eiﬂv(z+m3)w2(z)dz as t — 00,

vV 2 0 —00

which, together with (1.13) proves (1.6).
We now turn to the proof of (1.7). For any ¢ € CS(R), using again the Markov
property at time 7, we have

ftE[ (Bt+\f'yt) B < f’ﬂ]

2
+/ e*Tdr/ P(BT c dy)E [6 ZueN(t_r) ¢(Xu(t77")+y+\/§7t);Mt_r < _\/§,Yt —y
0 R

On the one hand, by (3.4),
e Ele BV By < —2yt] < e 'P(By < —V2t) = 0y (1)137/ A (10,

On the other hand, using again Lemmas 5.1 and 5.2, we obtain

t
/0 e_rdr/RP(Br e dy)Ele” ZueN(tfr) ¢(Xu(t—7")+y+\/§7t); M, , < —\/é’yt o y]2

Nt37/467(1+72)t-/ 371/25=2r7 dr / ~V2rz,, 2
0

as t — oo. It thus follows, using (1.13), that
lim E [e= #9500, < —vayt] = / TVhR3(2)ds = E [ 9]
t—00

which, by [9, Proposition 2.2] is enough to conclude (1.7). O

A  Proof of Lemmas

We prove in this section some of the more technical lemmas, that are needed to complete
the proofs.

A.1 Proof of Lemma 2.2

Recall that Lemma 2.2 consists in the following non-asymptotic estimate : for all § > 0,
P(M; <my—z) < 05(3_‘/5“’(1_5)’Z for all t,z > 1.
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Proof of Lemma 2.2. We begin by bounding P(M; < m; — z) for 1 < z < t. Denote by
n(t) := #N(t) the total number of particles alive at time t. As every individual gives
birth at exponential rate to two children, the process (n(t),t > 0) is a standard Yule
process. Hence P(n(t) = k) = e t(1—e )1 for any k € N. Let n € (0, ) small enough,
such that J := L@j > 1. Observe that

P(M; < my — 2) <P(n(Jzn) < 2%) +P(n(Jzn) > 2% My < my — 2)

J
<ze T 4 Z P(n((k —1)zn) < 23 < n(kzn); My < my —2). (A1)
k=1

Let (W¢)¢>0 be a standard Brownian motion, independent of the branching Brownian
motion. Using [22, Lemma 5.1], for any 0 < s < ¢t and x € R, we have

P(M; <z) <P ( max (Ws+ M) < a:) ;
ueN(s)

where My := maxX,e N (y+s)uxv Xv(y+5) = Xu(s), and u < v means that v is a descendant
of u. For any 1 < k < J, one has

3 < n(kzn); My < my — z)

P(n((k—1)zn) < z
3 . u
<P(n((k —1)zn) < z° < n(kzn); ueﬁ?én)(szn + M y.,) <My — 2)
SP(”((k - 1)277) < 2 < ”(kzﬁ); szn <m;— Mt—kzn — Z) + P(Mt—kzn < mt—kzn)zg-

(A.2)
On the one hand, for 1 <k < J, by (2.7),

P(n((k —1)zn) < 2% < n(kzn); Wiay < me — My gy — 2)
S]P)(n((k - 1)277) < Zg)P(szn < _(1 - ﬁkn)z)

B R P VA B L
- (1 —+2kn)z :

As (1 —V2kn)v/z > (1 — 27)y/z > /Jn for z > 100, we deduce that

]P)(’I’L((k' - 1)277) < 2 < n(kzn); szn <my — Mt—kzn — Z)

kn + (1_‘/%7)2] z} . (A3)

< 23" exp {— 5%
n

On the other hand, as t — Jnz > (1 —+/27)t — 0o as t — o0, using that z < t and the
convergence (2.4), there exist tg > 1 and ¢y > 0 such that for all ¢ > ¢tp and 1 < z < ¢,
one has P(M;_j.py < my_popn) < e < 1. Then,

P(Mtszn < mtszn)Z?’ < eicOZ?’- (A4)
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As a result, using (A.2), (A.3) and (A.4), for t > tp and 100 < z < ¢, (A.1) becomes that

]P)(Mt S my — Z)
1 —V2kn)?
§Z3€nze—\/§72 +J sup <z3enz exp (— [kn + (M] z> + e_COZ3>

1<k<J 2kn

2 1 —/2s)?

§Z3€77ze—\/§“/2 + Q sup <z3e712 exp (_ s+ ﬂ Z) + e—cozg>
n 0<s<\@7 2s

= 6772 —fwz \/57 <Z3€nz€—\/§'\/z 4 e—coz3> .
n

For § € (0,1) small enough, we could take n = \/275/2, t > to and z € [Kj,t] such that
P(M; <my —z) < c(;e_ﬁ%l_‘s)z.
Up to enlarging the constant c¢g, this equation will hold for all 1 < z <'t.
We now bound P(M; < m; — z) with z > ¢t. We apply (2.9) and obtain that for
z22t2>1p,

P(Mtgmt—z)gu(ﬁ(l ft)tt)

e_ﬁvz‘ket, ift <z <2t;
< *(H(l*ﬁ)z)”gt, if 2t < 2 < V2(1 + B)t;
2t)2t, if 2 > V/2(1+ B)t.

Note that 1+a? > 2vy(1 —a) for a < 1 —+/2. So, (1+ (1 — ft) Dt > V2yz if 2 > 2. We

also have ( — ﬁ) t > /2yz if 2 > V2(1 + v/2)t. By taking 8 = v/2 and £ = /26,
we thus get that for ¢t > ¢, g and 2z > ¢,

P(My <my —2) < e~ V2ztet < o —V2y(1-0)z

We hence conclude that for any 6 € (0, 1), there exist T5 = t. 3 V tp and K5 > 1 such
that for any t > t5 and z > Kj, (2.13) holds. Thus, up to enlarging again constant cs,
the proof is now complete. O

A.2 Proof of Lemma 3.3

We assume here that @ € (—<,1). The aim of this section is to prove that for all
¢ € CF(R), setting I; 4 = [vat — At/2, vat + At1/?], we have

_ VZat)2
" i 2’y(1 a)t ded 6*(7&*3)*% A
im limsup ———=— sdz ug(ms + z,5)° = 0. 5

A, K—o0 tﬁoop t37/2 \/(ILAX[—K,K])C 27T(t - S) ¢( ) ( )
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As ¢ is non-negative, we observe that
ug(z,t) = E (e 2w WO,y < z) < P(M,; < 2) = u(z,1).

It is enough to prove that (A.5) holds for ¢ = 0.

Therefore, the objective of the section can be restated as follows: conditioned on
{M; < \/2at}, we show that the first branching time 7 is with high probability located
around (1 — va)t + O(v/t), and the position at which that particle branches satisfies
V2at —my_, + O(1) with high probability.

The idea of the proof is the following: we use (1.22) to rewrite u as the sum of Uy
and Us. By Lemma 3.1, U; add a negligible contribution to u, so that
(t—s)— (ms;?;sf?atﬁ

u(ms + 2, 5)°.

u(V2at,t) = / dsdzS

[0,¢] xR 27t — s)

Moreover, by Lemma 3.4, a large contribution to w is carried by the regions of the form
Iny x [-K,K], with A > 0 and K large enough. We now use a priori domination
estimates for u (e.g. Lemma 2.1) and methods similar to the proof of Laplace’s method.

We decompose the proof of Lemma 3.3 into three parts, by considering the contri-
bution of various domains of [0, ¢] x R.

A.2.1 Linear bounds on the first splitting time

As a first step towards the proof of Lemma 3.3, we show that for all € > 0,
P (17— (1= va)t] > =t, M; < V2at) < u(v3at,1).

Lemma A.1. Let o € (—v,1). For all € > 0 small enough, we have

1
lim sup log Uz (V2at, t, [0, (va — €)t]) < —27(1 — a), (A.6)
t—00
lim sup% log Us(V2at, t, [(va + €)t,1]) < —27(1 — a). (A7)
t—o0

To prove this result, we begin by bounding the probability that a split occurs at the
very end of the process.

Lemma A.2. Let a € (—v,1). There exists g > 0 such that for all € € (0,¢9),

1
lim sup - log Ux(v2at, t, [0, et]) < —27(1 — a). (A.8)

t—oo T

Proof. Equation (A.8) can be rewritten as

PO <t—7 <et, My < V2at) < t37/2e= (1)t
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First note that P(0 <t — 7 < et, M; < v2at) < P(r > (1 —e)t) = e~ 179 Thus (A.8)
holds for all a such that 2y(1 — «) < 1, i.e. a > —~/2, for all £ > 0 small enough.
We now assume that a < —v/2 < 0, and decompose the above probability as
PO <t—1 <et, My <V2at) <
PO <t—7 <et, Xp(1) < V2(a + 2¢)t, My < V2at)
TPO<t—7<et,Xp(r) > V2(a+ 26)t, My < V2at), (A.9)
and bound these two quantities separately.
First note that
P(0 <t —7 <et, Xp(1) < V2(a + 2¢)t, My < V2at)
<P <t—7<et,Xo(r) < V2(a+26)t)

t (a+25)2
< / e P(Bs < V2(a + 2)t)ds < Ot~ /2e=(=e)t e~ a2y ",
(1—e)t

using (2.7). As 1+ %2 > 27(1 — «) for all a € (—v,—7/2], we deduce that for all € > 0
small enough, there exists § > 0 such that

PO <t—1 <et,Xp(1) < V2(a+ 2)t) < Ce271a)t=0, (A.10)

We now turn to bounding the second probability in (A.9)
Using the Markov property at time 7, we bound it as

P(0 <t—17 <et, Xp(r) > V2(a + 2)t, M; < \20t)

¢
< /( e °E (u(t — 5,V 2at — Bs)zl{Bsz\/i(a-i-Qa)t}) ds.

1—e)t

By Lemma 2.1, for all s < et and y < —2¢t, we have u(s,y) < e Y’/ yielding

PO <t —7 <et, Xp(1) > V2(a + 2¢)t, My < V2at)
2

et oo 2
(V2at—y)* _ _y
< e_(l_a)t/ / e s e o dyds.
0 JV2(a+2e)t

Using that
L eVEan? 2% (y—V2eiEl)
2(t — s) s - 2t—s 2(t—s)s ’
2t—s
we obtain

PO <t—7 <et,Xg(r) > vV2(a + 2e)t, My < \2at)

22

t Ty 3/2
S e_(1+a2_a)t /’E /OO e 2(2,;1‘55)3 dzds S 271—76/7‘;3/26_(14_042_‘5)t'
0 \/§(a+2sf%)t v1— 8/2
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Therefore, as 1+ a? > 2y(1 — a) for all a € (—~, 1), we conclude that for all € > 0 small
enough, there exists § > 0 such that

PO <t—17 <et,Xp(r) > V2(a+ 2e)t, My < V2at) < Ce27170)t=0, (A.11)

In view of (A.9), equations (A.10) and (A.11) show that there exists gy so that for
all 0 < € < g, (A.8) holds. O

We now bound the probability that the first splitting time in the branching Brownian
motion occurs after time at a distance at least et from the expected time (1 — v,)t.

Lemma A.3. Let o € (—v,1). There exists e1 > 0 such that for all € € (0,¢1),

1
lim sup n log Us(V2at, t, [et, (vo — €)t]) < —27(1 — a), (A.12)
t—r00
1
lim sup — 10g Us(V2at,t, [(ve + €)t,1]) < —=2v(1 — ). (A.13)
t—ro0

Proof. Let a < b such that [a,b] C (O Vo) U (va, 1]. By definition of U, we have

Us(V2at,t, [at, bt]) /

(z—\/iozt)2
t— —
) u(z, s)%dzds

\/27r
_ r (V2hr— fa) dh
/ R (\/ihtr,tr)Q\@t3/2rdr—2 )
V2

by change of variables r = s/t and h = z/v/2s. We then use Lemma 2.1 to bound
u(v/2htr,r) uniformly in (h,r) for ¢ large enough. For all § > 0 and 3 > 1, for all ¢ large
enough we have

£3/2 1r<’”°‘> 20 5(h)—6
Us(v/2at, t, [at, bi]) / / et )dhdr, (A.14)

where we set

0, ifa>1;

Ty(a) = V2y(1 - a), %f —y<a<l; (A15)
(1+a?), if —f<a<—n;
a?, ifa < —0.

To complete this proof, it is therefore enough to prove that the right-hand side of (A.14)
decays exponentially fast, at a rate larger than 2v(1 — «). To do so, we decompose the
integral over R into thee subsets : (—o0,—f), [-f3,1] and (1, c0).

We first observe that on the interval [1,00), by change of variable v = hr — «, we
have

(h'r a)

// = dhdr<b// T
< o2 </ ot dr—i—/ t(1—r T2 )) dr,
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using (2.7) to bound the integrals over v. Hence, one straightforwardly obtains that

1 r (hr a) -6
lim sup log / / " )dhdr

t—o0

<0 —min(l — @, ga(b)) < =27(1 — @), (A.16)

for § > 0 small enough, where g, is the function defined in (3.7), which attains its
maximum at v, with value 2v(1 — «).
Similarly, as [a, b] X [—f, 1] is compact, we also have

r (r—e)” ") T4 (h
lim sup — log// 1 IS )dhdr

t—o00

i (hr—a) o5 | (hr — a)?
<0- f 1- — 42V < §— fo1- \r=a)” o, 1
= = I T plh) < B B A e V2y(1=h).
he[-p,1] hel-p1]

The function (h,r) € (—o0, 1] x[e,1] = 1—r+ (hr a) +2\f'y(1 h) attaining its unique
minimum at (vq, 1), we conclude again that, choosmg d > 0 small enough, we have

1 bl 1—rp r=? L0, (h)—s
limsupglog/ / o\ e ) >dhdr < =27(1 - a). (A.17)
a J—y

t—o00

(hr a)

Finally, choosing § > 0 large enough so that the function A +2h2 is strictly

decreasing on (—oo, —f], we have

1r<h’"") 2h2_§ b 17~M5 -8
/ / - - >dhdr§ / e G )dr / e~2htqp,
a — 00

t(1*7‘+7(76f7a>2*5) 1/2_—t(282—6
- dr < Ct~1/2e126°-9)

bo_
SCt—1/26—2521t/ .

a

which, if we choose 3 large enough, will be smaller than e~ *27(1=2)+1) for some 7 > 0,
for all ¢ large enough. Using this estimate in combination with (A.16) and (A.17) allows
us, by (A.14), to show that

1
hmsupflog Us(V2at,t, [at, bt]) < —27(1 — a),

t—ro0
which completes the proof of (A.12) and (A.13). O

The proof of Lemma A.1 is then a combination of Lemmas A.2 and A.3.
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A.2.2 Tightness of the normalized first splitting time

We now precise the estimates on P <|7' — vat| > AVE, M; < ﬂozt), bounding this quan-
tity as t — oo then A — oo.

Lemma A.4. Given o € (—v,1), we have

Alim lim sup eQW(l_O‘)tt_M/QUQ(\/iat, t,[0,vat — AVt]) = 0; (A.18)
—X0  t—o0
lim lim sup 270943720, (v/2at, t, [vat + AV, 1)) = 0. (A.19)

A—=00  t—o0

As a first step, we show that with high probability, |7 —vat| = o(t'/?logt) conditioned
on the maximal displacement being small.

Lemma A.5. Let a € (—v,1). There exists 4 > 0 such that for all € € (0,e,), for all
0 > 0 we have

lim sup t2e>Y =t (vV2at, ¢, [(vg — )t, vat — VElogt]) = 0; (A.20)
t—00

lim sup t2e2Y1 =, (V2at, t, [vat + VElogt, (va + €)t]) = 0. (A.21)
t—o00

Proof. The two formulas being proved in a very similar way, we only prove the first
one. Note that without loss of generality, one can choose ¢ > 0 small enough that
Vo — 2¢ > min(c, 0). By definition of Us, we have

Us(V2at,t, [(va — €)t, vat — Vtlogt])

Vat—ytlogt dz . (V2s+z—v2at)?
e Y e T Vs s
Vo —€

vailogt (z+\/§t(u—a))2
<4112 / e du / dee "m0 y(V2ut + 2, ut)?
v, R

a—€
logt
Vo — _z(2\/§t(u70¢)+z)
§t1/2/ Ve due_tg‘*(“)/ dze 2w (v 2ut + 2, ut)?,
v R

a—¢€

with g, the function defined in (3.7). Using (3.9), there exists ¢ > 0 such that for all
7 € [Va — &%), 9a(T) < ga(va) — c(r — v )% Thus

1y (V2at, t, [(va — €)t, vat — VElogt))
logt

- _ 2(2V2t(vaFv—a)+2)
< t/ 7 qpemetv? / dze” 200 u(vV2(va + )t + 2, (V4 + 0)1)%.
—€ R

We now use Lemma 2.2, i.e. that for all § > 0 there exists ¢5 > 0 such that for all
t > 1 and z € R, we have u(m; — z,t) < 056_\/57(1_5)2# Therefore, up to a change of
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variables, for all v € [—¢, 0], writing a;(v) = 2—\3/5 log((ve + v)t), we have

z(2V2t(va+v—a)+z)
/ dze” 20 u(vV2(ve +0)t + 2, (Vo + v)t)?

(y+ar () (2vV2t(va+v—0) = (y+at(v))) 9
/ ye 20(I—ve —0) w(M(y 4oyt — Vs (Vo + U)t)

(y+at (v) (2V2t(va+v—a)—(y+ai(v)))
<c(5/ ye T e e~ 2V2y(1=0)y

As a result, we get

27(17a)tU2(\/>at7t7 [(vo — &)t Vot — \/ilog t])

logt

(y+as(v))(2V2t(va+v—a) —(y+at(v)))

Sctl/Q/ t1/2 —ctv / ye 2t (1—ve—0) 2f7(1 8)y+ . (A.22)

We now bound this quantity in two different ways for y > 0 and y < 0.
We first observe that for all v € [—¢,0], using that v, > a + 2¢,

0 (yt+ai(v))(2v2t(vat+v—a)—(y+ai () 0 (y+ag(v))(2v2t(vat+v—a))
/ dye 2t(1—va —v) < / dy@ 2t(1—va—v)
— 00 —00
1—vy—0 Bvatv—a 1 —10,+¢ 3 va—o
= (v +va)t)2Tva— < ———F— (v4t)20-va) . (A.23)

= V2(ve +v — @) ~ 2y/2¢

Similarly, we have

00 (yt+ap(v))(2v2t (vat+v—0)—(y+ai(v)))
/ dye S 2t(1—vq —v) S 672\/57(175)?/
0

< V(10 () / Y et (VPEEVRO0) o L 0202 (4 o)
ar(v) V2y(1 - 26)
for all 6 > 0 small enough, using that v, — a = %(1 —a)=7(1 —vg).
Hence, plugging (A.23) and (A.24) into (A.22), we deduce that there exist C' > 0

and p > 0 so that for all ¢ > 1 large enough,

2=, (V2at, 1, [(va — €)t, vat — VElogt])

_logt

< Cte / 2 Queetv® < Opee—cllost)®
—&

which concludes the proof of (A.20). O

Proof of Lemma A.J. By Lemmas A.1 and A.5, to prove Lemma A.4, it is enough to
bound for all ¢ large enough, the quantities Uz (v/2at, t, [vat — Vtlogt, vat — AV/t]) and
Us(V2at,t, [vat + Av/tuat — V/tlogt]) by M(A)e 27 (1=)1=37/2 with A+ M(A) a pos-
itive function converging to 0 as A — oc.
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The proofs of (A.18) and (A.19) being very similar and symmetric, we only prove
the second one. We write

Us(V2at,t, [uat + AVt vat 4+ Vtlogt])
Uat+\/ilogt (z— 7n5)
§t71/2/ ds/ dee” T =S u(ms + z,5)?
vat+AVE

t=1/2logt (y+ap () (2v/3 (va+v—a) —(y+at (v))
§t1/2e*27(1*°‘)t/ dve*mﬁ/dyey t e T o—2V2y(1=0)y+
At—1/2 R

with the same computations as the ones used to obtain (A.22), using Lemma 2.2.
Using that |v| < t~1/2logt, hence that a;(v) = 2\[ log((vq +v)t) = ai(0) + 04(1), we
obtain, for all ¢ large enough:
Us(V2at,t, [uat + AV, vat 4+ Vtlogt])
t=12logt (yt+ay) (2v3t(va+v—a)—(y+ar)
—ctv / dye

<206t1/2€*27(1*a)t/ dve 26(1—ve ) e 2V2y(1-d)y (A.25)
- At—1/2 ’

where a; = a;(0) = 3 log(vat).
We then compute for all |v] < t~1/21ogt,

0 (y+as)(2v2t(va+v—a)—(y+at)) 0 V2 wtan)(watv—a)
/ d ) < / dye (1—va—v)

ye 2t(l—vq—v
—00

< exp (\fatva_'_v ) < exp (\@at (va_a+0v>> ,
1l—vy—v 1— v,
for all ¢ large enough, using Taylor’s expansion. Hence, with (v, — @)/(1 — v,) = 7,
there exists C' > 0 such that for all ¢ large enough,

0 y+a) (2t (vat+v—a)—(y+at)) 3v/2
/ dye t(1-va—v) < Cogt)?”. (A.26)
—00

Similarly, we have

) (y+ag) (2V2t(va+v—a)—(y+ayr))

V2t(vo+v—a)—z
<e2V2(i- é)at/ dxe% —2V2y(1-d)e

<(vat) 3v(1-9) / dxe\fﬂc(”"ﬁv T2 —29(1— 5)) < C(vg t)?ry(l 5)(1} t)sv"ifv < —3y(1— 6)

Hence, using that “5=3=* = + O(t~/?logt), we obtain that for all ¢ large enough

o0 (y+ay) Rt(vatv—a)=(y+at)) 3v/2
/ ye o) < O(vat)®2, (A.27)
0

As a result, with (A.26) and (A.27), (A.25) becomes

Us(V20t, t, [vat + AVE, vat + Vilogt]) < Ct37/2e 21170 / e dw.
A

By dominated convergence, the proof of (A.19) is now complete. O
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A.2.3 Tightness of the centred splitting position

To complete the proof of Lemma 3.3, we prove that the position at which the first
splitting occurs Xy(7) is tightly concentrated around the position v/2at — my_,, on the
event |7 — vat| < AVE.
Lemma A.6. Let o € (—v,1). For any fivzed A > 0,
e27(1-a)

M&&%W >(V2at,t, [vat — AVt va + AV, [ K, K]°) = 0. (A.28)
Proof. Let K > 0 and A > 0. We observe that with similar computations as in the proof
of Lemma A .4, setting a; = 2—\3/5 log(vat), we have

627(17a)tU2(\/§at7 ta [UOét - A\/i) Uat + A\/ﬂ’ [_K’ K]C)

12 At=1/2 ot? (y+ap) (2v3t(va+v—a)—(y+ar))
<Ct / dve / dye 2t{1—va—v) u(m(va—i-v)t =Y, (Vo + V)t)
—At—1/2 [~ K,K]

At—1/2 (y+ap) (2V2t(va+v—a)—(y+ay))
SCt1/2/ dve*ctUQ/ dye e e 2V (-0
—At—1/2 [-K,K]

where we used again Lemma 2.2.
We then observe, with similar computations as in the proof of Lemma A.4 again that

-K a V2t(va+v—a)— a
[ et o ax
—00
a V2t(va+v—a)— a
/oo Je (ytag)(2 22:((1_:;_”)) (y+ t>>6_2\/§7(1_6)y < t37/26_(7_5)K7
using that for all ¢ large enough, ‘w fy’ < 6. Therefore, letting ¢ — oo then
K — oo, we obtain, for all A > 0, that (A.28) holds. O

Lemma 3.3 is then a consequence of Lemmas A.1, A.4 and A.6.

A.3 Proof of Lemma 4.1

Similarly to the previous section, it is enough to prove Lemma 4.1 for ¢ = 0 by a
straightforward domination argument. The proof is obtained in a similar, but slightly
simple fashion.

Proof. Let a@ < —v here. Note that by change of variable y = v/2as and (2.9), for any
e>0and A >t. 3, with 8 = Ka,

(fat fas)z
T 2(t—s)

Us(V2at,t, A, t]) / ds/ \/m u?(V2as, s)v/2sda
<B1(At) + Xa(A,t) + X3(A, t) + 34(A, ),
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where

e g
e t—s
= ds/ V2sda,
/A 1 V27 (t — s)
oy (V2at—+2as)® \fu.s)2
/t 1 T 2(t—s) 47(1 a s+255\/* d
= ds/ B 2sda,
A ¥ v 2 t — S)
' 7 fat( \/30,5)2
Y e 2(t—s 2
dS/ 2(1+a )SJFZES\@sda,
/A Ka \/ 271' t— 8)
«@ as 2
Ka *(t 5) f2t(t \sf) : 5
1(A, 1) / ds/ =5 e~2%5\/2sda.
— S

Recall g, from (3.7). By change of variables z = v/2as — v/2at and s = ut and by (2.7),
one gets that

22

1 o0 e~ B0
/ / —dz
At V2ut—/2at 27r(1 —u)t
</ te 1= Vil —w) RUCILIEE s \[ e oWy,
“Jan V2(u — a)t |04! A/t

Clearly, go(h) = ga(0) + g, (0)h + o(h) as |h] — 0. Note that ga(O) =1+ a? and
g, (0) = (= 1)2 =2 > 0 for @ < 1 — /2. Note that, for any u € [\[, 1],

A A
00 (1) > g0 (2] = 90(0) + (6,0) + on(1)) 7
which implies that, for ¢ sufficiently large,
(14a? , C(1ia?
ﬁ ' ety < & e te” 205 0vE _ ) (1)76 e
laf /4 = Via| VA
Vi

On the other hand, since g4 (h) = ga(0) + ¢, (0)h + o(h) as |h| — 0, then

67(1+a2)t

—(1+a?
\[ v e t9a (W) Qg = o /ft —t(ga(0)For(1)ug,, — 01,4(1)
\flal Vilal

Jal

e (1+a )t

Vilal

Thus 31(A4,t) < o0,4(1) . Next, we shall handle ¥2(A,t). If @« < —27, then
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vs — (a4 2y)t > 0. So, by change of variable z = as — at + 2v(s — t) and (2.7),

2

t (1427)s—(a+2v)t e
22(14’ t) :/ 6_(t—s)—4"fs+47at+4V2(t—8)+255d8/ € \@dz
A vys—(a+27y)t 27T(t — S)
< / ! o~ (t=)—dys+dyatty? (t—s)+2es Vt—s 6—7”3‘(?_12”)”2 ds
A V2 (s — (a +27)t)
! t(1—u) . t[<‘*+“’) ~2y(14+7) (1-u)+2-2a7—2¢u] g,

“Jan V2 (vu—(a +27))

1
Vi e_tga*a(“)du,
“laf =2y Jap

where go(u) = % — (1 +92)(1 —u) +2 — 2ay — 2eu. Observe that for € € (0,1/2)
and u € (0,1),

dhel) = I (14 9%) = 202 L= (a2 (1447) — 2

and that g, .(0) = o + 1. Then, for any h € (0, 1),

In[}Ln]ga s( ) > ga,s(h) > 042 + 1+ L:h.
ue

This implies that if & < —2~, then

(1402
Sh(A1) < Vit ! et 14 Leu) g, — _© (1+a®)t /1 e~ Lettydy,
= Jal =2y Jap Vi(la| —2v) Jayt

which is 04(1)¢ (1\;1 A i —2y < o < —, then
t 1 e—(t—S)—%
Yo(A,t) S/ e~ U-a)st2es /o5 | ds
A\ J— t—s)

—(a+y)t 27 (t — S)

2
:/t (/(1+v)s—(a+v)t e s fdz) 2(1—s) + 2yt (1—s) 2422 g
A

</t4/t—se MJ’J}/ (t 3)+2'yat (t S) 2’ys+258d

—(a+)t
/ Vil —u) —th() gy,
ane laf =
where in the first equahty, we change variable z = sa — at + y(s — t), the second

inequality holds by (2.7) and h(u) = % —2eu+ (14 a?) — (a+ )% Note that for
an ( (a+v)2)
ye€ (0, and u € (0,1),

(a+7)?

e —20> L. :=(a+7)?—2>0,

b (u) =
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with h(0) = a2 + 1. It hence follows that if —2y < a < —~, then

/t(1 — —(14a2)t
A t 1 u —t(a +1+L5u)du _ OA( )6
At Ial Vit

For ¥3(A,t), one sees that
t a?t? - s(2t—s «
Eg(A’t) :/ e_t_5+285_ 22t—ts dS/ e (t2is )(a_ 2t—ts Q#da
A Ko (t — 8)

t \/g 20242 1+a
</ eftfs+2esfmds< / se (1—-2¢) Sds
“Ja 2t —s Ve

(14a2
which is 04(1)¢ (1\2 " as long as € € (0,1/2). On the other hand,
_ fat fas)2
Ka 2(t—s) 202
1(A,t) / ds/ —2a%5\/2sda
V27 (t —5)
K s(2t—s o
:/ e_t+ 2207; ts ds/ ae_‘(ffs )(a’_Qtte)ZLda
A m(t —s)
K T 9 _s _s s
:/ —tts _2202 tS /2t ds/ a (2ts ) 52 df .
. —S
A 5 7Ts(2tfs)

Choose K > 1 such that (K —1)|a| > 1 and Ka — 5% < —1. Then by (2.7),

2t—s t@ds

iy [ [
T t—s,/s(2t—s

. o 42 —(1+a®)t  ft
:/ t S —t— 2215 ts e —8— Eds < 67 e—Sds’
2t — 3 - \/{f A
—(1+a?)t
as 3 < 57— < 1 and v/t — s < V/t. Therefore, 34(A,t) = 04(1)% N

A.4 Proof of Lemma 5.1

Using again a domination argument, it is enough to prove Lemma 5.1 for ¢ = 0. We

decompose it into the two following lemmas, that we prove one by one.

Lemma A.7.

1+t
1415{1)0 tliglo 37/4(]2(_\/57757 tv [A\/%v t]) :07
(1+’Y

lim lim ————Us(— V29t t, [0,Vt/A]) =

A—oo0t—00 3 /4
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Lemma A.8. For any A > 0 fized,

(172t

' ' 6(1—4-72)15
and Klgnoo tli)rglo WUg(—\/ﬁfyt,t, [\/E/A,A\/ﬂ, [K,00)) =0. (A.32)

Proof of Lemma A.7. Proof of (A.29): Observe that
UQ(_\/QVL t, [A\/i t])

= Us(—V291,t, [AVLE 1], [-K

=:Ua.33)a T Uia33)p-

(A.33)
As u(ms + z,s) < 1, one sees that
2
’ | | (t s)— w
(A.33)a _/ 3/ Z (t —s)
2

t 00 _2(tz—s)
—(t— e
= e (t S)dS/ -
AVt -

Ktmetvayt /2m(t — 5)
which by (2.7) is bounded by

/t (t—s) Vi—s _ (K4ms+v2yt)?
e

e 2(t—s)
AVE —K +ms+ V27t
e~ (1Y)t ft

ds

25 s+t
<epo— e +(\[K+ log s) 5= < ds.
=Vt awe
For t large enough, one has
2
3 s+t P if s € [V/tlogt, ];
V2K + 1o s> < s
(VaR G108 T <AL gy avitesn

N if s € [AVt,Vtlogt],
which implies that

t 2 Vtlogt 2 2
—(14++2)t _sZ _2s% — (1479t
Ula33)0 <€~ e T ds + e2V2K 2= ds | = o [ 1)
Vi Vtlogt

AVE Vi

On the other hand, for s sufficiently large and z < —K, by similar reasonings as in
Lemma A.4, we have for § € (0,1/2], n=1—-26, ¢ <

n
T+2+(1=3)°

—(t—s)— (—\/i’Yt—ms-‘-K)Q
U 2 /Et me 2(t—s) d
(A.33)b = Cs S
AVE =25+ 2yt — s)
42 / b (=) (122 (1402 —v2y (L) (ma—VEr) 4
et

=: U(A.gg)bl + U(A.33)b2’
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that we bound separately.
Note that

Uasspz = /l(ut)i’w(lﬂ/?)tet[(lU)(l72(1+n)2)+27(1+n)(u+7)]du
< tz (1) +1 —tminge e 1) [(1—w) (1= (147)?) +2v(1+n) (ut)]
One can check that
Join [(1—u)(1 =7 (L+m)%) + 271+ m)(u+7)]
= (1 +7%) +el+9n —n*y*(1 -e).

Take € € ( Jasn=1-26 € (0,1). Then,

m?:
T+~2 2 T+2+(1=9)

Ulazapz <72 F Lo trirery?) op(1)t31/ 4=t 04+
It remains to bound U, 33)51- Recalling (3.7), we observe that

0(7) et

A33)61 < be e
Vit Javi

<C(7 C(Ss)K\[/ o t9- W(u—&- IOg(Ut)Y+Zdu

—(t—s)—M

U( 2(t—s) dS

where we use the fact that for s € [AV/%, et],

(=v/27vt — ms + K)? 2(yt + 5)? + (% log s + K)% — 2V/2(yt + s)(% log s + K)

2(t —s) 2(t - s)
< (vt + s)? _ 3(ytts)logs V27K
T t—s 2(t —s) (1—¢)
(A.34)
Since g_(u) =1+ ~% + 2u? + o(u?), as u | 0, then
\/%ﬁj t eftg_m,(u)Jr%log(ut)%du < \/%/: t (ut)3(8+’y)/26—u2t—(1+y2)tdu,
Vi Vi
which is 0y(1)t37/4e~ (7)1 For u € [% ITg] log(ut) %Y = ylog(ut)+o0y(1). Therefore,
logt logt
\/Z/A‘/f o~ 10—~ (w)+3 log(ut) 1 3 < G/A\/E (ut)37/267t(1+72)7u2tdu
Vi Vi
5 logt 5 5
< o3/ (147 )t/ Z2672 Ay — 0,4(1)31/ 46~ O+
A
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We have completed the proof of (A.29).
Proof of (A.30): We have
UQ(_ﬂ7t7 t7 [07 ﬁ/A])

= UQ(_\/i’Yt, ta [07 \/i/A]v [_K7 OO)) + UZ(_ﬁ7t7 ta [07 \/i/A]v [—OO, _K])
=:Ua 3500 + Uass)p (A.35)

As u(ms + a,s) <1, applying (2.7) gives that for ¢ large enough,
A fr— - )2
Uass)a < /\/i/ i o~ (0=9)= TR

“Jo K4 ms+ V29t

Vit/A s2 ds
< ereVEK o= (1472 / $1/2,-5 48

0 Vi

ds

1/A

_ 2 _9,,2

076\/§Kt37/4e (14~ )t/ w3/ 20 2u du,
0

which is 04(1)¢37/4e~(1+7")¢, Similarly as Ua 33)p15

1

an W u

Un s 305(162)605’5 K\[t/A\/% eftg_py(u)Jr%log(ut)ltz du
’ 0

1
Sc(g,ls),l(tgw/%f(lﬂ%t /OAﬁ(U\/i)37/Ze’“2t\/fdu

1/A
:cst37/4e_(1+72)t// w32 dy = OA(l)t37/4e_(1+72)t,
0

concluding (A.30). O

Proof of Lemma A.8. Proof of (A.31): Take § € (0,1/3) and n = 1 — 2. By similar
reasoning as above, we have

(z+ms 7\/§ct)2

AV -K ef(t*S)*W
/ ds/ dz u?(ms + 2, 8)
% —00 27T(t — S)

(—V2yt—ms+K)?
AVE ST e (t—s)— — —V2y(1+n) K
<c§/ ViV se -

ds
i —25 4+ v2y(t — s)
, AVE (stvt)?
gCé}%At‘”/‘Le*Kﬁ”(l’?"s) . \/ie—(t—s)—mds
A
§C§27)’A€—K\/§7(1—25)t3y/4e—(1+72)t,

where for the second inequality, we used the fact that for s € [%, AV,

(—V2t—ms+ K)* _ (vt+5)®  3(yt+s)logs  V2(vt+s)7K

2(t — s) - t—s 2(t — s) (t—s)

t+s)? 3
> wt—? — Zvlogt— V272K + 04(1).
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and

the last inequality follows from the fact that (t —s) + [Calo (14+~2)t + ()i

t—s t—s

Proof of (A.32): For z > K, using the fact u(ms + z,s) < 1, we obtain that

—(t—s)— (Z+ms+\/§’Yt)2

AVt [e's) e 2(t—s)
Us(—V2t,, [VE/ A, AVAL [, 00) < [ ds [~ az
v K 27 (t — s)
22

— A\/%e_(t_s)ds/oO dzie i

o Ktmotvyt  /21(t —s)’
which by (2.7) is less than
A e - Uckmerdme? gs < Gra AvE ()= B et |

Vi
A

K+mgs+v/2vt

Similarly as above, we end up with

Us(—V27t,t, [VE/A, AVA], [K, 00)) < Oy aeKV2137/4e =048,

This suffices to conclude (A.32). O
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