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ABsTrACT. This work is devoted to constructive stability results in a class of
Gagliardo-Nirenberg-Sobolev inequalities. Beyond optimal constants and op-
timal functions, it is a classical question in the study of functional inequalities,
how to measure the distance to the set of optimal functions in terms of the
deficit functional, that is, the difference of the two terms in the inequality with
the optimal constant.

A famous example is provided by Sobolev’s inequalities. In 1991, G. Bian-
chi and H. Egnell proved that the difference of the two terms in Sobolev’s in-
equalities is bounded from below by a distance to the manifold of the Aubin-
Talenti functions. They argued by contradiction and gave a very elegant al-
though not constructive proof. Since then, estimating the stability constant
and giving a constructive proof has been a challenge.

Entropy methods and nonlinear flows for various functional inequalities
are popular in the context of mass transportation and abstract gradient flows.
They also relate optimal constants in functional inequalities with rates of decay
and convergence of the solutions of the flow to self-similar Barenblatt solutions.
Here we focus on Gagliardo-Nirenberg-Sobolev inequalities on the Euclidean
space associated with the fast diffusion flow, which have Sobolev, Onofri and
logarithmic Sobolev inequalities as limit cases.

Proving stability amounts to establishing, under constraints compatible
with the nonlinear flow, a new version of the entropy — entropy production
inequality with an improved constant. This is a refined version of the nonlinear
carré du champ method based on some ideas of D. Bakry and M. Emery with a
few additional ingredients. During an initial time layer, we obtain a nonlinear
improvement of the convergence rate to the Barenblatt solutions based on
a backward in time estimate. A constructive Harnack inequality based on
J. Moser’s methods allows us to prove a fully quantitative global Harnack
Principle for the nonlinear flow and quantify the threshold time after which
the solution of the evolution problem enters a neighborhood of the optimal
functions in a relative uniform norm. From there on, we have an asymptotic
time layer improvement of the rates as a consequence of an improved Hardy-
Poincaré inequality based on a spectal analysis. Properly rewritten so that
Barenblatt solutions are transformed into Aubin-Talenti type functions, the
improved entropy — entropy production inequality which measures the rate of
convergence becomes a stability estimate where the distance to the manifold
of optimal functions is measured either by a relative entropy or by a nonlinear
relative Fisher information.

The whole method relies on entropies, which suppose a finite second mo-
ment, and on a global Harnack Principle, which holds if and only if the tails of
the solutions have a certain decay. These limitations are the price we have to
pay in order to get a constructive stability estimate with an explicit constant.
All functions with finite entropy and sufficient decay, including of course all
smooth compactly supported functions, are covered by our assumptions. This
is the first result in such a large function space in which explicit stability results
with a strong notion of distance and constructive constants are obtained.
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Introduction

The purpose of this work is to establish a quantitative and constructive sta-
bility result for a class of Gagliardo-Nirenberg-Sobolev inequalities. We develop a
new strategy, in which the flow of the fast diffusion equation is used as a tool: a
stability result in the inequality is equivalent to an improved rate of convergence to
equilibrium for the flow. In both cases, the tail behaviour of the functions plays a
key role. The regularity properties of the solutions to the parabolic flow allow us to
connect an improved entropy - entropy production inequality during the initial time
layer to spectral properties of a suitably linearized problem which is relevant for the
asymptotic time layer. The key issue is to determine a threshold time between the
two regimes as a consequence of a global Harnack Principle and a uniform relative
convergence towards self-similar solutions of the flow. Altogether, the stability in
the inequalities is measured by a deficit which controls in strong norms the distance
to the manifold of optimal functions.

The fast diffusion equation determines the family of inequalities, which in-
cludes Sobolev’s inequality as an endpoint, and dictates the functional setting and
the strategy, including for results based on variational methods. We extend the
Bianchi-Egnell stability result in the subcritical range, but even in the critical case
of Sobolev’s inequality, we provide a new stability result, with a strong norm that
differs from the usual ones and arises from the theory of gradient flows. The main
advantage compared to pure variational approaches is that we have a completely
constructive method, with elementary estimates of the constants. This comes to
the price of a slight restriction on the functional space (uniform integral condition
on the tail behaviour of the functions) which is intrinsic to the global Harnack
Principle. The critical case of Sobolev’s inequality is handled as a limit case, which
requires an additional control of the convergence needed to control dilations.

Apart from stability results which are entirely new, some of the other results
have already appeared, but we give new or simplified proofs for most of our state-
ments. Except for the Polya—Szegé principle, we rely only on elementary tools and
present a large and consistent picture of the Gagliardo-Nirenberg-Sobolev inequal-
ities in connection with entropy methods and fast diffusion equations.






CHAPTER 1

Gagliardo-Nirenberg-Sobolev inequalities by
variational methods

This chapter is devoted to the study of a family of Gagliardo-Nirenberg-Sobolev
inequalities which contains the classical Sobolev inequality as an endpoint. We give
a self-contained presentation of various results based on the identification of all
optimal functions. Our goal is to consistently collect and expose those results, for
which we claim no originality, but with some new proofs. We also include some
considerations on stability, which motivate the whole memoir. In this chapter,
we rely only on classical methods of the Calculus of Variations and tools of the
concentration-compactness method. Except for standard symmetrization and reg-
ularity results, we put an effort in using only elementary techniques and keep the
proofs as self-contained as possible. Sources and references to further results or
alternative methods are collected at the end of the chapter.

1.1. Gagliardo-Nirenberg-Sobolev inequalities

1.1.1. A one-parameter family of inequalities. In this memoir, we con-
sider the family of Gagliardo-Nirenberg-Sobolev inequalities given by

9 1-6
(1.1) IV Al 11,51 > Cans(@) £y, V.f € Hp(RT).
The invariance of (1.1) under dilations determines the exponent

d(p—1)
(d+2—p(d—2))p7

(1.2) 0=

and the space H,(R?) is defined as the completion of the space of infinitely differ-
entiable functions on R¢ with compact support, with respect to the norm

fro(=0) [l fllpr +O VI -

Norms are defined by |||, = (Jga lF19 dx)l/q for any ¢ > 1 and || f|| . denotes the
L>°(R?) norm. We shall say that the exponent p is admissible if
pe(l,4o0)ifd=1or2, pe(l,pifd>3 with p*:=_ L.

In the limit case where p = p*, d > 3 for which § = 1, we are left with the
Beppo-Levi space (see [DL54])

e (RY) = {f e L2 (RY) : |Vf] LQ(Rd)} .

3



4 1. GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITIES BY VARIATIONAL METHODS

1.1.2. Optimality. Let us consider the manifold of the Aubin-Talenti func-
tions

M= {gauy : A1,y) € (0,+00) x R x RY}
where gy .,y (1) = A5 N% g()\ (z — y)) with the convention u? = |97y if p < 0
and
(1.3) g(z) = (1+]z?) *7 VzeR”

Strictly speaking, Aubin-Talenti functions correspond only to the critical case p =
p*, but we shall use this denomination also in the subcritical case. The complete
statement on Gagliardo-Nirenberg-Sobolev inequalities (1.1) goes as follows.

THEOREM 1.1. Assume that d > 1 is an integer and let p be an admissible
exponent. Then equality case in (1.1) is achieved if and only if f € M. As a
consequence, the optimal constant is

-3 5
2 d
R

1.1.3. Related inequalities. Inequalities (1.1) have various interesting lim-
its. First of all, if d > 3, the case p = p* is simply Sobolev’s inequality

(1.4) IVFlly = Sa I fllaye VF € Hp (R,

where

(A4 ) % (2 (1)) 57t
Cons(p) = — =g — T (%
(d+2—p (d—2)) 2P (@F2—p (d—2)

Sq =Cans(p*) = d(d-2) F(g) '
d=LGNS(P ) = VT T (d)
is the optimal constant in Sobolev’s inequality. The other classical expression

2 141
2= g9 2™ Loy s
4 F(M)E 4
2

can be easily recovered using the duplication formula I'($) T (432) = 21~ /7 ['(d).
If d = 2, another interesting limit endpoint is the Fuclidean Onofri inequality

—h 1 2 _
eh=h —_dz__ < cTon Je2 IVAE do Ghere R = h(x)
e & TP

de
e T (@I

that can be recovered by taking the limit in (1.1) as p — 400 of
fol@) = g(@) (14 25 (h(@) = ) .

The last remarkable endpoint is the limit as p — 1. We obtain the FEuclidean
logarithmic Sobolev inequality in scale invariant form

d 2
$iog (2 / VAP da) > / P log| 7 da
2 7rde Rd R4

for any function f € H'(RY, dz) such that [, |f|* dz = 1, which is probably better
known in the non-scale invariant form, or Fuclidean logarithmic Sobolev inequality,

2 1 2 d 2 2
> —
for any function [ € Hl(Rd, dx) \ {O}

Fili
712



1.2. AN ELEMENTARY PROOF OF THE INEQUALITIES 5

1.2. An elementary proof of the inequalities

1.2.1. Sobolev’s inequality in a nutshell. Many proofs of Sobolev’s in-
equality (1.4) can be found in the literature. Here is a sketch of a proof which
is of particular interest for the general strategy of this memoir. Some details on
regularity and the justification of the boundary conditions are omitted, which can
be recovered by considering smooth and compactly supported functions and then
by arguing by density.

1.2.1.1. Schwarz symmetrization. The Schwarz symmetrization of a nonnega-
tive measurable function f on RY such that [{f > u}| < oo for all > 0 is defined
as

fa) = / T Loy (@) du

The function f* is nonincreasing, radial and it has the property that

L= [ 177 as

for all ¢ > 0. The Poélya—Szeg6 principle asserts that, for any nonnegative measur-
able function f on R? such that |{f > p}| < oo for all p > 0, if [o. [V f|* dz < oo,

then
/ s de/ |VF? dz.
Rd R4

Using [pu [Vf? dz =[5 ‘V\fHQ dz, it is then clear that the proof of (1.4) can
be reduced to nonnegative radial nonincreasing functions on R%. By density, it is
enough to prove that

0o 2 oo . 4
[ rmpetar = stis ([T i e ar)
0 0
for nonincreasing functions f € C*(0, +o0).
1.2.1.2. Equivalent formulations. With the Emden-Fowler transformation
f(r) = P2 g(logr),

the problem is reduced to

15 /‘g |2d5—|—(d 2)2 /|g |2dS>SQ‘Sd 1| (/|g |d2d2 d3> l

for a C! function g of s € (—00, +00) which vanishes at infinity. By homogeneity,
there is no restriction in assuming that [, |g(s)|* ds = 1. With the change of
variables and unknown function

2(t) = / g(s)P ds and  h(=(t)) = |g(D)?

— 00

the new variable z is now defined on the interval [0, 1] with ~(0) =0 and h(1) =
and the inequality is reduced to

(1.6) /|h’ )P dz + (d—2)* > 483|471 </ |h(z) d2dz)



6 1. GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITIES BY VARIATIONAL METHODS

This last inequality, with a non optimal constant, follows from

0< hz) < / (1)) dt < /7 (/ W (2) 2 dz)é

</01 e dz) < ()7 (/o1 I (=) dz)é .

1.2.1.3. Existence and uniqueness of an optimal function. The existence of
an optimal function in (1.6) is a consequence of the compactness in the Arzela-
Ascoli theorem (see for instance [Rud91, p. 394]). Coming back to the equiva-
lent formulation (1.5), we also know that there is an optimal nonnegative function
g € C N HY(R), which solves the Euler-Lagrange equation

so that

_2)2 d+2

(L.7) — g+ g =g

where, using the homogeneity of (1.5) again, we assume now that

s2 |sd-1| 74 (/R|g(s)|f‘é ds) —1.

This problem is of course invariant under translation, but we know from the condi-
tion that the H!(R)-norm is finite that lims 1. g(s) = 0 and lim,_, 4 ¢'(s) = 0,
so that there is a maximum point for some sy € R. At such a point, we have
g(s0) = go > 0 and ¢'(sp) = 0. By multiplying (1.7) by ¢’(s) and integrating from
—o0 to s we find that

_92)2 _ 2d
—1g' ()2 + L2 |g(s)|? — 452 |g(s)|FF =C Vs eR.

for some constant C. After taking into account the limit as s — —oo, we learn that
C = 0. As a consequence, this determines g(sg) = go as the unique positive root,

i.e.,
d—2

g =(3d(d-2) *
In order to complete the proof, we notice that (1.7) has a unique solution with
maximum point at s = sg. On the other hand, it is easy to check that for a unique
choice of the positive parameters a and b, the function

g(s)=a cosh(bs)7ﬁ VseR

solves (1.7) with s = sg. This completes this elementary proof of Sobolev’s inequal-
ity (1.4) and the computation of the optimal constant. The only non-elementary
point of the proof is of course the Polya—Szegé principle.

The above scheme is interesting in the case of radial functions, but also applies
to functions on the half-line in presence of weights. After symmetrization, the
fact that d is an integer plays no role. As a consequence, for any real number
n € (2,400), we can write that the inequality (with optimal constant)

[z bne o ((U)) ([T 1o ear)

holds for any f € C*(RT). Moreover, equality is achieved if and only if f(r) =
(1+ 7“2)_("_2)/2, up to a multiplication by a constant and a dilation.
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1.2.2. Existence of an optimal function in the subcritical range.

1.2.2.1. Non-scale invariant Gagliardo-Nirenberg-Sobolev inequalities. Inequal-
ity (1.1) can also be written in non-scale invariant form as

d d—2
(18) (=17 9713 +4 T2 st K 13 20 1 € (R
where
d+2—p(d-—2
(1.9) vz—p( )

d—p(d—1)
According to [DT16c, Section 4.1], the best constant Kgng in (1.8) is related with
the optimal constant Cangs in (1.1) as follows.

LEMMA 1.2. Assume that d > 1 is an integer and let p be an admissible expo-
nent. Then (1.8) holds with optimal constant

(1.10) Kans = C(p, d) CER3
where v is given by (1.9) and C(p,d) is an explicit positive constant given by

2py
. 0 (, d—p(d—2) ¥
(111) Clpa) =l (= 1) (145422) )
d—p (d—2) d(p—1)

_ 2T pa-n d—2)\ =» @D
where c(p,d) = (g 7{1_5(;_2)) + (% ’;( )) )

Let us define the deficit functional

d—p(d—2)
p+1

PrOOF. Witha =2—-d+d/p and b =d(p —1)/(2p), the optimization with
respect to o > 0 of h(c) := 0¢ X + 0~ °Y shows that

(1.12)  8[fl:=(p— D2 |V +4 IFIEEY — Kans [1£1527 .

o _a_ b
h(c) > c(p, d)Xa%rb Y& where c(p,d):= (g)““’ + (%) atb

Y )1/(a+b)

with equality if and only if o = (Z—X , and we can check that

2b (+la _
a+b+ a+b =2p7,

where 7 is defined by (1.9). We apply this optimization to h(c) = §[f,], where f,
is given by the scaling

(1.13) folz) = o7 flox) VaeRe
We have || fo|o, = || f[l5, and, for the optimal choice of o, that is,

a X p+1 p+1 >

we have the inequality

bY | o+
a:<) where X =(p— 1) [|Vf[} and ¥ =4 S22 |7

2 d—p(d—2 1 2 d—p (d—2 +1
(=12 VI3 +4 5202 7ot (p— 1) VAol +4 2582 |0

I£155” - 1fo 2"

B 1A 1715
C“”‘”( 1T, ) ’




8 1. GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITIES BY VARIATIONAL METHODS

with 0 as in (1.2) and C(p,d) given by (1.11). Inequalities (1.1) and (1.8) written
with optimal constants are therefore equivalent and the proof of (1.10) is completed.
O

1.2.2.2. Restriction to nonnegative functions. Since §[f] = 8[| f|] for any func-
tion f € H,(R?), we shall from now on assume that all functions are nonnegative
unless it is explicitly specified. Stability results for sign-changing functions will be
discussed in Corollary 1.17.

1.2.2.3. A wvariational problem. The optimality in (1.8) can be reformulated as

Kens = inf {(p— 12 V75 + 4 =562 1207« € oY), (£3 =1} -

As a preliminary remark, let us observe that the minimization problem

Iy =inf {(p— 1) |[VII} + 4 292 | £I0E] 5 F e Hp(RY), I3 =M |

enters in the framework of the concentration-compactness method for any M > 0.
As a consequence, we have [} = Kgns and

Iy=Ii1 M VM >0
according to Lemma 1.2 and its proof.

LEMMA 1.3. Assume that d > 1 is an integer and let p be an admissible expo-
nent. With the above notations, we have

IM1+M2 <I]\41 +IM2 Y My, My >0.

PROOF. For an admissible p, it is elementary to check that ~ defined by (1.9)
is such that v € (0,1). Hence Lemma (1.3) follows with z = M, /(M; + M) from
the inequality z¥ 4+ (1 — z)Y > 1 for any z € (0,1), which is a consequence of the
concavity of z+— z7 + (1 — z)". O

1.2.2.4. Concentration-compactness and the subcritical inequalities. Lemma 1.3
shows what is the reason for compactness, but we do not need the full concentration-
compactness method in the subcritical range. Let us simply recall a special case
of [Lio84b, Lemma 1.1, p. 231] which is of direct interest for our purpose.

LEMMA 1.4. Assume thatd > 1 is an integer and let p be an admissible exponent
with p < p* if d > 3. If (fn)n is bounded in H,(R?) and if

lim sup sup / |fn|PT dz =0,
Bi(y)

n—+o00 ycRd

With this lemma, we are now in position to prove the existence of an optimal
function for (1.8) in the subcritical range.

THEOREM 1.5. Assume that d > 1 is an integer and let p be an admissible
exponent with p < p* if d > 3. Then there is an optimal function f € H,(R%)
for (1.1) and (1.8).
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PROOF. Let us consider a sequence (f,,)nen of functions in Hp(Rd) such that
[ fally, =1 for any n € N and

d—p(d-2)
p+1
For any n € N, we can find y,, € R? such that

sup / Fal?H da = / FalPH da
yeRe J B1(y) ly—yn|<1

and consider the translated functions f,(- — y,) which have the same properties
as f,. As a consequence, we can assume that y, = 0 for any n € N, without loss
of generality. Because of the boundedness in H,(R%), up to the extraction of a
subsequence, we know that there exists some function f € H,(R%) such that

fo—f in LPYYRY and Vf, =~ Vf in L2RY),

n—-+oo

i (-1 194,05 +4 I5lE2) = Kas.

and also f,, — f in Lptl(Rd) and a.e. By applying Lemma 1.4, we know that f is
nontrivial because || fy |5, = 1 for any n € N is incompatible with lim || f,[,, = 0.
n—oo

By the Brezis-Lieb Lemma (see [BL83, Theorem 1]), we know that
2 2 .

L= 1l = 12+ tim (1 — £
. 1 1 1

Tim (Il = IFI5EL = 1 = FIEE) =0
. 2 2 2

Tim (I all; = IV 15 = 1940 = V£I3) =

Using (1.8) applied to f and to f,, — f, we find that

Kans > Kans (27 + (1 —2)7)

with z = ||f|\§p € (0,1] and ~ defined by (1.9), so that z = 1. This proves that f is
an optimal functlon because, by semi-continuity, we already know that

d—p(d—2)

(0= 12 VA5 +4 =25

IFI557 < Kans -

O

1.2.3. Relative entropy, uncertainty principle and functional setting.

1.2.3.1. Definitions and functional settings. The free energy or relative entropy

functional of a nonnegative function f with respect to a nonnegative function g € I
is defined by

(1.14) Elflg] = %/Rd (71— gt = 52 g1 (120 — ) da

If we assume that, for some function g € 901,

(1.15) / f* dx :/ g% dz, / x f2P da:z/ zg* dzx
Rd RY Rd R4
and / |z|? f2P dx :/ |z|? %P dz,
R R
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then £[flg] is simplified and can be written as
2p +1 +1
(1.16) Elflg) == (fF —g"") dua.
1-— P Jrd
The relative Fisher information is defined by

_pt1

(117) Iifle) =225

((p—1)Vf+ P Vg7 de.
]Rd

When g = g, we obtain the inequality
d p—1 1
— p+1d<7/V2d —/ 27 d
Pl A Rdl et = Rdll‘I [ de

after expanding the square and integrating by parts the cross term. An optimization
under scaling proves that

2
(1.18) 4 P de §/ IV fI? dx/ |z £ da.
p+1 Jpa Rd Rd

This is, for p > 1, a nonlinear extension of the Heisenberg uncertainty principle
whose standard form corresponds to p = 1. Such an extension is known, including
in the presence of weights, see for instance [Xia07|. Because of (1.18), the space

Wp(RY) = {f € Hp(R) : (2} [fI” € L2(RT)}

where (z) := /1 + |z|?, is a natural space for stability properties in Gagliardo-
Nirenberg inequalities when the distance to the manifold of the Aubin-Talenti func-
tions is measured by the relative Fisher information.

1.2.3.2. Basic properties of relative entropies. Let us recall some known results
on relative entropies.

LEMMA 1.6. Assume that d > 1 and p > 1. For any nonnegative f € W,(R?)
and any g € M, we have E[f|g] > 0 with equality if and only if f = g.

PRrROOF. Let m = (p+1)/(2p) € (0,1) and consider the strictly convex function
o(s) = s™/(m —1). Since

(1.19) Elflgl = /Rd (@ (f7) = (9%) — &' (6%%) (£ —92”)) d,
the result easily follows. O

A standard improvement of Lemma 1.6 is obtained using a Taylor expansion.
By the Csiszdr-Kullback inequality, E[f|g] controls the L (R¢) distance between f2?
and ¢g?P. The precise statement goes as follows.

LEMMA 1.7. Let d > 1 and p > 1. Then the inequality

2p _ 2p||2? 8p 3p—1
| £ g”||1p+1</Rdgp dm)g[flg]

holds for any nonnegative functions f € W,(R?), g € W,(R?) N L*»~L(RY) such
that |9l = 112,
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PROOF. Let ¢ be as in the proof of Lemma 1.6 and notice that ¢(t) — p(s) —
@' (s)(t —s) > Zs™ 2 (s —t)? for any s and ¢ such that 0 < ¢ < s. Applied with
s =g¢?” and t = f?, we deduce that

2
=g = ([ =g an) < 2([ v an) et
f<g m \Jre

by the Cauchy-Schwarz inequality and the conclusion follows from m = (p+1)/(2p).
See Section 2.4.4 for more details in a special case. O

Since |t — 1]?P < ‘t2p - 1| for any ¢ € (0,1) U (1, 4+00), we can notice that
2 ,
1f =gl < 1172 = g ||, < /2 (Jea 9™ dz) EL10]

so that, if lim,,_, 1 o €[f.|g], then the sequence (f,,)nen converges to g in L2P(R?).
Let g be as in (1.3). For any nonnegative f € W,(R%) \ {0}, let us define

HngZ fRd aijP dx

1.20 - | _ Jraw e

(1.20)  ulf] el y[f] [ EXT:
and A[f] := d(p—1) Jga [P dz

d+2—p (d—2) fRd ’$ _ y[f]]2 f21’ iz .

The numerical coefficients in the definitions of p[f] and A[f] are such that u[g] =1

and Ag] = 1. We recall that gy, ,(z) = A% % g(A(z — y)) where g(z) is as
in (1.3) and define

(1.21) 8 = AUl ulf] wls) -
When there is no ambiguity, we also use the shorter notation x ¢ := y[f]. For any
nonnegative f € W, (R%), we have that

/ (1,2, |z — z4|?) f2° dx:/ (1,2, |z — xy]?) g?cp dz.
R4 Rd
The unique g € M such that f satisfies (1.15) is g = gy because

/Rd jz|? [ dz = /Rd (lo —2f* +2 (@ —2p) - 2p + |af]?) f2 da
Rd Rd'

2 2 2
:/ |x—xf|2gfp dx+|xf|2/ g7 dx:/ |x|2gfp dz
R4 R4 R

Optimizing the relative entropy of a given nonnegative function in f € W,(R?)
with respect to the set of the Aubin-Talenti functions is the main reason for intro-
ducing (1.20) and (1.21).

LEMMA 1.8. Assume thatd > 1 andp > 1. For any nonnegative and non-trivial
function f € Wy(R?), we have

Elflegsl = gigi)fn Elflgl.

In other words, among all functions g € 9, gy is the best matching Aubin-
Talenti function in the sense of relative entropy.
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PROOF. From the two identities

1 2 1
/ g™t dz = —7/ r-Vghttde == Pt |z|? g* dz,
Rd d Rd dpfl Rd

[etan= [ grgrar= [ (+lal)er ao= g+ [ lolg o
Rd Rd Rd Rd

we obtain that

d(p—1) 2
P+l qp = P

2(p+1
and [ g de = 2l
R

d+2—-p(d—2

For a given nonnegative f € Wp(Rd), let us consider the relative entropy with
respect to gx .y, that is, of

2p ptl | _gp—1
Elflonnal =7 [ F77 dot s A0 /R gt do

¥ p— ].

-Hiﬁl A i/ (L+ A2z —y?) (f* —g%) dz.
p— 1 R4

An optimization on (A, i,y) € (0,400) x (0,4+00) x R? shows that the minimum

of (A, p,y) — E[flga,u,y] is achieved if (X, u,y) = (A[f], nf], y[f]), which concludes
the proof using (1.21). O

As we shall see later, gy plays an important role in stability results. Since
the whole manifold 997 is generated by mutiplications by a constant, translations
and scalings, we can alternatively choose an arbitrary given function in 9, for
simplicity g, and restrict our study to the functions such that g; = g, without loss
of generality. Such a choice simply amounts to require that f satisfies (1.15).

1.2.4. Optimal functions and optimal constant.

1.2.4.1. Radial optimal functions. From the Schwarz symmetrization and The-
orem 1.5, we know that there is an optimal, nonnegative function f € W,(R%)
which is radial and non-increasing, and moreover solves the equation

(1.22) —2(p—1)2Af+4(d—p(d—2)) fF—C P =0

for some constant C' > 0 to be determined. Notice that f = g solves (1.22) if
C = 8p. Let us prove that this is indeed the case. A first step is to establish some
decay estimates.

LEMMA 1.9. Assume that f € W,(R?) is nonnegative and radial. Then for any
x € RY\ {0}, we have the estimate

L 1/2 7T
@) < (8% 2]) 77 <<p+1> 1961 ( [ 1ol £ ao) +d||f||§ii> .

PROOF. This estimate is inspired by the Lemma of W. Strauss in [Str77,
p. 155]. If we abusively write that f is a functions of » = |z|, then we can compute

L) = T ) P )+ e R



1.2. AN ELEMENTARY PROOF OF THE INEQUALITIES 13

If f has compact support, an integration on the interval (r,+o00) and a Cauchy-
Schwarz inequality for the first term of the right-hand side gives the desired in-
equality. A density argument completes the proof. O

1.2.4.2. A rigidity result. Let us define the function

|
p_Ptl

(1.23) .

s

With these notations, a lengthy but elementary computation which exactly follows
the steps of [DT16a, Sections 3.1 and 3.2] shows the following rigidity identity.
We shall come back on a flow interpretation of this computation in Chapter 2.

LEMMA 1.10. Assume that d > 1 is an integer and let p be an admissible
exponent with p < p* if d > 3. If f € W,(R?) is an optimal function for (1.8)
which solves (1.22) and if f is smooth and sufficiently decreasing, then we have

2

dvf|2d$
1.24) (d—p(d—2 i1 AP _ (12 Jra [VSI° d2
( ) ( p( ))/]Rdf (1) Jpa fPH1 dz
2
+2dp/ Pt DQP—EAPId dz=0.
Rd d

Here ||m||?> denotes the sum of the square of the elements of the matrix m
and D?P denotes the Hessian matrix of P. In view of the general strategy, it is
interesting to give an elliptic proof of Lemma 1.10, which makes the link with the
carré du champ method. From here on, we shall assume that f is smooth and
sufficiently decreasing so that we can perform all necessary integrations by parts
on R? without taking into account asymptotic boundary terms. Here sufficiently
decreasing means that the function has the same decay as g as well as its derivatives
up to order 2. We already know that these properties hold true for the radial and
non-increasing optimal function of Lemma 1.10, but the computations that we
present below requires no a priori symmetry.

PrOOF OF LEMMA 1.10. Let us consider a solution f of (1.22). If we test this
equation by f and by z - Vf, we find that

2(p— 1) |[VFI5+4(d—p(d—2) |£IEE —ClIfI52 =0,

d—p(d—2 dcC
T2 g - 55 1913 o,

(@=2)(p=1* VSl +4d—

where the second identity is the standard Pohozaev computation. As a consequence,
we have

2
1_p -1 2
1155 = =5 V71l

d+2-2—p(d—2)
d(p—1)

(1.25) C|IflIz = p IV£I5 -
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In particular, with this observation, (1.24) takes the form

2

1
(d—p(d—2))/ o ap 242 gp
R4 p— 1
1 2
+2dp/ fPILIID?P — ~ APId|| dz=0.
Rd d
After these preliminaries, let us rewrite (1.22) as
d—p(d—2) ¢ 2p—1
—Af+2 P - Pt =0.
/ (p—1)? 2177
By testing this equation with —f1=P Af and p f 7|V f|?, we obtain
P a2 T [ e ar— o 20 [ ese a
Rd

and
2
= prf|Vf|2dm+2p%/ |Vf|2dx
—_PY¥ r=ly Qd:lj,

so that, by subtraction
(1.26)

1-p 2 —p 2 . dip(d72) 2 —
[orraptanen [ rranvifa— 2SO | 9rpan-o.

To exploit this identity, we need two elementary formulae.
1) Let P be given by (1.23) and expand

2
[orap ot de =2 [ (Af—p'wl2> dx
Rd Rd f

+>\2/ frit dx72)\(p+1)2/ V£ dx.
R4 R4

With the choice
A= (prry e VIPAE ot
Jga fPY da p—1"

we obtain
! / fPHAP — N dx

(p+1)? Ja
:/ flf’(Af—p'vj‘rf'Z) —2d7i1/ VI de.
R

2) Using the elementary identity

%A IVP|> = || D?P — L APTd||” + } (AP)? + VP - VAP
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applied with P given by (1.23), we obtain after multiplication by fP*! and some
integrations by parts that

1 _ |Vf|2> 2

sor0 [ (arep M) vre a

_ 1 p+1 2p 1 2 1 1—p . Vf2>2
_(p+1)2/wf D% — 1 APId| dx+d/Rdf (Af Y

I IVfI2>< _ IVf|2>
/Rdf (Af+ A -p ) do

/ | D?P - L AP | de
Rd

so that

L
(p+1)?
1 —4) —
— (1= = / fior (Af)2 dz — M/ f_pAf|Vf|2 dz
d Rd 2 d Rd
d—p(d—2) / f_(p+1) |Vf|4 dx .
2d Rd
Collecting terms, we find that (1.26) is equivalent to (1.24) because
2

d—p(d—2 1
L/ frtl AP — 242 4
d(p+1)3 Jga p—1
2dp it | 2p 1 2
_ D“P - - APId|l d
+d(p+1)3/Rdf d v

d—p(d—2
:/ FIP(Af)? dx—i—p/ FPALIVSP da — 2L/ IVf? da.
Rd Re p—1 R
This concludes the proof of Lemma 1.10. ([

COROLLARY 1.11. Assume that d > 1 is an integer and let p be an admissible
exponent with p < p* if d > 3. If f € W,(R?) is a radial and non-increasing
optimal function for (1.8) which solves (1.22) such that ||f|ly, = [|glly,, then f =g
and the constant in (1.22) is C = 8p.

PROOF. Since p < p*, nonnegative solutions of (1.22) turn out to be bounded
and Hélder continuous, hence classical and even C*° by standard elliptic bootstrap.
By standard tail-analysis of radial solutions, it is possible to show that f(r) decays
like g(r) ~ r=2/(=1) as r — 400, and the same property holds for all derivatives.

We can therefore apply Lemma 1.10, and AP is constant, which means that
P(r) = ar?+b for some positive constants a and b. A simple algebraic computation
taking the constraint || f||,, = [/g[|y, and (1.22) into account shows that a =b =1
and C = 8p using (1.25). O

At this point, Inequality (1.8) is established with optimal constant Kgng de-
termined by the equality case when f = g. Using Lemma 1.2, this also establishes
Inequality (1.1) with optimal constant Cgns and the equality case if f = g. In
order to complete the proof of Theorem 1.1, it remains to characterize all optimal
functions and compute the value of Cgns.
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1.2.4.3. A first stability result. Let us consider the deficit functional ¢ as defined
in (1.12). We recall that £, J and (A, p) are defined respectively by (1.14), (1.17)
and (1.20).

LEMMA 1.12. Assume that d > 1 is an integer and let p be an admissible
exponent. Then the following properties hold:
(i) We have the inequality
S[f1>0 VfeW,(RY
with equality if and only if f € M and

(1.27) A ulflT=a = ) el

(ii) For any f € W,(R?) and g € M satisfying (1.27), if l9llap = [Ifll5, then
we have the identity

L6141 = Tl — 4€11g).
(i) Ifd <2, ord >3 and p < p*, and if f satisfies (1.15) with g = g, then
(1.2 MERGU)

for some positive constant c.

(1.28)

PROOF. The inequality d[f] > 0 is a simple consequence of Corollary (1.11)
and of the definitions (1.12), (1.14) and (1.17) of §[f], £[f|g] and J[f|g]. The proof
of (iii) is given in [DT16¢c, Theorem 7]. For completeness, let us give the main
idea. With the notations of the proof of Lemma 1.2, the result can be recovered as
a consequence of

o1f] = inf o] + (6m - ;gfoé[m) > 31/ - inf 51f) = e (€L/1g])?,

where f is as in (1.13) and using (1.16). As a consequence of Lemma 1.6, we read
that §[f] = 0 if and only if f = g, under the conditions of (iii).
Next, let us consider the equality case in (i). With the change of variables

1.4 z
fz) = p2e X2 f(X(z — zy))
and the specific choice
p=plf] and \=p[f]"TraT,
which amounts to (1.27), we find that
S[f1 = ulf1o[f]

with 7 as in (1.9). Since f satisfies (1.15) with ¢ = g, 8[f] = 0 means that f = g,
i.e., f = gx pu,y- This completes the proof of (i).

Concerning (ii), taking g = gx .y With [|lglly, = [ fll5, means u[f] = u[g] while
Condition (1.27) amounts to

1
2(p—1) i
Irpy(T) = (M[f]_dfp(d"‘) + |z — il/|2) U ovzeRe.

In the computation of J|[f|g] — 4&[f|g], it is then clear that the terms involving
|z — y|? cancel while the term with x — y disappears after an integration by parts.
This completes the proof. [
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Lemma 1.12 deserves some comments. In (i), changing (1.1) into (1.8) in
Lemma 1.2 determines a scale. The equality case puts this scale in evidence, as
shown by (1.27). The inequality §[f] > 0, i.e., Inequality (1.8), is a simple conse-
quence of Corollary 1.11 but the optimal functions are identified as a consequence
of (iil). For a given mass || f H;g, only y € R? is a free parameter, which reflects the
fact that (1.8) is translation invariant. Inequality (1.29) is a first stability estimate,
which is however weaker than the one we look for, as we aim at removing the square
in the right-hand side. Finally, in (iii), let us notice that we assume: g; = g, so
that A\[f] = 1, p[f] = 1, y[f] = 0 and J[f] as defined in (1.12) can be rewritten
using dlg] = 0 and [lgll, = || fll, as

d—p(d—
(130) o) = =17 (19715 - [Vell) +4 =2 (11721~ g

1.2.4.4. Uniqueness of the optimal functions up to the invariances. A straight-
forward but very important consequence of Lemma 1.6 is the following result, which
characterizes all optimal functions of (1.1) in the subcritical range.

COROLLARY 1.13. Assume that d > 1 is an integer and let p be an admissible
exponent with p < p* if d > 3. There is equality in (1.1) if and only if f = gy
and in particular there is a unique nonnegative optimal function f € Wp(Rd) such
that (1.15) holds with g = g.

In other words, we have identified all optimal functions as the Aubin-Talenti
functions of 901, which are obtained from g by the multiplications by a real constant,
the dilations and the translations, that is, the transformations associated with
the natural invariances of (1.1). Up to these transformations, Corollary 1.13 is a
uniqueness result of the minimizers. Also notice that the result of Lemma 1.12, (iii),
is a stability result, with the major drawback that &[f] controls (€[f|g])? while we
expect that it controls £[f|g] under the condition that g; = g.

1.2.4.5. Proof of Theorem 1.1. With g given by (1.3), we may notice that

1
IVel3 4d lel?fs  2(p+1)

- an =
lgl?  (@d+2-p(d-2)(p—1) lglZ ~ d+2-p(d-2)

using integrations by parts, so that after taking into account
2 77%

I'(d/2)

where B is the Beta function, so that

2 d
%F(ﬁ—§>

2p
HgH2p_7T F(Q—p)

541 =

+oo _ 2p d
and /0 (1 + r2) p=T pd=lqr = B (%7 LJF} — %)

p—1
Using the fact that g + 1% - ﬁ = g and collecting the above estimates, we obtain
0 q_1-0 g 1-0 2p _d)\“
Vel el (A et [T (2 4)
CGNS(p) = = d—p (d—2) T2 5 .
||gH2p (d+2—p (d—2)) 2P (dF2-p (d=2)) r (rj’l)
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1.2.4.6. An important remark. The symmetry of the optimal functions arises
from the uniqueness, up to multiplications by a real constant, dilations and trans-
lations and the fact that, by Lemma 1.12, (iii), optimal functions are minimizers of
the entropy &|f|gy].

1.3. Stability results by variational methods

Stability is a step beyond the identification of the optimal functions and the
optimal constant in an inequality. The goal is to introduce the deficit as the differ-
ence of the two terms of the inequality, in our case §[f], and bound it from below
by a distance to the set of optimal functions, in our case the manifold 9t of the
Aubin-Talenti functions.

Such a question has been answered in a celebrated paper of G. Bianchi and
H. Egnell in the critical case (Sobolev’s inequality) and more recently in the sub-
critical case by F. Seuffert using a clever reformulation of (1.1) which appeared in
the book of D. Bakry, I. Gentil and M. Ledoux. This is a very interesting strategy
and we will give a few steps of the proof here, although the complete proof is rather
difficult and technical.

In Section 1.3.2, we state and prove a new stability result by a direct variational
method. Like all results of this chapter, we obtain a quantitative result, in the sense
that we prove the existence of a positive constant and obtain a standard notion of
distance, but the method is not constructive because the value of the constant is
unknown. The purpose of the next chapters is to remedy this issue.

1.3.1. Stability results based on the Bianchi-Egnell result.

After briefly recalling the result of [BE91] in the critical case, we explain with
some details how to reformulate the subcritical inequality (1.1) as a critical case
using the strategy of [BGL14] and state the result of [Seul7]. This section is given
only for providing a complete picture of the stability results associated with (1.1)
and can be skipped at first reading.

1.3.1.1. The Bianchi-Egnell result in the critical case. If p = p*, d > 3, G. Bian-
chi and H. Egnell proved in [BE91] the existence of a positive constant C such that

(1.31) IVFII5 = S3 I £ll5- > C inf [Vf— Vg3

where S2 is the optimal constant in Sobolev’s inequality and the infimum is taken
over the (d + 2)-dimensional manifold of the Aubin-Talenti functions gy ,,. This
result was immediately recognized as a major breakthrough, with the irritating
drawback that the constant C is still unknown, because the existence of C is obtained
by concentration-compactness methods and a contradiction argument. So far no
constructive estimate has been published in the existing literature.

1.3.1.2. Equivalence with a critical Sobolev’s inequality in higher dimension.
The subcritical Gagliardo-Nirenberg-Sobolev inequalities (1.1) can be reinterpreted
as critical inequalities.

Let us start by collecting some useful identities. The reader interested in further
details is invited to refer to [AS64]. Let us consider the Euler Beta function

I'(a)T(b)

B(a,b) ::/0 (1)l dt = Tath)
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and the function (v, 8) — I(v, ) is defined by

00 2v—1
I(v, B) ::/0 &T)de:%B(ﬂ—y,u)

for any v < 3. If we write that (1 + 22)_[3 = (1 + z (1 )_(B+1), we find that

)
(v, 8) =1(v, B+ 1) +1(v + 1,5 +

1).
. . o\ —(B+1) 1 d B .
On the other hand, if we write z (1 + z ) = —554s (1 + z ) , using one

integration by parts we find that

I+ 1,6+1) = 5101 5).
This also shows that 5

I(”aﬂ'i_ 1) = %I(V7ﬁ)

From these two identities, we get that

I5) v

(1.32) I(v+1,8) = ml(u—&—l,[ﬂ—l) = mI(y,ﬁ).

The following results are inspired from [BGL14, Section 6.10]. The goal is
to relate the Gagliardo-Nirenberg-Sobolev inequalities (1.8) with exponent p to a
Sobolev type inequality in a non-integer higher dimension N, by taking advantage
of the fact that the exponent (N —2)/2 of the Aubin-Talenti functions is increasing
with N so that there is a chance that

1
g(z) = (14 |z*) 7,

which is optimal for (1.8) in the subcritical range corresponding to an exponent
p < p*, could be seen as an optimal function for a critical Sobolev inequality in
a higher dimension, i.e., as one of the Aubin-Talenti functions in the usual sense.
Since p is a real number, we cannot expect that this dimension is an integer, except
for an at most countable number of values of p. However, the notion of dimension
appears only for scaling properties, so that it is possible to introduce weights in
order to account for non-integer values.

On R :=R? x Rt 3 (2, 2), we consider the measure dy := 22¥~! dz dz for
some v > 0 and functions w which take the form

w(z, z) = (h(z) + 22)176 V(z,z) € RY x RT

for some nonnegative function h defined on R? and some 3 > 1. Let us introduce
the notations

1/q
—(vug) and o= ([ e e a:)
’ Rd+1

with N :=d+ 2v. When N > d is an integer, the function w can be considered
as a function of (z,y) € R? x RN~ which is radially symmetric in y and such that
z = |y|, which corresponds to functions with cylindrical symmetry, but we shall
also consider the case N € R\ N of non-integer dimensions. A simple change of
variables shows that

dr
|w||qN—// w2 dr dz =1(v,(B—1)¢q // pr=(B-1a,d " " dw
§d—1
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where we use spherical coordinates (r,w) € Rt x §4~1 with r = |z| and w = z/r
for any r > 0. Since

Dw|? = [Vw|? + | 22| = (1 — 8) (IVA[* + 42%) (h(z) + 22) 7,

we also obtain that

IDwl|3 y = // |Vw|2 + | 22| ) 2v=1dz dz
: Riﬂ

:(175)21(%25)// wn 2o g,
0 Jsd-1 r
+4(175)21(u+1,25)// pr-28+1,a 47 g
0 §d—1 r

According to (1.32) the identity I(v + 1,28) =
can write

> _ dr
\|Dw||§’N =(1-58)%1(r,20) (/ / |Vh|? hv =28 rd — dw
Sd 1

// WY 2 8+1 dd dw
Qﬁ—l/—l §d—1 .

We identify the various terms of the change of variables by imposing that

Tl’u—l I(v,28) holds, so that we

f= h%*ﬁ+1’ fp+1 _ hL/72B+1 and f2p _ huf(ﬁ—l)q '
This provides two equations,
(P-l—l)(g—ﬂ-i-l):V—Qﬂ—i—l and 2p<%—5+1>zy_(/5_1)q

which can be combined with

N=d+2v and q:%

to provide the relations

N=d+2v, y:d_ﬁ(dl_Z), q:]\fii\[2 and B:g
A-E1a consequence we ha\;e1 the identities (8 — 11) g=N=28, (v— 216 +1) =
P (B — =l v _ 1, (B_ —_ 1
lfgve(lfet (B—=1)q)=—"F= and (5 —=B+1)= 55 = (B—1)q) = — ;. Hence,

P -
then
leolly v =10, N 11115

and

4
IDwll = (552)7 10 3) (0= 02 19113 + 5o 1115

Upon noting that
4v 74d—p(d—2)
28—v—1 p+1
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we obtain that (1.8) can be rewritten as

2
IDwl3 lwlig.n 2N
——————— > Kans(p,d) \ with ¢ = ——
(N2—2)2 I(v, N) I(v,N) N -2
for all w as in (1.3.1.2), because % = % = « with v as in (1.9). Here

we recognize a Sobolev inequality on the space of dimension IV, which suggests to
consider the radial Aubin-Talenti function

N—2

we(z,z) = (14 |z> +2%) 2

With p = 4%, let us define

d
V(z,z) € R,

N+42

22X I(v, N)~ "~
Sd,N = 2 .
(N —2)2Kans(p, d)
THEOREM 1.14. [BGL14| Assume that d > 1 is an integer, N > min{2, d} is
a real number. Then the inequality

2N 1_%
(1.33) (/ wN=2 d,u) < SunN / |Dwl|? dp
Rd+1 Rd+1

holds for any smooth compactly supported function w on R%, with optimal con-
stant Sq,n and equality is achieved, up to a multiplication by a constant, a transla-
tion in the s variable and a dilation, if and only if w = w,.

1.3.1.3. A stability result in the sub-critical case. A result of stability a la
Bianchi-Egnell for (1.33) can be found in [Seul6]. The stability of the manifold 9t
of optimal functions for (1.1), for any p > 1if d =1 or d = 2, or for any p € (1, p*)
if d > 3 then follows from the computations of Section 1.3.1.2. It has been proved
in [Seul7, Theorem 1.10] that there is a constant £ > 0 such that

IV 12 11,75 = Cans(p) [1fllz, > winf[|12 =g ||, ¥ f € Hy(RY),

where the infimum is taken on the submanifold of the functions g € 91 such that
[ £lla, = llgll5,- Estimates with other distances have been obtained in [Ngu19]. No
estimate of the constant x can be given in this approach.

Our next purpose is to give a direct proof of the stability in (1.1) without
relying on Theorem 1.14, still by variational methods and without estimating the
constant. We shall also use the relative entropy E[f|g] defined by (1.14) as a measure
of the distance to 9, in preparation for the next chapters which are devoted to
constructive estimates of the constant x.

1.3.2. A new abstract stability result. After taking into account Theo-
rem 1.1 and the preliminaries stability results of Lemma 1.12, we can state a result
in the subcritical case.

THEOREM 1.15. If d < 2, ord > 3 and p < p*, and if f € W,(R?) is a
nonnegative function which satisfies (1.15) with g = g, that is, if

/ (1,36, |x|2) 27 dx :/ (Lx, |ac|2) g dx,
Rd Rd

then
S[f1 = CE[flel
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for some positive constant C.

For the convenience of the reader, we split the proof of this result in several
cases and observations which are detailed below. The general strategy is based on
the concentration compactness method as in [BE91] and we argue by contradiction,
so that, in this chapter, we obtain no estimate on C.

1.3.2.1. A wvariational approach: minimizing sequences and possible limits. Let
us consider a minimizing sequence (f,)nen € W,(R?) for f — 6[f]/€[f|g], for which
we assume that gy, = g holds for any n € N. It follows from Lemma 1.12, (ii),
that (£[fn]g])nen is bounded and, up to the extraction of a subsequence, has a
nonnegative limit ¢ = lim,, o E[fn|g]-

If £ > 0, we have thanks to Lemma 1.12, that

6[fn)
n—+oo E[fng]

>cl>0.

The difficult case is £ = 0, which means that we have simultaneously
Jim Elflgl =0 and T 0[f,] =0,

so that we know that f,, converges as n — +oo to g in LPTH(RY) NL2?(R?, (x)? dx)
and also Vf,, — Vg in LZ(RY). Let us write

fn=g+nhy with n,:=[Vf,— Vg”2 + (/Rd | fr — g|2p <$>2 dx) .

Collecting what we already know, we obtain

lim 7, =0

n——+oo

while (hp)nen is bounded in W, (R%), so that there is a function h € W, (R?) such
that, up to the extraction of a subsequence,

hpy —h in LPTYRY), h, =~ h in L*(R? (z)? dz)
and Vh, = Vh in L*R%),

and also h, — h in Lfotl(Rd) and a.e. We also know from (1.15) that

/ \g+nnhn|2pdx=/ g|* dz, /xlg+nnhnl2”dw=/ x|g*” d
Rd Rd Rd Rd
and / 212 |g + 1 B2 dzt = / 121 g d.
Rd R4

Our goal is now to compute a lower bound for §[f,]/E[fn|g] by linearizing around g.

1.3.2.2. The linearized problem.

The analysis of the stability relies on a proper linearization of the problem.
For sake of completenesss, let us collect here the results (without proofs) that are
needed and for which we claim no originality. The following results are taken mostly
from [DT11], with minor adaptations.

On RY, let us consider the measure dpu, := pi, do, where p,(z) := (1 + |2]?)?,
and the operator L, 4 on L?(R¢, dp,_1) such that

Loagu=—p1-qdiv [, Vu] .
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The fundamental property of L, 4 is fRd u(Logu)dpe—1 = fRd |Vu|? dug. The
measure dji, is a bounded positive measure if a € (—o0, —d/2) and [;, 2] dpq is
also finite if a < —(d + 2)/2.

PrROPOSITION 1.16 ([DT11]). The essential spectrum of Lgq 1S [Aess, +00)
where

Aess = (a+ 1 (d—2))% .
The operator L, q has discrete spectrum only for a < —(d —2)/2. For d > 2, it is
made of the eigenvalues

e =—2a (0+2k)—4k(k+0+4-1)
with ¢, k=0, 1, ...provided (¢, k) # (0,0) and {+2k—1 < —(d+2a)/2. Ifd=1,
the discrete spectrum is made of A\, = k(1 —2a — k) with k € NN [1,1/2 — a].
The eigenspaces corresponding to oo, A1,0 and Ao are generated respectively by
x> 1,z x withi=1,2,...d, and v~ |z|*> + d/(2a).

Let us consider the case a = 2p/(1 — p) for some admissible p. In that case,
the spectral gap inequality associated with L, 4 is the Hardy-Poincaré inequality

(1.34) / |Vul|? g% dx > A/ lu|? g*P~ ! dx,
R4 R

which holds for any function u such that [, ug*?~! dz = 0, with optimal constant
A=4p/(p—1), for any d > 1.
Under the constraint that

(1.35) / (1,2, |z*) u(z) g(z)*?" dz =0,
R4
we obtain the improved Hardy-Poincaré inequality
(1.36) / IVl g2 dz > A*/ w2 g1 da
Rd Rd

where the optimal constant A, > 4p/(p — 1) depends on the dimension:

() ifd=1and1<p<1+2 then A, = 8248,

(ii) ifeitherd:?,ord23and1<p§1+%,thenA*:1%,
(iid) ifd23and1+%§p§min{1+$,p*},then/\*:%—4(d+2},
C N . . _ 2
(iv) 1f3§d§5andl+di+2<p§p,thenA:(%—%) .

In dimension d = 1, we have A, = Az, while for d = 2, A, is determined by
min{Ag 2, A2,0, Aess }- See [DT11, p. 710] for details.

The Hardy-Poincaré inequality (1.34) can be rewritten for h = ugP as

/ Vh 2p  zh |h|?
Rd

p—11+|z]? ra 1+ |z|?
By expanding the square, we obtain the inequality

I=2mpi [
VhP dz + (2p 22— P72y d
/Rd‘ | x+( P )2 ) e T+ 22 &

2p—1 2
S ap 2P 2/ I _de
(p—1)2 Jra (1+|z[2)

2
+ dz > A dz .
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Under the condition [p, ML”Q dz = 0, the optimal constant in (1.34) is A = z%’

and it is straightforward to check that

d—pd-2) _ d-—2-p(d—4)
woz T o M

As a consequence, Inequality (1.34) means that the quadratic form
(1.37)

d—p(d—2 h|? 2p—1 h|?
Qb := [ |Vh|* dz+2 p( 5 )/ 1] 5 dz—4p P 2/ 1 3
Rd (p—1)2 Jpal+|z] (p—1)% Jra (1 + |2[2)

is nonnegative under the condition fRd ﬁ dx = 0. Furthermore, under Condi-
tion (1.35), that is,

(1.38) /]RdWP)h(x)dx:O,

14+ |z|?

the improved Hardy-Poincaré inequality amounts to

2
(1.39) QA > (A, — A) /R - f'le

Concerning the essential spectrum of £, 4, according to a characterization due
to A. Persson, we have

Vul?g?P dz
Aess = lim  inf fRd | | &
R 400 u fRd |ul2g3P—1 dz

where the infimum is taken on all functions u which are smooth with compact
support in R?\ Bg. Because 1+ |z|? can be replaced by |z|? in the expression of g
in the above Rayleigh quotient, after a dilation,

2
(1.40) A = i <d P 4p>

is the optimal constant in the weighted Hardy inequality
(1.41) / Vul? 2|75 de > A/ 2 f2| 752 da,
Rd Rd

The proof of such an inequality is easy, as it is enough to expand the square and
perform one integration by part in the trivial inequality

/ Vu + v/ Acss =
Rd ||

for a smooth compactly supported function with support in R¢\ {0}, and argue by
density. For optimality, it is enough to construct a smooth approximation of the
function @ — |z~ VAes,

As a consequence, we can also write that (1.39) holds for h = ug? with A, =
A+ % (Aess — A) if h is supported in Bf, for some R, large enough.

2
dr >0
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1.3.2.3. A heuristic point of view. Let f be a nonnegative function and consider
the relative entropy E[f|g] and the relative Fisher information J|[f|g] respectively
defined by (1.14) and (1.17). If we specialize to g = g, notice that g(z)!=? = 1+|z|?,
so that

+1
Elflgl = (nfnzii-—»ngnii}) — oo L, () (72— g) da

and we can also expand J[f|g] as
ngzaﬁ—n/‘wﬂan+4/g,vgﬁgdz
R4 Rd
p+ 1/ | |2 f2p ) 7.

Using one integration by parts and |z|? = (1 + |z ) — 1, we obtain

Iirlel = (0* = 1) (19713 = 1Vell3) — 44 (171551 — el )

+1 +1
AT el (7 ) de = a2 (1515 - el

As a consequence, we can measure the deficit as

2L 5(flg) = I (fle] — 4€[/le]
d—p(d-—
= (2= 1) (19713 - 1vel) +4 =22 (g - ez
— 425 (11 - el -

Let f, = g +nh for some smooth and sufficiently decaying function h. Using
the fact that g(z)P~* = (1+|z[?)~!, g(2)?*»~2 = (14|z|*) "2 and a Taylor expansion
as 1 — 04, we obtain

3[fnlel = 277/Rd (~(p—1)*Ag+2(d—p(d—2))g"—4pg** ') hdu
+(p—1)?QAn*+o(n?)
where Q is defined by (1.37). Hence é[f,|g] = (p — 1)? Q[h] n* + 0 (n?) because
~(p-1)?Ag+2(d—p(d—2))g" —4pg’? ! =0.

Similarly a simple Taylor expansion shows that

Elfalgl =p (+1) 7 / GV R de+o(n?) .
R4
As a consequence, under Condition (1.38), we have

[fn] (p - 1)2
AP ey

with A = =% and A, as in (1.36). A similar improvement is obtained if, instead of
Condition (1 38), we assume that h is supported in B .

(A —A)
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1.3.2.4. A Taylor expansion. In order to prove Theorem 1.15, we have to adapt
the formal Taylor expansion to the minimizing sequence (f,)nen. The constraint
that f, satisfies (1.15) with g, = g means that (1.35) can be expected only for the
linearized problem in the limit as n — 4o0.

Let us introduce the function ¥ : n — S[g + nhn\g}. By a standard Taylor
expansion, there exists some ¢, € [0,7,] such that

W) = W(O) + W (0) o + 5 V(G

From Lemma 1.6, we learn that ¥(0) = ¥/(0) = 0. With m =2p/(p+1) € (0,1)
and using the strictly convex function ¢(s) = s™/(m — 1) as in (1.19), we obtain

P 1 1 m—
1oL elle = 1fallZEE — el = m / €271 (2 — %) da

:—f(p —l)nn/ (p 1+G)hidx
2 R

where

— p—1
Gn= (1 + 2pp_ 11 Z”‘l) (' —g'") and gn =g+ (uha
Notice that g, takes values in the interval (min{f,,g}, max{f,,g}). Since f,
strongly converges in Wp(Rd) to g as n — +oo, we know that g, strongly con-
verges in W,(R?) to g. Since g(z)!™? = (z)?, the key point is to observe that
| fRd G, h? dx| can be estimated using Holder’s inequality first with exponents
(p+1)/(p—1) and (p+1)/2, and then with exponents 2p/(p—1), p and 2p/(p—1)
and the measure g(z)!~? dx = ()2 dx, to get the bounds

URd (- N dl" < (fRd lgh~! — gp_1|2%ri dx)ﬁ (fga RO dx)# )
| Joa g7 (9871 —&"7") B2 (2)? da
1 » p—1
< (oo 027 @2 do) 7 ([ 127 (@2 da)” (falon™! = 27 (@)% da) 7
el 1 <p<x 2 using the estimate |9£_1 —g" ! < |gn — g[P~" and the conver-

gence of g, to g in LPT1(RY, dz) N L2 (R4, (z)? dz) as n — +o0, we conclude that
lim,, s 4 oo U}Rd G, h? dx| =0.

o If p > 2, we have the estimate |g2~! — g~ < (p — 1) |9, — g| (gn + g)p_2 and
notice that
1
— —1
fRd <|gn — gl (gn + g)p 2) " da
p—2
1 p—1
< (Jlgn — g7 42) 7 (fa (gn + )" )"
2p
— p—1
Jua (92— gl (gn +8/"7) " (@) da
P—2

1

< (fual9n =87 @)% @) 77 (fua (90 +8)% (@) do)"

using Holder’s inequality twice with exponents p—1 and (p—1)/(p —2). Again we
conclude that lim,, o URd Gnh? d:c| =0.
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altogether, this proves that
1

(1.42) n—25[fn|g] =pp+1) /d g’ h dr +o(1) as n— +oo.
n R

By Holder’s inequality,

2
p+1 1T
/ gP A2 dz < / gt dx / R dz
B B¢, B

can be made small uniformly in n, for R > 0 large enough. Inside the ball B =
Br(0), by writing

2
p p+1
[ @ -] e < el ( [ —w dx)
BR BR

p+1
loc

&l
|
-

c c
R R

and using the fact that h,, — h strongly in LV (R9), eventually after extracting a

subsequence, we obtain
2

—_da.
1+

n—-+oo

. 1 _
(143l el =p+ 1) [ @ de—ppe) [
M R4 R

By applying (1.30) to f,, we also know that

p+1 2 2 2 d—p(d—2) +1 +1
o 0l = 0 = 1) (IV Al ~ 19815) +4 == (150575~ Nl 1)

p+ 1 2p 2p
- B (1A - el

Using again a Taylor expansion, we find some g,, trapped between g and f,, hence
strongly converging to g in W, such that

= dlf] = =17 Q] +2p (@ p(-2) ([ i [ @72 ao)

—4p(2p—1) (/ g2 2 h2 dx—/ g?P=2p2 dx) .
R4 R4

By arguing as above, we obtain
1
(1.44) pe} §[fa] = (0 —1)?Qlhy] +0(1) as n— +oo

and, because h,, — h strongly in L?fC(Rd), eventually after extracting a subse-

quence, and Vh,, — Vh weakly in L?(R%),
1 2
— 0[fa] =2 (p—1)"Q[A].

n

(1.45) lim

n—-+oo )
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1.3.2.5. The locally compact case.
Assume now that h # 0. We deduce from (1.43) and (1.45) that

oy Ol (p—1)*Q[h]
ntoo E[fule] T p(p+1) fpu e o

It remains to prove that h satisfies (1.35). We can first notice that
1
0= — / |$|2 (erLp _g2p) de = 2p/ |x‘2g2p—1 h,, da
n JRrd R

+p@p= D [ [P0 R do
R

for some (new) sequence of functions g,, which strongly converge in W, to g as
n — +o0o. Passing to the limit then leads to

/ lz]?g? 'h dz =0.
R4

We repeat exactly the same argument for 1 and z to get (1.35). Finally, the
improved Hardy-Poincaré inequality provides the contradiction that

L Ol L =12
n—too E(fnlg] ~ p(p+1)

1.3.2.6. The vanishing case. To complete the proof of Theorem 1.15, we have
to discard the only remaining case: h = 0. In that case, we know that

O:f:

(A, —A).

1
lim — &[fnlg] =0
Jm g Elnlel
and, as a consequence, lim,, o 6[f,]/n2 = 0 and lim,_, 4 [|Vhy,|, = 0. Taking
into account the fact that lim,, 1 [[hy[,, = 0 and, by definition of n,,

: 22
n Jo G0t de =1

vanishing (in the language of concentration-compactness) occurs, which means that

the same type of estimates as the one from the Hardy-Poincaré inequality holds,

except that A in (1.34) has to be replaced by the gap associated with the essential

spectrum, A given by (1.40). Making this idea rigorous requires some explana-
tions.

Let us introduce the IMS decomposition (IMS stands for for Ismagilov, Morgan,

Morgan-Simon and Sigal: see [Mor79, Sim83]) h2 = hi’R’l —I—h%’R’2 where R > 0,

hn,r,1 (resp. hn g.2) is supported in Bag (resp. BY,) and, for some constant C' > 0,

n
’|Vh|2 — |Vhnral? = [Vhnrol?| < C T2 L{r<|z|<2 R} -
‘We also have that

-1
lim h2 dz < (wq R) 7 |[ha||PT1 =0
n—-+400 R<|z|<2R n mip+l
where wy := |S?!|. Let us first fix some R > 0 such that (1.36) is valid for any
function supported in B, with constant A, = (Aess+A)/2. We can then decompose
the estimates (1.42) and (1.44) into a part on By that converges to 0 and a part for
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which we use the improved Hardy-Poincaré inequality on Bf%. As a consequence,
we again obtain a contradiction because

lim 0] > (p ~ 1)2
n——+oo 8[fn|g] - 2P(p+ 1)

1.3.3. Comparison with the Bianchi-Egnell result for the critical case.
In (1.31), the distance to the manifold of the Aubin-Talenti functions is measured
in the H}(RY) norm, while the result of Theorem 1.15 is a essentially a stability
result in a Lebesgue space, according to Lemma 1.7. However, it is possible to
reformulate the result also in the stronger sense of a Sobolev norm.

According to Lemma 1.2, the Gagliardo-Nirenberg-Sobolev inequalities (1.1)
in the subcritical range are equivalent to the inequality §[f] > 0. According to
Theorem 1.15, under the condition (1.15) with ¢ = g, then with K = i % C, the
inequality &[f] > C £[f|g] can be rewritten as

Jflgl —4(1+K)E[flg] >0,

0:,6:

(Aess —A) > 0.

which is equivalent to

T1flel — 4€Lf1g] > (

Hence we have

IUlel - 4€1718) + 1 2 I = 5 Ile.

1
1+ K 1+ K + K
p—1 K
of] > — —— .
1= g TUe
In the right-hand side of the inequality, we have a measure of the distance to the
Aubin-Talenti function g in a stronger sense than in the result of Theorem 1.15.

Theorem 1.15 is limited to nonnegative functions. In case of a sign-changing
function f € W,(R?), let us extend the definition (1.17) of the relative Fisher
information by

p+1

1.46 =

(1.46) JIflg] P

COROLLARY 1.17. Ifd <2, ord > 3 and p < p*, there is a positive constant k
such that, for any f € W,(R?) satisfying

/ (1,2, |af?) | f? do = / (1,2, ]a]) g dx,
]Rd Rd

[ =0V 9gr ) e

we have
8[f]1 > kTflg].
PRrOOF. It follows from the above considerations that x = g% H_LK for non-
negative functions. In the general case, it is straightforward to notice that
Jlflgl =TI f119],
which concludes the proof. ([

The stability estimates of Theorem 1.15 and Corollary 1.17 differ in nature
from (1.31) because the LP™!' norm plays a key role, which is not present in
the Bianchi-Egnell result, and also because we work in the slightly smaller space
W, (R?), in order to properly define J[f|g]. In [BE91], it is only required that the
functions are in L2?" (R?) with gradient in L?(R?). Here we use estimates based
on the relative entropy functional, which explains why our function space Wp(Rd)
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involves L2P(R%, (z)? dz) and why our estimates are done either for nonnegative
functions f or for |f].

1.4. Bibliographical comments

The characterization of optimal functions in functional inequalities is a standard
problem in nonlinear analysis and in the calculus of variations. Various proofs of
the optimality of the Aubin-Talenti functions defined by (1.3) are known: by direct
variational methods, symmetry and ODE techniques in [DPDO02]; using the carré
du champ method at formal level in [CT00, CV03] and then with a complete proof
in [CIMT01] (also see the simpler presentation of [Jiin16]); by mass transport
in [CENV04]; by a continuous dimension argument in [BGL14, CF13, Seul7|.
We will not review here the methods based on the carré du champ, except to quote
the large overview provided by the book [BGL14]. More details will be given in
the next chapters.

The issue of the stability of the optimal functions started with the study of soli-
tary waves obtained by minimization methods as in [CL82, GSS87, Wei83]. In
the case of Sobolev and Gagliardo-Nirenberg inequalities, some pioneering results
were obtained in bounded domains in [BL85, EPT89], but the breakthrough came
with the result [BE91] of G. Bianchi and H. Egnell. In recent years, the problem
of finding stability results for various sharp inequalities in analysis and geometry,
such as the isoperimetric inequality, the Brunn—Minkowski inequality, the Sobolev
inequality, the logarithmic Sobolev inequality, etc., has been intensively studied.
See for instance [FMP10, FMP13, FI13, FJ17]. The stability of the Sobolev’s
inequalities in the case of an L? norm of the gradient with ¢ # 2 was proven by
A. Cianchi, N. Fusco, F. Maggi and A. Pratelli in [CFMP09] and improved recently
by A. Figalli, R. Neumayer and Y. R.-L. Zhang in [FN18, Neu20, FZ20] by a
different method. Also see [FG20] for a related result for ¢ = 2. For the Gagliardo-
Nirenberg inequality (1.1), some stability results have been obtained by A. Figalli
and E. Carlen in [CF13], F. Seuffert in [Seul7] and V.H. Nguyen in [Ngu19], with
non-constructive constants. We can refer to [Figl3] for a general introduction to
stability issues and some consequences of the known results, and [CFL14, Rufl4|
for stability results for some Gagliardo-Nirenberg-Sobolev inequalities. All these
results are quantitative, in the sense that a precise notion of distance is controlled
by the deficit of the inequality, but the proportionality constant is achieved by com-
pactness, or through a contradiction argument, and no estimate on the constant
is given. In this sense, except in [FMP10] and [FMP13, Theorem 1.1, p. 83],
these methods are not constructive. This is due to the fact that a typical strategy
strategy is to reduce the problem to a critical Sobolev inequality and adapt the
method of [BE91]. In [FMP10, FMP13], the authors obtain constructive stabil-
ity estimates for 1-Sobolev inequalities but no consequences are known so far in our
setting. However, by duality (see [Lie83|) and flows, quantitative and construc-
tive results were obtained in [Doll1l, DJ14], although with a weaker norm than
in [BE91].

In the subcritical regime, the situation is slightly better than for the critical
case of Sobolev inequalities. Constructive results have been obtained in [BDGV10]
and can also be deduced from [BBD"09] in a very restricted neighborhood of the
manifold of the Aubin-Talenti functions (as it is measured in the uniform norm
associated with the relative error). The global result of [DT13] is explicit but
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clearly sub-optimal as the remainder term is of the order of the square of the
entropy while one would expect a linear dependence. This result has been rephrased
in [DT16¢| using scaling considerations, and we use it here to prove the uniqueness
up to the trivial invariances of the optimizers in (1.1). Progresses have been achieved
in subcritical interpolation inequalities on the sphere in [DEL17, DE20], with a
constant which is obtained through an explicit, standard minimization problem
(whose value is not known), except in the limit case of the logarithmic Sobolev
inequality or if additional symmetry assumptions are imposed.

Gagliardo-Nirenberg inequalities go back to [Gagb8, Nir59]. An interesting
account is given in [Nir20] of the first meeting of E. Gagliardo and L. Niren-
berg in a special issue in memoriam of E. Gagliardo, and how these inequalities
became known as the Gagliardo-Nirenberg inequalities. The special class of inequal-
ities (1.1) appears in [Gun91, DPDO02] and the link with fast diffusion equations
was made clear in [DPDO02].

Now, let us enter in the details of the results of this chapter. Although classical,
the concentration-compactness method has not been, as far as we know, applied to
the Gagliardo-Nirenberg-Sobolev inequalities (1.1), except in [Lio84b, page 280]
at a rather abstract level. Methods are however standard and we primarily refer
to [Lio84a, Lio84b, Lio85a, Lio85b]. For the analysis of the behaviour of min-
imizing sequences from the point of view of concentration-compactness, we shall
refer to [Gér98|. Also see [Str08, Chapter I, Section 4| for a concise introduction
to concentration-compactness. In [DPDO02], the existence of an optimal function
is obtained first on a centred ball of radius R, for which it is known that opti-
mal functions are radial by the moving plane method on the ball, see [GINN79],
as well as on the whole space according to [GNN81]. The solutions are unique
by [PS98, ST00]. Using barrier functions, the minimizer on the whole space is
obtained by taking the limit as R — +oo. Other proofs of the existence of op-
timal functions in (1.1) have been obtained by mass transport in [CENV04] or
by reducing the problem of Gagliardo-Nirenberg-Sobolev inequalities to a Sobolev
inequality in a higher dimension, see [BGL14, CF13, Seul7|. There is also a
proof by entropy methods which is given in [CIJM 01| but whose ideas go back
to [CT00, CV03]. Last but not least, in [Gun91], J. Gunson noticed the role of
Aubin-Talenti functions, however with only a sketch of a proof, and without making
the link to fast diffusion equations as, for instance, in [DPD02]. The concentration-
compactness method has also been used in the Caffarelli-Kohn-Nirenberg inequali-
ties, see [CKIN84|, which are similar to the Gagliardo-Nirenberg-Sobolev inequal-
ities, except that they involve weights: see for instance [CWO01, DE12|. Be-
cause of the Emden-Fowler transformation, the two families of inequalities are
closely related, as critical Caffarelli-Kohn-Nirenberg inequalities can be rewritten
as Gagliardo-Nirenberg-Sobolev interpolation inequalities without weights on cylin-
ders.

Gagliardo-Nirenberg inequalities go back to [Gagb8, Nir59]. An interesting
account is given in [Nir20] of the first meeting of E. Gagliardo and L. Niren-
berg in a special issue in memoriam of E. Gagliardo, and how these inequalities
became known as the Gagliardo-Nirenberg inequalities. The special class of inequal-
ities (1.1) appears in [Gun91, DPDO02] and the link with fast diffusion equations
was made clear in [DPDO02].



32 1. GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITIES BY VARIATIONAL METHODS

Concerning our presentation of Sobolev’s inequalities, here are a few additional
details. Symmetry obtained by spherically symmetric rearrangements is used in
this chaper. We refer to [Tal94, Kaw85, FV03, Kes06] of an overview of sym-
metrization methods. The Polya—Szegs principle goes back to [PS51]. A simpler
proof based on the Riesz lemma and monotonicity properties of the heat kernel,
due to E. Lieb in [Lie77], can be found in [LLO1]. Equality cases for the Dirich-
let integral in spherically symmetric rearrangement are known to be radial up to
translation (see for instance [BZ88, p. 154]) but this is by no way elementary. In
order to establish the uniqueness among radial functions, we use the Emden-Fowler
transformation. This transformation was known for a long time in astrophysics, at
least in dimension d = 3 for the critical exponent 2* = 6, as it is discussed at
length in [Cha57, Chapter IV, on Polytropic and isothermal gas spheres], with im-
portant contributions (for the equations of polytropic gases) going back at least to
H. Lane in 1870 in [Lan70]. After the Emden-Fowler transformation, the problem
becomes one-dimensional: see [DELL14| for detailed considerations concerning
Gagliardo-Nirenberg inequalities on the line. Details on a mass transport proof can
also be found there, which are of course connected with the result of [CENV04]
(also see [AGKO04]) and [Agu08]. Notice that the knowledge of the optimal func-
tions points in the direction of a duality approach using mass transport methods:
see [DELL14, Section 2| for an application to (1.5). The change of variable z(s)
in Section 1.2.1.1 is also reminiscent of mass transport. This change of variables
appears in [BL04, Sections 2 and 4]. As far as we know, it has not been used so
far to obtain a compactness result.

On optimality in Sobolev’s inequalities, we refer to the classical papers of
T. Aubin and G. Talenti [Aub76, Tal76] for the optimal Sobolev inequality, with
earlier contributions by G. Rosen in [Ros71], and G. Bliss in [Bli30]. E. Ro-
demich’s seminar [Rod66] is probably the first complete proof (see [GTO01, p. 158]
for a quote) although this reference is not widely known and difficult to find. The
Onofri inequality can be seen as a limit case of Sobolev’s inequalities in dimen-
sion d = 2. The inequality was established in [Ono82| with optimal constant, but
already appears in [Mos70]. See [DEJ15] for a collection of various methods of
proof, [CL92, Bec93| and [dPD12]| for extensions to dimensions d > 2. The
Euclidean logarithmic Sobolev seen as a limit case of (1.1) appears in [DPDO02],
long after the well known papers [Gro75, Fed69] in the Euclidean case, [Wei78,
Theorem 2] for the scale invariant form of the inequality, and also [Sta59, Inequal-
ity (2.3)]. The optimality case is characterized in [Car91, Inequality (26)] and we
refer to [BGRS14, FIL16, DT16c, CF20] for some recent stability results.

Dilations and homogenity play an essential role in this chapter. Property (i)
of Lemma 1.12 is a consequence of scalings and homogeneity, as in Lemma 1.2: for
details, see [DT13]. Property (ii) of Lemma 1.12 arises from a simple computation
which is detailed in [DPD02]. Concerning the stability result of Lemma 1.12, (iii),
an expression of C is given in [DT16¢, Theorem 6], based on the comparison of the
non-scale invariant inequality 0[f] > 0 with (1.1), using dilations. An earlier proof
based on the carré du champ method appeared in [DT13]. This stability result
is rather weak but has anyway important consequences, starting with uniqueness
issues.

In order to identify the optimal functions, we proceed here in two steps. First
we identify the radial optimal functions: the result of Lemma 1.10 is exactly the
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computation for Rényi entropies of [DT'16a] except that we do it only for a critical
point, with sufficient decay properties and regularity. It is actually a rigidity result,
in the sense that we do not use the optimality of the solution, but only that it is a
critical point. See [GS81, BVV91, BL96, DEL14, DEL18| for related results on
manifolds. The strategy of Lemma 1.10 is very similar to the strategy of [DEL16Db]
and not limited to radial functions. A major advantage of critical points is that, by
elliptic regularity, computations are much easier to justify than, for instance, along
the flow of a parabolic equation: see [DEL16a] for a discussion. The price to pay
is that the strategy for ordering the computations in the proof of Lemma 1.10 is
by no way obvious. On the contrary, the parabolic version of the method offers a
clearer strategy, to the price of computations which are more difficult to justify, as
we shall see in the next chapter.

The uniqueness result (up to trivial invariances) of Corollary 1.13 is a remark-
able result, which is a direct consequence of the stability result of Lemma 1.12, (iii)
and arises from the nonlinearity rather than from the geometry, as there is no cur-
vature involved in the case of the Euclidean space. This observation goes back
to [DT16¢], although a parabolic proof appeared earlier in [DT13]. There are a
number of alternative proofs which have appeared in the literature. Equality cases
for the Dirichlet integral in spherically symmetric rearrangement are known to be
radial up to translation (see for instance [BZ88, p. 154]) but this is by no way ele-
mentary. It is also possible to work directly on the Euler-Lagrange equation: up to
an analysis of the regularity and the decay properties of the solutions as |z| — 400,
the moving plane methods can be applied and the result of [GNIN®&81]| shows that
optimal functions are radial up to translation. This is the approach of [DPD02]
and again uniqueness is by no way elementary. Knowing that the solution is radial
is not enough to guarantee uniqueness and one has then to rely on delicate ODE
arguments that can be found in [PS98, ST00]. The uniqueness (up to trivial in-
variances) is also a consequence of the proof by mass transport in [CENV04] and
ultimately of the underlying gradient flow structure with respect to the Wasserstein
distance (see for instance [AGKO04]). The carré du champ method on which we will
rely in the next chapters is even stronger, as it proves that not only the minimizers
but also all critical points are in 0, a much stronger result which has to do with a
convexity property along the flow and the improved inequality of Lemma 1.12, (iii).
The computation of Lemma 1.10, is a close analogue of the results of M.-F. Bidaut-
Véron and L. Véron in [BVV91], adapted to the Euclidean case. The counterpart
of the carré du champ method in elliptic theory goes back to [GS81] and has been
exploited in [BVV91]: the link has been made clear for instance in [DEL14] in
the case of compact manifolds. The Euclidean case is more delicate than the case of
compact manifolds: see [DEL16a] for a discussion. The key point is then to obtain
regularity and decay estimates for non-radial solutions of (1.22) and their deriva-
tives, which involves for instance a Moser iteration scheme. To our knowledge, this
has not been done yet but presents no real difficulties. With these precautions,
Lemma 1.10 applies to all critical points, and not only to smooth and sufficiently
decreasing functions.

In Section 1.2.3.2, there is a number of observations on the relative entropy
which are borrowed from entropy methods, that is, from the topic of the next
chapter. Let us emphasize that the elliptic point of view of Chapter 1 can be
considered as a special case of the entropy methods in the parabolic case applied
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either to self-similar situations in original variables, or to stationary solutions in
self-similar variables. For instance, the idea of using best matching Aubin-Talenti
functions in Lemma 1.8 refers to the notion of best matching Barenblatt functions
which will be exploited in the next chapters and was introduced in [DT13, DT16a]
or [DT15, Section 4]. Similar remarks apply to the Csiszdr-Kullback inequality,
which is a classical tool of entropy methods and will be further discussed in 2.4.4.

Linearization and the spectral analysis of the corresponding operators are es-
sential in the stability analysis of (1.1), as we need to linearize around an Aubin-
Talenti function. Spectral gap properties in connection with Gagliardo-Nirenberg-
Sobolev inequalities (and fast diffusion flows) go back to [Sch01, DMO03, DMO05,
BBD"07]. Here are a few entry points in the literature of the weighted Hardy
inequality and the Hardy-Poincaré inequality. The proof of (1.41) is classical: see
for instance [BBD07]. Persson’s characterization of the bottom of the essential
spectrum, Ags, is well known in spectral theory and one of the classical paper on the
topic is [Per60]. For results concerning more specifically the measure dy,, the dis-
crete spectrum of the operator £, q and the computation of A and A, in (1.34)
and (1.36), we refer to [DT11, Corollaries 1 and 2| and to [DMO03, DMOS5,
BBD'07, BBDT09, BDGV10] for earlier partial results. The role of (1.41)
and the analysis of the essential spectrum, in connection with [Per60], is clarified
in [BDLS20, Appendix A.1]. In Section 1.3.2 (proof of Theorem 1.15), we perform
a Taylor expansion similar to the one of the slightly more complicated framework
of Caffarelli-Kohn-Nirenberg inequalities, in [BDMIN17a].

Theorem 1.14 is an inequality of Caffarelli-Kohn-Nirenberg type. The compu-
tation of Section 1.3.1.2 can be found in [BGL14, Section 6.10] and a sketch of a
proof of Theorem 1.14 is also provided there when the dimension N is an integer,
based on the curvature-dimension criterion. The case of a non-integer dimension is
more subtle because the property that “the carré du champ operator T [is| defined
on a suitable algebra A of functions in the L2(S?, du,)-domain” of the diffusion
operator is to some extent formal and cannot be assumed as in [BGL14, page 71]
(notations have been adapted). The Sobolev inequality (1.33) with a non-integer
dimension N can indeed be seen as a weighted inequality on a standard Euclidean
space, eventually with some cylindrical symmetry, but weights are a serious source
of trouble even for the simplest versions of the carré du champ method: see for
instance [DMIN17, DEL16b, DELM17], and [DEL16a] for the discussion of the
regularity which is needed in the proofs. In any case, V.H. Nguyen in [Ngul5| gave
an alternative proof of Theorem 1.14 based on an adaptation of the mass transport
method of [CENV 04|, which also covers various other cases. Recently F. Seuffert
extended the first result of [CF13] and generalized to Inequality (1.33) the result of
Bianchi-Egnell in [Seul6, Theorem 1.10], while [Ngu19] contains additional stabil-
ity results for (1.1), with various notions of distance to the manifold 9. All these
quantitative results are based on the equivalence with Sobolev’s inequality (1.33)
with a non-integer dimension.



CHAPTER 2

The fast diffusion equation and the entropy
methods

In this chapter, we explain how Gagliardo-Nirenberg-Sobolev inequalities (1.1)
can be used in the study of the fast diffusion equation, through various entropy
methods. By carré du champ computations, the flow can also be used to provide
a proof of (1.1). In preparation for the next chapters, we will also establish a
few additional estimates. Many integrations by parts are needed, that we shall
not justify in details, but we will indicate how they can be proved and where the
corresponding proofs can be found in the literature.

2.1. Gagliardo-Nirenberg-Sobolev inequalities and fast diffusion

Let us consider the diffusion equation
0
(2.1) 8—? =Au™, u(t=0,)=u

acting on nonnegative functions u defined on Rt x R?. The case m = 1 corresponds
to the heat equation and m > 1 is known as the porous medium case. Here we
shall focus on the fast diffusion case

m<1.

2.1.1. Mass, moment, entropy and Fisher information. The following
properties are well known:

(i) Mass conservation. If ug € Lt (R?) and m > m, := (d — 2)/d, then

— t,z) de =0.
” Rdu(,x) x=0

In other words, the mass M = fRd u(t,z) de = fRd ug dx does not depend
ont>0.

(ii) Growth of the second moment. If ug € LY (R?, (1 + |z[?) dz) and m > my
where m; := d/(d + 2), then

d

— |z|? u(t, z) do = 2d/ u™(t,x) dz.
dt R4 Rd

Also notice that, by Hoélder’s inequality,

/]Rd u™ dz = /]Rd (T+ )™ u™ - (14 [2}) " da

< (/R (1+ [2?) d:c)m (/R (14 [22) ™5 dx)lm

so that [p, u™(t,z) da is well defined as soon as ug € L (R?, (1 + [z[?) dz).

35
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(iii) Entropy estimate. If ug € L1 (R%, (1 + |z|?) dz) is such that uf* € L*(R?),
and if m > my := (d —1)/d, then
d m?

— "(t,z) dr =
de Rdu (’x) . 1—m Rd

(2.2) w|Vu™ ? da.

Let us define an entropy functional E and a Fisher information functional | respec-
tively by
2

m
Eu::/ u™ dz and Iu:zi/uVum_lgdm.
= [ = sy [ V|

If w solves (2.1) and with the notation E(¢) = E[u(¢, )], E' = %E[u(t, 3], then (2.2)
can be rewritten as
E=(1-m)l.

2.1.2. Entropy growth rate. In order to relate (2.1) with (1.1), it is conve-
nient to introduce
1 p+1

(2.3) =G =g

consider f such that u = f2P, and notice that v™ = fP*! and u|Vu™ 1|2 =
(p—1)?|Vf]?, so that
2 1 2
M=|lfllsp . Elul=IfI01 and 1fu]=(+1)* VS -

As a consequence, if u solves (2.1), we obtain from (2.2) that

p—1 p—1 2 2
E=C—1="—(p+1 / V] dz
T 2p( ) RJ |

p—1
> TS (p+1)* (Cansp))

using (1.1) with 6 given by (1.2). Hence

_2(1-06)
g

2
LA 17l

2
6

m—me

(2.4) E'>CyE'"” Tm
: —1 9 2 (d+2) m—d
with Cp := ”2—17 (p+1)° (Cans(p))? M aG=m" and M = ||ug]l;.
LEMMA 2.1. Assume that d > 1, m € [my,1) and consider a solution of (2.1)
with initial datum ug € LY (R?, (1 + |z|?) dz) such that uj® € L*(R?). Then

1—m
(2.5) / um(t,ac)dx2</ u?d;v—&-Wt) Cove>o.
Rd Rd ‘

The proof follows from an integration of (2.4) on [0,¢]. It turns out that the
estimate (2.5) is sharp. Let us consider the Barenblatt self-similar solution of (2.1)
of mass M defined by

2 )\ l-m Ay x
(2.6) B@»m;ﬂﬁi=(%)“}ﬂ5d5(ﬂﬁ)a fﬂﬂ)’
where M := [;, B dz,
2.1 Bx) = (1+]af?) ™ Vr R’

and where A\, and R are given respectively

(2.8) Ao i= ()t

2m
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and
(2.9) Rt):=(1+at)¥/*, a:=d(m-—m,.).
Notice that
1 d
(2.10) M=rx? F(“”12)
r()

and M = ||g||§§ because g defined as in (1.3) is such that B = g??

LEMMA 2.2. Assume that d > 1, m € [my,1) and take M > 0. Then u= B as
defined in (2.6) solves (2.1), with equality in (2.5).

ProoF. Equation (2.1) applied to B means that B solves
V- (B(VB" T +22)) =0 VzeR?,

which is easy to check. The function g such that g?? = B is optimal for the
Gagliardo-Nirenberg-Sobolev inequalities (1.1). Taking into account the expression
of R and (2.6), we obtain that B(-,-; M) is also optimal in (2.4) for any ¢ > 0, which
means that we have equality in (2.4) and, as a consequence, in (2.5). O

2.2. Rényi entropy powers

The results of Lemma 2.1 and Lemma 2.2 rely on the Gagliardo-Nirenberg-
Sobolev inequalities (1.1) and the corresponding optimality case. It turns out that
the evolution equation (2.1) can be used to establish the inequalities and identify
the equality cases. Let us sketch the main steps of the proof of such results, at
formal level. We assume here that the solution of (2.1) has all regularity and
decay properties needed to justify the integrations by parts. Some hints on how to
establish such properties will be given later.

2.2.1. Pressure variable and decay of the Fisher information.
Let us introduce the pressure variable

P .= mn
1—-m
The Fisher information can be rewritten as

I[u]:/ u|VP|? dz.
R4

If u is a solution of (2.1), that is, of

ou
E—&-V (uVP)=0

m—1

u

then P solves

oP

- -0
ot (
Using (2.1) and (2.11), we compute the time derivative of I(t) = l[u(t, )] as

(2.11) —m)PAP — |VP|?.

(2.12) /A )IVPI2 dz + 2/ u PV ((m ~1)PAP +|VPP) dx

As a preliminary step, we start by establishing a useful identity. This result and
its proof are taken from [DEL16a| and reproduced here with no changes, for sake
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of completeness. Similar computations can be found in earlier papers like [DT16a]
or [ST14, Appendix B].

LEMMA 2.3 (|[DEL16al). Let m € (0,1). Assume that u is a smooth, positive
and sufficiently decreasing function on R%, with smooth and sufficiently decreasing
derivatives. If we let P = - 4™~ ! then we have

1-m

(2.13) A(u™) |VP|? dz + 2/

uwVP - v((m —1)PAP + \VP|2> da
Rd Rd

_ _2/Rd um (|\D2P||2 —(1-m) (AP)2> da.

If we take into account (2.3) and consider u = f2P, the definition of the pressure
variable P is the same as in (1.23) and the result of Lemma 2.3 coincides with
Lemma 1.10. Let us give a more detailed proof.

PRrOOF. Let us start by computing
/ A(u™) VP da + 2/ wVP-V((1=m)PAP - [VPP) da
Rd' ]Rd
= / u™ A |VP]? dx + 2(1—m)/ uP VP - VAP dz
R4 R4

+2(1—m)/ u|VP|2Ade—2/ uVP - V|VP? dz
R4 R4

—/ u™ A |VP]? dz + 2(1—m)/ uP VP - VAP dz
R4 R4

+2(1 —m)/ u|VP[? AP dx
Rd

where the last line is given by the observation that u VP = — V(u™) and an inte-
gration by parts:

[ v vIvRR = [ V)V (VPR dr =~ [ W AIVRP .
Rd Rd R4

1) Using the elementary identity

1

5 A|VP|? = |D?P||? + VP - VAP,
we get that

/ u™ A |VP]? dx = 2/ u™ ||D?P||? dx+2/ u™ VP - VAP dz.
]Rd Rd Rd

2) Since u VP = — V(u™), an integration by parts gives

/ w|VP|? AP dz = — V(u™) - VP AP dx
R R4

:/ u™ (AP)? der/ u™ VP - VAP dx
R4 R4
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and with u P = 7 «™ we find that

2(1—m)/ uP VP - VAP dz + 2(1—m)/ u|VP> AP dx
R4 Rd

:2(1—m)/ um(AP)de—i—Q/ u™ VP - VAP dz.
R4 R

Collecting terms establishes (2.13). O

In Lemma 2.3, one can check that the Barenblatt self-similar solutions defined
by (2.6) are sufficiently decreasing functions on R? in the sense that B and its
derivatives decay as |x| — +oo sufficiently fast so that no asymptotic boundary
term appears in the integrations by parts of the proof of Lemma 2.3.

COROLLARY 2.4. Letd > 1 and assume that m € [my,1). If u solves (2.1) with
smooth initial datum ug € LY (RY) such that [y, |x|* ug dz < +oo and if, for any
t >0, u(t,-) is a smooth and sufficiently decreasing function on R, then

|’:_2/ u™ || D?P — L APId|® dz — Q(m—ml)/ u™ (AP)? dz V't >0.
Rd R4

PRrROOF. The result follows from (2.12), (2.13) and as a consequence of the
elementary identity

D2 = § (AP + ]| D% — AP |
(]

2.2.2. Rényi entropy powers and interpolation inequalities. With the
notations of Section 2.1, the Gagliardo-Nirenberg-Sobolev inequalities are equiva-

lent to
1—6

[ Q57 > (p+ 177 (Cons(p)”" M¥
While the right-hand side is independent of ¢ if u solves (2.1), it turns out that the

left-hand side is monotone with respect to ¢. In order to prove this, it is convenient
to rephrase this property using the pressure variable P.

LEMMA 2.5. Let d > 1 and assume that m € [mq,1). If u solves (2.1) with
smooth initial datum ug € LY (R?) such that [p.|z|* ug dz < +oo and if, for any

t >0, u(t,-) is a smooth and sufficiently decreasing function on R%, then for any
t > 0 we have

- 2'7%1% (|9 E%%’)

2 2

[
dzx .

u™ ’AP—F

1
= ™ ID?*P — = API
/Rd“ H g~pu E

dx+(m—m1)/

Rd

PRrROOF. The result follows from

1d 1-0 I 1-02F 1 1-62 12
o log (PEPF ) = -5 o o= = S (VS (1-m) =
ot i pri0E - T\ Tpria T ™E
with the observation that [y, u™ AP dz = [;, u|VP|? da and that ;;d 2(1-m) =
2 (m — my), and from Corollary 2.4. O
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PROPOSITION 2.6. Let d > 1 and assume that m € (mq,1). If u solves (2.1)
with smooth initial datum ug € LY (RY) such that [5, |x]|*uo do < +oo and if, for
any t >0, u(t,-) is a smooth and sufficiently decreasing function on R?, then

[
LY
=
LY

t—+o00 MY t—+o00 M
~ L 0 ot

For solutions of (2.1) with initial data in L} (R?), it is well known that Baren-
blatt self-similar solutions defined by (2.6) play the role of an attractor in various
norms if m € (mq,1). However, a direct proof that

u(t, )] . Elu(t,))]
tﬁlgloom =1 and tilgloom =

is delicate. We shall postpone the proof of such a result to Section 2.3, in the
easier framework of self-similar variables and relative entropies. With the results
of Lemma 2.5 and Proposition 2.6 in hand, we deduce the following estimate for a
solution of (2.1).

COROLLARY 2.7. Let d > 1 and assume that m € [mq,1). If u solves (2.1) with
smooth initial datum ug € LY (RY) such that [y |z|* ug dz < +oo and if, for any
t >0, u(t,-) is a smooth and sufficiently decreasing function on R, then

w(t )7 Efut, 209 209 :
fult JPEN P WSPEIBTZR (120 (Cams()*” WE 20,
M I1BIl,*

Altogether, Corollary 2.7 provides us with a second proof of (1.1), under minor
restrictions like [p, |#|2 ug dz < +o0. Notice that the estimate holds up to t = 0,
so that it holds true for an arbitrary initial datum: written for ug, the inequality is
the generic form of the inequality, which can be extended to an arbitrary function
in H,(R?) by density.

According to [ST14], generalized Rényi entropy powers are defined as

Flu] == Eu]? 0O+ = E[u]d 7w 1

If u solves (2.1), it is straightforward that the concavity of ¢ — Flu(¢,-)] is a
consequence of Lemma 2.5. The exponent in the definition of F[u] is chosen in order
that t — F[B(t,-; M)] is an affine function. We do not really use further properties
of the Rényi entropy powers, but it is convenient to refer to the computations of
this section as the Rényi entropy method in order to distinguish them from other
entropy methods.

2.2.3. About the integrations by parts. All computations of Sections 2.1.2
and 2.2 are formal as we did not justify the integrations by parts. In Section 2.4, we
will consider a relative entropy method which has been proved to be equivalent to
the method based on Rényi entropy powers in [DEL16a|, and for which integrations
by parts are much easier to justify. This is why we do not give further details here.
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2.3. The fast diffusion equation in self-similar variables

2.3.1. Rescaling and self-similar variables. We rewrite the solutions of
(2.1) in the scale given by the Barenblatt self-similar solution B(-,-; M), with same
mass M, which is defined by (2.6): if v is such that

d x
(2.14) u(t,x) = R/(\t.)d v (; log R(t), ;’ )

(t)
where A\, and R are given respectively by (2.8) and (2.9), then v solves the fast

diffusion equation in self-similar variables

(2.15) %Jrv-(vvum*l) =2V -(zv), v(t=0,)=1vg

with nonnegative initial datum vy = A\;%ug(-/Ae) € L}(R?). Notice that B(-,; M)
is transformed into a stationary solution of (2.15). Assuming that B has a fi-
nite mass introduces the limitation m > m,, but we shall further assume that
m € [my, 1) in view of the application to the Gagliardo-Nirenberg-Sobolev inequal-
ities (1.1). With m and p related by (2.3) and d > 3, the range m > m; indeed
means p < p, with the notations of Chapter 1. As a special case, Equation (2.15)
admits the Barenblatt profile B defined by (2.7) as a stationary solution of mass M.

2.3.2. The entropy - entropy production inequality. We shall assume
that the mass of vy is taken equal to M. It is then well known that the mass is
conserved, i.e., if v solves (2.15) with initial datum vg, then

/ v(t,z) dr =M Vt>0.
R

If the initial datum is centered, in the sense that [p,zvo(z) dz = 0, then the
position of the center of mass is also conserved and we have

/ zv(t,z) de =0 Vt>0.
Rd

The free energy (or relative entropy) and the Fisher information (or relative entropy
production) are defined respectively by

Flv] == L/}Rd (V™ =B™ —mB™ ! (v—B)) dz

m—1

and
m

I] = —— v Vot — V8m71|2 dz.
1—-m Rd
With v = |f|?? and p given in terms of m by (2.3), Inequality (1.8) is equivalent to
the entropy - entropy production inequality
(2.16) T[] > 4 Flv]

by Lemma 1.12, (ii).
If v solves (2.15), it is a straightforward computation to check that
d

after one integration by parts (which has to be justified), and as a consequence, we
obtain that
Flo(t, )] < Fluo] et Vt>0.
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This estimate is equivalent to (2.16), as one can check by writing at ¢ = 0 that

ﬂmuﬂ:hr%fhaﬂ]Z—giﬁwd€4ﬂ24fhdf“.

Exactly as in the case of the Rényi entropy powers, the flow associated with (2.15)
can be used to establish the non-scale invariant form of the Gagliardo-Nirenberg-
Sobolev inequalities (1.8). The key estimate goes as follows. Let us define a relative
pressure variable P by

(2.18) P(t,z) :=v" Hz) — |z|> V(t,z) e RT xR?.

The relative Fisher information can be rewritten as
T[] :/ v|VP? da.
Rd

PROPOSITION 2.8. Let d > 1 and assume that m € (mq,1). If v solves (2.15)
with initial datum vy € LY (RY) such that [o, |x]* vo do < 400, then for any t > 0
we have

(Tt )~ 4 F D, )

Z/v’”
]Rd

This result holds with no assumption on the regularity nor on the decay of v.
It is easy to notice that Z — 4 F is monotone nonincreasing and strictly monotone
unless AP = 0 on the support of v, in which case v is a stationary Barenblatt
function. The case m = m; is, as usual, more delicate and will not be covered here,
but one can formally notice that D2P — é AP = 0 also proves that v is a stationary
Barenblatt function, but takes into account the conformal invariance associated to
Sobolev’s inequality. The proof of Proposition 2.8 is sketched below in Section 2.3.3.

An important consequence is the fact that

d
—7
dt

DO =

2 1 2
D*P - = AP1d

dz + (m — ml)/ ™ |AP|? dx.
R4

(2.19) [v(t, )] < —4T[v(t,-)],
which guarantees that
Tu(t,-)] < Z[vg]e ™t Vt>0.

As a consequence, this means that lim;_, ;o Z[v(t, )] = 0. Now, let us consider the
quotient

Z[v]

2.20 ==

(220) ol = Fi

which is well defined if v # B. We read from (2.17) and (2.19) that

do

2.21 — < —4

(2:21) 9 < o(e-).
which certainly means that Q[v(t,-)] is bounded. This also means that
(2.22) Jdim Zo(t, ) = Jim_ Flo(t, )] = 0.

Since t — Z[v(t,-)] — 4 F[v(t,-)] is monotone non-increasing, we obtain

Tlo(t, )] — AF[u(t,)] >0 Yt>0
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and, as a special case at ¢ = 0. This proves the inequality Z[vg] — 4 F[vo] for an
arbitrary function vy satisfying the assumptions of Proposition 2.8. In other words,
this is a proof (1.1) based on the flow of (2.15). This strategy is a nonlinear version
of the carré du champ method, also known as the Bakry-Emery method in the
literature. More details are given in Section 2.5.

2.3.3. The carré du champ method. The following proof is inspired, up to
the normalization of the pressure variable, by [DT13, Section 2|. Also see [Jiinl6,
Proof of Theorem 2.4, pp. 33-36] and [DEL16a, Section 2.2| for similar computa-
tions. For more clarity we first adapt the proof done for Rényi entropy powers to
the case of the relative entropy F using the flow (2.15) without taking care of the as-
ymptotic boundary conditions, i.e., by assuming that we deal only with smooth and
sufficiently decreasing solutions. Then we briefly sketch an approximation scheme
which justifies the computations in the general case.

2.3.3.1. Smooth and sufficiently decreasing solutions. If v solves (2.15), that is,

of 5
v
E+V~(UV7’)—O,
then the relative pressure variable defined by (2.18) solves
0
(2.23) 8—7; =(1-m)v™ 2V - (vVP) .

As in Section 2.2.2; let us assume that, for any ¢ > 0, v(¢,-) is a smooth and
sufficiently decreasing function on R?, so that we can again do the integrations by
parts without taking care of asymptotic boundary terms.

Let us compute

d 9 ov 9 oP
de Rdv| | dz /Rd [% | ‘ dl‘+ /]Rdv (81&) dz

:/ vVP -V (I[VP|?) dz
]Rd
- 2/ vVP -V (VP -Vu™ '+ (m—1)v" ' AP) dz
R4
using (2.15) and (2.23). By definition of VP, we have
d
— [ v|VP]?da :/ vVP -V (VP dx
dt Rd Rd
- 2/ vVP -V (VP2 +2VP 2+ (m—1)v" ' AP) dz
Rd
:f/ vVP -V ([VP|?) dz
R4
- 2/ vVP -V (2VP 2+ (m—1)v" ' AP) dz
R4

:/ m=lym A (|VP]?) dm+2/
Rd

va -V (|VP|?) da
R4

- 4/ vVP -V(VP-z)dz
Ra

m

+2(1 —m) /}R (1——%’" (AP)2+%UWVP-V(AP)) dz
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using v VP = 2L Vy™ — 2zv and 0 = [o, V- (™ VP AP) dz. Using the ele-
mentary identity

S A(VPP) = [0 + VP V(AP)
we obtain that
/Rd ™ A (IVP) do = 2/Rd o™ D2 dm+2/Rd 0™ VP -V(AP) dzx
Using §%P/0z;0x; = 0?P/0x;0x; we can also write
2/Rdvx -V (|VP]?) dz — 4/RdeP~V(VP-x) dx:—4/Rdv|VP|2 dz.

Therefore, we have shown that

4 v|VPP? dz + 4/ v|VP? da
dt Rd

_ _27/ (IP2P|* = (1= m) (aP)2) d

This completes the proof of Proposition 2.8 at formal level, i.e., up to asymptotic
boundary terms arising from the integrations by parts, as a consequence of the
elementary identity

ID*P|2 = 1 (AP)? + || D*P — L APTd ||
and of the definition of Z[v] = - [o. v |VP|* dz.

2.3.3.2. An approzimation method. In order to prove Proposition 2.8, bound-
ary terms have to be taken into account. As an approximating problem, we con-
sider (2.15) restricted to a centered ball Bg with radius R > 0, large:

(2.24) %—i—V (vVP)=0 in Br, VP-w=0 on 9Bg,

where w = x/|z| denotes the unit outgoing normal vector to 0Bg. After redoing the
above computations and keeping track of the boundary terms, we find an additional
term

1*7”1/ u™ (w- V|VP]?) dog <0
OBRr

where dor denotes the surface measure on 9Bg by Lebesgue’s measure on R%. This
terms is indeed nonpositive by Grisvard’s lemma.

As a second step, we have to approximate the problem on R¢ by the solution
of (2.24) in the limit as R — 4o00. This makes sense as the Barenblatt function B,
restricted to By is always a stationary solution (it satifies the boundary conditions).
However, one has for each R > 0 to adjust the mass of the solution so that it
coincides with [ Br B dx. Altogether, we obtain that

— | v|VPPdx + 4/ v|VP]? dx
dt Rd

<2 7/ (ID2P|* = (1= m) (aP)2) d

Notice here that we only have an inequality, as boundary terms were dropped, which
also explains why there is only an inequality in the statement of Proposition 2.8.
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2.3.3.3. Changes of variables. The analogy of the computations of the Rényi
entropy powers of Section 2.2 with the above computations by the carré du champ
method applied to the solution of (2.15) are striking and this is of course not a
coincidence. Up to the self-similar change of variables (2.14), the computations
are formally the same. Details can be found in [DEL16a, Section 2.3]. The above
approximation method and (2.14) are probably the easiest method to make all com-
putations of Section 2.2 rigorous. With these remarks the proof of Proposition 2.6
can be completed as a consequence of (2.22).

2.4. Refined entropy estimates

The quotient Qv] = Z[v]/F[v], as defined in (2.20), makes sense if v # B and,
as a consequence of (2.16), we have the bound

(2.25) Q] > 4.

Let us recall that for any solution v of (2.15), L F[v(t,")] = —Z[v(t,")] com-
bined with (2.19) establishes (2.21). Our goal in this section is to prove that
the bound (2.25) can be improved under additional conditions. We distinguish an
initial time layer (0,T) and an asymptotic time layer (T,+00). In the first case
(see Section 2.4.1) we exploit (2.21) while the improvement for large values of ¢ is
based on spectral considerations (see Section 2.4.2).

2.4.1. The initial time layer improvement. On the interval (0,7), we
prove a uniform positive lower bound on Q[v(t,-)] — 4 if we know that Q[v(T, )] —
4 > 0. The precise result goes as follows.

LEMMA 2.9. Let m € [my,1). Assume that v is a solution to (2.15) with
nonnegative initial datum vy € LY(R?) such that Flvg] < +oo and fRd vy dz = M.
If for some n >0 and T > 0, we have Qu(T, )] > 4+, then we also have

4 n e—4 (T—t)

(2.26) Qlu(t,-)] > 4+ At —neid—o

Vtel0,T].

Notice that the right-hand side in (2.26) is monotone increasing in ¢, so that
we also have the lower bound

Ot )] > 44— e
e N T

PRrOOF. The estimate (2.26) follows by integrating the Bernoulli differential
inequality (2.21) on the interval [¢,T]. O

2.4.2. The asymptotic time layer improvement. Let us define the lin-

earized free energy and the linearized Fisher information by
Flh] = T/ h[2B>™ dz and I[h] :=m (1 —m)/ IVh|2B dz,
2 R4 Rd

in such a way that
F[h] = lim e™® FIB+eB°7™ h] and I[h] = lim e > Z[B+e B>~ h].
e—

e—0
By the Hardy-Poincaré inequality (1.34) if d > 1 and m € (mq,1), then for any
function h € L*(R%, B*~™ dz) such that Vh € L*(R%, B dz) and [, hB*™ dz =
0, we have
I[h] > 4F[h].
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According to the improved Hardy-Poincaré inequality (1.36), if additionally we as-
sume that [, x h B*™ dz = 0, then we have

(2.27) I[h] > 4 F[]

where a =2 —d (1 —m).

Inequality (2.27) corresponds to an improved spectral gap. This deserves some
remarks. If we consider vg(z) = B(x — x) for some zy # 0, then the solution v
of (2.15) with initial datum vg is v(¢, ) = B(z — x(t)) with z(t) = x¢g e 2!. Asymp-
totically as t — +o00, we find that v(t,z) — B(z) ~ zo - VB(z) e % and we find
that

i, Q] =4

In other words, we have found a solution of the nonlinear evolution equation (2.15)
which achieves the optimal rate in the asymptotic regime as t — 400 so that the
minimum of Q is determined by the spectral gap associated with the Rayleigh
quotient h +— I[h]/F[h]. This spectral gap is determined by the properties of the
operator £, 4 and are given in Proposition 1.16. The same results also holds for any
direction, which simply means that the eigenspace corresponding to the first posi-
tive eigenvalue, A1 o, is generated by all infinitesimal translations of the Barenblatt
functions. The condition fRd 2 hB*>~™ dz = 0 can therefore be interpreted as an or-
thogonality condition in the linearized regime, which can also be enforced for the so-
lutions of the nonlinear evolution equation (2.15) by assuming fRd rvg dr =0, i.e.,
that the center of mass is at z = 0. There is another special solution (2.15) which
asymptotically generates the eigenspace corresponding to the next positive eigen-
value, A\g1, when m € (my,1): it is given by the initial datum vo(z) = A\ B(A )
for some positive A # 1.

Our purpose is to use (2.27) in order to establish an improved lower bound for
Qluv(t, )] in the asymptotic time layer as t — +00. We have the following result on
a time-interval (T, +00).

The next result is the first of a set of technical estimates that are needed to
produce constructive constants in the stability results of Chapters 5 and 6. The
detail of the proof can be skipped at first reading.

PROPOSITION 2.10. Let m € (mq,1) ifd > 2, m € (1/3,1) ifd =1, n =
2d(m—m1) and x := =L=. Ifv is a nonnegative solution to (2.15) of mass M, with

580 °
(Her) (I-e)B<wv(t,)<(14e)B Vt=T
for some e € (0,xn) and T >0, and such that [, xv(t,z) dz =0, then we have
(2.28) Qu(t, )] >4+n Ve>T.

Notice that m = m; has to be excluded while the restriction in dimension d = 1
arises from the fact that fRd |z|? B dx < +o0 is needed, which means m > m1, and
0=my <my =1/3if d =1. Notice that Assumption (H, r) is not exactly the
same as in [BBD709], which motivates the additional restriction m > 1/3 if d = 1.

PrOOF. We estimate the free energy F and the Fisher information Z in terms
of their linearized counterparts F and |. Let

hi=vB"?—B" 1
Under Assumption (H. 1), we learn from [BBD'09, Lemma 3| that
(2.29) (1+&) 7 Flh(t, )] < Flo(t,)] < (1 —e) " F[h(t,-)] Vt>T,
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where b = 2 — m, and

(2.30) I[h] < s1(e) Z[v] + s2(e) F[R]
from [BBD 09, Lemma 7|, where
(1+¢)2°

2b
(2.31) s1(e) i= and  s(e) :=4d (1 —m) (Eig% - 1) -

1—e¢
The estimate (2.29) follows from a simple Taylor expansion while (2.30) is a con-
sequence of some slightly more complicated but still elementary computations,
see [BBD 09, Lemma 3 and Lemma 7.

Let us explain how to compute the threshold x. Collecting (2.27), (2.29)
and (2.30), elementary computations show that (2.28) holds with n = f(e), where

_ da(l—¢e) —4s1(e) — (1 +¢)bsa(e)

f(e) ()
We claim that
max f(e) >2d(m—mq).
e€(0,xn)
Let us consider
1+b 2b
qi(e):=1-— ((11 —&—65))2" and go(e) := (11+ ;)b <8 j_L 2% — 1)

and observe that g1 is concave and gi(¢) < ¢1(0)e = (1 +3b)e < Te for any
e € [0,1] and b € [1,2], while g5 is convex and such that g2(e) < g5(1/2) e for any
e €10,1/2] with g5(1/2) < 133 for any b € [1,2]. By writing

fe)=2n—-4agi(e) —4d(1—-m)ge),

and after observing that 4o < 8 and 4d (1 —m) <4 if m € (mq,1) and d > 1, we
conclude that

fle)z2n—£>n Vee(0,xn).
O

2.4.3. Entropy, flow, self-similarity and inequalities. Let us conclude
this section by collecting some miscellaneous properties which will be useful in the
sequel.

A very standard consequence of (2.16) is that a solution of (2.15) with non-
negative initial datum vy € L*(R?) such that Flvg] < +oo satisfies the estimate

(2.32) Flo(t,-)] < Flvgle ™" VvVt >0.
Under the assumptions of Lemma 2.9 and Proposition 2.10, we have

PROPOSITION 2.11. Under the assumptions of Lemma 2.9 and Proposition 2.10,
we have

4"76_4T

N < —(4+Q)t T ; - ==
Flo(t, )] < Flvole Vte[0,T], with ¢ pp——,
and

Flo(t,)] < Flo(T,)Je” DT i € [T, +o0).
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Solutions of (2.1) with initial datum ug are transformed into solutions of (2.15)
with initial datum vy = Ay ug(-/Xe) by the self-similar change of variables (2.14).
Reciprocally, the function

d x
(2.33) B(t,z) := R>(\t')d B (;\2.(75)) = B(t,z; M)

is a self-similar solution of (2.1) which describes the so-called intermediate asymp-
totics of the solution u of (2.1), that is, the large time behaviour of v under the
condition that f]Rd ug dz = M. If we relax this condition, any nonnegative solu-
tion u of (2.1) such that [, ug dz = M is attracted by the Barenblatt self-similar
solution of (2.1) of mass M defined by (2.6).

The entropy - entropy production inequality (2.16) is equivalent to (1.1). We
look for an improvement of (2.16) using the initial and the asymptotic time layers
as in Sections 2.4.1 and 2.4.2. The difficulty is of course to prove that (H. r) is
satisfied for some threshold time T° > 0, which is the purpose of the next two
chapters.

2.4.4. A Csiszar-Kullback type inequality. The relative entropy F[v] with
respect to the Barenblatt function of same mass as v controls the L' distance to
the Barenblatt function. If v € L} (R?) is such that [p, |z[?v dz = [5, [z[* B dz
and [jv||; = M with B defined by (2.7), we learn from [DT13] that

(/R o — Bl (1 + |a]?) dx>2 < m}‘[v].

In the case m € [m1,1), the inequality that we need, without the second moment
condition, appears in [CV 03], however with no proof and also in [Ott01]. For
completeness, let us give a precise statement with the expression of the constant
and an elementary proof, which complements the result and the proof of Lemma 1.7.

LEMMA 2.12. Let m € (mq,1), for any v € LY (RY) such that F[v] is finite and
lv]l; = M, we have

4o
(2.34) lo = Bll < — MFR].
PROOF. Since [, (v — B) dz = 0, we have that

||v—B||1:/ |v— B dx:/ (B—v)dx—i—/ (U—B)dx:2/ (B—wv)dz.
R4 v<B v>B v<B

Let o(s) = s™/(m —1). If 0 <t < s, a Taylor expansion shows that for some
¢ € (t,s) we have

hence
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Using this inequality with s = B and ¢ = v and the Cauchy-Schwarz inequality, we
deduce that

o (/USB(B ) dx>2 < ( B () —olB) =B (0= B) dx>2

<[ Bma / _ (o) = o(B) = ¢ (B) (v =) dr

v<B
S/ B2™ dx Flv]
R4

and the conclusion follows from the identity fRd B dx = S M that we shall
establish as well as a bunch of useful formulae in the next subsection. [l

2.4.5. Constants and useful identities. For the convenience of the reader,
we collect some elementary identities and definitions. See [DPDO02] or [DT13,
Appendix A] for more details. Some computations are reminiscent of the proof of
Lemma 1.8. With B defined by (2.7), using VB = —127—% x B and an integration
by parts, we obtain

1 2m
Bmda::—f/ :U~Vl’3’mdx:7/ z|? B dz.
R4 d R4 d(lfm) Rdl |

On the other hand, we deduce from B™ = B! B = (1 + |z|?) B that

/Bmd:r:/ (1+|x\2)Bdm:M—|—/ |z|? B da
R? R4 R?

where

M= B dx = wy

Rd

[T (D -9
0 ( -

e g
This gives the expressions

d(l1—m) 2m
2 _ m —
/Rd|x| deii(d—l—Q)m—dM and RdB dz 7(d+2)m—dM'

With the same method, we find that

_ __l _ 2 2 R2—m
M = Rdde— d/Rd:v Vde—id(l_m)/RdMB dz

and B=B""1B27™ = (1+ |z|*) B*~™ so that
M= B dx = B*™ da +/ |z|2 B*™ da.
R4 R4 R

This amounts to

B*™ dx = %M and |22 B* ™ dz = = (1 —m) M.

Rd

N

R4
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2.5. Bibliographical comments

For an overview of the properties of the nonlinear diffusion (2.1) in the porous
medium regime m > 1 and in the fast diffusion regime m < 1, we primarily refer
to [Vaz06, Vaz07]. Mass conservation for m € [me,1) goes back to [HP85] by
M. Herrero and M. Pierre. The role of self-similar solutions in large time asymp-
totics is, for instance, studied in [FK80] using comparison methods, and from the
point of view of functional inequalities in [DPDO02]|. However the precise link of
the flow with the Gagliardo-Nirenberg-Sobolev inequalities (1.1) in scale invariant
form (1.1) only appears in [DT16a].

Rényi entropies are inspired by papers in information theory. In [Cos85],
M. Costa was studying the Rényi entropy power associated to Shannon’s entropy
and C. Villani in [Vil00] gave a simple proof based on the carré du champ method.
So far, this was an essentially linear setting associated with the heat flow. In [ST14],
G. Savaré and G. Toscani noted that the formalism of Rényi entropy powers could be
extended to the nonlinear setting and the precise link, at least from a formal point
of view, was made in [DT16a]. The computation of Section 2.1.2 can be found in
the language of entropy powers in [CT14]. The reader interested in further details
is invited to refer to [Tos14| and references therein for a more detailed account.

If the notion of entropy in self-similar variables can be found as early as
in [New84, Ral84], it has been connected with (1.1) only in [DPD02]| and we
refer to [BBD 09| for a precise precise discussion on the range of the exponent m
depending on the various quantities, like second moment, entropy or Fisher infor-
mation, which are at stake for implementing entropy methods. This is usually done
in self-similar variables, but can be recast in the framework of (2.1) in self-similar
variables: see [DEL16a] for details. The equivalence of the entropy - entropy pro-
duction inequality (1.8) is known from [DPDO02]. Spectral considerations and in
particular the fact that optimality is achieved in the asymptotic regime as ¢t — +o0,
were later introduced in [BBDT09]. In statistical physics, the entropy associated
to (2.1) is known as Tsallis entropy, with motivations coming from polytropic gases
models and statistical models for gravitating systems: see [Tsa09] for an overview.

A considerable amount of papers has been published on the carré du champ
method and we shall refer to [BGL14] for a rather exhaustive survey. Among
earlier important papers by D. Bakry and his collaborators, one can quote for in-
stance [BE85, Bak06]. The link with the entropy point of view in kinetic equations
was made by G. Toscani in [Tos97], which immediately sparked an enormous ac-
tivity as can be seen for instance from [AMTUO01, UAMTO00] and [ACD " 04].
These results were at that point mostly devoted to the capture of asymptotic rates
of convergence and limited to linear evolution equations. In parallel with the vari-
ational approach of [DPDO02], J.A. Carrillo with G. Toscani and J.L. Véazquez
started to adapt, at a rather formal level, the carré du champ method to the
fast diffusion and the porous media equations in [CT00, CV03]. A complete
proof with an approximation scheme and a justification of the boundary terms
can be found in [CJM 01| in the context of conver Sobolev inequalities. Also
see [Jiin16, DEL16a] for results more focused on (2.1) and (2.15), with more
direct proofs. The key of the approximation scheme is Grisvard’s lemma: see
for instance to [GST09, Lemma 5.2|, [LM13, Proposition 4.2] or [Gri85] (also
see [DNSO08] or [Jiin16, Lemma A.3]). In an important contribution, [Dem05,
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Dem08], J. Demange extended the linear computations attached to Markov pro-
cesses to nonlinear diffusions on manifolds. These computations are in a sense
very close to the ones of [BVV91], and also [BL96|: the point was further clar-
ified in [DEL14]. As a side remark, let us recall that the fast diffusion equation
can be formally interpreted as the gradient flow with respect to Wasserstein’s dis-
tance of the entropy, as arises from the early results of [McC97, Ott01] and it
is not a surprise that mass transportation also plays a role in (1.1) as observed
in [CENV04, AGK04, DELL14|. Such an interpretation is possible only if the
second moment is controlled, which corresponds to the functional framework in-
troduced in Chapter 1 (see Section 1.2.3). Concerning the connection of nonlinear
diffusions with the curvature-dimension criterion, we refer to [Dem08, Dem05]
and, in an abstract framework, to [LV09, Stu05, Stu06a, Stu06b, EKS15].
See [AGS08, Vil09, ASB, FG] for considerations on gradient flows. Further ef-
forts were done in, e.g., [CLSS10, AMS19] to better justify the formal gradient
flow point of view of [Ott01] in cases of practical interest or simply in order to
simplify the conceptual framework, while interesting related applications can be
found for instance in [ZM15, Zin19, IPS18].

Beyond the results of Chapter 1, the Hardy-Poincaré inequality (1.34) and the
improved Hardy-Poincaré inequality (1.36) are spectral gap inequalities that can
be obtained by an expansion around the Barenblatt function as a consequence
of (2.16), under the corresponding constraints: see [BBDT09| and [BDGV 10,
Lemma 1]. We learn from [CLMT02, BBD 09| that the linearized problem, i.e.,
the sharp constant in the Hardy-Poincaré inequality, determines the global optimal
rate of convergence for (2.15).

The analysis of the spectral gap inequality, or of the decay rate of the entropy in
the asymptotic time layer, is more classical and essentially known from [BBD 07,
BBD " 09] with various improvements in [DT11, BDGV10, DT13]. It relies on
spectral computations that go back to [Sch01, DMO03, DMO05] in the framework
of gradient flows with respect to the Wasserstein distance, and [DKM15, KMO06].
Further details are available in [DT11, Proposition 1|. Quite remarkably, the lin-
earization of the evolution operator was performed first in the context of Wasser-
stein’s distances in [DMO03, DMO05] and later recast in the context of more stan-
dard Lebesgue spaces with weights [BBD*T09, DT11, BDGV10, DT13]. See in
particular [BDGV10] for the equivalence of the spectra.

The improvements in [BDGV10] and [DT13| are of course linked with the
invariances of the fast diffusion equation (2.1) and the special solutions mentioned in
Section 2.4.2. Eigenfunctions associated with the lowest eigenvalues can be seen as
infinitesimal generators of these invariances, but similar ideas can also be exploited
for higher energy levels of the linearized operator, as was shown in [DKM15] (also
see [DKM16] for a summary).

The Csiszar-Kullback inequality of Section 2.4.4, also known in the literature
as the Pinsker-Csiszdr-Kullback inequality is an extension of the historical pa-
pers [Pin64, Csi67, Kul67], which correspond to the limit case p — 14. There are
many variants: see for instance [UAMT00, CCD02, CT00, CJM 01, Ott01,
DPDO02, BDIKO07] for some classical extensions. Also see [DT13] for the case
with a (r)? weight and Lemma 1.7.

The equivalence of the entropy - entropy production inequalities as in [DPDO02]
and the concavity of the generalized Rényi entropy powers along the fast diffusion
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flow is established in [DT16a, ST14] and further studied in [DEL16a]. Although
elementary, this is one of the key points for controlling the decay rate of the entropy
during the initial time layer (see Section 2.4.1). The analysis of the decay rate of
the entropy in the asymptotic time layer is more classical and essentially known
from [BBD"09|. The key issue of this paper is to control the threshold time
between these two regimes and relies on a quantitative regularity theory.



CHAPTER 3

Linear parabolic equations: interpolation and
regularity

This chapter is devoted to the computation of various explicit constants in
functional inequalities and regularity estimates for solutions of parabolic equations,
which are not available from the literature. We provide new expressions and simpli-
fied proofs of the Harnack inequality (Theorem 3.7) and the corresponding Hélder
continuity (Theorem 3.13) of the solution of a linear parabolic equation with mea-
surable coefficients, following J. Moser’s original ideas [Mos64, Mos71].

3.1. Interpolation inequalities and optimal constants

Let us denote by Bpg the ball of radius R > 0 centered at the origin, and define
2d

P=a—2

p:=4 if d=2,

peE(4,+o0) if d=1.

if d>3,

THEOREM 3.1. Letd>1, R > 0. Ford=1, 2, we further assume that R < 1.
With the above notation, the inequality

B I lasn <K (IVFIRem, + 7 1 1R2s,) )V F € HY(Br)

holds for some constant

d+1\2/4
741;(2 i) if d>3,
d T d
(3.2) K< % if d=2,

21+%max{pﬂ_22,%} if d=1.
Inequality (3.1) is standard and the novelty is the estimate (3.2). The proof of

this result is splitted in several partial results (Lemmas 3.2, 3.3 and 3.4) depending
on the dimension.

3.1.1. A critical interpolation inequality in d > 3. Since p = 2d/(d —2),
the constant K is independent of R and it is sufficient to provide its expression on
the unit ball B = By. We consider the critical interpolation inequality, or Sobolev’s
inequality, associated with the critical embedding H!(B) < LP(B),

d—2
(3-3) IV A1 () tdo— 1£122(5) = SE 2oz VfeH(B).

LEMMA 3.2. For any d > 3, Inequality (3.3) holds with S% = S2/(d — 1),
where Sy is the optimal constant for the Sobolev’s inequality (1.4).

53
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As a consequence, (3.1) holds with K~ = d (d — 2) S2.

ProOOF. On R?, Sobolev’s inequality (1.4) is invariant under Kelvin’s transform

u s (@) = |22 (”“")

|[?

because [|Vall, = [[Vull, and ||al, = [Jul|,- Let us consider a function f € H'(B)
and extend it to R? by u(z) = f(z) if € B and u(z) = f(x) if 2 € B¢. We know
from (1.4) that

2 2
0 < [[Vaull; - S§ [lull;

2/p 2/p
— 2 Q2 p 12 Q2 Flp
/B|Vf| dz Sd</B|f| dx) +/Bc|Vf| do Sd(/BC|f| da:> .

Let us assume that f is smooth and introduce spherical coordinates r = |z| and
w=z/r for any x # 0. With f'(r,w) =9f/0r, Vo, f =V f— f(r)wand s =1/r,

for a given w € S, we compute

+oo . 1 3
/ <|f/|2 tz wa2> rtdr
| r
+oo
= [+ =2 fF 1 Vo)
1 L - , )
:/0 (lf/|2+812wa2> Sd—l dS—‘r/O ((d522)|f|2+d52(f2)/> Sd_l ds

1
= [ (17 S I9upR) st s - 21700

where the last line arises from an integration by parts. An integration with respect
to w € S%~! shows that

2/p
g [ laen [ priess ( / fl”d:v> ,

where do denotes the measure induced by Lebesgue’s measure on S%' = 9B.
Similarly, by expanding

1 2 1 1 2
r d—1 2, d—1 2, d—1 |f(1,w)]

OS/O f/_l—l-r?f r dr§/0|f’|r dr—i—d/o IfI7r dr—f,
we obtain

(3.5) / |f|2da§2/|Vf|2dx+2d/ |f]? da .

OB B B

Collecting the estimates of (3.4) and (3.5) concludes the proof for a smooth func-
tion f. The result in H'(B) follows by density. O

3.1.2. A two-dimensional interpolation inequality. In dimension d = 2
and d = 1, we cannot rely on the Sobolev’s inequality of Section 3.1.1. This is why
direct proofs for subcritical cases have to be established. Here we prove the result
in dimension d = 2.
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LEMMA 3.3. Let d =2. For any R > 0, we have

4R 1
B o < o (IV o + gz FEap ) V1 € (BR).

The constant 4/+/7 is not optimal. Numerically, we find that the optimal constant
for the inequality restricted to radial functions is approximatively 0.0564922... <
4/+/m ~ 2.25675. In the end of this section we explain how we obtained this value.

PRrOOF. Let 2 = Bp (the proof applies to more general domains, but we do
not need such a result). As a first step, we prove the inequality corresponding to
the embedding W11(Q) — L?(Q). Using Lebesgue’s version of the fundamental
theorem of calculus, we get

T Yy
f(@y) = F@o.y) + / f€w)de and  f(z,y) = flepo) + | fylem)dn,

Yo
which implies (letting Q, and Q, be z and y sections of € respectively)

|f(z,y)| < |f($o7y)|+/ F(&y)de and  |f(z,y)] < If(x,yo)|+/Q G(x,n)dn

QZ’/

where F(&,y) = [f.(&v)
expressions, we get

and G(z,n) = |fy(z,n)|. Multiplying the two above

|f(x7y)|2 S A(x07y) B(l’,yo)
where

Ao, y) = |f (0, )|+ / F(&.y)de and B(z,y0) == |f(x,0)|+ / Glar,n) dny.

Integrating over 2 in dz dy and then again in €2 in dzg dyy we obtain

91y = [[ [ 1760)? o dy azo ang

< [ Atwo.w) oo dy [ Bo.vo) do ayo.
Q Q
Finally, notice that

//Q A(xo,y) dao dy = //Q <|f(xo,y)| + /Qy F(&,y) dg) dzo dy

S fllpr ) + diam(€) [[F[|p g

and
//Q B(xz,yo) dz dyo = //Q (|f($,y0)| + /QT G(z,n) d77> dz dyo

<l @) + diam(€) (|Gl (q) -
Summing up, we obtain

1 . .
1912200y < o7 (11 ) + iam(@) [ Flley ) (1) + ciamn(@) 16 o)) -

We recall that F' = |f,|, G = |f,| and |V f| = VF? + G? > max F, G, hence

1 . 2
171220 < o (Mlluscoy + iom(@) 19710
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We apply this estimate to f2 to get

1 .
1£1Ea) < NG (171120 + diam(€) [V £l o )
1 .
<= (112 gy + 2 diam(®) [V 20 1 (e ) -

We use the elementary estimate

2diam(Q) |V /flpzga) 1fllz@) < 1172 + diam(Q)* [V £

and finally obtain

2 diam(£2)? 9 4 9
1flLa) < BV IV iz, + diam(2)? 12 (8r) ) >
which completes the proof with diam(Q2) = 2 R and || = 7 R%. O

We know from the proof that C < 4/y/7 &~ 2.25675. To compute the constant
in (3.6) numerically when the inequality is restricted to radial functions (equality
case is achieved by compactness), it is enough to solve the Euler-Lagrange equation

!

(3.7) —f”—7+f=f3, f(0)=a>0, f(0)=0.

To emphasize the dependence of the solution in the shooting parameter a, we denote
by f. the solution of (3.7) with f(0) = a. We look for the value of a for which f,
changes sign only once (as it is orthogonal to the constants) and such that f'(1) = 0,
which is our shooting criterion. Let s(a) = f.(1) for the solution of (3.7). With
a =1, we find that f, = 1. Numerically, a shooting method with a > 1 provides us
with a, &~ 7.52449 such that s(ay) = 0 corresponding to a solution f,, with only
one sign change. Using

1/2

1 1 L
2 [ 1P Vo) rar =2 [ igatrar= g (20 [ igtrar)
0 0 0

1/

we obtain that the constant is (27 fol | fa, [Yrdr)” ® ~ 0.0564922.

3.1.3. One-dimensional interpolation inequalities. We prove the follow-
ing elementary result on an interval. We recall that, in d = 1, we have that
Br =(—R,R).

LEMMA 3.4. Let p € (2,00). Then for all f € HY(Bg) we have
1R 3y < QR (B2 17 oy + e 1o
and this inequality is sharp.

By sharp, we mean that the infimum of the quotient
LR f 2,
1—2
(2 R) P Hf”%p(IR) - H‘inQ(IR)

is achieved by lim,—, 1o Qr[fn] = p’% with f(x) =14 % sin (%)

Orlf] =
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PROOF. Let us denote by Cr the infimum of Qg on the set Hg of the non-
constant functions in H'(Bg). To a function f € Hp, we associate a function
g on Bap by considering g(x — R) = f(z) in Br and g(x — R) = f(2R — ) in
(R,3R). Since g(2R) = g(—2R), g the function can be repeated periodically
and considered as a 4 R-periodic function on R, or simply a function on Bs g with
periodic boundary conditions. We can easily check that

Qnlf) = | Qenl).

and deduce that Cr = inf Qap[g] where the infimum is taken on the set of the even
functions in Hogr. Hence

(3.8) Cr > inf Qarlgl,

9 € Har,
g is periodic

where the inequality arises because we relax the symmetry condition g(x) = g(—x).
With the scaling g(z) = h(%), we reduce the problem on the periodic functions
in Hog to the interpolation on the circle S' with the uniform probability measure.
The optimal inequality on S! is

2 2 2
||h||Lp(Sl) - ||hHL2(S1) <(-2) ”h/HL2(Sl)

for any p > 2, where S! ~ B, (with periodic boundary conditions), the measure is

dz
9 +m 2/p
sy = ([ nlran)

dp = 5= and
Moreover, the inequality in (3.8) is actually an equality, because the infimum is
obtained on S' among functions which satisfy the symmetry condition g(z) =
g(—=): a minimizing sequence is for instance given by h,(z) =1+ L cosz.

With g(x) = h(5%), we find that

+2R 2/p - AR2 [T2R +2R
[ rar) <arit(e-0 [P des [l ae)
_2R T —2R —2R

With no restriction, as far as optimal constants are concerned, we can assume that
g(x) = g(—x), so that each of the integral in g is twice as big as the integral
computed with the restriction f of g to Bp:

+R 2/p 2 4R2 +R +R
(2/_R 7P da:> <2(aR)i <<p—2>7r2/R P [ g dx) .

This proves that Cr = pﬂ;f. O

As an easy consequence of Lemma 3.4 and to fit better the purpose of Sec-
tion 3.1, we can observe that the following (non optimal) inequality holds

2 —
1oy < @RS max (2, 1) (15 o) + 22 1 oo ) -
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3.1.4. An interpolation between L? and C” norms. We give an explicit
constant as well as an elementary proof. We claim no originality except for the
computation of the constant. Let  C R? be a bounded, open domain and define
the C¥(£2) semi-norm as

3.9 U] ov(q) = Sup .
(3.9) lulcr @) eyl
z#Y

LEMMA 3.5. Letd > 1, p > 1 and v € (0,1). Then there exists a positive
constant Cg.,,, such that, for any u € LP(Bar(z))NCY(Bagr(x)), R > 0 and x € R?
(3.10)

d pv _d
lulle By < Cawp (L“Jét’EBzRu)) lllo By + B IIUIILp(Bsz)) :
Analogously, we have

d bv
(311)  ullpe(gey < Cawp lu) Gl lullirige, Yue LPRY)NCY(RY).

In both cases, the inequalities hold with the constant

(p=1)(d+pv)+dp

1 _d » a4 %
Cd’,,)pZQW (1_’_“%);0 (1+(%)%>d+pv ((ﬁ)m+<%>d+pu) .

PROOF. For any z, y € Br(x), by the triangle inequality and by definition of
|'Jcv(Bag) given in (3.9), we have that

u(2)[” < (Ju(z) — u(y)] + u(y)])"
<207 (Ju(2) — w(y) [P + [u(y)[")
< 2H[(C + lulovBan@))” 12 = yIPY + [u(y)[P]

for some C' > 0 to be chosen later. Let 0 < p < R. By averaging on a ball B,(z),
we have

(3.12)
w-1q

L
()l < S

|z —y[P” dy+/

By(z)

(C+ LUJc%BgR(z)))p/B

oz

u(y)|P dy}

_ d y _
=2 (1 " wd> [pp (C+ luler Bantan)” + 07 ”“”fszR(m))] '

The right-hand side of the above inequality achieves its minimum w.r.t. p > 0 at

1
. ( AN ullE By () )dﬂ”
= )
pv (C+ [u)cr (Ban(ay)”

With C > 0, the denominator in the right-hand side is never zero. With the choice

O (if [ulltr (Ban ()

pv dtpv ’
P
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we are sure that p, < R. Hence, by evaluating (3.12) at p, we obtain

1 .
<ol d\? J\ e o 1/p
[l By <277 1+;d (ﬁ) + (%)

pv d
[l ey (C F L) ev (Baniay) 77 -

Inequality (3.10) is deduced from the above one. Inequality (3.11) can be deduced
from (3.10) by taking R — oo. The proof is completed. O

3.1.5. Weighted Poincaré inequalities on bounded domains.

LEMMA 3.6. Let b > 0 be a continuous compactly supported function such
that the domains {x € R? : b(x) > const} are convex. Then for any function
f € LE(R?, b(z) dz) with |V f] € L2(R%, b(x) dx), we have that

(3.13) / |f—?b|2bdngb/ Vb dz.
R R

where f, = [pa fbdz/ [pab dz and

(3.14) Ay = Isupp bl [1bll diam(supp b)?.

2 [pab da

The proof follows from [Mos64, Lemma 3] and we recall it here as we need an
explicit constant Ap.

PRrROOF. We first notice that by symmetry in the x,y variables,
. JJgaya lf (@) = F ) b() bly) dady
|f(@) = fo| b(z) dz =
R4 2 f]Rd b(y) dy
- ff{b(x)gb(y)} |f(z) — f(yﬂz b(x) b(y) dzdy
Jpa b(y) dy
Let I, be the segment connecting = and y and let ds be the length element on

I.y. In the domain {b(z) < b(y)}, = and y are such that b(z) < b(y), then the
Cauchy-Schwarz inequality gives

d 2
| Evhe.n d“”“) b() b(y)

(L5 v
: as\
< (/ b9/ ds> (/ b>b< )by

zy

[f (@) = f»)I b(z) bly)
) >

Since B, := {z € R? : b(z) > b(x)} is convex and I, C B,, we deduce that b
achieves its minimum at the end point of I, i.e., at z. As a consequence, we have

d
b(x)/ i S/ ds < diam(suppb) .
I, 0 Iy
Hence we obtain

£(2) = F5)[* bw) bly) < dimmn(supp) ( /

Ty

b|Vf|2ds> b(y).

zy

The proof can be completed by integrating the above expression first in x and then
in y and using f{b>0} dy = |supp b| and (3.15). O
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3.2. The constant in Moser’s Harnack inequality

Let € be an open domain and let us consider a positive weak solution to
0
(3.16) ait’ = V- (A(t,2) Vo)

on Qr = (0,T) x Q, where A(t,z) is a real symmetric matrix with bounded mea-
surable coefficients satisfying the uniform ellipticity condition

(3.17) 0< X |éP<E-(AE) <M IEP V(tz,6) e RY x Qp x RY,

where £ - (A€) = ijzl A, ;&€& and Ao, A\ are positive constants.

3.2.1. Harnack inequality for linear parabolic equations. Let us con-
sider the neighborhoods

(3 18) D;g(to,xo) = (to + %RQ,to + RQ) X BR/Q(I()),
. Dy (to, z0) == (to — 3 R*,tg — 2 R?) x Bpa(0),

and the constant

2d+2
._ d+4 od 3 52 (d+2)+3 -
(3.19) h:= exp [2 3%d+cp2 <1 + (V2 — 1)2(d+2)> U}

where

2d+4

K a |

(3.20) co =342

(d+2) (3d2+18d+24)+13 1+
o <<2+d> :

2
a'taz

> (d+1)(d+2)

(3.21) U:Z(g)j (247) (1 +5))°".
§=0

The constant K in (3.20) is defined in (3.2) and it is the constant in the inequal-
ity (3.1). Let us define

(3.22) h =Mt/ Ao
We claim that the following Harnack inequality holds:

THEOREM 3.7. Let T > 0, R € (0,v/T), and take (to,z0) € (0,T) x Q such
that (to — R2 ty+ RQ) X Bo r(xo) C Qp. Under Assumption (3.17), if v satisfies

(3.23) // (—prv+ Ve (AVv))dzdt =0
(0,T)xQ
for any ¢ € C((0,T) x Q), then
(3.24) sup v<h inf w.
Dy, (to,zo) D;(toxio)

This result is known from [Mos64, Mos71]. However, to the best of our
knowledge, a complete constructive proof and an expression of h like (3.22) was
still missing.
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3.2.2. Truncation functions. In what follows we introduce a family of par-
ticular truncation functions that we shall use as test function in (3.23).

LEMMA 3.8 ([BGV12]). Fiz two balls Br, C Br, CC Q. Then there ezists a
test function pr, g, € C§(Q), with Vg, r, = 0 on 0N, which is radially symmetric
and piecewise C? as a function of r, satisfies supp(¢r, r,) = Br, and pr, r, =1
on Br,, and moreover satisfies the bounds

4d
(325) vaRl, and HASDRl,ROHOO < (

Ry — Ry)?
Proor. With a standard abuse of notation, we write indifferently that a radial
function is a function of z or of |z|. Let us consider the radial test function defined
on BRO

<
RUHOO — RO_Rl

1 if 0<|z| <Ry
2(|z|—Ry)? :
1—% if Ry < fof < foddl
(3.26 @R, Ro(|2]) = —
) 10(|‘ % if M<|I|SRO
0 if |z|> Ro

for any 0 < Ry < Ry. We have

0 if 0§|$|§R1 OI‘if|l‘|>R0
_A(z|=FR) = : Ro+R1
Vor, k(7)) = Ro—TF1)? [a] if Ry < |z < 2o
4(Ro—|x|) =z .
i P <ja[ < Ry

and, recalling that Ap(|z]) = ¢ (|z]) + (d — 1)¢'(z])/|z|, we have

0 if 0<|z|<Ryorif|z]> Ry
4 d—1 4(lz|—R1) : Ro+R,y
Agp, ro(lz)) = ~“Toomr ~ Tl e-myr R <ol <75
4 —1 4(Ro—|z|) ¢ Ro+R
T (Ro—R1)Z W(Roin)Q if % < |3;“ < Iy
and easily obtain the bounds (3.25). (]

3.2.3. Upper and lower Moser iteration. Let us start by recalling the
definition of the parabolic cylinders

Qp = Q,(0,0) = {|t| < 0%, |z] < 0} = (=07, 0%) x B,(0),
(3.27) QF =Q,(0,0) = {0 <t < ¢®, |z| <o} =(0,0% x B,(0),
Qg = QQ(OvO) = {0 <-t< Q2a |{E| < Q} = (_9270) X BQ(O)

The following Lemma is the result of a (nowadays standard) procedure called the
Moser iteration, which relies on the inequality (3.1). Here we provide a quantitative
and constructive proof, with explicit constants. From here on, we assume that u is
a positive solution.
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LEMMA 3.9. Assume that r and p are such that 1/2 < o < r <1 and p :=
A1+ 1/Xo. Let v be a nonnegative solution to (3.16) which satisfies (3.23). Then
there exists a positive constant c; depending only on d such that

C1
3.28 supvP < 7// vPdedt Vpe (0,1
(3.28) e < s [ (0.2)
and
¢

The second estimate is a lower bound on v because p is negative. Our contri-
bution is to establish that the constant ¢; = ¢1(d) is given by

(3.30) ¢ =371 (22v2+7(7*1) A +D(27=1) g+ (-1 ,Cvfl) G2 7

where vy = (d+2)/difd>3,v=5/3if d=1or 2, and K is as in (3.2).

PROOF. We first notice that it is sufficient to prove the lemma for o = 1/2 and
r = 1. We can change variables according to

(3.31) t—salt+ty and z— az+ xg

without changing the class of equations: Ag and A; are invariant under (3.31).
Therefore it is sufficient to prove

¢
sup vP < // vPdexdt VO >0.
Qo2 ft2 Qo

We recover (3.28) by setting = r —p and applying the above inequality to all cylin-
ders in @, obtained by translation from @y with admissible transformations (3.31).
The centers of the corresponding cylinders certainly cover @, and (3.28) follows.
Analogously, one reduces (3.29) to the case p =1/2 and r = 1.

Step 1. Energy estimates. By definition of weak solutions, we have
(3.32) // (—ptv+ Ve (AV))dzdt =0
1

for any test function ¢ which is compactly supported in B; = {z € R? : |z| < 1},
for any fixed ¢t. For any p € R\ {0, 1}, we define
w=0v"? and ¢=poP T2,

where 1 is a C* function. Both ¢ and v have compact support in By for fixed ¢.
We rewrite (3.32) in terms of w and ¢ as
(3.33)

%//w28tw2da:dt+pp%l/ w2Vw-(AVw)dxdt:—/ Yw V- (AVw)dedt

where we may integrate over a slice t; < t < t3 of 1. From here on we adopt
the convention that the integration domain is not specified whenever we integrate
compactly supported functions on R? or on R x R?. Setting p # 1,

— 1971
6—2‘1 >

and recalling that
1
Yw Vi - (AVw) < Zguﬁw (AVY) +ev?Vw - (AVw),



3.2. THE CONSTANT IN MOSER’S HARNACK INEQUALITY 63

we deduce from (3.33) that
1
+ 1/ O (v* w?) dacdt—l—e/ V2 Vw - (AVw)dz dt

<1 Jf (Gvo-cavw+2wul)utasar,

where the plus sign in front of the first integral corresponds to the case 1/p < 1,
while the minus sign corresponds to 1/p > 1. Recall that p can take negative values.
Using the ellipticity condition (3.17) and (3.33), we deduce

(3.34) =+ i/ o (V* w?) dxdt+)\05/ W? V| dz dt

< i// (A;|Vw|2+2|w¢tl) w? dzdt.

By choosing a suitable test function 1, compactly supported in )7, and such that

2 4
(3.35) [V|Lee (@) < P and |9t~ (Qu) < ;

r—o
1 A 2 2
1// (|w| +2|wwt>w de dt
A1 1
dzd
(336) < < e ('r—g 7‘_@> /-/bupp(ww o
1
dxdt.
S(r—g ( >//supp(wz)u "

for any r and p such that 0 < ¢ < r < 1. The choice (3.35) is always possible, see
Lemma 3.8. If 1/p > 1, let us take t € (—0?, 0?) to be such that

~ 1
/ w?(t,z)dz > = sup / w(t, z) dz
B 4 0<|t|<p? /B,

e

we have

and choose ¢ such that 1(0,z) =1 on Q, and 1(0,z) = 0 outside @, so that

(3.37)

sup / w?(t, ) dz < 4/ w?(t,z) dz
0<|t|<e? J B, B,
< 4/ w2(7f7 x) P2 (t,z) dr < 4/ O (wz wz) dzdt.
B ,

r

The same holds true if we replace @, by Q7 and 0 < [t| < ¢® by 0 < t < 0.
If 1/p < 1 (which includes the case p < 0), similar arguments yield

(3.38) sup / w?(t, ) dr < 4/ O (V?w?) dzdt.
B -

—02<t<0
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Step 2. Space-time Sobolev’s inequality. For any f € HY(QRr), we have

(3.39) //Rf27dxdt< 27 K{R2/QRf2dxdt+// \d dxdt}

X sup [ f2(s, ) dx}
Br

|s|€(0,0%)
withy=1+2/difd > 3. If d =1 or 2, we rely on (3.1), take v = 5/3, use Holder’s
inequality with 2y =10/3 <4 and p >4 if d =2, p >4 if d = 1. In order to fix
ideas, we take p =4 if d =2 and p =8 if d = 1. Hence

//Q Frdedt < Qi) (//Q fpdxdt>1

From the numerical inequality wq/d < 72, we deduce that |Q1]| = |(=1,1)||B1| <

2wq/d < 27% in any dimension.

Step 8. The case p > 0 and p # 1. Assume that 1/2 < o < r < 1. We work in the

cylinder @, = supp(¢). Here, we choose 9(t,x) = ¢, (|x]) ¢,2 ,2(|t]) where ¢,

and ¢,z ;2 are defined in (3.26), so that ¢» = 1 on @, and 9 = 0 outside Q,.
Collecting inequalities (3.34), (3.36) and (3.37), we obtain

2 2 e +1 2
sup / w(t,z)dr + )xos// |[Vw|” dedt < ———— // dzdt.
0<|t|<e? J B, Qo 7" - Q

Now apply (3.39) to f = w and use the above estimates to get

// w27 dz dt

d

2y
P

2
a
< 2n? ICl //w dxdt—i—// |Vw‘ dmdt] sup (/wQ(s,x)dx>
Is|€(0,¢%) \ Y B,
—1
< 272K i// wzdzdt+ ALt l // w? dx dt
0* JJq, (r—0)* e
—1 1 %
( A”L // dedt)
(r—o0)?
<

1 571 )\1+]. 571 )\1+1 d %+1
27r21C[—|— } { } <// wgdxdt>
0 (r—o)*Xoe] | (r—o)? .
p
= A(d7 0,7, AO,)\1,€,27T2 K:) (// U)2 dxdt)

Using the fact that 4 = A1 +1/X¢ > 1 and 1/2 < p < r < 1, we can estimate the
constant A as follows:

1 e IX 417 /e ta+1\4
0?2 (r—o0)*Xe (r—0)?

2K/, A A 2
< (r—0)27 (5"’ 52/\0> (?)d

2m2 K 2 2 2°KC 1
<o (HE) (T s T )
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where we have used that A1 /Ao < 3(AF +1/A2) < 2(A\ +1/XA)? = p? and 7 < 4.
First iteration step. Recall that w = vP/2, ¢ = % ‘1 — % ,and vy =1+ % if d > 3,

vy=5/3ifd=1or2, u=XMA+1/A>1and 1/2 <p<r <1 We can summarize
these results by

1

(o) (EQ%) e ([] waa)’

for any p > 0 such that p # 1. For any n € N, let

1 v+l o, 1‘ 1

3 (1=27") 0 po=—=7"" =07, e =g I —

for some fixed ng € N. Note that g9 =1, pg = 2,17%70, 0 monotonically decrease to
1/2, and p,, monotonically increase to co. We observe that for all n, ng € N, we
have p,, # 1 and, as a consequence, &, > 0. Indeed, if d > 3, p,, = 1 would mean
that
log (132)  log(1+3)

log ~y log (1 + %)
and, as a consequence, 0 < ng —n < log(4/3)/log(5/3) < 1, a contradiction with
the fact that n and ng are integers. The same argument holds if d = 1 or d = 2 with
ng —n = log(4/3)/log(5/3), as v = 5/3 corresponds to the value of v for d =1, 2
or 3. It is easy to check that for any n > 0,

ng —n =

[

[pn =11 = min{pag = 1,1 = pag-1} =min {4, 75 } = 7k -
For an arbitrary p € (0,1/1), we choose

log ( 1+7)

+1
log y

ng = 1.p.

where i.p. denotes the integer part, so that 0 < pg < p < v pg. By monotonicity of
the LY norms, that is,

(L) = (i) = (], o)™
@y @y @y ’
it is sufficient to prove inequality (3.28) for p = pg.
Let us define p,, € (po i, 1] such that

(3.40)
2 upn 2 1po "
1+€ﬂ:1+| 'up1|:1+%S1+2(d+2)fy”§4(d+2)'y”:4d’y”+1
n Pn — Pn —

because d+2 =d~y if d > 3 and v =5/3 if d < 3. Finally, let us define

n
Y, = <// vp”dxdt> , Io:(Q5IC)%(4d72)WT+1

and € =475, 0= 1 € (0,1), and € = .
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Tteration. Summing up, we have the following iterative inequality

1
(25 /C)% 2L Prot
Y, < <(in SN (1+2£) Yoo

Using 0,—1 — 0, = 27" and inequality (3.40), we obtain
Y, <1897 Y,y with I,y <I,C" L.
LeMMA 3.10 (|[BGV12]). The sequence (Yn)nen is a bounded sequence and
satisfies

Y
Yo :=limsupY, < I, ° Ct-97Y.

n—-+oo

The proof follows from the observation that

n— n—1 n— n—
Yo IS0 Y < (e )y = 1§ gy,

) n=1gj el . i
<[ 17 C9% vy =155 " 083503y,

With the estimates

1 1
(// vpodxdt> " < |Q1|%7% (// vpdxdt)p ,
1 1

% < 'YTTl and |Q] = 2|B;| < 272, we obtain

sup v < (20K (4dy2) )T T (4097117 T (252)5 (// vpd:cdt)

Q12

1
Po

=

which, using 272 < 24 and after raising to the power p, is (3.28) with ¢; given
by (3.30).

Step 4. The case p < 0. Assume that 1/2 < p < r < 1. We work in the cylinder

Q, = supp(t). Here, we choose ¢(t,x) = ¢, (|z]) ¢p2r2(—t), where ¢, , and
@(p?,1?) are as in (3.26), so that ¢ = 1 on @, and ¢ = 0 outside Q; .
After collecting (3.34), (3.36) and (3.38), we obtain

el A +1
sup / 2(t, x) Jr/\os// Vw|? dzdt < ———= 1+ // w?dzdt.
—0%2<t<0J B, 7“— Q

Then the proof follows exactly the same scheme as for p > 0, with the simplification
that we do not have to take extra precautions in the choice of p. The constant ¢;
is the same. (]

3.2.4. Logarithmic Estimates. We prove level set estimates on the solutions
by means of Caccioppoli-type energy estimates in terms of

—logw,
where v and w respectively solve (3.16) and
(3.41) wy =V - (AVw) — Vw - (AVw).

All computations below are quite standard and can be rigorously justified by testing
with —log(d + v) for an arbitrarily small § > 0 and then passing to the limit as
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§ — 0T. Here we are interested in keeping track of the constants. We recall that
= A1+ 1/Xo. Let us choose a test function 1 as follows:

d 1 if |z| <1,
(342)  ¢(x) == [[ xw(zs), where xu(2):=Q 2—|2| if 1<|z<2,
v=1 0 if |Z‘ Z 2.

Note that this test function has convex super-level sets, or equivalently said, on any
straight line segment, 1 (-) assumes its minimum at an end point.

Even if (3.41) is a nonlinear equation, the nonlinear term actually helps. The
reason for that lies in the following result.

LEMMA 3.11. Assume that ¥ is a smooth compactly supported test function as
in (3.42). If w is a (sub)solution to (3.41) in

{(t,x) ERxRY: |t <1, |z] < 2} = (~1,1) x Ba(0),
then there exist positive constants a and co(d) such that, for all s > 0,
(343) |{(t,2) € Q] : w(t,z) >s— a}‘
+ ’{(t,x) €y rw(tz) < —s—a}‘ < ¢o|By| g,

where

S w(0,2)Y*(z) da
J@)de

Equivalently, the above inequality stated in terms of v reads
(3.45) |{(t,z) € QF : logv(t,z) < —s+a}]
+ H(t,x) € Q7 : logv(t,z) > s—l—a}‘ < ¢y |By g,
where a = [logv(0,z) ¢?(z)dz/ [ *(x) dz.

PROOF. For better readability, we split the proof into several steps.

(3.44) e =2123%d and o=

Step 1. Energy estimates. Testing equation (or inequality) (3.41) with ?(x), we
obtain

/¢2w(t2)dx—/w2w(t1)dx+%/ Y2V - (AVw) de dt
§2/ V- (AV) dadt .

Using the conditions (3.17), we have that
AO//w2|Vw|2dxdt§/ V2 Vw - (AVw)dzdt,
/ Vi - (AVY)dedt < )\1/ |Vy|? dzdt.

Combining the above two inequalities, we obtain
A
/wzw(tg)dxf/wzw(tl)Jr 50/ Y2 |[Vw|? dz dt
(3.46)

< 2)\1/ V|2 dedt <29\ (ta — 1) |Bi| | VY| /3ee -
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Step 2. Poincaré inequality with weight 1/*. We use the weighted inequality (3.13)
with b = 9?2 and 9 as in (3.42). We have that diam(suppb) = 2d and since
0 <9 <1, then [|b]|, = ||¢*| =1 and also |B,| < [4?dz < 3%|B| so that the
constant )\, is given by

2d|By| _ d|Bs|

A =2%4.
= 2 [, v*de  [Bi]

Hence we obtain

(3.47)
// w(t, z) - w(d), ‘ wQ(x)dxdthld// Vu(t, 2)2 v2(x) de dt,
R4 xR Ré xRd
with 2
@, = gt
Jra 02

Step 3. Differential inequality. Let us recall that |[Vy|?. < 1. We combine
inequalities (3.46) and (3.47) into

N o [ S—_
. V2 w(ty) do — . Y2 w(ty)dz + ﬁ /t1 /31 ’w(t,x) — w(t)w’ Y2 () d dt
< 27N (t2 — 1) | Byl .-

Recalling that ¢ = 1 on By and the expression of w(t),, given in (3.47), we obtain

w(t2)w - w(t1)¢ Ao 2
t t dx dt
to —t 244134 d (ty — tl |B1] Ji, /B1 =)~ )w‘ !
2d )\1 |Bl| d
oK 2%) .

Here we have used that |B;| < [1?dz < 3¢|Bj|. Recalling that = A\; +1/)g, so
that Ao x> 1, we obtain

w(t2)w - w(tl)w 1 1 t2 2
tx)—w(t ‘ dz dt
th—ti 25394, (ta— 1) | B /tl /Bl ‘w( z) —wlt)y| de
d
<EMB g,
Jw?dx
Letting to — ¢; we obtain the following differential inequality for w(t) "

1 1
24+13d d i |By| Jp,
The above inequality can be applied to

(3.48) w(t), + ‘w(t,x) —Wﬁ dz < 27 4.

wit,z) = wit,z) — w(0), - 2* ut.

Notice that w is a subsolution to (3.41) since w is. With a = —w(0),,, we can
write (3.48) in terms of

W(t) = w(t), +a—2%ut such that W(0) =0
¥

as
d 1 1

—Wt)+ —————— — 2 <0.
dt )+ 20+134 4 11 [By| Jp, lw(t,z) = W(t)|" dz <0
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An immediate consequence of the above inequality is that W (t) < W (0) = 0 for all
te(0,1).

Let Qs(t) = {z € By : w(t,x) > s}, for a given t € (0,1). For any s > 0, we
have

M(ta$) - W(t) > s — W(t) >0 Vzxe Qs(t)a

because W (t) < 0 for ¢t € (0,1). Using W = —-<(s — W), the integration
restricted to Qs in (3.48) gives
d 1 | Bs(%)| 2

W0 > g - W

By integrating over (0, 1), it follows that

{(t2) € QF - wit,) >s}|=//{w>sm+ dxdt:/o 10.4()] dt

1 1
—W(0) s—W(1)

which proves the first part of inequality (3.43).

§2d+13ddﬂ|31|< )§2d+13dd|B1ﬂ
s 5

Step 4. Estimating the second term of inequality (3.43). We just replace t by —t

and repeat the same proof. Upon setting a = —w(O)w7 we obtain
{(t2) eQT : w<—s—a}| < 204134 q | B | %
O

3.2.5. A lemma by Bombieri and Giusti. The following lemma, attrib-
uted to E. Bombieri and E. Giusti [BG72] and adapted by Moser [Mos64], is
the cornerstone of our method. We remark that the result applies to any measur-
able function f, not necessarily solutions to a PDE, and to any family of domains
(Q)o<r<r such that Q, C Qg.

LEMMA 3.12. Let 8, ¢1, p > 0, co > 1/e, 8 € [1/2,1) and p € (0,1/u) be

positive constants, and let f > 0 be a positive measurable function defined on a
neighborhood of 1 for which

(3.49) sup P < m /Q T FPdzdt

for any v and o such that 0 < p<r <1, and

(3.50) {(t,z) € :1ogf>s}‘<02|§21|% Vs>0.

Let o be as in (3.21). Then we have

(3.51) sup f < kfj, where kKo :=exp {2 co V 86?} .
Q0 (1—06)258

The difference between the upper bounds (3.49) and (3.51) is subtle. The first
inequality depends on the solution on the whole space-time set €2, and is somehow
implicit. By assumption (3.50), if the set where f is super-exponential has small
measure, then on a slightly smaller set the solution is quantitatively bounded by
an explicit and uniform constant, given by (3.51).
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PRrROOF. We sketch the relevant steps of the proof of [Mos71, Lemma 3|. Our
goal is to provide some minor technical improvements and quantify all constants.
Without loss of generality, after replacing s by s u, we reduce the problem to the
case = 1. Analogously, we also assume that |Q2;| = 1. We define the nondecreasing
function

©(0) = sup(log f) Voelf,1).
o
We will prove that assumptions (3.49) and (3.50) imply the following dichotomy:
— either ¢(r) < 2¢y and there is nothing to prove: kg = €22,
—or ¢(r) > 2cy and we have
8¢t
SO(T) + (r— 9)25

for any r and o such that § < o < r < 1. We postpone the proof of (3.52) and
observe that (3.52) can be iterated along a monotone increasing sequence (gx)r>0
such that

(3.52) ¢(o) <

> w

0<op<o1 < <o <1
for any k € N to get

k—

0(00) < %w(gk) +8c} Z (1)

Ju

j 1
0 (041 — Qj)QB .
By monotonicity, we have that ¢(ox) < ¢(1) < 00, so that in the limit as k — +o0,
we obtain
j 1
=0 (Qj+1 - Qj)Zﬁ
provided the right-hand side converges. This convergence holds true for the choice

1 1-06
0y 1+j7

and in that case, the estimate

implies inequality (3.51) with p = 1 because
sup f < exp (sup(log f)) = e?0) < fo = g .
Qg Qp

In order to complete the proof, we have to prove inequality (3.52).

Proof of Inequality (3.52). We are now under the assumption ¢(r) > 2 co. We first
estimate the integral

/ fpdxdtz// fpdxdt—i—// fPdxdt
Qr {log f>1 o(r)} {log f<L o(r)}

(3.53) <P |{(tx) € < log f > L o(r)]| + || eF P
< 2c eP?(r) 4 o7 #(r)
¢(r)
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where we have estimated the first integral using that

sup fP < supe” log f < gpsupg, logf _ ope(r)

s 3

In the present case, assumption (3.50) reads:

2 c
H(t,x)te logf>2<p }‘ 2
We choose )
- log <90(7")>
() 2¢y
such that the last two terms of (3.53) are equal, which gives
(3.54) / / fPdwdt < 26500,

The exponent p is admissible, that is, 0 < p < 1/p = 1, if p(r) > 2/e, which follows
from the assumption ¢y > 1/e. Now, using assumption (3.49) and inequality (3.54),
we obtain

plo) = %Sup log(f?) = log (sup f”)

4

3% (7, // fpdxdt)
1 201e2<P(7") _1 L 1
Splog<(7"9)ﬁ)_plog((rg)ﬁ>+2<P(7")
:%w(r) (1+1°g(201) log(r — 0 ﬁ)
3
1%

log(¢(r)) —log(2¢1)

<;¢()(1+;>

p(r) -

In the last line, we take

8c3
> —
o) 2 (r—0)??
so that
— —0)8
log(p(r)) —log(2¢1) ~ 2
We again have that either ¢(r) < (73% and (3.52) holds, or ¢(r) > (TE%

and (3.55) holds, hence ¢(0) < 3 ¢(r). We conclude that (3.52) holds in all cases
and this completes the proof. O

3.2.6. Proof of Moser’s Harnack inequality.

PrOOF OF THEOREM 3.7. We prove the Harnack inequality

supv < h* infov
D— D+

where h is as in (3.19) and D* are the parabolic cylinders given by
D+:{% <t<l1, |z] <%}: (%al) x By /2(0),
= (-t <e<od bl <) = (ChoD) x B0,
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The general inequality (3.24) follows by applying the change of variables (3.31),
which do not alter the values of Mg, A1 and g = A1 + 1/X.

Let v be a positive solution to (3.16) and a € R to be fixed later. In order to
use Lemma 3.9 and Lemma 3.11, we apply Lemma 3.12 to

vi(t,z) =e %ou(t,z) and wv_(t,x)= D)

Step 1. Upper estimates. Let us prove that

(3.56) supvy < Ry
i

where K has an explicit expression, given below in (3.57). For all p € [1/2,1), let
Q, = {(t,z) €0 t+ 3| <io?, |zl < Q/\@}
= (=5 (" +1).3 (¢ = 1)) x By 5(0) = Q5 (—5,0) -

Note that if o = 1/v/2, then Q, = (=3/4,—-1/4) x By/2(0) = D~, and also that
Q, ) =(-1,0) x B1(0) = Q7 for any ¢ € [1/2,1).

The first assumption of Lemma 3.12, namely inequality (3.49) with 8 = d+2 is
nothing but inequality (3.28) of Lemma 3.9 applied to €2, = Qg/ﬂ (=1/2,0), that

is,
d+2

272
apo? < A2 Pdedt Ype (0,1/pn).
i‘if”—(r—g)d”//m” zdi ¥p e (0.1/u)

Note that the results of Lemma 3.9 hold true for these cylinders as well, with the
same constants, since Qg/ﬂ(—1/2,0) can be obtained from @,(0,0) by means of
change of variables (3.31) which leave the class of equations unchanged, i.e., such
that A1, Ao and p are the same.

The second assumption of Lemma 3.12, namely inequality (3.50) of Lemma 3.12,
if stated in terms of super-level sets of log v, reads

{z € : loguy > s} = |{(t,2) € Q7 : logv>s+a}| <c |B1|g

according to Lemma 3.11. Hence we are in the position to apply Lemma 3.12 with
0 = 1/4/2 to conclude that (3.56) is true with

80?(\@)3(d+2) o
(1 _ 1/\/5)2(d+2)

(3.57) Ro:=exp [2¢ca V

This concludes the first step.

Step 2. Lower estimates. Let us prove that

(3.58) supv_ < g
D+

where k, has an explicit expression, given below in (3.59). For all ¢ € [1/2,1), let
Qo={(tx) e : 0<1—t<®, 2] <o} =(1-0%1) x By(0) =Q, (1,0).

Note that if o = 1/2 then Q, = (3/4,1) x By/2(0) = DT, and Q, C Q; = (0,1) x
B1(0) = QF for any o € [1/2,1).
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The first assumption of Lemma 3.12, namely inequality (3.49) with 8 = d + 2
is nothing but inequality (3.29) of Lemma 3.9 applied to 2, = Q, (1,0)

D C1 P 1
ng@_SW/ATU_d$dt Vpe(—ﬁ,())

Note that the results of Lemma 3.9 hold true for these cylinders as well, with the
same constants, since @, (1,0) can be obtained from Q,(0,0) by means of change
of variables (3.31).

The second assumption of Lemma 3.12, namely inequality (3.50) of Lemma 3.12,
if stated in terms of super-level sets of logv_, reads

[{z € :logv_ > s} = [{(t,z) € QF : logv < —s+ a}| §02|B1\%.

and follows from inequality (3.45) of Lemma 3.11. With the same a and ¢y, we are
in the position to apply Lemma 3.12 with § = 1/2 to conclude that (3.58) is true
with

(3.59) Kp 1= exp [2 ey V (322 (d+2)+3 U] .

This concludes the second step.

Step 8. Harnack inequality and its constant. We deduce from (3.56) and (3.58)
that
Ry 'supv <e® < gl infu
0 DP = =L ¢
or, equivalently,

supv < (Fo ko))" info = h* infuv.
DP _( 0*0) D+ D+

Using (3.57) and (3.59), we compute

(@+2)
h = %o Ky = exp {2 co V (3 22 (d+2)+3 O’] exp [2 v SA D }

(—1/vaR@m 7

3 (d+2)
< exp {402 4 (22(d+2)+3 " %) O':|

d+2
= oxp [ea + 22O (14 i) o] s h.

The expressions of ¢; and ¢ are given in (3.30) and (3.44) respectively. The above
expression of h agrees with the simplified expression of (3.19), which completes the
proof. O

3.2.7. Harnack inequality implies H6lder continuity. In this section,
we shall show a standard application of the Harnack inequality (3.24). It is well
known that (3.24) implies Holder continuity of solutions to (3.16). The novelty
is that, here, we keep track of all constants and obtain a quantitative expression
of the Holder continuity exponent, which only depends on the Harnack constant,
i.e., only depends on the dimension d and on the ellipticity constants Ay and A;
in (3.17).

Let 1 C Q9 C R? two bounded domains and let us consider Q := (T, T3) x
O C (T1,Ty) x Qo =: Q2, where 0 < T} < T < T5 < T < 4. We define the
parabolic distance between 1 and Q5 as
(3.60) dist(Q1,Q2) = inf |z —y|+ |t —s|2.

(t,x)€Q1
(S,y)G[Tl 7’]14] X 082 U{Tl ,T4} X Q2
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In what follows, for simplicity, we shall consider €2; and €2 as convex sets. How-
ever, this is not necessary and the main result of this section holds without such
restriction.

THEOREM 3.13. Let v be a nonnegative solution of (3.16) on Q2 which satis-
fies (3.23) and assume that A(t,x) satisfies (3.17). Then we have

[v(t, z) — v(s,y)] ( 128 )V
3.61 su <[22 ) oo -
B e (lz =yl + 1t —s['/2) Gt @) 1@

where

(3.62) v :=log, (thl) )

and h is as in (3.22).

From the expression of h in (3.19) it is clear that h > §7 from which we deduce
that v € (0,1).

PROOF. We proceed in steps: in step 1 we shall show that inequality (3.24)
implies a reduction of oscillation on cylinders of the form (3.18). In step 2 we will
iterate such reduction of oscillation and directly show estimate (3.61).

Step 1. Reduction of oscillation. Let us define Dg(to, 7o) = (to — R?,to + R?) x
Bs (o) and let D (to, o), Dy (to, 7o) be as in (3.18). Let us define
M:= max v, M* = max v, m= min v, mf= max v,
Dr(to,zo) DE(to,x0) Dr(to,0) DE(to,x0)

and let us define the oscillations w and w™ namely
w=M-m and w®=M"—-—m".

We observe that the function M — v and v — m are nonnegative solution to (3.16)
which also satisfy (3.17) with Ag and A; as in (3.17). We are therefore in the
position to apply inequality (3.24) to those functions and get

M-m-= sup M-v<h inf v—M=h(M-M"),
Dj (to,z0) D} (to,z0)

M~ —m= sup v—m <h inf U—mZE(m"'—m)_
Dj (to,zo) D} (to,z0)

Summing up the two above inequalities we get
w<w+M —m)< hw—hwt

which can be rewritten as
(3.63) wt< —w = (w,

which means that the oscillation on D} (tg, o) is smaller then the oscillation on
Dg(to, xo), recall that ¢ < 1. In the next step we will iterate such inequality in a
sequence of nested cylinders to get a geometric reduction of oscillations.

Step 2. Iteration. Let us define 6 = dist(Q1,Q2)/64. The number ¢ has the
following property:

Let (t,x) € Q1 and (s,y) € (0,00) x R,

(P) 1
If |z — y| + |t — s|2 < ¢ then, (s,y) € Q2.
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Let us consider (¢,x), (s,y) € @1 such that (¢,z) # (s,y), then either

(A) o —y| + |t — |2 <4,
or
(B) |z —y| + |t — 5|2 > 4.

If (A) happens, then there exists an integer k > 0 such that

1 6
Sle—yl+t—s2 < 7.

4kFT 4k

Let us define z = % and 79 = . Since )1 is a convex set we have that

z,To € Q1. Let us define,

Ri+1 =4 R; Tit1 I:Ti—14R? VZE{O,,k—l} WheI‘eROZF.
With such choices we have that
(364) DR,i(ZaTi) C DEHI (Z, Ti+1) Vie {O7 ek — 1},
and
(t,l’) ) (S7y) € DRO(ZvTO) - Dgl (277-1) .

We also observe that, as a consequence of property (P) we have that Dg, (z,7%) C
Q2. Let us define, for any ¢ € {0,--- ,k — 1}

w; := max v— min v and w;":: max v — min v.

DR, (2,7i) Dr; (z,7:) D}i(z,n) D;i(zﬂ)
As a consequence of (3.64)
(3.65) wi <wyf ;.
By iterating inequalities (3.65) - (3.63), we obtain that

lw(t,z) — v(s,y)| <wo <wf < Ew

1 kv
kawk_<4> Wk
AN 5\
=\s) \#) =
4 v 1\Y
<2(5) (le=yl+lt=s) lolien -

This concludes the proof of (3.61) under assumption (A).
Let us now assume that (B) happens. In this case we have that

|x—y|+|t—s|%>”

6
4 v 1\Y
<2(3) (o-sl+1t-s1t) ollmian-

The proof is then completed. [

51/
[o(t,2) = v(s, )] < 2[[vlli=(@s) 57 < 2[vlL=(qa) (
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3.3. Bibliographical comments

Sobolev’s inequalities on domains are classical and can be established in many
ways, see for instance [MTSO17]. The critical interpolation inequality (3.3) fol-
lows from [Eval0, Section 5.6], The constant in (3.3) is new, to our knowledge.
The proof of inequality (3.1) in dimension 2 is due to E. Gagliardo and L. Niren-
berg in [Gag58, Nir59], while, the proof in dimension 1 seems to be new. For
an introduction to Gagliardo-Nirenberg inequalities in dimension d = 1, we refer
to [GIN11, DELL14|. In arbitrary dimensions d > 1, the interpolation inequalities
of Lemma 3.5 are due to E. Gagliardo and L. Nirenberg [Gag58, Nir59, Nir66]
but, to the best of our knowledge, the constants are not present in the existing lit-
erature. The proof of the weighted Poincaré inequality is due to J. Moser [Mos64,
Lemma 3], see also [CH®89, p 488] for a previous contribution.

The constant in Lemma 3.2 is not optimal and, in the critical exponent case,
one can expect various regimes in Inequality (3.1) depending on the radius R of
the ball. This can be seen by direct methods when the space is restricted to radial
functions, but the problem is that optimal functions are expected to satisfy Neu-
mann homogeneous boundary conditions and that we cannot use the Pélya—Szegs
principle in this setting. Alternatively, in the large R regime, Sobolev’s inequality
should play a role, at least asymptotically, while in the small R regime, if there are
optimal functions corresponding to the inequality written with the optimal con-
stant, then these solutions enter in the framework of the Lin-Ni conjecture, and it
is expected that the only solutions are the constants. This is actually some rather
delicate matter, in which dimension plays a role: see [DRW12] and [DK17] for
results in the entropy framework. Hence in Lemma 3.2, and also in Lemma 3.3 for
similar reasons, we claim no optimality.

The Harnack inequality for the classical heat equation was first established by
B. Pini [Pin54] and J. Hadamard [Had54| independently. The first regularity re-
sult for linear parabolic equation with uniformly elliptic measurable coeflicients was
established by J. Nash [Nas58]. The Harnack inequality of Theorem 3.7 (without
explicit constants) goes back to J. Moser [Mos64, Mos67, Mos71]. After the
seminal papers of J. Nash and J. Moser, several other results appeared for more
general linear parabolic equations including the case with unbounded lower order
terms [ABG67, Ish99, Tru68, LSU95|. A proof of Moser’s parabolic Harnack in-
equality using the founding ideas of Nash, can be found in [F'S86]. The relation be-
tween heat kernel bounds and Harnack inequalities was investigated by D.G. Aron-
son, E.B. Fabes and D.W. Stroock, [Aro67, FS84], and the complete equivalence
was established by M.T. Barlow, A. Grigor’yan and T. Kumagai in [BGK12].

Several regularity results were obtained also for linear operators with degenerate
or singular weights. Harnack inequalities where established in [CS84a, CS84b,
CS85] using similar techniques to [Mos71]. Pointwise estimates on solutions were
later obtained in [CS87]. Bounds on the heat kernel for such kind of operators were
obtained in [GIN88]. Those papers deal with rather particular class of weights. We
remark that in this setting functional inequalities with weights of Sobolev and
Poincaré play a key role, see for instance [FGW94].



3.3. BIBLIOGRAPHICAL COMMENTS s

The correspondences between elliptic and parabolic Harnack inequalities were
investigated in [HSCO01]|. L. Saloff-Coste discovered an intriguing equivalence be-
tween Harnack inequalities and families of Poincaré inequalities with doubling mea-
sures [SC92, SC95], somehow already foreseen in [Gri91], together with the in-
triguing relation with Sobolev type inequalities [SC02, SC09].

In the Riemannian manifold setting, the differential Harnack inequality of
[Yau94, LY86] opened the door to a prolific field of research, see for instance the
monograph [Gri09] and references therein. We also refer to the survey [Kas07] for
more results on Harnack inequalities in various settings ranging from local and non-
local elliptic and parabolic equations, possibly in non-divergence form, to Harnack
inequalities in discrete settings, or for Brownian and Levy diffusion processes.

The dependence of the constant h on the ellipticity constants Ao and \; was
not clear before the paper of J. Moser [Mos71], where he showed that such a
dependence is optimal by providing an explicit example, [Mos71, p. 729]. The
fact that h only depends on the dimension d is also pointed out by C.E. Gutier-
rez and R.L. Wheeden in [GW90] after the statement of their Harnack inequal-
ities, [GW90, Theorem A]. The dependence of the constant h on the geometric
parameters of the cylinders DE and D} were provided in [GW90, GW91].

The method of this chapter relies on several estimates of [Mos64, Mos71].
These two papers contain two different proofs of Theorem 3.7. In [Mos64]|, Moser
established a proof based on the same iteration which we use in Lemma 3.9. To
conclude the proof, however, he used a parabolic version of the BMO estimates
contained in the John-Nirenberg Lemma [JN61]. It turns out that the original
proof contained a mistake which was corrected only in [Mos67]. A slightly differ-
ent BMO approach can be found in [FG85]. The proof of the parabolic version of
the John-Nirenberg Lemma is technical and provides no explicit constants. For the
purpose of giving constructive estimates, it was desirable to use a different method.
Finally, in [Mos71], a simplified proof was obtained: the Moser iteration method
provides LP — > and L"P — "°° bounds for arbitrarily small p > 0, for some con-
stant which is independent of p. Upper and lower bounds follow from logarithmic
estimates [BG72]. This is the approach that we have chosen for obtaining con-
structive Holder continuity continuity estimates: we use exactly this strategy with
minor improvements, detail each step, and quantify explicitly all constants.






CHAPTER 4

Uniform convergence in relative error and
threshold time

In this chapter, we aim at proving a uniform convergence result for the solutions
of the fast diffusion equation (2.1)

ou
a:Aum, u(t=0,") =ugp.

After some explicit threshold time ¢,, we establish uniform convergence in relative
error on the basis of the results of Chapter 3.

4.1. Statement

Fix m € (me, 1), let us define, for any v € L*(RY) the quantity
(4.1) lu|l x,, := sup = / |u| dz,
r>0 |z|>r

where a = d (m — m,) is as in (2.9), and
X = {u € L'(RY) : |lul|x,, < oo}

After an explicit threshold time t,, the solution u of (2.1) converges uniformly in
relative error to the self-similar function B defined by (2.33).

THEOREM 4.1. Let m € [mq,1) if d > 2 and m € (mq,1) ifd=1, A, G >0,
and let u be a solution of (2.1) corresponding to the monnegative initial datum
ug € LY (RY) N X, such that

(4.2) / ug dx :/ Bdz, J|uolx, <A, ]:[)\:duo(-/)\.)] <G.
Rd Rd

There exists an explicit €, q € (0,1/2), such that for any € € (0,&m,q4
u(t, x) 1+ AY™ 4+ G5
B(t, x) * g2

where a and T, are explicit constants depending only on m, d.

(4.3) sup
z€R4

)

—1‘§5 Vt>t,:=¢C

The scaling parameter A, is defined by (2.8). It is taken into account in (4.2)
only in order to simplify the conditions, in rescaled variables, for stability, which
are needed in the next two chapters. See Section 4.5.1 for details. In dimension
d =1 the restriction on m is a consequence of [o, |z|* B dz < 400, which means
m>my, and 0 =m; <m; =1/3if d=1.

4.2. Local estimates and an interpolation estimate

In this section we prove local estimates on solutions to (2.1) with L' initial
datum. We also state a result of interpolation in Section 3.1.4.

79
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4.2.1. L! mass displacement estimates. The following lemma gives infor-
mation on how mass moves both locally and at infinity.

LEMMA 4.2. Let m € (0,1) and u(t, z) be a nonnegative solution to the Cauchy
problem (2.1). Then, for any t,7 > 0 and r, R > 0 such that gor > 2 R for some
00 > 0, we have

1
m t— 7|
(4.4) / u(t,z)de < 27-m / u(r,x)dr + c3 % ,
B2 r(0) B2 p+r(%0) P 1-m
where
1
m 16(d+1)B+m)\T ™
(4.5) C3:=2T-m wy ( ( ) )) (00+1).
1—-m
Under the same assumptions, we have that
jt — 7|

(4.6) / u(t,z)de < 27w / u(r,z)dz + c3 ﬁ .

RIN\Bs r4r(z0) R4\ B3 g (zo) ro -m

PRrOOF. We begin by proving (4.4). Let ¢ = ¢, for some 8 > 0 (sufficiently
large, to be chosen later) be a radial cut-off function supported in Bs g4, (z0) and
let ¢ =1 in Bar(zo). We can take, for instance, ¢ = @2 g 2 r+r, Where pa g o gty
is defined in (3.26). By Lemma 3.8 we have that

2 4d
(47) V¢l < = and Al < 5
Without loss of generality, we can assume that xy = 0 by translation invariance,
and write Bg instead of Br(x). Let us compute

(4.8)

d
= /B )o@ de

/ A ™) odx / u"A¢dx
Baogir Bag+r

AGd
§/132R+7'u | ¢| ’
m 1 1—
AR
d ———d
= <\/B2R+ru¢ x) </B2R+r ¢m I)
=C d
<¢></BZR+Tu¢<x> x> ,

where we have used Hélder’s inequality with conjugate exponents % and ﬁ We
have obtained the following closed differential inequality
d

T /BzR+T u(t,x) ¢ (x) de| < C(¢) </B2R+T u(t,z) ¢ (x) dgg) )

An integration in time shows that, for all ¢, 7 > 0, we have

(/Bmu(t’a?)qﬁ(x) dx)l_m < (/BQRu(T,x)gzﬁ(x) dx)l_m+(1_m)c(¢) It — 7.
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Since ¢ is supported in 5 g4, and equal to 1 in Bs g, this implies (4.4), indeed, using
(a+b)ﬁ = (aﬁ +bﬁ) ,

we get

/ u(t,z)de < 277 (/ u(r,z)dz + ((1—m) C’(qb))l ™|t — |11T">
Bar BaRrr

1
- t—7|T-m
< 910w / u(T,m)dx‘FCs%v
B2R+r r 1—m

where
d(1—m)

Cs(r) == 2757 (1 —m) C(g)) " Tom
The above proof is formal when considering weak or very weak solutions, in which
case, it is quite lengthy (although standard) to make it rigorous, ¢f. [HP85, Proof
of Lemma 3.1]; indeed, it is enough to consider the time-integrated version of esti-
mates (4.8), and conclude by a Grownwall-type argument.
The proof is completed once we show that the quantity c3(r) is bounded and
provide the expression (4.5). Recall that ¢ = ¢, so that

(4.9)

,Bm

1A (6(@)) |77 ¢(a) T = p(a) T (B (8- 1) o2 [V + B

T—m

< (ﬂ(ﬂ—l))ﬁ@* |1Vl +1ag]

< (2 >)> (M)ﬁ

The first inequality follow from the fact that we are considering a radial function
0 < ¢(z) <1, and we take = 1=~ > 7. The last one follows by (4.7). Finally:

1 2—d (1—m)

(1= m) C(@)) 7 55

1
B rir\Ba2r ¢pT-m

= 1—m
< (1—m)= (4(3+m2)> o (%) " |B2rer \ B2r| P T

1—1m (2R+7") — (2R)
drd

-

< wy (w)m(goﬂ)

—m

where we have used that the support of A¢ is contained in the annulus Bs g4\ B2 g,
inequality (4.9) and in the last step we have used that gor > 2 R and

(2R+7)"— (2R <d@R+r)""'r <d(go+1)r

This concludes the proof of (4.4).
The prove of (4.6) is very similar to the previous one. Indeed, it is sufficient to

take ¥ = (1 — d))ﬂ and to derive in time the quantity

/ ult, 2)d(x) de
R\ Bs g4rr
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and perform the same computations as in the previous case. The proof of the
Lemma is now completed. ([

4.2.2. Local upper bounds. Our main result in this subsection is an a local
L! — L smoothing effect for solutions to (2.1).

LEMMA 4.3. Letd > 1, m € [ml, 1). Then there exists a positive constant &
such that for any solution u of (2.1) with nonnegative initial datum ug € L'(R?)
satisfies for all (t,R) € (0,+00)? the estimate

2/a
1 t 1—m
(4.10) sup  u(t,y) <E| = / uo(y) dy + ()
YEBR,2 () td/« Br(z) R

Even if the above estimate is well known, ¢f. [DiB93, DGV12, DK07, BV10,
BS19], the expression of the constant & was unknown, to the best of our knowledge.
‘We provide it here:

(4.11) F=kK?
where k = k(m, d, 8, q) is such that

kP = (227 (54;)2 8 (@+D) X720 10s0+D) (75) 925 (1 4 awy)?b

B+2 B+2
16 (dal . 1 d—m (d+1) 2 (a41)
. —m 1—m
with a = (16 (d+ )(3+m)2n + 2 3d g and b= 38 B 4(q+1) "
(2—=m) 1—m)T-m (1,(2/3)W)

The constant K is the same constant as in (3.1) and corresponds to the inequality

(4.12) Ly < K (19 AR + 1122 ) -

In other words, (4.12) is (3.1) written for R = 1. The other parameters are given
in Table 1.

Pm K q g
d+1\2/4
d>3| 24 ar(43) d o
= d—2 0Z Altd 2
= 4 % 2 [2(a—1)
d=1] & (2 max (2020 1) | 25| 2

TABLE 1. Table of the parameters and the constant X in di-
mensions d = 1, d = 2 and d > 3. The latter case corresponds
to the critical Sobolev exponent while the inequality for d < 2 is
subcritical. In dimension d = 1, p,,, = 4/m, which makes the link
with (3.2).

PrROOF OF LEMMA 4.3. The proof presented here follows closely the scheme
of [BV10, BS19] so we shall only sketch the main steps, keeping track of the ex-
plicit expression of all constants. Without loss of generality we can assume that
x = 0, by translation invariance. We also recall that u always possesses the regu-
larity needed to perform all computations throughout the following steps.
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Let us introduce the rescaled function
R2

(4.13) a(t,z) = ()m u(rt, Rz)

T

which solves (2.1) on the cylinder (0,1] x B;. In Steps 1-3 we establish a L2 — L*>®
smoothing inequality for & = max(, 1), which we improve to a L' — L° smoothing
in Step 4, by means of a de Giorgi-type iteration. In Step 5, we rescale back the
estimate and obtain the desired result for w.

Step 1. We observe that © = max{d, 1} solves 42 < A9™. According to [BV10,
Lemma 2.5, we know that
8

sup / 0P (s, x) da + //
s€[T1,T] J Bg, 1
< / / (0™ FPo=t 4 oP0) da dt
Cm,po Qo

Whel‘erZ(Tk,T]XBRk WithO<T0<T1<T§1,O<R1<R0§13nd

~minf1o 1 20D\ 51 mipet < gpo ;
Cm,po = mm{ 207 potm=1( = 3- We have 0 < 9P because © > 1, so

= 2
that
potm_1 |2
(4.14)  sup / P (s, ) dx—f—// ‘V@Lz | dzdt <y // 70 dz dt
s€[T1,T) BRl 1 0
1 1
Co = 32 .
’ ((RO—R1)2+T1—T0)

where

Step 2. Let p,,, be as defined in Table 1 and K be the constant in the inequality (3.1).
Let ¢ = pm/(pm — 2) and Q; = (T3, T] X Bg, as in Step 1. We claim that

(4.15)

1+% 1
// W de dt < Ko (// o de dt) with Ko =K (B> +Co)" 7.

Let us prove (4.15). Using Holder’s inequality, for any a € (2,p,,) we may notice
that

/ (s, 2)|* do :/ F5,2) 2 1F (5, )|" 2 Ao < [ F 1B 3y 118
BRI BRl

with b = ¢ (a — 2). Using (3.1), this leads to

// F(t )| da dt

<K (I912(u) + 2 1 IE2(gy)  sup (/B F(s,)[" dx) .
Ry

pot+m—1
2

2
Vo dx dt

s€(Ty,T)

Choosing f? = 9P~ with a = 2p1/(po + m — 1) and b = 2py/(po +m — 1) we

get
2 nPo
+ R2> dz dt sup / 0P dx
1 s€(T1.T) \JBg,

// P de dt < IC// (‘V@PMQ"I
Q1 1

]
Q=
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where

1
p1=(1+q>100—1+m>p0~

. (Do 2 . R
Letting X = ||Volrotm=1/2||"y; = S, 0P dz dtand Z = sup,¢ (1, 1) fBRlvpo dz,
we get Y7 < K (X + R;?Yy) ZY/9, while (4.14) reads X + Z < Cy Yp. Hence Y; <
K ((R72 +Co) Yo — 2) ZM1 < K ((R72 + Co) Yo)'""/%, that is inequality (4.15).
Step 3. We perform a Moser-type iteration. In order to iterate (4.15), fix Ry <

Ry < 1, Ty < T < 1 and also assume that 2 R, > Ry. We shall consider the
sequences (pk)keN, (Ri)ren, (Tk)ren and (Kg)gen defined as follows:

k
ka+;)@qam»+ﬂlrm,

6R0—ROO 9OT00_T0

— L 0 T =T == =2
™ (k+1)2 0 MR T )d

1 1 1
K=K (B2, +¢) 77, CZ32< i >
k (Ryiy +Cr) k (Ri — Ri+1)?  Tit1— Ty
s

using the Riemann sums >, ((k+1)72 = = and Spen(k+1)"1 = g—;. It is clear
that lim Ry = R, lim Ty = T, and Cy diverge as k — +oc0. In addition,

k—+o00 k—4o00
the assumption 2 R, > Ry leads to kal < (Ro — Roo)_2 hence K, is explicitly
bounded by

Ry — Ryy1 =

1+1 1 1
. where L := + .

) (o= Rl * T —T0)

Set Qoo = (Teo, T) x Bg.. and notice that Q. C Qy for any k& > 0. By iterat-

ing (4.15), we find that

K <K (7* (k+1)*Leo

12llLris1 (o) < I0llLrrss (@)

1 (g+1) py 1 1)k— 2}23j1)7€+1
P ap P q
<K Mol < H’C = 1902
and
L1vyk—d 1 k(a1 J k41 4(q+1>k+2 J

k q Prt1l j
T < ity i) HJ
3=0

By lower semicontinuity of the L>° norm, letting k& — +o00, we obtain

(4.16) 9] Loe (T TxBr.) <C HWHWXBRO)

where 0 < Tp) < Too <T <1,1/2< Ry < Ry <1, Ry < 2R, and
C=Kzat—m (7" Loo) *™ e iy S5z (h) log s |

Step 4. We show how to improve the L? — L smoothing estimate (4.16) to a
L' — L estimate, using a de Giorgi-type iteration. Let us set

« if d>3,
(4.17) B8=2-2qg(1—m) = 2(a—1) if d=2,

2m if d=1,
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we recall that 8 > 0 for any m € (mq,1) and d > 1. Then, from (4.16), we obtain,
using Holder’s and Young’s inequalities,

(4.18)  [I9]lLoc((1/9,11x By 2) < C ||@||E;oq(((:7{])xB,,1) ||77H517(q((71175;3,,.1)

1 . . 2
< 5 Bl (i nx ey + €10 (1 110, ))

where 1/9 <7 <1,1/2 <7 <1 and

2(q+1)

with
I (oS () o)
_ B (4 BT (92521 (507) logg) ¢
X = B+2 (B+2)MCB (W eTomihan )

To iterate (4.18) we shall consider sequences (7;)ien, (73 )ien such that
Tig1 — T = % (1 —f)ﬁia Ty — Ti+1 = % (1 —52)f2i~
with £ = (2/3)4<4B+1>. Since 2/3 < ¢ < 1, we have
1 < 1
16 7 5(1-¢)?2"

and this iteration gives us
k—1
5 L S F Cit1
1olleoe (170,115 812) < g N0lles (rnix ) + IONLs (1128, ) > 5
i=0

where for all 7 >0
2 (g+1)

S () T ox®)"
In the limit £ — oo we find
2
(4.19) [19]lLee ((1/9,11% By 1) < ¢||77H51((o,1]x32/3)
where
2 (q+1)
(4.20) Cc=14 (%) X,

Step 5. In this step we complete the proof of (4.10). We recall that ¢ = max{a, 1}
and then, using inequality (4.19) and the fact that & < o < 4d (1 —m) + 1, we find

2
(4.21) sup (L,y) < [l <ela+1]?,

y€EB1 /2 ((1/9,11x By 2))

((0,11xBays)

The function 4 satisfies the following inequality for any s € [0, 1]

(4.22) / (s, z) do < 27m / o do + € s
B3 B

where

(4.23) ¢ — 91 <3wd {16(d+ 1) (3+m)]11m> .

1—-m
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We recall that wy = [S?7!| = 12(7:17(1//22)' Inequality (4.22) is obtained by aplying

Lemma 4.2 with R = 1/3, r = 1/3 and p = 2. Integrating inequality (4.22) over
[0,1] we find

(4.24) [l (0,1)% By 5) < Qﬁ/ Qo do + =2 F .
B
We deduce from inequalities (4.21)-(4.24) that
2
m B
(4.25) sup  4(l,y) <€ [21—m </ Ug dx> + %:—%C@”+ (%)d wd}
yEB1/2(x) B d

where (3 is as in (4.17). Let us define

R 24 e (2 )dwd} ,

d
with € given in (4.20) and € in (4.23). We first prove inequality (4.10) assuming

T> T = RO‘HUOHL1 (Br)

which, by (4.13), is equivalent to the assumption ||dgl[r1(p,) < 1. Indeed, together
with (4.25), we get

T 1—1m 1 2 T 1—1m
4.26 sup u(r, ( ) <K < upll@ + (7> > ,
(420) ueBE/z (rv) = R? Th Follgs 5 R?

which is exactly (4.10). Now, for any 0 < ¢t < 7,, we use the time monotonicity
estimate

u(1) < u(ry) (T?*) -

obtained by integrating in time the estimate wu; > (d/ «) (u/t) of Aronson and

Benilan (see [AB79]). Combined with the estimate (4.26) at time 7., this leads to
sup u(T,y) < sup u(7y,y) ( )u

( )1 m ( )
YEBR/2 YyEBR/2

2
7||’U,0Hf:1(BR) _ 1 2 T 1jm
= R L (Br) <Tz||u0||L1(BR) + (ﬁ) )

Ta

R\
Qla

and concludes the proof. (I

4.2.3. A comparison result based on the Aleksandrov reflection prin-
ciple. In this section, we state and prove a version of the Aleksandrov reflection
principle, or moving plane method, a key tool for proving the lower bounds of
Lemma 4.5. Analogous results have been proven in [BV06, BV10, GV04] for
similar purposes, and we borrow some ideas from those proofs.

PROPOSITION 4.4. Letd > 1, m € (mc, 1) and let Bygr(zo) C RY be an open
ball with center in o € R? of radius A R with R > 0 and A\ > 2. Let u be a solution
of (2.1) with nonnegative initial datum ug € L1 (R?Y) such that supp(ug) C Br(zo).
Then

(4.27) u(t, o) > u(t, z)
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for any t > 0 and for any x € Dy gr(xo) = Bar(zo) \ B2 r(z0). Hence,

(4.28) u(t,z0) > | Dy (o)~ / u(t,z)dz .
Dy r(xo)

We use the mean value inequality (4.28) in following form:

(4.29) u(t,z)de < Agrtu(t, zo),

/Bz R+r(20)\Byb g (w0)
with b = 2 — (1/d), r > 2R(2'~@ — 1) =: 7y and a suitable positive constant Ag.
This inequality can easily be obtained from (4.28). Let us first assume d > 2, note
that in this case b — 1 > 1/2 and therefore r > 2 R (\/§ — 1). By Taylor expansion
we obtain that for some £ € (rg,r) that

_ Y

| B g (20) \ Bov g(0)| = y [(2R+7)? 2R =wy 2R+ &) (r —10)

d—1
wa 2R+ r < wyr? (\@\[31) ,

a simple computation shows that \/Q/ (\/Q — 1) ~ 3.4142135 < 4. In the case d = 1,
we have that b = 1 and thefore

IN

|B2 r4r(20) \ B2 g(x0)| = w1 7.
In conclusion we obtain that, for r > 2 R (2!~ — 1), we have

(430) |B2 R+r(-750) \BQbR(.I'O)| < Ay r®  where Ag = wy 4=

PrOOF. Without loss of generality we may assume that xqg = 0 and write Bg
instead of Br(0). Let us recall that the support of ug is contained in Bg. Let us
consider an hyperplane II of equation I = {z € R? | #; = a} with a > R > 0,
in this way II is tangent to the the sphere of radius a centered in the origin. Let
us as well define 1T, = {x € R? | 2; > a} and II_ = {z € R? | 2; < a}, and the
reflection o(2) = o(21,22,...,2n) = (204 — 21, 22,...,2,). By these definitions we
have that o(IT1) = II_ and o(II_) = II;. Let us denote @ = (0,00) x II_ and
the parabolic boundary 0,Q := 0Q. We now consider the Boundary Value Problem
(BVP) defined as

ug = A(u™) in Q,

(BVP) { u(t,z) =g(t,z) in 0pQ,
for some (eventually continuous) function g(¢,x). Let us define uq(t,x) to be the
restriction of u(t,x) to @ and us(t,z) = ui(t,0(x)). We recall that us(t,z) is
still a solution to (2.1). Also, both wu; (¢, x) and wu(t, z) are solutions to (BVP) with
boundary values g; (¢, x) and g2(¢, ). Furthermore, for any ¢ > 0 and for any = € II,
we have that g1 (t,z) = ga(t, z), as well g1 (¢,2) = ug > ga2(t,z) = 0 for any x € II_.
By comparison principle we obtain for any (¢,z) € Q
U1<t,$) Z 'U/Q(ta 33) 5

which implies that for any ¢ > 0

u(t,0) > u(t, (2a,...,0)).

By moving a in the range (R, AR/2) we find that u(t,0) > u(t,z) for any z € Dy g
such that z = (21,0,...,0). It is clear that by rotating the hyperplane IT we can
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generalize the above argument and obtain inequality (4.27). Lastly, we observe that
inequality (4.28) can be easily deduced by averaging inequality (4.27). The proof
is complete. O

4.2.4. Local lower bounds. The main estimate of this subsection is a lower
bound in which, again, the novelty is the explicit form of the numerical constants.

LEMMA 4.5. Letd > 1 and m € [ml,l). Let o € RY, u(t,z) be a solution
to (2.1) with nonnegative initial datum ug € L'(RY) and let R > 0 such that
Mpg(20) = |[uollL1(Br(z)) > 0. Then the inequality

1
(4.31) inf  wu(t,z) >k (R2t)"™ Vtel0,2¢
lz—zo|<R
holds with
t= % Ky M}{m(xo) R™.

Following the scheme of the proof of [BV06, Vaz06], and exploiting the precise
results of Sections 4.2.1 and 4.2.3, we are able to provide an explicit expression of:

2
— 4 3
_93a+2 ja (1 —=m) G-m)Zad
(4.32) Ky =2 d® and k= awy (238d47r16(1 T )) .

Proor. Without loss of generality we assume that o = 0. The proof is a
combination of several steps. Different positive constants that depend on m and d
are denoted by C;.

Step 1. Reduction. By comparison we may assume supp(ug) C Br(0). Indeed, a
general uy > 0 is greater than uoXx By, XB, being the characteristic function of Bp.
If v is the solution of the fast diffusion equation with initial data uoxp, (existence
and uniqueness are well known in this case), then we obtain by comparison:

inf wu(t,x) > inf wo(t,x).
TrEBR r€EBR

Step 2. A priori estimates. The so-called smoothing effect (see e.g. [HP85, Theo-
rem 2.2| , or [V4z06]) asserts that, for any ¢ > 0 and = € R%, we have:

2
o
1

[[uo
ta
where @ = 2 — d (1 — m). We remark that (4.33) can be deduced from inequal-

ity (4.10) of Lemma 4.3 by simply takin the limit R — oo. The explicit expression
of the constant % is given in (4.11). We remark that |lug||y = Mg since ug is non-

(4.33) u(t,r) <R

2
negative and supported in Bg, so that we get u(t,z) < EMg t=%. Letb=2— 1/d,
an integration over Bgyp gives then:

2 2
Mg Mg
(4.34) / u(t,z)dz < 7l —i (2b R)d <Oy —E R4,
By g d ta a
where Cs can be chosen as
(4.35) Oy = 21 max{l,ﬁ%}.
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Step 8. In this step we use the so-called Aleksandrov reflection principle, see Propo-
sition 4.4 in Section 4.2.3 for its proof. This principle reads:

(4.36) / u(t,z) dz < Agriu(t,0)
B2 r++\Byb g

where Ay is as in (4.30) and b =2 — 1/d. One has to remember of the condition
(4.37) r > (2W@-D/d_1)2R,

We refer to Proposition 4.4 and formula (4.29) in section 4.2.3 for more details.

Step 4. Integral estimate. Thanks to Lemma 4.2, for any , R > 0 and s,¢ > 0 one
has

/ ( )d |8—t|1/(1_m)
u(t,z)dx + ,
Banir r(2—d(1-m))/(1-m)

where the constant C5 has to satisfy C3 > max(1,c3) and c3 is defined in (4.5). In
what follows we prefer to take a larger constant (for reasons that will be clarified
later) and put

/ u(s,z)de < Cs
B2 r

1

Oy = <16)1_mmax <1,2wd {16(d+ D) (3+m)]1jm> .

1—m 1—-m

We let s = 0 and rewrite it in a form more useful for our purposes:

1
Mp 7%
(4.38) / u(t,z)de > 2B 00
B2 pyr C

s rTom
We recall that My p = Mg since ug is nonnegative and supported in Bg.

Step 5. We now put together all previous calculations:

/ u(t,x)dx = / u(t,x)dx + / u(t,x) dx
BaRryr B2 r B2 r++\Byb

2
Mz d
< Oy RdR +Adrdu(t,0).

o

This follows from (4.34) and (4.36). Next, we use (4.38) to obtain:

2

Mze d
— == < / u(t, ) dz < Cy RdR + Agru(t,0).
Cs B2 ryr Lo

a

Finally we obtain

2 1 1
1 Mg Mg RN\ 1 trm 1 |B(t) tim=
£0) > — || == — Cy —& — - =— -

u( ’ ) - Ad [( 03 2 t% ) 'I’d T’ﬁ Ad 7"d 7’1—2771

Step 6. The function B(t) is positive when
M M R .
B(t) = FR — (s ?d >0<=1t> (03 Cg) d .M}%—mRa
3 s

Let us define
(4.39) fo =4 (C3C2)7  and = 1R, Mp™R®
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We assume that ¢ > 2¢ and optimize the function

1 [B@) tll]

f(T):Id 2

’I“d ri—-m

with respect to 7(t) = r > 0. The function f reaches its maximum at r = 7,44 (%)
given by

We recall that we have to verify that r,,,, satisfies condition (4.37), namely that
Trmaz(t) > (2(‘1_1)/‘1 — 1) 2 R. To check this we optimize in ¢ the function 7,4 (t)
with respect to ¢t € (2, +00). The minimum of 7,4, () is attained at a time ¢t = #,,,;,,
given by

2 B 1-m pa
tmin = = C203 ) My ™R".

We compute 7maz (tmin) and find that
2(1—m)

)= (2 " (26 cf R
Tmaz\Tmin) = d(l—m) o 2 3 .

Therefore the condition 7,40 (tmin) > (Z(d’l)/d - 1) 2 R is nothing more than a
lower bound on the constants Co and C3, namely that
2(1—m)

(am=m)

Such a lower bound is easily verified, by using the fact m € (mq,1), we have
(1 —m)~! > d and therefore we have the following inequalities

2y 22
d(l—-m) =" a 2—d(1—-m)

therefore, from the above inequalities we find that

201—m)
(aa=m)

and so the such a lower bound is verified. Let us now continue with the proof.

1
26, o s o/
o 3=

(4.40) >1, Cy>2% and C3>16%d%,

2 a 2
( 02) Cf* >32d>2W@-1/d _ 1
«

Step 7. After a few straightforward computations, we show that the maximum
value is attained for all ¢t > 2t as follows:

A1 —m) = | 1 M2 e * a2
J— m [e3 «@ (e
max) — A — —C £ R 0
F(rmaz) = e Aa 2% Cs 2 ta ta ~
We get in this way the estimate:
2
u(t,0) > Ky Hy(t) —%,
where
1 Md(l—m) o d 1 d(1—m)
Hl(t)z 7—02 Lt 3 and Kl—OéAd[ ( 7771)}




4.2. LOCAL ESTIMATES AND AN INTERPOLATION ESTIMATE 91

A straightforward calculation shows that the function is non-decreasing in time,
thusif t > 2¢:

2

Hi(t) > Hi(2) = C; @ (1-47%)"
and finally we obtain for ¢t > 2¢ that

_2

(4.41) u(t,0) > K, Cy (1 —4*%) =R
ta

Step 8. From the center to the infimum. Now we want to obtain a positivity

estimate for the infimum of the solution w in the ball Br = Br(0). Suppose that

the infimum is attained in some point x,, € Bg, so that inf,cp, u(t, ) = u(t, x.m),

then one can apply (4.41) to this point and obtain:

for t > &My " (x,,) R®. Since the point z,, € Br(0) then it is clear that Br(0) C
Bs g(2m) C Bar(zo), and this leads to the inequality:

M2 R(xm) Z MR(O) and M2 R(I’m) S M4R(O)
since M,(y) = fBg(y) uo(z) dz and ug > 0. Thus, we have found that:

2 2

My (0)
inf w(t,x) =u(t,xy,) >k R .
veBnoy M) = ullym) = B te ta
for t > 2£(0) = &M z™(0)R® = &, My ™(0)R®, after noticing that Myr(0) =
M5 r(0) = Mg(0), since supp(ug) C Bgr(0). Finally we obtain the claimed estimate

Mg -
inf wu(t,x) >k f‘ Vit >2¢t.
z€BR(0) to

Step 9. The last step consists in obtaining a lower estimate when 0 < t < 2¢. To

this end we consider the fundamental estimate of Bénilan-Crandall [BC81]:
u(t, )

t < — .
u(t, ) < (1—m)t

This easily implies that the function:
u(t, z)t~ Y/ A=m)

is non-increasing in time. Thus, for any ¢ € (0,21), we have that
751/(1—m) 2

> RR, 7 (tR7)TT

which is exactly inequality (4.31). It is straightforward to verify that the constant &

has the value
: A0 m] T 2
_ _ L, NE
(442) R = E,‘%* T-m __ aAd 22 03 o (1 _ 4—;) E./* I-m

Step 10. Simplification of the constants. In this step we are going to simplify
the expression of some constants in order to obtain the expression in (4.32). This
translates into estimates from below of the actual values of constants % and #,,
and in order to do so, we need to estimate Cy and C5. Let us begin with Cy, since
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we only need an estimate from below. For any d > 1 the numerical inequality
wa/d < 72 holds. Tt is then clear from (4.35) that

20 < Oy < 2% 2.

In the case of C3 we already have a lower bound given in (4.40), in what follows
we compute the upper bound. A computation shows that the numerical inequality
wq < 1673 /15 holds for any d > 1. Since m < 1, we have that

16(d+1)(3+m) <64(d+1) <128d.

Combining the above inequality, with the estimates on wy and the defintion of

C3 we get
(4d)? <05 < (128d> s,

1—m
Therefore, we can estimate &, and obtain the expression of K,
Ro=4(CyCy)T > 22 (254a) T = 930420 —
Let us simplify &. By combining (4.42), (4.39) and (4.30), we get that

o

9d_g_2(1-m)+da d(1—m) _

4 24
B> awg 2272w [d(1—m)) e Oy S0 oy T (1 - 4*%)

Let us begin simplifying the expression (1 — 4’%). We first notice that, since

a € (1,2), we have that 1 — 4= > 1-— 4_%, which is an expression monotone

increasing in d. We have therefore that
2

14 3)" > (142 T g
(1-a7%) 2 (1-1%)

Combining all together we find

I[N

~ b 2a d(1-—m) 8 d? (1-m)348
R > awy Q= Vg Aa-m) d « a(1—m)2d (1 _ m) a(1-m)2d

where

1-— 2a2d(1— 2a(1—m)? 12 +4a?
a=56+8( m)+2a*d(l1—m)+2a(l—m) d—Zd and b:ﬂ.

a(l—m)%d d(1—m)
Since m; < m < 1, and d (1 — m) < 1, we can simplify the expression of a and b
into

0 < 76 d b< 32
——————— an _—
~a(l—-m)%d ~—d(l-m)
By summing up all estimates above and estimating the exponents of (1 —m) and d,
we get

vy (1) T

k> =K.

76 _ 32 2
Qa(1-m)2d rd(1—m) gd(1—m)

4.3. Global Harnack Principle

In this section we show that the solution of (2.1) can be bounded from above
(Proposition 4.6) and from below (Proposition 4.7) by two Barenblatt functions
defined in (2.6), with (slightly) different masses and with (small) shifts in time.
Compared to the existing literature [BV06, BS19, Vaz06], we provide a simpler
proof and explicit constants.
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4.3.1. Control in terms of Barenblatt profile from above. The profile
B(t,z; M) as defined by (2.6) and translated in time by a parameter 7 > —1/« is
still a solution to (2.1). In particular, we have that

B(t—é,x;M)éM(Sz:() as t— 04,

in the sense of distributions. Such a profile can be written as
1 a2 b My P : 1-m
(443) B(t—a,l'7M):(H) EB (ﬂ) gf Wlth b:(2ma)

PROPOSITION 4.6. Under the assumptions of Theorem 4.1, there exist positive
constants t and M such that any solution u satisfies

(4.44) u(t,z) < B(t+t— 21,2, M) V(tz)€ [t +oo) x RE.

Q=

The expressions of  and M are given in (4.48) and in (4.49) respectively. Here M
is a numerical constant. The reader may notice that the factor 1/« causes no harm
in the definition of the Barenblatt profile, see (4.43) of Chapter 2.

PROOF OF PROPOSITION 4.6. The proof is divided in several steps, and follows
the standard strategy, but here we keep track of all constants.

Step 1. A priori estimates on the solution. By taking R — oo in (4.10), we deduce
that

(4.45) u(t,z) <EMat™a V(L)€ (0, +00) x RY,
where % is as in Lemma 4.3. Let us choose
(4.46) to:= AT™,

xo # 0 and R = |z¢|/4, so that Br(x¢) C B§(0). Using (4.2) and (4.46), we deduce
from (4.10) that

(4.47)
2 2 = =
u(to, z0) <R 4? Aaz 4927w < t°2> < oMt m téfn; B.
FE ol ol 77
Step 2. Proof of (4.44) at time to. Let us define
(4.48) c:=max {1,257 R'"""p*}, Ti=cty,
and
(4.49) Mi=27w 55 (14+0)% b % M2,
where b is as in (4.43). Let us also define the auxiliary function
A(t) = (%)1 T bt (14+¢) = sothat A(to)= (%) = b (to +E)‘% .

If A(to) |2| < 1, we deduce from (4.45), (4.49) and (4.43) that

_d —\2 pd _a _d
ulto.r) <EMF 1" = ()" ot ® (4

1—-m

SB(to—i—f—é,x;M).

If A(to) |x| > 1, we deduce from (4.47), (4.48) and (4.43) that

1

1 1 _1

1—m T1—m 1—m

14 2 tO _ 1+c\t ™ tO _ —

to,x) < 2!t 1=m — R < — <B(to+t— %, x;M).
2| T 2be |zo| T
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Step 3. Comparison. Once we have obtained (4.44) at time ¢ = to, by comparison
it also holds for any t > tg. In particular (4.44) holds for any ¢ > ¢ > t;, which
completes the proof. O

4.3.2. Control in terms of Barenblatt profile from below.

PROPOSITION 4.7. Under the assumptions of Theorem 4.1, there exist positive
constants t and M such that any solution u satisfies

(4.50) u(t,z) > B(t—t—L,2; M) V(t,z)€[2t,+oo) x R,

Compared to [BV06, Vaz06, BS19|, the novelty here is that, again, we pro-
vide constructive estimates of the constants. The value of the constant M is given
below by (4.59): it is a numerical constant, which is independent of w. An upper
bound on t is given by (4.55). This bound depends only on A and various numerical
constants. As an intermediate quantity, we define R, > 0 such that

1
(4.51) / up dez = - M.
2| <R, 2

PRrROOF. Our task is essentially to keep track of the constants and we claim no
originality in the strategy of the proof.

Step 1. Let R, > 0 be as in (4.51). We read from (4.2) that

N 2A 1—-m
(4.52) RY < (M> .
From Lemma 4.5 we have that
1
(4.53) | ‘1r<1§% u(t,z) >k (R72)™™  Vte 0,2t

for k and Kk given in (4.32) and ¢t given by

1 M 1-m N
After taking into account (4.52), we obtain
1 M\ 2 AN Ry
) <= a4 i _ o prem
(155) <y (B) 0 (3) -2

Step 2. If |x| < Ry, we deduce from (4.43), (4.52) and (4.53) that

2
*

1 2
2£ i—m M o 4
U(Qt»$)>ff<R> >B(t—i,O;M):<M) b8 > Bt - L,z; M)

for any t > 0 and M > 0 such that

2 d Kk [ 2t T 2

4.56 Motmea < — | = o

(4.56) <gilm) M
Let us notice that (4.56) at ¢t = ¢ with ¢ given by (4.54) amounts to

1
K™ (RS
4.57 M < ()" M2
( ) — % bd M

This condition is independent of Rj.



4.3. GLOBAL HARNACK PRINCIPLE 95

Step 3. If |x| = R,, we enforce the condition that

L+ T
u(t—&-t,m)zﬁ(RQ) >B(t-1,2; M)

for any t € [0, ] by requesting that

1

t\NTT M L M A(t)? i

= > = R4 sup A (14+2%)7 7 > — L+ A()?) ™"
where the left-hand side is the estimate of u(t,x) deduced from (4.53), while the
right-hand side is the value of B(t — =, z; M) for |z| = R, and

A#) = () bt R,

After taking into account (4.54), we obtain the condition

1
m

< KK 9
(@@= m)" a7

which is also independent of R,.

Step 4. We adapt [HP85, Lemma 3.4] as follows. We choose

/2 K 1Jm 2
bd) 5 a2 3 Ry M
(d(1—m)?? az0%m

(4.58)

K

(4.59) M :=min {2—d/2 (

so that (4.57) and (4.58) are simultaneously true. Notice that M is independent
of R,.
The function u(t,z) := B(t —t — 1, 2; M) is such that
(4.60) w2t z) <u@tz) i |z <R,
by Step 2,
u(t,z) <u(t,x) if (t,z) € (¢, 2t) x RY, |z| = R,
by Step 3, and, in the sense of distributions,
u(t,) >~ Mb—o as t—1,.
As a consequence, we also have that

tlir{l w(t,) <u(t,z) forany z€R? suchthat |z|>R,.
iy

The functions u and wu solve (2.1). By arguing as in [HP85, Lemma 3.4], we find
that

u(t,x) <u(t,r) Y(t,x)€[t, 2t] x R? such that |z| > R,.
This inequality holds in particular for ¢ = 2¢, which can be combined with (4.60)
to prove that
w(2t,2) <u(2t,z) Vo eR?.
Notice that [HP85, Lemma 3.4] holds only for smooth functions, so that an ap-
proximation scheme is needed, which is standard and will be omitted here.

Step 5. By standard comparison methods, if (4.50) is true at ¢t = 2¢, it is also true
at any ¢ > 2¢. This completes the proof of (4.50). O
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4.4. Convergence in relative error and the threshold time ¢,

This Section is devoted to the prove of the uniform convergence in relative error
and to the computation of the threshold time t, defined in Theorem 4.1.

We begin by observing that the prove of Theorem 4.1 boils down to the com-
putation of t,. Let us give some definitions

E:= (M/M)% -1, g:=1- (M/M)% , and gy q = min{?, g, %},

where M and M are defined respectively by (4.49) and (4.59). As a byproduct of
Proposition 4.6, by integrating over R%, we deduce from (4.44) that M /M > 1,
which proves that # > 0. In the same way, by integrating over R?, we deduce
from (4.50) that M /M < 1, which proves that £ > 0. We conclude that €,, 4 > 0.
With this definition, notice that ¢, and ¢, 4 are numerical constants that depend
only on d and m.

4.4.1. The outer estimates. So far, the upper and lower estimates of Propo-
sitions 4.6 and 4.7 correspond to Barenblatt functions which do not have the same
mass M as u. The present sub-section is devoted to the comparison of the solution
u of (2.1) with the Barenblatt function B of mass Mbut up to a multiplicative
factor. This comparison will be done outside of a large ball in x, or for large values
of t. With the notation of (2.33) and (2.6), we recall that B(t,z) = B(t, z; M).

COROLLARY 4.8. Under the assumptions of Theorem 4.1 and for any e € (0,¢),
there are some T'(g) and p(e) for which any solution u of (2.1) satisfies

(4.61) u(t,z) > (1 —¢e)B(t,z) if |z|>R(t)ple) and t>T(e).
Furthermore, there exists C > 0 such that, for all z € R?,
(4.62) u(t,z) >CB(t—L1 2) if t>T(e).

The constants T'(e

p(e) and C have an explicit expression which will be given
below in (4.63), (4.64)

),
64) and (4.65) respectively.

PROOF. The Barenblatt solution of mass M as defined in (2.6) can be rewritten
as

1—

B(t, @; M) = A0 (M/M) =7 4202 o)™

where A(t) := A\ R(t)™', A, is a constant given by (2.8), and R(t) = (1 + at)'/*,
so that

1

Bt—t—L1 2, M) At—t—1) 1+ A(1)? |22 o
B(t, ) A(t)d (1_§)m71+)\(t_£_é)2|x|2 ’

With

n(t) = (t;)a and  s(t,z) 1= A®)% |2,

Inequality (4.61) amounts to

1

1+ s I-m
d >1—¢.
" ((1—5)m‘1+7728> =
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It is sufficient to have

—d(1—-m —_e\1—-m
A G (=) -
R(t) L—n®)* (1L —e)t-m
Using (4.55), the first condition is satisfied if ¢ > T'(g) with

20+ L1+ (1—e)™) ko (24)7" 42

4.63 =0 < o . P(g) .
(4.63) 7€) TR LT s
Notice that T'(g) = O(1/e) as e — 0 and also that Condition (4.63) guarantees that
T(e) > 2t. Next, using

nt)*(1—e)'"™ <1 and s(t,z)= (

|
‘\m

1< (t) < n(Ze) < = (r(e)
(14 (1 —g)t-m)=

for any t > T(¢), the second condition follows from s(¢,z) > A2 p?(¢) with

1/2

E 1-m 1
(4.64) ple) = % (1+1+em) 1(—1)—5)1—m

It follows from a Taylor expansion that p(e) = O(1/\/€) as ¢ — 0.
With the above notation, we remark that

B(t—t— &, a; M) p l+o =
B 1 =7(t) m—1 | ~2
(t—1,2) (1—-¢) +7%0

where

t—t
Since v > 1, inequality (4.62) amounts to find

+(t) = (t>i and o= A(t— 1) af?.

1

. 1+o =

inf .

>0\ (l—g)" 1 ++20
A straightforward computation shows that such an infimum is achieved either at 0
or at infinity. Since for any t > T'(¢) > 2t we have that v(t) < v(2¢) = 2=, we
obtain

1 =0 2 1—
(4.65) inf o Zmin{(1—§)77*1—m}2 < _.C,
>0\ (1 —g)m "t +120 2T=ma
where we have used that ¢ < 1 and 9T > 1. The proof is completed. ([l

Next we prove lower bounds.

COROLLARY 4.9. Under the assumptions of Theorem 4.1 and for any ¢ € (0,%),
there are some T(g) and p(e) for which any solution u of (2.1) satisfies

(4.66) u(t,z) < (1+¢e)B(t,z) if |z|> R{t)p(e) and t>T(e).
Furthermore, there exists C > 0 such that, for all x € R?,
u(t,z) <CB(t—L1,2) if t>T(e).

The constants T(¢), p(¢) and C have an explicit expression given below in (4.68),
(4.69) and (4.70) respectively.
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PrOOF. The beginning of the proof is the same as for Corollary 4.8. With the
same notation except for  which is now defined by

1
. 1
7+t @

t) = | &—
n(t) (t+t)’

where ¢ is as in (4.48), Inequality (4.66) amounts to

1+ s I—m
d <1 )
1 (u+ewhk+ms> sire

To prove the above inequality it is sufficient to have
(4.67)

SN2 1—n(t —d(1-m) (14e)l-m
n)* (1+e)"™>1 and s(t,z)= </\]%(|t)|) > 7772:)()1 o 5)1E71ﬂ+€_)1 .
Let us define

= 2t
(4.68) TE) = oy

where 7 is as in (4.48) and T'() = O(1/¢) as € — 0 follows from a Taylor expansion.
If £ < 1/« then the first condition in (4.67) is always satisfied, while in the case
t > 1/a, we need to ask that ¢t > T'(¢). In both cases we have that

1

02 (i)

for any t > T(g). As a consequence, a sufficient condition the second inequality
s s(t,

in (4.67) is s(t,x) > A2 p%(e) with
.1 /(Q+e)tm+1 H
(4.69) o(e) == n (W%_J .

It follows from a second order Taylor expansion that p(e) = O(1/4/€) as e — 0.
As in Corollary 4.8, we remark that

B(t+t—21, 2; M) J 140 =
B 1 =) Am—1 2
(t—1,2) (1+7%) +720

wwz(;;)

Since 7(t) < 1, inequality (4.62) amounts to find

where

Q=

and az)\(t—é)Q 2|2

1+o e
su .
S\ I+ T+ %0
A straightforward computation shows that such infimum is achieved either at 0 or
at infinity. Since y(t) > (2/3)Y/« for any t > T(c) > 2%, we can argue that
(4.70)

o (g ) a0 2077} £ ) @ =T
o0 \(14+8)m1 4420 = - 2

The proof is completed. O
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4.4.2. The inner estimate. Here we prove the uniform convergence in rela-
tive error inside a finite ball. Let us recall that

€m,d = min {é, g, %}

— 2 2
where, as in Section 4.4.1, £ = (M/M)* —1ande =1— (M /M)= are given in
terms of M and M defined respectively by (4.49) and (4.59). For any € € (0, p.4),
let us define

(4.71) p(e) :=max {p(e), p(e)} and T(e) :==max{T(e), T(¢)}

where p(e), p(e), T(e), and T'(e) are defined by (4.63), (4.64), (4.68), and (4.69).
We know that p(e) = O(1/+/¢) and T'(¢) = O(1/e) as € — 0. The main result of
this sub-section is the following.

PrROPOSITION 4.10. Under the assumptions of Theorem 4.1, there exist a nu-
merical constant K > 0 and an exponent ¥ € (0,1) such that, for any € € (0,&.4
and for any t > 4T(e), any solution u of (2.1) satisfies

v
T

(4.72)

The exponent is ¥ = v/(d+v) and the numerical constants v = v(m, d) and K(m, d)
are explicit and given below in (4.75) and (4.89) respectively.

PROOF. By the triangle inequality, the left-hand-side of (4.72) can be estimated

u(t, ) 1‘ B(t— 1 2)
(4.73) B(t,x) - B(t,x)
“(eets e 1)

The supremum of the quotient B(t — 1/a, z)/B(t,x) is achieved at z = 0 for any
t > 0. Using (2.33) and (4.43), we have that

B(t—1 d
k) < BT _ .
B(t, ) Loo (RE) aste

The supremum of the quotient B(¢,z)/B(t—1/a, ) is achieved at infinity, therefore
a simple computation shows that

1
1 1—m =, -,
:(1+) —1<24 2
L at t 1

A Taylor expansion shows that the values of ¢z and ¢; are

B(t,z)

Hm—m”

_ _ m
=1 and Cp = SA=m)Pa?
Our task is to estimate the missing term |u(t,z)/B(t — 1/a, ) — 1|. This is done
by interpolating the above quantity between its LP and C" norms, by means of
inequality (3.10), in Section 3.1.4. In order to do so, we use parabolic regularity
theory to estimate the C*¥ norm of the quotient u(t,x)/B(t — 1/, x).
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Step 1. We recall some elements of linear parabolic regularity theory. Let us define
the cylinders

Qu:=(1/2,3/2) x B1(0), Q2 := (1/4,2) x Bs(0),
Qs == (1/2,3/2) x B1(0) \ B1/2(0) and Qq:= (1/4,2) x Bs(0) \ By,4(0).

By Theorem 3.13 of Chapter 3 any nonnegative weak solution to (3.16) defined on
Q- satisfies the following inequality

[v(t, ) — v(s,y)] < 128 )V
4.74 su <2 ) |vll~(o,
W e, (I =yl + [t — s['/2) Qo) =@
where
h _
(4.75) i€{1,2}, v:=log, (hl> €(0,1) and h:=hMF1/ Ao,
Notice that v > 1/h
1

V> ——
h)\l +X0
is a positive number, which only depends only on d, through h as defined in (3.19),
and on Ag, A\;. We remark that a solution u(t,z) to (2.1) is, also, a solution to the
linear equation (3.16) with coefficients

a(t,r) =mu™ ' (t,x), A(t,r)=a(t,z)Id,

where Id is the identity matrix on R? x R?. In what follows, we apply this linear
theory to nonlinear equations by choosing Ay and \; appropriately, depending only
on m and d: see below (4.80) and equality (4.74) we deduce that a nonnegative
weak solution to (3.16) defined on Q2 satisfies, for any s € (1/2,3/2)

(76)  max{[0(5, ) o (5,0 [06: Vew (3 0151 a00)} < €1 [0l @ -

where |-]cv(q) is defined in (3.9) and ¢; = 2'°. In this first step we show how to
compute ¢1. By estimates (4.74) applying it is clear that the only ingredient needed
is to estimate from below dist(Q1,Q2) and dist(Qs, Q4), where dist(-,-) is defined
in (3.60). Let us consider the case of dist(Q1,Q2). By symmetry, it is clear that the
infimum in (3.60) is achieved by a couple of points (¢,x) € Q1, (s,y) € dQ2 such
that either |z| = 1,¢ € (1/2,3/2) and |y| =8,s € (1/2,3/2) or t =1/2,y = 1/4 and
2,y € By. In both cases we have that dist(Q1,Q2) = | —y| + |t — s|2 > 1/4. By
a very similar argument we can also conclude that dist(Qs, Q4) > 1/4. Therefore,
we conclude that, in both cases, ¢; can be taken (accordingly to inequality (4.74)).
1 1

diSt(Ql, QQ) ’ diSt(Q3, Q4
where we have used the fact that v € (0,1).
Step 2. We estimate the C¥ norm of u(t,z). For any k > 0 and 7 > 0, let us define
the re-scaled function

(4.77) Ur g (t, ) i= kT rh (T t ke x) )

2(128)" max{ ) } <2(512)" <210 = ¢y,

The function i,y solves (2.1). Similarly, the Barenblatt profile B as defined
in (4.43) is rescaled according to

Bry (t— 4.oa0) =B (t— g, 2:k™7 M) .
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In this step we obtain estimates for the C-norm of @, 1(1,-) and B(1 — %, -). Let
us begin with the latter: for any v € (0, 1), we have

[B(1 = £,2)]ovrey < 2max {| B = &, ey, [VBO = &, )l gy |

3_2m bd 92 _ 2—m
(4.78) = 2b max {1 , 2w (2=m) —m } =:ca,
V1—m(3—m)za-m)

where b is as in (4.43) and [[VB(1 — L,.)[| = ge) can be estimated as

d+1

IVB(1 - év Mo ey = (#) sglg f_—fn (1 + zz)_2 1=m
2—m

d+1
= At g1 (3—m) =m
o T VAmm)E—m) \ 27 '

By the results of Corollaries 4.8 and 4.9, there exist positive constants C and C
such that, for all # € R, all ¢ > T'(¢)/7 and all k > 1,

fLT’k(t,l‘)
B(t— L k™% M)

(4.79) 0<C< <C < o0,

where the expressions of C' and C are given in (4.65) and in (4.70) respectively, and
depend only on m and d. Let us define

Ag = mw=1 C max { sup B(t — é,x), sup sup B(t — é,x;kﬁ M)},
(4.80) ) Q2 k>1 Qa

AT = mﬁgmin{igw(t— 1 2) 7]ir;fliélfB(t— Lo k™= M)},
2 = 4

‘We remark that

supsupB(t — L, z:kT% M) and infinfB(t— L1, z:kTm M
supsup Bt — ) jnfinf Bt -3 )

are bounded and bounded away from zero. Indeed, Let us consider first the case of
B(t — L, 2): for any (t,z) € (0,00) x R?, we have that

Q=

1 2 m—1
=T
Bt—1 )= o <b2 + x|2> where b= (3-2)

a’ = 2ma

We deduce therefore that, for any (¢, z) € Q2, we have that

1 2% 6 o 1 d 4
— [ =42 < B(t—%,z) <pl4s.

This is enough to prove that A\ > 0 and Ay < oo. Let us consider B(t —
1o kT M), we recall that

1

—1_ 2 m—1
a tl—nl tZ
B(t_i,x;kmM):a< +|£L‘|2> .

= k2 b2
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Let us consider (¢,x) € Q4, we have therefore

~—

= k2 b2

1 2% m—1 . s

i + 64 <B(t—=,z;kTm M
a

A41-m pI-m

From the above computation we deduce that

supsupB(t—l l’kﬁ M)} < 21—11n <1+1> =1
k>1 Qa ™ - blfm, b2 4% 16 5

while
i < inf inf B(t — 1, ; kTm M) .
9T—m bi-m k>1 Q4
Combining all estimates together we obtain that 0 < Ay < A1 < o0.
As a consequence of (4.79) we obtain that, for any 7 > 47 (¢) and for any
k > 1, we have
1

()77 S aalto) < ()77 Vo) € Q2 Qu.

m

The function @, is a nonnegative weak solution to (3.16) and, as a consequence
of inequality (4.76), we get that for any 7 > 4T (¢),

Lir1 (1, )] v (o)) < e lldrillLe(q,)

Lfbﬂk(l, ')JCV(BI(O)\Bl/Q(O)) <a ”ﬁT,k”LOC(Qz;) Vk>2,
where v is as in (4.75) and Ao, A1 are as in (4.80). We observe that
(4.82)

N 2 .
Lar k(L) v (51 00\Bja0)) = FT7 7 Lira (L) v (B 00\ B ()

(4.81)

. 2 2.
s kllLoe @iy = KT HuT71||L°°([1/4,Z]XBk(O)\Bk/Q(O)) SET [y alluee (174,21 xRa) -

We finally estimate the C”-norm of @, 1(1,-), combining (4.81) with (4.82) we get

oo
lir 1(L, ) Jevmay < L 1 (L)) + D Lar 1 (L) en (5,40 0008, )
3=0
<1 [ 1llnee (14 2 xR 307 -
Lastly, we notice that, as a consequence of (4.77) and inequality (4.10) where
we take the limit R — oo, we have
d
a_4ea

R

N da
(4.83) |7 1llLee(1/a,2xre)y < T |[ullLee (174 2 xRe) < T

Step 3. In this step we shall show that for any ¢t > 4 T'(g), the following inequality

u(t, x) . 1
(4.84) Bi-L,2) 1| < Cllut,2)-Bt—%, 2)|{iga if |2[<2Zp(e)tn
holds for any Z > 1, with C' as in (4.87) and
(4.85) i p—

d+v’
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Let us define

9v v 1 .
C:.= Cdty,l 014(¥ HMO‘ 1 + co +(7(2M)d+” .

\ N

27 p(e))"
By inequalities (4.78), (4.81) - (4.83) and (3.10) we deduce that for any 7 > 4T'(¢)
(4.86)
lir 1 (1,2) = Br 1(1 = £,2) Lo (B, 5 ,0y) < Clltr 1(1,2) = B 1 (1= 2, 2) |17 gy
where Cy, 1 is as in (3.10) and ¥ as in (4.85). Let us define

(4.87) C:=b?(1+4b>Z%p(e)?) ™ C = C.
LOC(B2Z/J(E))

From inequality (4.86), we deduce that, for any € R? such that |z| < 2 Z p(e),
tr 1(1,2) — By (1 — X, 2)

BT,l(]- — E,CE

0

e a (1) = Bra(l— 2,

(4.88) ‘

L1(RY)

Let us define y = 7& x. By using (4.77), we can see that the left-hand-side of (4.88)
is as the left-hand-side of (4.84), indeed we can write

u(ry) 1’ [fralln) = Brall = 5o
B(r—1%.,y) B, 1(1- 1 2)

The same holds for the right-hand-sides of those inequalities, indeed from (4.77) we
deduce that

ra(l) = Bra(l= 1,

L1(R4) = ||u(7—7) - B(T - éa ')||L1(Rd) .

Combining the above observation we deduce that inequality (4.84) holds.
Step 4. For t > T(g) > 2/« we have that R(t) < (2 oz)é t'/e. By combining (4.84)

(where we set Z = (2 a)l/a) and (4.73) (where we have estimated ¢ (t) < 2%/¢) we
find that for any t > T'(¢) > 2/«, we have that

g(é”j) - 1‘ < 2% (C lu(t, ) = Bt = LI} + (&5 + 22) 1)

if |z|] < 2R(t)p(e). By the triangle inequality and the above estimate on the
quotients of two delayed Barenblatt solutions we obtain that for any ¢ > T'(¢)

_ _\M

< lu(t,z) — B(t,z)|, + (¢5 + 2 ¢) -

We take advantage of the Csiszar-Kullback inequality (2.34) of Section 2.4.4 in
Chapter 2, namely

lut,2) = B(t = 5 2)

M VG

m

||U(t7.’17) - B(ta 37)”1 <

where R(t) is as in (2.9). This inequality can be obtained from (2.34) and (2.32)
by applying the change of variables (2.14). This yields (4.72) with a constant in
the right-hand-side given by

C= 2% (C 1 (34 2%)) <W+ (63+(2X02)/\/1>19
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where where the constant C' is given by

C:=b% (1+4b>Z%p(e)*) ™™ Cyun

d
21/ d+v 1 1
Y ((Clﬁmz - m) +(d(2M)diu> |

27 p(e))

where ¢y, co are defined in (4.4.2) and in (4.78) respectively, and Z = (2 a)é. We
observe first that Recall that o € (1,2) so that

_ +@_ 1 n 2m < 1 n m _ 1
STy T1-m 2(1-m)2a3 = 1-m (1-m)2 (1 —m)?
hence
d 204 M v
T < 2% (c #) o _ M
< te) (G T M G g
§25+19 (1+C)

)(a—l—/\/l)ﬂ.

m?(1 — m)2(0+9

Then, For any ¢ € (0,&,,,4) C (0,1/2), we have that

1_e\1—-m 1/2
(1—g)™(e—¢) 1 _ i 1—m M 2\@
\/T I \/g < B(E) - Ao ((1 + (1 +€) ) I—(1—g)i-m < W \/g

and
1 1 <(E)_1((1+a)1—m+1>5< 41
JTomave DTN\ A1t m—1) = T-mre
We recall that € < 1, we obtain therefore that
4 16 1 16
2. = 2 < <—7——
p(E) max{p(s),g(e)} — ma‘x{)\%g I (1 _ m) )\%5} — (1 _ m)2 )\25
and also, since € < 1/2, we have that
1 2
2> > :
PE) 2 A e 2 T m)
Combining all above estimates together we find that
1
%m )\2 + 26aa+2b2 1—m
144b2(2a)% 2) Y
( +407 (20)% ple) =\ =m)z e
1
_ o (aiade)
3+6a
2a(l—m)

<

T (l-m)TmeTw

where in the last step we have used the identity A\ = b aw.
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Altogether, we finally obtain

(4.89)
= 9ttt (a+M)”
< :
- T m?(1 — m)2(1+19)+13m
: 2 G OTAN s
2 2
X 1+de'd,u,1 <<2m+a/<;./\/la T +62> + ( :) (2M)d+u>]
_ ok
B 9% +atizm T9+10 (o + M)?
- eTom m? (1 — m)2(1+19)+ﬁ
d
v atv )\Qd K
x |1+viC, 1 | (RME + ¢ 2 M || = — .
” 2v —1 ae cTom

We recall that co, R, A\e and b are all numerical constants, which have been intro-
duced earlier in (4.78), (4.11), (2.8) and (4.43). The proof is completed. O

4.4.3. Proof of Theorem 4.1.
PROOF. By definitions (4.63), (4.68) and (4.71), we have

2c A L2442
T(s):max{ ¢ ,H( ) +0¢}§1
(1 + 5)1—7n —1 1— (1 _ E)l—nL 4
where ¢ and &, are as in (4.48) and (4.32), and
8¢ 23—y } ( ) 8a~!
k3(e,m) i = ——————.
I4e)m—1"1-(1—¢g)l-mJ " 1—(1—g)t-m
From Corollaries 4.8 and 4.9, we obtain that the inequality
u(t, x)
B(t,x)
holds if ¢ > ki(e,m) AL™™ + k3(e,m) and |z| > p(e) R(t). We also know from
inequality (4.72) that (4.90) also holds for any |z| < 2p(e) R(t) if ¢ > 4T (¢) and ¢
is such that

(k1(e,m) A'™™ + Kk3(e,m))

k1(g, m) := max {

(4.90)

—1‘§5

9
K (1 VG
4.91 - <e.
(4.91) g <t+R(t)> =€
Let us define
a2—m

4.92 == —
(4.92) TV ome
where ¥ is as in (4.85). Since R(t) < 2at for any t > 2/a and 271 (1 + G*/?) >

(1+VG)?, (4.91) holds if

2y o . (4a)* ' KF
t > max {ka(e,m) (1+G?) ,2} with ry(e,m):= —
Let us define
(4.93) c(m,d)= sup max{eri(e,m), eka(e,m), ers(e,m)}

e€(0,em,d)
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and let us recall that ¢, =C,e (1+ A'""™ + G?%) . Since ka(e,m) + K3(e,m) >
2/a, then (4.90) holds for any = € R? if

t>t, > ki(e,m) AL™™ 4 ko(e,m) G2 + ko, m) + k3(e,m) .

With (m,e) € (0,1) x (0,&,,4), we deduce from the elementary estimates

1

1 4 1 1 1
(1—m)e < (14e)t-m—1 < (1—m)e

1
2 (I-m)e < 1—(1—g)I-m < (I-m)e

and

that ko dominates k1 and k3 as either ¢ — 0,. Up to elementary computations,
this proves that €,(m,d) is finite, which completes the proof. O
REMARK 4.11. From the expression of €,(m, d) we obtain that

8
C. > > 1.
c*(m,d)_emg(e,m)_a(l_m)—>oo as m —

As a consequence, we know that ¢, — +o0o0 as m — 1_ for fixed € > 0, which is a
limitation of the method that will be further discussed in Chapter 5.

4.4.4. The threshold time in self-similar variables.
The results of Theorem 4.1, in original variables, for a solution u of (2.1), can
be rephrased as follows for a solution v of (2.15), using (2.14). Let us define

1+A1‘m+G3>

N 1
(4.94) =G ALY and T, := 3o log (1 +ac, =

PROPOSITION 4.12. Let m € [mq,1) if d > 2, m € (mq,1) if d = 1, A,
G > 0. Let e € (0,min{xn,&m.a}), with n and x as in Proposition 2.10. For any
solution v to (2.15) with nonnegative initial datum vy € LY(R?), [, vo dz = M,
Jga Tvo dz = 0 which satisfies

(4.95) lvollx, <A, Flu] <G,
we have that
(4.96) (1—¢)B(x) <v(t,x) < (1+e)B(x) V(tx) € [Ty, +00) x RE.
PROOF. As a consequence of (4.3), (2.14) and (2.33), the result holds for any
1-m \y—«a 5
14+ Al7m +G2> ST,

1 1 _
t> 3 log R(t.) = %0 log <1 + at, =

by the definition (2.9) of R, where t, is computed from ¢ € (0, min{x 7, q}) as
in Theorem 4.1. The last inequality follows from taking into account that (4.95)

implies [Jug|x,, = A/ =m) llvollx,, where ug = A vg(Xs-), and that Ag® > 1. O

4.5. Side results of interest and further observations
4.5.1. A different assumption for Theorem 4.1. Let us define
1

m mM 2
D=——|[ B"de — —— 2B dx = —d}>o0.
1-—m Jra R p— Rdlﬂ v (d—|—2)m—d(1—m >>

We can avoid the introduction of A\ in (4.2) by considering the following lemma.
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LEMMA 4.13. Let m € (mq,1) and let ug € L}F(Rd) be a nonnegative function

such that
/ uodx:/ Bdx and / |22 up dz < 00 .
R R R
Then we have

Fretuo(/A0)] < max XX D (1= XYL (14 Flug])

As a consequence, (4.3) holds under the more elegant assumption Flug] < G
and with slightly bigger constant ¢,.

PROOF. Let us define X := ™ [0, |z|?uo dz, Y := % [p.uf” dz. By

-m
simple computations we deduce that F[A;%ug(-/Xe)] = A3 X — MOy 4D and
Flup)=X =Y +D > 0. Since A\e <1 and 2 —d (1 —m) > 0, we have that

A2 x-_A¢d-m™yyp < AL0=m) (X _y)+D < max{/\d(l—m) D (1 _ )\d(l—m))}

T+X—Y+D = I+X-Y+D
where the last inequality can be obtained by computing the supremum of the func-
tion f(Z) = ()\il(lfm) Z+D)/(14 Z + D) on the interval Z > — D. O

4.5.2. Decay rates in relative error.

COROLLARY 4.14. Let m € [my,1) ifd > 2, m € (mq1,1) ifd=1, A, G >0,
and u be a solution of (2.1) corresponding to the nonnegative initial datum ug €
LY (RY) N X, such that

/ w0 dx:/ Bder, fuolx, <A, FArtuo(-/A)] < G.
R4 R4

Then we have
u(t, x)
B(t, z)

(4.97) sup
zERC

— 1’ <KtV Vt>tna,

1
where tp, 4 =€, % and K(a, A, G) == (E* (14 Al=m 4 Go/2) ) /a‘

PRrROOF. In (4.3), at t = t,, we compute ¢ in terms of ¢ and eliminate it,
provided ¢ < g, 4. This proves (4.97) at time ¢ = ¢,. Iterating the same procedure
for smaller values of ¢ proves (4.97) for any t > t,, 4. O

4.5.3. On the uniform Holder continuity of solutions to (2.1). One of
the most technical part of this chapter is Proposition 4.10. In the proof, we obtain a
uniform bound on the modulus of continuity where the exponent v does not depend
on the solution nor on the initial datum. This allows us to obtain inequality (4.72)
with an exponent ¥ which does not depend on u. As a consequence, the exponent a
only depends on m, d.

In the case of the linear parabolic equation (3.16) the uniform modulus of
continuity with an explicit exponent is obtained as a consequence of the Harnack
inequality (3.24), as in Theorem 3.13. For the fast diffusion equation, this is more
subtle. The Harnack inequality for solutions of (2.1) holds on intrinsic cylinders,
whose size depend on the solution itself. This fact has been thoroughly studied
in [DK07, BV10, DGV12, BS19]. In general, the intrinsic geometry can cause
a dependence in the Holder continuity exponent on some norms of the solution,
see for instance [BS19] for a thorough explanation. We overcome this difficulty by
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using the Global Harnack Principle that allows us to exploit the linear parabolic
estimates of Section 3.2.7 and obtain a uniform exponent of the Holder continuity
for the class of solutions considered.

4.5.4. Bibliographical comments. Many results of this chapter are known,
however without explicit constants. Let us review our sources.

Up to minor changes in the proof, Inequality (4.4) about local mass displace-
ment is originally containing [HP85, Lemma 3.1]. Inequality (4.6) appeared in
[BS20, Sim20]. Local L? — L* smoothing estimates of Lemma 4.3 were essen-
tially known, by means of De Giorgi type iterations in [DiB93, DGV12], and
via Moser type iterations in [DKO07, BV10, BS19]. Proposition 4.4 is stated
in [BV06, BGV10], see also for [GV04] for a previous contribution. The proof of
Proposition 4.4 is inspired by a comparison principle which is nowadays a classical
tool in the theory of parabolic equations, but for which we are not aware of a pre-
cise reference. For a general overview of the subject we refer to the books [DKO07,
Vaz06, Vaz07, GV04] and to [HP85, Lemma 3.4], [AC83, Remark 1.5] for closer
statements. The local lower bounds (4.31) of Lemma 4.5 are originally contained
in [BV06], see also [Vaz06] and [BS19] for a different proof. Global ezistence of
nonnegative solutions of (2.1) is established in [HP85], while uniqueness for L!
solutions follows by L!-contractivity estimates, see [CP82, CP72, V4z07]. Much
more is known on (2.1) and we refer to the monographs [Vaz06, Vaz07] for a
general overview. The Global Harnack Principle in the form of Propositions 4.7
and 4.6 goes back to [BV06], see also [Vaz03] for a previous contribution. Those
results are essentially constructive, even if not all constants were explicitly com-
puted. We refer to [DKV91] for the Global Harnack Principle in the case of the
Dirichlet problem on a bounded domain.

Uniform convergence in relative error was first established in [CV03] in the
case of radial data, rates of convergence were also provided. The result was extended
to a bigger class of initial data in [KIM06]. The Global Harnack Principle allows
to connect nonlinear and linearized entropy estimates, as unveiled in [BBD 07,
BBD 109, BGV10, BDGV10], and provides sharp decay rates in uniform relative
error and in weaker norms. A slighly more general version of Theorem 4.1 can be
found in [BS20, Sim20], without explicit constants. Analogous results have been
obtained in the more general case of fast diffusion equation with Caffarelli-Kohn-
Nirenberg weights in [BDMN17b, BDMN17a, BS20].



CHAPTER 5
Stability in Gagliardo-Nirenberg inequalities

In this chapter, we focus on the subcritical case p € (1,p*) of the Gagliardo-
Nirenberg-Sobolev inequalities (1.1) and prove a stability result similar to Theo-
rem 1.15, however with an explicit constant C. Using the threshold time T, of
Proposition 4.12, and the fast diffusion equation (2.15) with exponent m given
by (2.3), we invoke the entropy estimates of the initial time layer (0, 7%) and of the
asymptotic time layer (T}, 400) to establish an improved decay rate of the relative
entropy the self-similar variables for any ¢ € (0, +00), that is, an improved entropy
- entropy production inequality, which is interpreted as a stability result for the
Gagliardo-Nirenberg-Sobolev written in the non-scale invariant form (1.8).

5.1. Stability results in relative entropy
5.1.1. Improved entropy-entropy production inequality.

THEOREM 5.1. Let m € (mq,1) ifd > 2, m € (1/2,1) ifd =1, A > 0 and
G > 0. Then there is a positive number ¢ such that

(5.1) Iv] > (4 + Q) Fl]

for any nonnegative function v € LY(RY) such that Flv] = G, [pavdz = M,
Jga®v dz =0 and v satisfies (4.95).

An expression of ¢ is given below in (5.8) in terms of A and G. Inequality (5.1)
is an improvement of the entropy - entropy production inequality (2.16). We prove
that the inequality holds at any time ¢ > 0 for any solution of the evolution equa-
tion (2.15) and, as a special case, for its initial datum.

PRrROOF. Proposition 4.12 determines an asymptotic time layer improvement:
according to Proposition 2.10, Inequality (2.28) holds with = 2d (m — m,) for

e € (0,xm), that is,
Tlv(t,.)] = (4 +n) Flo(t,.)] YVt>T,.
With the initial time layer improvement of Lemma 2.9, we obtain that
(5.2) Z[v(t,)] = (4+¢) Flu(t,.)] Vtel0,Ty], where (= ﬂ.
44+n—ne 2T

As a consequence, (5.1) holds for v(t,.), for any ¢t > 0, because ¢ < 7, under the
condition

1
e€(0,2¢e,) with e, : == min {5m,d, XU}-

2
As a special case, it is true at ¢t = 0 with ¢ = ¢, and for an arbitrary initial datum
satisfying the assumptions of Theorem 5.1. This completes the proof. (]

109
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The fact that Inequality (5.1) holds true at any ¢ > 0 for a solution of (2.15)
is a stability property under the action of the nonlinear fast diffusion flow. The
improvement in inequality (5.1) has an interesting counterpart in terms of rates,
which goes as follows.

COROLLARY 5.2. Let m € (m1,1) ifd > 2, m € (1/2,1) ifd=1, A > 0 and
G > 0 and let ¢ be as in Theorem 5.1. If v is a solution of (2.15) with nonnegative
initial datum vy € LY(R?) such that Flvg] = G, [gavo dz = M, [paxvg dz =0
and v satisfies (4.2), then

(5.3) Flu(t,.)] < Flvg)e™ @9t vi>0.

Let us give the sketch of a proof and some comments. We know from Theo-

rem 5.1 that

d

7 ) == Tu(t )] < = (44 Q) Flo(t, )]
and obtain (5.3) by a Gronwall estimate. Inequality (5.1) can be recovered as a
consequence of Corollary 5.2. It is indeed enough to notice that (5.3) is an equality
at t = 0 and differentiate it at ¢ = 0. Notice that the optimal decay rate in (5.3)
is the optimal constant in (5.1), as in [DPDO02], in the non-improved version of the

inequality.
5.1.2. Improved estimate for the deficit functional. The deficit §[f] and
the free energy or relative entropy functional £[f|g] are defined by (1.12) and (1.14).

THEOREM 5.3. Letd > 1, p € (1,p*), A > 0 and G > 0. There is a positive
constant C such that

(5.4) o[f1 = CE[fle]
for any nonnegative f € W,(R?) such that
P
(5.5) / 120 dx:/ g/ dz  and / 2 |f de =0,
Rd Rd Rd
(5.6) suprdii(—dli4> / IfI?P de < A and E[flg) <G.
r>0 |z|>r

PROOF. Using (1.28), (2.3) where, p = 1/(2m — 1) and v = |f|?P, we learn
from Theorem 5.1 that

I[v] — 4 Flv] = B 6[f] = ( Flo] = CE[fg]

—1

bS]

under Condition (5.5). As a consequence, Theorem 5.3 holds with C = ;% ¢. O

The expression of ¢ given in (5.2) can be rewritten using (4.94) as
4n
where T, is given by (4.94). Since t, > 2/a and >+ > 1 + a't,, we obtain

(=

2
477 e? o 1—m 2\ T o
gz4+n(2aC*> (1+A'"™+G?)
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with the notation of Theorem 4.1 and where c, is defined in (4.94). Let

142?41y

(5.7) Cq = Inf e

z>0,y>0 (1 Ny ya/2)

Then we have
with

(5.8) Z(AG):
We adopt the convention that
Z(A,G)=0 if A=+4o0.

We also make the choice € = ¢, as in Section 5.1.1, so that the numerical constant (,
is defined as

2
dn (e "
(59) C* = m <2ac*) Cq -

This is the explicit expression of the constant in Theorem 5.3.
The constant {, deserves some comments. First of all, we know that ¢, < %n,

_ G
T lrA0-m2 g7

where 7 = 2d (m—m;) so that {, = ¢,(m) is at most of the order of (m —m,)t+22/«
where 2 = ﬁ. As a consequence, we know that lim,, ., (x(m) = 0. This

also means that the estimate of the constant C in Theorem 5.3 decays to 0 if p — p*
if d > 2. On the other hand, it appears from (5.9) that lim,,1_ (,(m) = 0, see
Remark 4.11. Our method is therefore limited to the strictly subcritical range
max{1/2,mi1} <m<1l,orl<p<p*.

Exactly as in Section 1.3.3, we also have a stability result in a stronger sense,
measured by the relative Fisher information.

COROLLARY 5.4. Under the assumptions of Theorem 5.3 and for the same
positive constant C, we have

)2 C
510) i)z (LA UE [ op g Ve

for any f € W,(R?) satisfying (5.5) and (5.6)

PROOF. Inequality (5.1) can be rewritten as

(5.11) Tl] — 4 F[v] > T[] .

<
4+4+¢
After taking into account
2
Il = (»* -1) /d Vf+ 25 fP Ve 7P| da,
R

this proves (5.10) in the case of non-negative functions. For a sign-changing solution
f € W,(R%), one can notice that (5.10) holds as soon as it is established for |f|. O

5.2. Stability of scale invariant Gagliardo-Nirenberg inequalities

In this section, we establish a consequence of Theorem 5.3 for the scale invariant
Gagliardo-Nirenberg inequalities (1.1) which is a deep but technical result that
requires further notation.
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5.2.1. Invariances and related parameters. For any f € W,(R?), let us
consider the best matching Aubin-Talenti profile gy defined by (1.21). With pu[f],
Alf], and y[f] = x5 as in (1.20), let us further define

1
Mz 1

= ulf]7 e,
£l

olf] = <2dﬂ[f]p1 ||f§j}>dp<d4>v

Rlf] =

-1 |Vfl3

M d—p(d—4)
Alf] = D - supr  p-1 / |f(x+xf)\2p dz
olfI 7 (IS5}, ™0 |z|>r
and
2]9 N[f p+ 1 1 1 +p 1— K[f]% 2 2
Ef:: / ( fp+ gp+7 g p( fpigp) dz.
)= 2 pody 2 gior (1

A computation shows that )\[g,\,u,y]U[g,\7u7y]d_p2(z_4) = 1 for any Aubin-Talenti

function in gy, , € 9, but for a function f which is not an Aubin-Talenti function,
the scales o[f] and A[f] generically differ.
On W,(R%), let us consider the normalization map N such that

(5.12) Nf(x) :zo[f]% kUf] flo[flz+ay) Vo eR™

With these definitions, we have the following useful relations.

LEMMA 5.5. For any f € W,(R?), we have INfll2, = llglls,, 2np =0 and

V 2 1 2
5[Nf] = C(p,d) <|f||||f|:|f”p+> —(Cans)™™7 | and E[f] = E[Nflg]

where v and C(p,d) are defined respectively by (1.9) and (1.11).
PROOF. Take some f € W,(R?) and let us compute

INFIZ = gll2: / jaf? N2 do = T / 2l |7 da,

P(d 2)

p+1
INFIE = [f] FIEEY . IVNFI = slf2 olf]” IV I3 -

The expression of E[f] follows. With the notations of Lemma 1.2 and of its proof,

we also find that §[Nf] = h(a[f/ || flly,]) where o = a[f/|fll,] is precisely the
choice of the scaling which optimizes the deficit. ([

5.2.2. A stability result in relative entropy. We can get rid of the con-
straints (5.5) and (5.6) of Theorem 5.3 using the invariances of (1.1).

THEOREM 5.6. Let d > 1 and p € (1,p*). For any f € W,(R?), we have

2p
613 (IVA 17152)"  (Cons 1f1l,) " = S1] 171227 ELY]
where v is defined by (1.9) and, with C(p,d) as in (1.11) and Z as in (5.8),




5.2. STABILITY OF SCALE INVARIANT GAGLIARDO-NIRENBERG INEQUALITIES 113

PROOF. Since ||Nf||§’; = M and [, x|Nf|*” dz = 0, Theorem 5.1 applies and,
as a consequence,
S[Nf] = CE[Nflg].
We learn from Section 5.1.2 that
d—p(d—4)

C:C[f]:;‘)%Z(A,E[Nﬂg]) where A =supr  »-1 /|Z>T|Nf|2pdm.

>0

Undoing the change of variables (5.12) with the help of Lemma 5.5 completes the
proof. O

5.2.3. A stability result in relative Fisher information. We also have
a scale invariant form of (5.10), that is, a stability result with respect to a strong
norm. Let us define

= [ |alr

THEOREM 5.7. Let d > 1 and p € (1,p*). For any f € W,(R%), we have
SN
—T
(915 17159)°

d— p(d 2)

ViRl ol @) 1P | e

(5.14) IV £ll5 1/1l57 = Cans [1f1, =

where
ciri? (p*—1)  Z(Alf], E[If])
2py M/? Cp,d) 4+Z (Alf], E[If])

PRrOOF. By writing (5.11) for Nf, we find that

G*U] =

2py

(715 17152) ™" = (Cans 171,)

2 p’—1)  Z(A[f],E[f
>[I £lI507 (c<p,d>) T [E[DD

X foa | KLF )5

for any function nonnegative f € W,(R?). Up to the replacement of f by |f|, there
is no loss of generality in assuming that f is nonnegative. In terms of J[f], this
means

Py 2P IR (0P-Y) z(Alf).E
(19715 Hf||p+1) ~ (cons I1£11,,) = ks o Ty 1.
The conclusion holds using (1 + )49 —1 < gt (1 +t)97* with ¢ = 2py > 1 and

\v4 6 1-6
g DSBIILEY ) hat

Cans [1£ll5,

i (@ — ) | fIP 1f dz

IV£15 /1,73 = Cans £,
2py—2
(CGNS Hf||2p)

= 2py—1
2 (19715 11557

(1918 15158) 7 = (cans 151,) 7]
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5.3. Stability results: some remarks

Theorems 5.6 and 5.7 are not easy to read and deserve some comments.

(i) The constant G[f] in the right-hand side of (5.13) measures the stability. Al-
though it has a complicated expression, we have shown that it can be written in
terms of well-defined quantities depending on f and purely numerical constants.
As a special case, it is straightforward to check that

Slg] >0

where g is the Aubin-Talenti function (1.3).

(ii) stability results known so far from either the carré du champ method or from the
scaling properties of the deficit functional, according to [DT16c, DT13], involve
in the right-hand side an £[f|g]? term, while here we achieve a linear lower estimate
in terms of £[f|g]. In fact, among all possible inequalities

S[f) > Ca€lflg?

for some appropriate constant C4 depending on A > 0, we have proved in (5.4)
that A = 1 is achieved while only the case A = 2 was previously known. This
of course raises the question of the best possible A. The example of Section 2.4.2
corresponding to the solution of (2.15) with the initial datum wvg(z) = A B(Ax),
A # 1, shows that A < 1 is impossible, so that A = 1 is optimal. On the other
hand, there is a lot of space for improvements on the estimate of C = C;.

(iii) An easy consequence of (5.13) is an estimate of the deficit in the Gagliardo-
Nirenberg inequality (1.1), namely

2py) " &[f] |If152”
2 —1
(o1 nsz) ™"

The proof is similar to the proof of Theorem 5.7.

(iv) While the restriction (5.5) has been lifted in Theorem 5.6, Condition (5.6) is
deeply rooted in our method. It is an open question to decide if this assumption
can be removed. Note that it is present in Theorem 5.6 because A[f] = +oco or
E[f] = +00 means S[f] = 0. The same remark applies to (5.14).

E[f] VfeW,(RY).

IV £15 111555 — Cans 1£1ly, >

(v) More subtle is the fact the natural space is not the space of all functions f in
L?P(R?) with gradient in L#(R?), but we also need that [, |z[*|f|?” dz is finite,
for instance to define the free energy. Up to the condition that A[f] < +oo, we
are therefore working in the space W, (R9). If p = p*, this is not the space of the
stability result in the critical case by G. Bianchi and H. Egnell. It is however con-
sistent with the use of the Fisher information. See Section 1.2.3 for some properties
enjoyed by entropy related functionals in W, (R?).

(vi) The two quantities o[f] and A[f] define length scales. They are equal if f is an
Aubin-Talenti function but they are not generically equal.

(vii) The notion of best matching Aubin-Talenti functions in the sense of relative
entropies is well defined for nonnegative functions f € W,(R?). The relative en-
tropy cannot be defined as a convex functional if f changes sign. However, our
method applies with no change when f is replaced by |f|. By the Csiszar-Kullback
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inequality of Lemma 1.7 and Lemma 2.12, we obtain a standard measure of the dis-
tance to the manifold 9t of the Aubin-Talenti functions. Concerning sign-changing
solutions, see Corollary 1.17. The result of Theorem 5.7 applies for sign-changing
solutions because neither the deficit nor the relative Fisher information are sensitive
to the sign. The relative Fisher information measures a notion of strong distance to
the manifold 91, but it is then clear that the best matching Aubin-Talenti function
with respect to |f| is in general not optimal if one optimizes J[f|g] as defined in
Chapter 1 with respect to g. This again leaves some space for improvements.

(viii) In Theorem 1.15, we assume that

/]Rd |z|? f2P do = /Rd 2|2 g% dz.

Such a condition is not required in the constructive stability estimate of Theo-
rem 5.3. It is very likely that an unrestricted version of Theorem 1.15 holds, to the
price of a more technical analysis. Reciprocally, Condition (5.6) in Theorem 5.3 is
not present in Theorem 1.15. This will be further discussed in Chapter 7.






CHAPTER 6

Constructive stability for Sobolev’s inequality

This chapter is devoted to a stability estimate for Sobolev’s inequality corre-
sponding to (1.1) in the critical case p = p*. The main novelty compared to the
result of G. Bianchi and H. Egnell is that we provide a constructive estimate with
an explicit constant and prove that the deficit in Sobolev’s inequality controls a
strong distance to the Aubin-Talenti manifold of optimal functions measured by a
nonlinear relative Fisher information.

6.1. A result in the critical case

6.1.1. Functional framework and definitions. On the Euclidean space
R? with d > 3, the Bianchi-Egnell result stability estimate (1.31) holds for any
function f in the Beppo Levi space {f € L* (R?) : Vf € L%(R?)}, where Vf is
defined in the sense of distributions. With 2p* = 2d/(d — 2) = 2*, we work in the
slightly smaller space

Wy (R = {f e L (RY) : Vf e L2RY), Jo] /7" e LX®RY} .
6.1.2. A constructive stability result.

THEOREM 6.1. Let d > 3 and A > 0. Then for any nonnegative function
f € Wy (RY) such that

/ (1,z,|z|?) % dz = / (1,z,|z|*) g dz  and suprd/ Pz < A,
R4 R4 |z|>r

>0
we have
O IVAE- S 20 [ (25 - ) drzo
Rd
and
C.(4) o d 2 |2
2 2_g2 2*>7/ =2 f7-3 a2 .
62) WA= STINE 2 g L[V Ve

The stabilityconstant is C,(A) = €, (1—|-A1/(2 d)) ! where ¢, > 0 depends only on d.

As in Chapter 5, the main point in this result is that C,(A) is explicit. Let us
define

Alf)i=suw e [P @rag) and 28] = (14 alf) M AL))
r>0 r>0

where p[f], A[f] and x; = y[f] are as in (1.20). With £[f|g] and J[f|g] and g; as

in (1.14), (1.17) and (1.21), we have the following result.

117
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COROLLARY 6.2. Let d > 3. Then for any nonnegative function f € Wy (R?)
such that A[f] < oo, we have

ulf157 Alf)E
(6.3) S[f] > ¢, i E[fler]-
and
Z[f]
(6.4) [f] > €, 120 TIfes]-

Up to the replacement of gy by gz, Inequality (6.4) applies to sign-changing
functions f € W,«(R?) using the Fisher information J[f|g] defined by (1.46), pro-
viding a constructive version of Corollary 1.17. As a consequence, we have a stability
result of Bianchi-Egnell type, that can be written as

o) > & o7 inf 1Al

At this point is it important to notice that the best matching Aubin-Talenti func-
tion g; in terms of the relative entropy &[f|g] does not minimize J[f|g]. Best
matching Aubin-Talenti function in terms of the relative Fisher information can be
characterized as follows.

PROPOSITION 6.3. Let d > 3. Then for any function f € Wy« (R%), we have
2 295
2 P
d—2

(d—=1) [ga lfI*

Jnf TUfl9] = T[fler ;] =4 ¢l V615 -

r—zs|? do
where
2 g d=1
 WEE L
2(d—1) JpalfI?" |z — 2| da

Notice that J[f|g>\,#,zf] is nonnegative as it is the integral of the square, but
the expanded version is also nonnegative according to the generalized Heisenberg
uncertainty principle (1.18).

p=1fl3 and A=

An interesting alternative to a measure of the distance to a single function of
the Aubin-Talenti manifold is suggested by the observation that entropy methods
are efficient for nonnegative functions. Let us denote by fi = (|f| £ f)/2 the
positive and the negative part of a sign-changing function f € W,.(R¢). Using
Minkowski’s inequality applied to f2 = f_% + f2, we have that

11 = 1720 < 20+ 122 e = N e+ -1
which proves that the deficit (1.12) has the property that

OLf] = olf+] +61f-]

in the critical case p = p*. As an easy consequence, we have the following result.

COROLLARY 6.4. Let d > 3. Then for any function f € W,-(R?) such that
A[f] < o0, we have

o112 € (g Tlfeler] + poa

T2 IU-ler 1)
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6.1.3. Flow: a refined rescaling and consequences. Let us consider the
fast diffusion equation in self-similar variables (2.15), which we recall for conve-
nience:

%—i—V-(UV@m*l) =2V-(zv), v({t=0,)=1p.

For any z € RY, let us consider the Barenblatt profile By defined by

(6.5) By(z)=\"%B (\‘%)

where B(z) = (1+ |:17|2)1/(m71) as in (2.7) is the unique stationary solution of (2.15)
with f]Rd B dx = M. We are interested in the specific choice of A corresponding to

1 .
(6.6) At) == W/Rd lz|? v(t, ) dz  with K, = y |z|? B dz,
where v solves (2.15) and ¢ — P(t) is obtained by solving
(6.7)
o (1 ~mom
— = (/ |z|? v dm) —1, 7(0)=0 and R@)=¢e>"® vi>o0.
dt K, R

With these definitions, let us consider the change of variables

(6.8) o(t,z) = ﬁ w (t +7(t), %”gt)) V(t,z) € R* x R%.

The role of the delay t — 7(t) is to introduce an additional, finite rescaling on
the set of the Barenblatt profiles in order to produce a better matching in an
asymptotic expansion of the relative entropy. Technically, the advantage of this
change of variables is a gain of control of the |x|? moment.

LEMMA 6.5. Let d > 3 and m € [mq,1). Assume that v is a nonnegative
function in L*(R?, (1 + |z|?) dz) such that vi* € LY(R?, dz) and [, (1,x)vo dz =
(M,0). If v solves (2.15) with initial datum vy and w is obtained by (6.6), (6.7)
and (6.8), then w solves

(6.9) %—Z) + )\*(S)% (m=—me) 7 . (wVw™ ) =2V (zw), w(t=0,")=nuvp,
where the function t — s(t) := t + 7(t) is monotone increasing on RY, A, is
defined by
A(s(t) =A(t) VE=>0
and the function B, (s,x) := By, (s)(x) is such that for all s >0
(6.10) / (1,2, |z]*) w(s,z) dz = / (1,2, |z*) Bu(s, z) dz
R R4
PrOOF. We read from (6.8) that w solves

dr) ow —d(m-1)-2 mo1y _ 1 R
(1+dt) as+9%(t) V- (wVw™ ) =2 1+29’t o V- (zxw)

Taking into account (6.6) and (6.7) concludes the proof after simple changes of
variables based on (6.7). O
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Identity (6.10) means that B, is the best matching Barenblatt function associ-
ated with w(s,-) and solves

)\,? (m=me) . (wVw™ ) =2V (zw),

so that B, is not a solution of (6.9) if A, depends on s, i.e., if A depends on t.
The fact that 7 is bounded for any ¢ > 0 in terms of the initial data was proved
in [DT15], however in a rather implicit form. Our task here is now to provide
explicit estimates.

6.2. Time delay estimates

In this Section, we prove estimates on ¢ — 7(t) based on the study of the
solutions of (2.15).

6.2.1. Definitions and constraints. Let us define the relative second mo-
ment KC and the entropy S respectively by

Klv] == |22 v(z) do — /Rd |22 B(x) dz = /Rd lz]2v(z) doe — K, ,

R4

S[v] ::/ vdx— [ B™ dx:/ v de - S,
R¢ R R4

where the constants K, and S, are given according to Section 2.4.5 by

d(1—m)

- 2 — _

zc*._/Rdm Blo) do = (g,
m _ 2m

Som [ B e = M

LEMMA 6.6. Let d > 1, m € [mq,1) and assume that v € LY (R?) is such that
[v]l, = M and (|z]*v +v™) € LY (R?). Then we have

1—m
2mK,

(6.11) — Ky < K[v] and — 8, < S[v] < S, (1 +d K[v])m—S* <mK[v].

PROOF. The lower bounds are consequences of the positivity of v. By Hoélder’s
inequality, we have that

/ o™ dx :/ B m=1) ym . gm (=m) gz < </ (14 |z[*) v dx> S,
R4 R4 R4

which can be rephrased into
(6.12) Sl < % (K[p))
where

2\ 1—-m z \™
z/}(Z)-—S*(HS*) —S*—S*(1+d2m’c*) -8, .

The last inequality, w(IC [v}) < mKJv] is a consequence of the inequality (14 z)™ —
1—ma <0 for any x > —1. (]
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6.2.2. Dynamical estimates. We consider the solution v of (2.15). Using

d
|x|2v dx—2d7 ™dr—4 |z|? v dz,
dt Rd Rd

i v drx = (1-m)I]+ (Zd/ ™ dr—4 / |z|? v dx) ,
dt Jpa R Rd

we can rewrite these two identities on K(t) = K[v(¢,-)] and S(t) = S[v(t,-)] as
K'=a8—-4K, 8 =-BS+md,
with

1—
A:2d7m7 B=2d(m—m.) =2a,
m

and md = (1 —m)Z —4(mK —S8) > 0. With Z[v] and Flv] defined as in Sec-
tion 2.3.2, we have indeed that
1-m
o] = —— (Z]v] — 4
ol = - (Zle] - 4 F o]

where 0 coincides with the notion of deficit in (1.12), the above relation is stated
n (1.28) up to a slight abuse of notations because § is defined in Chapter 1 as
[+ 8[f] with f = v, and not as a functional acting directly on v: also see
Lemma 1.12 with Z[v] = J[f|g] and F[v] = £[f|g].

6.2.3. Dynamical system and phase portrait. Let us consider the system
of differential equations

(6.13) X' =AY —4X, Y'=-BY.
LEMMA 6.7. Letd > 1, m € [my,1). The region
(6.14) X>-K, and Y >-S,

is stable under the action of the flow corresponding to (6.13). Within this region,
Y>0,Y<0and {X >0,0<Y <4X/A} are all stable. Moreover, for any
solution of (6.13), we have

1d
2 dt
PRrOOF. If either X = — K, or Y = — S, the flow (6.13) is entering the region

defined by (6.14). The stability of the other regions follows from similar reasons.
The energy estimate (6.15) follows by a direct computation. O

(6.15) (AY —4X)*+4BX?) = —(B+4) (AY —4X)>.

See Fig. 1. The straight line AY — 4 X = 0 contains the points (— K, — S,)
and (0,0). Whether Y > 4 X/a or not decides the sign of X’. Also notice that
Ss (1 +S871 X)m — S8, >4X/aif and only if X < 0. The next results deals with a
special energy level.

LEMMA 6.8. The ellipse defined by
AZB

6.16 AY —4X) +4BX? =
(6.16) ( PranXt= o

82

has the following properties:

(1) it is contained in the region X > — K, and Y > =S,

(i) it is tangent to the line Y = — S, at X = 4J‘§B S > —-K,,
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(iii) it is tangent to the line X = X, := —2\/‘4:_7]3 Sy > — K, at a point which

intersects the line AY —4X =0, ie., (X,Y) = (X,,Ys) withY, = + X,.

This lemma follows from simple computations which are not detailed here. The
motivation for studying (6.13) comes from the following comparison result.

LEMMA 6.9. Let d > 1, m € [m1,1) and assume that vy € L} (R?) is such that
lvoll, = M and (|z|?>vo + v5*) € LY (R?Y). Then the solution of (2.15) with initial
datum vy satisfies

K@) =Kv(t,)] > X&) and Sit)=SvEt,-)]>Y(E) Vi>0
if (X,Y) solves (6.13) with initial data
X (0) = Kvo], Y(0) =E[vo] -

PROOF. It is a consequence of § > 0 and

d Bt Bt d Bt

- — > —_

& (e S(t)) me~"d >0 o (e Y(t)) ,
d d

a (e*" K@) =ae*'S(t) > aet'Y(t) = 7 (e*" X(1)) .

Y

-8,

NN Y

LI} A SR N S S

-3 2 f;
K,
FiGure 1. In (X,Y) coordinates, arrows represent the vector
field which corresponds to (6.13), i.e., (AY —4X,—BY). The
line AY —4X = 0 determines the sign of X’. The ellipse de-
fined by (6.16) is also represented. White areas are the regions
such that (6.11) holds: the upper limit is ¥ = ¢(X). Here we
have d = 3, m = m; = 2/3, A = 2d(1 —m)/m = 3 and
B=2d(m —m.) =2« and scales are in units of M. The qual-
itative properties are independent of the dimension d > 3 and of
the exponent m € [mq, 1).

Let us define three regions:
e Region A:
4
~K, <X <0 and XXgYSdJ(X)
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with ¢ as in (6.12),
e Region B:

-8 <Y< min{%X,z/J(X)}

2
. A°B
cither  (AY —4X)?4+4BX? < S2,
and A 4+ B
or X > - .
4+ B
e Region C:
2
A 4 A“B
2 2 2
e < X< ——8, -8 <Y< —-Xand (AY —4X)*+4BX" > S
44 B A 44 B
See Fig. 2 for an illustration of the three regions.
-3 S N N N N N e -5 SE S N N N N NN b -3 S S N N N N N AR |
R A A NN R A A e NN ’ I A A e NN ’
e e e A ~ *"L;‘L“\\ A Y v] s #*““\ ~ n v] s
B N ~| B s e N BN RN . P P N P =
NIV AN N o N AN I o N AN I g
e e BRSSP B —
N AN VAR lpamewemew B . . e e
” AN A s S 1/ ~ AR N S S ” AN A Nt B S
7|1 LI A A S S S P Kl LI A A S S S A Kl L A A S SR S S
4 Al AN S S S S 4 A AN S S SN SN 4 Al AN S S S a SN S
L S U U N SR N SN S S S LR N S W R S N (A S o SIS W U B N A S N0 SN S SN S

FIGURE 2. Regions A, B, C appear (from left to right) in green
with d =3, m =m; =2/3, A= 24 (1 —m) and B = 2d (m — m.).

COROLLARY 6.10. Let d > 1, m € [mi,1) and assume that vy € L1 (R?) s
such that ||voll, = M and (|z|> vo+vF*) € LY(R?). Then the solution of (2.15) with
initial datum vo satisfies K[v(t, )] > — Ky for all t > 0, and more precisely:

(i) If (K[vo),S[vo]) is in Region A, then

Klv(t,)] = K[vo] VYt >0.
(i) If (Klvo], S[wo]) is in Region B, then
_A s
2V4+B
(iii) If (Klvol, S[vo]) is in Region C, then

Klo(t, )] > X, = — Vi>0.

Klu(t, )] > —% V@ +B) Kvo]? — 24 K[vg] S[ve] + A2S[ug]2/4 Vit > 0.

As a consequence, we have that for any t >0

(6.17) Kv(t,")] > X(t) = I_Tm FO)e * + ﬁ S(0) (e +e729") > — K,
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PROOF. The proof follows from (6.15), the properties of Lemma 6.8 and Lem-
ma 6.9, with elementary but tedious computations. The lower bound in Region C
is obtained by writing

(AY (1) —4X(1)> +4BX(1)* < (AY(0) — 4 X(0))* + 4B X(0)?

for any t > 0 and looking for the value of a vertical tangent to the ellipse correspond-
ing to the equality case. Inequality (6.17) is obtained by an explicit integration
of (6.13)

(6.18) X (t) = X(s)e =% 4 ﬁ (e_B(t_s) — 6_4“_3)) Y(s) Vt>s>0,
using A/(4—B) =1/(4m) and mK—-8 = (1-m) F, X(0) = £(0), Y(0) = S(0). O

Depending whether (K[vg], S[vg]) is in Region A, B and C respectively, we
define

(6.19)
Klwvo] in Region A,
Ke := X, = —2\/% S, > —K, in Region B,

*% V(4 + B) K[vo]? — 2 A K[vo] S[vo] + A2 S[uo]?/4 in Region C.

We learn from Corollary 6.10 that 7 defined according to (6.7) by

d —a/2
£:0+£) ~1, 7(0)=0 Vt>0,

is well defined on Rt and

(6.20) —mn@gw+%fw—th>u

As a special case, if K[vg] = 0, we have —

—a/2
4<W“{Q‘ﬂi& —4tw>0

6.2.4. A bound on the delay 7.

THEOREM 6.11. Let d > 3 and m € [mq,1). Assume that vy is a nonnegative
function in L' (R?, (1 + |z[?) dz) such that v§* € L*(R?, dz) and [p,vo dz = M.
We consider the solution v of (2.15) with initial datum vy and T defined by (6.7).
Then we have

—a/2 .
|T(t)|§max{17 [(1—1—%:) —1]}1?14—’?3 Vt>0,

where Ko is defined by (6.19),
fo= L log (max {1, HM)S((D}ID

2 2mIKC,

If additionally Klvg] = 0, then 7 is uniformly bounded by a constant 1o which
depends only on m and d.
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PRrROOF. We deduce from (6.17) that X (¢) > — K, /2 if
1

1 —2at -
mS(O)e > 2IC*,

that is, for any ¢ > ¢;. Using (6.20), we know that

|7 (t2)] < maX{l, [(1+ K:)ia/z - 1]}751.

For any ¢ > t;, we deduce from (6.18)

1-— 1 1
K(t) > X(t) = Tm F(ty) e *tt) 4 — S(t) e 2at=t) 5 5 K e 2a(t—t)

because 1 < o < 2 and max {e~*(t1) e=2a(t=t)1 — ¢=2a(t=t)  After taking
into account (6.7), we find that

dr 1 —a/2
e (12 Ze2alt=t) —1 Vt>t
dt( 2 ¢ vizt,

which gives the estimate
[r(0)] < It + S K. ¥E20

with

+0o0 +oo
o 1
Co ::/ ((1—%6_2”) /2—1) ds<9/ e 2% ds = = < 400
0 2 Jo 4

because a@ < 2. Also notice that S(0) > —S, = 4K, /A so that ¢; is bounded
uniformly for given m and d by

t<i1 IL
1_2a og | max ’d(l—m) .

Hence, if K[vg] = 0, we have that for all ¢ > 0
} IC*
tl + < T Te,

—a/2
(6.21) |7(t)] < max {1, [(1 - \/liia) —1 S

which concludes the proof. ([

6.3. Entropy-entropy production inequalities and refinements

We revisit the results of Chapter 2 in the framework of the solutions of (6.9)
instead of the solutions of (2.15).

6.3.1. The quotient reformulation. For any given A > 0, let us define

w ’Vwm_l - VB;”71’2 dz

4 _ f d
Oy [w] :=m A2 (m=me) IR
Al oo B —w) da

Changing variables with
(6.22) wy(x) == A w(VAz),
we notice that

QA[w] = Ql[wA] =
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as a consequence of (2.16). This has already been noticed in [DT11]. In particular,
the carré du champ method has been used in [DT13] and shows, among other
results, that

(6.23) % <A (Qr—4).

where, for brevity, we write Qx(t) = Qx[w(t, )] and w solves (6.9).

6.3.2. Initial time layer. With almost no change except that m € [mq, 1),
Equation (2.15) being replaced by (6.9) and Q; by Q,, the initial time layer estimate
of Lemma 2.9 applies: on the interval (0, T"), we have a uniform positive lower bound
on OQx[w(t,-)] — 4 if we know that Qx[w(T,-)] —4 > 0.

LEMMA 6.12. Let d > 3 and m € [mq,1). Assume that w is a solution to (6.9)
with nonnegative initial datum vy € L*(R) such that Flvo] < +oo and Jgavo dz =
M. With the notation of Section 6.5.1, if for some n > 0 and T > 0, we have
OA\(T) > 4+ n, then we also have

4 e—4 (T—t)

44n—netT-1)

Au(t) > 4+ vt e[0,T].

PRrROOF. Exactly as for Lemma 2.9, it is an easy consequence of a backward

estimate based on (6.23). O
As a consequence, we obtain a uniform estimate on the initial time layer. Under
—4T
the assumptions of Lemma 6.12, with ¢ = zﬁﬁwa we obtain

O\(t)>4+¢ Vtelo,T).

6.3.3. Asymptotic time layer. As in Section 2.4.2, let us consider the lin-
earized free energy h — F[h] and the linearized Fisher information h +— I[h].
By the Hardy-Poincaré inequality (1.34), for any h € L?(R¢, B2~™ dx) such that
Vh € L*(R%, Bdz) and [, hB>~™ dz = 0, we have
(6.24) I[h] > 4aF[h]
with a = 1. The improved Hardy-Poincaré inequality holds with a = 2 — d (1 —
m) under the additional constraint [p, 2 hB* ™ dz = 0 if m € (mq,1) but this
constraint provides no improvement on the spectral gap in the limit case m = m;,
as we still have a = 1. See (2.27) for more details. Finally, if m = m; and h €
L2(R4, B2~™ dz) is such that Vh € L2(R, Bdz) and [, (1,,|z|*) R B>~™ dz =0,
according to [DT11, Corollary 2|, Inequality (6.24) holds with
(d+2)?

8d
As in Proposition 2.10, the improved spectral gap in (6.24) can be used to establish
an improved lower bound for Q)[w(t, -)] in the asymptotic time layer, as t — +o0.

d—2
(6.25) a= if 3<d<6 and a:QT if d>6.

PROPOSITION 6.13. Let d > 3, m = my and let us define

(d—2)2 d—4
= <d< =2— >
n Sd if 3<d<6 and 7 7 if d>6,
and x = 1/580. If w is a nonnegative solution to (6.9) with initial datum as

in Lemma 6.5 such that [, vo dz =M, [p,zve dz =0 and
(6.26) (1—¢)Bypy(z) S w(t,z) < (1+e)Byplz) YeeR?, Vi>T
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for some € € (0,xn) and T > 0, then we have
(6.27) Aplw(t,)] >4+n Vt>T.

PROOF. Since (6.26) and (6.27) are pointwise in ¢, we can write A = A(t) and
forget about the dependence in t. Up to the rescaling (6.22), we follow the proof of

Proposition 2.10. Let Fy[w] := Flwy], Zx[w] := Zwy] and consider the linearized
functionals
Falh] := T/ |W?B3 ™ dz and Iy[h] :==m (1 —m)A® / |Vh|? By da.
2 R4 Rd

Changing variables in (6.24), we obtain as in [DT11, Corollary 3] the inequality

A2 Iy\[h] > 4aFy\[h] YheL*RY B ™dr) s.t./ (1,2,]z|*) hB3™ dz = 0.

Rd
Let us consider h := vB;’“2 — BTﬁl. As in Proposition 2.10, we use [BBD 09,
Lemma 3] to get that under Assumption (6.26), we have
(L+¢&) " Falh] < Falw] < (1 — &) " FalR]
where b = 2 — m and, with s; and sy as in (2.31),
Ix[h] < s1(e) Za[w] + s2(e) FA[h] .
The remainder of the proof is identical to the one of Proposition 2.10, up to the
replacement of a = 1 by a given by (6.25). O
6.4. Uniform convergence in relative error

After incorporating the additional rescaling corresponding to the delay 7(t) in
our computations, we have the convergence in relative error in the solution w. Let
us define ¢ := (d +2)~12'=%/2 and

(6.28) T(e,A) = i log <1 +ac, 1+ilm>
where
(6.29) € i= QCyq (1+ 1—m> (1+6 .)’

with ¢, as in (4.94), a as in Theorem 4.1, S, as in (6.2.1) and 7, as in 6.21. We
observe that c, is such that T'(e, A) > Ty (¢e, A, S/(1 — m)) + 7o for any €, A > 0.

THEOREM 6.14. Let d > 3, m € [m1,1) and € € (0,xn). Assume that vy is a
nonnegative function in L' (R?, (1 + |z|?) dz) such that
(6.30)

/ (1,z,]2]*) vo dmz/ (1,z,|z|*)Bdz  and Suprd/ vodax < A.
R4 R4 |z|>r

r>0

If v solves (2.15) with initial datum vg and w is obtained by (6.6), (6.7) and (6.8),
then

(6.31) (1—¢)B.(s,z) <w(s,z) < (14¢)Bu(s,z) YreRY Vs>T,
where T is as in (6.28).
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PRrROOF. Using a slight abuse of notation we will write 2R instead of 2R(t). Using

B B
L (y__w \Brw () B
B* Biﬁ(t) B* B*

and |1 —v/B| . = Hl - w/B%(t)HOO because of the change of variables (6.8), we
have the estimate
w(s) = By(s)
o

(6.32) <

b

o(t) =B || Bx
o W

where Bg; is as in (6.5). Notice that HBER(t)/B* — cHOO = ‘ B\/X(t)m(t)/B - cH for
c¢=0and ¢ =1. A simple computation shows that the supremum and the inﬁﬁmm
in B /54y m)/B are achieved either at the origin or as a limit for |y| — co. As a

Rete

‘OO ‘OO

consequence, we deduce that

Bty 1 d
= max { VA(t) R(t), ————} and

|5, om0 )

By 1) B . d -

HB*(S) -1 =1- mm{ (ﬁ(t) m(t)) , (ﬁ(t) Sf{(t)) } .
Recall that ¢ = (d+2)~ 1 2'=%/2. The inequality Flvg] = S[vg]/(m—1) < S,/(1—m)
holds since K[vg] = 0. As a consequence, we deduce from inequality (4.96) and
identity (6.6) that,
(633)  1-ge<ROAD<14qe VIST. =T, (qu, 13> ,
-m

where T, is as in (4.94). Since the functions z — 1 — (1 F x)id/Q are concave, non-

decreasing functions, by a Taylor expansion around 0 and from (6.33), we deduce

By B
B*(S) B*(S)
Combining the above two inequalities with (6.32), we obtain (6.31) for any s >
T.(qe, A, S, /(1 —m)) + 7(Ty). Since K[vg] = 0, we have the estimate 7(T}) < 7o,
as a consequence we have that T > T,(qe, A,S+/(1 — m)) + 7o and the proof is
concluded. (]

4
2

-1

1
§§d5q and <2

oo

6.5. Computation of the stability constant

Proor or THEOREM 6.1. Let us assume first that g = g. Exactly as in
Section 5.1.1, we obtain the improved entropy - entropy production inequality (5.1)

with 7 as in Proposition 6.13, ( = % as in Lemma 6.12 and T given
by (6.28). This proves that Z[v] > (4 + ¢) F[v] as in (5.1). As in the proof of

Theorem 5.3, from the expression on ¢ we deduce that
1 4 n na Xa 2/
> (1Al @ay=t 20 (T X
¢>(1+ ) Tin\ac Ca s

where €, = 1 x/2 where 1 and x are as in Proposition 6.13, a as in Theorem 4.1, ¢,
asin (6.28), ¢, as in (5.7). From the identity (1.28), we deduce that inequality (6.1)

holds with Y
_1 4n S “
_ 1
¢, =(d-1) 4+n(21+aac* Ca -
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Inequality (6.2) can be deduced from (6.1) as in Section 5.1.2. O

PROOF OF COROLLARY 6.2. We proceed as in Section 5.2.3. Let us define the
normalized function Nf as
d

Nf(x) = A= ulf)= (g + 2/Alf)) Vo e R
so that gny = g. From inequalities (6.1) and (6.2), we deduce that
6[Nf] = C.(A)E[Nflg] and S[Nf] > Ci(A) (44 Ci(A)) TINSlg].-
Inequalities (6.3) and (6.4) follow from

1

AL

- Elfles],  TINflgl = ulf)* T Tfley)
plf]a

EINflg]

and  ANf] = ulf] NSV Alf], 6[f] = ulf] T SINS).
O

PROOF OF PROPOSITION 6.3. Let (\, u, %) € (0,4+0c) x (0, +00) x R? and re-
call that gx 4 (z) = A% u% g()\ (x — y)), so that Vgi;py = 2)\;1’% (x —y). By
expanding the square in J[|f||gx,u,y| and integrating by parts (z — ) |f|P" V fwe

get

d—2)?
O 18] = 1911

. d(d—2)? .
+(d—2)2k2u‘%/ [F127" o —y[? dw—QM‘%/ [fPH da
R4 d*l R4

A minimization in y reveals that, for any A, > 0 the minimum is attained at
y = y[f] = xy where y[f] = zj are as in (1.20). Let us call f(z) = 2?(d —
2)2 [oa lf1?? |z — 2¢)? do— 2d (d—2)? (d— 1)~ [ou [fP"! do+ ||V f]5. A mini-
mization in z reveals that f(z) attains its minimum at

R Jea lf1P" ! da
2(d=1) JpalfPPP" |2 —zs]? dz
Since 8[f] = 6| f|] and T [|f]|&xrpy] = T [f|&xruy], the result follows. O

6.6. Concluding comments

In the setting of Chapter 6, we can handle not only the critical case m = my,
but also any m € [mq,1). We do not insist so much on this point as m € (mq,1) is
already covered in Chapter 5, with simpler estimate. The estimates of Chapter 5 fail
in the limit as m — m;, as a consequence of the expression of (, defined by (5.9).
The bigger advantage of the setting of Chapter 6, is that we obtain for the constant
an expression which has a finite, positive limit as m — mq, to the price of a more
complicated setting.

The estimate of ¢; in Theorem 6.11 is rather rough. Actually, from Lemma 2.1,
one can easily notice that a solution of the fast diffusion equation (2.1) has a second
moment which grows at least like t2/® as t — 400, which in turns provides upper
and lower estimates of ¢;. This is exactly the rate of growth of the second moment
of the self-similar solutions of (2.15), certainly not a surprise. In original variables,
one can analogously introduce a delay for the best matching self-similar solution
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and prove a similar monotonicity property, cf. [DT13, DT15, DT16b]. This
latter delay is related with the function ¢ — 7(t). However, the self-similar change
of variables makes things rather involved and the analysis requires some care, as
seen in Section 6.2.

In any case the overall message is somewhat simple. When studying the in-
termediate asymptotic of (2.1), we are performing an asymptotic expansion of the
solutions around the self-similar profiles. By fixing mass and center of mass, quan-
tities preserved along the fast diffusion flow, we are able to use improved weighted
Poincaré inequalities by killing the lowest modes. In this way, we obtain faster rates
of convergence towards Barenblatt profiles, which are equivalent to the stability es-
timates. This is the strategy adopted in Chapter 5, and it breaks down at m = my
since the energy levels of the linearized problem associated to translations and to
scalings coincide. In order to get an improved Poincaré inequality, we need the
second moments to be presenved along the nonlinear flow. Unfortunately, this is
not the case for equation (2.15), that was enough for the subcritical case. We need
to find another flow, adjusting the time scale with a delay as in (6.7). This fits the
time scale to preserve the second moments and kill the next term in the linearized
problem. The key observation here is that a time-shift in a Barenblatt self-similar
solution, amounts to a rescaling. This is the reason why the rescaling (6.7) results
in a non-autonomous equation (6.9) which involves also a non-local term, A, which
is the second moment appropriately normalized. Only the presence of this time
dependent nonlocal term A, can guarantee that the second moment is the same
as the natural Barenblatt function associated to the equation, along the nonlinear
flow. This allows to kill the next mode and exploit the improved spectral gap to
get our constructive and quantitative stability estimates also in the critical case.



CHAPTER 7

Discussion of the method

The stability results of Chapters 5 and 6 are obtained under a tail decay con-
dition which is not present in Theorem 1.15. So far, this is the price we have to
pay for constructing an explicit constant. Here we discuss why such a tail decay
condition is natural in our method.

7.1. Decay properties
Here we consider decay properties of the solutions of (2.1) and (2.15) as mea-

sured by ||ul|x,, := sup,-q r®/1=™) f|x|>7‘ |u| dz defined in (4.1).

7.1.1. Decay properties in original and in self-similar variables. Ac-
cording to [BS20, Proposition 5.3] and [Sim20, Chapter 4], the solution of the fast
diffusion equation has a growth property in A,,,, which can be stated as follows.

PROPOSITION 7.1. Let d > 1 and m € (m,1). Any nonnegative solution u
to (2.1) with initial datum ug € LY (R?) N X, satisfies

l[u(t, )|

with R(t) given by (2.9) and c3 given by (4.5).

o

2o < 275 max {1,csa 0} (14 JJuoll,,) ROTF Ve >0

PROOF. Inequality (4.6) applied with po = 1, r = 2 R and 7 = 0 gives

a

RTm / u(t,z)de < 27w RT-m / uo(x) de + c3 T
|z|>4R |z|>2R

for any t > 0. By taking the supremum in R in both sides of the above inequality,
we find that

a+m 2 1
Xom S 2177n ||u0| X +21—’m Cgtl—nl

[u(t, )]

and the conclusion follows. O

The above result turns out to be a stability result of X}, under the fast diffusion
flow in self-similar variables.

COROLLARY 7.2. Letd > 1 and m € (me,1). With the same constant h > 0 as
in Proposition 7.1, if vg € LY (RY) N Xy, then the solution v to (2.15) with initial
datum vg is such that

[[o()]

x, < 2% max{l,Cg, Oz_l/a} (14 [Jvol

x,) Vt>0.

131
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7.1.2. On the spaces X,,, H,(R?) and W,(R?).

The space X, gives the right framework to investigate the convergence in rel-
ative error for the flows (2.1) and (2.15). We remark that the relative entropy F[v]
is well defined for initial data in L1 (R?) whose second moment is finite. This is the
case for data in X,,. Indeed, we have the following

PROPOSITION 7.3. Let d > 1 and m € (mq,1). If u € X,,, then
__a \—1
[l e < e + 4 (1= 27757) 7 ful,.

PROOF. Let us split the integral of |x|? |u| as

o0
[t ular= [ prpiars [ 2l ul do
R4 lz[<1 20720 <Jzj<2it

The first term in the right-hand-side can be bounded by the L!(R?) norm of |u].
For the second term we proceed as follows. Let j > 0 be an integer, we have then,
by definition of (4.1)

/ 2|2 Ju| do < 220+ / jul dz < 22 (52 |lu .
27 <|a|<2i+1 || >27

Summing up on j > 0, we find

oo oo
> ol ol de < 4 ully,, S22 (22,
=020 <laj<aint

Jj=0

the series converges since >~ > 2. The proof is concluded. (]

In order to relate the Gagliardo-Nirenberg-Sobolev inequalities to the fast dif-
fusion flow (2.1), we consider u = |f|?’ where p and m are related through (2.3).
In this way, the hypothesis u € &, is satisfied if and only if f € L?’(R%) and

d—p(d—4)

(7.1) sup r~ r-1 / |f|?P dz < oo
|z|>r

r>0
As a consequence, functions f € H,(R?) that satisfy (7.1), are in W, (R?).

COROLLARY 7.4. Letp € (1,p*] ifd >3 andp € (1,p*) ifd=1 ord=2. If
f € Hpy(RY) and f satisfies (7.1), then f € W, (R?).

PROOF. Since f € H,(R?) implies that f € L2P(R%) for any p € (1,p*] if d > 3
and p € (1,p*) if d = 1 or d = 2, we only need to prove that |z||f|P € L?(R?). This
follows from Proposition (7.3) and the relation (2.3). O

7.2. A limitation of the method

The stability results of Chapter 5 and 6 are based on Theorem 4.1, on the
convergence in relative error for the fast diffusion flow (2.1). According to [BS20]
and [Sim20|, the assumption v = |f|*” € X,,, is not only sufficient but also neces-
sary. For completeness, let us state a result and give a short proof.
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PROPOSITION 7.5. Let m € [mq,1) if d > 2 and m € (1/3,1) ifd =1. If u is
a solution of (2.1) with initial datum ug € LY (R?) such that [, uo do = [p, B dx
and if
u(t, x)
B(t,x)

7.2 li
2 L)

—1‘:0

then ug € X, .

PROOF. Assume that the limit (7.2) holds. As a consequence of (7.2), there
exists a time 7" > 0 such that

lu(t,z)| <2B(t,z) VxecRY Vt>T.
By applying inequality (4.6) with pg = 1,7 =2R >0, 7 =T and ¢t = 0, we find

R / wo(w) da < 275 R%m/ (T, )| dz + c3 T™
|z|>4R |z|>2R

g2ﬁ3ﬁ/ B(T,z)dx +cs T .
|z|>2R

Taking the supremum in both sides of the inequality, we are left with
l[uollx,, < e [|B(T)]

for some finite constants ¢y, co > 0. The proof is concluded. O

X7n+CQT<OO

As a consequence of Theorem 4.1 and Proposition 7.5, we have the following
side observation.

COROLLARY 7.6. Let m € [mq,1) ifd>2 and m € (1/3,1) ifd=1. Ifu is a
solution of (2.1) with initial datum ug € LY (R?) and if ug & X, then u(t, ) & X,
for any t > 0.

7.3. Conclusion

The space X, is the space of well-behaved functions in which our method ap-
plies, and Proposition 7.5 clearly shows that it cannot be extended to Wp(Rd).
From Theorem 1.15, we know that there is a constant of stability even for functions
of H,(R%) and W,(R?) which are not in X,,, m = (p + 1)/(2p), with stability
measured in, respectively, H,(R?) or using the relative Fisher information, but the
constant is obtained by compactness and contradiction arguments, and no construc-
tive estimate is known so far. It is therefore an intriguing and challenging question
to find an alternative strategy for functions which are not well-behaved.






Notations

Throughout the memoir, d is the dimension of the Euclidean space R?. L4
stands for Lebesgue’s spaces, LY for nonnegative functions in L4, while H' and
W are standard notations for Sobolev spaces: we refer to [AF03, Bre83, LLO1,
Wil91] and [Eval0, page xix| for definitions.

On L4(R%), we use the norm |fll, for any ¢ € [1,+00]. By default, we use
Lebesgue’s measure dz on R?. In case of subdomains in R, the domain of inte-
gration will be specified. Other measures, for instance in presence of a weight b,
is specified and we denote for instance by L4(2, b(x) dz) such a space. For conve-
nience, we use the notation L? even if ¢ < 1 for any f such that fRd |f]? dz < +oo.

Sets

> Bpg(zo) ball of radius R > 0 centered at zy € R?
> Bpr ball of radius R > 0 centered at the origin
> B unit ball centered at the origin, |B| = wq/d

> S? unit sphere in R4+

> © open bounded domain in R?

Miscellaneous notations
> If o = (z1,20,...24) €RY, |2|? = Zle z? and (z) = /1 + |z|2
> wg =[S =272 /T (d/2)
> V- W stands for the divergence of the vector field W
> diam(Q) = sup, yeq |z — y
> ||m||? denotes the sum of the square of the elements of the matrix m

Convention. Chapters or identities below mostly refer for the first occurrence.

CHAPTER 1

Exponents and constants in functional inequalities. Cgns(p) denotes the
optimal constant in the Gagliardo-Nirenberg-Sobolev inequality (1.1) and Kgns is
the optimal constant in the non-scale invariant inequality (1.8). Both inequalities
are related in Lemma 1.2 through (1.10) which involves the constant C(p, d) given
by (1.11). The optimal constant in Sobolev’s inequality (1.4) is Sq = Cans(p*).
Parameters and exponents obey the following conditions:

> p*=d/(d—2)and pe (1,p*]ifd>3,pe(l,+00)if d=1or2

> 2% =2p* =2d/(d—2)

> 6= (d(p—1))/((d+2—p(d—2))p): the exponent in (1.1)

> y=(d+2—-p(d—2))/(d—p(d—4)): the exponent in (1.8)

>p=1/2m—-1)orm=(p+1)/(2p) as, e.g., in (2.3)

135
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Function spaces
> H,( {f € LPHY(RY) NL2P(RY) : |Vf| € L*(RY)}
> Hpe ={f e L?P"(RY) : [Vf| € L%(R?)}
> Wy Rd {f € Hp(RY) & (z)|f|P GLQ(Rd)}

Aubin-Talenti functions

> g(z) = (1 + |gc|2)_ﬁ
> auy(T) = A% #% g()\ (I*y)) with the convention pu? = |p|?t pif u < 0
> M= {gruy : (A a,y) € (0,400) x R x R}

Functionals

> O[f] Deficit functional defined by (1.12)
> Free energy or relative entropy functional:

ELflg) =20 (1 =)™ fyu (770 = gPL = SR glow (27 = g) ) dz
> Relative Fisher information

Tlflgl=(p+1)( La |0 = 1) VF+ frVgi?| da

Linear operator and spectrum
> dptg = pia dz, pa(z) = (1+[z]*)"
Logu=—p1—_qdiv|ue Vu]
Aess = (a + (d —2)/2): bottom of the essential spectrum of Loa,a<0
Agr: discrete eigenvalues of £, q, a < 0, given in Proposition 1.16
A: spectral gap in the Hardy-Poincaré inequality (1.34)
> Aess: spectral gap in the improved Hardy-Poincaré (1.36)

>
>
>
>

Miscellaneous notations
> p(s) =s™/(m—1) for any s >0, m € (0,1)
> wplf], ylf] = x5 and A[f]: defined in (1.20), such that p[gx .y, Y[9xuy)
and A[gx ,,y] coincide with A, 1 and y for any g, € M
B 9f = GA[f1.ulflylf]
> Pressure variable P: defined in (1.23), consistently reused in Section 2.2.1
> D?P denotes the Hessian matrix of P
> Dw = (Vw,‘?d—f) and N =d+2v
> Q: quadratic form given by (1.37)

CHAPTER 2

Parameters

> m denotes the exponent in the fast-diffusion equation (2.1) and M is the
mass of the solution w, that is, M = fRd u dx.

> me = 0 if d = 1 (by convention), and m. = (d — 2)/d if d > 2 is the
threshold exponent for B € L!(R?) for mass conservation in (2.1)

> my = (d—1)/d is the threshold exponent for inequality (2.16) and m = m;
corresponds to p = p* according to (2.3), if d > 3

> my = d/(d+2): threshold exponent for the integrability of |z|> B and B™

> a=d(m—m)
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> X = ((1—m)/(2 m))l/o‘ is a scaling parameter given by (2.8) which

appears in the change of variables (2.14) that transforms the solution u

of (2.1) into the solution v of (2.15)
> M= [p.Bdr= ||g||§£ =420 ((1-m)~1—d/2) /T ((1-m)~1), see (2.10)

Barenblatt solutions and self-similar scale

> Blz)=(1+ |x\2)1/(m_1) = g?? is the Barenblatt function (or profile).
> R(t) = (14 at)t/e

> B(t, w5 M) = (M/M)** M R(t)B((M/M)"™/* \ x/R(t))

> B(t,z) = M R(t)"*B(\ex/R(t)) = B(t,z; M)

Entropy and entropy production functionals

> The Rényi entropy functional E[u] = [p, v dz and the Rényi Fisher in-
formation functional Ifu] = % Jga w|Vum 12 dz are associated with

the solution u of (2.1). With the pressure variable P = mu™~1/(1 —m),
we have l[u] = [p, u|VP[? da.

> Attached to the solution v of(2.15), the free energy or relative entropy
and the Fisher information or relative entropy production are defined

respectively by Flv] = (m—1)"" [, (v™ — B™ —mB™ ! (v — B)) dz and
I =m @ —m)~! [pav ’VU’”_l - VBm_1|2 dz. The relative pressure
variable P(t,x) = v™ () — |z|? is such that Z[v] = [5. v|VQ[? dz.
> Linearized free energy: F[h] = %2 [, |h|?> B>~™ dz and linearized Fisher
information: I[h] =m (1 —m) [z, |[Vh[* B dz

CHAPTER 3
Sets
> Qp = (07 T) x
> D; (to, o), D (to, z0), cylinders of the Harnack inequality (3.24) defined
in (3.18)
> Qs Q‘Q“, Q, cylinders udes in the Moser’s iteration, defines in (3.27)
Functions

> v is a solution to (3.16).
> w = vP/? is a power of a solution to (3.16) used in Section 3.2.3.
> w = —logw is the logarithm of a solution to (3.16) used in Section (3.2.4)

Constants

> K, constant of inequality (3.1)

> Sp, constant of inequality (3.3)

> Ay, constant of the weighted Poincaré inequality (3.14)

> u= /\O_1 + A1, where A\g > 0 and A\; > 0 are the lower and upper bound
of the uniformly ellipticity condition (3.17)

> h is given by (3.19)

> h = h*+1/20 s given by (3.22)

> v exponent of the C* continuity of solutions to (3.16) defined in (3.62)

Miscellaneous notations

> Aw stand for the standard multiplication of a matrix A for a vector v.
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NOTATIONS
d . .
v (Aw) =37 i1 A jviw; where A is a matrix and v, w are vectors
|u]cv (), C¥ semi-norm defined in (3.9) in a domain €

dist(-,-), distance between cylinders, defined in (3.60)

CHAPTER 4

Miscellaneous notations

>
>

B(t,x) = B(t, x; M) = M R(t)"* B(Xe z/R(t))
b= ( 1—m )1/a appears in the definition of the self-similar profiles in (4.43).

2ma

Function spaces

>
>

Xy = {u € L'(RY) : |l x,, < oo}

e
lullx,, = sup,sg v [, fuldz

Constants

>

\ARVARVARRY/

\YARY

A and G are the two main bounds on the initial data which appear in The-
orem 4.1 in (4.2) and play a key role in the computation of the threshold
time t, in (4.3) and subsequent stability estimates.

== (/M) -1

ei=1— (M /M)

Em,d = min {5, e, 1/2}

Ao and A; are used in the estimates of the C* continuity of solutions
to (2.1) and are defined in (4.80).

v is the exponent of the Holder continuity of solutions to (2.1).

9= ﬁ‘lu is defined in (4.85).

a and ¢, appear in the computation of ¢, and whose expression is given
in (4.92) and (4.93).

te = (1+A"™ 4 G2) /e

> T, = 5= log (1 +ac, H“‘l;ﬂ) and c, is defined in (4.94).
CHAPTER 5
Constants
4 e \2/a
> C*:ﬁ(Zac*) Ca

>
>

co =infy yso (L+ 2 +y)(1+a+ ya/z)ﬂ/a

Z(A,G) = ¢/ (1+ A20-m/a 1 G)

Functionals

>

>

\Y

\Y

lf) = ulf]E = MCD £,

2p
olf] = (st i) T
p?=1  [VfI3
_d=p(d—=4) d—p (d—4)

ALl = Molf]™ T IFl5F supsor 71 fuys, [F(x +ap)? da

Elf] = 125 Jr (% it —gri— e gtp (L | f|—g) ) dx
NS (@) = olf1% wlf] f (o[} o+ ay)

p—

> G[ﬁ = A];Izii C(Il,,d) Z(A[f]a E[f])



NOTATIONS

> Clf] = B Z(4,€INSIg))
> ) = o [ ol T5 V4Rl o) || e

o (pPo1) Z(Al ,E[m])
> 6,.[f] = 2p(j{Nj\S41/p C(p,d) 4+Z(A[f],E[\f|])

CHAPTER 6

Constant and Parameters

44n \ 21+2ac,
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a a 2/a
> ¢ = (d—1)7! ] (L) Co » constant defined in the proof of

Theorem 6.1, where €, = 7x/2 and 7, x are as in Proposition 6.13, a as

in Theorem 4.1, ¢, as in (6.28), ¢, as in (5.7)

Ci(A)=¢, (1+A1/(2 d))_l where A is in Theorem 6.1

Ky = [ga |z|* B dz defined in (6.6)

S, = [za B™ dz defined in Section 6.2.1.

A=2d12

B=2d(m—m.) =2«

Te defined in (6.21)

a="82"if3<d<6anda=2%2if d > 6 defined in (6.25)

n—ulf3<d<6andn—2 1ifd>6
X—1/580
q=(d+2)"12l-d/2

vVvvyv vV VVVVVYV

fined in (6.29) and a is as in (4.92)

Functionals
> Alf] =sup,~o r? [, |12 (x + ) where z; is as in (1.20)

T(e, A) :=log (1 + ac, (14 A'™™) /&) defined in (6.28) where ¢, is de-

> Z1] = (14 ulf) A2 ALT) where plf], ALf) and oy = ylf] are as

n (1.20)

Miscellaneous notations
> By(z)=A"2B (x/ﬁ) is defined in (6.5).
> A(t), R(t) and 7(t) are defined in (6.7).
> A, is defined in (6.5).
> Ox[w] = mAZ(m=me) [ |Vwm=t — VB;\"_l‘Q dz/ [pa (
defined in Section 6.3.1

By —w™) dx
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