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A thick—point approximation of a small body embedded
in an elastic medium: justification with an asymptotic analysis

Arnaud Heibig* Nidhal Mannai*f Adrien Petrov* Yves Renard*

June 29, 2020

Abstract

The present paper proposes an approximation of the influence of a small inclusion, having different
stiffness, in an elastic medium restricting its cinematics to a finite dimensional space. The problem, for
the unknown displacement, is written in accordance of transmission conditions between elastic medium
and inclusion. The multi-scale asymptotic expansions techniques, by using some corrective terms, are
introduced to model the inclusion influence in both initial and approximated problems. Finally, some
error estimates for asymptotic expansions are presented and different strategies are compared.

Key words. Asymptotic expansion, linear elasticity, multi—scale analysis, transmission problem, solv-
ability

1 Introduction

This paper introduces a new approximation of the influence of a small inclusion in an elastic medium,
so—called thick—point approximation, consisting in a restriction of cinematics of the inclusion to some pre-
defined finite dimensional spaces such as spaces of degree one or two polynomials. A rigorous justification
is given in terms of asymptotic analysis allowing to quantify the approximation order as well.

The interface problems served in the last decades as a cornerstone for developing mathematical models
for inclusions embedded in elastic media. Some of these models are used in automotive industry to
design tires having specific structure stiffnesses. A considerable amount of engineering and mathematical
literature is devoted to this topic. We are specially interested in small elastic inclusions or inhomogeneities
in a two—dimensional elastic body. Since the inclusions are usually small compared to the size of the
body, it is rather costly from numerical viewpoint to take them into account. Naturally, the numerical
approximation of such problems requires a severe mesh refinement near the inclusions, which sometimes
prevents from taking them into account in the computations. If the inclusions are arranged within a
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periodic network, the homogenization techniques could be used and the macroscopic model is valid,
provided the characteristic properties of the body are modified accordingly (see [1, 23]). Such approaches
do not hold for local inhomogeneities, which are usually omitted in the applications, at least for the
smallest ones, and/or integrated into the macroscopic domain. An other approach consists to use the
asymptotic analysis to determine the influence of inclusions (see [7, 10, 16, 17, 29, 32]) which is adopted
in the present work.

Many references in the literature deal with the case of perturbations whether transmission problems
(essentially for conductivity and Helmholtz equation) and perforated domains and cavities. For further
details, the reader is referred to [29, 18, 7, 26, 27, 22, 17, 10, 11] and to the reference therein. Concerning
the case of inclusions, a method allowing to find the stresses set up in an elastic body was originally
introduced in [13] and later on developed in [14, 28, 19, 20, 4, 30, 25] for various inclusions shape. On
the other hand, the reconstruction techniques of small inclusions using only boundary measurements are
described in [2]. The approach used in this work consists in deriving some asymptotic expansions of the
boundary perturbations coming from the inclusions influences that has been initiated in [5] and extended
in this work to the approximated case up to the order second order leading to deduce some approximation
error estimates. Some other contributions dealing with the techniques using asymptotic expansions to
treat inclusions can be found in [31, 6].

This paper is organized as follows. In Section 2, we give precisely the geometrical setting we shall work
within. More precisely, the solvability of a pair of two dimensional approximations of the transmission
problem between a body and inclusion both supposed to be elastic is recalled. Then Section 3 emphasizes
some optimal error estimates for asymptotic expansions. Section 4 is dedicated to describe the thick—point
approximation and perform its asymptotic expansion, up to the second order. This allows in Section 5 to
give some error estimates depending on the choice of the finite dimensional space used. Section 6 treats
the special case of a circular inclusion obtaining some optimal results. Section 7 gives the strong form of
the thick—point approximation problem when first degree polynomial are used. Finally, a few conclusions
are given in Section 8.

2 Mechanical model and mathematical formulation

We consider a reference configuration  C R? supposed to be with a Lipschitz—continuous boundary T'.
Let ch C R? be a bounded connected domain of characteristic dimension e representing an inclusion in

of 2% . .
). The boundary of this inclusion is denoted by I'* and Q} o ?f The inclusion is assumed to be small

enough compared to the characteristic size of the matrix represented by €27, o Q\Q? C R? of radius R
with a Lipschitz—continuous I'* (see FIGURE 1.

The present work deals with an antiplane problem which can be reduced to a Poisson problem. More
precisely, we focus on the normal component to the plane (O, z1,x2) denoted by u®(x1,x2). We assume
the non—-homogenous Dirichlet conditions and the continuity conditions on the boundary I'* hold on I'
and I'®, respectively. Let U € HY/2 (") be a prescribed displacement on I'. The mathematical problem is
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Figure 1: A small inclusion in an elastic medium

formulated as follows:

—apAuf =0 in QF, (2.1a)

—am Ay, = 01in QF (2.1b)

U% = Uy, on I'%, (2.1¢c)

af(?nﬁ;i = am0Ont;, on I'°, (2.1d)
u;, =UonT, (2.1e)

where 0y, denote the normal derivative, ay > 0 and o, > 0 are the shear coefficients in the inclusion and
in the matrix, respectively while u3 and u7, are the unknown solutions to problem (2.1) in the inclusion
Q? and in the matrix {27,, respectively.

Let us describe the weak formulation associated to problem (2.1). Introducing the set

\N/U o {’U S Hl(Q): Y| :U},

T

the weak formulation associated to problem (2.1) is given by

find @€ € Vy such that for all w € H)(Q)
/ oszﬂjc -Vwypdz + / an Vu;, - Vwpy,dz = 0.
& Q

£
f m

(2.2)

Since U € HY/2(I"), the trace theorem implies that there exists g € H'(Q) satisfying g = U. Let us define
U5 € HY(Q) such that @° < U5 + g € Vu. Hence, the weak formulation (2.2) can be rewritten as follows

find @5 € H{(Q) such that for all w € H}(Q),
/ oszﬂ%f -Vwypdx —|—/ am VUG, - Vwny dz
: Q

€
f m

(2.3)
= —/E ang'wad:c—/Q am Vg - Vwy, dz.

€
f m

The existence and uniqueness results to problem (2.3) can be proved by using Lax—Milgram’s theorem.
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3 Asymptotic expansion for the antiplane problem

This section is devoted to the asymptotic expansion of the antiplane problem up to second order. The
reader is referred to [5] for further details on this approach. This step plays a crucial role to get some
error estimates with respect to the size of the inclusion for the approximation.

3.1 First order expansion for the antiplane problem

We consider first the asymptotic expansion of the first order. To this aim, we define by @’ the displacement
in Q without any inclusion. Taking ¢ = 0 in (2.2), we get the following weak formulation

find @° € Vi such that for all w € H}(Q),

3.1
/ am Vi - Vwdz = 0. (3.1)
Q

Substracting (2.2) to (3.1), we obtain

/E (af — am) VU’ - Vwypdr + /QE arV(uy — a°) - Vw;da —1—/Q amV (i, —°) - Vw,dz =0 (3.2)
f f

€
m

for all w € H}(Q). By using the following notation 525 £ ug — %, k € {f,m}, the identity (3.2) can be
rewritten as follows:

J

for all w € H{(Q). In order to deal with fixed domain and interface, we introduce the following scaling

y = £ and we define ]3%5(3/) £ agg(x), ke {f,m}. It comes that
(af — am) Vil (ey) - Vwy(ey) dy + /Q1 oszﬁ(}E(y) -Vwy(ey)dy

E/Q}‘ ! (3.4)

+ / am VD% (y) - Vwy,(ey)dy = 0
Q¢ /e

(af — o)V - Vwyda —I—/

afvag)f -Vwydz —I—/ 0, VA% - Vw,, dz = 0 (3.3)
Q

; ; 2,

for all w € H}(Q). Let Q®° = RQ\Q} and \~/10g be an Hilbert space defined by

~ _1 —
Vieg 2 {v € D'(R?) 1 (1+ [2f2) 7> (log(2 + [2f%)) "'v € LA(R?) and Vo € L*(R?)’

endowed with the norm

[N

e -1 -1
lullg,, & (101 + [22)72 (og(2 + %) vllZaqaz) + V0] ge2) *

The reader is referred to [5, Appendix] for some further explanations on this functional space. Fix RV > 1,
we define a closed subspace szg — Viog by

7RO def <7
Vit 2 {v e Vigg /

—T

™

v(R° cos(0), R sin(6))do = o}.
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We assume ¢ small enough compared to the size of 2 and we eliminate completely the dependence on &
by approximating the identity (3.4) as follows:

find WO € Vlog such that for all w € Vlog’

/ (af — ) Val (0 )-wady—i—/ afij‘?-vu)fdw/ am VWO - Vi, dy = 0.
O Ol 0o
f f

(3.5)

Note that all the constant functions are included in vlog and Poincaré’s inequality can be obtained on
the quotient space of the weighted Sobolev space with constant functions. Clearly, the last two terms on
the left hand side of (3.5) are bilinear, coercive and continuous forms on V1 og While the first term on the

term on the left hand side of (3.5) is linear and continuous on Vlog. Then, the existence and uniqueness
results come from Lax—Milgram’s theorem. On the other hand, we observe that

/E (af — )V (0) - Vs da + /QE qu(sW?(é)) -Vwydw
! f

+/E amV(EW,%(é)) -Vwn,pdr =0

for all w € H(Q). Subtracting (3.2) to (3.6), we find

(3.6)

/ (o — ) (VE® — va(0)) - Vw;dz + / afV<17 — O —e® (7)) -Vwypdz
7 7 ) (3.7)
+ /E amV(ﬂ— 7 — E’Wv0<g>) -Vwy,dr =0

for all w € HY(Q). Setting dle g — g0 — ewo (;>, with z € Q, we also have
5

d's € H(Q2) and for all w € H}(Q),
/QE (af — ) (VA — va(0)) - Vwsdz + / a;Vd'e . Vwgdae

i R 2 (3.8)
+/ amVA'e - Vw,, dz = 0,

with d'€ = —ew()(;) on I'.

€
The following estimate on the rest d!¢ of the first order expansion can be proved.
Lemma 3.1. There exists a constant C > 0, independent of €, such that

Half o S0 (3.9)

Proof. Let £ : HY/2(T') — H(2) be a continuous lifting operator [24]. We define 2¢ & z(—gWO(;)) and
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Fle & qle — 35 Clearly, 7€ € H(2) and according to (3.8), we get

€

/Q afVF]lf : wadx—i—/ VT Vwmdﬂv—l—/ (af — o) (VE2(0) — V@°) - Vwy da
f m f

:—/ aszNE-wadx—/ am V28 - Vi, dz.
Qf m

Taking w = 7¢ € H}(Q), we find

o 97 g + o 1975 [ + / (af — am)(VR(0) — V&) - VF¥ da

2
k

which by using Cauchy—Schwarz’s inequality implies that

afvze.w}ﬁdx—/ amV2E - Vrede,
Q

€
m

£
f

|97l 20y < CUIVE©) = Vil 2 + IV 20

[
By Poincaré’s inequality, we get

H'FIEHHl(Q) < O(||va’(0) - vaOHLQ(Q?) + Hv;EHLZ(Q))'

. ~1c def 7Y ~ .
Since 7€ = d'¢ — 22, we obtain

Hala

@ C([Va"(0) = Vil gz + 1% 10 @)

By using the continuity of the lifting operator L, it comes that

Hals

iy S OV = Vi o) + [ W(2))]

)

We evaluate first [|[Va®(0) — VﬁOHLQ(QE . To this aim, we observe that
s

)
Vil (z) = Vi (0) + O(|z|).

Then, we conclude that
|Va® (z) — VﬂO(O)HLQ(Q;) < |z| < Ce2

It remains to evaluate HW(E) HH1/2(F). Let us define z < (r cos(f),rsin(6)) for all » > RY. Notice that

WO e \71}5; and there exists (dy, by,) € R for all n € N* and 0 € [0, 27] such that

WO(;) = Z(eRO)n(an cos(nf) + by, sin(nb)). (3.10)

€
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Let Q¢ be a regular subset of R? such that I € ). and there exist (ri,r2) € RT x RT satisfying ry <7 < 7o
on .. Then we infer that

FENZ 0
H ( )) HI/2(T) — HW ( )‘Hl(ﬂ ) (3:-11)
Choosing € > 0 such that ¢ < 5 RO, we obtain
4eRY eRO\n
0 <
() = DY iz o
—0/" 2e RV RO\ n—
— a bn|) < Ce, 12b
5o <2 () i < i
where 1(25%) stands for the usual measure of 5. Carrying (3.12) into (3.11), we get
H ( )‘ HY/2(T) —
Finally, we have
Hale <Ce,
1)
which concludes the proof. O

3.2 Second order expansion for the antiplane problem

The approach adopted here is similar to the one used to obtain the first order expansion. Namely, let
D'¢(y) & d'¢ () and observe that

i/ (ap — ) (VE? — va(0)) - Vwydy + / afV]SIE -Vwydy
ol ol

! (3.13)
+[25 am VD . Vw,,dy =0

for all w € H(l)(%) Then (3.13) is approximated by the following problem:

find W! e VR such that for all w € Vlog,

/Ql(af—am)Hao( )y-wady—i—/Q1 oszW}-wady—l—/Q ameWv/}n-Vwmdyzo,
f !

(3.14)

where W! and Hz0(0) denote the second order corrector term and Hessian matrix associated to u° in
x = 0, respectively. Observe that for all w € H}(2) extended by zero in R?\§), w belongs to Vioe. Then
we have

€

—i—/E amV<£2Wé(é>> ~Vwmdx—i-/E osz<52W}<é>> -Vwpdr =0
. f

/ (af — am)Hgo(0)x - Vwypda —I—/ eX(af — am) Vo - Vuypde
s (3.15)
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for all w € H{(Q). On the one hand, let ¥ € H(Q) be a corrector term allowing to eliminate the first
order term W on I' and satisfying

/ anVu - Vwdr =0 (3.16)
Q

for allw € H{(Q) witho = — B = (ax cos(6)+by sin(#)) onT. Setting d* = 7° — a0 — eW? (;) 2wl (€> + &%.
According to (3.8), (3.15) and (3.16), we find

(d2 € H(Q) and for all w € H}(Q),
/ (af — ) (VI = VIO (0) — Hyo(0)z + £2VD) - Vwyda
QE
! N N (3.17)
—|—/ adeQE -Vwydx +/ VA% - Vw,,dz = 0,

E

with d2¢ = —eW?° (g) 2W1( ) +e2von .

Let us define
—_ —_ RO ~ ~
~2¢ def _ of "\ _ 2yl ) _ -2 ~ : 2e def 32 >2¢
z° = £< eW (€> e*W <€> e - (@1 cos(8) + by sm(9))) and T d z

where £ denotes the lifting operator introduced above. Similarly to the first order expansion, we may
prove that

Ha% . c(”vaﬂ —va(0) — Hao (0)z — & |Vl 2 -
te HWI( )‘Hm +H—5W0< ) 62T(5lcos(9)+glsin(0))‘Hl/Q(F)).

According to the expansion obtained in the previous section and definition of U, it comes

—5W0<é> - 52110(61 cos(6) + by sin(0)) = — Z (?) "Gy, cos(6) + by sin(6)).
n>2

Let €. regular subset of R? such that I' C Q. and there exist (r1,r2) € RT x RT satisfying 11 < r < 79
on {).. Then we infer that

7 ) ey = €17 ) oy (3.19)
Choosing e > 0 such that ¢ < 57, we find
H —V(sWo (g) - 52]:':)(51 cos(8) + by Sin(@))) ‘ L2q0)
(3.20)

4€R0 g <n<R0)n 1 " (@ cos(6) +'5n sin(@))) < Cé,
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Furthermore, we have

e () - 521j()(51 cos(8) + b1 sm(e))HLZ(Q |
RO n - ) (3.21)
< Z«E) " Y@y, cos(6) + by, sin(@))) < Ce3.
n>2
Clearly, it comes that
[ei7(2) - 52110(51 cos(6) + by Si“w))HLz(QC) <0 (3.22)

By using Cauchy—Schwarz’s inequality, we immediately deduce that
IV@® — Va®(0) — Hao(0)zll12 () < O,
and since v is an harmonic function, its gradient is bounded, so that
1950 < Ce.
As we already mentioned above, a similar approach to the one presented in the previous section for Wo

g

Clearly, we may deduce from the above estimates that

<
H/2(T) —

|

< g3,
) S Ce (3.23)

4 Thick—point approximation with small inclusion

The present section is dedicated to approximate the displacement u® in the inclusion Q? in some finite
dimensional space QF introduced later on. More precisely, we replace u° by u® in (2.1) and we assume
that u? belongs to Q° in the inclusion Q? Let us define the following spaces:

Vi € {v e H(Q) € Q° with v, =U}, VE={veH(Q) v, €Q}, Vi={veViiy, =0}
f

: U‘Q?
Using Galerkin’s principle, the weak formulation associated to the approximated problem is given by

find u® € V* such that for all w € Vj
/ afVujc -Vwypdz + / amVu;, - Vwy,dz = 0.
Q

Q
The existence and uniqueness of a solution to problem (4.1) is rather classical and its verification is let
to the reader.

(4.1)

£
m

£
f
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4.1 A preliminary approximation result
In order to write the asymptotic expansion of the approximate problem (4.1), let us introduce Pro jV% (u°)
the orthogonal projection of % onto V§ in the following sense:

Projye (u°) € V§ and for all w € V§,

/ VProjV%(ﬂo) -Vwydx —|—/ VProjye (@) - Vwy, dz = 0.
05 Qs

The following estimate between Projv% () and 4V is intensively used later on.

Lemma 4.1. Assume that QF contains Pk(Qjc), the space of polynomials of degree less or equal to k on
Q‘;, then there exists a constant C > 0 such that

< Cehtt, (4.3)

HPrOjV%(aO) a ao‘ HI(Q) —

Proof. Let ¢ defined as the k™ order rest of u° Taylor expansion in . Let K cC Q be a fixed compact
neighborhood 0. Since ¢ is bounded in C*°(K), there exists a constant C'x > 0, depending on K, such
that

Vo€ K : |o(x)] < Cxlz/F and  |Ve(z)| < Cklz|*. (4.4)

In the sequel, we omit the index K in the notation Cf. For all € > 0, we define 2° € H'(Q) such that
2 =1 — ¢ on QF, Z|61“6 =’ — Plpe » zfr = U and

Vw € H(QF,) : Vz° - Vwdzr = 0.
a5,
Notice that
Vw € HY(QF) : V@' - Vwdz =0,
Q5
which implies that
vw € HY(QF,) : V(zf —a°) - Vwdz = 0. (4.5)
s,
Let us define ¢ € D(R%;R*), 0 < ¢ < 1, such that ( = 1 and ¢ = 0 in a neighborhood of Q} and R2\(),

g def g def

respectively. For e > 0 and = € R?, we define (¢ = (E) and 1)° = (. Thus it is clear that ¢ € HY(QS,)
and wfrg = ¢|.- We may infer that (2° — u? +9°)|.. = 0 and obviously (2 — a? +°). = 0, which implies
that 2¢ — 4" + ¢ € H{(QF,). On the other hand, identity (4.5) leads to

Vw € Hy(QE,) V(zf —a° 4+ ¢°) - Vwdz = V- Vwdz. (4.6)
Q7 Qz,

Define
5 def 2f — 0%+ on QF,
0 on Q;i
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Clearly, 5° € H(l)(Q) Denote Poincaré’s constant by Cn > 0, independent of € > 0, related to €. Since
55 =0 on Q?, we get
18l ) < CallVE 2 < CallVE 2 -

Taking w = 5|€Qs into (4.6), and using Cauchy—Schwarz’s inequality, we find
IVB Iz 0s,) < C IV llL2 (s, -

Hence, we have
18°Ml1 ) < C IV l2(qe ) -

which implies that
HZE - ’aO + d}aHHl(Q) S C ||V¢6||L2(Q§n) )

and finally, according to the triangular inequality, we obtain

£

12 =2l ) < C 16Nl - (4.7)

It remains to estimate H%DEHHl(QE y- To this aim, we first observe that

/Q% IVy© [ da < /an‘iVCQ)@fdx+/an‘g(;>v¢‘2dx
= C<Ei2 /supp(Ce) ‘W‘Q dot /supp(gs) ]VLp|2 dm),

where supp((®) denotes the support of (. By using (4.4), we obtain

/Q Vg2 dz < Cpulsupp(C®))e,

£
m

where p is Lebesgue’s measure in R?. Since u(supp(¢?)) < Ce?, it comes that

/Q (Ve | da < Ce?F+2, (4.8)
Once again by using (4.4), we find
19 205 = [ o G o < O up(c9)
supp(¢*®

It follows that
H@Z}alliz(g%) < C€2k+4a

which by using (4.6)—(4.8) leads to

|2 - EZOHHI(Q%) < Mt (4.9)
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Let us emphasize that

12 = @105, = Il g < Cul@) X+ 422,

Since the diameter of Q% is smaller that C'e and by using (4.4), we may infer that p(02%) < Ce?. Hence
we get
15

IE < CeF 2, (4.10)

~012
—u HHl(Q;)
According to (4.9) and (4.10), we get
~0 k+1
127 = @l = C™
Since 2° € V{;, we may infer that

< C€k+1,

| Projys (@) — &) e,y <

< || -
H(Q5,)

which proves the lemma. ]

4.2 First order asymptotic expansion for the approximated problem

We establish now the first order asymptotic expansion for the approximated problem. Namely, we assume
that Pl(Qjc) C QF where Pl(Qjc) denotes the space of polynomials of degree less or equal to 1 on Q?

From (4.2) and (4.1), we deduce that
arV(uf — Projye @°)) - Vwydz + / anV(u;, — Projye (@) - Vw,, dz

I
(4.11)

+/ (af — am)VProjye (@) - Vwydr =0
QE
s

£
f

for all w € V§. Then, we define dgg ) ug, — PTOjV% satisfying the following variational formulation:

d% ¢ V§ and for all w € V§,

/ oszdOE -Vwypdx —|—/ VA% - Vw,, dz +/
: o, :

It is also convenient to introduce the following functional spaces:

T

def <7 0 def
Vieg = {v € Viog : vj1 € Ql} and sz‘g = {v € Vigg : /

—Tr

v(RC cos(#), R”sin(f))dd = 0}.

Notice that the first order corrector W? for the Py approximation is obtained by replacing Projv% (a°)
in (4.12) by @ and proceeding as in Section 3, we get
WO € Vigg and for all w € VI,

/(afam)va“o(o).vmfdw/ afvw}’-vu;fdy+/ am VW2 - Vw,, dy = 0.
0L 0l (S}
f f

(4.13)
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Choosing w such that w € V{j holds and its extension vanishes, it comes from (4.13) that

/jcafv(ew})(;)) 'wadx—k/g

+ / (af — ) VI (0) - Vwedz =0
QE
7

6 osz<5W,?1(é)> Vwpda

(4.14)

for all w € V§. Setting d'* = v — Projy: (@) — eW?(+), we have

(d'e € V¢ and for all w € V5§,

/ oszdl€ -Vwypdx +/ am, VA'e - Vw,, dz
€ QS
! " (4.15)
—i—/ (ap — o) (Va2 (0) — VProjye (@°)) - Vwydz =0,

; .
with d1€ = —5W0<7> onT.
\ 9

Lemma 4.2. There exists a constant C' > 0, independent of €, such that

[ | gy < Ce*. (4.16)

i

Proof. The strategy adopted here is quite similar to the one developed in the proof of Lemma 3.1. First,

Z(st) €

Arguing as for WO introduced in Section 3, WY is an harmonic function on Q> and satisfies the following
identity:

HdlEHHl(Q) < C( HVﬂ(O) (0) - VPFOJ'VfJ (@°)

H1/2(F))

O\n
wo(2) = ;(f) (an cos(nd) + by sin(nh)). (4.17)
Therefore, we have
1e ~0) /o ~(0) ~0) _ pos  (~0 2
4[|y < € (|| V3 0) - Va HLQ(Q?) +||v@ — Projy; (@) Lm?)) +Ce?, (4.18)
and we may conclude the proof O

4.3 Second order asymptotic expansion for the approximated problem

We exhibit the second order asymptotic expansion for the approximated problem. Namely, we assume
that P2(€27) C Q° where P2(02%) denotes the space of polynomials of degree less or equal to 2 on €25. Let
us define the following spaces:

r— r

V, & {veHYQ): V) = B2 (41 cos(6) + by cos(9))} and V§ CveV,: v € Q).
!
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On the one hand, let v be the solution to the following problem:

Find v € V,, such that for all w € H{(€2),

4.1
/ o, Vo - Vwdx = 0. (4.19)
Q

On the other hand, let W1 be a corrector defined by a scaled form of (4.13) in a dilated geometry satisfying

wte Vfgz and for all w € Vg,

/(af—ammﬁo(o)y-vmfdw/ afvw}-wader/ VIV . T, dy = 0. (4.20)
Ql Ql oo
f f
Choosing w € Vg, we get
21 () . 2t ().
/Q?afv(s Wf(g)) wadx+/%amv(s Wm<€)> Vi, de .

+/ (af — am)Hyo(0)x - Vwydr = 0.
QE
!

for all w € V§. Setting d% = u® — Projye (W) —eWO(2) —2Wi(s) — 62Proj\/i (v). We may deduce from
(3.16), (4.22), (4.12) and (4.1) that
(d% € V§ and for all w € VY,

/ (af — o) <VP1rojVU8 2° — Va9 (0) — Hgo (0)z — 52Vv) -Vwydw
QE

(4.22)
+/€ aVd* - Vwdr + /Q apVd* - Vw,,dz =0,
with d% = —EW[)(é) - 521/;1 <E> - EQPI‘OjV%(v) on I
Now proceeding as in Section 3.2, we may easily deduce the following lemma:
Lemma 4.3. There exists a constant C' > 0, independent of €, such that
HdQEHHl(Q) < Ce. (4.23)

5 Error estimate for the thick—point approximation

The asymptotic expansion of the two preceeding sections allow us to give some estimates on the thick—
point approximation order. We treat several cases depending on the choice of the finite dimensional space
Q°. We begin with the polynomial spaces P1(£2}) and P2(27). Then, we enrich these two spaces with a

few functions which span the correctors W0 solution to (3.6) and W solution to (3.15). More precisely,
let . .
W% and V[/O’l7
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1

be the solutions to (3.6) for Va’(0) = (0

> and Vu°(0) = ((1)), respectively, and consider

“ 2 Span {Pl(Q;), wee(2) o () o } . (5.1)

0 is a harmonic function, let also

Similarly, noting that Trace(Hgzo(0)) = 0 since @
W0 and Wl’l,

be the solutions to (3.15) for Hgzo(0) = <é _01>, and Hgzo(0) = ((1] é), respectively, and consider

@5 = Span {0, 00 (), 00 (), 0 () W (), | 62

Obviously, the restriction on Q? of any Wo (E) solution to (3.6) belong to Qf and Q5 and the restriction

on Q% of any wt () solution to (3.15) into Q5. We introduce functionals |- 1o on L2(Q) as follows:

def
lule = [Vull g -
When using only Pl(Q‘;), we can set the following result.

Lemma 5.1. If Pl(Qjc) C QF, then there exists a constant C' > 0 such that:

2% — w1 () < Ce. (5.3)
Proof. Observe first that
W —u =0 4 eW° <g> +dl - Projv%(ﬂo) +eW? <g> + d’e.

Since both ||51€||H1(Q) and ||d1€||H1(Q) are O(e?), using the fact that 4 — u® € H}(2) and the equivalence
of the norm and semi-norm in H}(Q2), we obtain

@ — ey < € <Ha° = Projy (@) g +[7 () =W ()], * 82) |

The difference Hﬂo — Projye (ﬂo)‘

) is O(e?) according to Lemma 4.1 and since P1(Q%) € Q°. Finally,

using WO e Vﬁ; and WO \71};; the evaluation of ’WD ( ) —-wO <

()= (s,

which ends the proof. ]

) ‘ leads to
e/ 11,0

—~ 2
vwe —w| dy < C,

1~ 2]
—eV(WO — WO)’ —dy = /
g 3 R2
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Clearly, the fact that the term ‘WO <g> S (7) is limited to being O(e) is a source of non—

e/ 11,0
optimality. Furthermore, this estimate is independent of both £ and Qf. This indicates that the best

possible estimate when Q° = PQ(Q‘;) is not better than ||u® — u®[|g1(q) = O(e). We can improve this by
using Qf and Qj as follows.

Lemma 5.2. If Q] C Q° then there exists C' > 0 such that:

||’178 — u8||H1(Q) S 052

Proof. Clearly, when Qj C Q°f, we have WO e Vfg;, so that WO = WO. Consequently, the term

’WO <7> —w (7> ’1 o is vanishing which gives the result, following the proof of Lemma 5.1. O
€ e/,

Lemma 5.3. If Q5 C Q° then there exists C' > 0 such that:
|17 = [l < Ce”. (5.4)
Proof. Using the order two expansion, we have
W —uf = 4 W (g) + 2wt <E> + 20 +d*
— Projye @) — ew? (;) — 2wt (E) - 52(Pr0j\/iv) —d%.

We established that both Ha% are O(e3). Now, since Q5 C QF, both WO and W1

) and Hd2€||H1(Q)

HL(Q
belong to Vﬁz, so that W9 = WY and W' = W'. Moreover, W° = W0 implies also v = v. Consequently,
we get

|@ — ) < C (Hao - ProjV%(ﬂo)‘ . H’ﬁ— Projvg(a;)HHl(Q) + 63) .
Using Lemma 4.1 for both %" and ¥ and since P3(0%) C Q° we deduce the desired result. O

It is also possible to recover an optimal estimate using a norm on a crown—shaped domain excluding
a small zone around the inclusion. For an arbitrary fixed r > 0, we establish the following result.

Lemma 5.4. For r > 0 small enough and Pl(Qjc) C Q°, there exist a constant C' > 0 such that
15 — w0,y < Ce™

Proof. Following the proof of Lemma 5.1, we still obtain

7 =m0 < (<7 (2) =9 ()], o)+

We conclude by using the expansions of WO and WO given by (3.10) and (4.17), respectively, and by

obtaining
() Oliton = o [ (0 -7 Q) 0 <2

9 9
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6 Special case of the circular inclusion

If we consider the special case of a circular inclusion, it is possible to give the explicit expression of the
first and second order correctors WY and W!. Indeed, from the weak form (3.6) and (3.15), integrating
by part and using the fact that Trace(Hzo(0)) = 0 since @° is a harmonic function, they are solution to
the following strong problem for i € {0,1}:

—ap AW} =0 in O}, (6.1a)

—am AW =0 in Q% (6.1b)

W} =W/ onT", (6.1c)

a0 Wi = amda Wy, + ¢ on T, (6.1d)

i W (R° cos(6), R sin(6))d6 = 0, (6.1e)

—T

with ¢0 & vl (0) - (Z?S((g)) > and ¢! = (Hﬁo (0) <Z?§’((z)) )) . (:?r?((g)) ) The domain Q} being the unit

disk in that case, and taking into account (6.1e) and the continuity condition (6.1c), we can expand wo
and W' as follows for i € {0,1}:

Z (@ cos(nf) + b sin(nf)),

Zr "(@ " cos(n) + b sin(n)).

_efam arf
am—+tay’

Concerning WO and denoting k = the condition (6.1d) implies

aO,l ~
<,50 1> = kVa2(0), a®" =b"" =0, forn>2,

hi1 hio

and denoting Hgzo(0) = < b B
12 h22

>, it implies for Wi
a2 = By~ h), B2 =y, @0 =T =0, forn#2

This leads to the following expression of WO and W1

Wo(y) = kVA(0) -y, WOy >,;|2nva°<> 2,

— . 1
Wi(y) = r((hi1 — ha2) (U7 — 13) + 2hiaynye), Wi(y) = WP k((h11 — haa) (U7 — v3) + 2h12y1ya).-

It is to be noted that Wf ( ) € P1(Q%) and Wf ( ) € P2(02%). This means that, with reference to the
€ 5

notations of Section 5, Qf = P1(€2}) and Q5 = P2(Q2%), which, thanks to Lemmas 5.2 and 5.3, leads to
the following result, meaning that the optimality is reached:
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Lemma 6.1. In the case of a circular inclusion, if Pl(Qjc) C QF, then there exists C > 0 such that

12 — ||y gy < O,
and if Pg(Q?) C Q°F, then there exists C > 0 such that

Hﬁs — UEHH1(Q) S 063.

7 Strong form of the thick—point approximation in the case Q° = Pl(Qi)

We introduced the thick—point approximation in Section 4 in a weak form only. It is of course possible
to deduce a strong form of the correpsonding problem. The aim of this section is to give the strong form
when Q° = P1(027). Since in that case uj belongs to P1(Q7%), it comes that there exists (a%,b%,c3) € R3

such that
uf (w1, w2) = ajx1 + byze + .

According to Green’s formulae, we may deduce from (4.1) that for all w € V§;, we have

arVus - Vwyp(Q3) +/

am Au;, Wy, do + / QU O U, Wi, ds = 0.
Q5

€

Since w € V{;, we may infer that ws = wy, and (7.1) can be rewritten as follows:

ayVus - Vwpp(Q%) + /

amAus, wy, dz + / Q Ontiy, wyds = 0.
Qs

€

In the case where wy = 0, for all w € V§, we get

/ amAu; wy, de = 0,
Q

which implies that
Aus, =0 a.e. on €,.

Clearly, we may deduce from (7.2) and (7.3) that

at = — o Qo
T agm arp(Q3)

While in the case where wy = 1, we find

/ amOnus, ds =0

%?) /E Onu;,r1ds and bjc = /E Onu;,rads.

(7.1)

(7.2)

(7.5)
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According to (7.4) and (7.5), we deduce u® satisfies the following problem:

amAuy, =0 on

£

Uy,

(xl/ Onus, 1 ds+x2/ anufnxgds) in Q?,

=u} on I'Y,
Qm

u%(r1,22) = ——————
o) = = ()

/ QmOpus,ds =0

u,, =UonT.

8 Conclusion

In this paper, we presented an approximation model for a small inclusion in an elastic medium, in antiplane
displacement, the thick—point approrimation, which consists in approximating the displacement in the
inclusion in a finite dimensional space. In order to justify its relevance, we have presented an asymptotic
analysis of the initial model, derived from [5], as well as an asymptotic analysis of the approximated model.
These two analyses allowed us to derive an error analysis between the initial model and the approximated
one and allowed us to distinguish between completely optimal cases and non—optimal cases. Specifically,
the first and second degree polynomial approximation was not found optimal in the general case with only
a convergence in O(¢). Optimality (i.e. O(¢?) and O(e?) convergence respectively) was obtained with
the enrichment of the polynomial spaces with a few solutions to the equations defining the correctors. A
notable exception is the case of the circular inclusion where a the optimality is reached without enrichment.

One of the main perspectives of this work, apart from the fact that it should easily extend to the case
of plane elasticity as in [5], is to derive optimal numerical methods for the account of small inclusions in
media at the lowest computational cost.
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