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ON THE GENERALIZED BECKER-STARK TYPE
INEQUALITIES

YOGESH J. BAGUL, MARKO KOSTIC, CHRISTOPHE CHESNEAU,
AND RAMKRISHNA M. DHAIGUDE

ABSTRACT. In this paper, we establish several generalized Becker-Stark
type inequalities for the tangent function. We present unified proofs of
many inequalities in the existing literature. Graphical illustrations of
some obtained results are also presented.

1. INTRODUCTION
Becker and Stark [6] established the inequality

42° z 2 22
The inequality (1.1) attracted many researchers and several of its variations
and refinements have been established. We may refer to [3-5,7-10,14,17-19],
and the references therein for more details. Chen and Cheung [7] proved that

the best possible constants for which the inequality

<1—45”2>B< i <<1—4xg>a; z € (0,7/2) (1.2)

2 tanzx

holds are o = 72/12 = 0.8224 and 3 = 1. The inequality (1.2) refines (1.1).
Recently, Chen and Elezovié¢ [8] proved the following inequality:

2 3

T 213 T 8x
—_—— 1 — —: 0 2). 1.3
12 37T<tan:n< w3’ z€(0,7/2) (1.3)

Although the upper bound of (1.3) is sharper than the corresponding upper
bound of (1.1), it is not sharper than the upper bound in (1.2).
The inequality

4 2 2
’ ’ 1—‘%—; z € (0,7/2) (1.4)

72 " tanx 3
was proved by Z.-H. Yang et. al. [17, (96)]. Before we proceed any further,
we would like to note that the right inequality in (1.4) is not good near
the point x = 7/2— as well as that this inequality is not better than the
right inequality in (1.2), as incorrectly stated in [17, Remark 17]. Strictly
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speaking, the following inequality, which appears as a part of the equation
[17, (98)], is not true since the estimate

72 + 422 /e 3
oaz) 3o "€

cannot be satisfied near the point x = 7/2 — . It is also known that

2x T 2 T

The left inequality of (1.5) is due to H.-F. Ge [11] and the right inequality
of (1.5) is due to S. B. Steckin [16].

Among all the inequalities (1.1)-(1.5), the inequality (1.2) is the best. In
this paper, our aim is to obtain several generalized inequalities by studying
monotonicity of functions with one parameter. We will obtain or refine the
above inequalities as particular cases of our results.

2. PRELIMINARIES AND LEMMAS

The following power series expansions involving Bernoulli numbers can
be found in [12, 1.411]:

=t S P plem at0 1)
cotr = — — Xz 5 xr ™, T .
and
1 =2(2%1 -1
cscx=$+z((2k)!)|32kl$2k_l; 2| <7, x#0, (2.2)

k=1
where By, are the even indexed Bernoulli numbers. The expansion (2.2) can
be rewritten as

snz B <. 2.3
sin +Z | Bog|2™"; [z <7 (2.3)
From (2.1), we obtain
T )2 2 > 2k: - 1 22 o,
= @ {cot B < 0.
<sinx) z*(cot )’ Z |Bog|z™; x| <m, = #
(2.4)

In addition to the above formulas, we will also use the following lemmas
in order to prove our main results. For Lemma 1, we refer to [2].

Lemma 1. Let fi(z) and fa(z) be two real valued functions which are con-
tinuous on [a,b] and derivable on (a,b), where —o0 < a < b < oo and
g'(z) #0, for all z € (a,b). Let,

Ay = D@ = Ala) -y
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and
fi(x) = f1(b)
B(z) = —————=, = € (a,b).
M AT AT M
Then, we have
(i) A(z) and B(z) are increasing on (a,b) if fi(x)/f5(x) is increasing
on (a,b).
(ii) A(z) and B(x) are decreasing on (a,b) if fi(x)/f5(x) is decreasing
on (a,b).
The strictness of the monotonicity of A(z) and B(x) depends on the strict-
ness of monotonicity of f1(z)/f5(x).
The result below gives a relation between two consecutive absolute Bernoulli
numbers. It is established recently in [15].

Lemma 2. For k € N, the Bernoulli numbers satisfy

(271 —1) 2k +1)(2k+2) _ [Boyo| _ (2 —1) (2k+1)(2k +2)
(22k+1 _ 1) T2 ’B%’ (22k+2 _ 1) T2

Lemma 3. Let A(z) = Y o2 axz® and B(x) = Y32, bxx® be convergent
for |x| < R, where ay, and by are real numbers for k = 0,1,2,--- such that
by, > 0 for k > 0. If the sequence ay /by, is strictly increasing (or decreasing),
then the function A(x)/B(x) is also strictly increasing (or decreasing) on

(0, R).

For more details about Lemma 3, see for instance [13]. The following
lemma can be found in [1].

Lemma 4. For all integers k € N, we have

2(2k)! 1 202k) 1
B
(2m)2k 1 — 202k <|Bax| < (2m)2k 1 — 28-2k"

with the best constants o =0 and 8 =2+ (In(1 — 6/72))/In2 ~ 0.6491.

(2.5)

3. MAIN RESULTS

In this section, we will state and prove our main results. For the begin-
ning, for any number p € R we define

tanx — x
)= ——
¢p( ) P tanx

Then, the following result holds.

, x€(0,7/2).

Theorem 1.
L. ¢p(x) is strictly increasing on (0,7/2) if and only if p < 2, and
. ¢p(x) is strictly decreasing on (0,m/2) if and only if p > 72/4 ~
2.4674.
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Proof. By differentiation, we have
F,(z) = tan® z - o) = —pz~ P D tan? 2 — (1 — p)z P tanz + z' P sec® 2.

Note that ¢p(z) is strictly increasing on (0,7/2) if and only if Fj,(z) > 0,
x € (0,7/2), ie

2 o2 z \2
z?sec?r —xtanz ()" —wzcotx
< = SR =: € (0,7/2).
b tanz(tanz — x) 1—xzcotz f(x), 2e(0,7/2)

From (2.1) and (2.4), we get
22k (2k—1) 2k
Sy B Barla® + 5502, Byl Barla®®
D he 22ku|B2k|$ &

> het 22’€2k|B2k:|332k O agat
O ol Bakla?h T L bk

flz) =

€ (0,7/2).

From this, we get ay/br = 2k (k € N). Since the sequence {ax/by}ze; is
strictly increasing, we conclude from Lemma 3 that the function f(x) is
strictly increasing on (0, 7/2). Hence, ¢, (z) is strictly increasing on (0, 7/2)
if and only if p < inf{f(z):0 <z < 7/2} = f(0") = 2. Similarly, ¢,(z) is
strictly decreasing on (0, 7/2) if and only if F,(x) < 0, which is equivalent
to saying that p > sup {f(z): 0 <z < 7/2} = f(7/27) = 72/4. O

Remark 1. Suppose that p € (2,72/4). Since the function f(z) is strictly
increasing on (0, 7/2), we get from the above that there exists a unique point
€ (0,7/2) such that f(z,) = p. This implies f(z) < p for z € (0,z,) and
f(z) > p for x € (xp,m/2) so that ¢,(x) is strictly decreasing on (0, z,) and
strictly increasing on (xp, 7/2), with ¢p,(z) > ¢,(xp) for = € (0,7/2).

Let p € (—00,4] \ {0}. Define now

ln(tanx) T € (077_‘_/2)'

ln( —pﬁ—Z)’

Yp() ==

Then, we have:

Theorem 2.

L. Yp(x) is strictly decreasing on (0,7/2) if and only if p < 0, and
IL. ¢p(z) is strictly increasing on (0,7/2) if and only if 0 < p < 4.

Proof. Set ¢1(x) := In(z/tanz), x € (0,7/2) and (¢2),(x) = In(l —
(px?/7?)), x € (0,7/2). Then ¥1(07) = 0 = (¢)2),(0) and differentiation
yields

(@) 1, 9\ T —sinzcosz
_2 ( )—

— px
(1/12);,(95) P x?sinz cos

- 21p<w3>p<x>, v e (0,7/2),
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where, for every x € (0,7/2),

T —sinxcosx % — pa? T
(Wa)p(a) 1= (2 = pa?) T2 T op >(,2 _1).

z2sinzxcoszx x2 sin 2z

y (2.3), we get

(7.‘_2 o pr) 22k
(¥3)p(2) = — > 20! |B2k|(2$)
k=1
0o
22k(22k _ 2)
= (7% —pr?) Yy = | Bog|a®* 7
— (2k)!
& 22k(22k ) 22k(22k 2)
2 2k—2 2k
- == ZYp pS S g
T ; (2k)! | Bog |z pz | Bog |2
27T2 o 7r222k+2(22k+2 _ 2) 22k(22k o 2)
=T Bopyo| —p—o 2B
3 2 ( P e e CTo T 2’“)
212 &
= % +Y apz®, oz e (0,7/2),
k=1
where
7T222k+2 (22k+2 _ 2) 22k(22k o 2)
a = 2k £ 2)1 | Bag 12| *Pw\sz’ (keN). (3.1)

Case I. If p < 0, then a;, > 0 for £k € N and (¢3),(x) is strictly increasing
on (0,7/2). Consequently, 1,(x) is strictly decreasing on (0,7/2) by
Lemma 1.

Case II. If p € (0,4], then —p > —4 and we have

22k(22k - 2)

7T222k+2 22k+2 -9 ‘
( )‘BQk+2‘—4(2]€)!‘B2k‘ :j(k), kEN

(2k +2)!
From Lemma 4, we calculate
92k+3 /92k+2 _ 9 92k _ 9
2k <22k+2 1 92 _ 26)
92k+3  92k+2(9 _ 9B) _ 92k
2k '(22k+2 _ 1)(22k _ 2/3)
 24kt3 4(2-2°%) -1
T g2k '(22k+2 _ 1)(22k _ 25)'

ag >

ap > ](k) >

Since 4(2 — 2%) ~ 1.7268, we get aj, > 0 for k& € N. This shows that
(13)p(z) is strictly increasing on (0,7/2). By Lemma 1, ¢, (z) is also
strictly increasing on (0, 7/2).

O
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If p < 4, then the function v, (z) cannot be defined for z > 7/2. Suppose
now that p > 4 and consider the function v, (x) defined for x € (0,7/,/p).
Then, the following result holds.

Theorem 3. The function 1, (x) is strictly decreasing on (0,7/\/p) if p >
84/15.

Proof. Repeating verbatim the arguments used in the proof of Theorem 2,
we get that

272 s ok
(¢3)p<m):?+ apx®, x € (0,7/2),
k=1

where aj, (k € N) is given through (3.1). Let ¢ := 84/(1572). Then, we have
o 9 22k+2(22k+2 _ 2) 22k(22k _ 2)
- (2k +2)! (2k)!
Then (k) < 0 if and only if
| Bakt2| 02%(2% -2) (2k+2)!
|BQk| (2k)! 22k+2(22k+2 _ 2)
CcE+D(Rk+2)(2% ! -1

4 (22k+1 _ 1)

|B2k-+2‘ —c |B2k‘> = l(k), k e N.

From Lemma 2, we have
Bawial (2% —1) (2k+1)(2k+2)
|ng| (22k+2 _ 1) T2 :

Keeping in mind the arguments used in the proof of Theorem 2, it remains
to be shown that

42% — D (2* — 1) < en?(22 - 1)(2% 2 - 1), ke N.
After making a substitution x = 4 (2 > 4), it suffices to show that
(z-D@zr-1) ¢

(x—2)(4x—1) — 4

The equality holds for = 4, while the strict inequality holds for x > 4
because the function

< 7r2, T > 4.

(x — 1)(2:5—1)’ e>4

(x —2)(4x —1)
is strictly decreasing (https://www.desmos.com/calculator), as it can be
easily approved. (]

Next, we will show how our results give some known and other inequalities
for z/tanx. First of all, we can see by Theorem 1 that the function

tanx — x

P2(x) =

z2tanx
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is strictly increasing on (0, 7/2). Hence,

¢2(0+) — % < ¢o(z) = tanz — < Go(m)27) = %7

which gives the inequality (1.4). Similarly, ¢1(z) is strictly increasing on
(0,7/2) and with limits at extremities. Thus, we obtain

x2tanz

2z T

1-—<

™ tanx

This gives the left inequality of (1.5). Looking at the strictly decreasing

function ¢3(z) on (0,7/2) and the limit ¢3(7/27) = 8/7°, we get the right

inequality of (1.3). Indeed, this inequality can be sharpened by considering

¢p(z) for p = w2 /4. Since (¢p($))p:ﬂ2/4 is strictly decreasing on (0,7/2), we
obtain

<1; ze(0,7/2). (3.2)

(6p(0))praya > (8p(T/27)) 20

i.e.,

T o<1- (2“5>ﬂ2/4; z € (0,7/2). (3.3)

tanx ™

However, there is no strict comparison between the right inequality (1.2)
and (3.3).
Now it is easy to formulate the following

Corollary 1. The exponents 2 and 7% /4 such that

1 (2:”)2 <t <1- (2:”)”2/4; z € (0,1/2) (3.4)

m tan x ™

are optimal.

Proof. Let
g(IL‘) — In (1 — taflr) _ gl(x)
() g2
Here gi(x) and g2(z) are such that ¢g1(7/27) = 0 = ga2(7w/2). Then
/ 2 2
g1 (x r°sec”x —xtanx
i) _ - f()
gh(xz)  tanz- (tanz — z)
which is strictly increasing on (0,7/2) as discussed in the proof of Theorem
1. Calculating the limits at extremities, we obtain the required. ([

Several other inequalities can be established by using Theorem 1. We also
have the following corollaries of Theorem 2.

Corollary 2. If p € (0,4] and x € (0,\), where A\ € (0,7/2], then the

inequalities
z2\“ x 22\
1-p—= | < <|(1l-p— 3.5
< p7T2> tan x ( p7r2> (3:5)

hold with the best possible constants o = 1,(A7) and B = 7% /3p.
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Proof. From Theorem 2, v, (z) is strictly increasing on (0, \) for p € (0,4].
So,

Up(07) < 4hp(z) < H(A7).
Since 1, (07) = 72 /3p, we get (3.5). O

Remark 2. The inequality (1.2) can be deduced from Corollary 2, with p = 4
and A = /2.

Corollary 3. If a > 0, then the following inequality holds:

i <( G )W%a; z € (0,7/2). (3.6)

tanx w2 + az?

Remark 3. Graphically it is observed that the inequality (3.6) is in fact true
for x € (0, ).

We can use Theorem 3 to prove the following important corollary:

Corollary 4. Ifz € (0,7/\/p), where p > 84/15, then the following inequal-

ity holds:
- 22\ /3P

tanx

Furthermore, o = 72/3p is the optimal value for which (3.7) holds with a
number p > 84/15 given in advance.

Albeit not used henceforward, we will state and prove the following result:

Proposition 1. Suppose that 0 < p1 < p2 and x € (0,7//p2). Then, we

have
22 w2 /3p2 72 72 /3p1
1—pr— <(1-—p1— . 3.8

Proof. Let 0 < a < 1. Then, the mapping ¢ — In(1 — at) — aln(l — ¢),
0 <t <1 is strictly increasing because its first derivative is given by

ta(l—a)t(l—t) 1 —at)™t, te][0,1).
Therefore, we have
In(l—at) >aln(l—¢), 0<a<l, 0<t<l1. (3.9)
Applying (3.9) with a = py/ps and t = poz? /72, we get

In(1 — poz?/7?) - In(1 — py2?/7?)
b2 D1 '

Multiplying the both sides of the above inequality with 72/3 and taking the
exponents, we immediately get (3.8). O
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Suppose now that 4 < p < 84/15. We want to better explore the inequality
(3.7) and the right part of the inequality (1.2) in this intermediate case. First
of all, it is clear that there exists a sufficiently small real number €, > 0 such
that

T 22\ /3P
> (1 —p2) , w€ ((r/\/p) — /D). (3.10)

tanx ™

Set now

" 22\ /3P

By Corollary 4, we have [84/15,+00) C A. On the other hand, Proposition
yields that, if pg > 4 and pg ¢ A, then (4, po]N A = 0. Therefore, it is natural
to ask: Can we calculate the set A intrinsically?

The answer is affirmative as the next result shows:

Theorem 4. We have A = [T7?/15, +00).

Proof. Define
2 2

x s x
h(z) := hl(tan:r) ~3 ln(l —pﬁ), z € (0,7/\/p).
Then h(0+) =0 and
2 2 2 2 2
h,(x):37r +2*(27* = 3p) ‘
3z (w2 — px?) sin(2z)

[372 + 22(27% — 3p)] sin(2x) — 62 (x2 — pa?)
3z (72 — pa?) sin(2x) - wem/v)
Set t := 2z € (0,27/,/p) and
sint 1272 — 3pt?
t) = — te (0,2 .
g(0) R T EEE ) € (0,27//p)

Then, it can be easily seen that h/(x) > 0 if and only if g(¢) > 0 if and only
if ¢(t) > 0, where

q(t) == sin(t) - | 1202 + 2272 — 3p)} - t[127r2 - 3pt2}, t € [0,27/ /D).

Using https://www.symbolab.com/solver/partial-derivative-calculator, we get
that ¢V (0) = 0 for i = 0,1,2,3,4 as well as that
qW(t) = t? cost - (2m% — 3p) 4 10t sint - (27 — 3p) + cost - (60p — 2872),

for any ¢ € [0,27/,/p). Since 27? — 3p > 0 for p < 84/15, we have that
the assumption p > 772/15 implies ¢(*)(0) > 0 and ¢ (¢t) > 0 for all
t € (0,27 /,/p). This simply implies ¢(t) > 0 for all £ € (0,27 /,/p) and there-
fore the function h(z) is strictly increasing on (0,7/,/p); therefore h(z) >
h(0+) = 0 for all z € (0,7//p) and [77?/15,+00) C A. If p < 7n?/15, then
we have ¢V (0) = 0 for i = 0,1,2,3,4 and ¢ (0) < 0, so that ¢t = 0 is a local
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maximum of function ¢(¢) (which can be extended to the even function de-
fined on the whole real line) and therefore ¢(¢) < 0 in a right neigborohood
of point ¢ = 0, which implies that A'(x) < 0 in a right neighborohood of point
x = 0 and therefore h(z) < 0 in a right neigborohood of point = = 0; hence,
p ¢ A O

Now Corollary 4 holds with p > 772/15. For p = 7x2/15, from Corollary
4, we get

7 2\ 15/21 x

where § = /15/7 ~ 1.46385 - - - .

Now, let us compare graphically the bounds of z/tanx given in (1.2)
with those obtained in (3.3) and in (3.11) in Figures 1 and 2, respectively.
In each case, we distinguish two non-overlalping intervals of values for x to
show some hierarchy for these bounds.

Lower bounds: x 0 (0,1.2) Lower bounds: x 0 (1.2,15/7 )

0.7 0.8
I I
0.40 0.45
I I

0.6
I

— x/tan(x) — x/tan(x) N
4 -7 (1*4X2/T[2) A - (1*4X2/Tl2) . \\
(1-7x2/15)(5/2) W\ (1-7¢2/15)5/20) PN
T T T T T T T T T T T — T
0.0 02 04 06 0.8 10 12 1.20 1.25 1.30 135 1.40 145

0.20
I

0.5

b
0.15
1

(a) (b)

FIGURE 1. Graphs of lower bounds of z/tanz in (1.2) and
(3.11) for (a) x € (0,1.2) and (b) = € (1.2,,/15/7).
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Upper bounds: x 00 (0,1) Upper bounds: x 0 (1, 11/2)

1.00
I I I

— x/tan(x)
- (1-ad/m)hD
1- (/)19

T

4 — x/tan(x)

- - (1-a/me)(h2)
1~ (2x/m)(*19

T T T T T T T T T T T

0.0 02 0.4 06 08 1.0 1.0 11 12 13 14 15

065 070 075 080 085 090 095
I
0.1

0.0
1

(a) (b)

FIGURE 2. Graphs of upper bounds of z/tanx in (1.2) and
(3.3) for (a) x € (0,1) and (b) x € (1,7/2).

Based on Figure 1 and a numerical analysis, we see that, for x € (0, d,)
where 0, ~ 1.3407, the lower bound in (3.11) is stronger than the lower
bound in (1.2). It is weaker for x € (d4,d), where § ~ 1.4638. Also, based
on Figure 2 and a numerical analysis, for x € (0, ), where p ~ 1.1913, the
upper bound in (1.2) is stronger than the upper bound in (3.3). It is weaker
for x € (p,/2).

We conclude the paper by posing an open problem as follows:

Open Problem. Suppose that p, ¢ > 0. Then, determine the best
possible constants ¢, 8, ¢ € R such that the inequality

¢\ Bric ¢\ ¢
pT x pT ‘ 1/¢
1 -2 -2 2
< WC) <tanx<( > ; ze(0,m/2)N(0,7/p")
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