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Abstract

In this article, we consider the P1 approximation of the radiative transfer equation. This system is linear
hyperbolic and satisfies a diffusion limit. Some numerical schemes have been proposed which reproduce
this diffusion limit [8, 9]. Here, we extend such schemes, originally defined on polygonal meshes, to conical
meshes (using rational quadratic Bezier curves).

We obtain really new schemes that do not reduce to the polygonal version when the conical edges tend
to straight lines. Moreover, these schemes can handle curved unstructured meshes so that geometric error
on initial data representation is reduced and geometry of the domain is improved.

Extra flux coming from conical edge (through his mid edge point) has a deep impact on the stabilization
when compared to the original polygonal scheme. Cross stencil phenomenon of polygonal scheme has dis-
appeared, and issue of positivity for the diffusion problem (although unresolved on distorted mesh and/or
with varying cross-section) has been in some sense improved.
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1 Introduction

In this article, we consider the following system

1

OE + = div(F) = 0,

) < " (1.1)

OF +-VE+ SF =0,
3 3

Here, 0 = o(t,z) > 0 is the cross-section, € > 0 is a fixed (small) parameter. The scalar function F = E(t, )
is the radiative energy, while the vector-valued function F' = F(t,x) is the radiative flux. In all the paper, the
spatial variable is denoted by & € R?, and the time variable by ¢t > 0. System (1.1) is completed by boundary
conditions. Here, we restrict our attention either to periodic boundary conditions, or homogeneous Neumann
boundary conditions.

The model (1.1) is an approximation of the radiative transfer equation [13, 14, 27, 29], in which the closure
is made by assuming that the radiative intensity is an affine function of the velocity.

It is well-known that, in the limit € — 0, this system reduces to the diffusion equation

O E — div <1VE> =0. (1.2)
g

This is easily seen by a Hilbert expansion of E and F' in powers of €. It is important, from a physical point of
view, to use a numerical scheme which is consistent with this limit on coarse meshes. Such a scheme is usually
called asymptotic preserving (AP). Many such schemes exist in the literature. The first work we know of in
this direction is [20]. In this work, the aim was to design a scheme which is well-balanced (WB), that is, which
exactly preserves stationary solutions of the system. However, doing so, the scheme happens to be AP as well.
Further works in this direction may be found in [8, 9, 10, 16, 18, 19, 22]. All these works deal with (possibly
deformed) polygonal meshes. The aim of the present article is to generalize such AP schemes to conical meshes.

Conical meshes have already been used for instance in [3] for discretizing the compressible Euler equations
of hydrodynamics. However, in such a case, the question of diffusion limit is irrelevant, and therefore has not
been studied in [3]. Here, we choose the approach used in [8, 18], which is actually an extension of [22] to
dimension 2, using nodal flux evaluations. Before doing so, we first extend the diffusion scheme of [17, Section
2.2.2] (see also [8, Section 4.2]) to conical meshes, using cell-centered finite volumes with nodal flux evaluations.
It happens that, doing so, we find a scheme which, when particularized to a polygonal mesh, does not give the
standard one presented in [17]. In particular, this new scheme does not suffer from the cross-stencil instability
mentioned in [17].



The article is organized as follows: in Section 2, we define what we mean by conical meshes, introducing
some notation. In Section 3, we present the generalization of diffusion schemes with nodal fluxes to conical
meshes. The scheme is analyzed, and some numerical results are provided. Section 4 is devoted to the definition
of AP scheme on conical meshes, using the method developed in [17, 8], and adapting it to conical meshes. Two
versions are proposed, depending on how the source term in the second line of (1.1) is discretized. In both case,
numerical results are presented.

2 Conical meshes

2.1 Definition and basic properties

In all the paper, we consider a domain £ C R? which is Lipschitz and bounded. We assume that a mesh is
given on 2. By mesh, we mean the following:

1. (2)),< <y is a finite family of nonempty connected open disjoint subsets of € (the cells) such that
SE
ﬁ = U ﬁj;
j=1
2. (Mv")lgrgP is a family of P distinct points (the nodes) of Q such that, for all r, M, € 99, for some j;
3. for all j, the boundary 0%; of €2; is the union of a finite number of edges, each of which is a smooth
one-dimensional curve joining two nodes (say, M, and M, ;) of Q;. Moreover, two different edges share

at most one node. Finally, any edge is contained either in 9 or in Q; N Qy, for two distinct cells ; and
Qp.

The edges are not necessarily segments, so we describe below how we parametrize them.
Let My and My be two points linked by a regular arc yy;° \p,- It is further assumed that this arc can be
represented by a closed part zero-level curve of a function I':
r- R — R
(z,y) — T(z,y)

such that yygs g, admits an implicit representation:

g, C {(2,y) € R%; D(z,y) = 0}
Definition 2.1. If the implicit function T is a bi-variate polynomial of (maxzimal) degree p, we say that the arc
Mg M, 1S of order p + 1. In particular:
Linear form P'(z,y) : ax+by+c=0, straight lines. (2.1)
Quadratic form P*(z,y) : a2’ + by’ +2cxy+da+ey+ f=0, conics. (2.2)
We recall that solutions of the quadratic equation (2.2) generate the family of conics of the plane.

In the context of finite volume methods for which fluxes are computed on edges, instead of considering only
straight edges (2.1), we are interested in conical curves (2.2).

Proposition 2.2 (Quadratic Rational Bezier curve). Conical arcs may be parameterized by rational Bezier
curve of degree 2, charaterized by 2 endpoints My and My, a control point My, and a scalar non negative
weight w (cf Figure 1):

win (7(@)\ _ Mo(1—q)*+2wq(l—q)M; + ¢*M,
M) = (y@) T -9 +2g(l-g) + P

. q€01]. (2.3)

Hence, we have: v3;¢ v, = {M“(q),q € [0,1]}.

Each conical edge depends on its two endpoints My, Mo and 3 (in dimension 2) additional parameters:
the control point M; and a scalar non negative weight w. The link with conics comes from the following
characterization:



(th) (Ml,w)

Figure 1: Conic parametrized by quadratic rational Bezier curves.

Proposition 2.3. The edge is said to be of type:
- planar degenerate if w =0,
- elliptic if w €]0,1],
- parabolic if w =1,
- hyperbolic if w €11, +o0].

In addition, we introduce the shoulder point S located at the midpoint of arc parametrization, S := M¥(q =
0.5). It may be noted that the unit normal at this point is orthogonal to [Mg, Ma]

(Mlﬂ w)

M-

Figure 2: Shoulder point S.

The shoulder point S satisfies the following property:

1 . 1 1
S = §(Q0 +Q2), with Qo = m(li +Mp), Q2= 1 +w(wM1 + Ma).

2.2 Relationship on geometric objects

We recall that the area of a cell is given by:
1 -
1| = / ldv = f/ OM(s) - N(s)ds (2.4)
Q; 2 Joq,
1t
=> 5/ OM*“(q) - N¢(q)dg (2.5)
- 0

where N(s) is the external unit normal of cell ; whose boundary is parametrized by s and N,(q) is the non
unit one (N.(q) = N, (q)j—f}). The point O is the origin, but it can be any fixed point in the plane. In practice,



it is usually set as the center of the cell ;.

|QJ| = Z(A(Ov MS) MS) + A(Mw7E(Q)a MS, My, MS))» (26)

€

where A(O,M§,M5) is the area of a simplex defined by origin O, M§ and M$ vertices of edge e, and
A(M¥¢(q), M§, M§,M$)) corresponds to the area between straight edge MSM$ and the curved arc defined
by (2.3). In addition,

1 x
Ao M5, M5 M3) = 5 [ (o000 - Gan(@ ) o 2.7
Moreover:
A(M%e(Q)’ MS’ iv MS) = f(w)A(MS’ i MS)7 (2-8)

with f(w) a piecewise analytical function of w (it is of class at least C'*[0, +o00], [3]). The exact formula is [21],

[6]:
1) if w =10, then f(w)

(1) =0,

(2) if 0 <w <1, then f(w) = 2% (ﬁatan(\%) -
3) 3

(4)

NI

3) if w=1, then f(w)= % (2.9)
4) if w> 1, then f(w) = —#— (w — o log(w + VT — 1)) .
We recall that area may be expressed from vectors, cf [6] and Figure 3

1 w
€] = 3 chof’ -OMo - (2.10)
dof

Here, dof stands for degrees of freedom. Hence, the sum runs over all degrees of freedom in the cell (that is,
values at the nodes and values at the control points of the edges).

q)\é)

a N
/
S
N

Figure 3: Normal nodal vector expressed with control point

Despite the concise writing of (2.10), a disadvantage is that the control point My, does not lie on the arc.
This is why we will use a description of the arc with its shoulder point S, cf Figure 4 (at the end), as in [3].
To summarize, (2.8) rewrites:

A(M*°(q), Mg, M{, M3) = h(w)A(M§G, S¢, M3), (2.11)
This change in the spatial location of the degree of freedom involves now the function
w+1
h(w) := f(w)T (2.12)



which is strictly decreasing on R* with values in |1, Z].
This allows us to derive the following formulas, involving only the points that belong to the edges of cell £2;:

1. GLACE type (see [2, 12]):

of ,w
Q)] = = ch OMY,+(q), (2.13)
dof
that is,
1 W r w 1 ~newdof,w
2] = 3 S erroM, + Y ¢ o8y, =3 > CIhY OMewdof (2.14)
r r+1/2 newdof
with

é;’w = % ((1 - h(wr—l/z))Nr—l,r +(1- h(wr+1/2))Nr,r+1 + h(wr—1/2)Nr—1/2,r + h(Wr+1/2)Nr,r+1/2) ,(2.15)

~T w h(w, - <
Cj+1/2’ = #(Nmﬂ/z + Nrt1/2,041)- (2.16)

Figure 4: Normal vector from a degree of freedom defined on boundary cell ;. Two types: endpoints M,

denoted by C”’ or shoulder point Sy, ,, denoted by C];H/Q’“

Unknowns are located at the same points as Cdof “ . points M,., S¥

[6][3]:

Ti1/2 inside cell, moreover they satisfy

For cell Q; : Z C‘;Of’” =0 (2.17)
dof
For all degree of freedom (dof) inside the domain (Figure 6) Z Cdof Y= (2.18)

2. EUCCLHYD type (see [24]):

N;Mf = %(1 (Wr 1/2)) r—1,r h(wT 1/2)NT 1/2,r
1
2

@;’w:r;: - (wr+1/2)) rrl T Qh(wr+1/2)Nr,r+1/2» (2.19)
1F;+ /2o = %h(wr+l/2)]§-r,r+l/2a
NrtU/2et %h

j (Wr+1/2)Nr+1/2,r+1~



We recall that the unknowns are located at the same points as N?(’f’wi : points M,., S$+1/2 of the cell,
morevover they satisfy [6][3]:

For all cells Q;: Y NI*/«t p Niolem — g (2.20)
dof
For all dof inside the domain (Figure 6) : Z N?Of’w’Jr + N;lof’w’* =0 (2.21)

Mr+1 by Mr—l

Figure 5: Vector decomposition at nodes (of GLACE type vector) é;-lof *“ into two half-vectors to left N;-lof vt
and to the right Njoﬂw* for the scheme of EUCCLHYD type (cf (2.22))

3. Relatonship between “GLACE type vectors” (2.15) (2.16) cf Figure (4) and “EUCCLHYD type vectors”
defined by (2.19) cf Figure (5):

& — (K7 4 Rt

J J J )
~r+1/2w R gr+l/2,w— r+1/2,w+ (222)

and also:
~dof,w ~Jdof,w— ~rdof,w
CIohe = (NJolem 4 NSty (2.23)
Remark 2.4. Property for planar degenerate conic case.
By a direct computation on (2.12), we have the following:

lim h(w) >0 (2.24)

w—0

As we will see thereafter, for planar degenerate conics, the property (2.24) enable us to design new finite volume
schemes (when compared to original polygonal ones) for straight meshes.

3 Diffusion schemes on conical meshes

In this Section, we propose a discretization of the diffusion equation (1.2), using the formalism of [12, 15, 25]
(see also [17, Chapter 6]).



Figure 6: A degree of freedom of the edge of cell Q;: the points M, and S‘;’+1/2 where flux problems are solved

(exact or approximate) and the set of cells close to ; containing this degree of freedom. For example, from
the point of view of cell Q;, at the point M, (resp. at the point S*, ) we need to define a numerical flux

r+1/2
G7(fan. fou, fars fa,. fa,) (resp. aflux G772 (fq,, fa,)).

3.1 GLACE scheme on polygonal meshes

Let us first recall the GLACE diffusion scheme on polygonal mesh. Using a finite volume approach, we integrate
(1.2) on a cell 5, and, denoting by E;(t) the average value of E(t, z) on €2;, we have, after integrating by parts,
1 1

OE; — ——
] Joa, 0

(VE(t,z),n) = 0.

In order to define the second term, we denote by — <V E the flux, and approximate it using GLACE formalism,

that is, nodal flux evaluations: 7
1 T
| @Bt = [ Feomx 3 (R0.C).
09, 7 0% r/M,.€Q;
Here, the sum runs over all r such that the node M, belongs to €);, and
C7 =V, Q] (3.1)
This definition coincides with (2.13)-(2.14)-(2.15)-(2.16) if one reduces the degrees of freedom to the nodes M,.

In order to define the nodal flux F)., we impose the following equality:
o(M,) Y Cie(M,-xz)F,=- > Cj(VEM,),M, ),
i/ M, €Q; i/ M.€Q;

where the sum runs over all 4 such that M, € 09;. Now, we use a finite difference approximation, which
states that (VE(M,), M, — x;) ~ E(M,)— E(z;). Hence, using (2.18), we see that the terms involving E(M,)



vanish, so that we finally have
o(M,) > Cle(M,-z)F,= Y CiE(z), (3.2)
i/MrEQi i/MTVEQi
We end up with the following semi-discrete scheme:
1

atEjJrm > (F.C))=0,
I M€,

where the nodal fluxes F, are defined by (3.2). Thus, as explained in [17], the discretization of (1.2) using
GLACE formalism leads to the following scheme:

At
EfT B > (BTLC) =0, (3.3a)
|’L|’I”/M7-€Qi
o > BuFrtt= N Erticr, (3.3D)
i/M,-GQ,; i/MTGQi

with f;, = C7® (M, —x;), where x; is the center (isobarycenter) of cell 2; (we could also consider the centroid).
Here, At is the time step, and n is the time index. We use an implicit scheme in order to avoid a parabolic
stability condition which proves to be too restrictive for a fine mesh. The coefficient C7 is defined by (3.1).
As we pointed out above, the definition (3.1) coincides in the definition on conical meshes. However, if one
uses the formalism (2.13)-(2.14)-(2.15)-(2.16) with w = 0 (so that edges are straight lines), we still have degrees

of freedom at the shoulder points. Hence the two schemes do not coincide, as we will see below.

Remark 3.1. For the scheme (3.3a)-(3.3b) to be well-defined, we need the matriz (3, = >k Brr to be invertible.

This question was studied in [17], where it is proved that BT is invertible under some regularity conditions on
the mesh. For instance, a sufficient condition is that the angle between two neighboring edges should belong to
the interval [Bopr; ™ — 200p] where O,p =~ 0.1897ad.

Let us define Q}, = 371 Cy. We thus get the flux (3.3b),
1
Fn+1 _ r n+1.
r o Z QkEk
k/M,€Qy,

We can thus write the scheme (3.3a)-(3.3b) as follows

mn mn At 1 T s n
Ei i _Ei + |Q‘ Z ; Z (Ci7Qk)Ek+1 =0. (34)
o Mee T /M€

Bty
Setting E" = E? , we can write (3.4) M E™! = E" where the coefficient M;; of matrix M reads
B
At 1
Mi =0 + 165 > el CACHE (3.5)
r/M,.€Q;NQ;

3.2 GLACE scheme on conical meshes

We now go on and generalize the scheme to conical meshes. In order to do so, we need to introduce additional
degrees of freedom, compared to (3.3a)-(3.3b). One can either use degrees of freedom at the control points of
edges, or at the shoulder points. Here, we choose to use the shoulder points, because a control point is not on
its edge. Hence, defining the unkwown at such a point by interpolation might be a difficult task. We will use
the modified vectors C’; (2.15), as shown in Figure 3 and 4. We also introduce vectors C’;H/ ® at the shoulder
points. These vectors are defined by (2.16).



In this context, the natural extension of (3.3a)-(3.3b) is the following:

At . .
BB g X (Crr)+ > (e R, | =0 (3.6a)
\r/M,eq; 7/Sri1/2€
o > BueErt= Y CrErt! (3.6b)
i/ M,€Q; i/ M, €Qy
Crir Y. BusmpFrl,= > CiTVErt (3.6¢)
i/Sry1/2€0 i/Sry1/2€8

(3 (3

where Bir =Cre (M, —x;) and BiH_l/g —C g (Sy41/2 — ;). We define the matrices B, and BT_H/Q by

B’l‘ = Z Bkry Br+1/2 = Z Bkr+1/2' (37)

k:/MTEQk k/S,,.+1/2er

As in the polygonal case, the matrix f3, is invertible, at least under some regularity conditions on the mesh.
On the contrary, the matrix .,/ is always singular, as the following result shows:

Lemma 3.2. The matriz BT+1/2 defined by (3.7) has rank 1.

Proof. Given a shoulder point S, /2, we have only two cells €; and ; which share the corresponding edge
(see Figure (6)). Applying (2.18), we thus have

éir+1/2 n é;_"+1/2 —o.

Hence, using (3.7),
Bri1/2 = CIH/Q ® (x; — x;),

which has rank one. O
In the following, we will use the following definition, for any shoulder point S, /s:

1
If Sr+1/2 € Qz N Qj, Nr+1/2 =x; — Iy and Tr+1/2 = (Nr+1/2) . (38)
Computing the scalar product of (3.6¢c) with N, /, and using (2.18) again, we have

Ertt _ prtl
n+1 _ G J
(Fr+1/27Nr+1/2) T e (3.9)

According to Lemma 3.2, we are free to choose any value for the component of the flux F:fll/2 along T,.11/o.

Here, we choose to use the average between the fluxes at nodes r and r + 1. Of course, some other possibilities
may be considered (see for instance [3]), as far as it remains consistent. We thus define

n 1 n n
(Fril1/2’ TT+1/2> = 5 (Fr + + Frilla Tr+1/2) (310)

Next, using the vector Q7 = BT_ 1C]T as in the polygonal case we have,

‘s En T En
(F:T_ll/gaTrJrl/2> = Z (QkaTrJrl/Q) 2% E + Z (Qp+17T’I‘+1/2) 2 . ) (311)
r+1/2 Or+1/2
k/Sri11/2€0% P/Srt1/2€0

where the sum over k runs for all £ such that M, € (), and the sum over p for all p such that M, ;; € Q,.
Combining (3.9) and (3.11) we are able to compute the flux at the shoulder point r 4 1/2:

n+1 n+1
Ei - Ej NT+1/2

Fn+1 _ y
wrn [Nl

r+1/2 =

10



+

k/Sry1/2€%

>

n+1
Ek

T’r‘+1/2

(QZ, T’I“+1/2) + Z E;H—l (Q;-’rl, Tr+1/2) (312)

p/Sri1/2€Q, 20,41/2 HTTH/?H2

This allows to put the system under ther form ME™+1 = E™, where the matrix M is defined by inserting
(3.12) and (3.6b) into (3.6a), that is,

At (CN’;,’NT+1/2>
)8,y 0e9; Ortl/2 HNT+1/2H

(Cr. @)

At (éf» Nr+1/2)
€]

7/Spi1/2€0:0Q; Or+1/2 HNTH/2 ||2

Al (Cr2 T 2) (@5 T 2)
by

Jri
1621 /8, 41/2€2:,09; 20,412 ||TT+1/2||2
(CI2 D) (@
+% Z i +1/2 ( j ] +1/2) (313)
€2l /8, 41/2€92:,09; 2UT-&-1/2 HTT+1/2||

As it was pointed out in [17], on a cartesian mesh, the scheme (3.3a)-(3.3b) has a stencil which induces
coupling of two cells ; and €; only if they share a node. This is not the case in the scheme (3.6a)-(3.6b), as
it is clear in the definition of the matrix (3.13). Indeed, additional terms are present, which may (and actually
do) couple cells which have a common edge. This may be seen on the case of a small mesh (9 cells) displayed in
Figure 7. On the left part, there is a circle if the corresponding coefficient’s norm of the matrix is larger than
10—, For the conical case, we add star under the same condition.
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Figure 7: The stencil of the scheme in the case w > 0. Circles (o) correspond to the polygonal scheme, and
crosses () to conical scheme.

In the pure polygonal case, we have a cross-stencil, as explained in [17]. In the conical case, additional terms
are present. For instance, cell 5 is only coupled to cells 1,3,7,9 in the polygonal case, whereas it is coupled to

all cells in the conical case.
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3.3 Numerical tests

We present some numerical tests on various meshes. Our aim is first to show that using the conical mesh
formalism has a stabilizing effect on the GLACE diffusion scheme. We also provide a convergence analysis on
a case with an analytic solution.

3.3.1 Cartesian mesh

We use a cartesian mesh on the domain Q = [—~2;2]?, with 31 cells in each direction. We then make the edges
conical, adding control points at a distance d in the normal direction of a given edge, with d = 0.2Ax, Az being
the mesh size (see Figure 8). We impose that the control point is always closer to the origin than the center
of the cell. Other configurations have been tested (control points on the other side of the edge, or random
positions) with similar results.

PLOT PLOT
2 T T T T 2 T T T
1 ] 1
v v
% % [
<|t 0] E <|t 0 C ]
=l > C
1 R _1 E
- INEENEEEE NN - O B 0 0 6 0 B 0
-2 -1 0 1 2 -2 -1 0 1 2
X-Axis X-Axis

Figure 8: Left: classical cartesian mesh. Right: conical (parabolic) mesh with w =1

We choose as an initial condition a Dirac mass, that is,
E) = |ST1| if z; € [1.995;2.005)?
E? =0 else

In other words, energy is present only in the central cell, and we have a total energy equal to 1. We set o = 1.
The time step is At = 0.003s, and we give the results at t = 0.03s for different meshes.

Y-Axis
Y-Axis
Y-Axis

o
|

5
'

0 1 2
X-Axis X-Axis X-Axis

=2 =1 0 1 2 -2 =1 0 1

Figure 9: Left: classical cartesian mesh with polygonal GLACE scheme. Center and Right: conical GLACE
schemes with w =0 and w =1

Results are displayed on Figure 9. In the case of the cartesian mesh, we observe the cross stencil: one in
two cells is not reached by the energy diffusion. This problem is no more present in the case of a conical mesh.
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Next, we compute the numerical error of the scheme in this case. The equation reads
1
E(t7 Zz, y) - 7AE(t’ Z, y) = 07
o

E(O7 Zz, y) = 5(w:0,y:0) .

The solution is given by

Eexact(tax7y) = Le_%(ﬁ_,_?ﬁ)’ vt > 0. (314)
4rt
with
+oo “+o0
/ Eexact(t, x,y)dxdy =1, Vit > 0. (3.15)
0 0

The initialization is set at ¢ = 10™*s in order to avoid the singularity of the Dirac mass. We choose o = 1,
At = 1072 and a final time equal to t = 0.1. Then we compute the L? error between the exact solution and
the numerical solution. For a given mesh size Az, we use several meshes (see Figure 10): the cartesian one
(red curve), the conical one with control points outwards from the origin and w = 0 (green curve), w = 2 (blue
curve), and the conical one with control point inwards from the origin and w = 2 (purple curve).

18000 T T 100000
polygonal polygonal
w=0 — w=0 e
16000 | w24 f -
w=2- W=2- ——
14000 10000 |
12000
10000 F
1000
8000
6000
4000 100
2000
0 L n . . . . 10 .
o] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.01 0.1 1

Figure 10: Left: error as a function of Azx. Right: log of the error as a function of Ax.
In all cases, we observe a convergence rate of approximately 2.14.

3.3.2 Radial mesh

Here we use a radial polygonal mesh on the one side, and a conical on the other side (Figure 11). For the conical
mesh, we set w = g for orthoradial edges, and w = 0 for radial edges. The control points are defined in order
to have edges which are portions of circles centered at the origin. We expect to have a much better solution
with the conical mesh, if the exact solution is radially symmetric.

-1 o 1 -1 o 1
X-Axis X-Axis

Figure 11: Left: polygonal mesh. Right: conical circular mesh with w = ? for orthoradial edges, w = 0 for

radial edges.
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Here again, we use the exact solution (3.14), with an initial time equal to t = 10~*s, and o = 1.

6.99
6.4
582

Flsas

1 |408

0582

187e-0¢

-1 0 1 -1 0 1

Figure 13: Left: polygonal scheme. Right: conical circular scheme with w = g, t = 0.0101s

As expected, the solution is more accurately computed in the conical case. In particular, radial symmetry
is preserved exactly (Figure 12 and 13).

Next, we present a test case in which the polygonal scheme presents positivity issues. Here, we initialize the
energy by 0 everywhere, except in one cell, so that the integral of F is equal to 1.

7
-

2

-1 0 1 -1 0 1
X-Axis X-Axis

Figure 14: Left: polygonal mesh. Right: conical mesh with w = g for orthoradial edges, w = 0 for radial
edges.

We present two conical meshes: the first one with w = %, that is, with "real" conical edges in the sens that
is strictly curved (see Figure 14, right). The second one satisfies w = 0, hence it is the "degenerate" conical
case (geometrically, edges are straight lines as in the polygonal case see Prop. 2.3) (see Figure 14, left). This
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allows to observe the difference between the scheme designed for polygonal meshes (3.3a)-(3.3b), and the one
designed for conical meshes (3.6a)-(3.6b)-(3.6¢), but used on a polygonal mesh.

-1 0 1 -1 0 1

Figure 15: Left: polygonal mesh. Right: degenerate conical mesh with w =0, t = Os

L9

0.545

0.000768

-1 T T T 1
-1 0 1 -1 0 1

Figure 16: Left: polygonal scheme on polygonal mesh. Right: conical scheme on conical mesh with w = 0,
t =0.01s

3.3.3 Triangular mesh

In this Subsection, we use a regular triangular mesh of the domain{) = [—1; 1], which consists of 6700 triangles.
We add control points along the normal of each edge, at distance equal to 20% of the straight edge length
(Figure 17).

0.2 0.2

0.14 0.14

Y-Axis
Y-Axis

JANAVAVAVAVAVAVAVAVAVAVAVAY
AVAVAVAAVAV,Y\VAVAVAVAYAV; .
SRR |
AV TATAYE Oh e

T T { y T ; ? T T
-02 -0.1 0 0.1 02 -02 -0.1 0 0.1 02
X-Axis X -Axis

0.2+

Figure 17: Left: triangular mesh. Right: conical (parabolic) mesh with w = 1.
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The initial data is equal to 0 everywhere, except in the central hexagon, so that the integral of the energy
is equal to 1. We set At = 0.002, 0 = 1 and the final time is t = 0.01s.

0.01 0.01 0.01

Y-Axis
Y-Axis
Y-Axis

6.200-09

-1 0 1

"o 0 1
X-Axis

X—-Axis

Figure 18: Left: polygonal scheme. Center: conical scheme with w = 0. Right: conical (parabolic) scheme with
w=1.

We note that the solution is much better on the conical mesh (Figure 18). The exact solution remains
positive, while the numerical one computed on the polygonal meshes have large negative values.

3.3.4 Voronoi type mesh

Here, we use our scheme on a Voronoi-type mesh. It has been obtained as the dual-mesh of the triangular one
shown on Figure 17. The cells have more than four edges. We add a control point to each edge, located at a

distance equal to 20% of the straight edge length (Figure 19).

0.2484

0.2498

0.2 029

0.1 0.1

Figure 19: Left: Voronoi type mesh. Right: conical (parabolic) mesh with w = 1.

The initial data is equal to 0 everywhere, except in the central polygon, so that the integral of the energy is
equal to 1. We set At = 0.002, 0 = 1 and the final time is ¢ = 0.01s.
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Y-Axis
Y-Axis

X-Axis

Figure 20: Left: polygonal scheme. Center: conical scheme with w = 0. Right: conical (parabolic) scheme with
w=1.

In this case, we observe that polygonal scheme and conical degenerate scheme give nearly the same result.

4 AP schemes for the hyperbolic heat equation

In this section we define AP schemes for system (1.1) on conical meshes. Two variants are studied, in the spirit
of [17], depending on how the source term % F' is descretized. The first one (Jin-Levermore also called JLa) uses
a cell-centered descretization, while the second one (Gosse-Toscani also called JLb) uses a nodal discretization.
It is shown in [17] that in dimension one, the first discretization corresponds to Jin-Levermore scheme [22],
while the second one leads to Gosse-Toscani scheme [19].

4.1 Jin-Levermore (JLa) scheme

In this part we first recall the definition of GLACE AP schemes for system (1.1) on polygonal meshes. Then
we give an adaptation on conical meshes.

4.1.1 JLa scheme for polygonal meshes

The JLa scheme on polygonal meshes reads [17]:

At
Ertl g4 > (cr Ft) =0, (4.1a)
| Zl r/M,€Q;
At oAt
Frtl _ oy 2 CrErtl — 2t el 4.1b
i i + 5|Qq/| Z i i 2 7 ’ ( )
r/M.€Q;
where the fluxes are defined by
B = B g (BPY - B ng,) — (P ML — ) (4.2a)
€
~ Or 5 n r is
> (aw+ZBa)FT = Y CIEM 4+ Y ClongF (4:2b)
i/MTVEQi i/M.,veﬂi i/M.,veﬂi

r

Ci
crll”

i

where the local matrices read &;, = C! ® n;,- and Bir = C! ® (M, — x;) with n;,. = |
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We also define

Z dir and Br = Z Bir. (43)

i/M,€Q; i/ M, €Q;

Note that we have used an implicit version of the scheme, in order to avoid any stability issue. However, an
explicit version is easily derived in the same way.

Remark 4.1. i) The matriz &, is symmetric positive definite on any non-degenerate mesh. This fact is
proved in [25]. The matriz B, is invertible under the same conditions as in the diffusion case (see Re-
mark 3.1).

i1) In practice the o; in (4.1b) are given coefficients and are defined in each cell, these allow to defined the
o, in nodal fluzes (4.2a)(4.2b) by some average formula.

Let us now define the matrices ;. = &; + %Bir and 4, = &, + %Br, so that the fluxes read

Er = Er g (FPY - B ) — (DT ML - a) (4.4a)
g
BEML =N CrERT Y e FT (4.4b)
k/M,€Qy k/M,€Qy

Thus, assuming that 4, is invertible, we write (4.1a) as follows:

EM _Er 4 > S (CrATtCr) Bpt 4 (CF L Ay an BT = 0. (4.5)
r/M,€Q; k/M,cQy

In order to compute the nodal values E™!, we insert (4.4b) into (4.4a):

Epft =EMT 4 (FM ng) = > (37 CREPT + 4 Y BT R) (4.6)
k/MTGQk

with R = n;, + 2= (M, — ;).
Next, we insert (4.6) into (4.1b), which gives the following

o; At
1+ = Frtl4
(* ) l s|ﬂ|Z

Gathering (4.5) and (4.7), we get

B} 4 (FM Y ng) = (3 'CRERT + &:I&MF,;”RR)] Ci =F/". (4.7)
k

At 1.
e ZZ [ccr.Qp) B+ + (Cr 4 tan B ) | =0, (4.82)
UzAt nt1 , At nt1 ntl v Al | a—1a gl 7‘ n
1+ Fr g 0 ST Er (F nr> -3 (w CLEM 44, Yoy, F 72) Cr=F". (4.8b)
7 - X

with Q} =4, 'C7. In (4.12b), (4.12¢) and (4.12d), the sums over 7 run for r such that M, € Q;, and the sums
over k run over k‘ such that M,. € Q.

4.1.1.1 Global assembly matrix
Now, we write the scheme under the matrix form

E’rb

MG+t — X7 with X" = F? |. (4.9)
F’I’L
)

Remark 4.2. The matriz notation in (4.9) shows an explicit dependence of the geometrical nodal normal vectors
C? (computed on polygonal cells here).
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Each block of the vector X" is of size N, the number of cells. Let us give the expression of the terms of the

matrix M{Ci}. We define

and we have

At
1 Frtl
(+ ) T e 2

Thus, the coefficients of the matrix MAC read, for all 7,j such that 1 <4,j < N,

o; At
52

B (7 ne) = 30 (7 L R) B Y
k k

~(CT At
A D SR C )
g r/M.,€Q;N8,;
~(CT At X
Mz{gcJ;]];f = Z (Czrv XJT |1) )
’ it ) M, €Q:NQ;
N r A
z{Jchz}N - = Z (C7, X l2),
7 l| /M, €Q:0Q;
~fCr At At
MG = % Zoy| >, - 2] Y. (WG R)CI),
/M, eQ; o MeQin0;
~fCT o; At At , At
ey = o (1475 ) vhgs Xm0 - g
< E| Z‘ r/M,€Q; E| ’L| r/M,.eQ;N;
~ C" At r At T T
Mi{-i-l\bf,}j+2N = 5ijm Z niT(2)Ci (1) - M Z (Xj |27R) C’i (1)7
o/ M,eQ; o MeunQ;
. T At At
MG = Guggy X C@O-gar Y (7GR CIE)
o MeQ; o M eQinQ;
~fcr At r At T T
Mi{—i-Ql]\}f,j—FN - ijm Z ni(1)C7 (2) — el Z (Xil1, R) €Y (2),
o MeQ; o MeunQ;
~{CT o; At At . At
Mi{+21]3,j+2N = 5ij I+ 2 +5ij74 Z "ir(Q)Ci (2) - - Z
€ €[€] e| |
r/M,.eQ; r/M,.eQ;NQ;

In the above formulas, we have used the following convention :

(X]:F,?“,Rﬂ cr

= F;*".

(X7, R) €7 (1),

({12, R) C (2).

for a vector C € R?, C(1) denotes its first

component, while C(2) denotes its second component. For a matrix X € R2*2 X1 denotes its first column,

while &|, denotes its second column.

4.1.2 JLa scheme for conical meshes

We are now going to extend the scheme exposed in the previous subsection to conical meshes. As in the diffusion

case, we add to the scheme contributions coming from the shoulder points.
This scheme reads

19

At ~ -
n+1 n T n+1 r+1/2 n+1 _
B - B+ o 3 (Ci,FrJF )+ 3 (Ci .,FM/Q) =0, (4.11a)
v r/M,.eQ; r/Sr 417262
n n At S nil) ~Ar+1/2 on UiAt n
F' — F' + || > Creptt+ Y G / Byl | = 2 i o (4.11b)
o\ r/M,eQ; /811269



The fluxes are defined by

ErHl = prl (Fin+1 — F"on,,) — Or (F7+, M, — a;) (4.12a)
€
n n n n Or41/2 n
Eirill/Q =E" + (Fi - Fr_:_ll/ga "i7'+1/2> - —Z_ / (Frfll/Q, Sri1/2 — mz) , (4.12b)
EMT =Y [@E?“ +Cr® nirFi"“} : (4.12¢)
i/MTEQi
N ~r+1/2 ~r+1/2
’YT+1/2F:L_:_11/2 = Z |:Cz+ / E?—i_l + Ci+ / ® nir+1/2Fi"+1} . (412d)
i/Sr1/2€8

¢ . . N
here n;, = ﬁ,nirﬂ/g = W, moreover, the matrices 4, and 4,41/, read
[

Yr = Z’%r = Z (&ir + %BM’) 5 Yrt1/2 = Z%’rﬂ/z = Z (dir+1/2 + UT?N Bir+1/2) ;
i i

K3

= C~’.T+l/2

(3

~ ~ = ~ ~ ~r+1/2
Qp = E Qi = E C/ ®@n, Arp1/2 = E Qjrg1/2 = E Ci @ Njrt1/2,
i i i i

By = ZBir = Zézr ® (M, — x;). Br+1/2 = ZBir—i—l/Q = ZC'Z-TH/Q ® (Syt1/2 — ;).

K3 3 K3 1
Here, in order to simplify the notation, the sum over ¢ runs for all 7 such that M, € ©; (left part) or for all
such that Sr+1/2 e Q; (I‘lght part).

4.1.2.1 Calculation of the additional terms

Computation of (C’,;+1/2,F,Tfl]/2) in (4.11a):
As in the diffusion case, the matrix 4, is invertible under some regularity condition on the mesh, but 4,1, is,
here again, of rank one (see Lemma 3.2). Hence, we apply the same treatment as in Section 3 to define the flux
F, /7 at the shoulder point. We denote by j the index of the cell ; such that S,,/, belongs to ; N Q;.
Then, we have

CH Py et =0,

Hence,
Yr41/2 = 26/ @ Nipt1/2 + %Qrﬂ/z ® (xj — ;). (4.13)
Inserting this equality into (4.12d), we infer
(Fryfll/y 2nip1/2 + Tl (z; — xz)) =B —EM 4 (FMY 4+ FP 7 ngpp0) (4.14)
€

As in Section 3, we define the following vectors

Or41/2
Nyi1/2 =204 412 + v (xj — =),
Toy1)2= N#+1/2-
This allows to write (4.14) as
(F;fllﬂ, N, /2) = B B (FP o Fng, ). (4.15)

Next, we need to compute the flux in the direction of T’ /5. As in the diffusion case, we choose to define it as
the average of the fluxes at nodes M, and M, ;. Here again, other choices are possible (see for instance [3]).
We thus have

1 n n
(Bl Do) = 5 (B 4+ B T o) (4.16)

that is, setting Q7 = 'Ay;lé’?“

7
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1 n T
(Fﬁrl/g,TrH/z) =3 Z (Q% Trgry2) E{ 4+ (B mue) (Qh Trgr)2) ]

k/ M, €Qy
1 ™ mn mn T
ty o D (@ ) B+ (B mprin) (Q4M T 2)] -

p/MT+1€QP

(4.17)
which also writes by identification:

n+1 1 n+1 1
(Fr+1/27 7"+1/2) = 5 (Fr aTr+1/2) +§ (Fr+1 ﬂT+1/2)‘ (4]‘8)

We are now going to compute the additional terms in the matrix M, which are due to the fluxes at the
shoulder points. We first write

~ N,
Z (C:+1/2 Fﬂ:ﬁl/z) = Z (Cfﬂ/z, r+1/2 2) (F;fll/Q,N,«H/g)
/8 11/2€Q; 7/Spi1/26Q HNT+1/2||
- T.
+ Z (F;1+11/27TT+1/2) (Cz‘+1/27 L 2> :
T‘/Sr+1/2€Qi ||T7"+1/2H

1/2 N, 1/2 T, ) .
Defining N' = H_ / 2 et T = 7"+ / , T2 ) we can write this term as follows:
"IN e (1 Ts1/2]|

Z (CZ+1/2 Fﬁ:lﬂ) = Z N( r+1/2, 7«+1/2) Z T(FZL+11/2, 7~_~_1/2) (4.19)

7/Sr11/2€ 7/Sr11/2€Q r/Sri11/26€8

Next, we insert (4.15) and (4.16) into (4.19). This gives

S (MRS = Y N(ET B (T E )
T/Sri1/268% r/8yi1/26Q
+ >

7/ 8Sry1/268

(0 B T s) . (4.20)

sl

where it is understood that j is the index of the cell ; such that S, ;,, € Q; N Q;. The additionnal terms in
the system read Z (CTH/Z Fil ) which we split (4.20) into three termes, and we use (4.12c) and

% r4+1/2
( ) T/ST+1/2€Qi
4.18):
S ON(EFT B 4 (B FP ng ) (4.21a)
r4+1/2
T, . T n T, 1. ”
Z 35 (F Y Trogry2) Z Z [2 Qi Trp1p2) EFT 4+ — 5 (34 g F, +1,Tr+1/2)} ; (4.21b)
r+1/2 r+1/2 k
T, T n T .1 . "
Z 5 (F'H Ty )2) Z Z {2 Ty 0) ERT 4 5 (i1 Gk F, +17Tr+1/2):| , (4.21c¢)
r41/2 r1/2 k

where all sums run for r such that S,/ € {2;, and, here again, j is such that Q; and §; share the shoulder
pOint Sr+1/2.

Computation of CTH/QEZ;TUQ in (4.11b):
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Keeping (4.21a)(4.21b)(4.21c) in mind, we next insert the expression of the flux into the second equation
of the scheme (4.11b), in order to compute the corresponding additional terms. These terms read

~r+1/2 n
S Eit e, (4.22)
r+1/2
First, we use (4.12b) in order to compute E;;flﬂ

a.
n—+1 _ i+l n+1 n+1 r+1/2 n+1
Ert = B (E - FT+1/27nir+1/2) - TR (s S — @)

that is,

n n n n Or+1/2
Eirflm =FE; Ty (FZ +17le‘7~+1/2) - (Frjll/g’nirﬂ/z + - / (Sr+1/2 - wz)) .

Or4+1/2
€

We define R, 4172 = Njpy1/2 + (ST+1/2 — :ci), which allows us to write

n+1 _ rn+tl n+1 n+1
Ei:%l/? = B 4 (B mipa ) — (Fr +1/2’Rir+1/2) '

This also reads
m n n NT+1 2 n
Eirfm =B/ 4 (B ninga2) — (Rirﬂ/?’ T (Fr++11/27Nr+1/2)

Moo
T
(R Tos) (R 22025 )
vl

V = ; Netiyz T = . _Triny2
We set = (R”“/2’ ||NM/2||2) and 7 (R“”“/Z’ TWHQ)’ hence

Eﬁiﬁ/g = EM"M 4 (F 7 ngyq)0) — (F:jll/gaNrH/z) N - (F:fll/yTrH/z) T.

We insert normal flux (4.15) and tangential flux (4.16) into the above equality:

Bt o = B 4 (B npgagn) — (BPH = BPPU 4 (FPY 4 F Y g 0) ) N
7~_
(

T
_ (F;l+17TT+1/2) o a

F’lﬁ:il’TT-Fl/Q) 2 )

where j is such that M, € €; N Q;. The additional term in the system reads Z C~'Z +1/ QEZ’;fl /20 which
/811,26
we split into three terms:

S (T ) (B (B B ) R) 6
r/Sry1/2€Q
— Y (ENTp) géﬁ”z, (4.23b)
T/Sr41/2€8
n+1 T"r+1/2
- Z (Fr—i-l 7Tr+1/2) 501' . (4.23c)
7/Sry1/2€Q:

In (4.23a), as before, the index j is such that S, /5 € ;N Q.

4.1.2.2 Global assembly matrix
We are now going to use (4.21a)-(4.21b)-(4.21c) on the one hand, and (4.23a)-(4.23b)-(4.23¢c) on the other hand,
to compute the additional terms in the matrix of the system. Let M be the matrix of the system. As before,
the system reads
-~ En
MGy X — X with X" = | Fr . (4.24)
By
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Remark 4.3. The matriz notation in (4.24) shows an explicit dependence of the geometrical nodal normal
vectors C7 and shoulder normal vectors C’H_l/2 (computed on conical cells here, {C‘idof} {Ccr,C TH/Q} see
(2.13)(2.14)(2.15)(2.16) ). Denoting by M{C } the nodal part of the conical matriz, it has the same structure
than the nodal polygonal matriz MAC} (in (4.9)) except that it is evaluated with {C]} instead of {C['}. As we
will see thereafter, we can write the following decomposition:

’V‘+1/2}

MACHTY — Gy 4 €

"7‘+1/2}

= M{CD 4 priC (4.25)

Each block of the vector X™ is of size N (the number of cells). Collecting all the terms, we have for any i, j
such that 1 <14,5 < N:

~ (oS At At
Mt = T by 3 Neggp XN
T/ST+1/QEQ /8,1 2000,
At
+€|Q| Z (QT+Q r+1/2)
)82 €900,
~ (Odof ~ o At At
Mi{jc—;N} = Ml{,jc_}_]i,—i-(swﬁ Z Nnir+1/2(1)+m Z NniTH/z(l)
/8,126 /8,1 2 €0N0;
At T .,
oo > 5 AT T,
elS| r/S ;N0 2
r+1/2%8840 J
~ (oS ~(ET At At
Mi{,j-;:2N} = Mi{,jig}N‘HSijm Z Nnir+1/2(2)+m Z Nnpi1/2(2)
)8, 2€9; S 1/2€9:0Q,
At T T r4+1
+m Z 5 (X]]2 + Xj+ |2, T y1/2)
/8, 41/2€Q:N8Q
~ (oS ~(ET At ~N\ = At ~
Mi{-&-ckf,j} = Mz{-i-cﬂf}J +5U ‘Q | Z (1 _N> CiJrl/Q(l) + €|Q| Z NCiJrl/Q(l)
7/Sry1/2€Q: g /S 41/2€Q2:NQ;
At T r
Ay Tt man 6
elS| /801126000
T/Or41/2 i 3
~ {é;znf} é At ~ ~rt1/2
MiNj+n = Mz{+N}j+N+5ijm Z (1—N) Niry1/2(1)C; (1)
)8,y 2€Q
At r
o Y Nmia ()G
elS| /8,1 2€000;
T/Ort1/2€8%
At T o .
Tl L 2 7 AT ) 6
)82 €900
-~ (GdoTy (ér) At r+1/2
Mi+N,j+2N = M'L+Nj+2N+6ijm Z (1_N) nW+1/2(2)C / (1 )
! 7/Sry1/26%
At r+1/2
7@ Z Nn1,+1/2(2)C (1)
)8, 126009
At T, .. .
oy 2 7 W Tge) 6,
/8,1 2000
~ (Gdof At ~N\ = At -~ =
M) = W rhger X (SN ETes g X NG )
! T/S,+1/QEQ' 812 €920
— At Z (QT+QT ) )CT+1/2( )
E|Ql| r+ /2 y

’I‘/Sr+1/2€QiﬂQ
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~ {CdOf} {C 1 At =/ ~r+1/2
Mz+2N j+N = M7,+2N j+N + 6ZJ€|7Ql| Z (1 - N) niT+1/2(1)Ci / (2)
r/Sry1/2€2
At .
“qol X AmeapETe)
Y /8,12 €000
At T . T r+1/2
ol X @) 67 e)
¢ T‘/Sr+1/2EQiﬂQ‘
~ (G} c At . = r41/2
Mi5n jran = M{+ 13]+2N +5ij@ Z (1 _N) nir+1/2(2)C; @)
)8,y 0€Q
At r
o 2 Mmeap@6Te)
v T’/Sr+1/2EQiﬂQ
At T ” - 1/2
“Tol X W R T 67 ),

T/Sr+1/QEQiﬂQ

where we have used the notation X7 = 4, 'as, and X,:H = &;ﬁl&k,.ﬂ. As in the polygonal case, for a vector
C € R?, C(1) denotes its first component, while C(2) denotes its second component. For a matrix X € R?*2

A1 denotes its first column, while X}, denotes its second column.

4.2 Gosse-Toscani (JLb) scheme

In this section, we present a second version of the preceding scheme, in which the last term of the second

equation of (1.1) is discretized at the nodes instead of being discretized at the cell centers.

4.2.1 JLDb scheme for polygonal meshes
If the mesh is polygonal, the scheme reads [17]

E:Ln+1 - EZ’L |Q ‘ Z Cr Fn+1 =0, (4263)
Frl—Fnr ZCTE.”“ __ Al (Cr @ (M, — x;)) o, F! (4.26b)
(3 ‘Q| 7 r ‘Q |€2 T T T+ r )
where the fluxes are defined by
ENY = B 4 (FPY - B ng,) — Ir (Fr M, — ;) (4.27a)
€
S (an+ Zhe) Fr = S OB+ S Cleng F (4.27D)
i/MTGQi < i/MTGQi i/MTGQi
and the local matrices are &;, = C! ® n;, and Bir = Cr® (M, — x;) with n; = Cf:
From now on, we set &, = Z Qi Br = Z BZ-,« and 4, = Z Nir = (dir + ﬁﬁir)
i/ M,.€Q; i/ M,.€Q; i/ M,€Q; i/ M€, <
The scheme also reads
At
EM —EM 4 (Cr,F') =0, (4.28a)
E‘Q | ’I“/M €Q;
Fin-l-l _ Fn Z CTE*JH-l (428b)
r/M,€Q;
with the fluxes
B = s (R - ). (4.292)
O, ~
Air + — B | L = Crentt Cl @mng, F'". 4.29b
> (G + 28 F Yo ciErtt+ Y ClengF, (4.29D)

i/MTGQi i/MTGQi ’i/MTGQi
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With this form, it is clear that we can apply exactly the same method as with the JLa scheme. The only
difference is the last term of (4.28b). These computations are left to the reader, and we only give below the
matrix we obtain in such a way. We use the same convention as before, denoting by M{Ci} the matrix of the
system. The indices ¢ and j are such that 1 <4,5 < N.

or{Ci}
M;;

or{Ci}
i,j+N

ValsPs
M; Lon

-r{CI}
Mz‘+N,j+2N

- {C7)
Mi+2LN,j+N

or{Ci}
Mi+2N,j+2N

At T T
= 6ij+m Z (Cij)a
o MeQinQ;
At
= El | Z (C{,X;ll),
o/ Me,n0;
At
= Z (C{’X]Tb) g
el| ) My €N
At . At o1 r
= bij—=o Y. CI(1)— —= Yo Gt R)Cr(,
£|€] £|€%]
r/M,€Q; r/M,.€Q;NQ;
At - At - -
= i+ 5“@ > n()Ci(1) - ] > (hR)Cr(1),
v T/M,-EQ,; v T/M7-€QiﬂQj
At , At ” .
= Sij—o Y, ma(2CI(1) - = Y (Xl R)Cr(1),
e]€] €]
r/M,€Q; r/M,eQ;NQ;
At . At o1 r
= 51'1'7‘ Z Ci (2) 0. Z (’Y'r 1Cj7R) Ci (2)7
]| ]|
r/M,€Q; r/M,.€Q;NQ;
At - At - -
= 51‘3‘@ > i (1)C(2) - SN} > (¥LR)Cl(2),
Yy Men, /M eQing;
At - At . -
dij + 5”@ Z n;,(2)C(2) - Q] Z (Xj |27R) Ci(2),
o/ M.e; "/ M,.eQ;n0;

where we have used the following notation: R = n, (note that in the JLa case we have R = n;,+ %= (M, — x;)),

and X7 = 4 Lag,.

4.2.2 JLDb scheme for conical meshes

We now extend the JLb scheme to conical meshes. It reads (we recall that é’; = Vm,|Q;| and C~'§+1/2 =

Vs, 12191)

r+1/2

At ~ -
Eﬂ-‘rl _ g ( r Fn+1) ( ?+1/2 Fn+1 ) _
z Prgar| X (GhE)s > (G 0,

r/M,€Q; r/Sry1/2€2

At ~ ~r
_Fin-&-l o+ o0 Z C;E;LTH + Z Ci+1/2E'(L+1 _

ir+1/2
r/M,.€Q; T/Sr41/2€
At ~
r X n+1

- e > Gl e (M, —x;)0.F)

" Meq;

At G2 S Frtl
e Z i ® (Srs1/2 = i) Ors1y r+1/2°

r/Sry1/2€Q:
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with the fluxes

and the matrices

E:ﬁrl = EinJrl + (‘Fin+1 - FﬁJrlvnir) ) (4313)
E:i:-ll/Q = Ez‘nH + (FinH - F:fll/ganirﬂm) ) (4.31b)
AR EM = Y [GZE?“ +Cr® nirFi"“} : (4.31c)
i/MTEQi
%+1/2Ff++11/2 = Z [éir+1/2Ein+1 I éir+1/2 ® nir+1/2Fz’n+1:| . (4.31d)
i/ Sry1/2€8

3y = Z’%T _ Z (dir + %Bir> ’ Yri1/2 = Z’%rﬂ/z = Z (dir+1/2 + %Bir+l/2) )

(2

by = i&ir = zz: Cr ® ny,, Qpy1y2 = Z@irﬂ/z = ZQ-TH/Q ® Nyjpy1)2,
Be=> Bir=> Clo (M, —mz). Brirys = Zé”“” = Z C 2@ (Sy41)2 — 1),

i i
where all the sums run for ¢ such that M, € Q; (left column) and S,/ € €; (right column). As in the polyg-
onal case, we need to change the definition of the flux (4.31b). We define R;,41/2 = mr41/2, and get

Note that in the JLa case, we had Rjr41/2 = njrq1/2 +

EZ“ill/Q = E;fl+1 T (F;n+1’nir+1/2) — (FTZ:F11/2’R7:7"+1/2> .

Or41/2
1>

(Sy11/2 — @;). We proceed exactly as in the JLa

case. For this purpose, we introduce

Or41/2 (

Nyi1/2 =204 4172 + T —x;),

Tr+1/2 = NTL+1/27

where j is such that S, /5 € Q; N Q;. We also define

N = (é:Jrl/z’W)v T = (C’,;“+1/2711T+1/22>7 N = (RirJrl/QaJVTH/QQ)v
HNT“/ZH |T7“+1/2H }Nr+1/2H

- T, 1A 1a
T= (Rir—i-l/% ik 2) ;o Qi =17, 10{7 Xp =% 1akT
T

With these notation, the matrix of the system reads (see also notation and remark (4.3)):

Valcied)
By

Valcd!
i,j+N

~{ClTy
i,j+2N

~ (&7 At At
M 46 Y N XN

o
€|QZ| 7/Sry1/2€Q: r/Sry1/2€02:NQ;
At T T r+1
o0, Y. S (@+QiT Ty
it /S €Q:NQ;
T/Or41/2 Q j
~ C"vr At At
Mi{ﬁji]];l +5ijm Z N1jrp1/2(1) + ] Z Nnjpia/2(1)
/S 2E "r /S, €Ny
At T, .. .
RsTeY Z §(Xj‘1+xj+1‘1aTr+1/2)a
it /S Q:NQ;
T/Or41/25¢80 j
~ (BT At At
Mz‘{,jiz}N + 5ijm > Nnggp(2) + %] > Nnipi1/2(2)
¢ r/8p 1126 8, 126000
At T ,
+€|Q_| Z 5(Xj|2+Xj+l|27Tr+1/2)
v T‘/ST+1/2€QiﬂQj
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~ rgdof ~{C At B - At o
{5 = G+, > (-N)ETra+ S NG

el e[|
T‘/ST+1/2€Q' T/s,-+1/QEQVL'r‘IQj
At - r+1/2
“qa X @+ Q)" T G110,
/8,12 €000
VAl is! (C7} At Y r+1/2
Mi+N,j+N = M+NJ+N+67'J |Q | Z (1 _N) "zr+1/2( )C / ( )
T/Srt1/2€0
At . -
oo Z N"z‘r+1/2(1)0¢+1/2(1)
/8,12 €000
At T ” r r41/2
el o S AT D) €
/8,1 2000,
Gy HCr At Y +1/2
Mi+N,j+2N = Mi{+N,}j+2N+§ijm Z (1*-/\/) u+1/2( )CT /(1)
r/Sri1/260
At .
e > Ny 2(2)C2(1)
Y r /8,1 2000,
At T . T r+1/2
a2 g Bl T €T,
)82 €900,
~(Efy 6T At o\ Ar1/2 At oA 1/2
MZ+2N,] - M7,+2N_] ij |Qz| Z (1 - N) Cz (2) + E‘Qz| Z NCz (2)
T/ST+1/2€Q' T/ST+1/QEQimQj
At ” —+ r+1/2
Y 5 @@ T 6P,
g T’/Sr+1/2EQiﬂQ
~ {C"';iOf} cr At ~ r+1/2
Mo jon = Mz{+2§]+N+5ijm Z (1—N) Nir+1/2(1)C; 2(2)
T/Sr11/2€
At -
o 2 MmeasMETe)
g T‘/Sr+1/2EQiﬂQ‘
At T r 1/2
O > 5 (X7 + X7, T ) €T3 (2)
)82 €900
G} (€7} At Y ~r+1/2
Mi+2N,j+2N = Mz+2N j+2N +6U \Q | Z (1 _N> nir+1/2(2)ci / (2>
T/Sy 11726
At
o 2 Mmenp@CTE)
/S, €N
At T . ” r+1/2
_m Z 2(X| +X+1|27 r+1/2)C+/()7
/8,1 2000

As before, for a vector C € R?, C(1) denotes its first component, while C(2) denotes its second component.
For a matrix X € R**?, X}; denotes its first column, while X}, denotes its second column.

Note that, once the JLa scheme is implemented, JLb is only a slight modification: changing R on the one
hand, and changing Fi”Jrl in the second equation on the other hand.

4.3 Numerical tests

We present in this section some numerical tests for the schemes presented above (section 4). The two variants
JLa and JLb give more or less the same results, so we do not make any difference between them, this is mainly
due to the fact that we seted o = 1 is our exemples.
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We first present results for a small parameter €. This allows to assess the fact that the scheme is asymptotic
preserving (AP) in the diffusion limit. We also present results with larger values of ¢, for which explicit solutions
allow to assess the convergence of the scheme.

4.3.1 Diffusion limit ¢ = 10~

Here, we use a cartesian mesh on the domain Q = [0;4]%, with 31 cells per direction. For each edge, we add a
control point in the normal direction, at a distance equal to 20% of the straight edge length, towards the origin
(see Figure 21).

Y-Axis
Y-Axis

0 1 2 3 4 0 1 2 3 4
X-Axis X-Axis

Figure 21: Left: cartesian mesh. Right: conical (parabolic) mesh with w = 1.

The initial condition is a Dirac mass, that is,

B} = q7if(2,2) €9y
E? = 0 otherwise,

and F = 0. Thus, only the central cell contains some energy, and the total integral of E° is equal to 1. We set

e =10"% and o = 1, and the time step is At = 0.003. The results are displayed in Figure 22 at time ¢ = 0.03.

Y-Axis
Y-Axis

0.57

~6.83¢-17

0 1 2 3 4

X-Axis X-Axis

Figure 22: Results for a Dirac initial condition. Left: polygonal scheme. Right: conical scheme with w =0
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Y-Axis

w ||.4w

122

Y-Axis

102

0.816

0.612

0.408

0.204

~2.13e-08

X-Axis X-Axis

Figure 23: Left: conical scheme with w = 0.01. Right: conical (parabolic) scheme with w = 1.

We see that the scheme on polygonal mesh suffers from cross-stencil. We also plot in Figure 23 the same
result for a different value of w. Recall that in the case w = 0, we do not recover the scheme on a polygonal

mesh, although the mesh is polygonal. Indeed, the contribution of the shoulder points is still present and in
some sense solves the cross-stencil issue.

4.3.2 Transport case ¢ =1

We now present the same kind of results for e = 1. All other parameters of the simulation are unchanged. In
particular, we use meshes displayed in Figure 21.

L7
I
0751
173 3] 0392

128 00333

= aa 1 |os20 B 2 . 1 |-032
o ] ] jom N ! i ] |0
ﬁ 00752 g 104
. : 4
057 e -1

-0.08

Y-Axis
Y-Axis

176
-143 9 212
188 248

234 -2.84

-279

X-Axis X-Axis

Figure 24: Left: polygonal scheme. Right: conical scheme with w = 0.

147

L1 0.992

0749 0.574

0389 ks 0.156
00297 -0262
1 -3 1 |-068

o

1 e

Y-Axis
¢
Y-Axis
.
T

-105

X-Axis X-Axis

Figure 25: Left: conical scheme with w = 0.01. Right: conical (parabolic) scheme with w = 1.

Results are displayed in Figures 24 and 25. As in the diffusion limit case, we still observe the cross-stencil
issue, with the same conclusion.

29



4.3.3 Radial mesh in the diffusion limit ¢ = 1074
We now go back to the diffusion limit case, but use different meshes, which are displayed in Figure 26. The

weights are set to w = g for orthoradial edges, so that these are portion of circles centered at the origin, and
we set w = 0 for radial edges. We set ¢ = 10~* and o = 1, and the time step is At = 0.003. The results are

displayed in Figure 27 and 28 at time ¢ = 0.03.

ki i
< M
Figure 26: Left: polygonal mesh. Right: conical mesh with w =
T ¥
> >
T Xhwis T Xedis |
Figure 27: Left: polygonal scheme. Right: conical scheme with w =0
T ¥
> >
B X—Xxis

Figure 28: Left: conical scheme with w = 0.01. Right: conical circular scheme with w = ?

4.3.4 Radial mesh in transport case ¢ =1
This test case is exactly the same as the preceding one, except that we set ¢ = 1. Results may be observed in

Figures 29.

30



0.0198 0.0220

0.0158 0.019
2 E 24 E

0.0119 0.0152

0.00797 0.0114
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0019 00154
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=3 =2 =1 0 1 =2 -1 0 1

X-Axis ) X-Axis

Figure 29: Left: polygonal scheme. Right: conical circular scheme with w = ‘/75 on orthoradial edges and w =0
on radial edges.

4.3.5 Triangular mesh in the diffusion limit ¢ = 10~*

We now test the scheme on a triangular mesh. The domain is 2 = [—1;1]2. The original triangular mesh is
displayed in Figure 30 (left). For the conical mesh, we add a control point for each edge, at a distance equal
to 20% of the straight edge length along the normal (taken at midpoint of straight edge). This gives the mesh
displayed in Figure 30 (right).

025 T 025 T T T
0.2: 0.24
0.14 0.14
@ >
z I
i [
ol kol
0.1 A -0.14
-0.2 -0.24
-0.25 T 7 f f y 025 T T T T T
-02 -0.1 0 0.1 02 -02 -0l 0 o1 02
X-Axis X-Axis

Figure 30: Left: polygonal mesh. Right: conical (parabolic) mesh with w =1

Here again, 0 = 1, ¢ = 1074, and the initial data is a Dirac mass at the origin. The time step is At = 0.001,
and the results are presented at ¢t = 0.014 (Figures 31 and 32).

H
Y-Axis

.

-1

0 0
X-Axis X-Axis

Figure 31: Left: polygonal scheme. Right: conical scheme with w =0
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Y-Axis

&
Y-Axis
s

-1

-1 0
X-Axis

0
X-Axis

Figure 32: Left: conical scheme with w = 0.01. Right: conical (parabolic) scheme with w = 1.

As in the case of the diffusion scheme, the original scheme on polygonal meshes has positivity issues. This
is not the case for the scheme on conical meshes, even in the limit w = 0. This limit corresponds to a polygonal
mesh, but with a different scheme (see Remark 2.4) called degenerate conical scheme.

4.3.6 Triangular mesh in the transport case ¢ =1

This test is exactly the same as the preceding one, except that € = 1. Results are displayed in Figures 33 and
34.

36.1 6.45

309 [4.91

25.8 3.37

0.6 183
= 155 ! I(l 294
a = 103 E -125

Ny
. o o

< 0 .‘i 1 - o 278
> 0.0445 > -4.32
=-5.1 ~5.86

-103 74
~154 ~-8.94
0.6 ~10.5

257 -2
508 -136

- T - T
- 0 1 -1 0 1
X-Axis X-Axis

Figure 33: Left: polygonal mesh. Right: conical mesh with w =0

Y -Axis

Y-Axis

-10.3
- T T
-1 0 1 -1 0 1

X-Axis X-Axis

Figure 34: Left: conical mesh with w = 0.01. Right: conical (parabolic) mesh with w =1

Here again, the cross-stencil issue is observed for the polygonal case. It is not present in the case of conical
meshes.
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4.3.7 Convergence study

Here we propose a convergence analysis of the scheme. For this purpose, we need an explicit solution. Using
periodic boundary condition, and assuming that o is constant, a natural way to compute solution is to use a
plane wave decomposition, that is,

E(z,yt) =Y > aj;(H)e? ™, (4.32)

JEZ kET

where L is the period (that is, the size of the domain). We also point out a simple computation lead from (1.1)
to the damped wave equation for E:
0°E o OE
oz e o
where we explicitly used that o is constant. Inserting (4.32) into (4.33), we find a linear differential equation
solved by each o ;. Solving it (we skip the computations, which are tedious but not difficult), we end up with
the following solutions:

If 4m+/j2 + k2 < &,

1
- SAE=0, (4.33)

2gmx 2kmy\ _ oo o sinh (yt) sinh (yt)
E(.]Z, Y, t) = COS ( 17 + I ) e 22 |:04 <522’y + cosh (’yt) + ﬁf 5 (434)
el . (2jmx 2kmy\ _e [ 4w?(j% + k?) sinh(vt) o j
F t) = e2 h — h
(z,y,t) o G2 1 1) sin ( T + 7 ) e 2 [oz 2.2 5 + 5 522, sinh(yt) — cosh(vt) A

2

1 2
where v = 2\/24 - 16;;—62 (j2 + k2), and the initial data are given by

- 2jmx  2kmy - el . [ 2jmx 2kmy j
E(x,y,())acos( T +L), F(i,y,O)BQW(jQ_’_kQ)SIH( T + I )

If dm\/j2 + k2 > 2L,

2jmx 2kmwy\ _ o o sin (yt) sin (yt)
E(z,y,t) = cos < 7+ L> e 2e2 {a (52 5 +cos (7t) | + BT , (4.35)
eL . (2jmx 2kmy\ _ o [ 4w2(5% + k?) sin(vt) o j
F t) = 22 —
(z,y,t) o G2 1 ) sin ( T + 7 > e [a 122 5 +0 2e2, sin(yt) — cos(~yt) )

1 2 2
where v = 2\/16ng2 (j2+k2) — 2—4, and the initial data are given by

_ 2imx 2kmy _ eL . 2jmx 2kmy j
E(z,y,0) = acos ( 7t L) , F(r,y,0) = _ﬁ27r(j2+k2) sm( Tt L)

In what follows, we use the following parameters: c =1,e =1, L =20, j=1, k=2, a =1, 8 = 0. Hence,
we are in the case (4.35). We add 1 to the energy in order to avoid negative non-physical energies. Hence, the
energy reads

29 2% e . .
E(x,y,t) =1+ cos ( JTE + Wy) e 22 (Usm (71)

7 =2 —l—cos('yt)), (4.36)

which is plotted in Figure 35
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-10 0 10
X-Axis

Figure 35: The exact solution given by (4.36).

We define the meshes as follows: first, we use a uniform grid of size N, x IV, with IV, = N, ranging from
50 to 1000. This mesh is then made conical in three different ways:

1. For each edge, we add a control point at a distance equal to 20% of the straight edge length, in the
direction of the normal going away from the origin. This mesh is shown in Figure 36 (upper right).

2. For each edge, we add a control point at a distance equal to 20% of the straight edge length, in the
direction of the normal going toward the origin. This mesh is shown in Figure 36 (lower left).

3. The same as above, but with the direction chosen randomly outward or inward. This mesh is shown in
Figure 36 (lower right).

Y-Axis
o
Y-Axis

Y-Axis
Y-Axis

Figure 36: The different meshes used for the convergence analysis: upper left cartesian mesh, upper right conical mesh
with control points away from the origin, lower left conical mesh with control points closer to the origin, lower right
random control points.

We fix At = 2.5 x 107°, so that the time discretization error is much smaller than the spacial discretization
error. We compute the relative L? error on the energy at the final time 7 = 1, as a function of the number
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of cells per direction. As shown in Figure 37, we observe convergence of order one, as expected. The error is
almost the same for all conical meshes. It is slightly larger for the polygonal mesh.

JLa polygonal e
JLa conical -
| JLa comical +
JLa conical random

15/x ——

0.001 -

100 1000

Figure 37: Error on the energy as a function of the number of cells per direction. The exact solution is given by (4.36),
withe=c=1and j=1,k=2.

We also performed similar tests in the diffusion limit: first with ¢ = 10~%, then ¢ = 1078, In each case, we
used the above-mentionned exact solution with ¢ = 1 and j = 1, k = 2. The time step is set to At = 1074,
and, due to the stiffness of the system, we use an implicit scheme. As can be seen on Figure 38, the error is

second-order with respect to Az. This is consistent with the fact that the limit diffusion scheme is second-order
convergent.

4.3.8 A periodic test case with holes

In this last test, we have used the geometry displayed in Figure 39.
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Figure 39: Geometry and mesh of the test case presented in Subsection 4.3.8
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0.01000
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Figure 38: Error on the energy as a function of the number of cells per direction, in the diffusion limit case
€ = 1078. The exact solution is given by (4.36), with c =1 and j =1,k = 2.

4.3.8.1 Diffusion problem

We solve problem (1.2) with o = 1, with periodic boundary conditions on the outer boundaries. On the
boundary of the holes, homogeneous Neumann boundary conditions are used. The initial data is a Dirac mass
at point (0.7,0.7), that is, close to the left-hand side hole, above it and on its right. When using a polygonal
mesh, the code crashes due to (unphysical) negative values and numerical instabilities. However, using an exact
description of the hole boundaries with conical edges allows for a more stable scheme, with the solution displayed
on Figure 40.
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Figure 40: Solution of diffusion problem (1.2) with a Dirac mass (at point (0.7,0.7)) as initial data

4.3.8.2 P1 System

A similar study has been carried out in the case of (1.1), with 0 = ¢ = 1. Here, we have no maximum principle
and it is expected that the energy becomes negative [26]. However, we still have a much nicer behavior when
the holes are described by exact (conical) edges. See Figure 41 for the polygonal case, and Figure 42 for the
conical case.
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Figure 41: Solution of P1 problem (1.1) with ¢ = ¢ = 1, with a Dirac mass (at point (0.7,0.7)) as initial data,
on a polygonal mesh using polygonal scheme.
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Figure 42: Solution of P1 problem (1.1) with ¢ = ¢ = 1, with a Dirac mass (at point (0.7,0.7)) as initial data,
on a degenerate conical mesh except for edges of holes which are exactly curvely discretized

4.3.9 Conclusion on numerical tests

4.3.9.1 Diffusion scheme

We have compared our new conical schemes to original polygonal ones of [17, 8, 18].

For regular initial data, we note that we have more or less the same behavior leading to a second order rate
of convergence (see Figure 10), both for the polygonal and conical schemes.

For an initial data equal to a Dirac mass (in practice, its support is restricted to one cell of the mesh), we
have a better behavior for at least the following issues:

- The cross-stencil of the polygonal scheme (comming from the structure of nodal flux computed along the
corner normal) is naturally corrected when using the conical scheme (see Figure 9). Indeed, the added
edge flux (at the corresponding Shoulder point) induces coupling of cells through edges (see Figure 7) even
when w = 0.

- Positivity: we have observed that conical scheme always maintains positive values (see Figure 16 and 18)
as far as the underlying straight mesh is not too distorted. This remark should be taken with care, as we
have only tested cases when o is constant. Cases with non-constant ¢ may display different behavior.

- Robustness: for more complex geometry (see Figure 39), we obtain a solution only in the case of con-
ical scheme (with curved interior boundary), the polygonal scheme (with straight edges on the interior
boundary!) stops before final time due to numerical instability.

4.3.9.2 P1-AP schemes

In the diffusion limit case (¢ < 1), not surprisingly, due to the AP property, for Dirac mass initial datum,
we obtain cross-stencil only in the polygonal version (see Figure 22 and 23, see also Figure 31 and 32). Note
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however that the P1 system is not positive at continuous level, contrary to the diffusion equation. Hence
positivity is not a relevant property of the scheme in this case. We also obtain a second order convergence for
both polygonal/conical schemes for regular data and solution (see Figure 38).

In the transport regime case (¢ ~ 1), for Dirac mass datum, we still get cross-stencil for and only for
polygonal scheme (Figure 24 and 33). Here, we obtain a first order scheme both for polygonal and conical
schemes see Figure 37. For complex test case Figure 39, the polygonal scheme exhibits both cross stencil and
numerical instabilities (see Figure 41). On the contrary, the conical scheme on Figure 42 does not show such
pathologies.

4.3.9.3 Some common behaviors

From a mesh structure point of view, it is important to emphasize that these conical schemes peform
as well on unstructured conical meshes as on cartesian meshes (Figure 43). Indeed, the latter can be
described by degenerate conics. We have shown that in case of straight meshes the resulting degenerates
conical scheme performs at least as well as the polygonal scheme on Figures 9, 16, 18, 20 for diffusion
problem and on Figures 22, 24, 31, 33, for the P1 problem. In another context, we observe some behavior and
conclusion as in [4] for transport advection without source.

Sm')rl,h,
w'n,o'r‘th =0
S'u:est ® ® Seast
wuxesl, =0 wﬁast =0
Ss:uth
wsouth, =0
Cartesian mesh: 4 weights w equal to 0 Unstructured mesh : all weights w are >0

Figure 43: The S (Shoulder point) are the mid point of parametric edges (straight or curved), a (continuous)
quadrature weight is associated to each value of the w.

5 Conclusion and prospects

5.1 Conclusion

In this paper, we have proposed an extension of the polygonal nodal finite volume schemes for the P1 system
and the diffusion limit equation cf [8, 17]. These new schemes allow us to deal with curved conical meshes,
namely those whose edges are parametrized by rational quadratic Bezier curves. We emphasize that the case
of straight mesh is encompassed in this modeling as the planar degenerate conic case.

The new conical schemes obtained by adding a control point located on each mid edge (shoulder point) are
strictly different from those of the original polygonal case, especially for the planar degenerate
conical case (all w are set to 0). The (solved) singularity coming from the flux at shoulder point is that
only the normal component is well defined. We have a degree of freedom to define the tangential component,
here we choose to take the average of nodal fluxes in this tangential direction (cf also [6, 3] for hydrodynamical
scheme).

This extra flux term has some consequences:

1. For the diffusion scheme, we note a disappearance of instabilities due to the cross stencil for cartesian
meshes. We also note a better behavior with respect to positivity.
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2. Both P1-AP and diffusion schemes may adapt as well to cartesian meshes as to unstructured meshes with
straight or conical edges (note also that w can be non homogeneous and then a local w can be used on
each edge).

3. We note the unnatural property: increasing the geometric order allows for a stabilization of
a lower order scheme. A similar phenomenon was observed in [5, 6, 4] for non-linear or transport
advection equations. In our case, we observe it both in explicit and implicit version of the schemes.

5.2 Prospects

We aim at an extension of such methodology to M1 model [28, 23], and an hybrid model between P1 and M1
system. More generally, we plan to adapt it to linear hyperbolic multi D systems with linear stiff relaxation such
as Friedrichs systems [16, 9] and their limit equations. These limits may include tensorial diffusion equations.

An analysis of the underlying diffusion conical scheme (isotropic or positive definite tensor) is needed. This
will allow us to adapt results of [11] to construct a monotonic conical diffusion scheme on distorted mesh.
Such kind of mesh is often encountered in Lagrangian (Update) or Arbitrary Lagrangian Eulerian framework.
A strategy using APITALI concept could be the basis of defining higher order monotone schemes (as in the
hyperbolic part [4]).

Using the geometric decomposition of C?Of = Nj_’dof + Nj’dof ((2.19) and Figure 5), we could also define
schemes for all the above mentioned systems using N;t’dof vectors. For example, for the diffusion equation, it
would be interesting to extend Breil/Maire 7] (or MPFA-O [1]) polygonal diffusion scheme to conical meshes.

A study on w adaptation could also be investigated.
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