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HYDRODYNAMIC LIMIT FOR A BOUNDARY DRIVEN
SUPER-DIFFUSIVE SYMMETRIC EXCLUSION

CEDRIC BERNARDIN, PEDRO CARDOSO, PATRICIA GONCALVES, STEFANO SCOTTA

ABSTRACT. We study the hydrodynamic limit for a model of symmetric exclusion processes
with heavy-tailed long jumps and in contact with infinitely extended reservoirs. We show how
the corresponding hydrodynamic equations are affected by the parameters defining the model.
The hydrodynamic equations are characterized by a class of super-diffusive operators that are
given by the regional fractional Laplacian with some additional reaction terms and various
boundary conditions. This work solves some questions left open in about the same model.
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1. INTRODUCTION

The understanding of the macroscopic behavior of a physical system, from the microscopic
description of its molecules, is the main goal of statistical mechanics. Stochastic interacting
particle systems (IPS), introduced in the mathematics community by [29]], have been inten-
sively used to obtain, rigorously, the macroscopic laws which rule the space-time evolution
of the conserved quantities of a system. These macroscopic laws take the form of partial
differential equations (PDEs) whose nature depends on some features of the underlying IPS.
The PDEs associated with an IPS are derived thanks to a scaling parameter N — oo, which
connects the macroscopic space, where the solutions of the PDE live, with the microscopic
space, a discrete space where the particles of the IPS evolve. The exclusion process is the most
studied IPS in the mathematical literature. Its dynamics consists in a large system of particles
evolving on the lattice Z like independent continuous-time random walks, but with the rule
that any jump, which would result in the occupation of a site by more than one particle, is
suppressed. This “exclusion” condition characterizes the interactions between particles and
gives its name to this Markov process. The number of particles is preserved and the goal is
then to understand how does the particles’ density evolves in space and time. The transition
probability of the underlying random walks is denoted by p : Z x Z — [0, 1].

When the transition probability p is translation invariant, i.e. p(x, y) = p(y —x), with zero
mean and finite variance, the density is governed by the heat equation with a constant diffu-
sion coefficient equal to the variance of p. Different boundary conditions (Dirichlet, Robin,
Neumann) can be imposed by putting the system in contact with some stochastic reservoirs.
The nature of the boundary conditions depends on the reservoirs’ model and their intensity
via some scaling parameter. If p has heavy tails, in particular, if the variance is infinite, the
density evolves superdiffusively according to a fractional diffusion equation [[19], which is
a non-local PDE. Putting the system in contact with reservoirs gives then rise to a bunch of
boundary conditions which are much more difficult to describe than in the diffusive case.
This is due to the fact that a boundary condition has usually a local nature while the PDE, in
this case, does not have.

The exclusion process we analyze in this work was first introduced in [2,(3,/5]. We recall
here how it is defined. Let N > 1 and call “bulk” the lattice Ay = {1,...,N —1}. On the
right and on the left of the bulk we put stochastic reservoirs, which means that, according to
some rules that we will explain in details later, the sets {x <0; x € Z} and {x > N ; x € Z}
interact with the particles in the bulk, creating or annihilating them. The particles inside the
bulk move according to an exclusion process with long jumps: this means that particles can
perform jumps of any length but they can not jump to a site where there is already a particle
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(exclusion rule). This kind of dynamics is determined by a symmetric probability transition

C
p:zeZ—)p(Z’):lzlﬁﬂ{z#o}’ (1.1)

depending only on the length of the jump and on a parameter y > 0. Hence the constant ¢
is a normalizing constant equal to

Y

c, = . (1.2)

Associated with this transition probability we denote its second moment by o := >’ _ 2%p(z) €
[0, oo ] and we also introduce the quantity m := ZZZO zp(z) € [0, 00]. The strength of the
reservoirs is regulated by a factor k/N? depending on two parameters k > 0 and 6 € R.
We will see how the macroscopic behavior of the system changes drastically according to the
values of 8. We call the reservoirs “slow” (or “weak”) if 6 > 0 and “fast” (or “strong”) if
0 < 0. Moreover, we introduce two more parameters a € (0,1) and 8 € (0, 1) regulating,
respectively, the density of the left reservoir and of the right reservoir. The precise description
of the evolution of the process is given in Section Figure [1| gives an illustration of the
dynamics just described.

K
anaP(©) p(3) .
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FIGURE 1. Example of the dynamics of the model with N = 14 and the config-
uration = (0,0,1,1,0,0,0,0,0,1,0, 1,0); the sites in the region colored in
blue act as reservoirs.

In [[1]] the exclusion process evolving on A, with nearest-neighbour jumps (p(1) = p(—1) =
1/2) and only one reservoir at each endpoint of the bulk is considered and depending on the
value of 0, three different hydrodynamic equations are derived: the heat equation, either
with Dirichlet (0 < 6 < 1), Robin (6 = 1) or Neumann (6 > 1) boundary conditions. The
hydrodynamic behavior of the exclusion process with long jumps given by a symmetric p was
studied in [3]] when p has finite variance (y > 2) for all the regimes of 8. There, it is shown
that the hydrodynamic equations involve the standard Laplacian operator and in particular,
they are very similar to the ones found in [[1], where the reservoirs are present only at {0}
and at {N}. In both models, when the reservoirs are strong, (the rate of entering and exit-
ing the system is high) the hydrodynamic equation is simply a reaction equation where the
diffusive operator is not present since the dynamics caused by the reservoirs are influencing
the system much more than the interactions between particles inside A .

In [2]] the authors treat the case when p has infinite variance and m is finite (1 < y < 2)
and the reservoirs are quite strong, i.e. 8 < 0. As in the equilibrium setting of [[19]], in this
regime, the standard Laplacian operator is replaced by the fractional Laplacian, but since
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in [2]] the process evolves in a macroscopic finite domain, the fractional operator on R is
replaced by the regional fractional Laplacian, which is defined in Subsection with some
specific boundary conditions. Also there, it is possible to see that when the reservoirs are very
strong (0 < 0) the fractional operator disappears and the PDE involved is a simple reaction
equation. All these results are reviewed in the lecture notes [[13[]. Partial results in the case
of asymmetric heavy tailed p with infinite mean and without boundary conditions have been
obtained in [[28] (see also [[4]).

The aim of this work is to complete the analysis of this model for all the values of the
parameters involved, namely, the regimes in which the variance is infinite and which were
not treated in [[2]]. In [2]] the authors proved that for y € (1,2) and 6 < 0, the hydrodynamic
equation is a reaction equation, while for 6 = 0, the hydrodynamic equation is a “regional
fractional reaction-diffusion equation” with Dirichlet boundary conditions. The other regimes
(0 >0and 1 <y <2;and 0 <y < 1) were left open. Here we complete the scenario of
the hydrodynamic limits for this process for all the values of 8 and 0 < v < 2 except for the
pathological cases y = 1,2. In particular, in [2], it was conjectured that the hydrodynamic
equation, in a regime where 6 > 0 sufficiently small, is still a regional fractional diffusion
equation with Dirichlet boundary conditions, by looking at the convergence as k — 0 of the
solution of the hydrodynamic equation in the case 6 = 0. In this article, we prove this con-
jecture and identify precisely its domain of validity, which is 0 < 6 < y — 1. By the way,
we propose some weak formulation of fractional diffusion equations with various boundary
conditions which seem to be new in the PDE’s literature. We believe that this work could
also be of interest to understand the non-equilibrium properties of systems of oscillators in
contact with Langevin baths at their boundaries (see e.g. [6,23]]).

The hard part of the proof of the conjecture formulated in [[2]] is to derive the Dirichlet
boundary conditions from the particle system, i.e. to show, for example, when y € (1,2) and
0 < 8 < y—1, that the empirical density in a box of size éN around site 1 is close to a in
the limit N — oo and then ¢ — 0. In [2] the authors manage to avoid a proof of this claim
by imposing the boundary condition at the PDE level in some indirect way. This argument
fails when 6 > 0. The derivation of the Dirichlet boundary condition we obtain in this pa-
per, valid even for 6 = 0, is explained in Section and differs drastically from the method
used in [2]]. It relies on the result that we present in Section and on a renormalization
procedure. In the first step of this renormalization procedure we show that we can replace
the occupation number at site 1 by its average in a box of length £, for a certain value of ¢,
which is, unfortunately, not big enough to conclude the proof. Then, we use a multi-scale
argument (reminiscent of [[12,(14]]) which has the following role: we increase the size of {,,
by doubling it until we reach the needed size |¢N ] of the box. Finally, we show that the
occupation number at site 1 can be replaced by a in a proper regime of 6. The error that we
get by increasing the size of the box from £, to | N | is estimated in Section[5.3] In particular,
it permits us to estimate the change of energy of the system when we change the position
of particles. This result (Lemma [5.8)) was difficult to prove since particles can perform long
jumps and so there is a high number of different configurations contributing to the change of
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energy. Hence, we had to carefully consider all these possibilities to prove the final estimate
that we used to show that the PDE actually satisfies the Dirichlet boundary conditions.

Another difficulty we faced in the remaining regimes was to derive the convergence of the
discrete version operator that appears from the random underlying dynamics to the regional
fractional Laplacian. In [2]], the authors prove a uniform convergence on smooth test func-
tions with compact support. In this work, we show that this convergence holds in the L*
sense for any smooth test function (even if not compactly supported) so that at the hydrody-
namics level we may consider test functions that do not have compact support and therefore,
see the boundary conditions. This result is proved in Subsection|5.1

Our results are summarized in Figure [2/and the proper statement is given below in Theo-

rem 2. 18l

Diffusion

Frac. Diff. & Neumann b.c. & Neumann b.c.

0 =

Diffusion & Robin b.c.

&
S Frac. Diff. Diffusion
Q@é" & Dirichlet b.c. & Dirichlet b.c.

Frac. Reac. Diff. & Dirichlet b.c.

Reaction & Dirichlet b.c.

FIGURE 2. Hydrodynamic behavior depending on the values of 6 (vertical axis)
and y (horizontal axis). The case y > 2 is treated in [3]]. The case y € (1,2)
and 6 < 0 is treated in [2]. In this work we analyse all the other regimes,
apart from the critical cases y = 1 and y = 2, that are left to a future work.

The paper is organized as follows: in Section 2, we define precisely the model and we
present the hydrodynamic equations we obtained and the definition of weak solutions that
we use. Moreover, in the same section, we state the main result of this paper. We also
comment on the stationary profiles associated with the hydrodynamic equations. In order to
derive these stationary profiles from the microscopic dynamics, we advise that it is possible
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to follow the strategies presented in [[30] and [5]]. At the end of Section 2, we present also
some heuristic results on possible variations of the model considered. Section 3 contains the
proof of the convergence of the empirical measure to a weak solution of the PDEs introduced
in Section 2. In Section 4 we prove that the weak solutions of the hydrodynamic equations
we defined are unique, which completes the proof of the main result. Section 5 is devoted
to the proof of some technical lemmas that we need during the proofs of these results.

2. STATEMENT OF RESULTS

2.1. The model. The Markov process we consider is analogous to the one introduced in [3]]
and [2]], so we will use the same notation.

The dynamics of the process we are interested in is determined by the interactions between
particles inside the set, defined for N > 2by Ay, :={1,--- ,N—1} called “bulk”. The evolution
of the configuration of particles is described by a function of time 7)., taking values in the space
Qy := {0, 1}*" of functions which associate to any point of Ay either the value 1 or 0. Thus,
if we fix some horizon time T > 0, at time t € [0, T ], the configuration 7, is fully described
by the values of 1,(x) for x € Ay: if n,(x) = 1 it means that there is a particle at site x at
time t, otherwise if 1,(x) = 0 it means that the site x is empty at time ¢.

The dynamics of this process is explained in detail in [2,(3]. We recall it here briefly. It is
easier to understand it separating bulk and reservoirs dynamics:

e bulk dynamics: each pair of sites (x,y) € Ay x Ay carries a Poisson process of in-
tensity one. When there is an occurrence in this process we exchange the value of
1(x) and n(y) with probability p(y —x)/2;

¢ reservoirs dynamics: let us start describing the dynamics associated to the left reser-
voirs. Every pair of points (x,y) € {x € Z : x < 0} x Ay carries a Poisson process
of intensity one. When there is an occurrence in this process we exchange n(y)
with 1 —n(y) with rate ayzp(y —x) if n(y) = 0 and with rate (1 — a)yzp(x,y)
if n(y) = 1. The right reservoirs act in an analogous way: every pair of points
(x,y)e {x € Z: x = N} x Ay carries a Poisson process of intensity one. When
there is an occurrence in this process we exchange 1n(y) with 1 — n(y) with rate

Bxep(y —x) if n(y) = 0 and with rate (1 —f8)5zp(y —x) if n(y) = 1.

The infinitesimal generator of the process considered, which depends on some parameter
a,p €(0,1), k>0 and O €R, is defined as

Ly=L%+xNLL +xN7°L], (2.1)
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and acts on functions f : Qy — R as

1
WA =5 25 ple=yLf (@™ n)=Fml,

X,YEAN
LM = plx—Y)e(n; ) f(o*n) — f ()], 29
<o ’
LA = D, plx—y)e(n: PILf (0% n) — £ (n)]
e
where
n(z), if z#x,, .
(Y@ =10y, fz=x, , ("n)&)= {1"(2)’ if = 7 x,
. —n(x), if z=x,
n(x), ifz=y
and for 6 € (0,1) and x € Ay, we define
ce(1;8) :=[n(x) (1= &) + (1 — n(x))5]. 2.3)

We will consider the Markov process in the time scale t®(N), where ©(N) is defined in
(2:26). In order to have a lighter notation we will denote 1Y := 1,¢y), so that the process
1™ has as infinitesimal generator ©(N)L,.

2.2. Topological setting and fractional operators in bounded domains. In this subsec-
tion, we introduce the notation, the operators and the spaces of functions that we will use in
the rest of this work.

First, let us fix some notation. For h : [0,1] — [0, 00) a Borel function we will consider
frequently the Hilbert space L2([0, 1], h(u)du) that we denote simply by L}ZI([O, 1]). The inner
product and the norm associated to this space will be denoted respectively by (-,-), and ||-||.
When h = 1, we will work with the standard L?([0,1],du) space, and in the norm and the
inner product, we will omit the index h = 1. For any interval I C R, we denote C*(I) (resp.
CC"(I )) the space of continuous real-valued functions (resp. with compact support included
in I') with the first k-th derivatives being continuous as well. Moreover, for T > 0, we will say
that a function H € C™"([0,T] x I) if H(-,x) € C™([0,T]) and H(t,-) € C"(I) for any x € I
and t € [0, T]. Analogously H € C™"([0,T]xI) if H € C™"([0,T] x I) and H(t,-) € C'(I)
for any t € [0, T]. If one (or more) superscript is equal to oo it means that the function
considered is smooth in the respective variable. We will use equivalently the notation H,(u)
and H(t,u), so the subscripts have not to be confused with partial derivatives. We will denote
the derivatives of a function H € C™"([0, T ]xI), by 0,H if the derivative is in the time variable
and J,H if the derivative is in the space variable.

We will write hereinafter f(u) < g(u) if there exists a constant C independent of u such
that f(u) < Cg(u) for every u; moreover, we will write f(u) = O(g(u)) if the condition
If (1) < |g(u)| is satisfied.
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We recall now the definition of the fractional operators and the spaces that we will use.
The fractional Laplacian (—A)"/? with exponent y/2, for y € (0,2), is the operator acting
on functions f : R — R such that

< f@l
f_oo Wdu < o0 (2.4)
as I
— (=AY f(u) = c, limJ ﬂ|u_V|ZEJMdv, (2.5)
0 | lu—v|1tr

for any u € R, if the previous limit exists and where c, is defined in (1.2). The interested
reader may have a look at [26]] for more details. In a finite domain we introduce the regional
fractional Laplacian L on the interval I € R which acts on functions f : I — R such that

fwl
TN eans
* FO—f@)
V)— u
(ILf)(u) = CY ll_I)%JI ﬂ|u_v|26mdv, (26)

for any u € I provided the limit exists. In this work we will always consider the case in
which I is the interval (0,1) and in this particular case Lf is well defined, for example, if
fec*([o,1D.

On (0, 1) we introduce the semi inner-product (:,-), ,, and the corresponding semi-norm
|| : ||y/2 = (', .>Y/2’ defined by

(F.8), 0 = %JJ (f(u)—f(V))(g(U)—g(V))dudv, 27
[0.1]2

lu—v|1tr

where f, g : (0,1) — R are functions such that ||f||, , < oo and [|g||,/» < o©.

We have the following integration by parts formula (Theorem 3.3 and 3.4) in [[16]:
Proposition 2.1 ( [16])). If f,g € C*([0,1]) then
{f,—Lg) = (-Lf,8) = (£, &)y o-
If f,g:[0,1] = R are such that Lf € L*([0,1],du) and if g is such that

f f f@—fWlls@-g0 2.8)
(0,12

|u_v|1+y

then
<_Lf5 g> = (f: g>)//2'
As observed in [16], Lf € L*([0,1],du) as soon as f € C!([0,1]) for 0 < y < 1 and
fecC?*([0,1])forl<y<2.
In Corollary 7.6 of [|16]] the following generalization is also established for y € (1, 2).
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Proposition 2.2 ( [16]]). Let y € (1,2) and g € C%([0,1]). Let f : [0,1] — R be such that
u— fu™ and u — f(w)(1 —u)*7 are in C*([0,1]). Then,

(—Lg,f) = x,[g(1)D"f (1) — g(0)D"f(0)] + (—Lf, &) (2.9)
where y, is a constant defined below equation (7.4) in [[16|] and
(D7£)(0) = lim f ‘(Wu*7, (D7f)(1)= lim f'(u)(1 —u)*. (2.10)

In order to have later a lighter notation it is useful to introduce a family of fractional
operators {L, },~¢, defined in [2] as

L, :=L—xV;, where Vi(u):=r"(u)+r"(u)
and, for any u € (0, 1),

rri=cy lu, rfw)i=cy ' (1-uw). (2.11)
We also define, for any u € (0,1) and a, 8 € (0, 1),
Vo(u) = ar~(u) + Brr(u). (2.12)

Remark 2.3. Observe that the operators L, defined above are symmetric in L*([0,1],du) .
Moreover, for k = 1, we recover the so-called restricted fractional Laplacian (see [11]), for any

fec((0,1)):

Vue(0,1), —(—A)"*f(w)=(Lf)w)—Vi()f () := (L. f)(w), (2.13)
while for k = 0 we get the regional fractional Laplacian L defined in (2.6]).

Remark 2.4. It is well known that the fractional Laplacian —(—A)"/? is the infinitesimal gen-
erator of a y-stable Lévy jump process on R. In the finite domain (0, 1), the regional fractional
Laplacian 1L is also associated to a Markov process which roughly corresponds to the Lévy jump
process above reflected at the boundaries of (0,1). Because it is a jump process, making sense
of the previous sentence is not trivial (see [16]). Following [16], the process with generator L
is called the “reflected symmetric y-stable process". Its behavior is strongly dependent on the
exponent y. For y € (0, 1], it is essentially the same as the “symmetric y-stable censored process"
defined in [7|] and which is obtained from the Lévy jump process on R by suppressing its jumps
from (0,1) to its complement. It is proved that for y < 1, the censored (or equivalently the
reflected) process will never touch the boundaries, so that in some sense the process does not see
the boundaries. This is not the case if v > 1.

Definition 2.5. Let us denote by #"/? := #7/2([0,1]) the Sobolev space containing all the
functions g € L*([0,1]) such that ||g]| |, /2 < ©0. This is a Hilbert space endowed with the norm
|1 || s¢vs> defined by

gl :=llgll* + lIgll? -
Ify € (1, 2) its elements coincide a.e. with continuous functions. The space 3%” 2= %g/ *([0,1])

is defined as the completion of C°((0,1)) for the norm just introduced. If y € (1,2), its ele-
ments coincide a.e. with continuous functions vanishing at 0 and 1 and as pointed out in [9|], on
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,%OOY/Z, the norms || - || 42 and || - ||, are equivalent. If y € (0, 1), ,%g/z = #7/? (see Theorem
3, Section 2.4 of [27]).

Remark 2.6. The main difference between the case y € (0, 1) and the case y € (1,2) is that the
trace on {0, 1} of a function u € #"/? exists if y > 1 while it does not exist (a priori) if y < 1.

The weak solutions of the hydrodynamic equations that we will define live in the space
L?(0, T; #"/?) which is the set of measurable functions f : [0, T] — #7"/? such that

T
f [Ifell52dt < 0.
0

The spaces L%(0, T; 3%” *)and L2(0, T; L?) are defined in an analogous way, using the spaces
L%([0,1], h(u)du) and 3%”2 instead of #7/2.

The regional fractional Laplacian can be extended to the space #"/2. Indeed for any p €
#7/? we can define the distribution Lp on (0, 1) by its action on functions f € C>((0,1)):

{Lp, f)={p,Lf).
The proof that Lp is indeed a well defined distribution can be found in [2].
2.3. Hydrodynamic equations. Now, that we have introduced all the notation and the

spaces of functions that we will use, we can define the PDEs and respective notions of weak
solutions, which are involved in the hydrodynamic limit of this model.

Definition 2.7. Let v € (0,2)\{1} and g : [0,1] — [0, 1] be a measurable function. We say
that p : [0,T] x [0,1] — [0, 1] is a weak solution of the regional fractional diffusion equation
with fractional Neumann boundary conditions and initial condition g:
op(w)=Lp,(w), (t,u)€[0,T]x(0,1),
(D7p;)(0)=(D"p;)(1) =0, (2.14)
pO(u) = g(U), uec (09 1):
if :
i) p € L*(0,T;x"?).
ii) For all t € [0, T] and all functions G € C%*°([0, T] x (0, 1)) we have that

Fyeu(t,0,G,8) :=(p., G,) — (g, Go) —Jt <ps, (33 + JL)GS> ds = 0. (2.15)
0

Definition 2.8. Let y € (0,2)\{1}5 K > 0 be some parameter and g : [0,1] — [0,1] be a
measurable function. We say that p* : [0, T]x[0,1] — [0, 1] is a weak solution of the regional
fractional reaction-diffusion equation with non-homogeneous Dirichlet boundary conditions and
initial condition g:

dp; (W) =Lep; (W) +&Vo(w), (6,u) €[0,T]1x(0,1),

p;(0)=a, p;(1)=p, te(0,T] (2.16)

pow)=g(), ue(0,1),
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if :
i) p*eL?0,T; %:Y/Z) .
i) fo fo {(a—pt(u)) (B—p; (W) }dudt < 00,

ur (1—u)r

iii) For all t € [0, T] and all functions G € Cc1’°°([0, T] % (0,1)) we have that

FRD(tp Gg) —<Pt: g:GO) f 3+L) s>ds—kJ <G5>V0>d‘s:0
’ (2.17)

Remark 2.9. Observe that in Definition the second item is automatically satisfied if v €
(0, 1) since p* is uniformly bounded by 1. If y € (1, 2) the second item implies that for a.e. time
t we have that pf(O) = a and p’f(l) = . We conjecture that this remains true for y € (0,1)
even if the weak formulation does not seem to imply trivially these boundary conditions.

Definition 2.10. Let y € (1,2). Let g : [0,1] — [0, 1] be a measurable function. We say that
p:[0,T]x[0,1] — [0,1] is a weak solution of the regional fractional diffusion equation with
non-homogeneous Dirichlet boundary conditions and initial condition g:

op(u)=Lp.(w), (t,u)€[0,T]x(0,1),
p(0)=a, p,(1)=p, t€(0,T] (2.18)
po(u) =g(u), ue(0,1),
if :
i) p € L*(0,T;x"?).
ii) For all t € [0, T] and all functions G € CC1’°°([O, T]x(0,1)) we have that

Fpi.(t,0,G,g) :={p:, G,) — (g, Go) —ft<ps, (85 +L)Gs>ds =0. (2.19)
0

i) for t a.s. in (0,T], p,(0)=a and p,(1) = B.

Definition 2.11. Let & > 0, y € (1,2) and let g : [0,1] — [0,1] be a measurable function.
We say that p* : [0, T] % [0,1] — [0, 1] is a weak solution of the regional fractional diffusion
equation with fractional Robin boundary conditions and initial condition g:

pf(wW)=Lp*w), (t,u)e[0,T]x(0,1),
%, (D7p5)(0) = km(a—p¥(0)), x,(D"p¥)(1)=i&m(B —pF(1)), (2.20)
piw) =g, ue(0,1),

i) p* e L?0,T;7?).



12 CEDRIC BERNARDIN, PEDRO CARDOSO, PATRICIA GONGAIVES, STEFANO SCOTTA

ii) For all t € [0, T] and all functions G € C>°°([0, T] x (0, 1)) we have that

t
Fros(t,0%,G, 8) :=(p*,G.) — (g, Go) — f (pf.(a+1)G,)ds
0 (2.21)

—&km J {G,(0)(at— pF(0)) + G,(1)(B — p¥(1))}ds = .
0

Remark 2.12. Observe that in (2.21)), the terms pf(O) and pf(l) are well defined for a.e. time
s since p* € L%(0, T; #7/?) so that for a.e. time s pf has a continuous representative on [0, 1].
Definition 2.13. Let y € (0,2)\{1} and k > 0 be some parameter and let g : [0,1] — [0,1]

be a measurable function. We say that p* : [0,T] x [0,1] — [0, 1] is a weak solution of the
reaction equation with non-homogeneous Dirichlet boundary condition and initial condition g:

0.pf (W) =—kp; (Vi (u) +kVo(w), (t,u) €[0,T]x(0,1),
pi0)=a, pf()=p, te(0,T], (2:22)
pow)=g(w), ue(0,1),

. T (1 {(a=pf)* | (B=pfW)*

i) _fO fo{ ‘Ly + (1p_u)y }dudt<oo.

ii) For all t € [0, T] and all functions G € Cc1’°°([0, T]x%(0,1)) we have

t

FReaC(t’pk’G’g) ::<pf’Gt>_(ng0)_J <pf’asGs>d5

0 (2.23)

t t
+ Kf (p¥, Gs>v1 ds — Kf (G,,V,)ds =0.
0 0

Remark 2.14. Observe that if y € (0, 1) the first item is trivial since p* is uniformly bounded
by 1. Moreover, as proved in [2|], the equation (2.22) has an explicit solution in the sense of

Definition which is given by
VoW
Vo(u) n [g(u) _ M]e—m W,
Vi(w) Vi(w)

foranyu €[0,1]and any t € [0, T]. Therefore is trivial to show that pf(O) = aand p’f(l) =p
forany t € (0, T].

(2.24)

Remark 2.15. The reader can easily check that thanks to Proposition the notion of weak
solution coincides formally EI with the corresponding strong PDE formulation for each of the
definition given above.

Proposition 2.16. The weak solutions of equations(2.14)),(2.16), (2.18), (2.20) and (2.22)
given in the definitions above are unique.

Proof. It is detailed in Section [4] O

!t is only formal since the regularity properties of the solution of the PDE are not known.
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2.4. Hydrodynamic limit. Let .# " be the space of positive measures on [0, 1] with total
mass bounded by 1 equipped with the weak topology. For any configuration € Q,, we
define the empirical measure 7V (n,du) € 4" by

1
N (n,du) = N_1 Z n(x)6% (du), (2.25)

N-— xEAy
where &, is a Dirac mass on a € [0, 1] and we denote
¥ (du) == 1" (0¥, duw).
Fix T > 0. We denote by P, the probability measure in the Skorohod space 2([0, T ], 2y)
induced by the Markov process " with initial distribution uy and we denote by E,, the

expectation with respect to P, . Let {Q"}y>1 be the sequence of probability measures on
2([0,T], #") induced by the Markov process {n}' },», and by P, .

Definition 2.17. Let p, : [0,1] — [0, 1] be a measurable function. We say that a sequence of
probability measures {uy}y=1 on Qy is associated with the profile py(-) if for any continuous
function G : [0,1] > R and every 6 >0

> 5) =0.

1

1 x

~ 22 G(F)n()~ J G(q)po(a)dg
XE€AN 0

The next statement is the main theorem of this work. The result is summarized in Figure

The proof is given in details in the next sections.

Nlim Uy (neQN:

Theorem 2.18 (Hydrodynamic limit).
Let g :[0,1] — [0, 1] be a measurable function and let {uy }y>1 be a sequence of probability
measures in Qy associated to g(-). Then, forany 0 <t < T,

1
: 1 x K
lim P, (n?v € 2([0,T],2y): EXEZANG(NWX(»«)— f G(u)pF(u)du| > 5) =0,
where the time scale is given by
N™? 9 <o0;
N)= 2.2
O(N) {NY 0> 0:; (2.26)
and py is the unique weak solution of:
e (2.14)if6 >0andy€(0,1)orif 06 >y—1and y €(1,2);
o (2.16) with k =k, if 6 =0and y € (0,2)\{1};
e (2.18)if6 €(0,y—1)and vy €(1,2);
o (2.20) withk =xk,if0 =y—1andy € (1,2);

. with K =k, if 0 <0 and y € (0,2)\{1}.

To prove this theorem we will use the entropy method introduced in [[17]]. Therefore, we
will prove that the sequence {Q" }cy is tight and we will characterize uniquely the limiting
point Q by showing that it is a Dirac measure over the trajectory 7,(du) = p(t,u)du, where
p(t,u) is the unique weak solution of the corresponding hydrodynamic equation.
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2.5. Few words about stationary solutions. In this subsection we discuss some facts about
the study of stationary solutions lim,_,., o} of the hydrodynamic limits, presented in Theo-
rem [2.18] and their possible derivations from the stationary state of the microscopic model
(hydrostatic limit).

e Ifye(0,1)and 6 > 0orify €(1,2) and 6 > y—1, we conjecture that the stationary

solution depends on the initial condition g and it is given by the constant fol g(u)du.
On the other hand, in these regimes the hydrostatic profile is different and explicitly

given by
1
[ee] _ VO(W) _ a+ ﬂ
P (u)_L V1(W)dw_ 2

for any u € [0, 1]. The hydrostatic limits can be derived by following the recent strat-
egy developed in [[30].

o If y €(0,2)\{1} and 6 < 0 the stationary solution is given by

Vo(u)

PP (w) = e

for any u € [0, 1] and coincides with the hydrostatic profile which can probably be
derived by following the strategy presented in [|5] combined with the methods used
in this paper.

¢ In the other regimes the stationary solution is expected to be unique, but not explicit,
connecting a to 3, apart from the case of Robin boundary conditions (y € (1,2),
6 = y—1). Here it should also coincide with the hydrostatic profile which can, likely,
be derived by following the strategy presented in [|5] and the results of the present

paper.

The hydrostatic profiles obtained numerically are represented in Figure 3| below. We ob-
serve that apart from the flat case, they are nonlinear and not smooth at the boundaries.

2.6. Variations of the dynamics. In this section we present some results about three models
with different dynamics but which can be studied with the techniques developed in this paper.
We do not write the details of the proofs. We consider only the infinite variance case (y < 2).

2.6.1. Super-diffusive model with reservoirs acting only on one site. This particular variant of
our model has the same dynamics inside the bulk but the reservoirs are only located at the
sites 0 and N and they act only on the sites 1 and N —1, respectively. It means that the action
of the reservoirs is exactly the same as the one presented in [|1]] while the bulk dynamics is
the same as the one presented in Subsection Therefore the generator associated to this
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— ¢y, 05y ~1
0¢yct, 650
¢y, b=y -1
1y, 0<ocy—1
1<y, 0=0
0¢yct, 6=0

—_— 0¢y<2, <0

(a+p)2

FIGURE 3. Here are represented some numerical simulations of the stationary

solutions for the various PDEs, according to the value of y and 6 as in the
legend.

model is defined by its action on functions f : 2y — R as:

Lfm=5 > pe— @ n)—F ()]

X,yEAy

" 1%[“(1_’7(1)“(1—0‘)?’)(1)]f(01n)—f(n)] (2.27)

+ BN =1)+ (1= F)nN —DIf (" n) = F ()]

K lﬁ K
a— 2 (1-B)5
N9 [—\ N@
7 e T e &

1 2 3 5 6 7 8 9 10 1k 12 1354

FIGURE 4. Example of the dynamics of the model presented in Section
with N = 14.

In this case we need to accelerate the system by a factor which does not depend on 6 and
which is constantly equal to ©(N) = N7. Then, following the same strategies used in this
work, it is possible to prove that the hydrodynamic limits associated to this model are given
by the following hydrodynamic equations (summarized in Figure [5):
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e if O <y —1 we get the equation of Definition [2.7
e if 6 =y —1 we get the equation of Definition [2.11{with m =1 and K = k;
e if 0 >y —1 we get the equation of Definition [2.7}

Frac. Diff. & Neumann b.c.

Frac. Diff. & Dirichlet b.c.

FIGURE 5. Summary of result on hydrodynamic limits for the model introduced
in Section

2.6.2. Diffusive model with reservoirs acting on all the sites. In this other variation of our
model, the reservoirs have the same dynamics as the one described in Section [2.1} while in
the bulk the particles move according to the nearest-neighbour dynamics defined in [[1]], that
is in the bulk the transition probability p(-) has range 1. Therefore the generator associated
to this model is given by its action on functions f : 2y — R as:

N-—-2
Lyf(n) = > [f(e™*1n) = f(n)]
x=1
D IPWICSIONCHICEDEIION (2.28)
x€AN ¥y<0

a5 20 2P = y)en: BLF (0" m) = F ()]

xX€ANy y=N

where c,(n, a) and c,(n, ) were defined in (2.3).
The hydrodynamic equations associated to this model (summarized in Figure[7)) are given
by:
e For O > 2 — 1, if we accelerate the system by a factor ®(N) = N2, we get the heat
equation with Neumann boundary conditions i.e.
atpt(u):Apt(u) ux te(oi 1) X [O, T]:
9,p:(0)=0,p,(1)=0 te[0,T]; (2.29)
po(w) = g(u) ue(0,1);
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K
“ya?® (1=B)5p(3)

-=2-10 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

QN.H

FIGURE 6. Example of the dynamics of the model presented in Section [2.6.2]
with N = 14.

for some arbitrary initial condition g : [0,1] — R and with the notion of weak solu-
tion introduced in Definition 2.7 of [[1[];

e For O = 2—v, if we accelerate the system by a factor ©(N) = N2, we get the reaction-
diffusion equation with Dirichlet boundary conditions i.e.

op () =Ap (u) +Vo(wp (w) uxte(0,1)x[0,T];
p(0)=aand p,(1)=f te[0,T]; (2.30)
Po(w) = g(u) u€(0,1);
for some arbitrary initial condition g : [0,1] — R and with the notion of weak solu-
tion introduced in Definition 2.2 of [|3]] but with o?/2 that now is equal to 1;

e For < 2—v, if we accelerate the system by a factor ©(N) = N"*% we get the reaction
equation introduced in Definition with & = k.

0=2 Diffusion & Neumann b.c.

FIGURE 7. Summary of the results on hydrodynamic limit for the model intro-
duced in Section

2.6.3. Onesite reservoirs’ with long jumps. Another interesting case which deserves a mention
is the model with the same dynamics as the ones introduced in Subsection but with
reservoirs only at the sites 0 and N. This was studied in the lecture notes [[13] and the
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analysis is almost analogous to the one we do in this work and therefore we will not treat
this case here.

3. PROOF OF THEOREM

3.1. Heuristics for the hydrodynamic equations. In this section we give the main ideas
of the proof of the derivation of the weak solution of the hydrodynamic equation for each
regime of O and y. Let us, by now, assume that the probability measure Q¥ on 2([0, T], .# ™)
defined above, converges to a measure Q on the same space, concentrated on a trajectory of
measures 7,(dq), which is absolutely continuous with respect to the Lebesgue measure with
a density p(t,q). We will prove the aforementioned convergence, up to a subsequence, in
the next subsections.

For simplicity we will forget the time dependence on the test functions, which would only
make the notation heavier without bringing additional difficulties. Therefore, consider a test
function G : [0,1] — R for which LG is well defined. From Dynkin’s formula (Lemma A.5
of [[21]]) we have that

t
MY(G)=(n),G)— (ﬂ]g,G)—f O(N)Ly(nY,G)ds, (3.1)
0
is a martingale with respect to the natural filtration {F'}5,, where Z" := o({n"'},,) for
all t € [0, T]. In the previous display we denoted by (nf’ , G) the integration of the function
G on [0, 1] with respect to the empirical measure 77:?’ ,i.e.

(7,6) = ——= > G (£) o).

XEAN

Now, we compute the explicit value of the integrand function in (3.1), which is given by

O(N
@(N)LN@T?s G) :N(——i Z (gNG)(l%)nﬁv(X)

XE€AN

KO(N) (3.2)
+m2 G(E) (ry(E)a—n" () + 1 (3B =" (x))),
where, %, G is defined on test functions G by
(LG)(E) = Z p(y —x)[G(H)—G()], 3.3)
for all x € Ay with (ZyG)(0) = (.stGy)uN) = 0 and r*(x/N) are defined as
mE)=>p(y) and rH(E)= > p(y). (3.4)
= S

We have to study the various terms in (3.2]) in the different regimes of y € (0,2) \ {1} and
0 € R. Recall that the cases 6 < 0 and y € (1,2) were already treated in [[2] and, for that
reason, they will not be considered in this work.
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3.1.1. Case 6 <0 and y € (0,1). In this regime the time scale is given by ©(N) = N"*¢ and
the test functions are in C°([0, 1]). Let us first analyze the first term on the right-hand side
of (3.2). Recalling and performing a Taylor expansion of G around x /N, we can bound
from above this term by a constant times

1

IVY+9
3 > > T (3.5)

XE€EANy yEAN
y#x

plus lower order terms with respect to N, since G’ is uniformly bounded and |n"(x)| < 1.
Then, changing variables, that term can be rewritten as

Ny+9N - N—1 XT_l N-1
Z NS f TSNP S TSNS (3.6)
=1 x=2J 5 x=2

So, since 6 < 0, the term in the last display vanishes, as N goes to infinity.

Let us now analyze the second terms on the right-hand side of (3.2)). We treat in details
just the term involving ry; since the other one is completely analogous. That term can be
rewritten as

ST GH (N - () a0V —— > GEIr () a—1"(x). (3.7)
N-—-1 N-—-1 NZ AN s

XEAy XE€EAN

We will show now that the term on the left-hand side in the previous display vanishes as N
goes to infinity. In order to do that, we use the estimate

—rg —rz —17 2 \—y—1
INTry () —r (DI < e, N7 (F)7

when z/N > a for some fixed a € (0, 1), proved in the Appendix of [|5]. Using this estimate,
the fact that (@ — 1 (x)) is uniformly bounded and G has compact support, we get that the
term on the left-hand side of (3.7) is bounded from above by a constant times

_ Z( yrls — J Tl du SN, (3.8)
1/N

XE€EAN

and since y < 1, it vanishes as N goes to infinity. Finally, we prove that the second term of
(3.7) converges to

K J aG)r (u)du—« J G(u)r~(uw)p(u)du, (3.9

provided that nf’ converges to an absolutely continuous measure, with respect to the Lebesgue
measure on [0, 1], with density pX(-). In order to do that let us denote H := Gr~ which is a
function in C>°([0, 1]). Then, the last term in (3.2)) is equal to

—n(x)), (3.10)

N —

xeAN
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plus terms vanishing as N goes to infinity. Which, under the hypothesis of the convergence
of ¥ that we just did, is exactly the Riemann series converging to (3.9).

Repeating the same proof for the term on the right-hand side of involving r, we get
that the whole term converges to

1 1
KJ G(u)VO(u)du—Kf Gy (w)p ! (w)du, (3.11)
0 0

as N goes to infinity, which is the term involved in the definition of the weak solution for this
regime of 6 and y.

3.1.2. Case 6 = 0 and y € (0,1). In this regime the time scale is ©(N) = N and the test
functions are again in C>°([0, 1]). Then, the first term on the right-hand side of (3.2)) can be
written as

1 1
7 2 (NG ~ LG () + w— D LGGnY (). (3.12)

X€Ay X€Ay

The first term on the left-hand side of the previous display vanishes as N goes to infinity, as
a consequence of the fact that Inf’ (x)| <1 and Lemma Now, using an argument similar
to the one used in the proof of Lemma it is possible to approximate the operator L by
an operator L, in such a way that L_.G is a continuous function on (0, 1) and lim__,, ||L.G —

LG”Ll(O,l) =0.
Therefore we can rewrite the term on the right-hand side of (3.12) as
1 1
— > [LEE)~L.GH) Y () + 7= 2 LG (x).

x€Ay xX€Ay

Then, reasoning as we did in the proof of Lemma 5.1} it is possible to show that the first term
of the previous display vanishes as € — 0 and the second one converges, as N — oo and
e —0,to

1
f LG(u)p} (u)du. (3.13)
0

The second term on the right-hand side of (3.2) can be treated exactly as in the previous
case, where we showed that it converges to (3.9) as N goes to infinity. Note that (3.13) and
(3.9) are exactly the terms involved in the definition of weak solution in this regime of 6 and

Y.

3.1.3. Casey €(0,1)and 6 > 0ory € (1,2) and 6 > y—1. In these regimes the time scale is
again ©(N) = N7 and the test functions are in C°°([0, 1]). In both cases, the analysis of the
first term in (3.2) is completely analogous to the one that we did in the previous subsection.
Indeed, using Lemma it is possible to show, with the assumption on the convergence of
7V, that this term converges to (3.13]) with G € C°°([0, 1]). This is the only term involved in
the definition of weak solution in these regimes. Indeed, we show now that the second term
on the right-hand side of vanishes, as N goes to infinity. Since G(5) and a —nY(x) are
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bounded, we can rewrite the part involving r; on the second term on the right-hand side of
(3.2) as a constant times

N0 (). (3.14)

X€Ay
Now, observe that:

e in the case v € (0, 1) the sum in (3.14) is diverging so we have to bound it in some
way. Observing that y™'~! is a decreasing function we can perform the following

bound
N—-1
DirmE) =, > >y S g3+ > >y
X€EA XEAN y=X x=2y=x
' = +Z<T = g R (3.15)
s—+2f yTrldy<C+-) x 7<=+ ,
2 =2Jx-1 y‘le 2 14

since 1y (1%) = % So, we can bound (3.14) by

and it vanishes, as N goes to infinity;

e inthe casey € (1,2) the sumin is converging since, in this regime, >, _ Ay TN (%)
converges to m (see [[2]). So the order of the whole term is N r=6—1 therefore it van-
ishes, as N goes to infinity, since 6 >y —1.

The term involving ry in (3.2) is treated in the same way. Notice that the integration by
parts formula (Proposition[2.1I)) plus the boundary conditions of Definition [2.7)implies (2.15)
(under the assumption of convergence of 7).

3.1.4. Case y €(1,2) and 0 < 6 < y—1. In this regime the time scale is ©(N) = N" and the
test functions are in C°([0, 1]). The analysis of the first term at the right-hand side of
is analogous to the one of the previous case.

Let us then show how we treat the second term on the right-hand side of (3.2). We will
use the fact that the test function G satisfies G(x) = 0 for x € {0,1}. Observe indeed that
the term in involving ry; can be rewritten as a constant times

N0 IXTGE),

XEAN

since the order of r;(x/N) is x™" when we are considering x > aN for some fixed a € (0, 1)
(see Lemma 3.3 of [[5]]) and this is true whenever the test function has compact support. Then,
performing a Taylor expansion on G around O we can bound it from above by a constant times

—6—2 —r+1
N7 E x T

X€AN
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plus lower order terms in N. Therefore, since the sum in the last display is of order N™"*2,
the order of the whole term in the last display is N~%, and it vanishes as N goes to infinity.
The same analysis can be done for the term involving ry; in (3.2).

The item (iii) of Definition also holds, indeed the fact that p,(0) = a and p,(1) =
p follows by standard arguments thanks to Proposition (see Appendix A.4 of [|13]] for
details).

3.1.5. Case y €(1,2) and 6 = y — 1. In this regime the time scale is ©(N) = N and the test
functions are in C°°([0, 1]). The analysis of the first term on the right-hand side of is
analogous to the previous cases and is done using Lemma 5.1

The analysis of the second term on the right-hand side of is a bit different from the
previous cases.

Consider first the part involving r;. For any € > 0, we can rewrite it as

kN7
(N—1)Nr1

KN

(@=7M0) > G(E)ry(E)+ DN

X€AN

D GEIRETN(0) =Y (X)),

X€AN

where WSEN (0) is defined in (5.28). On the other hand, the term on the right-hand side of
the previous display vanishes, as N goes to infinity and then as € goes to 0, thanks to Remark
5.10]

The term on the left-hand side of the last display, performing a Taylor expansion on G, can

be written as
N7 —eN —(x K / —eN —(x
Ao TOO@=TO) D iy + 76 @@= O) 2 xR 3.16)

XE€Ay x€Ay

plus lower order terms in N. Observe that the term on the right-hand side of the previous
display can be bounded by a constant times

; x Tt = O(N_YH)
N-—-1 ’
X€AN

which goes to 0 as N goes to infinity, since y > 1. The remaining term in (3.16) converges in
some sense to G(0)(a—p¥(0))m, as N goes to infinity, since limy_, o, ZXEAN ry(%) =m (see,
for example, [2], for details about this computation) and since, in some sense, well explained
in [13]], WSEN (0) = p[(0). Then, reasoning in a similar way as before, we can conclude that,
for N going to infinity, the second term on the right-hand side of (3.2 converges to

mG(0)(a—p;(0)) +mG(1)(B —p (1))

This is exactly the term involved in (2.21]) and also that gives us, using the integration by
parts formula (see Proposition [2.1]), the boundary conditions in the Definition [2.11
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3.2. Tightness. In this subsection we prove that the sequence {Q"}ys; is tight. We use
Proposition 4.1.6 in [21]], from where it is enough to show that, for all € > 0

limlimsup sup P, [nN € 2([0,T], Q) : |( Y _,G)— (nf,G}| > e] =0, (3.17)
=0 N-oo reZp,7<6
for any function G belonging to C°([0,1]) . Above J; is the set of stopping times bounded
by T and we implicitly assume that all the stopping times are bounded by T, thus, T + T
should be read as (7 + 7) A T. Indeed, we prove below that is true for any function in
C CZ([O, 1]), and then, by using an L! approximation procedure (as it is done in [3]]), we can
extend the result to functions in C°([0,1]).

Proposition 3.1. The sequence of measures {Q" } s, is tight with respect to the Skorohod topol-
ogy of 2([0, T], #4™).

Proof. The proof is almost analogous to the one done presented in [2]] so we will omit most
of the details. We are going to prove (3.17) for functions G in C*([0,1]). Recall now (3.1).
Then, in order to prove (3.17), it is enough to show that

T+7T
limlimsup sup E, [J @(N)LN(niV,G)ds]:O (3.18)
6-0 Nooo T€Tr,T<6 T
and
hmhmsup sup E, [(Mﬁ'(G)— MY (®)) ] (3.19)

6-0 Nooo 1€Tr,7<6

The proof of ([3.18) is completely analogous to the one in [2]], therefore we omit it.
We have now to prove ([3.19). By Dynkin’s formula (see Appendix 1 in [21]) we know that

(MN(G))* —J ON)[Ly(n",G)*>—2(n",G)Ly(n",G)]ds,
0

is a martingale with respect to the natural filtration {Z, },-,. Proceeding as in [2] it is possible
to prove that the previous display is bounded from above by a constant times

O(N O(N . . s
(N(—l))4 2, Y)ZP(X_Y)JF—(NK_g)z;\,e 2 GE) (D +ri)- 320
X, YEAN xEAy

Then, we can bound the term on the left-hand side of the previous display from above in
the following way:

o) Po(x— ) < 2 : @(N) ”
(N_1)4x,yZ€;N(x WP =13 7y 1)4“26;( YVTS——NT<N.

The remaining term in (3.20)) is of order less than an @(1), since performing a Taylor expan-
sion on G around O we can rewrite it as a constant times

KO(N) 7002 —y+2
————(G'(0)) x7
(N —_ 1)2N2+9 XEZAN
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plus lower-order terms in N. Then, since the sum is diverging this term is at most of order
O(N)N=971 which, for any value of ©(N) given by (2.26)), vanishes as N goes to infinity.
Thus, since 7 is a bounded stopping time we have that
limlimsup sup E,v [(Mﬁ”G —MN’G)Z]

T+T
60 Nooco 1e7;,i<5

T+7T
=  limlimsup sup IEHN|:J @(N)[LN(ﬂiV,G)Z—Z(niV,G)LN(ﬂiV,G)]ds]

-0 Nooo 1eg,7<6

= 0.

Therefore, we have proved Il for functions G in Ccz([O, 1]) and, as we have recalled in
the beginning of the proof, this is enough to conclude tightness. U

3.3. Energy estimates. We prove in this subsection that any limit point QQ of the sequence
{QV}y>1 is concentrated on trajectories {7, (u)du},cjo ) with finite energy, i.e., 7 belongs

to the space L%(0, T; #"/%). The latter is the content of Theorem stated below. Fix a
limit point Q of the sequence {Q"}y-, and assume, without loss of generality, that the whole
sequence QV converges to Q, as N goes to infinity.

Theorem 3.2. For 6 > 0 and y € (0,2) \ {1}, the measure Q is concentrated on trajectories
of measures of the form {m (u)du},cyo 11, such that for any interval I C [0, T] the density 7
satisfies Q-a.s.

Jnntni/zdt <lil.
1

Before we prove Theorem we establish some estimates on the Dirichlet form which
are needed for the proof. Let p : [0,1] — [0, 1] be a function such that a < p(u) < 3, for
any u € [0,1], and assume that p(0) = @ and p(1) = . Let vg(,) be the inhomogeneous
Bernoulli product measure on 25 with marginals given by

Woln i) =1} =p (%) (3.21)

We denote by Hy (ul vg (,)) the relative entropy of a probability measure u on Q, with respect
to the probability measure vg (y- For exclusion processes on a finite domain and for any initial
measure Uy, it is easy to prove the existence of a constant C,, such that

H(uy |V} )) < GN, (3.22)

see for example [3] for the proof. We remark here that the restriction a, 8 ¢ {0,1} comes
from last estimate since the constant C, above is given by C, = —log(aA(1—f)), when a < f3.
On the other hand, for a probability measure u on 2, and a density function f : Q, — [0, 00)
with respect to u we introduce

DY(VF.m) =3 D) ply —x)I,(vVF.w), (3.23)

X,y €Ay
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DL(VF.w) = D > p(y =) IHVFw) = D s (I (VF L), (3.24)

x€AN y<0 XEAN
DL(VE.u) = 2 > ply =) I (VF.u) = D i (EIP (VF ). (3.25)
x€Ay y=N X€AN

Above, we used the following notation

Ly, (Vf.p) = J (V@ m—Fm) du,

(3.26)

2
1°(VF, 1) :=f ¢:(n:8) (VF(oxm = Vf(m)) du, &€ {a,p}.
Our goal is to express, for the measure VZ(,), a relation between the Dirichlet form defined

by (Ly+/f, Vf) »  and the quantity

Dy(V/f, V) := (Dy + kN °Dy + kN~ D)V F, ¥ ). (3.27)
That relation is given by the following Lemma, already proved in Section 3.3.1 of [_2].

Lemma 3.3. There exists a constant C > 0 such that for any positive constant B and any density
function f with respect to VN( y we have that

VT V), < =DV i)+ S22 57 b= (o) -0

N X,yEAy
o 2l n+(er-p) it}

(3.28)

Remark 3.4. Note that, as a consequence of the previous lemma, for a Lipschitz function p(-)
such that a < p(u) < 8 and p(0) = a and p(1) = BB, we have that

O(N) O(N) CO(N)(x +N?Y)
W(LN v, \/?)vg“ < _W—BDN(\/FJ o)+ BNTTE (3.29)

Remark 3.5. Recasting the bound found in Lemma[3.3|when p(-) is equal to a constant we get
that: if y € (1,2), the bound is

@(N) (v F oV F ), Q(N)DN(\/—, W)+ CBKA(?Q(? (3.30)

and for y € (0,1), the bound is
O(N) O(N) CxO(N)
W(LN \/.?: '\/?) yg(') < _W—BDN(\/_?, ’VZ()) + W (331)

The difference between the two previous bounds comes from the behavior of the sum Y __ Ay rﬁ(ﬁ)
according to the value of .
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Remark 3.6. Now we can establish the properties that we need to impose on the profile p(-) in

order to have a good approximation of (Ly+/f, /f) w via Dy(+/f, v/’;’(,)). This is equivalent to
;e

find the condition on p(-) such that the last two terms on the right-hand side of ([3.28)) vanish

when we send first N to infinity and then B to infinity. Thanks to the previous two remarks in
order to have this property we need to take:

e p(-)=p €(0,1) constant if y €(0,1) and 6 =0 orifye(1,2)and 0 >y —1;
e p(+) Lispchitz such that p(0) = a and p(1) = f3 in all the other regimes.

3.3.1. Proof of Theorem The proof of this theorem is almost analogous to the proof of
item i) of Theorem 3.2 in [2]] (where the authors proved it for the regime y € (1,2) and
6 < 0). We write here the main steps. We want to show that ©. € L2(0, T; #"/?) Q-almost
surely. In order to do that we will show the next bound

EQ[ J ||nt||§/2dt] <, (3.32)
1

which implies the result in the statement above.

Recall that the system is speeded up on the time scale ©(N), defined by (2.26)). Let p(-)
be a macroscopic profile chosen according to Remark[3.6] Let € > 0 be a small real number.
Let F € CC°’°°(I x [0,1]%), where I is a subinterval of [0, T]. By the entropy and Jensen’s
inequality and Feynman-Kac’s formula (see Lemma A.7.2 in [21]]), we have that

IEMNU@(N)N‘1 Z Ft(ﬁ,%)p(y—X)(nf(y)—nf(X))dt]

X,YEAyN
|x—y|=eN

SCﬁfSl}p{@(N)N‘l > Ft(%,%)p(y—X)f(n(y)—n(X))f(n)dVZ(.) (3.33)
I

X,yEAy
|x—y|=eN

+0(NN Ly V7, ﬁ)w }dt

p()

where the supremum is taken over all densities f on £, with respect to vg (- Now, denoting
the antisymmetric part of F, by F{" with

1
Fl(u,v)= E[Ft(u, V) —Ft(v,u)]
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forall t €I and (u,v) € [0, 1]%, we can rewrite the first term inside the supremum in (3.33)
as

NN > FAE, p(y — X)J(n(y) n())f (nd vy

X,y€AN
|x—y|=eN

=O(N)N™! Z Fi(% 3Py — X)fn(y)(f(n) f(o*rn))dvy (3.34)

X,y €Ay
[x—y|=eN

+ONNT > Fi(E, D)ply — x)fn(x)f(n)(G”(n)—l)va

X,YEAN
[x—y|=eN

where the equality follows from the change of variables n — o7 and
a0 n)
dvl ()

Now, we have to split the proof in two cases: the case in which p(-) = p is constant
(corresponding to the regimes (0,7) € [0,00) x (0,1) and (0,y) € [y —1,00) x (1,2)) and
the case in which p(-) is a Lipschitz profile (corresponding to the regime (0,7) € (0,y —1) x
(1,2)).

In the case in which p(-) = p is constant we have that 6Y(n) —1 = 0. Therefore, by
Young’s inequality, the fact that f is a density and |n(y)| < 1, we have that, for any A > 0,
is bounded from above by a constant times

6™ (n) =

FI\ %% : 1
(Fe(%%)) 200N~ (T

).
_I%|1+y A p()

¢, AO(N)N 7 Z

X,YEAN |N
|[x—y|=eN

Then, using (3.30) and (3.31)), we can bound (3.33) in the following way:

EMNUe(N)N—l > RGP0 =0 )~ ) de |

X, yE€AN
|x—y|=eN
 (FoE 1) (3.35)
— —2 N’N
= MNU c (m,gN) dt] JN Eampares —————dt+|I|(x + 1),
xX,yE€AN

Ix—y|=eN

where the function gV is defined on I x [0,1] by

(u)__z M

yeA |__u ze |u— [+



28 CEDRIC BERNARDIN, PEDRO CARDOSO, PATRICIA GONGAIVES, STEFANO SCOTTA

and it is a discretization of the smooth function g defined on (t,u) € I x [0,1] by

1
F%(u,v)
gt(u) = J 1{|v—u|2€} |ut dv
0

_v|1+}/

Now, we can proceed exactly in the same way as in the proof of Theorem 3.2 of [[2]] to conclude
that

2
Eq sup{JJ (nt(v)_ﬂt(u))Ft(u’v)—C(F‘(u’v)) dudvdt} S|k +1), (3.36)
F 1JJaq.

|lu—v|1tr |lu—v|1tr

where Q. = {(u,v) € [0,1]* ; |[u—v| > €}. That bound, passing to the limit € — 0, by the
monotone convergence Theorem, implies the statement (3.32).

The case in which p(-) : [0,1] — [a, 8] is Lispchitz continuous and such that p(0) = a and
p(1) = B can be analyzed exactly in the same way as it was proved in Theorem 3.2 of [2]
therefore we will omit this part of the proof.

3.4. Characterization of the limit points. In this subsection we characterize all limit points
Q of the sequence {Q"}y;, which we know that exist from Proposition Let us assume
without loss of generality, that {Q" }~, converges to Q, as N goes to infinity. Since there is at
most one particle per site, it is easy to show that Q is concentrated on trajectories of measures
absolutely continuous with respect to the Lebesgue measure, i.e. m}(du) = p;(u)du (for
details see [21]). In Proposition below we prove, for each range of 6 and y, that Q
is concentrated on trajectories of measures whose density p’t‘ satisfies a weak form of the
corresponding hydrodynamic equation. Moreover, we have seen in Theorem that Q is
concentrated on trajectories of measures whose density satisfies the energy estimate, i.e.
p* € L%0,T; #"?)when 6 >0 and y € (0,2) \ {1}.

Proposition 3.7. If Q is a limit point of {Q" }y>; then

Q(m. € 2([0,T], 4*): Fy,(t,p*,G,8)) =0,
for each 6 and each vy, where Fy , is defined by

(Freae(t,0%,G,8) i 0 <0,7€(0,1);

Fpp(t,p",G,g) if0=0,y<(0,1);

Fy . (t,0%,G,g) = Frnou(t,0%G,g) if0>0,y€(0,1)or0>y—1,y€(1,2); (3.37)
Frop(t,p,G,8)  fO=y—1ye(1,2);

| Foir(t,0,G,8)  if0€(0,y—1),y<(1,2).

where Cy . = C**([0,T]1x[0,1])if 6 > 0and y € (0,1) or if 6 >y —1 and y € (1, 2), while
in all the other regimes it is C, . = C»*([0,T] x [0,1]).

Proof. The proof is very similar to the one in [2]] and for that reason some details are omitted.
Note that in order to prove the proposition, it is enough to verify, for & > 0 and G in the
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corresponding space of test functions, that

Q (n. € 2([0,T),.4*): sup |Fy,(t,p",G,g)|> 5) =0, (3.38)
0<t<T

for each 6 and each y in the respective domains.
We have that

t

Fo,,(t,p",G,8) ={p},G,) — (g, Go) —f (pr. (8 +14650)L)G, ) ds

0

t t

<PSK’ Gs>vl ds — 1p<0} L ye(0,1)}K f (G, Vo) ds

+ﬂ{9s0}ﬂ{ye(o,1)}'<J
0

0
t

_ﬂ{sz—l}ﬂ{y€(1,2)}KJ mG,(0)(a— p;(0)) + mG,(1)( —p;(1))ds = 0.
’ (3.39)

From here on, in order to simplify notation, we will erase 7. from the sets that we have to
look at. By ([3.39) we can bound from above (3.38) by the sum of

o
Q( sup |F9,y(thK7 G:p0)| > _) (340)
0<t<T 2
and
19)
Q(I(po—g, Go)l > 5). (3.41)

We note that is equal to zero since Q is a limit point of {Q"}y~; and Q" is induced by
uy which is associated to g(-). Now we deal with (3.40).

Notice that by Proposition A.3 of [[10]], the set inside the probability in is an open set
in the Skorohod topology. Therefore, from Portmanteau’s Theorem we bound from
above by

9
liminf QN( sup |F9 Y(t,p’(,G,pO)| > —).
N—oo o<tsT ' 2

t

Summing and subtracting | ©O(N )LN<TE§] ,G,)ds to the term inside the previous absolute
0
value, recalling (3.1)), (3.39) and the definition of Q" , we can bound the previous probability

from above by the sum of

o
IP’HN( sup |MtN(G)| > Z)

0<t<T
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and

t t
IP’MN( sup f @(N)LN(TciV,Gs)ds—J (p¥, 11950} LG, ) ds
0 0

0<t<T

t t

<p;<, G5>V1 ds — ﬂ{ye(o,l)}ﬂ{QSO}KJ (Gs: V0> ds (342)
0
5:)
> — .
4

T
P, (sup MY (G)| > )séﬂzw UO @(N)[LN(néV,G)Z—2(7t§V,G)LN(7r§V,G):|ds:|.

0<t<T

+ Tyeo,1 L{o<0} ¥ J
0

t

L=y —13 L yeq,2K f mG;(0)(a—pf(0)) + mG,(1)(f —ps(1))ds
0

By Doob’s inequality we have that

In the proof of Proposition we have proved that the term inside the time integral in the
previous expression vanishes, as N goes to infinity. It remains to prove that vanishes
as well when we send N to infinity. Recalling (3.2), we can bound from above by the
sum of the following terms

O(N) ‘
P, ( sup J N Z LyG,GOY (x)ds —f (pf, H{QZO}LGs>d5
0<t<T | Jo 0

o
> ;) , (3.43)

xEAN

‘[ kO(N) e

e 2 | e DA
1

- ﬂ{YG(O,l)}ﬂ{GSO}KJ (Gr)(Ww)(a—pf(w)du
0
o
_ ]1{9:)/—1}ﬂ{ye(l,Z)}KmGs(O)(a_p:(O))}dS > E) (3.44)
and

‘[ xON) i

PMN(OZI;IET J {NQ(N 1);: (Gr)G(B =Y (x))

1
_ﬂ{ye(o,l)}ﬂ{Ggo}Kf (Gr)(W)(B — pf(w)du
0

— Loy} Lye, 2 KkmG(1)(B — pf(l))}ds

o
> ?) (3.45)

For 6 > 0, since ®(N) = N and Lemma 5.1]holds for any G at least C? in the space variable,
applying Markov’s inequality we have that (3.43]) goes to 0, as N goes to infinity. For 6 < 0
and y € (0,1) we also have that (3.43)) vanishes as N goes to infinity thanks to Markov’s
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inequality and the same analysis that we did in Subsection[3.1.1] The boundary terms
and can be treated in a similar way, therefore we explain in details why they vanish just
referring to (3.44)). In the case y € (0,1) and 6 < 0, it is enough to use Markov’s inequality
and what we did in Subsection to show that vanishes, as N goes to infinity. In
the case y € (1,2) and 6 = y — 1 we again use Markov’s inequality and then we repeat the
computations we did in Subsection to see that also in this case (3.44) vanishes, as N
goes to infinity. In all the other regimes that we are considering the only term we have to
estimate using Markov’s inequality is

t KkN” —\( X N
E[ f (=D 2 GrGIE = ()

XEAN
and it vanishes, as N goes to infinity, thanks to the analysis that we did in Section[3.1]relative
to these regimes. This finishes the proof of Proposition O

3.5. Conclusion. Note that Proposition Theorem and Proposition [3.7] just proved,
imply that the sequence {Q" }; converges up to subsequences to a measure Q concentrated
on an absolutely continuous measure with respect to the Lebesgue measure of density p*,
where p* is the weak solution of the hydrodynamic equation chosen accordingly to the values
of the parameters of the model (as stated in Theorem [2.18). Moreover, thanks to Lemma
which grants the uniqueness of the weak solutions, we can conclude that this limiting
measure is unique and this proves completely Theorem [2.18]

] (3.46)

4. UNIQUENESS OF WEAK SOLUTIONS

In this section we prove uniqueness of the weak solutions we defined in Subsection
Since the PDEs are linear, the strategy is standard. We consider two weak solutions starting
from the same initial condition, take their difference and write down the integral formulation
for the difference of the two solutions. Then, chose a proper test function, plug it into the
integral formulation and from there obtain that the difference is 0 in some topology, which
implies the uniqueness result we need.

4.1. Uniqueness of weak solutions of (2.14). Fix T > 0 and y € (0,2)\{1}. Consider p’
and p? two weak solutions of starting from the same initial condition and denote by
p their difference: p = p! — p? € L?(0,T;5#"/?). The set C>*°([0,T] x (0,1)) is dense
in L2(0, T;.#"/?). Therefore we can consider a sequence {G,},x C C>°°([0,T] x (0,1))
converging to p with respect to the norm of L(0, T; #"/?). Now, we consider a special set
of test functions, defined as H,(t,u) := ftT G,(s,u)ds, for any t € [0, T] and any u € [0,1].
It is easy to check that H,, are suitable test functions. Now we state the Lemma 6.1 of [2]]
adapting its proof to our case.

Lemma 4.1. Let {H,},cy defined as above. Then we have
: T T

. T Ly or 2
(2) lim,_, fo (ps, LH,(s,-))ds =3 fo p.ds

2

Y/2
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Proof. The proof of item (1) is completely analogous to the one which can be found in [2]].
Let us now prove item (2). We want to apply the integration by parts formula stated in Propo-
sition Therefore let us check the hypothesis. First, we have that LH,(s,-) € L'([0,1])
because H, (s, -) is at least C2([0, 1]) (see the comment just after Proposition. Let us now
check (2.8). Since p(-) is uniformly bounded by 1 and H,, uniformly Lipschitz, we have to

show that
1 1 1 1
H —H
f f 1,5, v) “1(5’“” dudv < f f lu—v|>dudv < 0o 4.1)
o Jo |u—v[r= o Jo
which trivially holds for y < 2. Therefore we can apply Proposition and get that
T T
J (o5, LH,(s,))ds = f (05, Hy(s,°)), j2ds. 4.2)
0 0
The rest of the proof of item (2) is then analogous to the one given in [2]. O

Thanks to this Lemma, we just have to plug in (2.19)) the test function H,, and then pass
to the limit when n goes to infinity, as done in [[2], to get

T 1 T
J lp.lPds + 5| J puds
0 2 0

This implies that for almost every time s € [0, T] the function p, = 0 and this means that p'
coincides with p? almost at every time. So, the weak solution of (2.14)) is unique.

2
=0.
v/2

4.2. Uniqueness of weak solutions of (2.16). The uniqueness of the solution to in
the case y € (1,2) has been proved in [3]. Hence we assume now y € (0,1) and prove
the uniqueness of the weak solution to (2.16]). The proof relies on the following Hardy’s
inequality proved in [8]

VH e C((0,1)), [Hlly, S IH v (4.3)

Since C°((0,1)) is dense in L\Z,l([O, 1]) and in 3?0”/2 and since for y < 1, we have the equality

%OOY/Z = #7/2 we have in fact that (@.3) holds for any H € L‘%l([O, 1) N #"/2. Once this
observed, the proof follows the same arguments as in [3]] for the case y € (1, 2).

Remark 4.2. Remark that the crucial difference between the case y € (1,2) and the case
y € (0,1) is that in the case v € (1,2) the weak solutions are assumed to satisfy the Dirichlet
boundary conditions so that the difference of two weak solutions belongs to 3‘{6” * and Hardy’s
inequality can be used for the difference. In the case y € (0, 1), we do not know if weak solutions
satisfy in the strong sense Dirichlet boundary conditions. Hence the difference of two weak solu-
tions does not necessarily vanishes at the boundary (we do not even know if it has a continuous

representative). Fortunately if y € (0, 1), 3{6” 2 = #72 so that it is not a real problem.
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4.3. Uniqueness of weak solutions of (2.18). We have y € (1,2). Fix T > 0. Consider p'
and p? two weak solutions of (2.18) starting from the same initial condition and denote by
p their difference: p = p!—p? € L?(0, T; #"/?). Since the continuous representatives of p*

and p? satisfy Dirichlet boundary conditions, we have in fact that p € L%(0, T; %”OY/ %). The
set CC1’°°([0, T] x (0,1)) is dense in L2(0, T;%g/z). Therefore we can consider a sequence
{G,}nen € C1°([0, T] % (0,1)) converging to p with respect to the norm of L(0, T; 32%”2).
Now, we consider a special set of test functions, defined as H,(t,u) := f tT G,(s,u)ds, for any

t €[0,T] and any u € [0,1]. It is easy to check that H, are suitable test functions that can
be used in (2.19). Lemma 4.1] holds and we get then

T 1 T
f llpsllPds + = J psds
0 211Jo

which implies that p = 0 and shows uniqueness.

2
=0

/2

4.4. Uniqueness of weak solutions of (2.20). We have y € (1,2). Fix T > 0. Con-
sider two weak solutions of denoted by p*! and p*?2, starting from the same ini-
tial condition. Let the difference be p* = p®! — p*2. We have that p* € L%(0, T; #"/?).
Since y > 1 we may consider a continuous representative (for a.e. time) of p*. The set
C1*°([0,T] x (0,1)) is dense in L2(0, T; #"/?). Therefore, we can consider a sequence
{G*}en € C2°([0, T] % (0, 1)) converging to p* with respect to the norm of L%(0, T; #7/?),
and we use as test functions H,’f(t,u) = ftT Gn’%(s,u)ds, forany t € [0, T] and any u € [0, 1].
Observe that Lemma holds for these test functions. Plugging the test functions Hs in
and passing to the limit as n goes to infinity we get

C (" .oz kmp (T 2 &my (", 2
llpf11%ds + —’ prds|| +—| pf0)ds| + —’ of(l)ds| =0, (4.9
o s 2 o s /2 2 o s 2 o s
if we can prove that
! 1 (" 2
lim J Hn’%(s, O)pf(O)ds = 5‘ J pf(O)ds (4.5)
n—,o0 0 0

and similarly with the point O replaced by the point 1. This will imply the uniqueness of weak
solutions for (2.20).
To prove (4.5) we observe, by using Fubini’s Theorem, that

T
f Hf(s,O)pf(O)ds = JJ Gf(r,O)pf(O)drds.
0 0<s<r<T

To conclude it is sufficient to prove that Gf(-, 0) converges to p*(0) in L2([0, T],dt). Let us
denote f, = Gf — p*. We know that {f,},y converges to 0 in L2([0, T]; #"/?), as n goes to
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infinity. By Theorem 8.2 in [9] we have that for any s € [0, T ]

r-1
sup | fu(s,u) = fuls, VI S Tu—vI 2 |Ifu(s, lsere S 11£als, llsero-
u,ve[0,1]2
By the triangular inequality, averaging and Cauchy-Schwarz inequality, we get that for any
se€[0,T]andany0 <R <1

1 R
|fa(s,0)I S }—{f [fals, WAV + [1fals, )l serre

1
_”fn(s: ')”3‘??/2-

—IIfn(s N+ fals, ez S 7R

S =

It follows that

T 1
J Ifn(s,O)IzdsSRJ 1£aCs, N2, ds
0

The right-hand side of the previous inequality goes to 0, as n goes to infinity, so that the same
holds for the left-hand side. This completes the proof.

4.5. Uniqueness of weak solutions of (2.22)). Here we assume y € (0, 1) since the case
y € (1,2) has been considered in [3]]. The idea in this case is similar to the ones above. But,
first we have to note that a weak solution p* belongs to L2(0,T;V;), i.e for any T > 0 we
have

T
f lIp{ I}, < oo. (4.6)
0

This is trivial since y € (0,1) and p* is uniformly bounded by 1. Hence if we consider two
different weak solutions p*! and p*?2, then their difference p* := p*! — p*? belongs to
L*(0, T;V;). This observation being done we can perform the same proof done in [2] for the
uniqueness of in the regime y € (1, 2).

5. TECHNICAL LEMMAS

In this section we state and prove the main lemmas we used in this work.

5.1. Convergence of a discrete operator to the regional fractional Laplacian. The first
lemma we prove in this section establishes the convergence in L' of the discrete operator
N4, defined by to the regional fractional laplacian . when applied to smooth test
functions. This result differs from the one proved in [2[], where the authors showed that for
a function G € C>°([0,1]), the limit

Nlim N"%yG(u) =1LG(u)
holds uniformly for any u € [a, 1 — a] for an arbitrary small a > 0. Hence, in the following

lemma we consider a weaker form of convergence, but in this way we are able to prove the
convergence result for a larger set of functions, namely for all functions in C*°([0, 1]).
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Lemma 5.1. For any G € C*°([0,1]) and y € (0, 2), the following convergence holds

Jim N7 INT( 6 — (LAl = 0. (5.1)

XEAN

Proof. Fix a small € > 0, then the left-hand side of (5.1) is bounded from above by

imapN{ Y NAGOH-CAGI+ T NGOG -G

N—oo 1<x<eN eN<x<(N—1)/2

+ D INE&OB-@O®I+ D |NY(zNG)(§)—(LG)(ﬁ)|}.

(N—1)/2<x<N—1—eN N—1-eN<x<N-1

(5.2)

First, we focus on the sum over 1 < x < eN. In this case, we can bound the term on the left-
hand side of the previous display by using the triangular inequality and get that it is bounded
from above by

limsupN™" > INT(ZyG)(E)| +limsupN~ > [(LG)(E)]- (5.3)

N—oo 1<x<eN N—oo 1<x<eN

Now, notice that in this case (1 < x < eN) we can write

x—1 N—1—x
XN — 1 X+y X
(LG)() = ;pmeﬁ(,v) + Z PG =G, (5.4)
where we introduced
9%(2) =G(5 +2)+G(5 —2)—2G(5). (5.5)
Therefore, the term on the left-hand side of (5.3) is bounded from above by
N—1—x
limsupN~' > \NY Zp(y)ex GftimsupN = 3N ST p0NGCERI-GG|- 5.6)
N—oo 1<x<eN 1<x<eN y=x

Performing a second order Taylor expansion in 6x, we can bound from above the term on

the left-hand side of the previous display in the fojflowing way:

<11msupN 1 Z N~ ZZy

limsupN~! Z ‘NYZP(}’)QX

N—oo 1<x<eN 1<x<eN (57)
< limsupN73 E x> <€3 v
N=oo 1<x<eN

which goes to 0 as € — 0. In order to prove that the first term of (5.3]) goes to 0, we still
have to treat the term on the right-hand side of (5.6). Performing a Taylor expansion on G,
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we get
N—1—x
limsupN~* Z )NY Z P(Y(G(FH) —G(X))
N—oo 1<x<eN
N—1—x
< limsupN~? Z N7t Z yr
N—oo 1<x<eN
(5.8)
< limsup N7~ ZZ Z yr
N—oo 1<x<eN

x<1nf{yN 1-y}
< limsupN"™ 2[ Z y 4 Z eNy~ ]S e 1t?
N—oo y<eN y>eN

and so it goes to O for y < 2 when we pass to the limit € — 0.
Now, we have to estimate the term on the right-hand side of (5.3)). In order to do that, we
first get an upper bound for |]LG(1%)| for 1 < x < eN. By definition of the operator L, we

have that )

G(v)—G(£
LG(§) :=c, ler})J 1x Md V. (5.9)
€' — 0

IN—v|>e’ |J£\I _ v|y+1

We use a second order Taylor expansion to write

1 1
G(M—-G(§) V- §
f 1 x —NdVI G/(]%) ﬂl%—v|>€’|£_—Ndv + RN,x,e,e’,G’ (510)
0 0 N

Iﬁ—v|>e’ |I£\I _ v|y+1 V|Y+1

where the remainder term can be bounded as follows

1
|RN,x,e,e’,G| S f ﬂ|%—v|>e’|1£\l - Vll_YdV s 1.
0

Moreover, by changing variables and taking ¢’ < 1/N < €, we can write the integral on the
right-hand side of (5.10)) as

1_% 1_% —€’
J Lgsen 2127 dz = J 25" ldz + f z(—=) 7 ds
) ) __

N N (5.11)

X X
=N N 1 — X)r+l _ (Xyr+l
= J 2 'dg —J 2z 'dg = ( w) () .
o o —r+1

Therefore, since G’ is uniformly bounded, if y € (1,2) we have the following bound:

lim N7 LAHGIS lim N D&+ (5.12)

1<x<eN 1<x<eN

which goes to 0 if we send € to 0. Otherwise, if y € (0,1) we have

: -1 x : -1
lim N7 ORI S im N7 Y 15 (5.13)

1<x<eN 1<x<eN
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which also goes to 0 as € — 0. This concludes the proof of the fact that the term on the
left-hand side of (5.2]) vanishes.

Let us now focus on the second term of (5.2)), namely the one involving the sites eN < x <
(N —1)/2. We can bound this term by the limit for N going to infinity of

N IN(BOE)-WOEINT DT INT(LG)(E) - (LG

eN<x<(N-1)/2 eN<x<(N-1)/2

LN Z I(L.G)()— (LG)()I,

eN<x<(N-1)/2

(5.14)
where we defined
1
G(v)—G(5)
L.G(%):=c f lx —— (5.15)
€SN Y 0 IN—> |ﬁ_V|Y+1
By changing variables in L. G(5) we can rewrite it as
- l X X
v W G(E-9)—G(Z)
Xy — —(1+y) N N
]LEG(])\“,)—CYJ6 ||~ Qﬁ(z)dz+cyf£_1 e dz, (5.16)
N
since eN < x < (N —1)/2. Notice now that we can in the same way re-write
v N Gk —2)~G()
LG(¥)=limc, |27 0x (z)dz + N N2dz b . (5.17)
e’—0 o N i—l |z|’)/+1
N

Thus the second term at the right-hand side of (5.14) can be bounded by
N IO -COGI=NT Y LG Im LG

eN<x<(N-1)/2 eN<x<(N-1)/2 /

e'<e
€
= lim N~ Z J 2P« (2)dz
EE/:S eN<x<(N—1)/2 €’ N
S lim(e* 7 = (e =€*7,
e’—0
e'<e

(5.18)

where the last inequality is obtained by performing a Taylor expansion of the second order
on G and using the fact that ||G”||, is bounded. So, we have proved that this term goes to
0 when € goes to 0 if y < 2.

We estimate now the first term on the right-hand side of (5.14)). Observe that, by changing
variables, we can write in this case (eN < x < (N —1)/2)

GO= D, PO+ D) PO+ X, PG = GG).

eN<y<x—1 1<y<eN x<y<N—1—x

(5.19)
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Then, recalling (5.16]), we have to estimate the following quantity:

NS INAG)E) - LG

eN<x<(N-1)/2

x—1 % eN—1
SNt {NY >, p(y)ei(%)—cyj 2700 (2)dz| + [NT > p(y)0x (%
eN<x<(N—1)/2 y=eN N e N y=1 N

|

+INT > p(y)(G(’%)—G(%))—chx 27 (G(f +2) — G(§))dz

y=x N

N

= N1 Z (D) + (I1) + (I1D)}.

eN<x<(N-1)/2
(5.20)

We can treat the term (I) in the previous sum as

y+1

=l ~
)= Z CYJ [(%)_(1”)9&%)—Z_(””Gg(z)]dz
y=eN 1% N N
y+1
x 1 N y+1
: J ()7 =570 (5)dz| + f —“W(ex( )—6x(2))dz
y=eN IZV N y=eN

y+1

—1 N x—1 T
Z f |9]£V(.)||Oo((lxv)—(1+y)_z—(1+y))dz+ Z Jy z—(1+y)||9/£(.)”00|]%_z|dz
y=eN N

y
N y=eN N

1
J (%) A+1) _ =41y 4+ N1 J 2~ () g4
y=€eN €
(5.21)

Above we have used the fact that ||0x (-)|| s and ||0’ (+)||s are uniformly bounded in x. Now,
5 x

N
it is not difficult to check that
y+1
N
f ((1%)—(1+Y) _Z—(1+1r))dZ < N”y_(2+”. (5.22)
¥y
N

Thanks to these computations we conclude that (recall that e will go to 0 after N being sent
to infinity)

x—1
lim N~ Z (S Jim N Z (NY Z y @ L eTNT) =0, (5.23)

N—-ooo
eN<x<(N-1)/2 eN<x<(N-1)/2 y=eN
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Now we estimate the term involving (II):

eN
lim NS (DS lm N ‘NV > ()0 (3
— 00 N
y=1

N—oo
eN<x<(N-1)/2 eN<x<(N-1)/2

eN
< % -1 y—2 1—y
SfmNc 3 2
y:

eN<x<(N-1)/2

(5.24)

< lim N7! E err < ey
N—-oo ?
eN<x<(N-1)/2
which goes to 0, as € goes to 0.

In order to conclude, we have to prove that the term involving (IIT) goes to 0. We have
that

N—1—x yT-H
(”I)_) ¢ L [(%)_(Y”)(G(ﬂ?—y)—G(I%))—Z‘(Y“)(G(% +z)—G(]£V)):|dZ‘

Ni:ix nyl

S ) Z fy [(%)_(YH)—Z_(YH)](G(%)—G(%))dz‘ (5.25)
y=x Jy
N—1—x y;[—l

+’ f —(Y+1)[G(x+Y) G(% +z)]dz
y=x Jy

By the mean value theorem applied to the function f : u — u~¢*V and to the function G
we have

y

N—1—x N—1—x N
1 —(Y+1) 1 N 1 rx\7r
< Y _— —(r+1) < (X .

am s 5 2 (%) < 5 E_ Jy_lu du < N2(N) : (5.26)

y=x y=x N
It follows that
1

-1 -2

N E (IIT) N7 E o (5.27)

eN<x<(N-1)/2 eN<x<(N-1)/2

If y € (1,2) the series > _, x™7 is converging and so the term to estimate is of order N"~2
(uniformly in €) and goes to 0, as N goes to infinity. If y < 1, for fixed € > 0 the sum is of
order N1 and so the global order is N~ and then goes to 0, as N goes to infinity. This
proves that the first two terms of vanishes, as N goes to infinity and then € goes to 0.

The analysis of the last two terms in can be done in the same way of the first two,
just performing the following change of variables x — N —1 — x. O
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5.2. Fixing the value of the profile at the boundary. The aim of this subsection is to show
that, in the case 0 < 6 < y—1and y € (1, 2), the profile p(-) satisfies the Dirichlet boundary
conditions stated in item iii) of Definition This will be a consequence of Proposition
[5.3] which is a consequence of a series of results that we state below. Some of these auxiliary
lemmas will also be used in the case 6 = y — 1. First, we define the following empirical
averages:

1 x+L 1 x—1
— _ = N <« _ = N
T =7 2, ') and W=7 > wO), (5.28)
y=x+1 y=x—{
where x € {0,...,N} and { is a positive integer such that, in the sum on the left-hand side

we have x + ¢ < N — 1 and on the right-hand side we have x — ¢ > 1.

Remark 5.2. We always assume that in the size of the boxes involved, the number of sites on
which we compute the mean is an integer. When it is not we approximate with the closest greater
integer; for example 1 N (0) shall be read as 1’ "*N1(0). We do not write it in each step in order
to leave the computations more readable.

Proposition 5.3. In the regime 0 < 8 < y—1and y € (1,2), forany T > 0 and € > 0, the
following convergences hold

lim lim IEMN[

e—>0N—00

T
f (a—WgN(O))dsH o, (5.29)
0

lim lim EMN[

e—>0N—00

] =0, (5.30)

T
J (B—"N())ds
0

where W:N (0) and (FSEN (N) are defined in (5.28)).

Proof. The proof of this lemma is a trivial consequence of Lemmas and [5.6]in which
is proved (5.29). In Remark we explain how to adapt this proof to show ([5.30). 0J

We present first how to pass from the occupation variable n¥ (1) to the mean of the values
of the occupations variables in the first eN sites. It is done in two steps and it is the content
of the next two lemmas. Finally, we show in Lemma that 0¥ (1), in some way, is a good
approximation of a.

In the next lemma we show that it is possible to replace the occupation variable nf’ (1) by
its empirical mean in a box of size £, = eN"~! sites in the double ordered limit N — oo and
then e — 0.

Lemma 5.4 (First approximation). In the regimeE]O <0 <y—landy<€(1,2), forany T >0,
e >0and {,=eN""}, it holds

lim lim IEMN[

e—>0N—00

f (n?(l)—WfO(O))dsH =0, (5.31)
0

2We observe that this lemma is true for any value of 6 > 0 and y < 2, but we restrict to these values of 6,y
since we only need the result in this regime.
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where WfO(O) is defined in (5.28).

f 23 L,

FIGURE 8. First step, we can replace 7,(1) with its empirical mean in the box {1,...,£,}.

Proof. Consider an arbitrary Lipschitz function p : [0,1] — [a, 3] such that p(0) = a, p(1) =
p and define the product measure vg’ () On Qy by (3.21)). By entropy and Jensen’s inequalities
we bound the expectation in the statement, for any B > 0, by
H(uy] VN( ))
BN

1 N —lo
L oeE | eI m -0
BN 8 %[6

] (5.32)

It is possible to remove the absolute value in the exponential above observing that e*! <
max{e*, e *}. Now, using the entropy bound (3.22) and Feynman-Kac’s formula, there exists
a constant C, > 0 independent of N such that the last expression can be bounded by above
by

NT-1
—+sup{ J (n(1) =77 (0))f (md vy, + B <LN\/?,\/?>¢(,)} (5.33)

where the supremum is carried on all the probability densities with respect to vg(_). We use
(3.29) which, in this case, becomes (for a constant C > 0 independent of N)

N N?+1
— (L VF V), < ——DN(\/_ W)+ (5.34)

Observe that the integral inside the supremum in (5.33)) can be rewritten, using the defi-
nition of 7[0(0) as

e() x—1
Z(n(l) mGf vy, = ¢ f DD @) —nE+1)f()dvy,  (5.35)
x=1 z=1
where the equality follows from a simple telescopic argument. Now, by writing (5.35) as
twice its half and summing and subtracting appropriate terms, we can write it as the sum of
the following two terms:

f()xl

2@ f(n(z) G + D) () — f (o), (5.36)
Ox 1 2z=1
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[0 x 1

f(n(z) 0@ + D) () + (0> )d . (5.37)
2on 12z=1

Let us now focus on (5.36), which is equal to

eoxl

D> G+ D)=V F () —vF (o™ IV Fm+VF (o™ n))d v, (5.38)

260 x=1 z=1
and from Young’s inequality, it can be bounded from above, for any A > 0, by the sum of

Z()Xl

> (WF) = V(o)) d (5.39)

2A£0 x=1 z=1
and
Ly x—1
ze D> @) =0+ DAV ) + V(o n)Rd v, (5.40)
0J x=1z=1

Observe now that if Dyy(1/f, V" e Z f(\/—('r)) —/f(o® Z“n))zva we have that

Dyn (A1, vg()) Dy(+/f, vg’()) This means that we can bound (5.39) from above by a
constant times

WOZDN(\/_M))< —Dy(VF, ).

Let us now treat (5.40). Using (a + b)? < a? + b?, changing variables () — o***!n) and
remembering that vg(.) is a product measure with p(-) Lipschitz profile, we can bound from
above (/5.40) by a constant times

by x—1

ZZ(n(z) Gz + 1DPf (VY.

x=1 z=1

Therefore, since f is a density and the difference (n(z) —n(z + 1))?> < 1, we can bound the
previous display from above by a constant times

Ly x—1

ZZ(n(z) NGz + 1Y f (Md ) S ALy,

x=1 z=1
We have thus obtained that
1
(5:38) S o Du(VF,dvy) + Al (5.41)
In order to treat (5.37), we introduce the configuration 7* € Q5" := {0, 1}’\12\?2+1 where
AZZH := Ay \ {2,z + 1}. Using the notation f(n) = f (7, n(z), n(z + 1)) we can rewrite the

sum of densities inside the integral in ((5.37)) as

> @00+ L0 p(A—pCEE) —pGHA = p GNP, (542

z,z2+1

NEy
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where ifz’(,) is the marginal density associated to vg(_) restricted to the configurations 1} €

le\;ZH. Then, since p(-) was chosen to be Lispchitz continuous and f is a density, then (5.42))

is of order 1/N. Then we obtained that

eo x—1
1 14,
G3D) S — P 5.43
: ZZ 5 (5.43)
Hence (5.34), (5.41) and (5.43) give that (5.33) is bounded from above by

N~ kN~ +1

p()) tC——

1 1 14
C(E + ﬂDN(\/T, A )+ AL+ 1\(1))

where C is a constant depending on v,a, 3. By choosing A = 2BN"*1C7!, then, for the
choice £, = eN"!, the last display is less or equal than a constant times

1 L, kN7?+41

~+Be+eN' 24—,

B B
Since y € (1,2) and 6 > 0, the previous display and thus (5.33)) vanishes as N — oo, then
e — 0 and finally B — oo. This concludes the proof of the lemma. U

Finally, the following lemma shows that we can approximate (in some sense) the empirical
mean of the occupation variable with respect to the first £, sites by the one with respect to the
first eN sites. It is done using an iterative procedure, doubling the number of sites involved
in the empirical mean at each step up to reach the final size eN.

Lemma 5.5 (Multi-scale argument). Consider the case 0 < 0 <y —1and y € (1,2). Then,
forany T >0,

] 0. (5.44)

e—>0N—00

lim lim E, [U (75(0)— 7N (0))ds

—
7 ¥
1 - /] l, L,
FIGURE 9. Multi-scale argument: we double the box {1,...,£,} a finite number

of times M until reaching the final box of size 2M{, = £,, = eN. Here we
illustrate the first two steps, until reaching £, = 22(,,.

Proof. Consider a Bernoulli product measure vg(,), as defined in (3.21)), with a Lipschitz pro-
file p : [0,1] — (0, 1) such that p(0) = a and p(1) = 8. Now, proceeding exactly as we did
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in the beginning of the proof of Lemma (5.4} using entropy and Jensen’s inequality and then
Feynman-Kac’s formula, we are reduced to prove that

-1
- + sup { f( 71(0)— 7N (0)f (n)d oy T ; (LyvF,VF) vg(,)}, (5.45)

vanishes in the triple limit N — 00, then € — 0 and finally B — o0. In the previous formula
the supremum is carried over all the densities f with respect to vg(.).

Let us call ¢; := 2'{,, and choose M := M, such that 2"{, = eN. Note that this M is
independent of € and of order log N since £, = eN”"~!. With this notation we can write

Zn(y)— —Zn(y)}
y=1

lyl

M

7(0) = TN =Y [T (0)—7(0)] =

i=1

1

1 le —
=S [ =nlr +e) ],

L y=1

(5.46)

M- ':'ME

Il
-
.

i

where the last equality comes from the definition of the ¢,’s.
Thanks to the previous display, the first term in the supremum of (5.45) can be rewritten
as the sum of

J Z Z(n(y) Ny + L)) () — f(o¥¥Hem)d v (5.47)
ly 1
and
JZ Z(n(y) N0y + L) () + f (o n)d vy . (5.48)
ly 1

Recall (3.26]). Using Young’s inequality as we did in Lemma [5.4] we bound from above
(5.47) by the sum of

M = M
J > Zl(f(n)— VF@ ey, =23 =

i=1 " y=1

Iy,y+€i_1 ( ‘/?’ Vg(-))
(5.49)

-bl*—‘

an

f Z Z(n(y) N0 +Lo)PWVFM) + VF (o2 mm)?d (5.50)

l y=1
for some arbitrary positive A; that we are going to properly choose. Choosing

Y
Bl

A= AONY_lfi
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with a suitable A, > 0 we can apply Lemma 5.8|to bound the right-hand side of (5.49) by[]

1
NT DN(\/_ ol ))

Let us estimate now (5.50). Since f is a density and the n(y)’s are uniformly bounded,
recalling that 2¥{, = eN, we can bound from above (5.50) by a constant times

M Y £y Y+1 r—1 M Mp yr—1
Z SN ZE _ Bt 1 9 < BT o1
4NT-1 2 = 4N7-1  4NT-12v+ — ~  Nr1 ¥

i=1 l i=1

Hence we obtained that there exists a constant C > 0 (independent of N, €, B) such that

)) + CBe" L, (5.51)

We still have to estimate (5.48). Reasomng as we did in (5.42), we can rewrite the sum of
the densities inside the integral in (5.48) as

2. @0+ L0 p(A—p (N = pFA=pGD AW (5 50y

~ y.y+li_q1
NeQy

where now we denote 7] as the configuration 7 restricted to the sites in Ay\{y,y + {;_1}.
So, the configuration (1}, 0, 1) coincides with the configuration 1) where n(y +¢,_;) =1 and
n(y) =0, and 7)2’(_) is the marginal density associated to vg(.) restricted to the configurations

i €y .= o, 1} \y+ial - GSince p(+) was chosen to be Lipschitz continuous and f is
a density, the previous display is of order ¢,_, /N. Therefore we get that
M £iq M p2 M
1< 18 1 : 2M¢
GAYS > — > —5—> LS—>» 2= =¢ 5.53
;&' y=1 N i=1 i N i=1 ° N ( )

since M is such that 2¥{, = €eN.
Hence, recalling (3.29), (5.51) and (5.53), we get that the term inside the supremum in

(5.45) can be bounded from above by a constant times
N""'(k +N°
Bty NN
BNY+9

It follows that
limsup limsuplim sup (5.45) = 0.

B—oo e—0 N—oo00o

This concludes the proof. O

In the next lemma we prove that, in the regime 6 € (0,y —1) and y € (1, 2), it is possible
to replace, when integrated in time, the occupation variable nY (1) by a (and, analogously,
nY(N —1) by ), as N goes to infinity.

3We choose A, to be exactly the inverse of the constant which appear implicitly in Lemma
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Lemma 5.6. Forany T >0,0< 60 <y—1and y €(1,2) it holds:

T
Jlim IEMN[UO (n¥(1)— a)ds ]: 0, (5.54)
T
nggoEMNUL (nf(N—n—ﬂ)dsH =0, (5.55)

Proof. We present the proof for the first expectation, but the proof of the other one is exactly
the same. The first step in this proof is analogous to the beginning of the proof of Lemma|5.4
therefore we omit some of the steps. We use Feynman-Kac’s formula, entropy and Jensen’s
inequality to prove it is sufficient to show that in the double limit (N — oo and then
B — o0) the term

C N7
' sup { f(ﬂ(l) —a)f (m)d»y ) + —5 (Lw Vi VT vgm} (5.56)

vanishes. Here C is a constant independent from N and the supremum is carried over all the
densities with respect to vg’(.) defined in (3.21I)where p(-) is a Lipschitz continuous profile

such that for allu € [0,1], a < p(u) < B and p(0) = a, p(1) = B. The first term inside the
supremum above can be rewritten as

1 1
Ef(n(l) —a)(f ()= f(o'n))dv )+ Ef(n(l) —a)(f(m) +f(o'n))dvy .  (5.57)

Recall (3.26). From Young’s inequality and (a — b) = (v/a — v'b)(v/a + v'b), we can bound
the first term in the previous display from above by

A 1
EI?(\/?7 Vi\)[(.)) + EJ (T)(l) - a)z(\/f(n) + \/?(Ulﬂ))zd VI;](.)

for any arbitrary positive constant A. Now observe first that by (3.24), Df;,(\/? , vg(_)) <

ry (Il\,)lf‘(\/? , vg(.)) and secondly, that since f is a density and p(-) is Lipschitz the second
term in the last display is bounded from above by a constant times 1/N + 1/A (see Lemma
5.5 of [|3] for details). Hence we get that the first term in (5.57) is bounded from above by

1 1
T e (G w) (558

for some constant C > 0 independent of N, B,A. Therefore, if we chose

A= ixkB7'N"1r7(1/N)

we can bound the previous display by

KN
e vV )+ C[

2BNY+1 1
] i (5.59)

—+_
kN'r7(1/N) N
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Since kN~°DL (V/7, W) < Dy(+/f, ¥ 5), by using (3:29), we get that (5.56) is bounded

from above by a constant times

1 2BNO+1 1

.
B «kNvr (1/N) N

Since r(1/N) is bounded from bellow by a constant independent of N and 6 < y —1 the
proof ends. O

Remark 5.7. The proof of (5.30) is completely analogous and it is a consequence of Lemma|5.6
Lemmas and when we replace a by B, n"(1) by n(N —1) and W’f(o) by (ﬁf (N). The
details are left to the reader.

5.3. Moving particle lemma. In this section we present a useful result to estimate the ‘cost’
of a change of position of particles in our model. In other words, how much the exchange
of position of a particle from a site y € Ay to a site y +{ € Ay, for some £ > 0, changes the
‘energy’ of the system in terms of the quantity (3.27).

Lemma 5.8. Fix {, < N — 1 and define {; := 2'{, for any i € {1,...,M} where M is a positive
integer such that £,; < N — 1. Let f be a density with respect to vg(_) on Qy, where vg(.) is
defined as in ([3.21)) with p : [0,1] — (0, 1) such that p(0) = a and p(1) = 3. Then

ﬁ: ei: Iy,y+€i_1g;/?’ v]l\’[(')
, i—1

i=1 y=1

) S Du(VF. )

where Dy(v/f, VZ(.)) is defined in 3.27) and I, .., in (3.26) .

Proof. We can assume without loss of generality that £, is even (the argument is easy to

extend to an odd {,) and then ¢,_; is an even number for any i € {1,...,M}.
Fixie{1,...,M}. Forevery y € {1,...,{;_,} consider the ZT’l possibilities that a particle

has to jump from y to y + £;_; in at most two steps. Hence for any j € {1,..., é"T’l}, define

‘ ; 0, . i
Zgj 1= zé’j(y) =Y, %;:= zl’j(y) =y+ Tl +j ;= zz}j(y) =y+{,_, (5.60)

which correspond to one jump of length ZT* + j from 2, ; = y to z; ; and one jump of length
%l —jfrom gz, ; toz,; =y +/{;_;. Observe that for j = %2 we are moving from y to y +/¢;_,;
with only one jump and z; ; = 2, ;.

Recall (3.26). Observe that

VF (@rrtom)—y/f () = V/f (0™=im) = /f (n) (5.61)

is not 0 if, and only if, n(z, ;) # 1(2, ;). We want to rewrite (5.61]) using the point z; ;. To do
that we consider separately the possible combinations of values of the z; ; with i € {0, 1, 2}.
First, assume that 1(z, ;) = 1 and 7(2, ;) = 0. In this case we have two possibilities:
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a. when n(z; ;) = 0, we observe that the action of the operator o**>/ on the config-
uration 7 is equivalent to the action in sequence (and in that order) of o*0*1i and
then o*1*2i. So, in this particular case we can write (5.61) as

[ VF(o==i(amrmim) = /f (a%rsm) |+ [ Vf (o®rsm) = v/F(n)]. (5.62)

b. when 7n(z, ;) = 1, the action of the operator c*/*2/ on the configuration 7 is equiva-
lent to the action in sequence (and in that order) of o**2i and then o*J*1i. So, in
this particular case we can write (5.61)) as

[VF(omsai(ommm) = y/F (omomim) |+ V(o= — /) . (5.63)

Then, we have to consider the case in which 7(z; ;) = 0 and 7n(z,;) = 1. Then, reasoning
similarly to what we did above, if 1(z, ;) = 0 we can rewrite as (5.63)), otherwise, if
n(z;;) = 1 we can rewrite (5.61) as (5.62).

Let us now consider the configurations in which we can rewrite (5.61) as (5.62)) and call
the set of these configurations

Q}V ={neQy: 77(20,]‘) =1, TI(Zl,j) = 0:77(22,]') =0or n(ZO,j) =0, TI(ZLJ') = 1,71(22,]') =1}
In a similar way let us define the following set of configurations
QIZ\] ={neQy: ﬂ(zo,j) =1, 7)(21,1') = 1777(22,]') =0or n(zo,j) =0, 71(21,]') = 0,7')(22,]') =1},

which are the ones corresponding to the case in which we can rewrite (5.61) as (5.63).
Observe that 2}, N Q% = @. Now, thanks to the reasoning that we did above and using the
inequality (a + b)* < 2(a® + b?), we can write

Lsta (V5 V) = f (VF (2t =/ F ()Yl

) f (Vi@ =V o |+ [Vt mm = Vie]) @y,

N

’ J ([Vr @) = @ |+ [V m - VFm)]) ok,

N

N f~ (\/f (o™= (g%51in)) — \/f (O'Zo,j’zl,jfn))z i VZ(.)
ay

+ f (VFGo=mm) = Fm) an,
Ql

N

’ J (VFommitommm) — f mm) dv,
a

" J (VFlommm)— \/f(’?))z vy
%

(5.64)
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Note that fﬁi (Vf(oxrm)— \/f(n)) dvl ) < L, (Vf, vg(,)), foranyi=1,2and any x,y €

Qy. Moreover, by the properties of vg 0 (product measure associated to a Lipschitz profile
vy (V)

dvgc)(n) ?
Ay, are bounded by a positive constant independent of x, y and N. Hence, last display can
be bounded from above by a constant times

Ly oy (WEADHL o (VEAD+L o (V) +L L, (V). (5.65)

Therefore, we obtained that

Iy,y+€l-_1( fs p()) le“,zkj( fs p()) (5.66)

Observe now that by construction we have [p(z,; —2._1,)1™" S £."7 (the longest possible
jump is equal to £;_,). Hence, we have

2
1+
Lyst s (VE AN S Dk, VN S € YZp(sz — 2 ) ey, (VS V),
k=1

which is never 0 nor 1), the Radon-Nikodym derivatives of the form forany x,y €

(5.67)
This is true for any j € {1, ..., &T‘l}, SO we can write
£i1/2 2
l IIyy+£l 1(\/_ p()) ~ lj)f Z Zp(zk] — Zp— 1])Izk 1Jzkj(\/_ p()) (5.68)
=1 k=1
which implies that
g 0q/2

M {4 I v,y+li_ 1('\/_ p())

Recall (5.60) - ) and, in partlcular that the 2, ;’s depend in fact on i and y. We claim that when
1,Y,j,k describe the sets involved in last sum, the couples (z;_; ;,% ;) := (2 k—1,J(J’) zk’](y))
are all different, i.e.

2
Zp(zk,j _Zk—l,j)lzk,l’j,zk’j(\/.?; VI;[(.))- (5.69)

1 y=1 j=1 k=1
I

®:(i,y,j,k)— (z,i_lyj(y),zli}j(y)) € Ay x Ay is injective. (5.70)

Therefore, recalling (3.27), we can bound from above the term on the right-hand side of

by
D Pw =L (V) S Dy (V). (5.71)

V,WEAN
v=w

Putting together (5.71)) and (5.69) we get the statement.
We still have to prove (5.70) to conclude the proof. Let us assume that
(b(i’ y)j’ k) = ¢(i/3 y/7 j/) k/)
and let us prove that (i,y,j,k) = (i’,y’,j’,k’). We distinguish four cases according to the
values of k and k'.
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— 1 — - i i / i I AW
e k=k"=1: then zo,j(y) = zo,j,(y ) and zl,j(y) = zl,j,(y ) imply that

y=y, S4j=t24j

Since 1 <j</{; ;/2and 1<j <{,_,/2 we have that

I+ <ty oy and 1+2 <215 <0, . (5.72)

Ifi<i’'—1then/{,_; < g"'z‘l < Z“T‘l + 1 and the equality [’T‘l +j= K”T‘l + j’ is then
in contradiction with (5.72). If i’ < i—1 then {;_; < 17_1 <1+ ET‘I the equality

fig

St+j= fqul + j’ is then again in contradiction with (5.72]). Hence i =i’ and conse-
quently j = j’. We are done.

e k=1and k' = 2: then z(i),j(y) = zij,(y’) and zij(y) = zg,j,(y’) imply that
oy by b1 | /
y=y+-F7+j, y+F+i=y+ly,
and hence by replacing y in the second equality by y’ + E/T‘l +j’, we get

biy

éi/_ . fi_ .
y=y'+33+j, F+j="F-7.

Sincel1<y<{¢,_ ,,1<y'<{;,,1<j<{;_;/2and 1< j <{;_,/2we have that

1<y<f(,, and 2+ <y<2(, ,,
) 1[1 2 e‘l 1 o (573)
1+5 <51 4j<f, and 0<HL4j< =11,

. ty ty . . . s
Ifi <i’—1then{; ; <5 <2+ - and there is a contradiction with the first line

of (5.73). If i’ <ithen{,_, <{,_,, hence E/T‘l —-1<1+ &T‘l, which is in contradiction
with the second line of (5.73)). Hence this case is not possible and we are done.

e k=2 and k’ = 1: by symmetry this case is equivalent to the previous one.
e k’=2and k = 2: then z! ()= zilj,(y’) and z;j(y) = zgj,(y’) imply that
Sajty =iy, bty =t ty
The second equality and the fact that 1 <y </{,_;, resp. 1 <y’ <{,_,; implies that

140, ,<y+0,_,<20,, and 1+€,  <y+{,_, <20, . (5.74)

Ifi <i’—1then2{;, ; </{,_; <{;_;+1which is in contradiction with (5.74)). Simi-
larly if i’ <i—1 then 2¢;,_; < {;_; <{;_; +1 is in contradiction with (5.74). Hence
i =i’ and consequently we deduce that y = y" and j = j'.

This concludes the proof of the lemma.
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5.4. Auxiliary result. The next proposition is used in order to define a notion of weak solu-
tion in the case 8 =y —1 and vy € (1, 2). The strategy of the proof is similar to the one used
in the previous lemmas, so we will just sketch its proof.

Lemma 5.9. Fix 6 =y—1, y €(1,2). Forany T > 0, for any G € C*°([0,1]) it holds

lim lim ENN[

e—>0N—-00

T
f > G(%)rg(ﬁ)(nf(m—WfO(O))dsH =0,
0

XEAN

Proof. We prove only the part involving r,;, since the other one can be proved analogously.
By the triangular inequality we can bound the expectation in the statement by the sum of

IEMN[
EMN[

The last display can be bounded from above by a constant times

DG < MGl D Iy (L.

xeAy X€EAy
x>0 x>l

T
lim lim IEMN[‘J D> GEE N () — T e))ds| | =0,
0 xeAy

e—>0N—-00

where £, = eNT1,

f > GENREN Y (x) —WfO(O))ds)] (5.75)
0

X€AN
XSZO

and

T
J > G(%)r;(l%)(nf(x)—W’fO(O))ds]]. (5.76)
0

XE€EAN
x>{

Since r;(5) S x77 the right-hand side of the last display can be bounded from above, using
Riemann integral approximation, by a constant times

(KO)—)/+1 — €—y+1(Ny—1)—y+1 — 6—)/-&-1]\]—()/—1)2 — 0’

and it vanishes in the limit N — 0o, e — 0. This means that in order to prove the statement
of the Lemma we only need to show that the limit is 0.

We proceed as we did in the proof of Lemma Let p € (0, 1) be a constant. By Jensen’s
and entropy inequalities plus Feynman-Kac’s formula, we are reduced to show that

—1
% +sup { f S G M) = TN (A + (LT, \/mv} (5.77)

xX€Ay B
XSEO

vanishes in the limit N — 00, e — 0 and then B — 00. As usual C, is a constant independent
from N and the supremum is carried over all the densities with respect to the Bernoulli
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product measure vg . From (3.30) and recalling that 6 = y — 1, the term on the right-hand
side of last display becomes bounded from above by

—4N_BDN(‘/_ )+— (5.78)

where C is a constant independent of N, B (and €). The first term inside the supremum of
can be written as

x x—1 Ly y—1
f PR DIDICICR: 1)—n(2))+zy2(n(2)—n(z +1)) [ (n)d .

x€Ay y=1z=y Y=X z=X
.X'<Z0

Now, since the profile in the product measure vg is a constant we can rewrite the last term,
by a change of variable as

x x—1
zeOJ D TGEIr @] D1 (G + 1) —n@)(f (1) — F(0*+1n))

XEAN y=1z=y
x<{ly [ (579)
o y—1
+ 5> (=) =0z + D) () — (o)) [dw.
y=Xx z2=X

Hence, using Young’s inequality on both the terms in the last display with the same constant
A> 0 we can bound from above the whole term by

x x—1
%J‘ Z |G(I£\i)r§(1%)||:AZZ(7](Z + 1)—7’)(2))2(\/?(7’)4_ \/?(O'Z’ZHn))z
0

XEAN y=1lz=y
XSZO

Ly y—1
+AD > () —n(z + DXVF () + V(o= )2 (5:80)

Yy=X 2=X
b Lo

+- ZZ(I () — VF (o™ 1)) [dvY.

ylzl

Since f is a density and |n(z)| < 1 for any z, we can bound from above the whole last term
by (recall the definition (3.26]))

b Lo Ly £ c

XE€EAN y=1z2z=1 y 1z=1
X<[0

(5.81)

where C’ is a constant independent of N,e,B (this because ZXEAN IG(F)ry ()] S 1 and
<t

St Lt (VF, W) < Dy (V/F, V).
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Then, taking A= BN'~7 the second term on the right-hand side of (5.81)) cancels with the
first of (5.78). Summarising we bounded (5.77) and hence the expectation in (5.75) by

C BN'""¢, 1
SR L2 S0 < 2 g, (5.82)
B 2 B

So, sending € to 0 and then B to infinity, the proof is concluded. OJ

Remark 5.10. Observe that if we apply Lemma/5.9]and then Lemmal/5.5]it is easy to show that

e—>0N—-00

lim lim IEMNUJ Z G(%)rﬁ(%)(nf’(x)—WSGN(O))ds ]z 0.

Indeed the expectation above can be bounded from above by

EMN[

o, |

The first expectation above vanishes, as N goes to infinity and € goes to 0, thanks to Lemma|5.9
Now, call Cy := Y, Ay G(3)ry (%), which is of order 1 since the sum is convergent. Then, the
second expectation above vanishes, as N goes to infinity and e goes to 0, thanks to Lemma
Moreover, not that by the symmetry property of this model, the results that we used works also
when we study the right boundary (see Remark[5.7). So, it is possible to show in the same way
as above that

f ZG(,%)r;(%)(nf’(x)—Wfo(o»ds(]
0

X€AN

T (5.83)
f ZG(I%)r,;(ﬁ)(ﬁ’fo(m—W’sN(O))dsH.
0

XEAN

lim lim IEMN|:

e—>0N—00

f > GGG (x)—W:N(N))ds(] =o.
0

X€AN
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