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Abstract

In this article, we introduce a kernel-based consensual aggregation
method for regression problems. We aim to flexibly combine individ-
ual regression estimators r1,ra, ...,y using a weighted average where
the weights are defined based on some kernel function to build a target
prediction. This work extends the context of Biau et al. (2016) to a
more general kernel-based framework. We show that this more gen-
eral configuration also inherits the consistency of the basic consistent
estimators. Moreover, an optimization method based on gradient de-
scent algorithm is proposed to efficiently and rapidly estimate the key
parameter of the strategy. The numerical experiments carried out on
several simulated and real datasets are also provided to illustrate the
speed-up of gradient descent algorithm in estimating the key param-
eter and the improvement of overall performance of the method with
the introduction of smoother kernel functions.

Keywords: Consensual aggregation, kernel, regression.
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1 Introduction

Aggregation methods, given the high diversity of available estimation strate-
gies, are now of great interest in constructing predictive models. To this
goal, several aggregation methods consisting of building a linear or convex
combination of a bunch of initial estimators have been introduced, for in-
stance in Catoni (2004), Juditsky and Nemirovski (2000), Nemirovski (2000),
Yang (2000, 2001, 2004), Gyorfi et al. (2002), Wegkamp (2003), Audibert
(2004), Bunea et al. (2006, 2007a,b), and Dalalyan and Tsybakov (2008).
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Another approach of model selection, which aims at selecting the best es-
timator among the candidate estimators, has also been proposed (see, for
example, Massart (2007)).

Apart from the usual linear combination and model selection methods, a
different technique has been introduced in classification problems by Mojir-
sheibani (1999). In his paper, the combination is the majority vote among all
the points for which their predicted classes, given by all the basic classifiers,
coincide with the predicted classes of the query point. Roughly speaking, in-
stead of predicting a new point based on the structure of the original input,
we look at the topology defined by the predictions of the candidate estima-
tors. Each estimator was constructed differently so may be able to capture
different features of the input data and useful in defining “closeness”. Con-
sequently, two points having similar predictions or classes seem reasonably
having similar actual response values or belonging to the same actual class.

Later, Mojirsheibani (2000) and Mojirsheibani and Kong (2016) intro-
duced exponential and general kernel-based versions of the primal idea to
improve the smoothness in selecting and weighting individual data points in
the combination. In this context, the kernel function transforms the level of
disagreements between the predicted classes of a training point z; and the
query point x into a contributed weight given to the corresponding point in
the vote. Besides, Biau et al. (2016) configured the original idea of Mojir-
sheibani (1999) as a regression framework where a training point z; is “close”
to the query point z if each of their predictions given by all the basic regres-
sion estimators is “close”. Each of the close neighbors of x will be given a
uniformly 0-1 weight contributing to the combination. It was shown theoret-
ically in these former papers that the combinations inherit the consistency
property of consistent basic estimators.

Recently from a practical point of view, a kernel-based version of Biau
et al. (2016) called KernelCobra has been implemented in pycobra python
library (see Guedj and Srinivasa Desikan (2018)). Moreover, it has also been
applied in filtering to improve the image denoising (see Guedj and Rengot
(2020)). In a complementary manner to the earlier works, we present another
kernel-based consensual regression aggregation method in this paper, as well
as its theoretical and numerical performances. More precisely, we show that
the consistency inheritance property shown in Biau et al. (2016) also holds for
this kernel-based configuration for a broad class of regular kernels. Moreover,
an evidence of numerical simulation carried out on a similar set of simulated
models, and some real datasets shows that the present method outperforms



the classical one.

This paper is organized as follows. Section 2 introduces some notation,
the definition of the proposed method, and presents the theoretical results,
namely consistency and convergence rate of the variance term of the method
for a subclass of regular kernel functions. A method based on gradient descent
algorithm to estimate the bandwidth parameter is described in Section 3.
Section 4 illustrates the performances of the proposed method through several
numerical examples of simulated and real datasets. Lastly, Section 6 collects
all the proofs of the theoretical results given in Section 2.

2 The kernel-based combining regression

2.1 Notation

We consider a training sample D,, = {(X;, Y;)", } where (X;,Y;),i =1,2,...,n,
are iid copies of the generic couple (X,Y). We assume that (X,Y) is an
R? x R-valued random variable with a suitable integrability which will be
specified later.

We randomly split the training data D, into two parts of size ¢ and
k such that ¢ + k = n, which are denoted by D, = {(Xi(é),Y;(Z))f:l} and
Dy = {(Xi(k), Y;(k))f:l} respectively (a common choice is k = [n/2] = n — ().
The M basic regression estimators or machines 7y, 7%29,..., 75 1 are con-
structed using only the data points in Dy. These basic machines can be
any regression estimators such as linear regression, kNN, kernel smoother,
SVR, lasso, ridge, neural networks, naive Bayes, bagging, gradient boost-
ing, random forests, etc. They could be parametric, nonparametric or semi-
parametric with their possible tuning parameters. For the combination, we
only need the predictions given by all these basic machines of the remaining
part D, and the query point z.

In the sequel, for any x € RY, the following notation is used:

o r(x) = (rp1(x), rr2(x), ..., rem(2)): the vector of predictions of x.

o |z = ||lz]la = /32, 2% Euclidean norm on R

o |zl = %, |zi|: £, norm on RY.

e ¢*(z) = E[Y|X = z]: the regression function.



e ¢*(ry(z)) = E[Y|rg(z)]: the conditional expectation of the response
variable given all the predictions. This can be proven to be the optimal
estimator in regression over the set of predictions ry(X).

The consensual regression aggregation is the weighted average defined by

l

u(ri(@) =Y Wos(2)¥,. (1)

i=1

Recall that given all the basic machines ry 1,72, ..., 7%, the aggregation
method proposed by Biau et al. (2016) corresponds to the following naive
weights:

Ty L Co—rim(@<hy
Woi(z) = =3 —— - i=1,2,..., 0 (2)
> i1 [net L (X)) =i (@) <}

Moreover, the condition of “closeness for all” predictions, can be relaxed to
“some” predictions, which corresponds to the following weights:

1

M
12 m=1 Wi (X)) =gy ()| <h} 2 M}

Woi(z) = =120 (3)

]
. :H. M
Z]zl {21 Yirg o (X)) =1 ()| <h} M}

where av € {1/M,2/M, ..., 1} is the proportion of consensual predictions re-
quired and A > 0 is the bandwidth or window parameter to be determined.
Constructing the proposed method is equivalent to searching for the best pos-
sible value of these parameters over a given grid, minimizing some quadratic
error which will be described in Section 3.

In the present paper, K : RM — R, denotes a regular kernel which is a
decreasing function satisfying:

blg, 0. (2) < K(2) <1,Vz € RM
fR]w SupUGBA{(Z,p) K(u)d'z == /i() < +OO

3b, ko, p > 0 such that { (4)

where By(c,r) = {z € RM : ||c — z|| < r} denotes the open ball of center
c € RM and radius 7 > 0 of RM. We propose in (1) a method associated to
the weights defined at any query point x € R? by

ry (E) — I\ T
W (o) — S X) — ri()

Y Ka(ru(x) - rk(x))’i —1,2,...,( )



where K3 (z) = K(z/h) for some bandwidth parameter h > 0 with the con-
vention of 0/0 = 0. Observe that the combination is based only on D, but
the whole construction of the method depends on the whole training data D,,
as the basic machines are all constructed using Dy. In our setting, we treat
the vector of predictions ry(z) as an M-dimensional feature, and the kernel
function is applied on the whole vector at once. Note that the implementa-
tion of KernelCobra in Guedj and Srinivasa Desikan (2020) corresponds to
the following weights:

o Tk,m 2 — Tem
Wi(x) = ZZ’”:%WK’L( (X )(6) m(z))
Y1 2met Bn(rem(X;7) — m(2))

where the univariate kernel function K is applied on each component of ry(x)
separately.

i=1,2,...0 (6)

2.2 Theoretical performance

The performance of the combining estimation g, is measured using the quadratic
risk defined by

Elgn (r+(X)) — 9" ()]

where the expectation is taken with respect to both X and the training
sample D,,. Firstly, we begin with a simple decomposition of the distortion
between the proposed method and the optimal regression estimator g*(X)
by introducing the optimal regression estimator over the set of predictions
g*(ri(X)). The following proposition shows that the nonasymptotic-type
control of the distortion, presented in Proposition.2.1 of Biau et al. (2016),
also holds for this case of regular kernels.

Proposition 1 Let ry, = (741, 7%2, ..., "k,m) be the collection of all basic es-
timators and g,(ri(x)) be the combined estimator defined in (1) with the
weights given in (5) computed at point x € R Then, for all distributions of
(X,Y) with E[|Y]?] < +oo,

E || (r(X)) = 9" (X)] < inf E[|£(ru(X)) = 9" (0P

+E g (X)) — g7 (e (X)) ]



where G is the class of any function f : RM — R satisfying E[f(re(X))*] <
+o00. In particular,

E|lgn(re(X)) = g" (0P| < min, E|[rin(X) - g"(X)[?]

+_E_[|gn<7°k(X)) — g*(rk(X))\Q]

The two terms of the last bound can be viewed as a bias-variance decom-
position where the first term min;<,,<as E[|7%m(X) — ¢*(X)[?] can be seen
as the bias and E[|g, (rx(X)) — ¢*(rx(X))|?] is the variance-type term (Biau
et al. (2016)). Given all the machines, the first term cannot be controlled
as it depends on the performance of the best constructed machine, and it
will be there as the asymptotic control of the performance of the proposed
method. Our main task is to deal with the second term, which can be proven
to be asymptotically negligible in the following key proposition.

Proposition 2 Assume that 7y, is bounded for all m = 1,2,..,M. Let
h — 0 and ¢ — +00 such that hM{ — +oo. Then

E|[g.(ni(X)) = g (r(X))] =0 as € oo
for all distribution of (X,Y) with E[|Y'|?] < +oo. Thus,

lim sup E||g,(r(X)) — ¢"(X)| < inf E || (re(X)) — g (X)].

l—+o0

And in particular,

limsup E | [g,(n(X)) — " (X)F| < min Ejrn(X) — g"(X)2).
(=400 1<m<M

Proposition 2 above is an analogous setup of Proposition 2.2 in Biau et al.
(2016). To prove this result, we follow the procedure of Stone’s theorem
(see, for example, Stone (1977) and Chapter 4 of Gyorfi et al. (2002)) of
weak universal consistency of non-parametric regression. However, showing
this result for the class of regular kernels is not straightforward. Most of the
previous studies provided such a result of Ls-consistency only for the class
of compactly supported kernels (see, for example, Chapter 5 of Gyorfi et al.
(2002)). In this study, we can derive the result for this broader class thanks
to the boundedness of all basic machines. However, the price to pay for the
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universality for this class of regular kernels is the lack of convergence rate.
To this goal, a weak smoothness assumption of g* with respect to the basic
machines is required. For example, the convergence rate of the variance-type
term in Biau et al. (2016) is of order O(¢=%*2)) under the same smoothness
assumption, and this result also holds for all the compactly support kernels.
Our goal is not to theoretically do better than the classical method but to
investigate such a similar result in a broader class of kernel functions. For
those kernels which the tails decrease fast enough, the convergence rate of
the variance-type term can be attained as described in the following main
theorem of this paper.

Theorem 1 Assume that the response variable Y and all the basic machines
Thm, M = 1,2,..., M, are bounded by some constant R. Suppose that there
exists a constant L > 0 such that, for every k > 1,

9" (ri(2)) = 9" (re(W))| < Lllme(z) = mi ()], Vo, y € RY.

We assume moreover that

C |
Rk, Cp > 0: K(2)|]2]* < W,w e RM such that ||z|| > Rg. (7)

M2
Then, with the choice of h oc £ M?*+2M+4  one has

E[|gn(re(X)) — ¢*(X)]!] £ min E[Jrg,(X) — ¢ (X)]?] + O i 5aniTa (8)

= 1<m<M
for some positive constant C = C(b, L, R, R, C) independent of (.

Moreover, if there exists a consistent estimator named 7 ,,,, among {ry.,, }»_,
ie.,
EHTk,mo(X) - g*(X)IQ] — 0 as k — +o0,

then the combing estimator g, is also consistent for all distribution of (X,Y)
in some class M. Consequently, under the assumption of Theorem 1, one
has

i Ellgn((X)) - 9" (OF] = 0.
Remark 1 The assumption on the upper bound of the kernel K in the theo-
rem above is very weak, chosen so that the result holds for a large subclass of
reqular kernels. However, the convergence rate is indeed slow for this subclass
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of kernel functions. If we strengthen this condition, we can obtain a much
nicer result. For instance, if we assume that the tails decrease at least of
exponential speed i.e.,

IR, Cx > 0 and o € (0,1) : K(2) < Cxe 1" vz e RM 2| > Rk,

by following the same procedure as in the proof of the above theorem (Sec-
tion 6), one can easily check that the convergence rate of the variance-type
term is of order O(£~2%/(M+22)) " This rate approaches the state of the art of
the classical method by Biau et al. (2016) when o approaches 1.

3 Bandwidth parameter estimation thanks to
gradient descent

In earlier works by Biau et al. (2016) and Guedj and Srinivasa Desikan (2020),
the training data D, is practically broken down into three parts D where
all the candidate machines {ry,}*_, are built, and two other parts Dy, and
Dy,. Dy, is used for the combination defined in equation (1), and Dy, is the
validation set used to learn the bandwidth parameter h of equation (2) and
the proportion a of equation (3) by minimizing the average quadratic error
evaluated on Dy, defined as follows,

oulh) = [gulmn(Xy) — VP 9)

D
Dr,| (X;,Y;)€Ds,

where | Dy, | denotes the cardinality of Dy,, ¢, (v (X)) = Z(Xi,Yi)eDel W,.i(X,)Y;
defined in equation (1), and the weight W, ;(X;) is given in equation (2) and
(6) for Biau et al. (2016) and Guedj and Srinivasa Desikan (2020) respectively.
Note that the subscript M of ¢,/ (h) indicates the full consensus between the
M components of the predictions ry(X;) and ry(X;) for any X, and X; of
Dy, and Dy, respectively. In this case, constructing a combining estimation
gn is equivalent to searching for an optimal parameter h* over a given grid

H = {hmin7 coey hmax} i.e.,

h* = argmin @y (h).
heH

The parameter « of equation (3) can be tuned easily by considering @, (h)
where o € {1/2,1/3, ..., 1} referring to the proportion of consensuses required
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among the M components of the predictions. In this case, the optimal pa-
rameters a* and h* are chosen to be the minimizer of @, (h) i.e.,

(o, h*) = argmin Cart(h).
(a,h)E{1/2,1/3,...,1} x H

Note that in both papers, the grid search algorithm is used in searching for
the optimal bandwidth parameter.

In this paper, the training data is broken down into only two parts, Dy
and D,. Again, we construct the basic machines using Dy, and we propose the
following x-fold cross-validation error which is a function of the bandwidth
parameter h > 0 defined by

S =3 S laalmelX) - VP (10)

p=1 (vayvj)er

where in this case, g, (rx(X;)) = 22 (x, viyep,\ r, Wni(X;)Yi, is computed using
the remaining x — 1 folds of D, leaving F),, C D, as the corresponding vali-
dation fold. We often observe the convex-like curves of the cross-validation
quadratic error on many simulations; and from this observation, we propose
to use a gradient descent algorithm to estimate the optimal bandwidth pa-
rameter. The associated gradient descent algorithm used to estimate the
optimal parameter h* is implemented as follows:

Algorithm 1 : Gradient descent for estimating h*:

1. Initialization: hg, a learning rate X > 0, threshold 6 > 0 and the
maximum number of iteration N.

9 Fork=1,2,.. N, while )%w(hk,l) > § do:
B hiy — A ()
k k-1 thO k—1

3. return hy, violating the whale condition or hy to be the estimation
of h*.




From equation (10), for any (X;,Y;) € F},, one has
d 1< )
(R == > 2 gn(mk(X))) (ga(rr(X;)) = Y))
dh K Oh
p=1(X;,Y;)€F,
where

Z(Xi,Yi)Dge\Fp YiKp(rk(X;) — rr(X5))
Z(Xq,yq)eDZ\Fp Kp(ri(X;) — (X))

0
Sl m)= Y M-y
(X’izyvi)r(Xqu)efDZ\FP

G (re(X5) — 1t (X)) K (11(X5) — 11(X))
2L,
[Z(Xi,m-)we\Fp Kp(ri(X;) — r(X3))

In(rr(X;)) =

The differentiability of g, depends entirely on the kernel function K. Therefore,
for suitable kernels, the implementation of the algorithm is straightforward. For
example, in the case of Gaussian kernel Kj(z) = exp(—hl|z||?/(20?)) for some
o > 0, one has

0
a5 In(Te(X;)) = > (Yy — Yi)lle(X;) — rx(X0) [P %
(Xiryi)v(Xqu)e,Dl\Fp

exp ( — h(|Ire(X;) — re(Xa)||? + [[ru(X;) — rk(Xq)!P)/(?aQ))

202X, vy, exp(—hlIe(X)) — e(X)[2/(20%)))

In our numerical experiment, the numerical gradient of (10) can be computed
efficiently and rapidly thanks to grad function contained in pracma library of R
program (see Borchers (2019)). We observe that the algorithm works much faster,
and more importantly it does not require the information of the interval containing
the optimal parameter as the grid search does. Most of the time, the parameter h
vanishing the numerical gradient of the objective function can be attained, lead-
ing to a good construction of the corresponding combining estimation method, as
reported in the next section.

4 Numerical examples

This section is devoted to numerical experiments to illustrate the performance of
our proposed method. It is shown in Biau et al. (2016) that the classical method
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mostly outperforms the basic machines of the combination. In this experiment, we
compare the performances of the proposed methods with the classical one and all
the basic machines. Several options of kernel functions are considered. Most kernels
are compactly supported on [—1,1], taking nonzero values only on [—1, 1], except
for the case of compactly supported Gaussian which is supported on [—p1, p1], for
some p; > 0. Moreover to implement the gradient descent algorithm in estimating
the bandwidth parameter, we also present the results of non-compactly supported
cases such as classical Gaussian and 4-exponential kernels. All kernels considered
in this paper are listed in Table 1, and some of them are displayed (univariate case)
in Figure 1 below.

Kernel ‘ Formula ‘
Naive' K(w) = [T Lij<ty
Epanechnikov K(z)=(1- H$H2)1{|Imllél}
Bi-weight K(x) = (1= [[2]*)°L{jay<1
Tri-weight K(x) = (1= [[=[*)*L{je)<y
Compact-support Gaussian | K(z) = eXp{—||33H2/(202)}1{Hzllép1}v a,p1 >0
Gaussian K(x) = exp{—|[z[|/(20°)},0 > 0
4-exponential K (x) = exp{—|[z[|*/(20")},0 > 0

1 . ,.] E—\ . .
R\ — Naive
08 | AN ---- Epanechnikov
: N ! " ' . .
: ,‘f A Bi-weight
Sl i\ oS
0.6 | sl ff | ---- Tri-weight
= i i\ .
- i 1 - - Gaussian
1 . .
= 0.4 ! HEM -« - 4-exponential
' ,:!f i R
N ! L
0.2 | S i
: Qe LIRS
A AR
. - \ S
0 - . i } W\, s
-3 -2 -1 0 1 2 3

Figure 1: The shapes of some kernels.

1The naive kernel corresponds to the method by Biau et al. (2016).

11



4.1 Simulated datasets

In this subsection, we study the performances of our proposed method on the same
set of simulated datasets of size n as provided in Biau et al. (2016). The input data
is either independent and uniformly distributed over (—1,1)¢ (uncorrelated case)
or distributed from a Gaussian distribution A/(0,X) where the covariance matrix
¥ is defined by %;; = 27179l for 1 < i,j < d (correlated case). We consider the
following models:

Model 1 : n =2800,d = 50,Y = X? + exp(—X3).
Model 2 : n =600,d = 100,Y = X1 X+ X3 — X4 X7+ X X190 — XZ +N(0,0.5).
Model 3 : n = 600,d = 100,Y = —sin(2X7) + X7 + X3 — exp(—X4) + N(0,0.5).

Model 4 : n =600,d = 100,Y = X7 + (2X2 —1)? +sin(27 X3) /(2 —sin(27 X3)) +
sin(2mXy) + 2 cos(2mXy) + 3sin?(2mX,) + 4 cos?(2rX4) + N(0,0.5).

Model 5 : n = 700,d = 20,Y = Lix,50p + X3 + L{x,+Xe— Xe— Xo>1+Xua} T
exp(—X3) +N(0,0.05).

Model 6 : n=500,d=30,Y =>,2, Lix,<0p — Lia(0,1)>1.25}-
Model 7 : n = 600,d = 300,Y = X7 + X3 X5 exp(—|X4|) + X — Xz +N(0,0.5).

Model 8 : n = 600,d = 50,Y = 1 x, | 34 xq1sin(X12X18)+N(0,0.01)>0.38}

Moreover, it is interesting to consider some high-dimensional cases as many real
problems such as image and signal processing involve these kinds of datasets.
Therefore, we also consider the following two high-dimensional models, where the
last one is not from Biau et al. (2016) but a made-up one.

Model 9 : n = 500,d = 1000,Y = X; + 3X2 — 2exp(—X3) + Xe.

Model 10 : n = 500,d = 1500,Y = exp(X1) + exp(—X1) + 3]_[cos(X7)) —
2sin(X7) — exp(—|Xj])].

For each model, the proposed method is implemented over 100 replications. We
randomly split 80% of each simulated dataset into two equal parts, Dy and Dy where
¢ =10.8 xn/2] — k, and the remaining 20% will be treated as the corresponding
testing data. We measure the performance of any regression method f using mean
square error (MSE) evaluated on the 20%-testing data defined by

12



Ntest

Z test test))Q. (11)

ntest 1

MSE(f

Table 2 and 3 below contain the average MSEs and the corresponding standard
errors (into brackets) over 100 runs of uncorrelated and correlated cases respectively.
In each table, the first block contains five columns corresponding to the following

five basic machines r = (rm)>,_1:

e Rid: Ridge regression (R package glmnet, see Friedman et al. (2010)).

e Las: Lasso regression (R package glmnet).

ENIN: k-nearest neighbors regression (R package FNN, see Li (2019)).

Tr: Regression tree (R package tree, see Ripley (2019)).

e RF: Random Forest regression (R package randomForest, see Liaw and
Wiener (2002)).

We choose k = 5 for k-NN and ntree = 300 for random forest algorithm, and other
methods are implemented using the default parameters. The best performance of
each method in this block is given in boldface. The second block contains the last
seven columns corresponding to the kernel functions used in the combining method
where COBRA?, Epan, Bi-wgt, Tri-wgt, C-Gaus, Gauss and Exp4 respec-
tively stand for classical COBRA, Epanechnikov, Bi-weight, Tri-weight, Compact-
support Gaussian, Gaussian and 4-exponential kernels as listed in Table 1. In
this block, the smallest MSE of each case is again written in boldface. For all
the compactly supported kernels, we consider 500 values of h in a uniform grid
{107190 . hiax} where hpax = 10, which is chosen to be large enough, likely
to contain the optimal parameter to be searched. For the compactly supported
Gaussian, we set p; = 3 and ¢ = 1 therefore its support is [—3, 3]. Lastly, for the
two non-compactly supported kernels, Gaussian and 4-exponential, the optimal pa-
rameters are estimated using gradient descent algorithm described in the previous
section. Note that the results in the first block are not necessarily exactly the same
as the ones reported in Biau et al. (2016) due to the choices of the parameters of
the basic machines.

We can easily compare the performances of the combining estimation methods
with all the basic machines and among themselves as the results reported in the
second block are the straight combinations of those in the first block. In each table,

2We use the relaxed version of Biau et al. (2016) with the weights given in equation (3).
COBRA library of R programming is used (see, Guedj (2013)).
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we are interested in comparing the smallest average MSE in the first block to all the
columns in the second block. First of all, we can see that all columns of the second
block always outperform the best machine of the first block, which illustrates the
theoretical result of the combining estimation methods. Secondly, the kernel-based
methods beat the first column (classical COBRA) of the second block for almost
all kernels. Lastly, the combing estimation method with Gaussian kernel is the
absolute winner as the corresponding column is bold in both tables. Note that with
the proposed gradient descent algorithm, we can obtain the value of bandwidth
parameter with null gradient of cross-validation error defined in equation (10),
which is often better and much faster than the one obtained by the grid search
algorithm (2 or 3 times faster). Figure 2 below contains boxplots of runtimes of
100 runs of Model 1 and 9 of both correlated and uncorrelated cases computed on
a machine with the following characteristics:

e Processor: 2x AMD Opteron 6174, 12C, 2.2GHz, 12x512K 1.2 /12M L3 Cache,
80W ACP, DDR3-1333MHz.

e Memory: 64GB Memory for 2 CPUs, DDR3, 1333MHz.

Running time on Model 1 (uncorrelated) Running time on Model 1 (correlated)
o ] 5-
. et
2 Opt_method D 4- Opt_method
2 2
» =) v =]
c - — grid E s - grid
a-
2- ;
COIIERi. Gausls arid Exp-i‘ arid Gaus‘s GD Espil GD COéR.=. Gausls.gﬂd Expi‘.gﬂd Gaus‘s GD Exp-i‘ GD
Method Method
Running time on Model 9 (uncorrelated) Running time on Model 9 (correlated)

2 . 2- I
E‘ Opt_method }_’; Opt_method
[ )
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4.2 Real public datasets

In this part, we consider three public datasets which are available and easily ac-
cessible on the internet. The first dataset (Abalone, available at Dua and Graff
(2017a)) contains 4177 rows and 9 columns of measurements of abalones observed
in Tasmania, Australia. We are interested in predicting the age of each abalone
through the number of rings using its physical characteristics such as gender, size,
weight, etc. The second dataset (House, available at Kaggle (2016)) comprises
house sale prices for King County including Seattle. It contains homes sold be-
tween May 2014 and May 2015. The dataset consists of 21613 rows of houses and
21 columns of characteristics of each house including 1D, Year of sale, Size, Loca-
tion, etc. In this case, we want to predict the price of each house using all of its
quantitative characteristics.

Notice that Model 6 and 8 of the previous subsection are about predicting
integer labels of the response variable. Analogously, the last dataset (Wine, see
Dua and Graff (2017b); Cortez et al. (2009)), which was also considered in Biau
et al. (2016), containing 1599 rows of different types of wines and 12 columns
corresponding to different substances of red wines including the amount of different
types of acids, sugar, chlorides, PH, etc. The variable of interest is quality which
scales from 3 to 8 where 8 represents the best quality. We aim at predicting the
quality of each wine, which is treated as a continuous variable, using all of its
substances.

The five primary machines are Ridge, LASSO, kNN, Tree and Random Forest
regression. In this case, the parameter ntree = 500 for random forest, and ANN
is implemented using & = 20,12 and 5 for Abalone, House and Wine dataset re-
spectively. The five machines are combined using the classical method by Biau
et al. (2016) and the kernel-based method with Gaussian kernel as it is the most
outstanding one among all the kernel functions. In this case, the search for param-
eter h for the classical COBRA method is performed using a grid of size 300. In
addition, due to the scaling issue, we measure the performance of any method f in
this case using average root mean square error (RMSE) defined by,

RMSE(f) = v/MSE(f) = ntl : D (gt — f(atest))2, (12)
es i—1

The average RMSEs obtained from 100 independent runs, evaluated on 20%-testing
data of the three public datasets, are provided in Table 4 below (the first three
rows). We observe that random forest is the best estimator among all the basic
machines in the first block, and the proposed method either outperforms other
columns (Wine and Abalone) or biases towards the best basic machine (House).
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Moreover, the performances of kernel-based method always exceed the ones of the
classical method by Biau et al. (2016).

4.3 Real private datasets

The results presented in this subsection are obtained from two private datasets.
The first dataset contains six columns corresponding to the six variables including
Air temperature, Input Pressure, Output Pressure, Flow, Water Temperature and
Power Consumption along with 2026 rows of hourly observations of these mea-
surements of an air compressor machine provided by Cadet et al. (2005). The goal
is to predict the power consumption of this machine using the five remaining ex-
planatory variables. The second dataset is provided by the wind energy company
Maia Eolis. It contains 8721 observations of seven variables representing 10-minute
measurements of Flectrical power, Wind speed, Wind direction, Temperature, Vari-
ance of wind speed and Variance of wind direction measured from a wind turbine
of the company (see, Fischer et al. (2017)). In this case, we aim at predicting the
electrical power produced by the turbine using the remaining six measurements
as explanatory variables. We use the same set of parameters as in the previous
subsection except for kNN where in this case k = 10 and k& = 7 are used for
air compressor and wind turbine dataset respectively. The results obtained from
100 independent runs of the methods are presented in the last two rows (Air and
Turbine) of Table 4 below. We observe on one hand that the proposed method
(Gauss) outperforms both the best basic machines (RF) and the classical method
by Biau et al. (2016) in the case of Turbine dataset. On the other hand, the
performance of our method approaches the performance of the best basic machine
(Las) and outperforms the classical COBRA in the case of Air dataset. Moreover,
boxplots of runtimes (100 runs) measured on Wine and Turbine datasets (com-
puted using the same machine as described in the subsection of simulated data)
are also given in Figure 3 below.

Table 4: Average RMSEs of real datasets.

Model Las Rid kNN Tr RF COBRA Gauss
House 241083.959 241072.974 245153.608 254099.652 205943.768 223596.317 209955.276
(8883.107)  (8906.332)  (23548.367)  (9350.885) (7496.766) (13299.934)  (7815.623)
Wine 0.0.660 0.685 0.767 0.711 0.623 0.650 0.617
(0.029) (0.053) (0.031) (0.030) (0.028) (0.026) (0.020)
Abalone 2.204 2.215 2.175 2.397 2.153 2.171 2.128
(0.071) (0.075) (0.062) (0.072) (0.060) (0.081) (0.057)
Air 163.099 164.230 241.657 351.317 174.836 172.858 163.253
(3.694) (3.746) (5.867) (31.876) (6.554) (7.644) (3.333)
Turbine 70.051 68.987 44.516 81.714 38.894 38.927 37.135
(4.986) (3.413) (1.671) (4.976) (1.506) (1.561) (1.555)
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Figure 3: Boxplots of runtimes of GD and grid search algorithm implemented
on Wine and Turbine datasets.

5 Conclusion

In this study, we investigate and extend the context of a naive kernel-based consen-
sual regression aggregation method by Biau et al. (2016) to a more general regular
kernel-based framework. Moreover, an optimization algorithm based on gradient
descent is proposed to efficiently and rapidly estimate the key parameter of the
method. It is also shown through several numerical simulations that the perfor-
mance of the method is improved significantly with smoother kernel functions.

In practice, the performance of the consensual aggregation depends both on the
performance of the individual regression machines, and on the final combination
here involving kernel functions. Since the calibration of hyperparameters may be
critical in both steps, it could be very interesting to investigate in future work how
automated machine learning models can improve the performances of the global
model.

6 Proofs

The following lemma, which is a variant of lemma 4.1 in Gyorfi et al. (2002) related
to the property of binomial random variables, is needed.

Lemma 1 Let B(n,p) be the binomial random variable with parameters n and p.
Then

1. For any c > 0,

1 2
E{C+B(n,p)} = dn+ 1)

18



1 2
- < _ .
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Proof of Proposition 1 For any square integrable function with respect to ri(X),
one has

+E[lg"(re(X)) — 9" (X)),
We consider the second term of the right hand side of the last equality,
E[(gn(r(X)) — 9" (m (X)) (" (re(X)) - g*(X))}
= Er, () [Ex [ (9a(7()) = 9" (ne(X))) (6" (7)) = 9" (X)) | (X))

:Erk(X)[(QN(rk(X))_g*(rk(X)))(g*(Tk(X))_ Elg"(X )\Tk(X)])]

where g*(rp(X)) = E[g*(X)|rg(X)] thanks to the definition of g*(rp(X)) and the

tower property of conditional expectation. It remains to check that
* e 2 <3 K 2 )
E|lg"(ne(X) —g" (0P| < f E[|7(re(X)) —g" ()P
For any function f s.t E[[f(rk(X))\Q} < 400, one has

E|If(r(X)) = g*(X)12] = E[I£(rs(X)) = g" (X)) + g7 (1(X)) = g"(X) ]
= E ||/ (rn(X)) — g* (m (X))
+2E[<f<rk<x>> g (e (X)) (ne(X)) = g*(X))]
+E[lg"(m(X)) - "(X) ).
Similarly,
E[(£(re(X)) = g"(me(X)) (9" (me(X)) = g"(X)| = 0.
Therefore,
E[I£(m(X)) = " (O] = E[I£(re(X) = ¢" (re(X)) ]
+E[lg"(re(X) - g (X)2].
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As the first term of the right-hand side is nonnegative thus,
* o 2 < i % 2 )
E|lg*(ne(X) — " (0P| < b E[|f(re(X)) —g" ()P
Finally, we can conclude that
E lga(ri(X)) = ¢ (X)12] < E[lga(n(X)) — g* (me(X)) ]
inf E X)) - g (X)]*].
+ inf E||f(r(X)) 9" (X))
We obtain the particular case by restricting G to be the coordinates of ry, one has
E[lgn (04(X)) = g"(X)P] < E[lga(rs(X)) — 9" (v (X)) 2]
+ min B[rin(X) - g"(0).

Proof of Proposition 2 The procedure of proving this result is indeed the proce-
dure of checking the conditions of Stone’s theorem (see, for example, Stone (1977)
and Chapter 4 of Gyorfi et al. (2002)) which is also used in the classical method by
Biau et al. (2016). First of all, using the inequality: (a+b+c)? < 3(a? +b? + c2),
one has

Elga (X)) - g*(re(X))F] =] éWMM ~o' 0[]
= gwn,xxm — g (X))
N gwn,i(xng*(mxi)) — g (X))
. j Wos(X)g" (X)) = 9" (e (X))
< 3EH izg;Wm(X)[g*(m(Xm - 9*(”@()0)]‘2}
+35] ilw"’i(X)m — g )]
+ 38 |g(m(x)) il(vvn,m -]
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The three terms of the right-hand side are denoted by A.1, A.2 and A.3 respectively,
thus one has

E||gn(ri(X)) — ¢*(r(X)) | <3(A.1+ A2+ A3).

To prove the result, it is enough to prove that the three terms A.1, A2 and A.3
vanish under the assumptions of Proposition 2. We deal with the first term A.1
in the following proposition.

Proposition A.1 Under the assumptions of Proposition 2,
¢ 2
lim B[]S Woi(X)lg* (m(X0) = g"(n(X))]| | =0,

—
Feo i—1

Proof of Proposition A.1 Using Cauchy-Schwarz’s inequality, one has

Al=E ‘ éWn,i(X)[g*(rk(Xi)) - g*(rk(X))]ﬁ
_ ]| > VWos B0y Wil (r(0)) — g (][]
<E (éwn,xX)) zi;wnﬂ(X)[g (r(X0)) = " (m (X))
= E[ LW (0l (X0 - g (r(X)P?]
dzefAn.z_

Note that the regression function g* satisfies E[|g*(rx(X))|?] < 400, thus it can be
approzimated in Lo sense by a continuous function with compact support named g
(see, for example, Theorem A.1 in Devroye et al. (1997)). This means that for any
€ > 0, there exists a continuous function with compact support g such that,

E[|g" (ri(X)) = §(re(X))’] < e
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Thus, one has

[iw r(X,)) = " (ne(X)) 2]
[gwm m(X0)) — 3 (X))
CoE[y (X))
+ 3E[§ (X)) = g" (e (X)) %]
def

— 3(An1 + An2 + ATLB)
We deal with each term of the last upper bound as follows.

o Computation of Ans: applying the definition of g,
Ans = [Zwm r(X)) = g" (e (X)) %]

< E[!g(m( -9 (m(X»ﬂ <e.

o Computation of Apy: denoted by p the distribution of X. Thus,
)4
Ay = B[S Wai(X)lg" (ne(X)) = §(ri(X0))?]

“(ne(X1)) = Gru(X0)P]
X)-mX)) L -
i (X) — ""k(Xj»‘g (re(X1) = §(r(X0) ]
= ¢ K (ri(v) — me(X1)) "

= ﬂEDk [E{Xj} [ ZJ 1 Kh(rk( ) - "’k(Xj))

9" (r(X0)) = 3(ri(X0) P ]mﬂ

~ B, [Egx e //\g (o ()

Kp(r(v) — mi(u ))
Kn(re(v) = mie(w) + 35—y Kn(re(v) — m(X;))

L N —
5
—
>

—~ |~

pldu)a(dv) |y

23



— (o, | [ 1g"(re(w) - 5(r()Px

Ky (ri(v) — r(u)) p(dv)
E ¢
X5} |:/ Kh(rk(q)) — rk(u)) + Z?ZQ Kh(rk( ) - Tk(

= 8, [ [ 19" (re(w) - g(rew)? x Tl ()]

oo

Fubini’s theorem is employed to obtain the result of the last bound where the
inner conditional expectation is denoted by I(u, ). We bound I(u,?) using the

argument of covering RM with a countable family of balls Bd:ef{BM(xi, p/2):
i=1,2,....} and the facts that

1. rk(v) S BM(Tk(u)—I-h.Ti, hp/z) = BM(rk(u)—i—hxi, hp/2) C BM(Tk(U), hp).
2. blp,, 0,0 (2) < K(z) <1,Vz e RM.

Now, let
def d .
— Aip(u)=A{v € R: ||ry(v) — mi(u) — hai|| < hp/2}.
def
- B, (u)=

Thus, one has

L
2 =2 L{llm(X;)—r(w)—hail|<hp/2}

def Kp(re(v) — mp(w))p(dv)
= Hi- / Kp(rg(v) — re(u)) + Zﬁzg Kn(re(v) — re(X;)) ‘Dk]

<Ey, /
X5} Z || (V) — 1 (W) —hai | <hp/2

Kh(rk( ) — ri(u))p(dv) ‘ k}
K (ri(v) = mi()) + g Kn(ra(v) — m(X;))

+oo
< E{Xj}§:2 [Z; /AZ h(w)

I(u,

SUP: || z—ha; || <hp/2 Kh(z)u(dv) ’Dk:|
SUDP: ||z —ha;||<hp/2 Kp(z ) + Z§:2 Kh(rk( ) — (X
< E{Xj} Z/ X
SUD [\ 2 — hai | <hp/2 Kn(2) p(dv) ‘Dk}

Y4
SUD 4[| 2 —has || <hp/2 B (2) + 0350 Lijim(0)—ro(X;) [ <hp}
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1 .
< EE{XJ‘};Z-:Z [; ~/A7,h(u)

SUD: ||z —ha;||<hp/2 Kh(z):u(dv)

l
SUD: |2 —ha || <hp/2 Bn(2) + 2520 Ljimu (X))~ ri(w)—ha || <hp/2}

>4

<1§:°E e {Supz:Hz—hxi<hp/2Kh(Z)M(Ai,h(u>)‘ k}
=0 i Lsup., a2 Kn(2) + BL, (w)

Note that BY, (u) is a binomial random variable B(¢ — 1, u(A; p(u))) under
the law of {Xj}§:2, Applying part 1 of Lemma 1, one has

L, 0) < LS~ 25Pstaha <tz Kn(2)n(Ain(w)
LED (As ()

+oo
2
<= sup K(w)
bl ; wi||lw—m4]|<p/2
2 X
_ 2 sup K(w)
b¢ ; wE By (24,0/2)
2 <X
il sup K(w)
b¢ ; wEBu (wi,p/2)

K(w)dy

P = /
< sup
bl (Bar(0,p/2)) ; By (xi,p/2) weEB (4,0/2)

sup  K(w)dy

—+o0
2 /
<
= bl (Ban(0,p/2)) ; Ba(2i,p/2) weBm (y,p)

260 /
< sup K(w dy
bl (B (0,p/2)) wEBM(Y,p) w

= ko by (4)
2K M Ko def C(b, p, ko, M)

= b (B (0, p)) N ¢ =

where Ay denotes the Lebesque measure on of RM, ks denotes the num-
ber of balls covering a certain element of RM | and the constant part is de-
noted by C(b, p, ko, M) depending on the parameters indicated in the bracket.
The last inequality is attained from the fact that the overlapping integrals

j:of fBM(wl-,p/2) SUD.€ By, (y.0/2) K (z)dy is bounded above by the integral over
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the entire space fsupzeBM(y’p/Q) K (z)dy multiplying by the number of cover-

ing balls kyr. Therefore,
A < (COLI M [ 162 (w0) — 2 0) i)
= C(b, p, ko, ME[3(r(X)) = g7 (12:(X)) ]
< C(b, p, ko, M)e.

o Computation of Apa: for any § > 0 one has

[ZWM g (X)) = g(r(X))P
[ZWM )[3(r(X0)) = 3k (X)L -m029))

+E[2an )9(re(X5)) _g(rk’(X))|21{H"'k(xi)_"'k(x)”<6}:|

l
< 4 sup |§(rk(U))|2E[ZW (X)L (x )m(X)H>5}}

ueR4 i=1

+ sup 1G(rk(u)) — §(re(v))[?
u,ERL:|| 7y (u)—rg (v) || <68

Using the uniform continuity of g, the second term of the upper bound of Ans
tends to 0 when 0 tends 0. Thus, we only need to prove that the first term
of this upper bound also tends to 0. We follow a similar procedure as in the

previous part:

E[Z anz’(X)ﬂ{||rk(xi>—m<xmza}]

_Em[ZEX{X Fima { Wni(X )ﬂ{llm(X%m(Xi)HZé}’D’“”

B Kn(re(v) = m(Xa) Ly (0) —
_EDk[ZE{X} |:/ Z] 1Kh(rk( )—T'k( )

0) = 75(0) Lry (o) ra () 2y 4 (dr) (o)
e / / n(ri(v —rk<u>>+z§:2f<h<m<v>—m(xj))’ dl

;(L)”Z(S} M(dv)‘DkH

- K]Epk[ / J(u,m(du)]

26



Fubini’s theorem is applied to obtain the last equation where for any u € RY,

I 0% / Kh 7k(0) = 7)) Ly o) =i ()| 203 H(40) D]
XY L) i (g (0) — rk( ) + X5y Kn(ri(v) — mi(X;))

S E{Xj} Z/
[I7% (v

Kp(rg(v )—Tk:( ))]l{Hrk(v)—Tk(u)HZ(S}
Kn(r(v) = mi(w)) + 3o Kn(ra(v) — m(X;))

< E{Xj} Z/
A n(u)

)—hai||<hp/2

p(dv) ’,Dk}

SUD: 12— hai | <hp/2 K (2) Lgjjz))>5) () ‘Dk}
SUD,. {12 has | <hp/2 Bn (2) + D5y K (ri(v) — 1 (X))
+oo
< sup Kn(2)L1g,>61 X Ery e /
i=1 Zllz—hxil|<hp/2 t=li=oy t ]}722[ Ay p(u)
d
p(dv) i ‘Dk}
SUD..: |2 hay || <hp/2 Kn (2) + 02250 Lijim (X;) i (0) | <hp}
+o0
< sup  Kn(@) iz % By | [
i—=1 z:llz—hxz||[<hp/2 {l=ll=o { ]}7:2|: A n(u)
dv
E{Xj}fzz [ a 4 ) ‘Dk}
SUD: |2 —hay || <hp/2 Bn(2) + 02250 L{jim. (X))~ () —hasl|<ho/2)
+oo
< sup K (2) 112> 5 (Ai p () X
i—1 z:llz—hxz||[<hp/2
L 1 ’
Dy,
b Z{Supz o= harl|<hp/2 Kn(2) + BEy, () ]
- 1+°° 25upz:\|z—hxi||<hp/2 Kh(Z)M(Ai,h(u))]l{l\2||25}
T b= LA n(u))
2 X

< — sup  K(w)Ljjju|>s/n}-
be z; wiw—a; | <p/2 -

Thus, one has

2 IX

E[Z Wm'(X)1{||rk<x,->—rk<X>||za}} Sp2, e K (w) Lijwl|>5/n)
.7 =1 M\ T,
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When both h — 0 and § — 0 satisfying 6/h — 400, the upper bound series
converges to zero. Indeed, it is a non-negative convergent series thanks to
the proof of I(u,l) in the previous part. Moreover, the general term of the
series, Sk = SUDye By (zx.p/2) B (W) L{jw|>s/n}, Satisfying limgs, oo sk = 0
for all k > 1. Therefore, this series converges to zero when h — 0,5 — 0
such that §/h — +oc.

In conclusion, when { — 400 and €,h,6 — 0 such that §/h — 400, all the three

terms of the upper bound of A, tend to 0, so does A,,.
|

Proposition A.2 Under the assumptions of Proposition 2,

lim EH Zéz Wai(X)[Y: — gn(rk(Xi))}’Z} =0.
=1

{—~+o0

Proof of Proposition A.2 Using the independence between (X;,Y;) and (X;,Y;)
for all i # j, one has

=1
= 3 E[Wai(X) Wy (X)[Y; = ga(re(Xi)IIY; = gn(me(X,)]
1<4,5<4
L 1
= E[ 3 WEX)Y; = ga(n(Xi)P] = B[ 3 W2, (X)o*(nu(X0))]
i=1 =1

where

o2 () SIE[(V; — g (r (X)) ()]

Thus, based on the assumption of X and Y we have 0®> € Li(n). Therefore, o
can be approzimated in Ly sense i.e., for any € > 0,352 a continuous function with

compact support such that

El|o?(rx(X)) = &*(ru(X))]] < e.

2

Thus, one has

l 4
A2 <E| S W2 (0F(r(X0)| +E| S W2(X) |0 (m(X0) — 52 (me(X0)) ]
=1 =1

¢ 1
< sup [62(ne(w))[E| D W2 (X)| +E[ D W2(X)[o?(re(X2)) — 62 (m (X))
=1 =1

ucRd
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Using similar argument as in the case of Ap1 and the fact that W, ;(z) < 1,Vi =
1,2,...,¢, thus for any € > 0, one has

[Z X)[o? (X)) = 6 (ri (X }<E[2Wm lo?(r(X0)) - & (i (X0)

< C(bapa’%(]vM) .

Therefore, it remains to prove that E[Zle W2i(X)] — 0 as £ — +oo. As
bligyop(2) < K(2) < 1,Vz € RM with the convention of 0/0 = 0, for a fized
0 >0, one has

‘ ‘ e (X) — (X 2
;Ws’i(X) ;(Z] 1ifh<(sz> (Tk()))fj))>
Soimy Kn(ri(X) — m(X)))
(S Balr(X) (X))
LSt Km0 - (x,))>0) }
Sl Kn(me(X) — me(X;))

1,
{30521 L () —mp (Xl <hp} >0}

l
037521 L () (Xl <hi}

< min {5,

< min {5,

{E] 1 L {Jim () —mp (5 )H<hp}>0} (13)
b3t LX) =me (X, )| <ho}

Therefore, it is enough to show that

<d+

H{Zﬁ-:l Ly (X) = (X )NI<hp} >0} 0400 0
[ £ '
2 j=1 Lm0 = (X;)l<hp}
One has
[R{Zﬁ_l 1{\\rk<x>—rk<xj>\\<hp}>0}]

Y
2 =1 Ll ()= (X;) | <hp}

1,

{22521 ey () = (X )l <hp} >0} ¢

< E[ ; ! k(07 (X))l <he l{rk(X)eB}} + /J({U c Rd : rk(v) €B })
2 i=1 Llim () =i (X;) I <o}

T,

{32521 Ljimy () = (X )l <hp} >0} c

= E[ 1 )| o TS ]| 4 u(fo € RY: (o) € BY)
=1 L{llr(X) =i (X;) | <hp}

L (x)eB) d. (o) e B
< 2 e B (o) SO <)) (Y SR ) € 57
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where B is a M-dimensional ball centered at the origin chosen so that the second
term u({v € R?: rp(v) € BCY) is small. The last inequality is attained by applying
part 2 of lemma 1. Moreover, as 1, = (T’k,m)%ﬂ 18 bounded then there exists a
finite number of balls in B = {By(z;,hp/2) : j = 1,2,...} such that B is contained
in the union of these balls i.e., 31}, yr finite, such that B C Ujey, ,, Bu (w5, hp/2).

E[ Lir.(x)eB}
(C+1D)p({v e Re: [|r(v) — r(X)| < hp})

(du)
<2 / ro(w)—a; [ <hpy2 (£ + Dp({v € RE: [[rg(v) — ri(u)|| < hp})

JGIh M
+ u({v € R%: r(v) € B°})
p(du)
< 2 wilr(u)—z;l|<hps2 (€ + Dp({v € RE: [y (v) — 24| < hp/2})

JEIn M
+ u({v e R : m(v) € B°})

) u(fu € BY : [ry(u) — 2] < ho/2)) P
= 2 T Do BT () = 2] < hpyzp) T ERT () € B

JEIn, M

[ In, | d
= J R%: B¢
i1 T p({v € rp(v) € B°})

LG,
= WM+ 1)

otoohm0, p({v e R%: ry(v) € B°Y}).
hM{—+o0

p({v e R%: rp(v) € B°}) (14)

It is easy to check the following fact,
Co
[ Inar] < AT for some Cy > 0. (15)

To prove this, we consider again the cover B = {Buy(xj,hp/2) : j =1,2,...} of RM .
For any p > 0 fized and h > 0, note that the covering number |Iy r| is proportional
to the ratio between the volume of B and the volume of the ball By(0,hp/2) i.e.,

7 Vol(B)
| >3m0 0 72))
Vol(B)
> (hp/2)M

Co
<
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for some positive constant Cy proportional to the volume of B. Finally, we can
conclude the proof of the proposition as we can choose B such that u({v € R? :
ri(v) € B}) = 0 thanks to the boundedness of the basic machines.

Remark 2 The assumption on the boundedness of the constructed machines is
crucial. This assumption allows us to choose a ball B which can be covered using a
finite number |1y ar| of balls By(xj, hp/2), therefore makes it possible to prove the
result of this proposition for this class of reqular kernels. Note that for the class
of compactly supported kernels, it is easy to obtain such a result directly from the
begging of the evaluation of each integral (see, for example, Chapter 5 of Gyorfi
et al. (2002)).

Proposition A.3 Under the assumptions of Proposition 2,
¢ 2
lim E[|g" (r(X0)) (- Was(X) ~1)| ] = 0.
Jim E||g*(r(X)) ; i(X)
Proof of Proposition A.3 Note that \Zle Wyi(X) — 1| <1 thus one has

\y*(m(X»(me(X) )| < 1o ()P
=1

Consequently, by Lebesque’s dominated convergence theorem, to prove this propo-
sition, it is enough to show that Zle Wyi(X) — 1 almost surely. Note that

L
1 - Zi:l Wn,i(X) = ]l{zle Kp(re(X)—ri(X:))=0} therefore,

]P’[in(X) £ 1} - P[iKh(rk(X) — (X)) = 0}
4

(Z Lt ()= (X;) || <hp} = O)

IP’

MN

L{lime (@)=me (X)) <o) —0) (dz)

.
Il
—

P( Yy e >—rk<Xj>\|zhp})u<dx>

(1= B ({llrata) — m(X0)1 < 1o} )| ()
|

1 (o € R o) - m(o)l < hp})] ()

J(:
J*
/
-/
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< / e~ t(A ) 1y )

- / @ )eB}M(deu({vERd w(v) € BYY)

maxu{ue ‘) / ]l{m(x (d:z) + p({v € R?: ry(v) € BY})

where ;
An(@) 0 € R @) — ml(o)]] < ho}. (16)
Therefore,
P[ZZ: Wi i(X) # 1} < 6_11@[ L, (x)eB)
: ’ — 4 Lp({v e R [y (v) — m(X)| < hp})

pn({v e RY: r(v) € BY).
Following the same procedure as in the proof of A.2 we obtain the desire result.

Proof of Theorem 1 Choose a new observation x € R, given the training data
Dy, and the predictions {rk(Xp)}f,zl on Dy, taking expectation with respect to the

response variables {Y( it s easy to check that

p=1’

Elgn (s (x)) = 9" (72(2)) P{7(X) oy, Dl
= E||gn(rx(2)) = Elga(rs(@) | {rs(X,) Yoy, Dy

+ Elgn(re@)| (X, Yoms, Dl — 0" ()| (me(X,)Yor, D
= Bl gn (71(2)) — Elga (ri (@)1 {r(Xp) s, DRPH{ri(Xp) oy, D)

+ 19" (r1(2)) — Elgn(ri (@) [{rr(Xp) Y1, Dil

d_efE 1+ Fs.

On one hand by using the independence between Y; and (Yj, X;) for all i # j, we
develop the square and obtain for any § > 0:
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def.

BR[| (r1(2)) ~ Elga (e @) () o, Pul| [ ()}, i

:E)ZWM )Y~ B (X)) {3, Yomr D]

_E Z )(¥; = LYl (X)) (X, ot i
L
=Y W7 (2)Ey, [(Y; — B[Y;|re(Xi)])? r (X))

=1

¢
= V[Vilre(X1)] Y Wy
=1

1
(1§3) 41:2<5 N {ijl ]1{\|rk<z>—r-k(xj>u<hp}>0})
2 =1 L{m (@)= (X))l <ho}

where the notation V(Z) stands for the variance of a random variable Z. Therefore,
using the result of inequality (14), one has

2
E(By) < 4? (5+ hM(iOJr 1)) (17)

for some Cy > 0. On the other hand, set

def

— Ch@) = oy L (X)) = (o) [ <o)}

- Dia )defzj KR (re(X5) — ().

The second term Es is hard to control as it depends on the behavior of g*(rg(.)).
That is why a weak smoothness assumption of the theorem is required to connect
this behavior to the behavior of the input machines. Using this assumption, one

has




(Jensen

ZWM () = EYilre (X)) *Lipt ()50

+ (9" ("'k( ))? H{Dg(x)ZO}
i En(ri(x) — m(X0)) (97 (7(2)) — 9" (re(X0)))?
P ZJ 1 Kn(re(2) — re(X;))
+ 9*( k(7)) L pt (2)=0}
K (ri(x) — r (X)) i) — (X))
= Sy Kn(ri(@) = me(X5))
+ (9" (r6(2)))* L pt ()0}
[zg: Kn(ri(x) — re (X)) 75(2) — 7 X) P L{jjmy (@) —me (X0 1< Richo}
P S Kn(re(@) — mi(X;))
= (X)) 7w (@) = (X P Ly () (50 12 Rach)
+Z Sy Kn(ri(@) — mi(X5)) |
H{DZ (@)>0y T (9 (Tk(x)))zﬂ{cﬁ(z):o}

f
(1—6E2+192,+152

LDt ()50}

2
<L Lot (2)>03

<IL?

for any o € (0,1) chosen arbitrarily at this point. Now, we bound the expectation
of the three terms of the last inequality.

e Firstly, B} can be easily bounded from above by

Eldeszth re(x) — (X)) () — me(X0) |1
= Yimy Kn(ri(z) — mi(X;))

1|y ()— m( Dll<Rixhe}

L pt ()03 %

o Ky (r — T XZ'

<172 RKZ n(re () — r(Xi)) 10t 01500
7 i K@) — m(X;))

:LQhQO‘R%{.

Therefore, its expectation is simply bounded by the same upper bound i.e.,
E(Ej) < L*h** Ry (18)

e Secondly, we bound the second term E3 using the tail assumption of the kernel
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K given equation (7), thus for any h > 0:

2defh2LQZKh (re(z) — re(Xa) I (e (= )—7“k(Xz))/hH2]1
i=1 z:] 1I(h(rk( )'_ rk( ))

Ly (@) (X[ Richo}
l

{ D4 (x)>0}

< B2L2 Z CK]I{H(Tk(4v)—'rk(Xi))/hH2RK/h1*“}l{Dfl(a:)>0}
B : ( + (| (ri (@) = m(X3)) /R]IM) 252y Kn(rw(a) — mi(X5))

< g QZ Cr i (@)= (X)) |2 Riche } (D! () >0
(WM + (Richo)M) 35y Ko (ri() — 1 X))

1 o
hM+2LQC {llre (@) —7re (X3)|| >R h} 1
Z (WM + RMpeM) S K (ry() — (X)) (Ph>0

_ hM“*aML?CK y it Ll (a) e (X0 |2 Rache)
= W L RS Ky () — (X))
PO—OMI2L2C0 Yy L (o) (X0 Rch

bR} 35t L) —ri (X, l1<ho)

{D},(x)>0}

}
< Lot @)>03-

Therefore,

B2 < R(—a)M+27200 ¢ y L, Ll () — o (Xl <o} >0}
= M ? ’
bRy 21 Ylir (@) —me(X;) | <hp}

Again, applying the result of inequality (14), one has

hA—)M+2120 ¢ Co Cil o an

bR R D) S (011 (19)

E(F3) <
for some C1 >0 and o < 2/M.

o Lastly with Ay (x) defined in (16), we bound the ezpectation of E3 by,

E(B) < E[(" (m(2))* Licg a0y

< sup (¢* (rx(u)))’E {1{0,{(1):0}}

ucRd
= Sélﬂgd(g*(rk(u»)g(l — u(An(x)))*
< sup (g*(rk(u)))ge_@mh(z))
u€R4
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. 2 L (Ap (w))e” #AH )
< jélﬂgd(g (rx(w))) Cp(Ap(z))

. 2 MaX,ega Ue "
< félﬂgd(g (7 (w))) Cp(An(z))

-1

i 2 ¢
< jgﬂgd(g (75:(u))) Cp(Ap(z))

R T
~ Lu(An(x)))

for some Cy > 0.

From (17), (18), (19) and (20), one has

Ellgn(re(X)) = 9" (re(X)) "] < /RdE[Ign(rk(m)) = 9" (r(2)) ] u(de)

< / E(E, + EX + E2 + E3)u(dz)
Rd

< /Rd [4]:2 (5+ hM(ioJr 1)) + L2h*R3

i/t 2—aM Cy 2
g T s

+

Therefore following the same procedure of proving inequality (14), one has

El|gn(ri(X)) = g* (ru(X)) ]
4R2 C(] 01€ _ Cg,u(dl‘)
< (s L2h2a 2 h2 oM
< 0+ ) T PR o Gu(An (@)
4R? Co 27 2a P2 Cil o am
<=t __t0 a a
<= (5+ hM(€+1)> LR+
N Caop(dz)
T @) asl<ho tu({v € RE: [|ry(v) — mp(2)]| < hp})
4R? Co 2,20 p2 Cil o am
< _ v L o o
<= <5+hM(£+1)>+ W R+ gy
n / Cop(dz)
e @) —ajl<ho (u({v € R : |[ry(v) — x4 < hp})
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4R? Co Cil o um
< ) @
~— b ( +hM(EJrl) (¢+1)
Z p({v € R?: Ik (v) — 5] < hp})
p{v € RY: |Ire(v) — z4l] < hp})

) + L2h* R +

GJh
4R? Co 91 %0 12 Cil o onr . Coldnm|
< L°h=™ a —alenMi
<= (5+hM<£+1))+ h2eR% ¢ (£+1)h ;
AR? Co 212 12 Cil o am, O3
< L (67 o
=7 (5+hM(€+1))+ R+ eyh g

where |Jy pr| denotes the number of balls covering the ball B (introduced in the proof
of A.2) by the cover {Ba(zj,hp) : j = 1,2,...}. Similarly, one has |Jp | < %
for some constant Cy > 0 proportional to the volume of B. Since § > 0 can be
arbitrarily small, and with the choice of oo =2/(M + 2), we can deduce that

Bllgn (re(X)) — " (rk(X))] < 25bs + Co¥/ 452, 21)

From this bound, for h oc ¢~M+2)/(M*+2M+4) .0 obtain the desire result with the

4
upper bound of order O(¢ M*+2M+1) je.,
E[lgn(ri(X)) — ¢* (re(X))|?] < O "2Fanita

for some constant C' > 0 independent of £.
|

Proof of Remark 1 To prove the result in this case, which means, under the
following assumption.:

IRk, Cx > 0 and o € (0,1) : K(2) < Cxe 1% vz e RM ||| > R,

we only need to check the new bound of E3 defined in the previous case. One has

p2def 2 = m(Xi)) (@) — (X)Lt ()50
- Z zle Ey(ri(x) — ri(X;)) :
ﬂ{um )= (Xi)[[2he Ric}
.2 z": WK (ri(@) — mo(Xa)) (e (@) = 7e(Xa)) /PP L g ()50
> Kn(ri(@) — mi(X;))

]l{(ll'r‘k(w)fm(Xi))/thRK/hl‘“}
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_ w2 ¢ CKe_H(Tk(x)—wxi))/hua||(rk(x)—rk(Xi))/hHQX
= b

¥/
P > i1 Ljm(@) - (X5) | <hp}

]l{ll(f‘k(x)*m(Xi))/hIIZRK/hl‘“}H{Cﬁ(ff)>0}

As for any a € (0,1), t — \(t) = t2e™*" is strictly decreasing for all t > (2/a)'/®.
Thus for h small enough such that Ry /h*=% > (2/a)"®, one has

s o WL2Ck g~ (Bae/B)2e B0 ) ) 2 i 102

E; < 7 (CL(2)>0}
b= 2 j=1 Llime () - ()l <ho) '
_ W2 [2Cy R3 e~ Rih™( ze: H{Zﬁzl L{jjmp ) s (X )l <hip} >0}
= 7
b = Xi=1 W) -n()|<ho}
_ Ch2° [2Ck R e~ Rich™=! ™) y S 1m0 ma iy >0}
— g M
b Zj:l L (@) (X))l <hp}
Applying the result of inequality (14), one has
Ch2° [2Ck R, e~ Rich™ ™ Co
E(F32) < K
(F2) < b “RM(C+ 1)
< Clhza—Me—Rg;h*a“*a) (22)
for some C1 >0 and a € (0,1).
Therefore from (17), (18), (20) and (22), one has
E[|gn (r(X)) — g" (r(X))?] < /RdE[lgn(Tk(x)) — g (r(2)) P u(dx)
< / E(E, + B3 + E3 + E3)u(dz)
Rd
4R? Co
< | =6+ 5 ) + LPROR;
—/Rd{b (+hM(€+1))+ K
a p—a(l—a CQ
4 Oyh2oMomRihmetime) | 22 wu(dx).
! G

Following the same procedure as in the previous proof of theorem 1, one has

El|gn(ri(X)) — g% (ru(X))[?]
4R? Cy

Gy
<
<5 (04 Y

hMe

) + LZhQOzR%( + CthOlfMe,R?(hfa(lfa) I
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Since § > 0 is chosen arbitrarily and the third term of the last inequality decreases
exponentially fast as h — 0 for any o € (0, 1) fized, hence it is negligible comparing
to other terms. Finally, with the choice of h o< ¢~V (M+29) e obtain the desire
resull:

Ellgn(r(X)) — 6" (re (X)) < 251+ Coh < Qo242

for some C > 0 independent of £.
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