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Abstract

This work is a preliminary study that proposes logical encodings for translating argu-
mentation graphs themselves into logical knowledge bases. This translation will be used
for identifying or redefining some properties of argumentation graphs. The graphs that
we consider are used to formalize abstract argumentation with recursive attacks.
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Chapter 1

Introduction

The main feature of argumentation framework is the ability to deal with incomplete and / or con-
tradictory information, especially for reasoning [24, 13]. Moreover, argumentation can be used to
formalize dialogues between several agents by modeling the exchange of arguments in, e.g., nego-
tiation between agents [4]. An argumentation system (AS) consists of a collection of arguments
interacting with each other through a relation reflecting conflicts between them, called attack. The
issue of argumentation is then to determine acceptable sets of arguments (i.e., sets able to defend
themselves collectively while avoiding internal attacks), called extensions, and thus to reach a co-
herent conclusion. Another form of analysis of an AS is the study of the particular status of each
argument, this status is based on membership (or non-membership) in the extensions. Formal frame-
works have greatly eased the modeling and study of AS. In particular, the framework of [24] allows
completely abstracting the concrete meaning of the arguments and relies only on binary interactions
that may exist between them.

AS have been extended along different lines. For instance, bipolar AS (BAS) correspond to AS
with a second kind of interaction, the support relation. This relation represents a positive interaction
between arguments and has been first introduced by [27, 38]]. In [[17], the support relation is left
general so that the bipolar framework keeps a high level of abstraction. However there is no single
interpretation of the support, and a number of researchers proposed specialized variants of the sup-
port relation (deductive support [[10], necessary support [31} 132], evidential support [33, 134]). Each
specialization can be associated with an appropriate modelling using an appropriate complex attack.
These proposals have been developed quite independently, based on different intuitions and with dif-
ferent formalizations. In [18]], a comparative study has been done in order to restate these proposals
in a common setting, the bipolar argumentation framework. Basically, the idea is to keep the original
arguments, to add complex attacks defined by the combination of the original attack and the support,
and to modify the classical notions of acceptability. An important result of [[18]] is the highlight of a
kind of duality between the deductive and the necessary interpretations of support, which results in
a duality in the modelling by complex attacks. Recent works give a translation between necessary
supports and evidential supports [36]]; others propose a justification of the necessary support using
the notion of subarguments [37]]; an extension of the necessary support is presented in [30].

AS have been also extended so as to take into account interactions between arguments and other in-
teractions. A first version has been introduced by [29]], then studied in [6] under the name of AFRA
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(Argumentation Framework with Recursive Attacks). This version describes abstract argumentation
systems in which the interactions can be either attacks between arguments or attacks from an ar-
gument to another attack. In this case, as for the bipolar case, a translation of an AFRA into an
equivalent AS can be defined by the addition of some new arguments and the attacks they produce
or they receive. Recently, an extension of AFRA has been proposed in [21] in order to take into
account supports on arguments or on interactions. These systems are called ASAF (Attack-Support
Argumentation Frameworks). And, once again, a translation of an ASAF into an equivalent AS is
proposed by the addition of arguments and attacks.

The subject of the current paper is to propose a logical vision of an ASAF that can justify the intro-
duction of all these new attacks. This logical vision is initially issued from works in bioinformatics
(see [23L[1]). In this domain, we can find metabolic networks that describe the chemical reactions of
cells; these reactions can be negative (inhibition of a protein) or positive (production of a new pro-
tein) and they can depend on other proteins or other reactions. A translation from metabolic networks
to classical logic has been proposed in [1]. This translation allows for the use of automated deduction
methods for reasoning on these networks. A very preliminary work has been done for adapting this
approach to argumentation systems (see [16]). Nevertheless, in terms of argumentation, the obtained
results are limited at this time.

In this new work, we restrict our study to argumentation systems with only attacks (recursive or not)
and propose a new logical vision of an AS and an ASAF.

Context. Two different cases are considered in this work:

» The case called “classic”: we study argumentation systems, denoted by AS, where only attacks
between arguments (simple attacks, see Definition can be found;

» The case called “recursive”: we study argumentation systems, where there exist arguments,
attacks between arguments and attacks between an argument and another attack, (called recur-

sive attacks, see Definition [ on page 6).

Note: In this work, the interactions corresponding to the notion of support will not not considered
(this case is left for future work, see Section|/ on page 63)).

According to the considered case (classic or recursive), there exist two ways for weakening an attack:

» either by weakening the source of the attack (this is possible in both cases),

» or because the attack is the target of another attack (this is possible only in the recursive case).

This leads to propose the notions of “grounded attack™ and “valid attack™ ( [15]). The notion of
grounded attack is about the source of the attack and the notion of valid attack is about the link
between the source and the target of the attack (i.e. the role of the interaction itself).

Moreover, in [15]], the argumentation graph is translated into a graph containing only simple attacks,
using the addition of meta-arguments. This translation allows taking into account the notion of
grounded (resp. valid) attack in the computation of the extensions of the resulting graph.
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Contents:

1. The first two chapters contain the necessary background: the main notions about abstract ar-
gumentation are given in Chapter and some existing works about argumentation

and logics are described in Chapter 3 on page 13|

2. In Chapter we propose a translation of the argumentation graph itself using a
formal language: our aim is to formally express the semantic{] attached to an attack in an

argumentation graph, and so the notions of accepted argument, grounded or valid attack, inde-
pendently of any argumentation semantics. The proposed formal language will first take into
account simple attacks (Section 4.1 on page 19), then will be extended to cope with recursive
attacks (Section 4.2 on page 23).

3. Then, using the formal language described in the previous chapter, a modelization of argumen-
tation semantics is given in Chapter Our aim is to express the standard semantics
(grounded, preferred, complete, stable) of an AS in logical terms (either by formulae, or by a
selection of models). This will be done with the basic language (Section |5.1 on page 33)) and
with the extended language (Section 5.2 on page 44)).

4. This will suggest the definition of new argumentation semantics capable of handling recursive

attacks (Chapter|[6 on page 5T).
Notes:

» A similar work has been done in [16]. However, the proposed encoding presented here is not
the same as the one given in [[16] and so the results of [16] are not usable here.

» All the examples used in this report are totally described in Appendix
= Proofs are given in Appendix

'In the common sense of this word and not in the sense of “argumentation semantics” evoked in Section|2.2 on page 7
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Chapter 2

Background on abstract argumentation

This chapter gives some definitions about abstract argumentation (the different kinds of argumenta-
tion systems and the standard argumentation semantics).

2.1 Different abstract argumentation systems

The classic case concerns argumentation systems with only one kind of interaction: attacks between
arguments.

Def. 1 (AS) An argumentation system (AS) is a tuple (A, R), where

= A is a finite and non-empty set of arguments,

« R C A x A is an attack relation.
A first extension takes into account an additional kind of interaction: supports between arguments.
Def. 2 (BAS) A bipolar argumentation system (BAS) is a tuple (A, Ry, Rqyp), where

» A is a finite and non-empty set of arguments,

» R,y € A x A is an attack relation and

= Ry, € A X A is a support relation.

It is assumed that Ry N Ry = 9.

Another possible extension concerns recursive interactions (support or attack), i.e. from an argument
to either another argument or another interaction [22].

Def. 3 (ASAF) An Attack-Support Argumentation Framework (ASAF) is a tuple (A, R, Raup)
where

» A is a set of arguments,



» Ry is a subset of A x (A URy U Ryyp) corresponding to a set of attacks, and

» Ryyp is a subset of A x (A URy URyyy) corresponding to a set of supports. Note that R, is
assumed to be irreflexive and transitive.

It is assumed that Ry N Rgyp = <.

We propose an alternative formalisation in which each interaction is labelledﬂ

Def. 4 (ASAF) An ASAF is a tuple (A, Ry, Ry, s, ) where

A is a set of arguments,

R (resp. Rqyp) is a set disjunct from A, representing attacks (resp. supports),
» s is a function from (Ry U Rgyp) fo A, mapping each interaction to its source,

» t is a function from (Ray U Rgyp) 10 (A U Ry U Ryyp) mapping each interaction to its target.

It is assumed that Ry N Rgyp = 9.

Note that each interaction « can be identified with the pair (s(a), t(«)).

Note also that a BAS can be recovered as a particular case where ¢ is a mapping from (R« U Ryyp)
to A.

In the remainder of this paper, we do not consider the support relation. So we consider either an AS,
or an ASAF with Ry, = <. In both cases, the attack relation will be denoted by R.

So, we consider a 4-tuple (A, R, s, t) where

» A is a set of arguments (denoted by a,b,...) and R is a set disjunct from A, representing
attacks (denoted by greek letters),

= s1is a function from R to A, mapping each interaction to its source,

= ¢ is a function from R to (A U R) mapping each interaction to its target.

An AS can be recovered as a particular case where ¢ is a mapping from R to A.

For each of these argumentation systems, we use its graphical representation defined by G = (A, R)
(A being the set of vertices and R being the set of edges).

As usually done in Graph Theory, we adopt the following notations: leta € A, R (a) (resp. R™(a))
denotes the set of arguments attacked by (resp. that attack) a.

! Another formalisation is also given in [15]]: A labelled ASAF (LASAF) is a 5-uple (A, Ry, Rgup, V, L) where A is
a set of arguments, Ry € A X (A U Ray U Rygyp) is an attack relation, Rgyp € A X (A U Rayt U Rgyp) is a support
relation, V is a set of labels (denoted by greek letters) and L is a bijection from R C (R U Rsup) to V.
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2.2 Argumentation semantics for AS

In the following, we recalled the definitions of the standard semantics. Note that these definitions
only concern classic abstract argumentation systems (with simple attacks). It is important to note
that no semantics has been clearly defined in the other cases, i.e. when supports and/or recursive
interactions exist (some suggestions have been done but there exists no consensus about them).

In the extension-based approach, a semantics specifies requirements that a set of arguments should
satisfy. These requirements have been extensively analysed in [BGO7]. There are three basic require-
ments, corresponding to three principles for semantics:

» An extension is a set of arguments that “can stand together”. This corresponds to the conflict-
free principle.

» An extension is a set of arguments that “can stand on its own”, namely is able to counter all the
attacks it receives. This corresponds to the concept of defence and leads to the admissibility
principle.

» Reinstatement is a kind of dual principle. If an extension defends an argument, this argument
is reinstated by the extension and should belong to the extension.

We give below the formal definitions.
Def. 5 (Basic concepts used in extension-based semantics) Ler AS = (A, R) and S C A.
« S is conflict-free if and only if there are no arguments a,b € S, such that aRb.

= a € A is acceptable with respect to S (or equivalently S defends a) if and only if Vb € A such
that bRa, dc € S such that cRb.

» S is admissible if and only if S is conflict-free and each argument in S is acceptable with
respect to S.

Standard extension-based semantics are classically defined as follows:
Def. 6 (AS extensions in standard semantics) Let AS = (A, R) and S C A.
= S is a naive extension of AS if and only if it is a maximal (with respect to C) conflict-free set.

= S is a preferred extension of AS if and only if it is a maximal (with respect to C) admissible
set.

= S is a complete extension of AS if and only if S is admissible and each argument which is
acceptable with respect to S belongs to S.

= S is a stable extension of AS if and only if it is conflict-free and ¥a ¢ S, b € S such that bRa.

Most of the standard semantics can be alternatively defined using the characteristic function F.

Def. 7 (Extensions defined by F) Let AS = (A,R) and S C A.
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= The characteristic function of AS is defined by: F(S) = {a € A such that a is acceptable with
respect to S'}.

S is admissible if and only if S is conflict-free and S C F(5).
» S is a complete extension of AS if and only if it is conflict-free and a fixed point of F.

S is the grounded extension of AS if and only if it is the minimal (with respect to C) fixed poinﬂ
of F.

» S is a preferred extension of AS if and only if it is a maximal (with respect to C) complete
extension if and only if it is a maximal conflict-free fixed point of F.

Note that due to Definition |6 on the previous page|the complete semantics is based on both principles
of admissibility and resinstatement. Moreover, as the grounded extension, the preferred extensions
and the stable extensions are also complete extensions, the grounded (resp. preferred, stable) seman-
tics satisfies the admissibility and reinstatement principles.

2.3 Argumentation semantics for BAS

Handling support and attack at an abstract level has the advantage to keep genericity and to give an
analytic tool for studying complex attacks and new semantics considering both attack and support
relations, among others. However, the drawback is the lack of guidelines for choosing the appropriate
definitions and semantics depending on the application. For solving this problem, some variants
of the support relation have been proposed recently, including the necessary support. This kind of
support was initially proposed in [32] with the following interpretation: If cR,,b then the acceptance
of c is necessary to get the acceptance of b, or equivalently the acceptance of b implies the acceptance
of c¢. Suppose now that aR,c. The acceptance of a implies the non-acceptance of ¢ and so the non-
acceptance of b. Also, if cRqpa and cR,b, the acceptance of a implies the acceptance of ¢ and the
acceptance of ¢ implies the non-acceptance of b. So, the acceptance of a implies the non-acceptance
of b. These constraints relating a and b are enforced by adding new complex attacks from a to b:

Def. 8 ([32] Extended attack) Let (A, Ry, Ryyp) and a,b € A. There is an extended attack from a
to b iff

w cither (1) aRy.b;
= or (2) aiRyaaRgyp - - - Ropn, n > 3, with a1 = a, a, = b;

= or (3) a1Rgyp - - - Rywptn, and a1Ryway, n > 2, with a,, = a, a, = b.

Consider the following graphical notations:

the simple edges represent attacks,

—>

the double edges represent supports.

21t can be proved that the minimal fixed point of F is conflict-free.
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The following figures illustrate the cases 2 and 3 of Definition [8 on the facing pagef

Case 2: e Case 3: @
O-0> @ [ P

Among the frameworks proposed in [19] for handling necessary supports, we focus on the one en-
coding the following interpretation: If cRy,,b, “the acceptance of c is necessary to get the acceptance
of 0 because “c is the only attacker of a particular attacker of 0:

Def. 9 ([19] MAS associated with a BAS) Let (A, Ry, Rqyp) be a BAS with Ry, being a set of nec-
essary supports. Let A,, = {Ng|(c,b) € Ry} and R,, = {(c, N)| (¢, b) € Rayp JU{(Nep, b)|(c, b) €
R} The tuple (A U A,,, Ry UR,,) is the meta-argumentation system (MAS) associated with the
BAS (it is a Dung’s AS).

Since a MAS is a Dung’s AS, any Dung’s semantics can be applied.

2.4 Argumentation semantics for ASAF

Here, as the bipolar case, there is no consensus about semantics for ASAF. At least four distinct
methods exist. The first third ones consist in a translation of the original ASAF into an AS (in which
all Dung’s semantics can be reused) whereas the last one gives direct definitions for ASAF semantics
without using a translation into an AS.

2.4.1 Method of [6]

The proposed translation uses the notion of defeat defined as follows:E]

Def. 10 ([6] Defeat in ASAF without support) Let (A, R) be an ASAF without support. Let o, €
R. Let X € AUR.

» « directly defeats X iff X is the target of a.

» « indirectly defeats (3 iff the target of « is an argument that is the source of (.

Then, a translation of an ASAF into an AS is provided:

Def. 11 ([6] AS associated with an ASAF) Ler (A, R) be an ASAF without support. The AS asso-
ciated with this ASAF is (A’ R’) defined by:

- A'=AUR,
» R ={(X,Y) st X €eR,)Y € AUR and X directly or indirectly defeats Y'}.

The previous notions are illustrated on the following example:

3Initially in [6]], the used argumentation system with recursive attacks is called an AFRA.
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ASAF Associated AS
O30 Q @
oG ® OO

@ @ ONO

For instance, « directly defeats c, 3 directly defeats o and ¢ indirectly defeats c.

The following points seem counterintuitive:

« there is no attack between a and ¢ (more generally, no argument from A can be an attacker in
the associated AS of the ASAF),

» there is no link between a and « (more generally, there is no link between an attack and its
source); that is surprizing since, without a, the attack o does not exist.

2.4.2 Method of [21]

The translation from an ASAF into an AS follows two stepsﬂ

1. First, the ASAF is turned into a BAS with necessary support.
2. Then, this BAS is turned into an AS by adding extended attacks.

Def. 12 ([21] BAS associated with ASAF) The following schemas describe the encoding of attacks
(attacked or not):

ASAF Associated BAS

Given the BAS associated with the ASAF, the second step followed in [21] is to create an AS by
adding complex attacks, namely Case 2 - extended attacks (see Def. [§):

Def. 13 ([21] AS associated with BAS and ASAF) Ler (A, Ry, Ryyp) be the BAS associated with
a given ASAF. The pair (A’,R'), where A’ = A and R’ = Ry U {(a, b)| there is a sequence ay Ry
as Ry - - Rawp @, n > 3, with aq = a, a,, = b} is the AS associated with the BAS and the ASAF.

“Initially in [21]], the used argumentation system contains recursive attacks and supports and the definitions are more
complex in order to take into account supports.

10



For instance (in this case the attack from 0 to « is added following Definition [13 on the preceding]

ASAF Associated BAS Associated AS

Q. ©
O ©O—-O

ONO

2.4.3 Method of [15]

The proposed translation consists in encoding recursive interactions into a MAS in two stepsﬂ

1. First, the ASAF is turned into a BAS with necessary support (exactly in the same way that is
done in [21]).

2. Then, this BAS is turned into an MAS following Definition

We give here only the definition corresponding to an ASAF without support:

Def. 14 ([15] Encoding of labelled attacks) The following schemas describe the encoding of a la-
belled attack (attacked or not):

ASAF Associated BAS Associated MAS

30 | O+ G
0 S0 0090
O © OO0

Note that the NV;; code the ground-links, i.e. the links between the source of an interaction and the
interaction.

STnitially in [15], the used argumentation system is called a LASAF and contains recursive attacks and supports; so
the definitions are more complex in order to take into account supports.
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2.4.4 Method of [22]

Here the first idea is similar to the one developed in [6]: introducing a notion of defeat. Here we
only give the definitions corresponding to an ASAF without support, i.e. the definitions relied to the
notion of unconditional defeat]

The unconditional defeats can be partitioned into two distinct cases: the first case corresponds to
conflicts already captured by the attack relation of the ASAF (called direct defeats), the second case
(called indirect defeat) captures the intuition that attacks are strictly related to their source, as in [6].

Def. 15 ([22] Defeats) Ler (A, R) be an ASAF without support, o, € Rand X € A UR.

Direct defeat « directly defeats X, noted o d-def X, iff the target of ais X.
Indirect defeat « indirectly defeats 3, noted o i1-def B, iff « d-def the source of (.

Unconditional defeat « unconditionally defeats X, noted o u-def X, iff « d-def X ora i-def X.

Then a redefinition of the main concepts used in argumentation semantics is givenﬂ

Def. 16 ([22] Main semantics concepts for semantics) Ler (A, R) be an ASAF without support,
Se AUR.

Conflict-Freeness S is conflict-free iff- fo, X € S s.t. a u-def X.

Acceptability Ler X € A UR, X is acceptable wrt S iff: Vo € R s.t. au-def X, 36 € S s.t.
[ u-def a.

Then, using these new notions of conflict-freeness and acceptability as in Dung’s definitions, it is
possible to redefine all classical semantics.

Even if this approach is methodologically distinct from the one of [6]], in the case of an ASAF without
support, the same results are obtained.

®Initially in [22], the used argumentation system contains recursive attacks and supports and the definitions are more
complex in order to take into account supports.
"Once again we only give the part of definition corresponding to an ASAF without support.
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Chapter 3

Argumentation and logics

Correspondences between argumentation and logic programming have been introduced in the fun-
damental article of Dung [24)]. From that moment, several works have been done (see for in-
stance [14), 135} [13]] and more references can be found in this last article).

The most studied problem is the following: find an appropriate encoding of an argumentation system
AS into a logic program P and its associated logic programming semantics, such that, applied to P,
these semantics capture argumentation semantics of the original AS.

For that purpose, many different encodings have been proposed. For instance Dung [24]] has proposed
an encoding allowing the capture of (only) grounded and stable semantics. In [14} 35, [13], the
proposed encodings allow for the characterization the standard argumentation semantics (grounded,
stable, preferred and complete semantics). The main difference between [14, [35] and [13] is that,
in [14, 35], logic programming semantics are defined using classical models (2-valued semantics),
whereas, in [13], 3-valued semantics are used.

The following section recalls the main basic concepts of logic programming, with the definition of
2-valued and 3-valued semantics. Then we focus on [[14} 35 113] and present the main characteristics
of each encoding.

3.1 Background on logic programming

Let L be a finite set of symbols (or atoms). A literal is an atom «a (positive literal) or the negation of
an atom not a (negative literal).

If {ai,...,a,} is a set of atoms, not{ay,...,a,} denotes the set of negative literals {not ay, ...,
not a,}.

A normal rule r is an expression of the form:
C4 ai,...,ap,not by, ..., not b,

where c, a; and b; are atoms.
Notations: BT (r) = {a1,...,a,} and B~ (r) = {not b, ...,not b, }.

A normal logic program is a finite set of normal rules. Lp denotes the set of the atoms appearing in
P.
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Note about the negation

According to the way the logic program is taken into account, not represents either the “failure
negation” (as in [13]) or the classical negation (as in [[14}35]]). In this last case, a logic program can
be considered as a classical logic theory and the literal not a can be replaced by —a.

2-valued semantics in logic programming
Let P be a normal logic program (considered as a classical theory) and M be a set of atoms, M C Lp.
The p-stable models and the stable models are defined with reduction operations.

Def. 17 The reduction of P by M is the program Red(P, M) defined as follows: If r is a rule of P
under the form ¢ < aq,...,a,, by, ..., by, r is modified by removing all literals —b; such that
b; ¢ M.
M is a p-stable model of P if and only if M is a model of Red(P, M) and Red(P, M) & a for all
a € M.

Another kind of reduction is used for defining the stable models.

Def. 18 PM is the program obtained from P by the removal of:
= any rule r under the form c < ay, ..., a,, by, ..., b, withb; € M, then
» any negative literal into the remaining rules.

M is a stable model of P if and only if M is a minimal model of P™.
Semantics of “supported” models are defined as follows:

Def. 19 M is a supported model of P if and only if, for all a € M, there exists a rule r under the
forma < ay,...,a,,—by, ..., 2by, suchthat{ai,...,a,} € M and {by,...,b,} "M = @.

The supported models of a program P are exactly the models obtained by the Clack completion of
P.

Def. 20 The Clark completion of the program P is the program Comp(P) obtained following the
IWo next steps:

» any rule r under the form ¢ < ay,...,a,,—by,..., by, is replaced by the formula c <
alA.../\(ln/\_'bl/\.../\_\bm.

» Ya € Lp, Support(a) denotes the set of formulae whose conclusion is a (so Support(a) =
{a « ¢1,...,a < ¢r}). Support(a) is replaced by the unique formula a <> (¢1 V ...V ¢p).
If Support(a) is empty, we add the formula —a to Comp(P).

Example:
P={p<« a,p< ba< —b b+ —a}. Comp(P)={p<+> aVb,a<+> —bb<+> —a}. There are two
models: {a,p} and {b, p}.

3-valued semantics of logic programming

Let P be a normal logic program. A 3-valued assignment I of P is a pair (T, F) of sets of atoms
(I' C Lp, F' C Lp)suchthat T'N F' = &. Intuitively, atoms of 7" are true in I, those of F' are false
in [ and those of Lp \ (7'N F') are undefined (“undef™).

The reduction of P by [ is defined as the program denoted by P/I and obtained as follows:
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= any rule r under the form ¢ < a4, ..., a,,not by, ..., not b, with b; € T' is removed.
» for each remaining rule, we modify the rule by removing the literals not b; such that b; € F'.

» for each remaining rule, any literal not b; is replaced by the symbol u (u is an atom ¢ Lp
assumed undefined in any assignment).

The reduced program P/ has a unique 3-valued model (7', F') with 7" minimal and F' maximal
(obtained by a fixed-point operator, see also [[13] for an equivalent definition of the smallest model),
denoted by I'p (7).

The 3-valued semantics are defined using I'p.

= [ is a p-stable 3-valued model of P iff 'p([) = I.

» [ = (T, F) is a well-founded 3-valued model of P iff ] is a p-stable 3-valued model of P with
T minimal.

« [ = (T, F) is a regular 3-valued model of P iff I is a p-stable 3-valued model of P with T’
maximal.

«» [ = (T,F) is a stable 3-valued model of P iff [ is a p-stable 3-valued model of P with
TUF = Lp.

3.2 Encoding of [14, 35]

I1(G) will denote the logic program associated with the argumentation graph G.
Let G = (A, R). II(G) is defined by associating:

= any argument x with a literal def(z) (“x is defeated”) whose meaning is “z cannot belong to
an admissible set” and with a literal acc(x) (“x is acceptable”) whose meaning is “x can be
considered as accepted”

= any argument z with the set denoted by I1(z) containing the following normal rules:

— for any bRz, the rule def(z) <— —def (D)

— for any bRz, the rule def(x) <— def(ci) A ... Ndef(ck)
with {cq,..., ¢} =R7(D)

The first part of I1(x) encodes the fact that an argument is defeated if at least one of its attackers is not
defeated. The second part of II(x) encodes the fact that an argument is defeated if all its defenders
against an attacker are defeated.

The normal program I1(G) associated with the graph G is obtained by the union of I1(z), for z € A.

Notes: The first part of the program II(G) only encodes the notion of defeated arguments. The
second part encodes the notion of acceptability.
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Then, the encoding is completed in order to identify the acceptable arguments. The idea is the
following: if the atom def(x) is false in a classical model of II(G), then x can be considered as
accepted. This idea is translated into the following rule: acc(z) < —def(x).

In the remainder of this paper, the obtained program will be denoted by IT'(G).

Notes: [35] proves that any theorem of I1(() is a theorem of II'(G) and that any theorem of IT'(G)
belonging to the language of II(G) is already a theorem of II(G).

Example: A = {a,b,c}, R = {(a,b), (b,c¢)}. I[I'(G) contains:

def(b) < —def(a)

def(c) < —def(b)

def(b) « T (the conjonction of an empty set corresponds to the tautology denoted by T)

def(c) « def(a)

acc(a) < —def(a), acc(b) < ~def(b), acc(c) < —def(c).

Characterization of argumentation semantics

Let £ C A be a subset of arguments. Acc(E) denotes the set of literals acc(z) for x € E. We define
m(E) = Acc(E)U {def(x),x ¢ E}.

The results of [14] are completed by [35] in order to characterize the stable extensions (resp. pre-

ferred, complete) of an AS represented by a graph G, using models of the program IT'(G) under
different semantics of logic programming.

» F is a stable extension of G iff m(FE) is a stable model of I'(G)
» F is a preferred extension of G iff m(E) is a p-stable model of IT'(G)

» F is a complete extension of G iff m(FE) is a supported model of II'(G) (iff m(E) is a model
of the Clark completion of IT'(G))

There also exists a direct characterization of the grounded extension but using models in a 3-valued
logic (well-founded semantics).

3.3 Encoding of [13]

Let G = (A,R). For defining II(G), each argument z is associated with the rule (z) under the
form z < not by, ..., not b, with {b1,...,b,,} = R~ (z). If x is unattacked, r(x) is under the form
T T.

The normal program I1(G) associated with the graph G is obtained by the union of II(x), for z € A.
Example: A = {a,b,c}, R = {(b,a),(c,a)}.
I1(G) contains the 3 following rules: b <— T, ¢ < T, a < not b,not c.

There exists a bijection between the 3-valued assignments of II(G) and the labellings of G. A
labelling of G is an application from A to {in, out,undec}. Most of argumentation semantics can
be expressed using labellings. So a characterization of argumentation semantics can be obtained in
term of 3-valued models of the program I1(G).

Characterization of argumentation semantics
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= Complete extensions of (G are obtained using p-stable 3-valued models of I1(G)

Preferred extensions of G are obtained using regular 3-valued models of II(G)
= The grounded extension G is obtained using the well-founded 3-valued model of TI(G)

= Stable extensions of G are obtained using stable 3-valued models of II(G)

Notes

= The encoding proposed by [13] is very simple and produces a logic program with a weak
negation.

» So acceptability is encoded by default.

» However, semantics are defined through 3-valued models and not with classical logic.

3.4 Other related works

The issue of logical encoding of argumentation has recently been addressed for different purposes
independently of the notion of logic programming.

[25] propose a first-order logical language for expressing dynamics of an AS. A distinguished predi-
cate symbol enables to code an attack between sets of arguments so that an attack is encoded by an
atomic formula of the language.

[2] propose a formal language built upon a classical propositional language for representing various
forms of structured arguments. Several kinds of interaction between these arguments can be captured
as inference rules in the language. This approach allows for the representation of nested interactions
but does not account for acceptability issues.

Many other works (the majority in this domain) concern the computation of extensions: [9] en-
code semantics of attack graphs by logical formulas (given a semantics ¢ and a set .S of arguments,
a formula is provided which is satisfiable iff S is a o-extension); [26] does the same thing but with a
modal logic considering that the accessibility relation is the inverse of the attack relation; the same
kind of work is presented in [5] using signed theories and QBF formulae; [39] present algorithms
using particular logical notions (minimal correction sets, backbone) in order to compute some se-
mantics (semi-stable and eager); [20] translate complete labellings into logical formulae in order to
compute preferred extensions with SAT solvers; [11] propose a metalevel analysis of the computa-
tion problems related to given semantics in order to automatically generate solvers adapted to these
problems.

In the more general abstract dialectical framework [12]], each argument is associated with a proposi-
tional formula which represents the acceptance conditions of the argument. This logical translation
enables to capture easily the stable semantics. However, recursive interactions are not taken into
account.

Moreover in the context of the First International Competition on Computational Models of Argu-
mentation (ICCMA), different solvers have been proposed and tested (see for instance [7]], or [28]]).
However, in all these works, neither the attack relation itself is logically encoded, nor the bipolar or
the recursive aspects are taken into account.

17



18



Chapter 4

Graph description in a formal language

4.1 Preliminary version of the language for the classic case

Our aim is to describe an argumentation graph G containing only simple attacks. For this purpose,
we consider a logical language in which we are able to represent arguments, and their properties
(accepted or not, attacked or not, ...). X°(G) will denote the set of logical formulae describing the
argumentation graph G.

4.1.1 Vocabulary

We use first-order logic (with the classical connectors V, A, —, <>, =, and the quantifiers 3 and V).

For defining 3°(G), each argument z is associated with:

= a literal Acc(x) (“x is accepted”) and

= a literal N Acc(x) (“x is attacked by an accepted argument”).

Notes: The meaning of N Ace(x) is not “z is not accepted” (so N Acc(z) is not logically equivalent
to —Acc(x)), but rather “x cannot be accepted” since “x is attacked by an accepted argument”.
Then taking into account the semantics of an attack leads to deduce —Acc(x) from N Acc(z) (see
Section 4.1.2)).

4.1.2 Properties

The property given below describes the behaviour of a simple attack (from an argument to another
one) in an argumentation graph, i.e. the impact of an existing attack on the arguments that it involves.
This property, denoted by P2, translates the semantic of an attack edge between two arguments
into a constraint on the acceptability of the arguments involved in the attack.

! Always in the first sense of this word and not in the sense of the argumentation semantics evoked in Section [2.2 on|
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PY . : If the source of an attack is accepted then its target cannot be accepted.

Using the vocabulary introduced in Section [4.1.1 on the previous page, Property P2

pressed, for any attack (a, b) of the graph, by the conjunction of two first-order formulae:

can be ex-

PY .. Forany (a,b) € R, (Acc(a) — NAcc(b)) A(N Acc(b) — =Acc(b))

Notes:

= The formula Acc(a) — N Acc(b) encodes the attack from a to b (if a is accepted then b is
attacked by an accepted argument). It allows for the representation of the direction of the attack
and avoids the contraposition of the attack. Indeed, from {Acc(a) — N Acc(b), N Acc(b) —
—Acc(b)}, we can deduce Acc(a) — —Acc(b), but we cannot deduce Acc(b) — N Acc(a).

» The formula N Acc(b) — —Acc(b) encodes the impact of the attack on b (if b is attacked by an
accepted argument, then b is not accepted). It could be equivalently written as N Acc(b), Acc(b) —
L thus removing the connector of negation.

= From {Acc(a) — NAcc(b), NAcc(b) — —Acc(b)}, we can deduce Acc(a) — —Acc(b), but
not Acc(b) — N Acc(a).

= For proving N Acc(b) we need a formula Acc(x) — N Acc(b) and a proof for Acc(z).

So having the symbol N Acc(x) is essential and it cannot be replaced by = Acc(x).

The logical base X°(G) that describes the graph G consist of the union of the descriptions of all the
attacks of G, using Property P?

acc*

It is easy to prove the consistency of X°(G):

Prop. 1 Let G be an argumentation graph representing an AS with A the set of arguments and
R C A X A the set of attacks. The logical knowledge base X°(G) is consistent.

Comparison with the encoding proposed in [14, 35] (see Section 3.2 on page 15) Consider an
attack bRa. N Acc plays the same role as def. So we can compare our encoding with the first part
of I(z):

= The first part of II(x) gives II; = {def(a) < —def(b),acc(a) < —def(a), acc(b) <
—def(b)}.

« With Property PJ.., we obtain {Acc(b) — NAcc(a), NAcc(a) — —Acc(a), N Acc(b) —
—Acc(b)}. Then replace NAcc by def and Acc by acc and consider X° = {acc(b) —
def(a),def(a) — —acc(a),def(b) — —acc(b)}. The sets 3.0 and TI; are not logically equiva-

lent.
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= By completionf] the rule acc(z) < —def(x) gives the formula acc(z) «» —def(x). Then
consider I1} = {def(a) < —def(b),acc(a) <> —def(a),acc(b) <> —def(b)}. We can see
that X% is a logical consequence of IT} (but there is no equivalence).

= In the same way, in the case of an AS, the formula N Acc(a) — —Acc(a) may be completed for
obtaining N Acc(a) <» —Acc(a). That means that we always have either Acc(a) or N Acc(a).
So consider now the set X, = {acc(b) — def(a),def(a) <> —acc(a), def(b) <> —acc(b)}.
The sets II} and X3 are logically equivalent.

4.1.3 Some examples

In this section, some typical examples of AS with simple attacks (i.e. no recursive) are encoded,
following the definitions of Section{4.1.2 on page 19|

Note: A complete set of examples (including these ones) is given in Appendix |A.1 on page 67|

Ex.[1]In this example, the graph G is reduced to a simple attack from a to b:

O—®

Using Pacc leads to the following encoding:
2(G) =A{
Ace(a) — N Acc(b)
NAcc(b) — —Ace(b)}
Note that, among the logical consequences of ¥>°(G), we find the following formula:
Acc(a) — —Acc(b)

That means that, if a is accepted then b is not accepted.

Ex.

In this example, the graph G is reduced to a sequence of two attacks: a attacks b which attacks c.

O—w—0

Using P2 leads to the following encoding:
(@) ={

Acc(a) — N Acc(b)

Acc(b) — N Acc(c)
N Acc(b) — —Acc(b)

%i.e. we assume that ~de f () is the only reason for having acc(z), otherwise there would exist other rules producing

acc(x). This completion mechanism is often used when we reason on incomplete knowledge bases.
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NAcc(c) = —Ace(c) }
Among the logical consequences of X°(Q), we find the following formulae:
—(Acc(a) A Ace(b)) and —(Ace(c) N Ace(b))

So, if a is accepted then b is not accepted and c might be accepted. But we cannot deduce that c is

accepted since we do not encode the reinstatement principle. We have just encoded the semantics of
an attack.

Ex.

In this example, the graph G contains a defence and an attack to a same argument:

O—O—=0

Using chc leads to the following encoding:
(@) = {
Ace(a) — N Acc(b)
Acc(b) — N Acc(c)
Ace(d) — N Acc(c)
N Ace(b) — —Acc(b)
NAce(c) — —Acc(c) }
Among the logical consequences of ¥.°(G), we find the following formulae:
—(Acc(a) A Ace(b)), =(Ace(b) A Ace(c)) and —(Ace(d) N Ace(c))
So, if a is accepted then b is not accepted, and, if b or d is accepted then c is not accepted.

Ex.

In this example, the graph G contains two defences against two distinct attackers for a same argu-

ment:

Using chc leads to the following encoding:
X(G) =A{
Acc(a) — N Acc(b)
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N Ace(b) — —Acc(b)

NAce(c) — —Acc(c)

NAce(d) — —Acce(d) }
Among the logical consequences of ¥.°(G), we find the following formulae:

—(Acc(a) N Ace(b)), =(Acc(b) A Acc(c)), —(Acc(e) A Ace(d)) and —(Ace(d) N Ace(c))
So, if a (resp. b, e and d) is accepted, b (resp. ¢, d and c) is not accepted.
Note that, if a and e are accepted, c might be accepted. But it is not deductible from X°(QG).

Ex.

In this example, the graph G contains two defences against a same attacker:

OO a0
()

Using chc leads to the following encoding:
2(G) = {
Acc(a) — N Ace(b)
Ace(b) — N Acc(c)
Ace(d) — N Acc(b)
N Ace(b) — —Ace(b)
N Acc(c) — —Acc(c) }
Among the logical consequences of X°(Q), we find the following formulae:
—(Ace(a) A Ace(b)), =(Ace(b) A Ace(c)) and =(Ace(d) N Ace(b))
So, if a (resp. b and d) is accepted, b (resp. c and b) is not accepted.
Note that, if a or d is accepted, c might be accepted. But it is not deductible from ¥:°(G).

Other examples are available in Appendix [A.1 on page 67|

4.2 Extended language for an explicit representation of attacks

(recursive case)

Our aim is to describe an argumentation graph GG with an explicit representation of the attacks, that
might be themselves attacked. This description must allow us to represent arguments, attacks and
their properties (accepted argument, attacked argument, grounded attack, valid attack, ...). 3(G)

will denote the set of logical formulae describing the argumentation graph G.

Our idea is to separate the formulas that encode the properties of an attack in the general case from
the formulas that describe a particular argumentation graph. For that purpose, we need first-order

23



logic (with the classical connectors V, A, —, <+, —, and the quantifiers 3 and V). As we have to
distinguish between arguments and attacks, we will use bounded quantiﬁersE]

4.2.1 Vocabulary

We use the following unary predicate symbols : Acc, N Ace, Gr, Val, Act, Attack, Argument and
the following unary functions symbols : 7', S, with the following meaning:

= Acc(x) (resp. N Ace(x)) means “z is accepted” (resp. “x cannot be accepted”), when z denotes
an argument

Gr(a) (resp. Val(a), Act(a)) means “« is grounded” (resp. “« is valid, “« is active”) when
a denotes an attack

» Attack(x) means “z is an attack”

Argument(x) means “z is an argument”

T'(x) (resp. S(z)) denotes the target (resp. source) of x, when x denotes an attack

We will also use the binary equality predicate.

Note that the quantifiers 4 and V range over some domain D. To restrict them to subsets of D,
bounded quantifiers will be also used:

(Vz € E)(P(x)) means (Vz)(x € E — P(x)) or equivalently (Vz)(E(x) — P(z)).
Here we will use:

» (Vo € Attack)(®(x)) (resp. (Jx € Attack)(P(z)))
» and (Vo € Argument)(®(x)) (resp. (3x € Argument)(®(z))).

Notes:

= As shown below by Property Py, Act(a) is not really mandatory, but rather enables us to
simplify the formulae.

= Asin Section|4.1 on page 19| the meaning of N Acc(z) is not “x is not accepted” but rather “x
cannot be accepted”. In other words, due to the fact that attacks may be attacked, the meaning

of NAcc(x) is “z is the target of a valid attack whose source is accepted”.

4.2.2 Properties

The properties introduced in this section can be partitioned into two sets:

= the properties describing the general behaviour of an attack, possibly recursive, in an argumen-
tation graph, i.e. how an attack interacts with arguments and other attacks related to it.

= and the properties encoding the specificities of the current argumentation graph.

3Tt was not necessary to use bounded quantifiers in Section [4.1 on page 19| since in this section, the variables in
formulae could only denote arguments.
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General theory. Regarding an attack, we first define the notion of grounded and active attack from
the notion of valid attack, with Properties Py, and Py.

Then, the behaviour of an attack wrt its source and its target can be expressed using the 2 following
properties Py and P,... These properties generalize Property PO introduced in Section

ace

The idea is to describe the semantics of an attack under the form of a constraint on its
source (an argument) and its target (an attack or an argument).

P, : An attack is grounded iff its source is an accepted argument.
P.. : An attack is active iff it is grounded and valid.

P... : If an attack between two arguments is valid, then if its source is accepted, its target cannot be
accepted.

Py, : If an attack from an argument to an attack is valid, then if its source is accepted, its target
cannot be valid.

An equivalent formulation of Py, is :
If an attack is the target of an active attack, then it is not valid.

Notes:

« P, is an extended version of P).,

= Due to Properties Py, and Py, the notions of grounded and active attack can be expressed
using the notions of accepted argument and valid attack. That will enable us to simplify the
language.

» The above properties do not give a definition of a valid attack. Property Py, only gives a
sufficient condition for an attack being not valid.

Using the vocabulary defined in Section 4.2.1 on the preceding pagel the above properties can be
expressed by the following set of first-order formulae, denoted by II (this set is always the same
regardless of the processed graph):

(1) Vz € Attack(Gr(z) < Acc(S(z)))
() Va € Attack(Act(z) < (Gr(z) A Val(z)))

(3) Vx € Attack(Vy € Attack(Val(y) N (T(y) = x) A Ace(S(y)) — —Val(x))
@) Vz € Argument(Vy € Attack(Val(y) A (T(y) = z) A Ace(S(y)) — N Acc(z))

(5) Vx € Argument(N Acc(x) — —Acc(x))
(6) Va(Attack(x) — —Argument(x))
(7) Va(Argument(z) V Attack(x))

Formulae (1, 2) express the properties Py, , Pye¢. Formula (3) expresses Property Py,. Formulae (4-5)
express Property P,... Formula (6) says that arguments are not attacks and attacks are not arguments,
and Formula (7) prevents the language from talking about anything else than attacks and arguments.
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Logical encoding of specificities of G. Let G be an argumentation graph representing an ASAF
with A the set of arguments and R the set of attacks. We assume that G is finite with A =
{ai,...,a,} and the set of interactions is {c,...,a,}. In order to make arguments a and b ap-
pear when the attack o = (a, b) is encoded, we consider the literals (S(a) = a) and (T'(ar) = b)[f

Let I1(G) denote the following set of formulas:

®) (S(a) = a) A (T(a) = b) forall a € R with & = (a, b)
9) Va(Argument(z) < (z=a) V...V (z = ay))

10) Vo (Attack(z) < (x = 1) V...V (z = ap))

A1) a; # a; forall a;, a; € A withi # j

(12) ; # o forall a;, ; € Rwith i # j

The logical theory Y(G) corresponding to the argumentation graph G consists of the union of the
theories I and I1(G).

Note that formulae (7, 9, 10) force the interpretation of terms to be surjective and thus models of
¥(@) satisfy the Domain Closure Assumption (DCA).

Moreover, Formula (6) together with formulae (9, 10) imply:
(13) a; # a; foralla; € Aand a; € R

And Formula (13) together with formulae (11,12) establish the Unique Name Assumption (UNA)
for all constants of the language (though not for functional terms so that Formula (8) is not a contra-
diction).

Note also that the terms S(«) and T'(«) are defined for every attack a € R, but they are not de-
fined for arguments so they can take any value (we will not be interested in the values they take for
arguments).

Notes about Py,: Let us consider the following examples:

» In the particular case of an AS with simple attacks (no attacked attack), Formula (3) is a
tautology (since there exists no attack that attacks another attack) and thus can be ignored.
Moreover, as II does not give any sufficient condition for an attack being valid, it cannot be
assumed that the attacks in the AS are valid. As a consequence, in order to recover Dung’s
semantics in the case of an AS, it will be necessary to add a specific property (see Section[5.2.1]

fon page 44).

= Consider now a graph G reduced to one argument a and one attack « such that S(«) = a and
T(«) = . Due to Property Py,, 3(G) enables to deduce the formula : Val(a) A Acc(a) —
—Val(«) which is equivalent to the formula : Acc(a) — —Val(«). So neither Val(a), nor
=V al(«) can be deduced.

“In the examples we will write S,, in place of S(«) and T}, in place of T'(«r) for simplicity.

26



It is easy to prove the consistency of 3(G):

Prop. 2 Let G be an argumentation graph representing an ASAF with A the set of arguments and
R the set of attacks. The logical knowledge base ¥.(G) is consistent.

4.2.3 Some examples

In this section, we revisit the examples given in Section 4.1.3 on page 21| and add some new ex-
amples presenting recursive attacks. For each example, we give its logical description (a complete
description for Example[I] then a simplified one for the other examples).

Note: A more complete set of examples is given in appendices|A.1 on page 67|and[A.2 on page 91|

EX. (cont’d) In this example, the graph G is reduced to a simple attack: o = (a, b)

Q@O

I1 is given as in Section4.2.2 on page 24|and 11(G) contains the following formulas:
(S() = a) A (T(a) = b) (the simplified form being (s, = a) A (t, = b))
Vz(Argument(z) <> (x = a) V (x = b))

Va(Attack(z) <> (x = )
a#b
So from X(G) = ITUII(G), we can conclude the formulas a # o and b # o

Moreover, using the equality axioms, a simplified version of ¥(G) can be obtained (in particular, the
tautologies are not given), which is easy-to-read.

Y(G)=1IUIIG) = {
Gr(a) < Acc(a) (Pg)
Act(a) < (Gr(a) AVal(a)) (Paet)
(Val(a) A Ace(a)) — N Ace(b) and N Acc(b) — = Acc(b) (Pace)}

Note that we can deduce from ¥(G) neither Val(c), nor Acc(a). However, it can be deduced that
(Val(a) A Acc(a)) — —Acce(b).

Ex. (3| (cont’d) In this example, the graph G is reduced to a sequence of two attacks: o = (a,b) and

B - (b7 C)

30n the other examples, we will give directly the simplified version of 3(G).
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Let s =a,t, =0, 53 =013 =c.

Properties are instantiated on the domain defined by G (three arguments a, b and c and two attacks

aand f).

2(6) = {

Gr(a) <> Acc(a) (Pg)

Gr(B) < Acc(b) (Pg)

Act(a) < (Gr(a) AVal(a)) (Paet)

Act(5) ¢+ (Gr(8) A Val(B)) (Puc)

(Val(a) N Ace(a)) — N Ace(b) and N Ace(b) — = Acc(b) (Pace)
(Val(B) N\ Acc(b)) — N Acc(c) and N Ace(c) — —Acc(c) (Pace) }
Ex.[6] (cont’d)

In this example, the graph G contains a defence and an attack to a same argument: o = (a,b),

B =(bc)and § = (d,c):
O—3—O)—"10—=O
()—1]

Let s, =a,t, =b sg=0btg=c s5=d t; =c

Properties are instantiated on the domain defined by G (four arguments a, b, ¢ and d and three
attacks o, 3 and ).

(@) = A
Gr(a) < Acc(a) (Pg)
Gr(B) <> Acc(b) (Pg)
Gr(0) <> Acc(d) (Pg)
Act(a) < (Gr(a) AVal(a)) (Paet)
Act(B) <> (Gr(B) AVal(B)) (Paet)
Act(9) < (Gr(0) AVal(0)) (Pact)

(Val(a) A Ace(a)) — N Ace(b) and N Acc(b) — —Acc(b) (Pace)
(Val(B) A\ Acc(b)) — NAce(c) and N Acc(c) — —Acc(c) (Pace)
(Val(6) A Ace(d)) — N Acce(c) and N Acc(c) — —Ace(c) (Pace) }

Ex.[9 (cont’d)

In this example, the graph G contains two defences against two distinct attackers for a same argu-

ment: a = (a,b), f = (b,¢), d = (e,d) and v = (d, ¢):

OO R0
13—
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Let s =a,to =033 =btg=css=¢el;=d s,=d t,=c
Properties are instantiated on the domain defined by G (five arguments a, b, ¢, d and e and four
attacks o, (3, § and 7).

Gr(6) <» Acc(e) (Pg)

Gr(y) < Acc(d) (Pg)
Act(a) <> (Gr(a) AVal(a)) (Paet)
Act(B) < (Gr(B) ANVal(5)) (Pact)
Act() < (Gr(6) AV al(9)) (Paet)
Act(v) < (Gr(

N AVal(7)) (Paet)

al(a) A\ Ace(a)) — N Ace(b) and N Ace(b) — —Acc(D) (Pace)

Val(B) N Acc(b)) — N Acc(c) and N Acc(c) — —Ace(c) (Paee)
al(6) N\ Acc(e)) — N Ace(d) and N Ace(d) — —Ace(d) (Paee)

Val(y) A\ Ace(d)) — N Ace(c) and N Ace(c) — = Acc(c) (Paee) }

Ex.[10| (cont’d)

In this example, the graph G contains two defences against a same attacker: o = (a,b), 5 = (b, ¢)

and § = (d,b):
O Oln0)
()

Let sy, =a,ty, =bsg=0btsg=c ss=d t; =0
Properties are instantiated on the domain defined by G (four arguments a, b, ¢ and d and three
attacks o, 3 and ).

2(G) = {

Gr(a) <> Acc(a) (Pg)

Gr(B) <> Acc(b) (Pg)

Gr(0) <> Acc(d) (Pg)

Act(a) < (Gr(a) AVal(a)) (Paet)

Act(B) < (Gr(B) AV al(B)) (Paet)
Act(9) < (Gr(0) A Val(0)) (Paet)
(Val(a) N Acc(a)) — N Ace(b) and N Acc(b) — —Acc(b) (Pace)
(Val(B) N\ Acc(b)) — N Acc(c) and N Ace(c) — —Acc(c) (Pace)
(Val(d) N Ace(d)) — N Ace(b) and N Ace(b) — —Acc(b) (Paee) }

Ex.[14|In this example, the graph G is reduced to an attacked attack: oo = (a,b), B = (c, ®)
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Let s, =a,t, =b sg=ctg=a.

Properties are instantiated on the domain defined by G (three arguments a, b, ¢ and two attacks o
and ).

%(G) =4
Gr(a) < Acc(a) (Pg)
Gr(B) «» Acc(c) (Pg)
(Val(B) N Acc(c)) — =Val(a)) (Pya)
Act(a) < (Gr(a) AVal(a)) (Paet)
Act(B) <+ (Gr(B) AVal(B)) (Paet)
(Val(a) A Acc(a)) — N Ace(b) and N Acc(b) — —Acc(b) (Paee) }

Ex.[17
O iR Ot 0

Let s, = a,ty, =b sg=c tg=q, ss =d, ts = a.

Properties are instantiated on the domain defined by G (four arguments a, b, ¢, d and three attacks

a, B and9).

%(G) ={
Gr(a) < Acc(a) (Pg)

Gr(pB) <> Acc(c) (Pg)

Gr(9) <> Acc(d) (Pg)

(Val(B) N Acc(c)) — =Val(a)) (Pyar)

Act(a) < (Gr(a) AVal(a)) (Paet)

Act(8) < (Gr(B) A Val(B)) (Pac)

Act(0) <> (Gr(6) ANV al(5)) (Paet)

(Val(a) A Ace(a)) — N Ace(b) and N Acc(b) — —Acc(b) (Pace)

Ace(d) — N Acc(a) and N Acc(a) — —Acc(a) } (Paee)

Ex. (18!

)
)
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Letso =a,to=bsg=ctg=a,ss=d t;=a s,=¢t,=cC

Properties are instantiated on the domain defined by G (five arguments a, b, ¢, d, e and four attacks

o, B, 0 and 7).
%(G) =A{
Gr(a) < Acc(a) (Pg)
Gr(p) <> Acc(c) (Pg)
Gr(d) > Acc(d) (Pg)
Gr(y) « Acc(e) (Pg)
(Val(B) A Ace(c)) — =Val(a)) (Pya)

Act(ar) < (Gr(a) AVal(a)) (Paet)
Act(B) <> (Gr(B) AV al(B3)) (Pact)
Act(8) ¢ (Gr(8) A Val(6)) (Pact)

Act(v) < (Gr(y) AVal(7)) (Pact)

)
(Val(a) N Acc(a)) — N Ace(b) and N Acc(b) — —Acc(b) (Paee)
Ace(d) — N Acc(a) and N Acc(a) — —Acc(a) (Pyee)
Acc(e) — NAcc(c) and N Ace(c) — —Ace(c) } (Pace)

Many other examples are available in Appendix
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Chapter 5

Logical formalization of semantics: Case of
AS

In argumentation theory, an extension-based semantics is defined by a set of requirements that a set
of arguments should satisfy. In this section, our purpose is to restate standard semantics of an AS in
logical terms.

The first step is to consider the case of an AS represented in the basic language (see Section[5.1) and
characterize standard semantics by logical formulas of this basic language. Next we will consider the

extended version of the language (see Section allowing for the explicit representation
of attacks, and show that the logical formalization of standard semantics of an AS can be easily

obtained.
Building on this logical formalization of an AS in the extended language, we will be able to propose

semantics accounting for recursive attacks in Section

Note that ideas and results obtained in Section correspond to those introduced in [8]], but with a
different and richer language that allows us to extend our work to recursive attacks.

5.1 Semantics for an AS in the basic language

In this section, the base corresponding to the translation of the argumentation graph G is 3.

As recalled in Section standard semantics are based on three basic principles: the
conflict-freeness principle, the defence principle (closely related to the notion of admissibility), and
its dual, the reinstatement principle.

We successively consider these three principles, giving a logical expression for each of them.

5.1.1 Conflict-freeness

Each semantics demands that its extensions be conflict-free. This requirement can be formulated as
follows:

P, If two arguments are conflicting, they cannot be jointly accepted.
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The attack aRb is encoded in the base ¥.°(G) by the formula Acc(a) — NAcc(b). So S C A is
not conflict-free iff there exists in X°(G) a formula Acc(a) — N Acc(b) with a,b € S. On the other
hand, the formula Acc(a) — N Acc(b) comes with the formula N Ace(b) — —Ace(b). So the base
¥:°(@) already contains formulas that express the property Pes.

5.1.2 Defence

As recalled in Section an argument a is acceptable wrt a set of arguments S if S
attacks each argument attacker of a. As an immediate consequence, we have that an argument which
is not attacked is always acceptable wrt .S. Moreover, if a set of arguments .S is admissible, it defends
all its elements. So, if an argument a belongs to an admissible set .5, either a is unattacked, or a is
defended by S against each of its attackers.

These remarks lead to formulate the following property Pges for describing the defence.

Pger: An “attacked” argument may be accepted only if it is defended by an accepted argument against
each of its attackers.

Let us enumerate interesting particular cases:

1. Case of a sequence of two attacks: a attacks b that attacks c. ¢ may be accepted only if a

is accepted, as a is the unique defender of ¢ against b. This constraint results in the formula
Ace(c) — Acc(a).

2. Case of several defenders against the same attacker: bRc and a1 R0, . . . a;RD (the attackers of
b are aq,...ax). c may be accepted only if one of the a; is accepted. This constraint results in
the formula Acc(c) — (Acc(ar) V...V Ace(ay)).

3. Case of a single attacker and no defender: b attacks ¢ and there is no attack to b. ¢ may be
accepted only if one of the attackers of b is accepted. Yet the set of attackers of b is empty and
the disjunction of an empty set of literals is always false. So we obtain the formula Acc(c) — L
which is equivalent to = Acc(c). It may be noted that there is an analogy with the logical
encoding proposed by [[14}35] (see Section|3.2 on page 15).

4. Case of several attackers: b1Rec, ... 0 Rc and Vi, a;Rb;. ¢ may be accepted only if it is de-
fended against each of its attackers. So each a; must be accepted. This constraint results in the
formula Acc(c) — (Acc(ar) A ... A Ace(ay)).

The particular cases considered above lead to the formula that expresses Property Pges.

Let ¢ be an attacked argument and R~ (¢) = {by,...b;} its attackers, for each b, € R~ (¢), B; =
R~ (b;) denotes the set (possibly empty) of the arguments that attack b;. The property Pger for c is
expressed by the formula Acc(c) — (Ai=1.k(Vaen, Acc(a)))). More generally and formally, Property
Pger 1s expressed by:

Paer (Vc)(Acc(c) = (Aver- (o) (Vaer- @) Acc(a))))
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Note that the formula Acc(c) = (Aper- () (Vaer-(n)Acc(a))) is logically equivalent to the conjunc-
tion of the formulas Acc(c) — (Vaer- b)Acc( a)), b € R (c¢). That is to say that Pger results in one
formula for each attack.

Remark

We could have removed the word “attacked” in the formulation of Property Pge, instead writing
“An argument may be accepted only if it is defended by an accepted argument against each of its
attackers ”. That does not correspond to admissibility, as recalled above. Knowing that an argument
is acceptable wrt .S implies that “if it is attacked, then ...”. Anyway, if this new version was taken,
in the particular case of an unattacked argument ¢, we would get the formula Acc(c) — T (the
conjunction of an empty set of literals is always true) which is a tautology. The case of an unattacked
argument will be relevant for the reinstatement principle.

The defence principle can be explicitely encoded by adding to the base X°(G) (which describes the
argumentation graph () the formulas issued from Pyge, one formula for each attack to each attacked
argument. Let $9(G) denote the resulting base.

The logical consistency of X9(G) can be easily verified:

Prop. 3 Let G be an argumentation graph representing an AS with A the set of arguments and
R C A X A the set of attacks. The logical knowledge base 3X9(G) is consistent.

Let us illustrate 34(G) on different examples.

Ex.[1](cont’d) The formula —Acc(b) is added to ¥°(G)
Ex.[3|(cont’d) The formulae —Acc(b) and Acc(c) — Acc(a) are added to ¥°(G)
Ex.[6](cont’d) The formulae —Acc(b) et ~Acc(c) are added to ¥°(G)

Ex. [9 (cont’d) The formulae —Acc(d), ~Acc(b) and Acc(c) — (Acc(a) A Acc(e)) are added to
(G

Ex.[10](cont’d) The formulae —~Acc(b) and Acc(c) — (Acc(a) V Acc(d)) are added to ¥°(G)

5.1.3 Reinstatement

As recalled in Section [2.2 on page 7| if a semantics satisfies the reinstatement principle, then, if
an extension S defends an argument a (that is a is acceptable wrt S), a must belong to S. As an
unattacked argument is always acceptable wrt S, it is defended by S.

These remarks lead to formulate the following property Preins for describing the notion of reinstate-
ment.

Preins: If an argument is defended by an accepted argument against each of its attackers, then it must
be accepted.

Let us enumerate interesting particular cases:
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1. Case of a sequence of two attacks: a attacks b that attacks c. If a is accepted, then ¢ must be
accepted (“reinstated” by a). This constraint results in the formula Acc(a) — Acc(c).

2. Case of several defenders against the same attacker: bRc and a;Rb, . . . a; R0 (the attackers of
b are ay, . ..ayg). If one of the a; is accepted then ¢ must be accepted. This constraint results in
the formula (Acc(ay) V ...V Acc(ar)) — Ace(c).

3. Case of several attackers : b1Rc, ... b Rc and Vi, a;Rb;. If each a; is accepted, then ¢ must be
accepted. This constraint results in the formula (Acc(ay) A ... A Acc(ay)) — Acc(c).

4. Case of a single attacker and no defender: b attacks c and there is no attack to b. The set of
attackers of b is empty. We obtain the formula | — Acc(c) which is a tautology.

5. Case of an unattacked argument: If ¢ is not attacked, it does not have to be defended, it is
obviously acceptable. We obtain the formula T — Acc(c) (the conjunction of an empty set of
literals is always true) equivalent to Acc(c).

The particular cases considered above lead to the formula that expresses Property Ppeins-

Let ¢ be an argument and R~ (¢) = {by,...by} its attackers, for each b; € R (¢), B; = R~ (b;)
denotes the set (possibly empty) of the arguments that attack b;. The property P ins for c is expressed
by the formula (A;—1 x(Vaep; Acc(a))) — Ace(c).

More generally and formally, Property Preins 1S €xpressed by:
Preins (VC)((/\bGR*(C)(\/GGR*(b)ACC(a))) — Acc(c))

Remark: In the particular case of an unattacked argument ¢, B; is empty. As the conjunction of an
empty set of literals is always true, Pyeins results in the formula Acc(c).

The reinstatement principle can be explicitely encoded by adding to the base ¥°(G) (which describes
the argumentation graph () the formulas issued from Py, one formula for each argument (either
attacked or not). Let X9(G) denote the resulting base.

The base X2(G) is logically consistent:

Prop. 4 Let G be an argumentation graph representing an AS with A the set of arguments and
R C A X A the set of attacks. The logical knowledge base ¥°(G) is consistent.

Let us illustrate XY(G) on different examples.
Ex.[1|(cont’d) a is not attacked: the formula Acc(a) is added to °(G). Then, —Acc(b) is deducible
from Y0(Q).

Ex.[3|(cont’d) a is not attacked: the formula Acc(a) is added to ¥°(G).
c is attacked and defended: the formula Acc(a) — Acc(c) is added to X°(G). The formulae Acc(c)
et = Acc(b) are deducible from 3°(G).
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Ex.[6](cont’d) a are d are unattacked: the formulae Acc(a) et Acc(d) are added to ¥°(G) .
c is attacked with two attackers: the formula (Acc(a) A L) — Acc(c) (which is a tautology) is added
10 Y°(G). The formulae —Acc(b) and —Acc(c) are deducible from ¥2(G).

Ex.[9|(cont’d) a and e are unattacked: the formulae Acc(a) and Acc(e) are added to X°(G).
c is attacked and defended: the formula (Acc(a) A Acc(e)) — Acc(c) is added to Y.°(G). The
formulae Acc(c), = Acc(b) and —Acc(d) are deducible from 3°(G).

Ex.[10|(cont’d) a and d are unattacked: the formulae Acc(a) and Acc(d) are added to ¥°(G).
c is attacked and defended: the formula (Acc(a) V Acc(d)) — Acc(c) is added to X°(G). The
formulae Acc(c) and —Acc(b) are deducible from ¥0(Q).

5.1.4 Stability

The idea is to propose a new property for expressing a kind of stability principle as it was done in [8]:
P, If an argument is not accepted, it must be attacked by an accepted argument.

And the associated formula:

Py (Vc)(—Acc(c) = (Vper-(o)Acc(b)))

The stability principle can be explicitely encoded by adding to the base X°(G) (which describes
the argumentation graph () the formulas issued from Pg,, one formula for each argument (either
attacked or not). Let ¥0(G) denote the resulting base.

The formulae issued from P°.. can be written as follows:

= (Vo) ((Ver-(e)Acc(b)) = NAcc(c))
» (Ve)(NAce(c) = —Ace(c))
Then, it is easy to prove that:
= Pger (resp. Preins) is a consequence of X°(G) U Py,

» As an immediate consequence, 2.0 classically entails X} and also 3°

Note that the above result is in line with the relation between stability and admissibility in the stan-
dard Dung’s semantics.

Moreover, Ex. 4 on page 73|shows that the base 3°(G) is not always logically consistent.

Let us illustrate X%(G) on different examples.

Ex.[l](cont’d) The formulae Acc(a) and —Acc(b) — Acc(a) are added to °(G).
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Ex. (3 (cont’d) The formulae Acc(a), =Acc(b) — Acc(a) and —Acc(c) — Ace(b) are added to
¥0(G).

Ex.[6](cont’d) The formulae Acc(a), Acc(d), ~Acc(b) — Acc(a) and = Acc(c) — (Acc(b)V Ace(d))
are added to 3X°(G).

Ex.[9(cont’d) The formulae Acc(a), Acc(e), ~Acc(b) — Acc(a), mAce(d) — Acc(e) and —Ace(c) —
(Acc(b) V Acc(d)) are added to X°(G).

Ex. 10| (cont’d) The formulae Acc(a), Acc(d), ~Acc(b) — (Acc(a) V Ace(d)) and —Acc(c) —
Acc(b) are added to ¥:°(G).

5.1.5 Characterizing semantics for an AS in the basic language

In this section, we propose to characterize standard semantics using the principles previously defined
and the corresponding bases, recalled in the following table:

Base Used principles
X6 = {Plce}
Sg(G) =3EG) U {Paer}
22<G) = EO(G) ) {Preins}
(G =G U AP}

Let AS = (A,R) and S C A. We adopt the following notations:

= Acc(S) denotes the set of literals Acc(z) for z € S,

» $,4..(5) denotes the formula A cgAcc(z).
Def. 21 Let T be an interpretation of ¥, a set of formulae of the basic language,
» St = {2z € A|Z(Acc(x)) = true}
» T is Acc(A)-maximal iff there is no interpretation T' of ¥ such that St C St

» T is Acc(A)-minimal iff there is no interpretation ' of ¥ such that St C S7.

In other words, Z is Acc(A)-maximal (resp. Acc(A)-minimal) if and only if the set of literals Acc(x)
satisfied by 7 is maximal (resp. minimal) for set-inclusion in Acc(A).

Remark:

Let Z be an interpretation of X2, a set of formulae of the basic language, and S C A. 7 is a model of
Acc(S) if and only if S C S7.
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Characterizing conflict-free subsets

The models of ¥.°(G) characterize the conflict-free subsets of G. Indeed, if Z is a model of X°(G),
St is conflict-free. The converse also holds as claimed in the following proposition:

Prop. 5 S is conflict-free if and only if 3T model of ¥>°(G) such that St = S.

As an immediate consequence, we have a characterization of a conflict-free set S in terms of the set
of literals Acc(S):

Prop. 6 S is conflict-free if and only if Acc(S) U X°(QG) is consistent (or equivalently X°(G) A
D 4o (S) is consistent).

Characterizing naive extensions

The models of ¥.°(G) that maximize the satisfied literals of Acc(A) characterize the naive extensions
of G.

Prop. 7 S is a naive extension if and only if 3T Acc(A)-maximal model of ¥:°(G) such that St = S.
We have also a characterization of a naive extension S in terms of the set of literals Acc(S):
Prop. 8 S is a naive extension if and only if Acc(S) is a maximal (for set-inclusion) subset of Acc(A)

consistent with ¥°(G).

Characterizing admissible subsets

The models of ¥9(G) characterize the admissible subsets of G. Indeed, if Z is a model of ¥9(G), St
is admissible. The converse also holds as claimed in the following proposition:

Prop. 9 S is admissible if and only if 3T model of ¥%(G) such that S = St.
As an immediate consequence of the above results, we have:

Prop. 10

1. If S is admissible, then Acc(S) U X%(G) is consistent.

2. If Ace(S) U XY(G) is consistent, then there is an admissible set containing S.

Note that we have only inclusion in the second part of the above proposition, as shown by Example 3|

on page 71}

Ex.[3|(cont’d) Let S = {c}. Acc(S)UXY(G) is consistent. However, S is not admissible whereas S
is included in {a, c} which is admissible.

So we do not get an exact characterization of admissible sets S by testing the consistency of Acc(S)
with 39(G). Hopefully, an exact characterization holds for maximal (for set-inclusion) admissible
sets.
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Characterizing preferred extensions

The models of 2Y(@) that maximize the satisfied literals of Acc(A) characterize the preferred exten-
sions of G.

Prop. 11 Ler S C A. S is a preferred extension if and only if 37 Acc(A)-maximal model of ¥.3(G)
such that St = S.

We have also a characterization of a preferred extension S in terms of Acc(S):

Prop. 12 S is a preferred extension if and only if Acc(S) is a maximal (for set-inclusion) subset of
Acc(A) consistent with 39(G).

Characterizing the grounded extension

It can be proved that there is only one model of XY(() that minimizes the satisfied literals of Acc(A).
This model characterizes the grounded extension of G.

Prop. 13 S is the grounded extension if and only if S = St where I is an Acc(A)-minimal model
of X(G).

As a consequence we have:

Prop. 14 The grounded extension is the set S, defined by S, = {x € A|XY(G) F Acc(x)}

Characterizing the complete extensions
The models of X2(G) U X9(G) characterize the complete extensions of G.
We recall that S is a complete extension if and only if S is admissible and each argument which is

acceptable with respect to S belongs to .S. In other words, S is a complete extension if and only if S
is admissible and F(S) C S.
We first characterize the subsets S such that 7(S) C S.
Prop. 15
1. If T is a model of X°(@G), then F(Sz) C St.
2. If F(S) C S and S is conflict-free, then 3T model of X°(G) such that S = Sz.
As a consequence we have the following characterization of complete extensions.
Prop. 16 S is a complete extension if and only if 3T model of ¥%(G) U 3°(G) such that S = St.

To sum up, the models of 39(G) enable to characterize the admissible sets (the conflict-free sets S
such that S C F(S)) whereas the models of ¥2(G) enable to characterize the conflict-free sets S
such that 7(S) C S.

As a consequence, the models of ©9(G) and X9(G) are generally different, as illustrated by the fol-
lowing examples:

Ex.12
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This example shows a model of ¥X°(G) which is not a model of ¥%(G).

Acc( ) — NAcc(b)
Ace(b) — N Acc(c)

Ace(c) = NAcc(a)
Ace(c) — NAce(d)
NAcc(a) = —Acc(a)
NAce(b) — —Acc(b)
NAce(c) — —Acc(c)
NAce(d) = —Ace(d)
) — Acc(b)

— Acc(c)

Let T be defined by: Vx € A,z # d, T(Acc(x)) = false, Z(Acc(d)) = true andVz € A, T(N Acc(z)) =
false if and only if T(Acc(x)) = true.

T is a model of ¥:2(G) and not a model of Z5(Q).

Example [3 on page 71|shows a model of 39(G) which is not a model of 3%(G).

Ex. 3| (cont’d) Let T be defined by: Z(Acc(a)) = true, Z(Acc(b)) = Z(Acc(c)) = false and Vx €
A Z(NAcc(x)) = false if and only if T(Acc(x)) = true. T is a model of ¥.%(G) and not a model of
¥(Q).

And finally, we have a characterization of a complete extension .S in terms of the set of literals
Ace(S):

Prop. 17 S is a complete extension if and only if Acc(S)U{—Acc(z)|z € A\ S}UTY(G)UX(G)
Is consistent
if and only if Acc(S) U {NAcc(x)|z € A\ S} UXYG) UXYQG) is consistent.

Characterizing the stable extensions

The models of XY(G) characterize the stable subsets of G. Indeed, if Z is a model of X°(G), Sz is
stable. The converse also holds as claimed in the following proposition:

Prop. 18 S is a stable extension if and only if 3T model of ¥°(G) such that St = S.

Stable extensions can be also characterized in terms of the set of literals Acc(S):
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Prop. 19 S is a stable extension if and only if Acc(S)U{—Acc(x)|x € A\ S}UXY(G) is consistent
if and only if Acc(S) U{NAcc(z)|z € A\ S} UXYG) is consistent.

Other characterizations can be given, in terms of the set of literals Acc(,S) and in terms of models:

Prop. 20 S is a stable extension if and only if:

1. Acc(S) is a maximal for set-inclusion subset of Acc(A) consistent with X°(G), and
2. Va ¢ S, (X°(G) U Ace(S)) F N Acc(a)
Prop. 21 S is a stable extension if and only if:

1. 3T model of X°(Q) such that S = Sz, and
2. VT model of ¥°(G) such that S C S7,Va & S, J (N Acc(a)) = true.

The following table synthetizes the links between properties of an interpretation Z and properties of
its associated set Sz = {x € A|Z(Acc(z)) = true}.

| A \ St | Number of Prop. |
model of X0(G) conflict-free 5,16
Acc(A)-maximal model of X°(G) | naive extension 7, (8
model of X3(G) admissible oL |10
Acc(A)-maximal model of X9(G) | preferred extension 11412
Acc(A)-minimal model of X9(G) | grounded extension 1314
model of X9(G) U X0(G) complete extension 1617
model of X2(G) stable extension 18} |19

5.1.6 Basic principles restated in terms of N Acc

The principles described above (the conflict-free, defence and reinstatement principles) are expressed
in terms of acceptability of interacting arguments. The defence principle for an argument ¢ for
instance is expressed by a formula that involves the literal Acc(c) and the literals Acc(a) such that a
attacks an attacker of c.

In this section, we consider new principles expressed under the form of relations between N Acc(z)
and Acc(y) when x and y interact. We show that these new principles can be considered as building
blocks from which the defence and reinstatement principles can be defined.

The new principles

Let us recall that the intended meaning of N Acc(z) is “x cannot be accepted”. The two following
principles give conditions for NV Acc(c) being true in terms of acceptability of the attackers of c.

PS If an argument cannot be accepted, then at least one of its attackers must be accepted.
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P6 If an argument is attacked by at least one accepted argument, then it cannot be accepted.

More formally, we obtain the following formulas:
P5 (Vc)(NAcc(c) = (Vper- (o) Acc(D)))

P6 (Vc)((Vper-()Acc(b)) — N Acc(c))

0

Obvioulsy, the above formula P6 is a direct consequence of Property P,..

by the base X°(G).

So it is already entailed

The next two principles give conditions for Acc(c) being true in terms of literals N Ace(b) where b is
an attacker of c.

P7 An argument may be accepted only if each of its attackers cannot be accepted.
P8 An argument is accepted provided that each of its attackers cannot be accepted.
More formally, we obtain the following formulas:

P7 (Vc)(Acc(c) = (Aver-(o)IN Acc(Db)))

P8 (Vc)((Aver—(e)NAcc(b)) — Acc(c))

The new principles wrt Pge¢, Preins and Py,
The following results are easy to prove:

1. P7 is a consequence of the conjunction of P6 and Pgy,¢
2. Pyer is a consequence of the conjunction of PS and P7
3. Preins 18 a consequence of the conjunction of P6 andP8
4. P8 is a consequence of the conjunction of PS5 and Pyeins
In other words,
« From P6, we have that P4 entails P7
« From P5, we have that P7 entails Pges
and
=« From P6, we have that P8 entails Ppeins
» From P5, we have that P, entails P8
Moreover, using the formulae N Acc(x) — —Acc(x) it is easy to prove that:

= P8 (resp. PS) is a consequence of Py,
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Characterizing the new principles in terms of models of >°(G)

Adding Property P5 to ¥:°(G) comes to consider the completion of the first kind of rules issued from
Property P, wrt the predicate N Acc. That amounts to restrict the models of ¥.°(() to those models

ace
where the set of literals N Acc(x) satisfied is in some sense minimal (for set-inclusion).

Let Z be an interpretation of ¥, a set of formulae of the basic language. We recall that S7 = {z €
A|Z(Acc(x)) = true}.
Let us define :

» Nz = {x € A|Z(NAcc(x)) = true}
= 7 is N Acc(A)-minimal iff there is no interpretation Z’ of ¥ such that Szv = Sz and Nzv C Nr.

We have the following result :

Prop. 22 The models of X°(G) U {P5} are exactly the N Acc(A)-minimal models of X°(G).

5.2 Semantics for an AS in the extended language

In this section, we characterize standard semantics of an AS by logical formulas of the extended
language introduced in Section 4.2 on page 23| Note that the argumentation graph G associated with
an AS is now represented by the base X (G).

As noted in Section 4.2.2 on page 24| in presence of attacks which are not attacked, formulae issued
from Py, are tautologies. So there is no sufficient condition for an attack being valid. As a conse-
quence it is not assumed that non attacked attacks are always valid. This property will appear later
in Section |6.1.3 on page 53|as a consequence of a kind of reinstatement principle for attacks.
However, in the particular case of an AS (with simple attacks), standard Dung’s semantics handle
attacks as if they were valid. So in order to recover standard Dung’s semantics in the case of an
AS, we will have to assume that each attack is valid. In Section [5.2.1) we will consider a specific
principle for AS and its logical expression in the extended language.

Then, as in Section [5.1 on page 33| we will consider the basic principles (conflict-freeness, defence,
reinstatement and stability) and give a logical expression for each of them in the extended language.

5.2.1 Specificity of an AS wrt validity

Standard semantics of an AS can be captured in the extended language, due to the addition of the
following property:

P2 : Each attack is valid.

val *

Property P%;; can be expressed by the following formula:

P2 (Vo € Attack)(Val(x))

val °
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This formula does not belong to ¥(G). Adding this formula to the base ¥(() leads to a base denoted
by 3.s(G).

Due to P%,, X,:(G) entails the formulas Act(a) <> Gr(a) <> Acc(s,) for each attack . And the
formula (Val(a) A Ace(sa)) — N Ace(t,) is equivalent to the formula Acc(s,) — NAcc(ty,).

The above remark enables us to consider a simplified form of ,(G) that only contains literals of
the form a = s,, b = t,, and complex formulas of the type Acc(s,) — NAcc(t,) and N Acc(t,) —
—Acc(ty,).

Indeed, we obtain a base of formulas which is very close to the base 3:°(G) used in Section
page 33|

Note also that each model Z of the simplified form of ¥,(G) can be extended to a model of the
initial base X,4(G) by taking Vo, Z(Val(«)) = true, Z(Gr(«a)) = Z(Act(a)) = Z(Acc(sy)). For
simplicity, the simplified form of 3,(G) will still be called ¥,5(G).

In the rest of Section 5.2 on the preceding pagel the base corresponding to the translation of an AS
with the extended language will be ¥,(G).

5.2.2 Conflict-freeness

The interaction « corresponding to the attack aR0b is encoded using the symbols a, b, o, s,, t, the
literals a = s,, b = t,, and the formulas Acc(s,) — NAcc(t,)) and N Acc(t,) — —Acc(ty,).

So the base ¥,5(G) already contains formulas that express the fact that two conflicting arguments
cannot be jointly accepted.

5.2.3 Defence

As in Section |5.1.2 on page 34} the defence principle can be explicitely encoded by adding to the
base ,s(G) the formulas issued from Property Py, one formula for each attack. However, those
formulae must be written in the extended language.

Paer (Vo € Attack)(Acc(t,) — (36 € Attack)(ts = so N Acc(sg)))

Remark: In Section [5.1.2 on page 34 Pger is expressed for each attacked argument ¢ and the
resulting formula is equivalent to a conjunction of formulas, one for each attack to c. In contrast, the
extended language enables us to work directly at the level of attacks. So applying Pges produces one
formula for each attack a.

Note also that there is no need for considering that « or 8 should be active or valid, as we consider
the particular case of an AS and a simplified form of 3,,(G) as explained above.

Let ¥4(G) still denote the resulting base. Let us illustrate ¥,4(G) on different examples (always in

the simplified form as it is described for Example in Section[4.2 on page 23). Note that

we recover the same results as those obtained in Section [5.1.2 on page 34|

Ex.[1) (cont’d) The formula —Acc(b) is added 1o ¥,4(G)
Ex.[3|(cont’d) The formulae ~Acc(b) and Acc(c) — Acc(a) are added 1o 3,4(G)
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Ex.[6] (cont’d) The formulae —Acc(b) and = Acc(c) are added to Lq5(G)

Ex. [9] (cont’d) The formulae —Acc(d), —Acc(b), Acc(c) — Acc(a) and Acc(c) — Accle) (so
Acc(e) — (Acc(a) N Ace(e))) are added to 3,5(G)

Ex. [10|(cont’d) The formulae —Acc(b) and Acc(c) — (Acc(a) V Ace(d)) are added 1o 3,4(G)
Note that, as in Section [5.1.2 on page 34| the base X,4(G) is consistent:

Prop. 23 Let G be an argumentation graph representing an AS with A the set of arguments and
R C A X A the set of attacks. The logical knowledge base ¥.4(G) is consistent.

5.2.4 Reinstatement

As in Section [5.1.3 on page 35| the reinstatement principle can be explicitely encoded by adding
to the base 3,,(G) the formulas issued from the property Ppeins, one formula for each argument.
However, those formulae must be written in the extended language.

Preins (Ve € Argument)(((Va € Attack)(t, = ¢ — (30 € Attack)(ts = sa N Acc(sp)))) —
Acce(c))

Remark: As alogical consequence of Pyei,s, We obtain the formula:

(Ve € Argument)(((Va € Attack)(=(t, = ¢))) — Acc(c))
which is equivalent to:

(Ve € Argument)(—((3a € Attack)(t, = ¢)) — Acc(c))
So in the case of an unattacked argument ¢, as —((Ja € Attack)(t, = c)) is true, we can deduce
Acc(c).

Let ¥,.(G) still denote the resulting base. Let us illustrate 3, (G) on different examples. Note that
we recover the same results as those obtained in Section [5.1.3 on page 35|

Ex.[1] (cont’d) a is not attacked: the formula Acc(a) is added to 3, (G). Then, = Acc(b) is deducible
from ¥,.(G).

Ex.[3|(cont’d) a is not attacked: the formula Acc(a) is added to ,(G).
c is attacked and defended: the formula Acc(a) — Acc(c) is added to 3(Q). The formulae Acc(c)
and —~Acc(b) are deducible from ¥.,.(G).

Ex.[6] (cont’d) a and d are unattacked: the formulae Acc(a) and Acc(d) are added to ,4(G).
c is attacked with two attackers: the formula (Acc(a) N L) — Ace(c) (a tautology) is added to
Yus(G). The formulae —Acc(c) and —Acc(b) are deducible from ¥, (G).

Ex.[9|(cont’d) a and e are unattacked: the formulae Acc(a) and Acc(e) are added to ¥,4(G).
c is attacked and defended: the formula (Acc(a) N\ Acc(e)) — Acc(c) is added to ¥,5(G). The
formulae Acc(c), —Acc(b) and ~Acc(d) are deducible from ¥.,.(G).

46



Ex.[10|(cont’d) a and d are unattacked: the formulae Acc(a) and Acc(d) are added to L44(G).
c is attacked and defended: the formula (Acc(a) V Acc(d)) — Acc(c) is added to ¥,5(G). The
formulae Acc(c) and —Acc(b) are deducible from ¥,.(G).

Note that, as in Section|5.1.3 on page 35| the base X,.(G) is consistent:

Prop. 24 Let G be an argumentation graph representing an AS with A the set of arguments and
R C A X A the set of attacks. The logical knowledge base 3,.(G) is consistent.

5.2.5 Stability

The principle Py, can be expressed using the extended language as follows:

Pya (Ve € Argument)(—Acc(c) — (38 € Attack)((tg = ¢) N Acc(sp)))

This stability principle can be explicitely encoded by adding to the base 3,5(G) (which describes the

argumentation graph G corresponding to an AS) the formulas issued from Pg,, one formula for each
argument (either attacked or not). Let ¥,(G) denote the resulting base.

Note that, as in Section [5.1.4 on page 37| the base ¥,(G) can be inconsistent (once again consider
Ex. [ on page 73).

Let us illustrate ¥4(G) on different examples.

Ex.[1] (cont’d) The formulae Acc(a) and —Acc(b) — Acc(a) are added 1o ,4(G).

Ex. (3 (cont’d) The formulae Acc(a), =Acc(b) — Acc(a) and —Ace(c) — Ace(b) are added to
Yas(G).

Ex.[6](cont’d) The formulae Acc(a), Acc(d), ~Acc(b) — Acc(a) and ~Acc(c) — (Ace(b)V Ace(d))
are added to ¥,5(Q).

Ex.[9|(cont’d) The formulae Acc(a), Acc(e), = Acc(b) — Acc(a), mAcc(d) — Acc(e) and ~Acc(c) —
(Ace(b) V Ace(d)) are added to ¥,5(G).

Ex. (10| (cont’d) The formulae Acc(a), Ace(d), =Acc(b) — (Acc(a) V Ace(d)) and —Acc(c) —
Acc(b) are added to ¥,(G).

5.2.6 Characterizing semantics for an AS in the extended language

In this section, we propose to characterize standard semantics using the principles previously defined
and the corresponding bases, recalled in the following table:

Base Used principles
E(G> = {Pacm Pval; Pgn Pact}
Zas(G) = E(G> U {Pzzl}

Ya(G) =2us(G)U {Paer}

27<G) = Eas(G> U {Preins}

ES(Cl) = Eas(G() U {Psta}



Let us first recall that we work with the simplified form of the base ¥,(G). That implies the use of
the constant symbols a, t,, s, and only the predicate symbols Acc and N Acc, as in 2°(G). So, we
may still consider the set of literals S for Z being an interpretation of ¥,,(G).

For instance, S C A being conflict-free can be expressed by the following formula:
(Va € S)(Vb € S)(Va)(—=((a = s4) A (b=t,)))

or equivalentlyﬂ
(Va)(—(sq € SNty €9))

All the characterizations obtained in Section [5.1.5 on page 38| can be extended in a straightforward
way, replacing ¥:°(G) by 3, (G). The proofs can be adapted using ¢,, and s,, for denoting arguments.

Prop. 25

1. S is conflict-free if and only if 3T model of ¥,5(G) such that S = S.
S is a naive extension if and only if 3T Acc(A)-maximal model of ¥,s(G) such that St = S.
S is admissible if and only if 3T model of ¥4(G) such that S = St.

S is a preferred extension if and only if 3T Acc(A)-maximal model of ¥4(G) such that S = S.

AR

S is the grounded extension if and only if S = St where T is the Acc(A)-minimal model of
¥ (G).

6. S is a complete extension if and only if 3T model of ¥4(G) U ,.(G) such that S = St.
7. S is a stable extension if and only if 3T model of ¥4(G) such that St = S.

8. S is a stable extension if and only if 3T model of ¥,5(G) such that S = Sz, and ¥ J model of
Yus(G) such that S C Sz, Va ¢ S, J(NAcc(a)) = true.

and in terms of Acc(S):

Prop. 26

1. S is conflict-free if and only if Acc(S) U Xus(G) is consistent.

2. S is a naive extension if and only if Acc(S) is a maximal (for set-inclusion) subset of Acc(A)
consistent with ¥,4(G).

3. If S is admissible, then Acc(S) U X4(QG) is consistent. If Acc(S) U X4(G) is consistent, then
there is an admissible set containing S.

4. S is a preferred extension if and only if Acc(S) is a maximal (for set-inclusion) subset of
Acc(A) consistent with ¥.4(G).

s, € Sisequivalent to (Ja € S)(a = s,).
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5. The grounded extension is the set S, defined by S, = {x € A|¥,(G) F Acc(x)}.

6. S is a complete extension if and only if Acc(S) U {—Acc(z)|lx € A\ S} UX(G)UXE,(G) is
consistent.
S is a complete extension if and only if Acc(S) U{NAcc(z)|xr € A\ S} UX,(G)U2(G) is

consistent.

7. S'is a stable extension if and only if Acc(S) U{—Acc(z)|x € A\ S} UX4(G) is consistent
S is a stable extension if and only if Acc(S) U {NAcc(z)|x € A\ S} U X,(G) is consistent.

8. S is a stable extension if and only if Acc(S) is a maximal for set-inclusion subset of Acc(A)
consistent with ¥,5(G), andVa ¢ S, (X.s(G) U Acc(S)) = NAcc(a).

The following table synthetizes all these results in both cases (basic language or extended language)
giving the links between properties of an interpretation Z and properties of its associated set S =
{z € A|Z(Acc(x)) = true}.

7z St Number of Prop.

basic Ig. | extended Ig.

model of X(G) (resp. X,s(Q)) conflict-free 5, (6 2501} [26}{1
Acc(A)-maximal model of X°(G) (resp. X,5(G)) | naive extension 7,8 2502} [26(2
model of X9(G) (resp. 34(G)) admissible oL[10 | [253] [26[3
Acc(A)-maximal model 39(G) (resp. X4(G)) | preferred extension | [11}{12] | [254] [26[4
Acc(A)-minimal model of X9(G) (resp. 3,(G)) | grounded extension | [13}[14] | [25[5] [26[5
model of X9(G) U X2(G) (resp. X4(G) U X,.(G)) | complete extension | [16,[17] | [25]6} [26]6
model of X2(G) (resp. 34(G)) stable extension 18} 19 | [25}7,[26}7

5.3 Synthesis for AS

The following figure describes the different encodings that can be used for an AS.
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Chapter 6

Semantics for an ASAF

We propose to :

» consider again the basic principles (conflict-freeness, defence, reinstatement, stability) taking
into account the fact that attack could be attacked,

= give a logical expression for each of these principles in the extended language, thus leading to
add formulas to the base ¥(G) and producing new bases in the same way as >,4(G), X,.(G)
and > (G) were produced,

= study examples of such bases encoding argumentation graphs with recursive attacks,
» define standard semantics for an ASAF,

» provide a characterization of the associated extensions in terms of models of the new bases
Y(G), Xa(G), 2,.(G), and X4(G).

6.1 Basic principles revisited with recursive attacks

In presence of recursive interactions, the conflict-freeness, defence, reinstatement and stability prin-
ciples must be reformulated for taking into account the fact that attacks could be not valid. Indeed,
the fact that an attack « is grounded is taken into account through the literal Acc(s,,), due to Prop-
erty Py.. Moreover, due to Property P, we could do without the predicate symbol Act. So we
concentrate on the notion of validity.

The first idea is to extend the definition of S being conflict-free by allowing non-valid attacks between
arguments in .S.

Similarly, a could be defended by .S provided that S weakens each attack « to a, either by attacking
Sq, OF by attacking « itself.

6.1.1 Conflict-freeness

In presence of recursive attacks, the conflict-free property can be reformulated as follows:
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P2 If there is a valid attack between two arguments, they cannot be jointly accepted.

Note that the fact that two arguments may be conflicting depends on the validity of the attack between
them.

The attack o = (a, b) is encoded in the base (&) by the formulae (Val(a) A Acc(a)) — N Ace(b)
and N Acc(b) — —Acc(b). So the base 3(G) already contains formulas that express the property P

Similarly we could consider a kind of conflict-freeness principle for attacks.
P2 If there is an attack from an accepted argument to an attack, these attacks cannot be both valid.

Due to the formulae encoding an attack &« = (a, 3) in the base X(G), this property is already ex-
pressed in 3(G) (see Py, and its logical translation).

6.1.2 Defence

Similarly, a could be defended by S provided that S weakens each valid attack « to a, either by
attacking s,, or by attacking « itself.

In other words, the idea is to claim that an argument a is acceptable wrt a set of arguments S (in other
words a is defended by 5) if S weakens each attack « to a, either by attacking s, or by attacking «
itself. Moreover, the defense should be obtained with valid attacks.

So, we propose to reformulate the defence principle as follows:

Pi%: An attacked argument may be accepted only if for each attack against it, either the source or
the attack itself is in turn attacked by a valid attack from an accepted argument (i.e. an active
attack).

The property P3.f is expressed by the following formula:
P2 (Ya € Attack)(Acc(ty) — (38 € Attack)(ts € {sa,a} AVal(B) A Acc(sp)))
Similarly we consider a kind of defence principle for attacks.

P3% An attack may be valid only if for each attack against it, either the source or the attack itself is
in turn attacked by a valid attack from an accepted argument.

The property P4 is expressed by the following formula:

Py (Vo € Attack) (V6 € Attack)(((§ = ta) AVal(8)) — (3B € Attack)(ts € {sa,a} AVal(B)A
Ace(sp)))

The formulae that are obtained from P3% and Pl are added to the base X(G), thus producing the
base ¥4(G).
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Two particular cases: Consider the following graph:

ORT RO

Adding P37 to Y enables to produce the formula —Acc(b) since there is no attack from « or its
source.

Consider now the following graph:

O—1—C)
7]
()

Adding P4 to ¥ enables to produce the formula =V al(«) since there is no attack from j3 or its
source.

6.1.3 Reinstatement

We keep the original principle with the new notion of defence. If a semantics satisfies the reinstate-
ment principle, then if an extension .S defends an argument a, a must belong to S.

So we propose to reformulate the reinstatement property as follows:

P22+ An argument must be accepted provided that, for each attack against it, the source or the
attack itself is in turn attacked by a valid attack from an accepted argument (i.e. an active
attack).

arg
reins

The property P o is expressed by the following formula:

P (Ve € Argument)(((Va € Attack)(t, = ¢ — (38 € Attack)(ts € {sa,a} A Val(B) A
Acc(sg)))) — Acc(c))

Similarly we consider a kind of reinstatement principle for attacks.

P28 An attack may be valid provided that for each attack against it, either the source or the attack
itself is in turn attacked by a valid attack from an accepted argument.

The property P25 . is expressed by the following formula:

Pit. (V6 € Attack)(((Va € Attack)(t, = 6 — (38 € Attack)(ts € {sa,a} A Val(B) A

Acc(sp)))) = Val(9))

The formulae that are obtained from P*® _and P2%

ins teins are added to the base X(G), thus producing the
base X, (G).
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A particular case: Consider the following graph:

ORT RO

Adding P2 to 3(G) enables to produce the formula Acc(a) since a is unattacked.

reins

Adding P2 to X(G) enables to produce the formula Val(c) since « is unattacked.

reins

6.1.4 Stability

The stability property can be reformulated as follows:

If an argument is not accepted, it must be attacked by an active attack. The associated formula is:

P2 (Ve € Argument)(—Acc(c) = (3B € Attack)((ts = ¢) AVal(B) A Acc(sg)))

sta

Similarly we consider a kind of stability principle for attacks.
If an attack is not valid, it must be attacked by an active attack. The associated formula is:

Patt

sta

(Va € Attack)(=Val(a) — (38 € Attack)((tg = a) A Val(B) N Acc(sg)))

The formulae that are obtained from P%® and P, are added to the base ¥(G), thus producing the
base 3(G).

A particular case: Consider the following graph:

OO

Adding P2 to X(G) enables to produce the formula Acc(a) since a is unattacked.

sta

Adding P2 to ©(G) enables to produce the formula Val(«) since « is unattacked.

sta

6.2 Definitions of semantics for an ASAF

Our purpose is to propose the definition of standard semantics for an ASAF. These definitions are
guided by the principles presented above and should also extend standard semantics in the case of an
AS.

6.2.1 The notion of structure
As expressed by Property P%* for instance, the fact that two arguments may be conflicting depends
on the validity of the attack between them. So it would not be sound to give a definition of a set of

arguments S being conflict-free, independently of a set of attacks. More generally, we need to reason
about pairs of sets of arguments and sets of attacks, called “structures” in the following.
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Def. 22 Given ASAF = (A, R, s,t), a structure on ASAF is a pair U = (S,T") such that S C A and
I' CR.

Intuitively, we are interested in structures U = (S,I") such that S contains arguments that are ac-
cepted “owing to” U and I' contains attacks which are valid “owing to” U. The precise meaning of
“owing to” will depend on the considered semantics.

6.2.2 Conflict-free structures

The minimal requirement for a structure (S, I") is that two arguments of S cannot be related by a
valid attack, and similarly there cannot be an attack grounded in S and whose target is an element of
I

Accordingly, we propose the following definitions:

Def. 23 Given ASAF = (A, R, s,t), and a structure U = (S,I") on ASAF.
Leta € Aanda € R.

» a is defeated wrt (S, 1) iff 36 € T such that s(B) € S and t(f) = a
» « is inhibited wrt (S,T') iff 30 € T such that s(B) € S and t(f) = «

The idea is that a structure is weakly conflict-free if no argument (resp. attack) of the structure is
defeated (resp. inhibited) wrt the structure.

Def. 24 Given ASAF (A, R, s,t), and a structure U = (S,T") on ASAF.
The structure (S, T') is weakly conflict-free iff

1. Aa € S such that a is defeated wrt (S, T)
2. Aa € T such that o is inhibited wrt (S, T")

It is easy to prove that the structure U = (.S, ") is weakly conflict-free iff

1. Ya,b € S, Ba € T such that s(a) = a and t(a) = b
2. V3 €T, fa €T suchthat s(a) € S and t(a) = B

The following proposition is obvious:

Prop.27 Let " CSCAandl”" CT'CR.
If the structure (S,T") is weakly conflict-free, the structures (S',I"), (S,I") and (S',I") are also
weakly conflict-free.

Note that for any I' C R, the structure (&, ") is weakly conflict-free. The same holds for classic
AS, where an empty set of arguments is always conflict-free. Moreover for any S C A the structure
(S, @) is weakly conflict-free. The weak conflict-freeness requirement can be strengthened by adding
attacks to I', namely the attacks which are not attacked. That leads to conflict-free structures.

55



Def. 25 Given an ASAF (A, R, s,t), and a structure U = (S,I") on ASAF.
The structure (S, 1) is conflict-free iff

1. It is weakly conflict-free
2. {a e R|AB € Rsuchthatt(B) =a} CT

Note that each conflict-free structure must contain all the unattacked attacks. Moreover, Vo = (a, b),
there is no conflict-free structure U = (S, T") such that a,b € S and « € T'. Similarly, V5 = (¢, a),
there is no conflict-free structure U = (S,T") such thatc € S and o, 5 € T'.

Note also that Proposition [27|does not hold for conflict-free structures. We only have the following
result: If the structure (S, I") is conflict-free, for any S” C S the structure (S’, I') is also conflict-free.

In the case of an ASAF with simple (i.e. non recursive) attacks, as no attack is attacked, every
conflict-free structure U = (5, I") satisfies I' = R. As a consequence, the notion of conflict-free
structure enables to recover Dung’s conflict-free extensions, as shown below:

Def. 26 Given an ASAF (A, R, s,t), and S C A.
S is a conflict-free extension of ASAF iff there is I' C R such that (S,T") is a conflict-free structure
of ASAFE.

It is easy to prove that:

Prop. 28 Given AS = (A, R, s,t) an ASAF with simple attacks, and S C A, S is a conflict-free
extension of AS in the sense of Def. iff S is a conflict-free extension of A according to Dung’s
definition.

Ex.[1| The following structures are conflict-free:

= ({a},{a})
= ({0}, {a})
" (ga{a})

Indeed, the conflict-free extensions of A (in Dung’s sense) are {a}, {b} and &.
However, the structures ({a, b}, @) and (&, &) are only weakly conflict-free.

Ex.[3| The following structures are conflict-free:

" ({CL,C},{OQﬂ})
= ({0}, {e, 5})
= (2,{e, B})

However, the structures ({a, b, c}, @), ({a,b},{5}), ({b, c}, {a}) and (&, @) are only weakly conflict-
free.

Ex.[14| The following structures are conflict-free:
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" ({CL, b, C}, {6})
» ({a}, {o, 5})

However, the structures ({a, c},{a}) and ({b, c}, {a}) are only weakly conflict-free.
The structure ({a, c}, {c, B}) is not even weakly conflict-free.

Ex. 21| The following structures are conflict-free:

= ({a,b,¢},{d})
- ({a, ¢} {a,0})
=

(

{a,c},{B,0})
{a},{«, 8,6})

Ex.[25| The weakly conflict-free structures are :
" ({a}v ) )
" (@ 0 )
- (9,{a})

They are all conflict-free too.

6.2.3 Admissible structures

As done for conflict-freeness, the definition of an argument a being acceptable wrt a set of arguments
S should be relative to a set of attacks. That leads to consider a notion of admissibility for structures.

Def. 27 Given ASAF = (A, R, s,t), and a structure U = (S, ") on ASAF.
Leta € A and o € R.

= a is acceptable wrt U iff V3 € R such that t(5) = a, either 3 is inhibited wrt U or s(3) is
defeated wrt U.

= « is acceptable wrt U iff V3 € R such that () = «, either (3 is inhibited wrt U or s(B) is
defeated wrt U.

In other words, z € A U R is acceptable wrt a structure U = (5, ) iff for each attack § € R such
that £(3) = z, there exists v € I" with s(y) € S and t() = {3, s(5)}.

Then admissible structures can be defined as follows:

Def. 28 Given = ASAF (A, R, s,t), and a structure U = (S,I") on ASAF.
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1. The structure U is weakly admissible iff U is weakly conflict-free and NVx € (S UT), z is
acceptable wrt U.

2. The structure U is admissible iff U is conflict-free andVx € (S UT), z is acceptable wrt U.

Note that Vo = (a, b), if o and a are unattacked, there is no admissible structure U = (5, I') such that
b € S. Similarly, V5 = (¢, ), if 5 and ¢ are unattacked, there is no admissible structure U = (.S, T")
such that € T'.

Admissible structures enable to recover Dung’s admissible extensions, as shown below:

Def. 29 Given an ASAF (A, R, s,t), and S C A.
S is an admissible extension of ASAF iff there is I' C R such that (S,T") is an admissible structure
of ASAF.

Prop. 29 Given AS = (A, R, s,t) an ASAF with simple attacks. Let a € A.

» If ais acceptable wrt a structure U = (S, ") on AS, then a is acceptable wrt S in Dung’s sense.
» If a is acceptable wrt S in Dung’s sense, then a is acceptable wrt the structure (S, R).

Prop. 30 Given AS = (A, R, s,t) an ASAF with simple attacks, and S C A, S is an admissible
extension of AS (in the sense of Def. 29) iff S is an admissible subset of A according to Dung’s
definition of admissibility.

Ex.[1

» ({a,b}, @) is not weakly-admissible, since b is not acceptable wrt this structure

= ({b}, {a}) is conflict-free, but not admissible for the same reason (b is not acceptable wrt this
structure)

= The admissible structures are (&,{a}) and ({a},{a})

Ex.[3| The admissible structures are (&, {c, B}), ({a},{c, B}), and ({a, c}, {a, 5}).

Ex.[14 No admissible structure contains o.. The admissible structures are:

(@, {8}), ({a},{B}), ({c}, {B}), ({b, ¢}, {B}), ({a, ¢}, {B}) and ({a, b, ¢}, {B}).

Ex.[21|Any admissible structure (S,T') is such that § € T.

Assume there exists an admissible structure U = (S,T") such that b € S. Then « must be inhibited by
U, soce Sand 8 € . Then 3 must be acceptable wrt U, so b must be defeated by U. That implies
that a € S and a € T'. However, the structure ({a,b, c},{a, 8,0}) is not even weakly conflict-free.
So no admissible structure may contain b.

Similarly, it is easy to prove that no admissible structure may contain « (resp. [3).
The admissible structures are (&,{d}), ({a},{0}), ({c},{0}) and ({a,c}, {0}).

Ex. 25| Assume there exists an admissible structure U = (S,T') such that o € T. Then o must be
acceptable wrt U, so S must contain a. However, the structure ({a}, {a}) is not conflict-free.
So the admissible structures are(, D) and ({a}, D).
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6.2.4 Complete structures

Following the definitions of standard semantics in the classic case, we define complete structures
as admissible structures which contain all the arguments (resp. attacks) that are acceptable wrt the
structure.

Def. 30 Given ASAF = (A, R, s,t), and a structure U = (S,T") on ASAF.
The structure U is complete iff U is admissible and Yz € A (resp. © € R), if x is acceptable wrt U
then x € S (resp. x € I).

Def. 31 Given an ASAF (A, R, s,t), and S C A.
S is a complete extension of ASAF iff there is T' C R such that (S,T') is a complete structure of
ASAF.

Note that each complete structure must contain all the unattacked arguments and all the unattacked
attacks.

Prop. 31 Given AS = (A, R, s,t) an ASAF with simple attacks, and S C A, S is a complete
extension of AS (in the sense of Def. iff S is a complete extension of A according to Dung’s
definition.

Ex.[I| There is only one complete structure ({a},{a}).
Ex.[3| There is only one complete structure ({a, c}, {a, 5}).
Ex. (14| There is only one complete structure ({a, b, c},{5}).
Ex.[21| There is only one complete structure ({a,c},{d}).
Ex. 25| There is only one complete structure ({a}, @).

6.2.5 Stable structures

In the classic case, stable extensions are defined as conflict-free extensions that attack external argu-
ments. It can be proved that stable extensions are also admissible and even complete extensions. So
we should provide a definition of stable structures that preserves the same relation between seman-
tics.

Def. 32 Given ASAF = (A, R, s,t), and a structure U = (S,T") on ASAF.
The structure U is stable iff

1. U is conflict-free
2. Ya ¢ S, a is defeated wrt U
3. Ya ¢ T, «is inhibited wrt U

Def. 33 Given an ASAF (A, R, s,t), and S C A.
S is a stable extension of ASAF iff there is ' C R such that (S,T") is a stable structure of ASAF.
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Prop. 32 Given AS = (A, R, s,t) an ASAF with simple attacks, and S C A, S is a stable extension
of AS (in the sense of Def. |33 on the previous pagel) iff S is a stable extension of A according to
Dung’s definition.

Ex.[23

({a,b,c}, D) is the unique complete structure. However it is not stable, as no attack is inhibited by
this structure.

Prop. 33 Let ASAF = (A, R, s,t). Stable structures of ASAF are also complete structures of ASAF.

6.3 Characterizing semantics for an ASAF

Our purpose is to propose characterizations of the structures in different semantics in terms of models
of the bases X(G), X4(G), X,(G), Xs(G).

Remark:

The Herbrand models of the base ¥(G) representing an ASAF contain literals of the form Acc(z),
N Ace(y), and also literals of the form Val(«), Gr(f) and Act(y). Both types of literals should be
exploited. However, as explained before, the literals of the form Gr(«) are not informative since
Gr(a) is true if and only if Acc(s,) is true (due to Pg). So we could simplify the representation of a
Herbrand model of 3(G) by omitting the literals of the form Gr(«). Similarly, due to Property Py,
we could omit the literals of the form Act(«).

In the following, a Herbrand model Z of () will be represented by the set of the positive literals
of the form Acc(x), N Acc(x), Val(«) that are true in Z.

Formally, we define:
Def. 34 Let T be an interpretation of ¥(G).
» S7={x € A|Z(Acc(z)) = true}
 I'r ={a|Z(Val(a)) = true}
The following results hold.
First the characterization of weakly conflict-free structures is given by the following result:

Prop. 34 Given an ASAF (A, R, s,t) represented by the base ¥(G), S C A and" C R.
The structure (S,T") is weakly conflict-free iff there exists I model of ¥.(G) such that St = S and
I'r=T.

Then the characterization of weakly admissible structures is given by the following result:

Prop. 35 Given an ASAF (A, R, s,t) represented by the base >(G), S C A andT" C R.
The structure (S,I") is weakly admissible iff there exists T model of ¥4(G) such that Sz = S and
I'r =T

The characterization of complete structures is given by the following result:
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Prop. 36 Given an ASAF (A, R, s,t) represented by the base ¥(G), S C A andT" C R.
The structure (S,T") is complete iff there exists T model of ¥4(G) U T( ) such that St = S and
I'r =T.

And finally the characterization of stable structures is given by the following result:

Prop. 37 Given an ASAF (A, R, s,t) represented by the base 3(G), S C A andT' C R.
The structure (S, 1) is stable iff there exists T model of ¥5(G) such that St = S and 'z =T.

Some concluding remarks

» In order to get a characterization of conflict-free structures (resp. admissible structures), we
must add a formula to the base 3(G) (resp. £4(G)). This formula expresses the fact that each
attack which is not attacked must be valid.

Note that this formula is entailed by %, (G).

» Once interesting structures have been obtained, for instance the complete structures, one could
be interested in the active attacks determined by these structures.

Due to the definition of an active attack, we should define these attacks as follows:
Let U = (S,T") be a structure on ASAF, Act(U) = {a € I'|s(a) € S}.

This notion of active attacks determined by a structure will enable us to draw comparisons with
the work of [6] and [22]].

6.4 Synthesis for ASAF

The following figure describes the different encodings that can be used for an ASAF.
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Chapter 7

Future works

Beyond the open questions raised in Section [6.2 on page 54| it is mandatory to pursue this work
towards the following directions:

» In the case of an AS:
1. Discuss the related works in logic programming, ASP, labelling-based argumentation
frameworks, Abstract Dialectical Frameworks (ADF).
2. Implement the different procedures (searching for models, for extensions).
= In the case of a ASAF, draw a comparative study with the work of [6, 21} [15]] which propose to

encode recursive attacks with different frameworks (AFRA, ASAF and Meta Argumentation
Systems — MAS).

In a longer-term perspective, it would be of interest to extend this work to the case of bipolar argu-
mentation frameworks, including supports and attacks between arguments, both interactions being
possibly recursive.
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Appendix A

Description of the examples

A.1 Examples without recursivity (AS)

A.1.1 Examplel]]

Ex. 1
Ous O
) Accla N Acc(b
(G =A N A(cczb)_>—> ﬁAc(C()b)
ettt > (Gr(a) A Val(a)
ctla) < (Gr(a) A Val(a
(G =1 (Val(a) A Ace(a)) — N Ace(b)

NAcc(b) = = Ace(b)

Yas(G) =X(G)U{  Val(a)

—Ace(b) = Acc(a)

}
Yu(G) =Xus(G)U{ —Acce(d) }
Y(G) =%u(G)Uq{ Acca) }
S.(G) = na(@uf Al }

Among the logical consequences of ¥.°(G) is the formula:
Acc(a) — —Acc(b)
It follows that if a is accepted then b is not accepted.
Among the logical consequences of ¥.,s(G) are the formulae:
Val(a)
Act(a) <> Gr(a) and so Act(a) <> Ace(a)
Acc(a) — —Ace(b) and so Act(a) — —Acce(b)
It follows that o is active iff a is accepted and if o is active then b is not accepted..
Note that —Acc(b) follows from ¥,.(Q).
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The following table displays the standard Dung extensions of G:

’ Semantics \ Extensions ‘
Grounded | {a}
Preferred | {a}

Stable | {a}
Complete | {a}
The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of

some bases:

] Base \ St \
2(G) | @ {a} {b}
2q(G) | @ {a}
%(G) | {a}
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A.1.2 Example 2|

Ex. 2

Acc(a) — NAcc(b)
Acc(b) — N Acc(a)
N Acc(a) — —Acc(a)
NAce(b) — —Acc(b)

Gr(a) <> Acc(a)
Gr(B) <» Acc(b)
b e
c ANVa
26 =H (Val(a) A Ace(a)) — N Ace(b)
N Ace(b) — —Ace(b)
(Val(B) A Acc(b)) — N Ace(a)

NAcc(a) = —Acc(a)
Yos(G) = N(G)U{  Val(a), Val(B)}
Ya(G) = Xa(G)
X (G) = Y.(G)
546) =%u(0) 0 Zaeeti) 3 heet

Among the logical consequences of ¥X°(G) is the formula:
—(Acc(a) A Ace(b)).
It follows that a and b cannot be jointly accepted.
Among the logical consequences of Y.,s(G) are the formulae:
Val(a) and Val(p)
Act(a) <> Gr(a) and Act(B) <> Gr(B) and so Act(a) <» Acc(a) and Act(B) <> Acc(b)
—(Acc(a) N Ace(b)) and so Act(a) — —Ace(b) and Act(B) — —Acc(a)

It follows that « is active iff a is accepted, (3 is active iff b is accepted, « et B cannot be jointly active,
and a and b cannot be jointly accepted.

The following table displays the standard Dung extensions of G:

] Semantics \ Extensions \
Grounded
Preferred | {a} {b}
Stable | {a} {b}
Complete | @ {a} {b}
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The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

] Base \ St \
%(G) | @ {a} {b}
24(G) | @ {a} {b}
2.(G) | @ {a} {b}
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A.1.3 Example[3|
Ex. 3

Acc(a) — N Acc(b)
Acc(b) — N Acc(c)

NAce(b) — —Ace(b)
NAce(c) — —Acc(c)

Gr(a) < Acc(a)
Gr(B) <> Acc(b)
o
c AVa
26 ={ (Val(a) A Ace(a)) — N Acc(b)
N Ace(b) — = Ace(b)
(Val(B) N\ Acc(b)) — N Ace(c)
N Ace(c) = —Ace(c)

Val(

Y(G) =Xu,(G)U{ —lAcc(b) — Acc(a)
—Acc(c) = Ace(b)

Among the logical consequences of X.°(G) are the formulae:
—(Acc(a) N Ace(b)) et =(Ace(c) N Ace(b))
It follows that if a is accepted then b is not accepted. Note that ¢ could be accepted.
Among the logical consequences of ¥.,s(G) are the formulae:
Val(a) et Val(B)
Act(a) <> Gr(a) and Act(B) <+ Gr(B) and so Act(a) <» Acc(a) and Act(5) <> Ace(b)
—(Acc(a) A Ace(b)) and =(Ace(c) N Ace(b)) and so
Act(a) — —Ace(b) and Act(B) — —Ace(c)

It follws that o is active iff a is accepted, (3 is active iff b is accepted, if o is active b is not accepted
and if B is active then c is not accepted.

Note that Acc(c) and —Acc(b) follow from 3,.(G).

The following table displays the standard Dung extensions of G:

] Semantics \ Extensions \

Grounded | {a,c}
Preferred | {a,c}

Stable | {a,c}
Complete | {a,c}
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The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

] Base \ St \
2(G) | @ {a} {b} {c} {a,c}

Yu(G) | @ {a} {a,c}
¥ (G) | {a,c}
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A.14 Exampleld|

Ex. 4

Acc(a) — N Acc(b)
Ace(b) — N Acc(c)
0 Acc(c NAcc(a

PG =A NA(CC)( T—> —|Ac(c() )
NAce(b) — —Acc(b)
NAcc( ) — —Ace(c)

Gr(a) < Acc(a)

Gr(B) <> Ace(b)

Gr(0) «» Acc(c)

Act(a) ¢+ (Gr(a) A Val(a))
Act(B) < (Gr(B) A Val(P))
Act(9) <> (Gr(6) AN Val(9))
(Val(a) A Acc(a)) — N Ace(b)
N Ace(b) — —Ace(b)

(Val(B) N Acc(b)) — NAcce(c)
NAce(c) — —Acc(c)

(Val(6) A Ace(c)) — N Acc(a)
NAcc(a) = —Acc(a)

— Acc(b

)
—|Acc(a) — Acc(c)
Yo(G) =X(G)U{ —Acc(b) — Acc(a)
—Acc(c) = Ace(b)

Among the logical consequences of X°(G) are the formulae:
—(Acc(a) A Ace(b)), =(Acc(b) A Ace(c)) and —(Ace(a) N Ace(c))
It follows that a and b (resp. a and c, b, c) cannot be jointly accepted.

Among the logical consequences of ¥.,s(G) are the formulae:
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Val(a), Val(B) and Val(9),

Act(a

Act(a) < Gr(a), Act(B) <> Gr(B) and Act(d) <> Gr(0)
) <> Acc(a), Act(B) <> Acc(b) and Act(0) <> Acc(c)

—(Acc(a) A Ace(b)), =(Ace(b) N Ace(e)) and —(Acc(a) A Acce(c))
and so Act(a) — (= Acc(c) A =Ace(b)), Act(B) — (mAce(a) A —Ace(c))

and Act(d) — (= Acc(b) A =Acc(a))

It follows that a and b (resp. a and c, b, c) cannot be jointly accepted.

The following table displays the standard Dung extensions of G:

] Semantics \ Extensions \
Grounded | @
Preferred | @

Stable none
Complete | &

The following table shows the sets St = {x € A|Z(Acc(x))
some bases:

] Base \ St \
2(G) | @ {a} {b} {c}
Ya(G) | @

X (G) | @
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A.1.5 Example

Ex. 5
ou
0 Accla N Acc(a
2@ =t NA<ccza7—> ﬁAc(c()a)
Gr(a) + Acc(a)
26 ={ Act(a) > (Gr(a) A Val(a))

(Val(a) N Ace(a)) — N Ace(a)
NAcc(a) = —Acc(a)

Sul@) —S(G) UL Val()

Zd(C:) — Eas(G)
X (G) = Yas(G)

ES(G) - Eas(G) U { ACC(CL)

Among the logical consequences of ¥X°(Q) is the literal:
—Acc(a)

It follows that a cannot be accepted.

Among the logical consequences of ¥.,s(G) are the formulae:
Val(a)
Act(a) <> Gr(a) and Act(a) <> Acc(a)
—Acc(a)

It follows that a cannot be accepted and that « is valid yet not active.

The following table displays the standard Dung extensions of G:

] Semantics \ Extensions \

Grounded | &

Preferred | @
Stable none

Complete | &

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

X(G)
Ya(G)
S(C)

QY|
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A.1.6 Example 6|

Ex. 6

Acc(a) — NAcc(b)

Acc(b) — N Acc(c)
(GE) =4 Ace(d) — N Acce(c)
N Acc(b) — —Acc(b)
NAce(c) = —Acc(c)

GT’( )

Gr(B) < Acc(b)

Gr(0) < Ace(d)

Act(a) ¢+ (Gr(a) A Val(a))
Act(8) < (Gr(B) A Val(P))

%G =A{ Act(0) = (Gr(0) AVal(0))
(Val(a) A Acc(a)) — N Ace(b)
NAce(b) — —Acc(b)
(Val(B) N Acc(b)) — NAcc(c)
NAce(c) — —Acc(c)
(Val(6) AN Ace(d)) — NAce(c)

+ Acc(a)

Val(a)
Yus(G) =X(G)U{  Val(p)
Val(0)

5(G) = Tul@)U{ )

Acc(a

Acc(a

Acc(d

—Acc(b) — Acc(a)

—Acce(c) = (Ace(b) V Ace(d))

)
Acc(d)
)
)

Among the logical consequences of ¥X°(G) are the formulae:

—(Acc(a) N Ace(b)), ~(Acc(b) A Ace(c)) and —(Ace(d) N Ace(c))
It follows that if a s accepted then b is not accepted, and if b or d is accepted then c is not accepted.
Among the logical consequences of ¥.,s(G) are the formulae:

Val(a), Val(B) and Val(9)

Act(a) <> Gr(a), Act(B) <> Gr(B) and Act(6) «» Gr(0)

Act(a) <> Acc(a), Act(B) +» Ace(b) and Act(6) <> Ace(d)

—(Ace(a) A Ace(b)), =(Ace(b) A Ace(c)) and —(Ace(d) N Ace(c))
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and so Act(a) — = Acc(b), Act(B) — —Ace(c) and Act(§) — —Ace(c)

It follows that o (resp. 0) is active iff a (resp. d) is accepted, [ is active iff b is accepted, if a is active
then b is not accepted, and if B or ¢ is active then c is not accepted.

Note that = Acc(b) and = Acc(c) follow from ¥, (QG).

The following table displays the standard Dung extensions of G:

’ Semantics \ Extensions ‘
Grounded | {a,d}
Preferred | {a,d}

Stable | {a,d}
Complete | {a,d}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

] Base \ St \
2(G) | @ {a} {b} {c} {d} {a,d} {b,d} {a,c}

Y4(G) | @ {a} {d} {a,d}
X(G) | {a,d}
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A.1.7 Example

Ex. 7

(G =A

Acc(a) — NAcc(b)
Acc(b) — N Acc(c)

Acc(c)

Ace(d)

NAce(b) — —Acc(

NAcc(c) = —Acc(

NAce(d) — —Ace(d)

NAcc(e) (

Gr(a) + Acc(a)
Gr(5) <> Acc(b)
Gr(&) < Acc(c)

Gr(y) <> Ace(d)
Act(a) <> (Gr(a) A Val(a))
Act(8)  (Gr(B) A Val(3))
Act(9) « (Gr(0) AV al(0))
Act(7) < (Gr(y) AVal(v))
(Val(a) A Acc(a)) — N Ace(b)
NAce(b) — —Ace(b)
(Val(B) N Acc(b)) — NAcce(c)
NAce(c) — —Acc(c)
(Val(6) A Ace(c)) — N Ace(d)
N Ace(d) — —Ace(d)
(Val(v) A Ace(d)) — N Acc(e)

NAcc(e) = —Acc(e) valld)

Val(o)
Val(9) Val(v)

—Acc(b)

(
—Acc(
—Acc(

—Acc(e) = Ace(d)

Among the logical consequences of ¥X°(G) are the formulae:
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—(Acc(a) N Ace(b)), =(Acc(b) A Ace(c)), —(Ace(e) N Ace(d)) and —~(Acc(d) N Acc(e))
It follows that if a (resp. b, ¢, d) is accepted, then b (resp. c, d, e) is not accepted.
Among the logical consequences of ¥,s(G) are the formulae:
Val(a), Val(B), Val(d) and Val(7)
Act(a) <> Gr(a), Act(B) <> Gr(B), Act(0) <> Gr(0) and Act(vy) <> Gr(y)
Act(a) <> Acc(a), Act(B) «» Ace(b), Act(0) <> Acc(c) and Act(y) <> Ace(d)
—(Acc(a) A Ace(b)), =(Ace(b) N Ace(e)), =(Ace(c) A Ace(d)) and
—(Acc(d) A Acc(e))
and so Act(a) — —Acc(b), Act(B) — —Acc(c), Act(d) — —Ace(d) and Act(y) — —Acc(e)

It follows that « (resp. 3, 0, ) is active iff a (resp. b, ¢, d) is accepted, and if « (resp. 3, 9, y) is
active then b (resp. ¢, d, e) is not accepted.

Note that:
—Acc(d) follows from ¥4(G)
Acc(c), Acc(e), = Acc(b) and = Acc(d) follow from 3, (G).

The following table displays the standard Dung extensions of G:

] Semantics \ Extensions \
Grounded | {a,c,e}
Preferred | {a,c,e}

Stable | {a,c,e}
Complete | {a,c, e}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

’ Base ‘ St ‘
2(G) | @ {a} {b} {c} {d} {e} {a,c} {a,d} {a, e} {b,d} {b,e} {c, e} {a,c e}

Y4(G) | @{a} {a,c} {a,c, e}
¥ (G) | {a,c e}
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A.1.8 Example

Ex. 8

Acc(a) — N Acc(b)

Ace(b) — N Acc(c)

Acc(e) — NAce(d)
(GE) =A{ Ace(d) — N Ace(b)
NAce(b) — —Acc(b)
NAcce(e) = —Acce(c)
NAC (d) = —~Acc(d)

Gr(a) < Acc(a)
Gr(5) <> Acc(b)
Gr(6) <> Acc(e)
Gr(v) + Ace(d)
Act(a) <> (Gr(a) A Val(a))
Act(B) <> (Gr(B) A Val(B))
Act(0) +» (Gr(8) AVal(9))
(G =A{ Act(y) ¢ (Gr(y) AVal(y))
(Val(a) A Acc(a)) — N Ace(b)

N Acc(b) — —Acc(b)
(Val(B) N Acc(b)) — NAcce(c)
NAce(e) = —Acce(c)
(Val(6) N Ace(e)) — N Ace(d)
NAce(d) — —Ace(d)

(Vaé(v) N Ace(d)) = NAce(b)

Y(G) = 5(G)U{ %(g‘; X;ll((f))

—Acce(d)
Yi(G) =Xus(G)U{ —Acc(b)

Acc(c (Acc(a) V Ace(d))

Acc(a
(G) =Zas(G)U{ Accle

(Acc(a) V Ace(d)) — Ace(c)

Acc(e

Y(G) =%u(G)U{ —Ace(b) — (Acc(a) V Acce(d))
—Acce(d) — Acc(e)
—Acc(c) = Ace(b)

) =
)
)
Acc(a)
)
(b
(

Among the logical consequences of ¥.°(G) are the formulae:
—(Acc(a) N Ace(b)), =(Ace(b) A Ace(c)), =(Acc(e) A Ace(d)) and —(Ace(d) N Ace(b))
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It follows that if a (resp. b, e, d) is accepted then b (resp. ¢, d, b) is not accepted.
Among the logical consequences of ¥,s(G) are the formulae:
Val(a), Val(B), Val(d) and Val(7)
Act(a) <> Gr(a), Act(B) <> Gr(B), Act(0) <> Gr(0) and Act(vy) <> Gr(y)
Act(a) <> Acc(a), Act(B) +» Ace(b), Act(0) <> Acc(e) and Act(y) <> Acc(d)
—(Acc(a) A Ace(b)), =(Ace(b) A Ace(c)), =(Acc(e) A Ace(d)) and —(Acce(d) N Ace(b))
and so Act(a) — —Acce(b), Act(B) — —Acc(c), Act(§) — —Acce(d) and Act(y) — —Acc(b)

It follows that « (resp. 3, 6, y) is active iff a (resp. b, e, d) is accepted, if o or v is active then b is
not accepted and if [ (resp. ) is active then c (resp. d) is not accepted.

Note that Acc(c), ~Acc(b) and —~Acc(d) follow from 3,.(Q).

a)
a)

The following table displays the standard Dung extensions of G:

’ Semantics ‘ Extensions ‘
Grounded | {a,c,e}
Preferred | {a,c,e}

Stable | {a,c,e}
Complete | {a,c,e}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

] Base \ St \
5(G) | @ {a} {b} {c} {d} {e} {a,c} {a,d} {a, e} {b, e} {c,e} {c,d} {a,c e}

Zd(G> g {a} {6} {a7 C} {(l, 6} {CL, % 6}
Y(G) | {a,c e}
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A.1.9 Example[|

Ex.9

Acc(a) — NAcc(b)
Acc(b) — N Acc(c)
Acc(e) — NAce(d)
Ace(d) — N Acc(c)
N Ace(b) — —Ace(b)
N Acc(c) = —Acc(c)
NAc (d) = = Acc(d)

)

)

Gr(d) «» Acc(e
Gr(y) <> Acc(d
Act(a) < (Gr(a a))
Act(B) < (Gr(B) A Val(p))
Act(0) <> (Gr(6) AV al(9))
Act(7) < (Gr(y) AVal(v))
(Val(a) A\ Acc(a)) — N Ace(b)
NAce(b) — —Acc(b)

(Val(B) N Acc(b)) — N Acce(c)
N Acc(c) = —Acc(c)

(Val(d) N Ace(e)) — N Ace(d)
NAce(d) — —Ace(d)

(Val(y) N Ace(d)) — N Ace(c)

Gr(a) + Acc(a)
Gr(B) <» Acc(b)
)
)

) A Val(

)
— (Acc(a) N Acc(e))

) A\ Acce(e)) — Ace(c)

(Ace(b) V Ace(d))
—Acce(d) — Acc(e)
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Among the logical consequences of ¥.°(G) are the formulae:
—(Acc(a) N Ace(b)), =(Acc(b) A Ace(c)), —(Acc(e) A Ace(d)) and —(Ace(d) N Ace(c))
It follows that if a (resp. b, e, d) is accepted, b (resp. ¢, d, c) is not accepted.
Among the logical consequences of ¥,s(G) are the formulae:
Val(a), Val(5), Val(d) and Val(v)
Act(a) <> Gr(a), Act(B) <> Gr(B), Act(0) <> Gr(d) and Act(vy) <> Gr(y)
Act(a) <> Acc(a), Act(B) < Ace(b), Act(0) <> Acc(e) and Act(v) <> Acc(d)
—(Acc(a) A Ace(b)), =(Ace(b) A Ace(c)), =(Acc(e) A Ace(d)) and —(Ace(d) N Ace(c))
and so Act(a) — —Ace(b), Act(B) — —Acc(c), Act(§) — —Acc(d) and Act(y) — —Acc(c)

It follows that « (resp. 3, 6, y) is active iff a (resp. b, e, d) is accepted, if B or v is active then c is
not accepted and if « (resp. §) is active then b (resp. d) is not accepted.

Note that Acc(c), ~Acc(b) and —~Acc(d) follow from 3, (Q).

a)
a)

The following table displays the standard Dung extensions of G:

’ Semantics ‘ Extensions ‘
Grounded | {a,c,e}
Preferred | {a,c,e}

Stable | {a,c,e}
Complete | {a,c,e}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

] Base \ St \
2(G) | @ {a} {b} {c} {d} {e} {a,c} {a,d} {a, e} {b e} {c,e} {b,d} {a,c, e}

Yu(G) | @ {a} {e} {a,e} {a,c, e}
Y (G) | {a,c e}
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A.1.10 Example[10]

Ex. 10

O—"1d—C)—13—+0
H

Acc(a) — N Acc(b)

Acc(b) — N Acc(c)
(G =1 Ace(d) — N Ace(b)
N Ac

c(b) — = Acc(b)
N Acc

)
(b)
(¢) = —Acc(c)

Gr(a) + Acc(a)

Gr(ﬁ) < Acc(b)

Gr(d) < Ace(d)

Act(a) <> (Gr(a) A Val(a))
Act(B) <> (Gr(B) A Val(B))

(G =/ Act(0) «» (Gr(8) AVal(9))
(Val(a) A Acc(a)) — N Ace(b)
N Ace(b) — —Ace(b)
(Val(B) N Acc(b)) — N Ace(c)
NAce(c) — —Acc(c)
(Val(§) N Ace(d)) — N Ace(b)

Val(a)
Zas<G) == E(G> U { V(ll(ﬁ)
el
2a(G) = Yas(G) U] Acc(c) = (Ace(a) V Ace(d))

(Acc(a) V Ace(d)) — Acc(c)

5:(G) =Zes(G)U{ = Ace(b) — (Acc(a) V Ace(d))

—Acc(c) = Ace(b)

Among the logical consequences of X.°(G) are the formulae:

—(Acc(a) N Ace(b)), =(Acc(b) A Ace(c)) and —(Ace(d) N Ace(b))
It follows that if a (resp. b, d) is accepted, b (resp. c, b) is not accepted.
Among the logical consequences of ¥.,s(G) are the formulae:

Val(a), Val(5) and Val()

Act(a) <> Gr(a), Act(B) <> Gr(B) and Act(6) «» Gr(0)

Act(a) <> Acc(a), Act(B) < Ace(b) and Act(6) <> Ace(d)
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—(Acc(a) N Ace(b)), =(Acc(b) A Ace(c)) and —(Ace(d) N Ace(b))
and so Act(a) — = Acc(b), Act(B) — —Ace(c) and Act(§) — —Ace(b)

It follows that o (resp. (3, §) is active iff a (resp. b, d) is accepted, if (B is active then c is not accepted
and if « or ) is active then b is not accepted.

Note that = Acc(b) and Acc(c) follow from ¥, (G).

The following table displays the standard Dung extensions of G:

’ Semantics \ Extensions ‘
Grounded | {a,c,d}
Preferred | {a,c,d}

Stable | {a,c,d}
Complete | {a,c,d}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models T of
some bases:

] Base \ St \
X(G) | @ {a} {b} {c} {d} {a,c} {a,d} {c,d} {a,c,d}

Zd(G> g {0“} {d} {a’ C} {CL, d} {C> d} {a7 S d}
2r(G) | {a, ¢, d}
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A.1.11 Example[1]]

Ex. 11

Acc(a) — N Acce(b)
Y(GE) =1 NAce(b) — —Ace(b)
Acc(b) — N Acc(b)

)
Gr(a) < Acc(a)
Gr(B) < Acc(b)
Act(a) ¢+ (Gr(a) A Val(a))
Act(B) < (Gr(B) AVal(3))
(Val(a) N Ace(a)) — N Ace(b) et N Ace(b) — = Acc(b)
(Val(B) A Acc(b)) — NAce(b) et NAce(b) — —Ace(b)

Val(a)
Val(B)

—Acc(b)

Acc(a)
— Acc(b), Acc(a)

{

u{

U{ Acc(a)
u{

GV NG/ (N, [ )

The formula —Acc(b) is a logical consequence of ¥:°(G).

Among the logical consequences of Y.,s(G) are the formulae:
Val(a) and Val(p)
Act(a) <> Gr(a) and Act(B) < Gr(B) and so Act(a) <» Acc(a), and Act(B) <> Acc(b)
—(Acc(a) A Ace(b)) and so Act(a) — —Acc(b), and so Act(5) — —Acc(b)

La formule —~Acc(b) is also a logical consequence of 3(G) and of ¥,.(G).

Note that the property Pyeins applied to b produces a tautology: ((Acc(a) vV Acc(b)) A L) — Acc(b).
Indeed, b must be defended both against a and against itself. Obviously, a (or b) can be used to
defend b against itself. However, no argument enables to defend b against a.

The following table displays the standard Dung extensions of G:

’ Semantics \ Extensions ‘
Grounded | {a}
Preferred | {a}

Stable | {a}
Complete | {a}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models I of
some bases:
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’ Base \SI

DE(E)

2 {a}

Ya(G)

2 {a}

%,(C)

{a}

87



A.1.12

Ex. 12 In this example we do not use the label of interactions. So here we only give the simplified

form of bases.

Example [12]

Acc( ) — NAcc(b)
Ace(b) — N Acc(c)
Ace(c) — NAcc(a)
Acc(c) = N Ace(d)
NAcc(a) = —Acc(a)
NAce(b) — —Acc(b)
N Acc(c) = —Acc(c)
NAce(d) — —Ace(d)

Acc(a) — Acc(D)
Acc

Ace(

The following table displays the standard Dung extensions of G:

’ Semantics \ Extensions ‘

Grounded | &

Preferred | &

Stable none

Complete | &

The following table shows the sets St = {x € A|Z(Acc(x))

some bases:

] Base \SI

|

DE(E)

Ya(G)

@ {a} {b} {c} {d} {a,d} {b, d}
1]

(G) | @
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A.1.13 Example[13]

Ex. 13 In this example we do not use the label of interactions. So here we only give the simplified

form of bases.
O——0O©
OO

Acc(a) — NAcc(b)

Acc(b) — N Acc(c)

Acc(b) — N Ace(d)

Ace(d) — N Acc(e

(G =/ ﬁcj(e)( )—> NAcc(d(
N Acc(c) = —Acc(c)
NAce(d) — —Acc(d)
NAcc(e) = —Acc(e)

— = Acc(b)

)
) }
b

Acc(c) — Acc(a)

Acce(d) — (Ace(a) N Ace(d)) )
Ace(e) — (Ace(b) V Acc(e))

—Acc(b)

Acc(a) — Acce(c)
(Ace(a) N Ace(d)) — Ace(d)

YAG) =3x(G)ud{ (Acc(b) v Acc(e)) — Acc(e) }
Acc(a)
Acc(a)
—Ace(b) — Acc(a)

(
(G =3%G)U{ —Acc(c) — Ace(b) }
—Ace(d) — (Ace(b) V Acc(e))
—Acc(e) = Ace(d)

The following table displays the standard Dung extensions of G:

] Semantics \ Extensions \
Grounded | {a,c}
Preferred | {a,c,d}, {a,c,e}
Stable | {a,c,d}, {a,c, e}
Complete | {a,c}, {a,c,d}, {a,c, e}

The following table shows the sets St = {x € A|Z(Acc(x)) = true} associated to the models I of
some bases:
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| Base | St |
X(G) | @ {a} {b} {c} {d} {e} {a.c} {a,d} {a,e} {c e} {c,d} {b, e} {a,c,d} {a,c e}
Y4(G) | @ {a} {e}{a,c} {a,d} {a,e} {a,c,d} {a,c,e}

¥(G) | {a,c} {a,c,d} {a,c, e}
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A.2 Examples with recursivity (ASAF)

In the following examples, the bases 3X°(G) and X,,(G) are not pertinent.

A.2.1 Example

Ex. 14
Oant O
2]
()
Gr(a) < Acc(a)
Gr(B) < Acc(c)
(Val(B) A Acc(c)) — —Val(a)
(G = Act()  (Gr(a) A Val(a)) J
Act(B) +» (Gr(B) A Val(B))
(Val(a) N Ace(a)) — N Ace(b)
Kecll) 5 (Val(3) A Aee(e)
ce(b) = (Va N Acc(c
Ya(G) =3(G)u{ ~Val(a) }
Acc(a)
2(G) =3(G)u{ Acclc) /
r (Val(B) N Ace(c)) — Ace(b)
Val(B)
Acc(a)
—Ace(b) = (Val(a A Acc(a))
£,(G) = (@) U{ Acld }
~Val(e) = (Val(B) A Acc(c))
Val(p)

Using definition of Section[6.2 on page 54| some specific structures of this graph are displayed in the

following table:

’ Semantics \Structures

|

Admissible | (2,{5}), ({a},{8}), ({c}, {8}),({a, ¢}, {B}), ({6, ¢}, {B}), ({a, b, ¢}, {5})

Stable ({a,b,c},{B})

Complete | ({a,b,c},{8})

In the case when recursive attacks are encoded with meta-arguments, as in [15], the graph is turned

into:
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@)@
Q=)+

With [6, 21], the graph is turned into:

©
©

In both cases, the standard Dung extensions of these new graphs are displayed in the following table:

’ Semantics ‘ Extensions ‘

Grounded | {a,b,c, B}
Preferred | {a,b,c, 5}

Stable | {a,b,c, 5}
Complete | {a,b,c,B}
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A.2.2 Example

Ex. 15
OG>
2]
Gr(a) < Acc(a)
Gr(B) <> Acc(b)
(Val(B) A Acce(b)) — —Val(a)
X(GE) =A{ Act(ar) > (

Gr(a) A Val(a)) }
Act(8) < (Gr(B) AVal(5))
(Val(a) N Ace(a)) — N Ace(b)
NAce(b) — —Acc(b)

Acc(b) — Val(P)

a(G) = %(G) Ud Val(a) = Acc(a) }

o —vou {4 |
Acc(a)

Y(G) =2(G)U{ ‘_;cézllc(cﬁ(;)) — (Val(a) A Acc(a)) \

—Val(a) = (Val(B) A Acc(b))

Using definition of Section some specific structures of this graph are displayed in the
following table:

’ Semantics \Structures ‘

Admissible | (2, {0}), ({a},{8}), ({6}, {B}), ({a}, {e, B}), ({a, 0}, {5})
Stable | ({a},{a, }), ({a,b},{f})
Complete | ({a},{5}), ({a}, {a, 5}), ({a, b}, {5})

In the case when recursive attacks are encoded with meta-arguments, as in [15], the graph is turned

O—()

The standard Dung extensions of this new graph are displayed in the following table:
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’ Semantics \ Extensions ‘

Grounded | {a}

Preferred | {a,b, 5} {a,a, Nys}
Stable | {a,b, 5} {a, o, Nps}

Complete | {a} {a,b, B} {a, o, Nys}

With [6, 21], the graph is turned into:

The standard Dung extensions of this new graph are displayed in the following table (they are very
similar to the ones obtained with MAS approach):

’ Semantics \ Extensions ‘

Grounded | {a}

Preferred | {a,b, 5} {a,a}
Stable | {a,b, B} {a,a}

Complete | {a} {a,b,5} {a,a}
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A.2.3 Example 16|

Ex. 16
O—L—C)
2]
O—3—O
Gr(a) < Acc(a)
Gr(B) <> Acc(c)
Gr(6) <> Acc(d)
(Val(B) A Acce(c)) — —Val(a)
Act(oz) (Gr(a) A Val(a))
X(G) =A{ Act(B) <> (Gr(B) A Val(B)) }
Act(9) < (Gr(6) ANVal(9))

(Val(a) A\ Acc(a)) — N Ace(b)
NAce(b) — —Acc(b)
(Val(6) A Ace(d)) — N Ace(c)
NAce(c) — —Ace(c)

Acc( () )—> (Val(B) N Acc(c))

— (Val(6) N\ Ace(d))

a)
a)
d)
Val(B) N Ace(c)) — Ace(b)
55)

—lVal(a) (Val(B) N Ace(c))

Using definition of Section some specific structures of this graph are displayed in the
following table:

] Semantics \Structures \

Admissible | (2,{B,6}), ({a},{B,6}), ({d},{B,0}), ({d}, {a, B,6}),
({a,d},{8,0}), ({a,d}, {a,B,6})

Stable ({a,d}, {o, ,0})

Complete | ({a,d},{ca,3,0})
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In the case when recursive attacks are encoded with meta-arguments, as in [IJ|], the graph is turned
into (note that as ¢ is not attacked, it can be handled as a simple attack) :

O O RORO
O ()OO ()~

The standard Dung extensions of this new graph are displayed in the following table:

’ Semantics \ Extensions ‘
Grounded | {a,d, N.3,c,0}
Preferred | {a,d, N.g,a, 6}

Stable | {a,d, N.s,a,d}
Complete | {a,d, N.s,c,0}

With [16, 21], the graph is turned into:

The standard Dung extensions of this new graph are displayed in the following table (similar to those
obtained with MAS approach):

] Semantics \ Extensions \
Grounded | {a,d,c, 6}
Preferred | {a,d,a,d}

Stable | {a,d,a,d}
Complete | {a,d,a,0}
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A.2.4 Example

Ex. 17

O—3—E )

+ Acc(a)

— Acc(c)

< Acc(d)

6) A Ace(c)) = =Val(a)
) < (Gr(a) AVal(a))

) < (Gr(B) A Val(B)) }
Act(8) > (Gr(8) A Vall(5))
(Val(a) A Acc(a)) — N Ace(b)
N Ace(b) — —Ace(b)

A Ace(d)) — N Acc(a)
NAcc(a) = —Acc(a)

/\
—~
\—/G‘\_/

— (Val(B) N Acc(e)) V (Val(0) A Ace(d))) }

B) N Acc(e)) vV (Val(d) A Ace(d))) — Ace(b) }

—Val(a) = (Val(B) N Ace(c))

Using definition of Section[6.2 on page 54| some specific structures of this graph are displayed in the
following table:

] Semantics \Structures \

Admissible | (@,{,0}), ({c},{B,0}), ({d},{B,6}), ({b,c}, {B,0}), ({b,d}, {B,d}),
({e.d}, {B,6}), ({b,c,d}, {B,0})

Stable ({b,c,d},{B,0})

Complete | ({b,c,d},{B,0})
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In the case when recursive attacks are encoded with meta-arguments, as in [IJ|], the graph is turned
into (note that as ¢ is not attacked, it can be handled as a simple attack):

O (D OO SO0
OO0

The standard Dung extensions of this new graph are displayed in the following table:

’ Semantics \ Extensions ‘
Grounded | {c,d, 0, Nya, 3,0}
Preferred | {c,d,d, Ny, 5,0}

Stable | {c,d, 0, Ny, 5,0}
Complete | {c,d,d, Nya, 3, b}

With [6, 21], the graph is turned into:

© O-0 OO
© @

The standard Dung extensions of this new graph are displayed in the following table (similar to those
obtained with MAS approach):

’ Semantics \ Extensions ‘
Grounded | {c,d, o, 3,b}
Preferred | {c,d,0,5,b}
Stable {c,d,d,3,b}
Complete | {c,d,d, 3,b}
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A.2.5 Example[I§|

Ex. 18

a) < Acc(a)
p) = Acc(c)
) <> Ace(d)
Gr(y) <> Acc(e)
(Val(B) N Acc(c)) = —Val(a)
a) ¢ (Grla) A Val(a))
B) < (Gr(B) A Val(B))
0) < (Gr(0) AV al(0))
Act(y) < (Gr(y) AVal(7))
(Val(a) A Acc(a)) — N Ace(b)
NAcc(b) — —Ace(b)
(Val(d) N Ace(d)) — N Acc(a)
NAce(a) — —Acc(a)
(Val(y) N Ace(e)) — N Ace(c)
NAce(c) = —Acc(c)

—Acc(a
—Acc(c
Acce(b

)
)

) = (Val(B) A\ Ace(e)) V (Val(6) A Ace(d)))
Val(a) —

(Val(y) A Acc(e))

Acc(d)
Acc(e)
(Val(p) N Acc(c)) vV (Val(§) A Ace(d))) — Ace(b)
.(G) =X(G)u{ Va(p)

—|Acc(a) (Val(d) N Ace(d))
—Acc(b) — (Val(a) A Acc(a))
Y(G) =2(G)U{ —Acc(c) = (Val(y) N Acc(e))




Using definition of Section some specific structures of this graph are displayed in the
following table:

] Semantics \Structures

|

Admissible | (2,{05,0,7}), ({d}, {8,0.~}), ({b,d}, {B,0,7}), ({e}. {3.0,7}), (e} {o, B,0,7}),
({d, e}, {8,0,7}), ({d, e}, {@, B8,0,7}), ({b,d, e}, {B,0,7}), ({b,d, e}, {a, 8,0,7})
Stable ({b, d7 6}7 {Oéuﬁa 67 7})
Complete | ({b,d,e},{, 5,0,7})

In the case when recursive attacks are encoded with meta-arguments, as in [15|], the graph is turned
into (note that as 0 and ~ are not attacked,they can be handled as a simple attack):

O—() OO —()~O—~®
@)D —() 1

The standard Dung extensions of this new graph are displayed in the following table:

] Semantics \ Extensions \

Grounded | {b,d, e, Nuo, Neg, 0,7}
Preferred | {b,d, e, Nuo, Nes, 0,7}

Stable | {b,d, e, Noa, Neg, 0,7}
Complete | {b,d, e, Nuo, Neg, 0,7}

With [6] 21)], the graph is turned into:

© O-0 OO
()
© OO

The standard Dung extensions of this new graph are displayed in the following table:

] Semantics \ Extensions \

Grounded | {b,d,e,d,~}
Preferred | {b,d,e, 0,7}

Stable | {b,d,e,d,v}
Complete | {b,d,e,d,~v}
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A.2.6 Example[19

Ex. 19

1)
ﬂ
)

Gr(a) <> Acc(a)

Gr(B) < Acc(c)

Gr(d) <> Acc(d

(Val(B) N Acc(c)) — —Val(a)

(Val(d) N Ace(d)) — =Val(B)

Act(a) ¢ (Gr(a) A Val(a)) }
Act(8) ¢ (Gr(B) A Val(3))

Act(6) «» (Gr(d) AVal(9))

(Val(a) N Ace(a)) — N Ace(b)

NAce(b) — —Acc(b)

Acc(bg (Val(B) A Acc(c))

— (Val(d) A Ace(d))

) A Ace(c)) — Ace(b) }

(Val(0) AN Ace(d)) — Val(a)

(@) = (Val(B) N Ace(c))
=Val(B) = (Val(§) N Ace(d))

Using definition of Section some specific structures of this graph are displayed in the
following table:

’ Semantics \Structures ‘

Admissible | (2,{0}), ({a}, {0}), ({c}, {0}), ({d},{0}) ({d}, {, 0}), ({a, ¢}, {}),
({a,d}, {0}), ({a, d}, {, 6}), ({¢,d}, {0}), ({¢,d}, {a, 0}),

E{a» ¢,d},{0}), ({a, ¢, d}, {a, 6})
(

Stable
Complete

{a,c,d}, {a,0})
{a,c,d}, {a,d})
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In the case when recursive attacks are encoded with meta-arguments, as in [IJ|], the graph is turned

O—()—~O
O—()—~Q

With [16, 21], the graph is turned into:

Q—®
)
0

ONONO

For both cases, the standard Dung extensions of these new graph are displayed in the following

table:

] Semantics \ Extensions \

Grounded | {a,c,d, 0, a}

Preferred | {a,c,d,d,a}
Stable | {a,c,d,d, o}

Complete | {a,c,d,d,a}
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A.2.7 Example 20|

Ex. 20

< Acc(a)
< Acc(c)
d)
) <> Acc(e
(Val(B) N Acc(c)) = —Val(a)
(Val(d) N Ace(d)) — =Val(B)
Act() < (Gr(a) A Val(a))
& (Gr(8) A Val(B)
« (Gr(0) AVal(0))
< (Gr(y) AVal(y))
(Val(a) N Ace(a)) — N Ace(b)
N Ace(b) — —Acc(b)
(Val(v) A Acc(e)) — N Ace(d)
— —Acce(d)

(Val(B) N Acc(c))

(Val(d) A Ace(d))
(Val(y) N Acc(e))




Using definition of Section some specific structures of this graph are displayed in the
following table:

] Semantics \Structures

|

Admissible | (2,{0,7}), ({a},{0,7}), ({c}, {3,7}), ({a, ¢}, {6,7}) ({e}. {0,7}), ({e}, {B,0.7}),
({a, e}, {6,7}), ({a,e},{8,0.7}), ({c. e}, {d.7}), ({c. e}, {B,6,7}),
({a7 Gy 6}7 {(57 7})’ <{a7 S 6}7 {67 0, 7})’ <{bv ¢ 6}7 {67 0, 7})’ <{a7 b, c, 6}7 {67 9, 7})
Stable | ({a,b,c,e}, {5,9,7})
Complete | ({a,b,c,e},{f,0,7})

In the case when recursive attacks are encoded with meta-arguments, as in [15|], the graph is turned
into (note that as vy is not attacked, it can be handled as a simple attack):

O O RO
@)~
Q) QD ()~

The standard Dung extensions of this new graph are displayed in the following table:

] Semantics \ Extensions \

Grounded | {a,c,e,7, Ngs, 3,b}
Preferred | {a,c,e,~y, Ngs, 3,b}

Stable | {a,c,e,~, Ngs, 5,0}
Complete | {a,c,e,v, Nys, 3,0}

With [6] 121], the graph is turned into:

The standard Dung extensions of this new graph are displayed in the following table (similar to those
obtained with MAS approach):

] Semantics \ Extensions \

Grounded | {a,c,e,~,[3,b}
Preferred | {a,c,e,v,3,b}

Stable {a,c,e,v,[,b}
Complete | {a,c,e,~, [, b}
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A.2.8 Example 2]

Ex. 21

Gr(a ; + Acc(a)

Gr(B) <> Acc(c)

Gr(d) <> Acc(b)
(Val(B) A Ace(c)) = =Val()
(Val(é) A Ace(b)) — =Val(p)
Act(a) > (Gr(a) A Val(a))
Act(8) + (Gr(B) A Val(3))
Act(0) <> (Gr(6) AN Val(9))

NAce(b) — —Acc(b)

(Val(a) A Acc(a)) — N Ace(b)
)

Acc(b
Yu(G) =2(G)u{ Val
Val

(b

— (Val(B) N Acc(c))
a) = (Val(d) A Ace(b)) }
B) = (Val(a) A Ace(a))

(

(

Acc(a)
Acc(

c)
(Val(B) A Ace(c)) — Acc(b)
Val(9)

(Val(6) A Ace(b)) — Val(a)
(Val(a) A Acc(a)) — Val(B)

Acc(a)
Acce(c)
—Acc(b) — (Val(a) A Acc(a)) }
Val(d)

—Val(a) = (Val(B) A Acc(c))

=Val(B) = (Val(§) N Ace(b))

Using definition of Section some specific structures of this graph are displayed in the
following table:

] Semantics \Structures \
Admissible | (2,{0}), ({a},{0}), ({c}, {0}). ({a,c}, {o})
Stable A

Complete | ({a,c},{0})

In the case when recursive attacks are encoded with meta-arguments, as in [15], the graph is turned
into:
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OO RORO0
()
O ()

The standard Dung extensions of this new graph are displayed in the following table:

’ Semantics \ Extensions ‘

Grounded | {a,c}

Preferred | {a,c}
Stable El

Complete | {a,c}

With [6, 21)], the graph is turned into:
© QO
O

©

The standard Dung extensions of this new graph are exactly those obtained with MAS approach.
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A.2.9 Example 22|
Ex. 22

")
5[
)

Gr(a

Gr(p

; — Acc(a)
Gr(6) < Ace(
1B

< Acc(c)
)

b
(Val(B) N Acc(
Act( ) < (Gr(a
%G ={ Act(B) <> (Gr(B) AVal(B)) }
Act(0) «» (Gr(8) AVal(9))

(Val(a) A Acc(a)) — N Ace(b)
NAce(b) — —Acc(b)
(Val(8) A Ace(b)) — N Acc(c)
NAce(c) — —Acc(c)

) — —Val(«)
) A Val(a))

Acc(b) — (Val(B) A Acc(c))
Ya(G) =X(G)U{ Acc(c) = (Val(a) A Acc(a)) )
Valg )) (Val(§) N Ace(b))
(Val(B) N\ Ace(c)) — Acc(b)
£.(G) =3(G)U{ %gg;> A Ace(a)) = Acc(c) }
Val(d)
(Val(d) AN Ace(b)) — Val(a)
Acc(a)
—jcc(b) — (Val(a) /\jcc(a))
5(G) =%(G)u{ ;alc(c(>> (Val(d) A Acc(b)) }

Val(9)
—|Val(04) (Val(B) N Acc(c))

Using definition of Section|6 some specific structures of this graph are displayed in the
following table:

’ Semantics \Structures ‘

Admissible | (&,{f,6}), {a},{pB,d})
Stable A

Complete | ({a},{5,0})

In the case when recursive attacks are encoded with meta-arguments, as in [15], the graph is turned
into:
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The standard Dung extensions of this new graph are displayed in the following table:

’ Semantics ‘ Extensions ‘
Grounded | {a}
Preferred | {a}

Stable bl
Complete | {a}

With [6) 21)], the graph is turned into:

The standard Dung extensions of this new graph are exactly those obtained with MAS approach.
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A.2.10 Example[23]
Ex. 23

—|Val(5)

(Val(a) N Ace(a))

Gr
Gr
( )/\Acc )) = =Val(a)
(@) ={ (Va clb)) = 7Val(s ) }
(Va ) — —Val
Act AVal(a )
Act A Val(5)
Act(9) /\ Val(6))
Val ) A Acc(b)
Ya(G) =X(G)U{ Val(B o) A\ decla }
Val B) A Acc(c)
Acc
Ac
Acc
Y(G) =X2(G)u{ (Val(8) A Ace(b)) — Val(a) }
(Va ) A Ace(a)) — Val(B)
(Val(B) N\ Ace(c)) = Val(0)
Acc(a
Ace(b
5,(6) =n(G)u{ A }
) =Val(a) = (Val(B) N Ace(c))
=Val(B) = (Val(d) N Ace(b))

Using definition of Section[6.2 on page 54| some specific structures of this graph are displayed in the

following table:

’ Semantics \Stmctures

|

Admissible %@,@), ({a},2), ({b},2), ({c},2), ({a,b},

2), {a, ¢}, 9), ({b; ¢}, ), ({a, b, ¢}, D)

Stable

Complete | ({a,b,c}, D)

In the case when recursive attacks are encoded with meta-arguments, as in [15], the graph is turned

into:
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O=0
OO0
(2)

Q=0

The standard Dung extensions of this new graph are displayed in the following table:

] Semantics \ Extensions \
Grounded | {a,b,c}
Preferred | {a,b,c}

Stable
Complete | {a,b,c}

With [16, 21], the graph is turned into:

@@
)
©

The standard Dung extensions of this new graph are exaxtly those obtained with MAS approach.
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A.2.11 Example[24]

Ex. 24
()
O[]
Gr(a) < Acc(a)
(Val(3) r Aee() — ~Vai(e
a A Acc — Vatla
(G ={ (Val(a) A Acc(a)) — =Val(B) }
Act(a) <> (Gr(a) A Val(a))
{/1675[(6) (/Clir( ) A Val(5))
e —mi@Uf e At :
%(G) =%(G)u{ ﬁii% :
ot
¥s(G) =X(G)ud —~Val(e) — (Val(8) A Acc(b)) }
~Val(8) = (Val(a) A Acc(a))

Using definition of Section[6.2 on page 54| some specific structures of this graph are displayed in the
following table:

’ Semantics \Structures

|

Admissible | (2,9), ({a}, ), ({a},{o}), ({0}, 2), ({6}, {B}), ({a,b}, @), ({a,b},{}), ({a, b}, {})

Stable | ({a,b},{a}), ({a,0},{5})

Complete | ({a,b},2), ({a,b},{a}), ({a, b}, {5})

In the case when recursive attacks are encoded with meta-arguments, as in [15|], the graph is turned

into:

OO RO=0

The standard Dung extensions of this new graph are displayed in the following table:

] Semantics \ Extensions \

Grounded | {a,b}

Preferred | {a,b,a}, {a,b,5}
Stable | {a,b,a}, {a,b,5}

Complete | {a,b}, {a,b,a}, {a,b,0}
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With [6, 21], the graph is turned into:

©
OJ0=0

The standard Dung extensions of this new graph are exactly those obtained with MAS approach.
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A.2.12 Example

Ex. 25
Gr(a) < Acc(a
(G ={ (Val(a) A\ Acc(a)) — }
Act(a) < (Gr(a) AVal(a))
Yu(G) =X(G)U{ Val(a) — Acc(a) }
5.G)_=(Q) (el )
2.(6) =S@)u{ el )

Using definition of Section[6.2 on page 54| some specific structures of this graph are displayed in the
following table:

’ Semantics ‘Structures ‘
Admissible | (2, 9), ({a}, D)

Stable
Complete | ({a}, @)

In the case when recursive attacks are encoded with meta-arguments, as in [15], the graph is turned

O ()~

The standard Dung extensions of this new graph are displayed in the following table:

’ Semantics \ Extensions ‘
Grounded | {a}
Preferred | {a}
Stable A
Complete | {a}

With [6] 21)], the graph is turned into:

© &

The standard Dung extensions of this new graph are exactly those obtained with MAS approach.
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Appendix B

Proofs

B.1 Proofs of Section

4.1.2 on page 19

Proof of Prop. [l on page 20: A model Z of X°(G) can be defined as follows:
Vo € A, Z(Acc(x)) = false and Z(N Acc(x)) = true. O

B.2 Proofs of Section

4.2.2 on page 24

Proof of Prop. 2 on page 27; A model Z of ¥(G) can be defined as follows:
Vr € A, Z(Acc(x)) = false and Z(N Acc(x)) = true.

Va € R, Z(Gr(a)) = Z(Act(«)) = false and Z(Val(«)) = true. O

B.3 Proofs of Section
Proof of Prop. [3 on page 35: The model Z of X.°(G) given in the proof of Proposition

page 20| can also be used for proving the consistency of Eg(G):
Vr € A, Z(Ace(x)) = false and Z(N Acc(x)) = true. O

5.1 on page 33

Proof of Prop. 4 on page 36: A model Z of X!(G) can be defined using the following iterative
construction:

1. Let My = {Acc(z)| x is unattacked }.

2. Vj >0,let Mj1q = {Acc(z)|3® € ZUG), ® = (Aim1.k(Vaep, Acc(a))) — Acc(z) and
for each b; (attacker of ), 3a € B; such that Acc(a) € (Mo U ... M;)}.

3. Let M =|JMj,j > 0. Then Z is defined by Z(Acc(x)) = true if and only if Acc(x) € M
and Z(N Acc(z)) = false if and only if Z(Acc(z)) = true.

Obviously, 7 satisfies the formulae issued from Prejns.
Moreover, the definition of M exactly corresponds to the iterative construction of the least fixed

115



point of the characteristic function F of G. So M is exactly the set Acc(GE), where GE denotes
the grounded extension of G. We know that GE is conflict-free (see section [2.2 on page 7)), so

following Proposition |6 on page 39, M is consistent with $°(G). Thus Z is a model of ¥2(G).
O

Proof of Prop.

= Assume that S is conflict-free. Let us define an interpretation Z of %°(G) as follows :
Z(Acc(x)) =trueif and only if x € S and Z(N Acc(x)) = true if and only if Z(Acc(z)) =
false. We have Sz = S. It remains to prove that Z is a model of ¥.°(G). Obviously Z sat-
isfies the formula N Acc(x) — —Acc(x). So, if Z is not a model of ¥.°(G), there exists a
formula Acc(a) — N Acc(b) that is not satisfied by Z. In that case Z(Acc(a)) = true and
Z(NAcc(b)) = false. By definition of Z, we also have Z(Acc(b)) = true, and a, b are in S.
The formula Acc(a) — N Ace(b) encodes an attack from a to b. So that is in contradiction
with S being conflict-free.

< Let Z be a model of X°(G). We prove that Sz is conflict-free. If it is not the case, there

exist two arguments a,b in Sz such that a attacks b. So X.°(G) contains the formulas
Acc(a) — NAce(b) and N Ace(b) — —Ace(b). As a,b belong to Sz, Z(Acc(a)) = true
and Z(Acc(b)) = true. That is in contradiction with Z being a model of X°(G).

g

Proof of Prop.
= Assume that S is conflict-free. From Proposition there exists a model Z of
(@) such that Sz = S. Obviously Z is a model of Acc(S) U X°(Q).

< Let Z be amodel of Acc(S) U X% (G). As T is a model of Acc(S), we have S C S7. As T is

a model of X.°(G), from Proposition |5 on page 39|again, we know that Sz is conflict-free.
So S is conflict-free.

O

Proof of Prop. It is a direct consequence of Prop.

= Assume that S is a naive extension. From Proposition [5 on page 39| there exists a model
T of X°(G) such that Sz = S. If T is not Acc(A)-maximal, there exists Z' model of
(@) such that Sz C Sz/. Then Sz is conflict-free and strictly contains S, which is in
contradiction with S being a naive extension.

< Let T be an Acc(A)-maximal model of X%(G) such that Sz = S. Then S is conflict-free. If
S is not a naive extension, there exists S’ conflict-free such that S C S’. So there exists
a model 7' of X°(G) such that Sz = S’. Then we have St = S C Sz which is in
contradiction with Z being Acc(A )-maximal.

g

Proof of Prop. It is a direct consequence of Prop.
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= Assume that S is a naive extension. We know that Acc(S) U X°(G) is consistent. Assume
that there exists L C Acc(A) such that Acc(S) C L and L U X°(G) is consistent. Let
S” such that L = Acc(S’). We have S C S’ and S’ conflict-free (from Proposition [6 on|
[page 39). That is in contradiction with S being a naive extension. So Acc(S) is a maximal
(for set-inclusion) subset of Acc(A) consistent with ¥°(G).

< Assume that Acc(S) is a maximal (for set-inclusion) subset of Acc(A) consistent with

¥%(@). From Proposition [6 on page 39, S is conflict-free. If there exists S’ such that
S C S"and S’ conflict-free, Acc(S") UXY(G) is consistent and Acc(S) C Acc(S'), which

is in contradiction with the assumption on Acc(S).

O

Proof of Prop.

= Let S be admissible. S is conflict-free, so due to the proof of Proposition a7
model of X°(G) with Sz = S and such that:

» Vo € S,Z(Acc(z)) = true and Z(N Acc(zx)) = false;
» Vo ¢ S, I(Acc(z)) = false and Z(N Acc(x)) = true.

We prove that Z is a model of £Y(G). We just have to consider the formulae issued from
Property Pger. Two kinds of formulae must be considered:

» A formula ® = —Acc(x) corresponds to the particular case when z is attacked by an
argument b which is unattacked. In that case, x cannot belong to any admissible set,
soxz ¢ S and Z(Acc(x)) = false. So 7 satisfies P.

= A formula ® = (Acc(z) — (Ace(ar) V...V Acc(ay)) corresponds to the case when
x is attacked by b, {a1, ... ay} being the set of attackers of b.

— either x € S; since S is admissible, there exists 7 such that a; € S. Then
Z(Acc(z)) = Z(Acc(a;)) = true;
- orxz & S then Z(Acc(z)) = false.
In both cases, P is satisfied by 7.

In conclusion, each formula of ¥Y(G) is satisfied by Z. So Z is a model of $9(G).
< We prove that if Z is a model of X)(G), then Sz is admissible.

1. As 39(G) contains X°(G), if Z is a model of £9(G), Z is also a model of £°(G) and

then Sz is conflict-free (due to Proposition 5 on page 39).

2. Let us prove that Sz C F(S7).
By definition, F(5S7) = {x € A|x is acceptable wrt Sz} = {x € A|Vb € A such that
bRz, 3a € Sz and aRb}.
If © € S7 is unattacked, obviously = € F(S7).
So let us consider z € Sz such that x is attacked. Let b be any attacker of .
¥9(G) contains the formulae Acc(b) — N Acc(z) and N Acc(x) — —Acc(z). Since
I(Acc(x)) = true, and Z is a model of X9(G), then Z(N Acc(z)) = Z(Acc(b)) =
false. Two different cases must be considered for b:

= If b is unattacked, 9(G) contains a formula equivalent to ~Acc(z), which is in
contradiction with Z being a model of £%(G) and Z(Acc(x)) = true. So this case
is impossible.
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= If bis attacked, let aq, . .. a; be the attackers of b.
$9(G) contains the formula Acc(z) — (Acc(ar)V...VAcc(ay)). Since Z(Acc(x)) =
true, and Z is a model of X9(G), then Z(Acc(a;)) = true for at least one a;. It
means that a; € S7. So x € F(S7).

g

Proof of Prop.|10 on page 39

1. Assume S is admissible. From Proposition [9 on page 39, 37 model of Eg(G) such that
S = S7. Obviously Z is a model of Acc(S) U X5(G).

2. Let Z be a model of Acc(S) U X9(G). As T is a model of Acc(S), we have S C S7. As

T is a model of Zg(G), from Proposition [9 on page 39} we know that S7 is admissible. So
there is an admissible set containing S.

g

Proof of Prop. |11 on page 40 It is a direct consequence of Prop.

= Let S be a preferred extension. From Proposition there exists a model Z of
Y9(G) such that S = Sz. If Z is not Acc(A)-maximal, there exists Z' model of £%(G)
such that S7 C Sz/. Following Proposition[0 on page 39|again, Sz is admissible. So there
exists an admissible set S7/ such that S = S7 C Sz, which is in contradiction with .S
being a preferred extension.

< Let Z be an Acc(A)-maximal model of 9(G) such that Sz = S. If St is not a preferred
extension, there exists S’ C A such that S C 5" and S’ is admissible. Following Propo-

sition |9 on page 39| there exists Z' model of X9(G) such that S’ = Sz/. So, there is a

contradiction with Z being an Acc(A)-maximal model of XY(G).

g

Proof of Prop.|12 on page 40

= Assume that S is a preferred extension. S is admissible, so from Proposition[I0 on page 39|
we know that Acc(S) U £9(G) is consistent. Assume that there exists L C Acc(A) such
that Acc(S) C L and L U X9%(G) is consistent. Let S’ such that L = Acc(S”). We have
S c S and Ace(S") U X9(Q) is consistent. From Proposition again, we
know that S’ C S” where S” is admissible. So S C S”, which is in contradiction with .S
being a preferred extension.

< Assume that Acc(S) is a maximal (for set-inclusion) subset of Acc(A) consistent with
$9(G). We have to prove that S is admissible and then that S is maximal admissible.
From Proposition we know that S C S’ where S’ is admissible. Then we
have Acc(S’) UX9(G) is consistent. As Ace(S) is a maximal (for set-inclusion) subset of
Acc(A) consistent with £9(G), we have Acc(S) = Acc(S’) and S = S'. So S is admis-
sible.
If S is not a preferred extension, there exists an admissible set S” strictly containing S.
Then we know that Acc(S”) U XY(G) is consistent, which is in contradiction with Ace(S)
being a maximal (for set-inclusion) subset of Acc(A) consistent with ©9(G). So we have
proved that S is a preferred extension.
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Proof of Prop. It follows from the proof of Propositiond on page 36|
Let M be the subset of Acc(A) built in the proof of Proposition 4 on page 36} with an iterative

procedure. We know that M = Acc(GE), or equivalently GE = {x € A|Acc(x) € M}, where
G E denotes the grounded extension of G.

Let Z be the model of $9(G) associated with M in the proof of Proposition We
have x € Sz if and only if Acc(z) € M, so Sz = {x € A|Acc(x) € M} = GE.

From the definition of M, it is easy to see that each model J of the formulae issued from Piejns
must satisfy the literals of M, or equivalently {x € A|Acc(x) € M} C S7.

As a consequence, it is easy to see that for each 7 an Acc(A)-minimal model of ©2(G), we have
S7={x € AlAcc(r) € M} = GE. Note that Z itself is an Acc(A)-minimal model of X9(G).

O

Proof of Prop. |14 on page 40: Let 7 be an Acc(A)-minimal model of ¥%(G). We know that
St =GE.

= We first prove that GE = St C Sy. Let z € Sz. By definition of Sz, there is no model Z'
of X2(G) such that S7v C Sz. So the set of formulae X9(G) U {=Ace(z)} has no model.
It means that X2(G) - Acc(z), and so z € S,

= Conversely, let x € S;. As £2(GQ)  Acc(x), Acc(z) is true in each model of £9(G). So
Acc(x) is true in the particular model Z. It means that z € Sz = GE.

O

Proof of Prop.

1. Let Z be a model of X(G). St = {x € A|Z(Acc(x)) = true}. We have to prove that
F(S7) C S7. Letx € F(S7).
If z is not attacked, the formula Acc(z) belongs to X9(G). As T is a model of ¥0(G), Z
satisfies Acc(z) which means that x € St.
If x is attacked, let by, ..., b be the attackers of x, and for each i, let B; be the set of
attackers of b;. ¥2(G) contains the formula ® = (Aj—1_,(Veen, Acc(a))) — Acc(z). As
x € F(Sz), for each i, there exists a € B; such that a € S7. Or equivalently, for each i,
there exists a € B; such that Z(Acc(a)) = true. As Z satisfies the formula ®, we have
Z(Acc(x)) = true which means that x € St.

2. Assume that F(S) C S and S is conflict-free. Let us consider the interpretation Z defined

by:

» Vo € S,Z(Acc(x)) = true and Z(N Acc(x)) = false;

» Vo ¢ S, T(Acc(z)) = false and Z(N Acc(x)) = true.
We have St = S and from the proof of Proposition |5 on page 39 we know that 7 is a
model of X°(G). It remains to prove that Z satisfies the formulae of X2(G) \ £%(G). Two
kinds of formulae must be considered:
A formula ® = Acc(x) corresponds to the particular case when x is not attacked. In that
case, z € F(S) C S,sox € S and then Z(Acc(x)) = true. So T satisfies ®.

Aformula ® = (Aj=1. x(Vaen; Acc(a))) — Ace(x) corresponds to the case when by, . . . , by,
are the attackers of x, and for each i, B; denotes the set of attackers of b;.
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= either x € F(S), so for each i, there exists a € B; such that a € S. Or equivalently,
or each i, there exists a € B; such that Z(Acc(a)) = true. As F(S) C S,z € S and
then Z(Acc(z)) = true. In that case the formula ® is satisfied by Z.

= or v € F(95), so there exists ¢ such that for each a € B;,a ¢ S. In other words, there
exists 7 such that for each a € B;,Z(Acc(a)) = false. In that case the formula ® is
trivially satisfied.

In both cases, ® is satisfied by Z.

Proof of Prop.|16 on page 40

= Let S be a complete extension. .S is admissible and F(,S) C S. From the proofs of Proposi-
tions |9 on page 39| and|15 on page 40|, we know that there exists a same model Z of Eg(G)

and of ¥.0(G) such that S = S7. This model is defined by :

» Vo € S, Z(Acc(z)) = true and Z(N Acc(zx)) = false;

» Vo ¢ S, Z(Acc(x)) = false and Z(N Acc(x)) = true.

<« The converse is an immediate consequence of Propositions (9 on page 39|and |15 on page 40

O

Proof of Prop.|17 on page 41

= Let S be a complete extension. From Proposition [I6 on page 40] there exists Z model of
¥9(G) U X2(G) such that S = Sz.
By definition of Sz, S = Sz means that Vz € S,Z(Acc(x)) = true and Vo € A\
S,Z(Acc(x)) = false, or equivalently Vo € A\ S, Z(=Acc(x)) = true. So T is a model
of Acc(S) U {~Acc(z)|lz € A\ S} UXZYG)UZYG).
Moreover, from the proofs of the previous propositions, Z can be chosen such that:

Z(N Acc(zx)) = true if and only if Z(Acc(x)) = false.

So 7 is also model of Acc(S) U {NAcc(z)|z € A\ S} UY(G)UZAG).

< LetZ be amodel of Ace(S)U{—Acc(z)|z € A\ S}UZY(G)UZY(G). From Proposition
S7 is a complete extension. As Z satisfies Acc(S), we have S C Sz and as 7
satisfies {7 Acc(x)|z € A\ S} wehave A\ S C A\ Sz. So S = Sz and S is a complete
extension.
Moreover if Z is a model of Acc(S) U {NAcc(z)|lz € A\ S} U ZYG) U Z2G), as
the formulae N Acc(z) — —Acc(w) belong to 3°(G), T is also a model of Acc(S) U
{=Acc(z)|lz € A\ S} UIYGE) U XYG) and we can conclude that S is a complete
extension.

g

Proof of Prop.

= Assume that S is stable. It is well-known that S is conflict-free. Following the proof of
Proposition [5 on page 39, 37 model of ¥y (G) with Sz = S and such that:

» Vo €S, I(Acc(x)) = true and Z(N Acc(z)) = false;
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» Vx ¢ S, IZ(Acc(z)) = false and Z(N Acc(x)) = true.

We have to prove that T satisfies the formula Py, @ (Ve)(mAcc(c) — (Vier- () Acc(D)))-
Letce A. Ifc € S = S7, Z(Acc(c)) = true and Z(N Acc(c)) = false so the implication
—Acc(e) = (Vyer-(e)Acc(b)) is trivially true.
If ¢ ¢ S, as S is stable, there exists a € S = St such that a € R~ (c). As Z(Acc(a)) =
true, so the implication —Acc(c) — (\/beRf(c)Acc(b)) is still true.

< Assume that 37 model of ¥ (G) U{Psta }, such that S = S7. From Proposition
S is conflict-free.
Letc ¢ S,as S = Sz I(Acc(c)) = false. As T satisfies Py, T satisfies (Vyer- () Acc(b)).
So there exists b € R™(c) such that Z(Acc(b)) = true, which means that b € Sz = S. We
have proved that S is stable. Then, we conclude that .S’ is stable.

O
Proof of Prop. The proof is analogous to the proof of Proposition
O
Proof of Prop.

= Assume that S is stable. It is well-known that .S is a naive extension. From Proposition
Acc(S) is a maximal (for set-inclusion) subset of Acc(A) consistent with ¥°(G).
Leta ¢ S. As S is stable, there exists € S such that z attacks a. So 3°(G) contains the
formulas Acc(x) — N Acc(a) and N Ace(a) — —Acc(a). Let Z be a model of Ace(S) U
Y(@), Z(Acc(x)) = true (as © € S) so Z(NAcc(a)) = true. We have proved that
(2°(G) U Ace(S)) F N Acc(a).

< Assume that Acc(S) is a maximal for set-inclusion subset of Acc(A) consistent with ¥°(G)
and Va ¢ S, (X°(G) U Acc(S)) - N Acc(a). Let us prove that S is stable.
From Proposition 8 on page 39] S is a naive extension so S is conflict-free.
Leta ¢ S. We have (X°(G) U Acc(S)) F NAcc(a). Due to the form of X°(G), there
exists z such that (X°(G)U Ace(S)) F Ace(x) and °(G) contains the formula Acc(z) —
N Acc(a). In that case, we know that x attacks a. Moreover as Ace(S) is a maximal for
set-inclusion subset of Acc(A) consistent with ¥°(G), = must belong to S. So we have
proved that S is stable.

|
Proof of Prop. 21 on page 42

= Assume that S is stable. It is well-known that .S is conflict-free. From Proposition
37 model of X9(G) such that S7 = S.
Let J be a model of X°(G) such that S C S7. Leta ¢ S. As S is stable, there exists
x € S such that z attacks a. So X.°(G) contains the formulas Acc(x) — N Acc(a) and
NAcc(a) — —Acc(a). € S C S7s0 J(Acc(r)) = true. As J is a model of ¥°(G),
we have J (N Acc(a)) = true.

< Assume that 37 model of X%(G), such that S = Sz. From Proposition |5 on page 39} S is
conflict-free.

Let us prove that Va ¢ S, (X°(G) U Ace(S)) = NAcc(a). Consider a ¢ S. Let J be a
model of ¥°(G)UAcc(S). Then S C S7. Due to the assumption, we have J (N Acc(a)) =
true. So we have proved that (X°(G) U Ace(S)) = N Acc(a). Then, due to Proposition

we conclude that S is stable.
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Proof of Prop.

= Let Z be a model of ¥X°(G) U {P5}. If Z is not N Acc(A)-minimal, there exists Z' model of
(@) U {P5} such that Nz C N7 and Sz = S7.
So there exists z € N7 \ Nz. Then we have Z(N Acc(x)) = true and Z'(N Ace(x)) =
false.
As T satisfies P5, there exists y € R™(x) such that Z(Acc(y)) = true. As Sz = Sz, we
also have Z’(Acc(y)) = true. As T’ is a model of X°(G), and y € R~ (x), we must have
that Z'(N Acc(x)) = true, which is in contradiction with the assumption 2 ¢ Nz.
So Z is a N Acc(A)-minimal model of ¥°(G).

< Let Z be a N Acc(A)-minimal model of ¥°(G). Let us prove that Z satisfies P5. If it is not
the case, there exists ¢ such that Z(N Acc(c)) = true (¢ € Nz) and for each b € R (c),
Z(Acc(b)) = false. As Z(N Acc(c)) = true, we have Z(Acc(c)) = false.
Let us consider the interpretation Z’ such that S7» = Sz and Nz = Nz \ {c}. We have
T'(N Acc(c)) = false. Tt is easy to see that I’ satisfies the formula PY... So Z’ is a model
of ¥.°(G). That contradicts the fact that Z is a N Acc(A)-minimal model of X°(G).

g

B.4 Proofs of Section

5.2 on page 44

All the results obtained in Section[5.1 on page 33|can be extended in a straightforward way, replacing
YO(@G) (resp. XY(G), 29(G), X2G)) by Zus(G) (resp. L4(G), 3,(G), T4(G)). The proofs can be
adapted using ¢, and s, for denoting arguments.

We just illustrate this mechanism by giving the proof for the first item of Proposition 25 on page 48]
considering the simplified form of X,4(G) (the proof of propositions 23 on page 46| and 24 on|

the proof of the other items of Proposition and the proof of Proposition [26]
can be obtained in a similar way).

Proof of Prop.

1. = Assume that S is conflict-free. Let us consider an interpretation Z of ¥,s(G) such
that : Z(Acc(x)) = true if and only if x € S, Z(N Acc(z)) = true if and only if
I(Acc(x)) = false. T is a model of Acc(S). It remains to prove that Z is a model
of ¥,s(G). Obviously Z satisfies the formulae (N Acc(cy) — —Acc(cy)). So, if
7 is not a model of ¥,5(G), there exists a formula Acc(s,) — NAcc(c,) that is
not satisfied by Z. In that case Z(Acc(sq)) = true and Z(N Acc(c,)) = false. By
definition of Z, we also have Z(Acc(c,)) = true, and then s, and ¢, are in S. So that
is in contradiction with .S being conflict-free.

< Let Z be a model of Acc(S) U X45(G). We prove that Sz is conflict-free. If it is not
the case there exist a,b € St and « with the formulae a = s, b = ¢4, Acc(sq) —
NAcc(cq) and (N Acc(cq) — —Ace(cq)) in Bgs(G). We have Z(Acc(sq)) = true
and Z(Acc(cq)) = true, so there is a contradiction with Z being a model of ¥,(G).

O
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B.5 Proofs of Section

6.2 on page 54

Proof of Prop. By definition, S is a conflict-free extension of AS in the sense of
Def. means that there is I' C R such that (S, T") is a conflict-free structure of AS.
As no attack of R is attacked, we have I' = R.. Then S conflict-free means that Va,b € S, Aa €
R such that s(«) = a and t(«) = b, which exactly means that S is a conflict-free subset of A in
Dung’s sense. U

Proof of Prop.

= Let a be acceptable wrt U = (S,T"). Let 8 € R such that ¢(3) = a. Either 3 is inhibited wrt
U, or s(p) is defeated wrt U. As attacks in R are simple, we have that s(/3) is defeated wrt
U. So there exists 7 € I' C R such that s() € S and ¢(v) = s(8). That means that a is
acceptable wrt S in Dung’s sense.

< Let a be acceptable wrt S C A in Dung’s sense. Let 5 € R such that ¢(3) = a. Then s(f3)
is attacked by an argument in S (the corresponding attack being in R). So s(3) is defeated
by the structure U = (S, R). That proves that a is acceptable wrt the structure (S, R).

O

Proof of Prop.

= Let S be an admissible extension of AS in the sense of Def. By definition,
there exists an admissible structure (S, T") of AS. So (5, T") is conflict-free. Due to Propo-
sition 28] S is conflict-free in Dung’s sense. Each = € S is acceptable wrt (S, T'), so it is
also acceptable wrt S in Dung’s sense, due to Proposition It follows that .S
is an admissible subset of A according to Dung’s definition of admissibility.

< Let S be an admissible subset of A in Dung’s sense. Due to Proposition there exists
I' € R such that (S,T") is a conflict-free structure. As attacks in R are simple, conflict-
freeness implies that I' = R.
Moreover, each € S is acceptable wrt S in Dung’s sense, so, due to Proposition [29]
each x € S is acceptable wrt (S, R). As attacks in R are not attacked, it follows that the
structure (S, R) is admissible. So, by definition, .S is an admissible extension of AS.

g

Proof of Prop.

= Let S be a complete extension of AS in the sense of Def. By definition, there
exists a complete structure (S, I") of AS. As attacks in R are simple, conflict-freeness im-
plies that I" = R. So, (S, R) is a complete structure, meaning that (i) (S, R) is admissible
and (ii) each = € A (resp. € R) which is acceptable wrt (S, R) belongs to S (resp. R).
Due to the above propositions, (i) implies that .S is admissible in Dung’s sense and (ii)
implies that each x € A which is acceptable wrt S in Dung’s sense belongs to .S (as it is
also acceptable wrt the structure (S, R)). So S is a complete extension in Dung’s sense.

< Let S be a complete extension in Dung’s sense. Due to Proposition the structure (S, R)
is admissible.
Let x € A such that z is acceptable wrt (S, R), then z is acceptable wrt S in Dung’s sense.
As S is complete, x € S.
As attacks in R are not attacked, it follows that the structure (S, R) is complete.
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Proof of Prop.

= Let S be a stable extension of AS in the sense of Def. By definition, there
exists a stable structure (S, T") of AS. So (S, T') is conflict-free. As attacks in R are simple,
conflict-freeness implies that I' = R. So, (S, R) is a stable structure.
Due to Proposition S is conflict-free in Dung’s sense. It remains to prove that Va ¢ S
a is attacked by S.
Let a ¢ S, as the structure (S, R) is stable, a is defeated wrt (S, R) which exactly means
that a is attacked by S. So S is stable in Dung’s sense.

< Let S be a stable extension according to Dung’s definition. .S is conflict-free in Dung’s sense,
so the structure (S, R) is conflict-free. Moreover, Va ¢ S a is attacked by S. As said in
the first part of this proof, that exactly means that Va ¢ S a is defeated wrt (S, R). As the
structure (S, R) contains all the attacks, we have proved that (S, R) is a stable structure,
so S is a stable extension of AS in the sense of Def.

Proof of Prop. 33 on page 60: Let U = (S, T") be a stable structure of ASAF.

= We first prove that U is admissible. By definition, U is conflict-free.
Let z € (S UT) such that there is 5 € R with ¢(5) = z. As U is conflict-free, either
B & T, ors(B) ¢ S. In the first case, 3 is inhibited wrt U, and in the second case s([3)
is defeated wrt U. So, we have proved that x is acceptable wrt U. Consequently, U is
admissible.

= It remains to prove that each x € A (resp. © € R) which is acceptable wrt (S, ') belongs
to S (resp. I'). Let z € A being acceptable wrt (S,I"). Assume that x ¢ S. As U is
stable, = is defeated wrt U. So there is § € T' with s(8) € S and t(5) = z. As z is
acceptable wrt U, either §3 is inhibited wrt U, or s(3) is defeated wrt U. In other words,
there is v € I" such that s(y) € S and t(y) € {8, s(5)}. That is in contradiction with U
being a conflict-free structure. So we have proved that z € S.
An analogous reasoning holds for proving that each x € R which is acceptable wrt (S5, I")
belongs to T".

O

B.6 Proofs of Section

6.3 on page 60

Proof of Prop. The proof is inspired by the proof of Proposition [5]
Let us recall that 3(G) includes formulae (3, 4, 5).

= Assume that the structure (S, T") is weakly conflict-free. Let us define an interpretation Z of
¥(G) as follows :
-I(Acc(z)) =trueifandonly if z € S and Z(N Acc(z)) = trueif and only if Z(Acc(x)) =
false.
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-Z(Val(z)) = true if and only if x € T".

We have S7 = S and I'z = I'. It remains to prove that Z is a model of X(G).

Obviously 7 satisfies Formula (5).

If Z does not satisfy Formula (4), there exist x € A and @ € R such that t(a) = =,
Z(Val(a)) = true, T(Acc(s(a))) = true and Z(N Acc(x)) = false.

In other words, o € I', s(a) € S and x € S. That is in contradiction with (S,I") being
weakly conflict-free.

If Z does not satisfy Formula (3), there exist o, 8 € R such that t(«) = 8, Z(Val(«)) =
true, T(Acc(s(w))) = true and Z(Val(f3)) = true.

In other words, o, 8 € T" and s(«) € S. That is in contradiction with (.5, I") being weakly
conflict-free.

It follows easily that Z is a model of ¥(G).

< Let Z be a model of ¥(G). We prove that the structure (Sz,I'z) is weakly conflict-free.
If it is not the case, either there exist a,b € Sz and o € I'z with s(a) = a and t(a) = b,
or there exist a, § € 'z with s(a) € St and t(a) = 5.
In the first case, Formula (4) is falsified. In the second case, Formula (3) is falsified. That
is in contradiction with Z being a model of ¥(G).

Proof of Prop. The proof is inspired by the proof of Proposition [9]
Let us recall that $4(G) is obtained from ©(G) by adding formulae P3;¥ and P3L.

= Assume that the structure

page 60, 3Z model of ¥

S,T) is weakly admissible. Due to the proof of Proposition[34 o
G) with Sz = S and I'z = T and such that:

» Vo € S, Z(Acc(z)) = true and Z(N Acc(zx)) = false;

» Vo ¢ S, I(Acc(z)) = false and Z(N Acc(x)) = true.

» Z(Val(z)) = trueVe € T

— o~

~— —

It is easy to prove that Z satisfies formulae P3;¥ and P3L.

< Let Z be amodel of ¥4(G). It is easy to prove that the structure (Sz, I'z) is weakly admissi-
ble.

0

Proof of Prop. 36 on page 61 Let us recall that ¥,(G) is obtained from ¥(G) by adding

arg att
formulae P . and Pl .

= Assume that the structure (S, I") is complete. Due to the proof of Proposition |35 on page 60}
37 model of ¥4(G) with Sz = S and I'z = T and such that:

» Vo € S,Z(Acc(x)) = true and Z(N Acc(x)) = false;
» Vo ¢ S, I(Acc(z)) = false and Z(N Acc(x)) = true.
» Z(Val(z)) = trueVer € T

It is easy to prove that Z satisfies formulae P2ie  and P2 .
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< Let Z be a model of ¥4(G) UX,(G). Due to Proposition [35]the structure (Sz, I'z) is weakly
admissible.
It is easy to prove that each = € A (resp. € R) which acceptable wrt (S, I'z) belongs
to St (resp. I'z). As a consequence, {« € R| AB € R such that ¢(8) = a} C I'z. So the
structure (Sz,I'z) is admissible and complete.

g

Proof of Prop. 37 on page 61 Let us recall that ¥,(G) is obtained from X(G) by adding
formulae P5® and P
Let us first note that if Z is a model of ¥(G) which also satisfies Formula P2, then the structure

(S7,T'z) is conflict-free.

= Assume that the structure (S,I") is stable. We know that 37 model of ¥(G) with Sz = S
and I'z = I' and such that:
» Vo € S, I(Acc(z)) = true and Z(N Acc(zx)) = false;
» Vo ¢ S, Z(Acc(x)) = false and Z(N Acc(x)) = true.
» Z(Val(x)) = trueVe € T

It is easy to prove that 7 satisfies formulae PZ® and P3%.

< Let Z be a model of ¥5(G). From the remark above, the structure (S7,T'z) is conflict-free.
Then the fact that Z satisfies P42 and P2, enables to prove that the structure (Sz,I'7)
satisfies the two following conditions : Va ¢ Sz, a is defeated wrt (Sz,I'z), and Vo ¢ 'z,

« is inhibited wrt (Sz,I'z). So the structure (Sz,I'z) is stable.
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