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STABILIZATION OF NON-SMOOTH TRANSMISSION PROBLEM INVOLVING BRESSE
SYSTEMS

STEPHANE GERBI, CHIRAZ KASSEM, AND ALI WEHBE

ABSTRACT. We consider an elastic/viscoelastic transmission problem for the Bresse system with fully Dirichlet
or Dirichlet-Neumann-Neumann boundary conditions. The physical model consists of three wave equations
coupled in certain pattern. The system is damped directly or indirectly by global or local Kelvin-Voigt damping.
Actually, the number of the dampings, their nature of distribution (locally or globally) and the smoothness of
the damping coefficient at the interface play a crucial role in the type of the stabilization of the corresponding
semigroup. Indeed, using frequency domain approach combined with multiplier techniques and the construction
of a new multiplier function, we establish different types of energy decay rate (see the table of stability results
below). Our results generalize and improve many earlier ones in the literature (see [6]) and in particular some
studies done on the Timoshenko system with Kelvin-Voigt damping (see for instance [12], [37]) and [39]).

1. INTRODUCTION

1.1. The Bresse system with Kelvin-Voigt damping. Viscoelasticity is the property of materials that
exhibit both viscous and elastic characteristics when undergoing deformation. There are several mathematical
models representing physical damping. The most often encountered type of damping in vibration studies are
linear viscous damping and Kelvin-Voigt damping which are special cases of proportional damping. Viscous
damping usually models external friction forces such as air resistance acting on the vibrating structures and is
thus called “external damping”, while Kelvin-Voigt damping originates from the internal friction of the mate-
rial of the vibrating structures and thus called “internal damping”. The stabilization evolution systems (Wave
equation, coupled wave equations, Timoshenko system ...) with viscoelastic Kelvin-Voigt type damping has
attracted the attention of many authors. In particular, it was proved that the stabilization of wave equation
with local Kelvin-Voigt damping is greatly influenced by the smoothness of the damping coefficient and the
region where the damping is localized (near or faraway from the boundary) even in the one-dimensional case,
see [22, 24]. This surprising result initiated the study of an elastic system with local Kelvin-Voigt damping (see
Subsection 1.4 for more details). There are a few number of publications concerning the stabilization of Bresse
or Timoshenko systems with viscoelastic Kelvin-Voigt damping (see Subsection 1.2 below).

In this paper, we study the stability of Bresse system with local or global Kelvin-Voigt damping and smooth
or non-smooth coefficient at interface. We establish different types of energy decay rate which generalize
and improve many earlier ones in the literature. The Bresse system is usually considered in studying elastic
structures of the arcs type (see [21]). It can be expressed by the equations of motion:

prow = Qz+I1IN
Pty = My —Q
prwy = Ny —1Q

where
N =ks(wy —lp) +F3, Q=ki(ps+¢+1lw)+F, M=k +F
Fy = Dy (@t + e +1wi),  Fo = Dothat, F3 = D3 (wes —leoy)

and where Fy, F} and Fj are the Kelvin-Voigt dampings. When F} = F; = F5 =0, N, @ and M denote the axial
force, the shear force and the bending moment. The functions ¢, ¥, and w model the vertical, shear angle, and
longitudinal displacements of the filament. Here p; = pA, ps = pI, k1 = kK'GA, ks = FA, ks =FEI, 1=R™!
where p is the density of the material, F is the modulus of elasticity, G is the shear modulus, &’ is the shear
factor, A is the cross-sectional area, I is the second moment of area of the cross-section, and R is the radius of
curvature. The damping coefficients Dy, Dy and D3 are bounded positive functions over (0, L).

Key words and phrases. Bresse system, Kelvin-Voigt damping, polynomial stability, non uniform stability, frequency domain
approach.
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So we will consider the system of partial differential equations given on (0, L) x (0, +00) by the following form:
p1@1t — [k1 (02 + Y +1w) + Dy (@t + ¥t +1wi)]e — kg (we — 1) —1D3 (wee — lpy) = 0,
(1.1) p2tpee = [katha + Datbut]e + k1 (92 + ) + 1w) + D1 (@ar + ¢ + lwy) =0,

prwe — kg (we —1p) + D3 (war —1pt)]w + k1 (@z + ¢ +1w) + 1D1 (@t + Pr + lwy) = 0,
with fully Dirichlet boundary conditions:

(1.2) 90(07'):@(Lv'):w(ov'):w(l’v'):w(ov'):w(l’v')zo in Ry,
or with Dirichlet-Neumann-Neumann boundary conditions:
(1'3) 90(07'):90(L7'):ww (07'):¢I (Lv'):ww (07'):ww (L,-)ZO in Ry,

in addition to the following initial conditions:
90(7()):(/70 ()7 1/}(50):1/}0()5 w(vo):wo ()7
Pt (50):@1 ()a 1/}15 (70):1/}1 ()7 Wy (,0):11)1 ()7 in (OaL)

We note that when R — oo, then 1 — 0 and the Bresse model reduces, by neglecting w, to the well-known
Timoshenko beam equations:

p1ou — (k1 (@e + ) + D1 (@t + U1)]s = 0,

(1.4)

(1.5)
p2thie — [kotz 4+ Dothet]e + k1 (0o + ) + D1 (0ot +101) =0

with different types of boundary conditions and with initial data.

1.2. Motivation, aims and main results. The stability of elastic Bresse system with different types of
damping (frictional, thermoelastic, Cattaneo, ...) has been intensively studied (see Subsection 1.3), but there
are a few number of papers concerning the stability of Bresse or Timoshenko systems with local or global
viscoelastic Kelvin-Voigt damping. In fact, in [6], El Arwadi and Youssef studied the theoretical and numerical
stability on a Bresse system with Kelvin-Voigt damping under fully Dirichlet boundary conditions. Using multi-
plier techniques, they established an exponential energy decay rate provided that the system is subject to three
global Kelvin-Voigt damping. Later, a numerical scheme based on the finite element method was introduced
to approximate the solution. Zhao et al. in [39], considered a Timoshenko system with Dirichlet-Neumann
boundary conditions. They obtained the exponential stability under certain hypotheses of the smoothness and
structural condition of the coefficients of the system, and obtain the strong asymptotic stability under weaker
hypotheses of the coefficients. Tian and Zhang in [37] considered a Timoshenko system under fully Dirichlet
boundary conditions and with two locally or globally Kelvin-Voigt dampings. First, in the case when the two
Kelvin-Voigt dampings are globally distributed, they showed that the corresponding semigroup is analytic. On
the contrary, they proved that the energy of the system decays exponentially or polynomially and the decay
rate depends on properties of material coefficient function. In [12], Ghader and Wehbe generalized the results
of [39] and [37]. Indeed, they considered the Timoshenko system with only one locally or globally distributed
Kelvin-Voigt damping and subject to fully Dirichlet or to Dirichlet-Neumann boundary conditions. They es-
tablished a polynomial energy decay rate of type t~! for smooth initial data. Moreover, they proved that
the obtained energy decay rate is in some sense optimal. In [31], Maryati et al. considered the transmission
problem of a Timoshenko beam composed by N components, each of them being either purely elastic, or a
Kelvin-Voigt viscoelastic material, or an elastic material inserted with a frictional damping mechanism. They
proved that the energy decay rate depends on the position of each component. In particular, they proved that
the model is exponentially stable if and only if all the elastic components are connected with one component
with frictional damping. Otherwise, only a polynomial energy decay rate is established. So, the stability of the
Bresse system with local viscoelastic Kelvin-Voigt damping still an open problem.

The purpose of this paper is to study the Bresse system in the presence of local or global viscoelastic Kelvin-Voigt
damping with smooth or non-smooth coeflicient at interface and under fully Dirichlet or Dirichlet-Neumann-
Neumann boundary conditions. The system is given by (1.1)-(1.2) or (1.1)-(1.3) with initial data (1.4). First,
we prove that the corresponding semigroup is analytic provided that our system is subject to three global
viscoelastic Kelvin-Voigt dampings i.e. there exists dy > 0 such that Dy, Da, D3 > dg over (0, L) (see Theorem
4.2). This result generalize that of [6] where only an exponential energy decay is obtained. On the contrary,
when the viscoelastic dampings are locally distributed, we prove that the number of the dampings and the
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smoothness of the damping coefficients Dy, Do, D3 at the interface play a crucial role in the type of the
stabilization of the corresponding semigroup. Indeed, if Dy, Dy, D3 € W1°°(0, L), using the frequency domain
approach combined with multiplier techniques, we prove that the Bresse system (1.1)-(1.2) (or (1.1)-(1.3))
is exponentially stable (see Theorem 5.1). Otherwise, if Dy, Do, D3 € L°(0, L), using frequency domain
approach combined with multiplier techniques and the construction of new multiplier functions, we establish a
polynomial stability of type % (see Theorem 6.1). Moreover, in the absence of at least one damping, we prove
the lack of uniform stability for the system (1.1)-(1.3) even with smoothness of damping coefficients. Finally, in
the presence of only one local damping D5 acting on the shear angle displacement (D; = D3 = 0), we establish
a polynomial energy decay estimate of type % (see Theorem 7.1). In these cases, we conjecture the optimality

of the obtained decay rate. For clarity, let
0 #w=(a,B) C(0,L)

The following table summarizes the main results of this article:

Regularity of D; | Regularity of Dy | Regularity of Ds Localization Energy decay rate
> ]
L>(0,L) L0, L) L0, L) Di = Cﬁoflo;g (0,L) Analytic stability
Wie(0, L) Wie(0, L) Wie(0, L) D 2@ d_01>20 3m @ Exponential stability
> 1
L>(0,L) L>(0,L) L>(0,L) ﬂ suppD; =w Polynomial of type i
i=1
1
0 L>(0, L) 0 Dy >dy >0 inw Polynomial of type %

1.3. Literature concerning the Bresse system. In [29], Liu and Rao considered the Bresse system with
two thermal dissipation laws. The authors proved an exponential decay rate when the wave speed of the
vertical displacement coincides with the wave speed of longitudinal displacement or of the shear angle displace-
ment. Otherwise, they showed polynomial decays depending on the boundary conditions. These results are
improved by Fatori and Rivera in [10] where they considered the case of one thermal dissipation law globally
distributed on the displacement equation. Wehbe and Najdi in [32] extended and improved the results of [10],
when the thermal dissipation is locally distributed. Wehbe and Youssef in [38] considered an elastic Bresse
system subject to two locally internal dissipation laws. They proved that the system is exponentially stable if
and only if the waves propagate at the same speed. Otherwise, a polynomial decay holds. Alabau et al in [1]
considered the same system with one globally distributed dissipation law. The authors proved the existence
of polynomial decays with rates that depend on some particular relation between the coefficients. In [13],
Guesmia et al. considered Bresse system with infinite memories acting in the three equations of the system.
They established asymptotic stability results under some conditions on the relaxation functions regardless the
speeds of propagation. These results are improved by Abdallah et al. in [7] where they considered the Bresse
system with infinite memory type control and/or with heat conduction given by Cattaneo’s law acting in the
shear angle displacement. The authors established an exponential energy decay rate when the waves propagate
at same speed. Otherwise, they showed polynomial decays. In [5], Benaissa and Kasmi, considered the Bresse
system with three control boundary conditions of fractional derivative type. They established a polynomial
decay estimate.

1.4. Literature concerning the stability of some systems with viscoelastic damping. The stabiliza-
tion of evolution systems with viscoelastic Kelvin-Voigt damping retains the attention of many authors. Huang
in [19] considered a wave equation with globally distributed Kelvin-Voigt damping, i.e. the damping coefficient
is strictly positive on the entire spatial domain. He proved that the corresponding semigroup is not only ex-
ponentially stable, but also is analytic. In [23], K. Liu and Z. Liu considered a wave equation with localized
Kelvin-Voigt damping in the 1-dimensional case. The dissipation is distributed on any subinterval of the region
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occupied by the beam and the damping coefficient is the characteristic function of the subinterval. They proved
that the semigroup associated with the equation for the longitudinal motion of the beam is not exponentially
stable. This result is due to the discontinuity of the viscoelastic materials. Later, in the 1-dimensional case, it
was found that the smoothness of the damping coefficient at the interface is an essential factor for the stability
and the regularity of the solutions (see in [22, 24, 25, 26, 27, 40]). For a system of coupled equations, in addition
to references cited in Subsection 1.2,we recall the following results. In [14], Hassine considered the longitudinal
and transversal vibrations of the transmission Euler-Bernoulli beam with Kelvin-Voigt damping distributed
locally on any subinterval of the region occupied by the beam and only in one side of the transmission point.
He proved that the semigroup associated with the equation for the transversal motion of the beam is expo-
nentially stable, although the semigroup associated with the equation for the longitudinal motion of the beam
is polynomially stable. Hassine in [15] discussed the asymptotic behavior of the transmission Euler-Bernoulli
plate and wave equation with a localized Kelvin-Voigt damping. He proved that sufficiently smooth solutions
decay logarithmically at infinity even when the feedback affects a small open subset of the interior. Also, in [16],
Hassine considered a beam and a wave equations coupled by an elastic beam through transmission condition.
The damping which is locally distributed acts only at one equation. Firstly he considered the case when the
dissipation acts through the beam equation, he showed a precise polynomial energy decay rate. Secondly, in
the case when the damping acts through the wave equation and he provided a precise polynomial energy decay
rate. In both cases, he proved the lack of exponential stability. In [17], Hassine studied the asymptotic behav-
ior of the energy decay of a transmission plate equation with locally distributed Kelvin-Voigt damping. More
precisely, he proved that the energy decay at least logarithmically over the time. Recently, Ammari et al in [2]
considered the wave equation with Kelvin-Voigt damping in a bounded domain. In their work, they proposed
to deal with the geometrical condition by considering a singular Kelvin-Voigt damping which is localized far
away from the boundary. In this particular case, they showed that the energy of the wave equation decreases
logarithmically to zero as time goes to infinity.

1.5. Organization of the paper. This paper is organized as follows: In Section 2, we prove the well-posedness
of system (1.1) with either the boundary conditions (1.2) or (1.3). Next, in Section 3, we prove the strong
stability of the system in the lack of the compactness of the resolvent of the generator. In Section 4, we prove
the analytic stability when the three Kelvin-Voigt dampings are globally distributed. Later, Sections 5 and 6 are
devoted to analyze the stability of the system provided the existence of three local dampings by distinguishing
two cases: in the first one, in section 5, when the coefficient functions Dq, Do, and D3 are smooth, we prove
the exponential stability of the system. In the second one, in section 6, when the coefficient functions Dy, Do,
and D3 are non smooth, we prove the polynomial stability of type % Last but not least, in section 7, we prove
the polynomial energy decay rate of type % for the system in the case of only one local non-smooth damping
D5 acting on the shear angle displacement.

Finally, in Section 8, under boundary conditions (1.3), we prove the lack of uniform (exponential) stability
of the system in the absence of at least one damping.

2. WELL-POSEDNESS OF THE PROBLEM

In this part, using a semigroup approach, we establish well-posedness result for the systems (1.1)-(1.2) and
(1.1)-(1.3). Let (¢, 1, w) be a regular solution of system (1.1)-(1.2), its associated energy is given by:

1 L
BO=3{ [ (ol + paloul + o1 ol + bl 40 4 10f)
0

2
o 2 2
0

and it is dissipated according to the following law:

(2.1)

L
(22) E/ (t) = —/ (D1|(pzt + 1/)15 + 1wt|2 + D2|1/}zt|2 + D3|th - 1gﬁt|2) dx S 0.
0

Now, we define the following energy spaces:

My = (H(0,L) x L2(0, L))" and Hy = HE(0,L) x L*(0, L) x (HX(0, L) x L2(0, 1))*,
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where

L L
L2(0,L) = {f € L*(0,L) : / f(z)dr =0} and H}(0,L) = {f € H'(0,L) : / f(z)dz = 0}.
0 0
Both spaces H; and Hs are equipped with the inner product which induces the energy norm:
2 (sl 22 .3 .4 5 62
U113, —II(vwév,v,v,g)Hm , ,
(2.3) = pu|[o*[[" 4 pz [0+ o [0 + ez + 0%+ 1
ko [[ 037+ ks ol — WP, G =1,2
here and after || - || denotes the norm of L? (0, L) .

Remark 2.1. In the case of boundary condition (1.2), it is easy to see that expression (2.3) defines a norm
on the energy space H1. But in the case of boundary condition (1.3) the expression (2.3) define a norm on the

energy space Ho if L # T for all positive integer n. Then, here and after, we assume that there exists no

nGNsuchthatL:nTw when j = 2.
Next, we define the linear operator A; in H; by:
D(A) = { Ue€H|v?vto8 e HH(0,L), [kl (vi + 03+ 11)5) + Dy (v% + ot + 11)6)]1 € L?(0,L),
[k2v3 + Davi] € L?(0, L), [ks(v3 —lv') 4+ D3(vS —w?)] e L2(0, L)},
D(.AQ) = U € Ho | 02 S H& (O,L),’U4,’U6 S Hi (0,L),’U2|0)L = U2|0)L =0,

(k1 (v + v +10°) + Dy (02 + 0 + 11)6)]:5 € L(0,L),
[kov? + ngi]m € L2(0,L), [k3(v) —lv') + D3(vs — 11)2)]1 € L?(0, L)}

and
ol v?
02 Pyt ([F1(v: +v® + 1) 4+ Dy (v2 +v* + lvﬁ)]m + 1k3 (v — ') + 1D3(v8 — 1v?))
V3 vt
(24) A = .
Pt ((k2v3 + Dovl)s — ky (vi + 03 + 10%) — Dy (v2 + v? + 1u®))
v° o6
v° pfl ([kg(vg —lvt) + D3(v8 — 11)2)]1 — 1k (vi + 03 4 lv5) — 1Dy (v2 4+ v* + lvﬁ))

for all U = (vl,vz,vg,v4,v5,v6)T € D(A;). So, if U = (¢, 01,0, 1y, w,wy) " is the state of (1.1)-(1.2) or
(1.1)-(1.3), then the Bresse beam system is transformed into a first order evolution equation on the Hilbert
space H;:

U =AU, j=1,2
(2.5) P
U (0) = Uo(x),
where
Uo () = (o (2) , o1 (2) 0 (@), 91 (x) ,wo (x) ,wi ()T
Remark 2.2. It is easy to see that there exists a positive constant co such that for any (¢, v, w) € (H& (0, L))3
for j =1 and for any (¢,¥,w) € H} (0, L) x (Hi (O,L))2 for j =2,
(2.6) ki llow + 9+ 1w|)* + ks [ + ks [Jwe —1p]* < co (ll%sll2 + [lall* + ||wz||2) -

On the other hand, we can show by a contradiction argument the existence of a positive constant c1 such that,
for any (p,v,w) € (H& (O,L))3 for j =1 and for any (¢,v,w) € H} (0, L) x (Hi (O,L))2 forj =2,

(2.7) ¢ (II%II2 + [l + ||wa|2) < ki llpe + 0+ Tl + g [l + ks [|ws — Lo|*

Therefore the norm on the energy space H; given in (2.3) is equivalent to the usual norm on H;.
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Proposition 2.3. Assume that coefficients functions D1, Doy and D3 are non negative. Then, the operator A;
is m-dissipative in the energy space H;, for j =1,2.

Proof. Let U = (’Ul,’U2, 03, vt v, vﬁ)T € D (A;). By a straightforward calculation, we have:

L
(2.8) Re (AU, U),, = —/ (D fe2 +v* +10°* + Da [ot|* + D3 o — 107 d.
’ 0

As D1 >0, Dy >0 and D3 > 0, we get: that A; is dissipative.

Now, we will check the maximality of A;. For this purpose, let F' = (fl, 12, f3,f4,f5,f6)T € H;, we have

to prove the existence of U = (’Ul,’U2,’U3,’U4,’U5,’U6)T € D (A;) unique solution of the equation —A;U = F.

Equivalently, we have the following system:

(2.9) - = fl
(2.10) — [k1(vy +v* + 10°) + Dy (v2 + v* + 11)6)]1 —lkz(v2 —lv') —=1D3(v8 —10?) = pif3,
(2.11) —t = 3
(2.12) —(kov2 4+ Dov})y + k1 (vg +0° +10°) + Dy(v2 +0* + 1% = pof?,
(2.13) -5 = f5
(2.14) — [k3(v] —=W0") 4+ Ds(vS —10?)]_+1k1 (v} +0° +10°) +1Dy (0 +v* +1°) = py fC.

Let (o', 9% ¢%) € (H&(O,L))3 for j = 1 and (o', 4% ¢°) € (H}(0,L) x (HL(0,L))?) for j = 2 be a test
function. Multiplying (2.10), (2.12) and (2.14) by ¢, ¢* and ¢° respectively, (2.9)-(2.14) can be written after
integrating by parts in the following form:

k1 (Uglc + 03 —|—1v5) ol —1k3 ( 5 — lvl) o' =ht,
(2.15) kav3 2 + k1 (vg + 0% + 1) o = b3,
ks (vi — h}l) ©> + 1k, (v; + 0%+ 11;5) ©° = hd,
where
h' = p1f?e! + Dy (f2 + 2 +1f°) o = 1Ds(f7 = 1),
B = paf2® + Daf20l + Dy (fa + f2 +1£°) ¢°, and
B = p1fo0° + D3 (f° = 1) @2 +1D1 (fa + f2 +1f%) ©°.
Using Lax-Milgram Theorem (see [33]), we deduce that (2.15) admits a unique solution in (Hg (O,L))3 for
j=1landin (Hg(0,L) x (H}(0,L))?) for j = 2. Thus, —A;U = F admits an unique solution U € D (A;) and
consequently 0 € p(A;). Then, A; is closed and consequently p (A;) is open set of C (see Theorem 6.7 in [20]).
Hence, we easily get R(A — A;) = H; for sufficiently small A > 0. This, together with the dissipativeness of

Aj, imply that D (A;) is dense in H; and that A; is m-dissipative in H; (see Theorems 4.5, 4.6 in [33]). Thus,
the proof is complete. O

Thanks to Lumer-Phillips Theorem (see [30, 33]), we deduce that A; generates a Cp-semigroup of contraction
et in H,; and therefore problem (2.5) is well-posed. Then, we have the following result.

Theorem 2.4. For any Uy € H;, problem (2.5) admits a unique weak solution
UeC (R+; HJ) .
Moreover, if Uy € D (A;), then
U e C(Ry;D(A))NCH (Ry5H,).
3. STRONG STABILITY OF THE SYSTEM

In this part, we use a general criteria of Arendt-Batty in [3] to show the strong stability of the Cy-semigroup
e associated to the Bresse system (1.1) in the absence of the compactness of the resolvent of A;. Before, we

state our main result, we need the following stability condition:

(SSC) There existi € {1,2,3}, dp > 0 and a < 8 € [0, L] such that D; > dy > 0 on (o, f8).
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Theorem 3.1. Assume that condition (SSC) holds. Then the Co—semigroup e is strongly stable in H;,
j=1,2,i.e., for all Uy € H;, the solution of (2.5) satisfies

tLiIJPoo HetAj UOHHJ =0

For the proof of Theorem 3.1, we need the following two lemmas.
Lemma 3.2. Under the same condition of Theorem 3.1, we have
(3.1) ker ( i\ —A;) ={0}, j=1,2, forall A € R.

Proof. We will prove Lemma 3.2 in the case D1 = D3 =0 on (0,L) and Dy > dy > 0 on («, 5) C (0,L). The
other cases are similar to prove.
First, from Proposition 2.3, we claim that 0 € p(A;). We still have to show the result for A € R*. Suppose

that there exist a real number A # 0 and 0 # U = (v*,v?, 0%, 0%, v5,v6)T € D (A;) such that:
(3.2) AU = QM.

Our goal is to find a contradiction by proving that U = 0. Taking the real part of the inner product in H; of
A;U and U, we get:

(3.3) Re (A;U,U),, = — /OL Dy v} de = 0.
Since by assumption Ds > dy > 0 on (a, 8), it follows from equality (3.3) that:
(3.4) Dovt=0 in (0,L)andv?=0 in (,f).
Detailing (3.2) we get:

(3.5) v o= i,
(3.6) ki (vp +0° +10°) +1ks (v) — ') = ip1ho?,
(3.7) vt o= i,
(3.8) (k2v} + Davy) =k (vp +0° +10°) = ippdot,
(3.9) 0 = P,
(3.10) ks (v) —10') =1kt (v; +0° +10°) = ipp\C.
Next, inserting (3.4) in (3.7) and using the fact that A # 0, we get:

(3.11) v2=0 in (a,f).

Moreover, substituting equations (3.5), (3.7) and (3.9) into equations (3.6), (3.8) and (3.10), we get:
N2t + ke (U}c +03 + 1v5)1 + lkg (Ufc — lvl) =0,

(3.12) p2 N0 + (kv +iDov3)  — ki (vg 4+ 0% +10°) =0,
PNV + kg (0 — b)) 1k (v} + 0% +10°) = 0.

Now, we introduce the functions ¢, for i = 1,..,6 by v = vi, . It is easy to see that v* € H'(0, L).
It follows from equations (3.4) and (3.11) that:

(3.13) ?=2"=0 in (a,p)

and consequently system (3.12) will be, after differentiating it with respect to x, given by:
(3.14) PN +ky (0, +10°) +1ks (0) —10) = 0 in (a,f),
(3.15) 41 = 0 in (a,f),
(3.16) PN’ + ks (0 —10") — 1k (Up +10°) = 0 in (o).
Furthermore, substituting equation (3.15) into (3.14) and (3.16), we get:

(3.17) PN + 1k (00 -1') = 0 in (),

(3.18) L+ = 0 in (a,p),

(3.19) pIN*D° + k3 (0 —10") 0 in (a,f).
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Differentiating equation (3.17) with respect to z, a straightforward computation with equation (3.19) yields:
p1A? (0, —10°) =0 in (o, ).

Equivalently

(3.20) L—10°=0 in (a,p).

Hence, from equations (3.18) and (3.20), we get:

(3.21) =0 and ¥:=0 in (a,p).

Plugging v° = 0 in (3.17), we get:

(3.22) (p1A* —1Pks) 0" = 0.

In order to finish our proof, we have to distinguish two cases:

Case 1: )\;«félq/l€3
1

Using equation (3.22) , we deduce that:
o' =0 in (a,f).

Setting V' = (v*,2;,0%,03,0°, 65)1-. By continuity of ©¢ on (0, L), we deduce that V(a) = 0. Then system
(3.12) could be given as:

V. = BV, in (0,«)
(3.23) {V(a) _ 0,
where
0 1 0 0 0 0
—/\QPZ—F 12k3 0 0 1 —1(]{324- kg) 0
1 1
0 0 0 1 0 0
(324) B = 0 ]{1 kl — )\2p2 0 lkl 0
ko +iADy ko +iMD> ko +iADsy
0 0 0 0 0 1
(ks + k 1k 12k, — N2
0 (ks + k1) Ik 0 =N
k3 k3 k3

Using ordinary differential equation theory, we deduce that system (3.23) has the unique trivial solution V' =0
n (0,a). The same argument as above leads us to prove that V' = 0 on (3, L). Consequently, we obtain
91 =93 =9% =0on (0,L). It follows that 9% = v* = 2% = 0 on (0, L), thus U = 0. This gives that U = C,

where C' is a constant. Finally, from the boundary condition (1.2) or (1.3), we deduce that U = 0.
k3
Case 2: A =1

1

The fact that 9. = 0 on (a, 3), we get: 0! = ¢ on (a, 3), where c is a constant. By continuity of * on (0, L),
we deduce that 9*(a) = ¢. We know also that 93 = 9% = 0 on (a, ) from (3.13) and (3.21). Hence, setting
V(a) = (¢,0,0,0,0,0)T = Vo, we can rewrite system (3.12) on (0, «) under the form:

V., = BY,
Vie) = W,
where
0 1 0 0 0 0
0 0 0 . (ki +ks)
k1
0 O 0 1 0 0
= 2
B=lo f = Xpn ko
kzﬂh/ Dy k2+zl\/ 2ADs ky + il /5 Dy
0 1
l(ks+k1) 1k:_1 o Pla—ks)
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. T /~l ~3 ~3 5 A T
Introducing V = (03,7°,92,7°,02)  and

s Yoo

—1l(k1 + Kk
0 0 1 (k1 + k3)
k1
0 0 1 0 0
_ k1 k1 — N2psy 1y
B = o —
ko +ily /52Dy ko 4l [22AD, by +ily /52 Dy
0 0 0 0 1
(ks + k1) 1ky 0 12(ky — k3) 0
k3 ks ks
Then system (3.12) could be given as:
(3.25) Ve = BV, in (0,a),
Vie) = 0.

Using ordinary differential equation theory, we deduce that system (3.25) has the unique trivial solution V=0
in (0, ). This implies that on (0, a), we have v° = ° = 0. Consequently, v® = c3 and v> = c5 where c3 and c;
are constants. But using the fact that v3(0) = v°(0) = 0, we deduce that v* = v® =0 on (0, a).

Substituting v and v® by their values in the second equation of system (3.12), we get: that vl = 0. This yields

vt = ¢1, where ¢; is a constant. But as v!(0) = 0, we get: v* = 0 on (0,). Thus U = 0 on (0, ). The ame
argument as above leads us to prove that U = 0 on (8, L) and therefore U = 0 on (0,L). Thus the proof is
complete. 1

Lemma 3.3. Under the same condition of Theorem 8.1, ( i\ — A;),j = 1,2 is surjective for all A € R.
Proof. We will prove Lemma 3.3 in the case D1 = D3 = 0 on (0, L) and Dy > dy > 0 on (o, 8) C (0, L) and

the other cases are similar to prove.
Since 0 € p (A;), we still need to show the result for A € R*. For any
T
= (f17f27f37f47f55f6) Eva AER*)
we prove the existence of
U= (vl,vz,v3,v4,v5,v6)T € D(A;)

solution of the following equation:

(3.26) (X[ —A;))U =F.

Equivalently, we have the following system:

(3.27) it —v? = fl
(3.28) p1 X0 — ki (v + 0% +10°)  —1ks (v) — ') = pif?
(3.29) i -t = f3
(3.30) p2 iM* = (kavd + Dovl)s + ki (v + 0 +10°) = pof?,
(3.31) ia® —8 = f5
(3.32) p1 X’ — k3 (v) —W') 41k (vp +0° +10°) = pifO.
From (3.27),(3.29) and (3.31), we have:

(3.33) v = it — fl w3 = iz — 3 8 = ia® — O

Inserting (3.33) in (3.28), (3.30) and (3.32), we get:
A2t =yt (vglc + 03+ 11)5)1 —lksp; ! (vi — lvl) =h',
(3.34) —N0% — py ! (ko +iAD2) 3, + kipy  (vh +0° +10°) = R,
“A20° —kgpr ' (0] —W0)_ +1kipy ! (v + 0+ 10%) = R,

where

W= f2 4 gl RS = 4 infP = Daf3, BB = fOingC.
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For all v = (vl,v3,v5)T € (H&(O,L))3 for j =1and v = (vl,vg,v5)T € HL0,L) x HL(0,L)? for j = 2, we
define the linear operator £ by:

—kipy ' (v + 0+ 10°) —lkspy ! (0F — o)

Lo=| —p3 (ko +iXD2)v2, + kipy ' (vy +v* + 1v°)

—kspy ' (v) =) +1kipy !t (v) + 0% +10°)
For clarity, we consider the case j = 1. The proof in the case j = 2 is very similar. Using Lax-Milgram theorem,
it is easy to show that £ is an isomorphism from (Hg(0,L))? onto (H~1(0,L))3. Let v = (Ul,v3,v5)T and
h = (—h',—h3, —h5)T, then we transform system (3.34) into the following form:
(3.35) (NZ — L)v = h.
Since the operator £ is an isomorphism from (H} (0, L)) onto (H~! (0, L))3 and Z is a compact operator from
(H(0,L))3 onto (H=1(0,L))?, then using Fredholm’s Alternative theorem, problem (3.35) admits a unique
solution in (Hg (0, L))? if and only if A2Z— L is injective. For that purpose, let: o = (o', 9, 175)T in ker(A\2Z—L).
Then, if we set 92 = i\0!, 0 = iA0® and % = iAi®, we deduce that V = (8,92, 3%, 5%, 9%) belongs to D(A;)
and it is solution of:

(iNT — AV =0.

Using Lemma 3.2, we deduce that ¢! = 9 = ©° = 0. This implies that equation (3.35) admits a unique solution
in v = (vt,v3v%) € (H§(0,L))* and

—kipy ' (v + 0%+ 10°)  —1lksp ! (v) — ') € L*(0, L),

—py HEkov2 +iADov? — Dof2), + kipy (v; +o3 + lv5) € L*(0,L),

—k3py (vg — lvl)m + 1k pp (v}c +v® +1”) € L*(0,L).
By setting v2 = i vl — f1 03 = id® — f3 and 5 = iM® — f°, we deduce that V = (v}, 0?03 0% 0% )
belongs to D(A;) and it is the unique solution of equation (3.26) and the proof is thus complete.

O

Proof of Theorem 3.1. Following a general criteria of Arendt-Batty in [3], the Cp—semigroup e4i of
contractions is strongly stable if A; has no pure imaginary eigenvalues and o(.A;) NiR is countable. By Lemma
3.2, the operator A; has no pure imaginary eigenvalues and by Lemma 3.3, R( i\ — A;) = H; for all A € R.
Therefore the closed graph theorem of Banach implies that o(A;) N iR = (). Thus, the proof is complete.

4. ANALYTIC STABILITY IN THE CASE OF THREE GLOBAL DAMPINGS

In this part, we prove the analytic stability of the Bresse systems (1.1)-(1.2) and (1.1)-(1.3) provided that
there exists a positive constant dy such that:
(4.1) Dy, Dy D3 > dy >0 forevery z € (0, L).
Before we state our main result, we recall the following results (see [18], [34] for part i), [4] for ii) and [33] for
iii)).
Theorem 4.1. Let A: D(A) C H — H be an unbounded operator generating a Co-semigroup of contractions

et on H. Assume that i\ € p(A), for all X € R. Then, the Cy-semigroup ' is:
i) Exponentially stable if and only if

lim {sup”(i)\l - A)1||5(H)} < 4o00.
[Al=+o0 | AeR
it) Polynomially stable of order % (I >0) if and only if

lim {sup AT GAT — A)_1||L(H)} < +o0.

[Al=4o0 | AcR
i11) Analytically stable if and only if
lim {sup (M| GAT — A)_1||L(H)} < 4o00.

[Al=+o0 | AeR
Now, we are in a position to establish the main result of this part by the following stability estimate.
Theorem 4.2. Assume that condition (4.1) holds. Then, the Co-semigroup e's
stable.

, Jor 7 =1,2, is analytically
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To prove Theorem 4.2, we have to check if the following conditions:

(A1) iR Cp(A))

and

(A2) lim {sup I GAT — A)_1||L(H)} —oq).
[A|[ =400 | AcR

hold.

Condition (A1) is already proved in Lemma 3.2 and Lemma 3.3.
To prove condition (A2), we use a contradiction argument. For this aim, suppose that there exist a sequence
of real numbers (A,),,, with |A,| = 400 and a sequence of vectors

(4.2) Uy = (0},02,0%, 04,05, 08) " € D(A4;) with [|Uplls, =1
such that:
(4.3) At CidUn — AU = (£, £2, F3, P 15 19T =0 in 1y, j=1,2.

We will check the condition (A2) by finding a contradiction with (4.2)-(4.3) such as [|Un ||, = o(1).
Equation (4.3) is detailed as:

(4.4) i, =Nty = [y
ip1v2 — ! 12 ((U,lz)m + 03 + lvi) + Dy ((Ui)z + v + lvg)]z
(4.5) A ks [(03), — o] = I\IDs [(05) ~12] = puf?,
(4.6) wy =Nty = [
ipgvt — A1 (k2 (U?l)z + D> (’Ui)m}m + M [(’U}l)z + 03 + 11),51]
(4.7) XDy [(v7), +un+1on] = pafa,
vy = Ao, =,
ip1vs — A1 ks ((UZ)I — lv,ll) + D3 ((vg)z — lvi)]m + A,k [(’U}l)z + 03 + 11),51]
(4.9) XDy [(07) A un + 105 = puf

For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.
First, remark that using (4.2) and (4.4)( respectively (4.6) and (4.8)), we deduce that:

(4.10) o'l =0(1), [[o* =0(1), [°[l=o(1).
Lemma 4.3. Under all the above assumptions, we have:
(4.11) A2 = o(1), ATzl = o(1) and  ATVZ[uf]| = o(1).

Proof. Taking the inner product of (4.3) with U in H;, then using the fact that U is uniformly bounded in #;,
we get:

L
)\‘1/ (D1 02* + Do | |* + Ds |v§\2) dz = \"'Re (4;U,U),, = —A"'Re (iU — A;U,U),, =o(1).
0
Thanks to condition (4.1), we obtain the desired asymptotic equation (4.11). Thus, the proof is complete. [

Lemma 4.4. Under all the above assumptions, we have:

(4.12) lvzll = o(1), [[vill = o(1) and [l = o(1).
Proof. Differentiating (4.4), (4.6) and (4.8) with respect to the variable =, we get:
A—1/242 A—1/24 A—1/246
1 _ z _ qrl 3 _ T _ ;r3 5 __ T _ ;5
(4.13) V= ar e %= s ify and v, = iz ify.

Using the asymptotic estimate (4.11) and the fact that f!, f3 and f° converge to zero in Hg(0,L) (or in
HL(0,L)), we obtain the desired estimate (4.12). O

Lemma 4.5. Under all the above assumptions, we have:

(4.14) [v* = 0(1), [v!l=0(1) and [[o°[|=o(1).



12 STEPHANE GERBI, CHIRAZ KASSEM, AND ALI WEHBE

Proof. i) Multiplying (4.5) by —iv? in L?(0, L) and after integrating over z, we get:

L L L
p1 / |v?|da — ix" ks / (vg + 0% +1v°) v2de — ATt / D (v2 + vt + 10°) v2dz
0 0 0

L L L
—i—z’)\_llkg/ (v — W) v2dz + AN / Ds (v8 — W) v2de = _i/ p1fPv2dz.
0 0 0
Using (4.10), the first asymptotic estimate of (4.11), (4.12), the fact that v2, v* and v% are uniformly bounded
in L?(0,L) and f? converges to zero in L?(0, L) in the above equation, we obtain that [|v?|| = o(1).

ii) Similarly, multiplying (4.7) by —iv* in L?(0, L), we get:
L L o L o
pg/ |v*|da —ix ™! / (k2v3 + Dov}) vidae —ix "'y / (vg +v* + 1) vide
0 0 0

L L
—i)\‘l/ Dy (v + o' + 1) vlde = —im/ ftda.
0 0

Using (4.10), (4.11), (4.12), the fact that v* and v% are uniformly bounded in L?(0, L) and f* converges to zero
in L2(0, L) in the preceding equation, we deduce that lot]] = o(1).
iii) Finally, multiplying (4.9) by —iv® in L?(0, L), we get:

L L L
1 / ‘vﬁ‘ dx — i)\_lkg/ (v — ') v8dz —ix~! / Dj (v8 — 1v*) v8dx
0 0 0
L o L o L
—z'xllkl/ (vs + v° + W) vOdz — z'xll/ Dy (v2 +v* 4+ 10%) 1v0dx = —ipl/ fov8dz.
0 0 0

Using (4.10), (4.11), (4.12), the fact that v?, v* and v% are uniformly bounded in L?(0, L) and f° converges to
zero in L?(0, L) in the previous equation, we deduce that |[v%| = o(1). Thus the proof is complete. O

Proof of Theorem 4.2. Using Lemma 4.4 and Lemma 4.5, we obtain ||U||3, = o(1) which contradicts (4.2).
Therefore, (A2) holds and consequently we deduce the analytic stability of the system (1.1) in the case of three
global dampings.

Remark 4.6. It is clear that the analytic stability implies the exponential one (see Theorem 4.1). So, Theorem
4.2 generalizes the results of [6] using simpler technique.

5. EXPONENTIAL STABILITY: THE CASE OF THREE LOCAL DAMPINGS WITH SMOOTH COEFFICIENTS AT THE
INTERFACE

The smoothness of the coefficient at the interface plays a crucial role in the stabilization of wave equation.
In this section, we consider the Bresse systems (1.1)-(1.2) and (1.1)-(1.3) subject to three local viscoelastic
Kelvin-Voigt dampings with smooth coefficients at the interface. We establish uniform (exponential) stability
of the Cyp-semigroup €4, j = 1,2. For this purpose, let () # w = (a, 3) C (0, L) be the biggest nonempty open
subset of (0, L) satisfiying:

(5.1) Jdg > 0 such that D; > dy, foralmost every x € w, i =1,2,3.
Our main result in this part is the following stability estimate.

Theorem 5.1. Assume that condition (5.1) holds. Assume also that Dy, Da, D3 € WH(0,L). Then, the
Co-semigroup €' is exponentially stable in Hi, j =1,2, i.e., for all Uy € H;, there exist constants M > 1
and § > 0 independent of Uy such that:

e Us |, < Me ™ |[Upllyy, » t>0, j=1,2.

I,

According to [18] and [34], we have to check if the following conditions:

(H1) iR C p(A))
and
. . -1 _
1) A { SR (| A = A)) HL(H;-) } o

hold. Condition iR C p(.A;) is already proved in Lemma 3.2 and Lemma 3.3.
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We will establish (H2) by contradiction. Suppose that there exist a sequence of real numbers (A,),,, with
[An| = 400 and a sequence of vectors
(5.2) Uy = (0},02,0%, 02,05, 08) " € D(A4) with [|Uplls, =1
such that:
(5.3) IMUn — AU = (FL 2 12 FA 12, 1) =0 in My, j=1,2.
We will check the condition (H2) by finding a contradiction with (5.2)-(5.3) such as ”U"”Hj = o(1).
Equation (5.2) is detailed as:

(5.4) vy =V = fy,
i A2 — ko [((U;)w 1) + 2 (), + b 1)
(5.5) ks [(vg)m—lv,ﬂ—ng[(vg)m—lvg = it
vy — vy = [,
(57)  ipadntd — ks [(vi)z+l]:—;(vﬁ)z} Tk [(0h), 4ot Wl] 4+ Dy [(12), 4ol 18] = paft
(5.8) w vy —vy = fr,
iplAnvﬁ——kg{((vi)z-—lvi)4—%3?((U2)z-—lvﬁ) Tk [(01), 0% 4+ 10

(5.9) 1Dy [(v7), +vp +105] = pify
For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.

Lemma 5.2. Under all the above assumptions, we have

(5.10) 1Dy (02 +v* + 1) =0 (1), D32l =0(1), [ID5* (8 —1?)| =0 (1)
and

(5.11) (07 +v* +1°) [ =0(1), [zl =0(1), [[(vg-1*)[=0(1) n (af).
Proof. Taking the inner product of (5.3) with U in H;, we get:

(5.12)

L
Re (i\U — A;U,U),, = —Re(A;U,U), = / (D1|vZ + v* + WO|? + Dafvi|* + Dol — W?[?) dz = o(1).
J J 0
Thanks to (5.1), we obtain the desired asymptotic equation (5.10) and (5.11). Thus the proof is complete. [

Remark 5.3. These estimates are crucial for the rest of the prooof and they will be used to prove each point
of the global proof divided in several lemmas.

Lemma 5.4. Under all the above assumptions, we have:

1 1 1

(5.13) ot o7 4160 = 20 = 2 g =2 e ).
A A A

Proof. First, using equations (5.4), (5.6) and (5.8), we obtain:

(5.14) Avh 4+ 0% +10°) = —i(v2 + fi + o' + 2+ 18 +1f7).

Consequently,

B B B
(5.15) / Mol +0* + W Pdr < 2/ |02 + v* + 8|2 dx + 2/ IfE+ 2 41 da.

Using the first estimate of (5.11) and the fact that f!, f3, f5 converge to zero in H}(0,L) (or in H}(0,L)) in
equation (5.15), we deduce:

B
(5.16) / Mok +0® +10°Pde = o(1).
In a similar way, one can prove:
B B
(5.17) / N |v32de = o(1) and / NS —wt?dx = o(1).

The proof is thus complete. 0
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Here and after e designates a fixed positive real number such that 0 < a +¢ < 8 — e < L. Then, we define
the cut-off function n € C°(R) by:

n=1on [a+tef—¢, 0<n<1, n=0 on (0,L)\(,f).

Lemma 5.5. Under all the above assumptions, we have:
B—e 9 B—e 9 B—e 9
(5.18) / ‘/\v1| dx =o0(1), / |/\v3| dx =o0(1), / |/\v5| dx=o0(1).
a+te a+te a+te
Proof. First, multiplying equation (5.4) by iAnov! in L?(0, L) and integrating by parts, we get:

L L L
(5.19) —/ n |)\vl‘2 dx — z/ M vlde = z/ Mnpulde.
0 0 0

As Mv! is uniformly bounded in L?(0, L) and f! converges to zero in H}(0,L) (or in H}(0, L)), we get: that
the term on the right hand side of (5.19) converges to zero and consequently:

L L
(5.20) —/ n\Avl\de—i/ M?Tldr = o(1).
0 0

Moreover, multiplying (5.5) by py ‘vl in L?(0, L) and then integrating by parts, we obtain:
L o L D, .
z/ Anpvolde + klpfl/ ((v; + 0% +10°) + . (v2 4+ 0"+ 1@6)> (nvl) dx
0 0 1 T

L L L
(5.21) —lkspyt / (vg — lvl) nulde —1p7! / Ds ( S 11;2) nuide = / fPrulde.
0 0 0

Using (5.10), (5.13), the fact that f? converges to zero in L2(0, L) and \v! is uniformly bounded in L?(0, L) in
(5.21), we get:

L
(5.22) z/ Mv?utdz = o(1).
0

Finally, using (5.22) in (5.20), we get:

L 9 B—e 5
/ n‘/\vll dr =o0(1), / ‘/\vll dr =o0(1).
0 a+e

Jr
In a same way, we show:

B—e 9 B—e 9
/ |M?| " dz = 0(1), / |\ de =0(1).

+e€ +e€

Lemma 5.6. Under all the above assumptions, we have:

(5.23) Iv/Daxt || = O(1).

Proof. First, multiplying (5.7) by iDyXv? and integrating by parts, we get:

L L L
P2 / Dg})\v4’2dx:Re{k2 / ix? (D7) da + / Davtir (Dsv?) da
0 0 K 0 x

L L
(5.24) + / ik1 (vy +v° + 10°) Dedvtda + / iDy (v +v* +10°) Dodvida
0 0
L JE—
—/ ip2f4D2)\v4dx}.
0
(i) Estimation of the second term of (5.24). Using (5.6), we have:
L L
(5.25) o / (A%, (DQF) dz = ks / (vt + 12) (D;v_4+ DQE) dz.
0 @ 0

Using the fact that v* is uniformly bounded in L?(0, L), f3 converges to zero in Hg (0, L) (or in H1(0,L)) and
| Dav|| = o(1) due to (5.10) in the above equation, we deduce that:

(5.26) ko /()L(m?’)m (ng_‘l)x dz = o(1).
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(ii) Estimation of the third term of (5.24). We have:
L L
Re{ / ng;li)\ (ng_4) dx} = Re{ / ng;li)\ (D/2’U_4 + DQE) dx}
0 z 0

L L
(5.27) _Re{/ iADzv;*FD;dx}JrRe{/ |D2|2Myv;*y2dx}
0 0

L
:Re{ / iADgu;*FD;dx}.
0

Let €1 be a positive constant. Using Young’s inequality in the above equation and then using the second
estimate of (5.10), we get:

L . L 1 L P
Re{/ Dovki) (ng4) da:} §€1/ D2|)\v4|2dx+—/ D2|vi|2’D2‘ dx
0 z 0 €1 Jo
L
(5.28) Sel/ Do v*|?dx + o(1).
0

(iii) Estimation of the fourth term of (5.24). Let e > 0. Using Young’s inequality and the fact that
vl 4+ 0% + 1v®° is uniformly bounded in L?(0, L) due to (5.2) in the fourth term of (5.24), we obtain:

L L L
1
Re{/ ik (v; +o 4 105) D2A64dx} < 62/ Do |)\v4}2 dx + —/ k%DQ |v310 + 03 + 10 % dx
0 0 €2 Jo
L 2
(5.29) < 62/ Dy || dz + O(1).
0

(iv) Estimation of the fifth term of (5.24). Let e5 > 0. Using Young’s inequality and the first estimate of
(5.10) in the fifth term of (5.24), we obtain:

L L l
1
Re{/ iDy (v2 +v* + 1v®) D2A54dx} 363/ D2|Au4\2dx+—/ D1 |02 + v* + 18| Dyda
0 0 €3 Jo
L 2
(5.30) §63/ Dy [Xo*|" da + o(1).
0

(V) Estimation of the last term of (5.24). Let ¢4 > 0. Using Young’s inequality and the fact that f4
converges to zero in L?(0, L), we get:

L L !
1
Re{/ ip2f4D2)\54dx} < 64/ Dy |)\v4‘2dx + —/ D2p§|f4|2dx
0 0 €4 Jo
L 2
(5.31) < 64/ Do ’)\04‘ dx + o(1).
0
Main estimate. Finally, inserting (5.26), (5.28), (5.29), (5.30) and (5.31) into (5.24), we get:

L
(532) (pg — €1 — €2 — €3 — 64)/ D2 ‘/\’1)4’2(111 S 0(1)
0

Taking €1 = €2 = €3 = €4 = %2 in the above equation, we get: the desired estimate (5.23). The proof is thus
complete. 0

Lemma 5.7. Under all the above assumptions, we have:

(5.33) IV/Dixw?| = O(1).

Proof. Multiplying (5.5) by <D1\v? and integrating by parts, we get:
L L L
1 / Dy |\ ?dx = Re{kl / ((idvh)e + ixv® +1id®) (D v?)dx + / Dy (i\v?),(Dyv?)da
0 0 0
L o L o
(5.34) + / Dy (v* +10%)iN(D1v2)dx — / ilks(v2 — lob) Dy \v2dx
0 0

L L
- / ilD3(vS — Ww?) Dy \v? — / plfQiADvad:r}.
0 0
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(i) Estimation of the second term of (5.34). Using equations (5.4), (5.6) and (5.8), we get:
L L
Re{kl / ((idoY), + i o® + li/\v5)(Dlv_2)zdx} = Re{kl / (2 + vt + 18+ fL 4 2415 (D0? + D@)dx}.
0 0

Consequently, using the fact that v is uniformly bounded in L?(0, L), f1, f3, f> converge to zero in H{(0, L)
(or in and H}(0,L)) and equation (5.10), we obtain:

(5.35) Re{kl /L((m Yo +idv? 4 i )(Dlﬁ)xd:p} =o(1).

(ii) Estimation of the third term of (5.34). We have:
Re{/ Dyv? z/\(D1v2 dw} Re

L
(5.36) = Re{/ Dyv%i\v2D dw} —l—Re{/ i/\|D1|2 |v§|2d:v}
0
—Re{/ DlvgmﬁD;dx}.
0

Let €; > 0. Using Young’s inequality in the above equation and then using the first estimate of (5.10), we get:

L L L
_ 1 /
Re{/ Dyv2i (D1v2) d:c}gq/ D1|)\v2|2d:c+—/ D102 2| D) Pda
0 T 0 €1 Jo

L
(5.37) < 61/ Dy |\ ?dx 4 o(1).
0

/ D1v%iA(D0? +D1v2)dx}

(iii) Estimation of the fourth term of (5.34). We have:
L L
Re{/ Dy (v* + 1v6)i/\(D1v_2)xda:} = Re{/ Dy (v* + 10)iX(D} 02 + D@)d:p}
0 0
L . L _
(5.38) - Re{/ Di(v* + IUG)Dlz’)\v2d:v} 4 Re{/ Dy Pt + 1u6)mgdx}.
0 0

Now, we need to estimate each term of (5.38) as follows:
1) Let ez > 0 and using Young’s inequality and the fact that v* and v® are uniformly bounded in L?(0, L), we
get:
L ;= o 1 [k /
Re{/ Dl(v4+lv6)D1i)\v2d:1:} < 62/ Dy |\ dx + —/ Dy | Dy Pv* 4 108 dx
0 0 €2 Jo
L
(5.39) < 62/ Dy | \??dx + O(1).
0
2) We have:
L o L o L o
(5.40) Re{ / |D1|? (v + 106)¢Avgdx} = Re{/ Dlm‘lplvgd:p} + Re{/ |D1|2M1v%gdx}.
0 0 0
Hence, from condidtion (5.1), using Lemma 5.6 and estimate (5.10), we get:
L
(5.41) Re{/ Dli/\v4D1v%dx} = o(1).
0

On the other hand, after integrating by parts, then using Young’s inequality, the fact that v% is uniformly
bounded in L?(0, L) and from condition (5.1), the last estimate of (5.10), we get for e3 > 0, €4 > 0:

L L L
Re{ / |D1|2i/\1v6Ed:c} =—Re{ / 2D1D'11vﬁmﬁdx} —Re{ / Dllvgpli/\u_?dx}
0 0 0

L L L L
1 , 1
(5.42) §63/ D1|)\v2|2d:c+—/ 4D1|D1|212|U6|2dx+64/ D1|)\v2|2d:c+—/ |D1 12|08 |2 dx
0 € Jo 0 € Jo

L
< (e3+ 64)/ Dy |\??dx + O(1).
0



STABILIZATION OF NON-SMOOTH TRANSMISSIONS PROBLEMS 17

Finally, inserting (5.39), (5.41), (5.42) into (5.38), we obtain:
L L
(5.43) Re{/ Dy (v* + IUG)i/\(Dlv_2)md:v} <(e2+e3+ 64)/ Dy |\?2dx 4+ O(1).
0 0

(iv) Estimation of the fifth term of (5.34). For e5 > 0, by using Young’s inequality and the fact that
v2 — lv! is uniformly bounded in L?(0, L), we get:

L L L
— 1
Re{/ ilkg(vg—lul)plwdx} ge5/ D1|)\v2|2d:c+—/ 12k2D; 02 — W' |?dx
0 0 €5 Jo
L
(5.44) §e5/ Dy \?|2dz 4+ O(1).
0

(v) Estimation of the sixth term of (5.34). For e > 0, by using Young’s inequality and the third estimate
of (5.10), we obtain:

L L L
— 1
Re{/ z'ng(vg—lv?)DlAv%x} §66/ D1|/\v2|2d:c+—/ 12Dy | D32 |08 — 10?2 da
0 0 €6 Jo
L
(5.45) gEG/ Dy \?2dz + o(1).
0

(vi) Estimation of the last term of (5.34). For e; > 0, by using Young’s inequality and the fact that f2
converges to zero in L%(0, L), we get:

L L L
— 1
Re{/ plfQi/\DWde} §67/ D, |)\02|2dx+—/ Dlp%|f2|2dx
0 0 €7.Jo

(5.46) <7 /OL D, ’)\v2’2dx+0(1).

Main estimate. Inserting (5.35), (5.37), (5.43), (5.44), (5.45) and (5.46) into (5.34), we obtain:

(5.47) (p1— €1 —€2—€3 — €4 — €5 — €6 — €7) /OL D1 | M8 2dz < O(1).

Taking €] = €3 = €3 = €4 = €5 = €5 = €7 = % in the above equation, we get: the desired estimate (5.33). The
proof is thus complete. 0

Lemma 5.8. Under all the above assumptions, we have:

(5.48) Iv/Daxf = O(1).

Proof. First, multiplying (5.9) by iD3Av® and integrating by parts, we get:
L L o L o
p1/ D3|/\v6|2d;v:Re{k3/ ((i)\v5)w—li)\vl)(ngG)wdx—i—/ D3v8i\(D30b),dx
0 0 0
L o L o
(5.49) - / w2 D3i\(D35),dx + / ilky (vh 4+ v + 10°) D3AvSda
0 0
L o L o
+/ ilDy (v 4+ v* + 1v®) D3)\v6dx—/ iplfGDgx\vﬁd:v}.
0 0
(i) Estimation of the second term of (5.49). Using (5.4) and (5.8), we get:

L L
(5.50) Re{kg/o ((in°), —1lid') (Dgﬁ)zdx} = Re{k3/0 (WS + f5 —1w? — 1f") (D50 + Dg@dx},

consequently, by using the fact that v° is uniformly bounded in L?(0, L), f!, f° converge to zero in Hg(0, L)
(or in H}(0, L)) and the third estimate of (5.10), we get:

L
(5.51) Re{kg,/O ((ix®), —lix') (D?E)xd:p} =o(1).
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(ii) Estimation of the third term of (5.49). We have:
L o L o .
Re{/ nggz’)\(Dwﬁ)md:c} = Re{/ D3u§M(D3v6+D3vg)dx}
0 0

L L
(5.52) :Re{/ D3U§MED’3dx}+Re{/ i/\|D3|2|v§|2d:v}
0 0

L
:Re{ / D3u§;‘m6D;dx}.
0

Let €; > 0. Using Young’s inequality in the above equation and then using the third estimate of (5.10), we get:

L L L
_ — 1 ’
Re{/ D3vSi\ (ngﬁ) d:z:} < 61/ D3| \b|?dx + —/ D3 |v8|?| Dy 2 dx
0 z 0 €1.Jo

L
(5.53) < 61/ D3| \b2dx 4 o(1).
0
(iii) Estimation of the fourth term of (5.49). We have:
L o L L .
(5.54) Re{/ lszgi/\(ngG)xd:r} = Re{/ li\v® D3 (D3v6 + ngg)dx},
0 0

from condition (5.1), using Lemma 5.7, the fact that v% is uniformly bounded in L?(0, L) and the third estimate
of (5.10), we deduce that:

(5.55) Re{ /OL lszgi)\(ng_G)zdx} =0(1).

(iv) Estimation of the fifth term of (5.49). Let ez > 0. Using Young’s inequality and then the fact that
vl 4+ v3 + 1v° is uniformly bounded in L2(0, L), we get:

L L L
— 1
Re{/ ilky (vy 4+ v° + 10°) Dg)\vﬁdx} 362/ D3|/\v6|2d:c+—/ k2 D3 v} 4 v® 4+ 10°|?dx
0 0 €2 Jo
L
(5.56) 362/ D3| \®|?dx + O(1).
0

(v) Estimation of the sixth term of (5.49). Let e3 > 0. Using Young’s inequality and then the first estimate
of (5.10), we obtain:

L L L
— 1
Re{ / ilDy (v + vt + ) Dg)\’UGd.I} < 63/ D3|\ dx + — / 12D3| Dy |02 + v* + 10°2dx
0 0 € Jo
L
(5.57) < 63/ D3| \|?dx + o(1).
0

(vi) Estimation of the last term of (5.49). Let ¢4 > 0. Using Young’s inequality and then the fact that f©
converges to zero in L?(0, L), we obtain:

L L !
— 1
Re{/ iplfGDg)\dex} §e4/ D3|Av6}2daz+—/ D3p3|fO|?dx
0 0 €4 Jo
o 2
(5.58) < 64/ Ds ’)\06‘ dx + o(1).
0

Main estimate. Inserting (5.51), (5.53), (5.55), (5.56), (5.57) and (5.58) into (5.49), we get:
L

(5.59) (pr —€1 — €2 — €3 — 64)/ D3| \|?dzx < O(1).
0

Taking €; = €3 = €3 = €4 = % in the above equation, we get: the desired estimate (5.48). The proof is thus

complete. 0

Now, let h € H}(0, L).
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Lemma 5.9. Under all the above assumptions, we have:

1t k" Dy
—p / B |v?|2de + = / Wlvl +— (v2 + 0" + 1°) |Pda
2 0 2 0 kl

L L L
(5.60) +Re{ —k1/ hvggdx—uﬁ/ vgi@dx—lkgf vgi@dx} =o(1).
0 0 0

Proof. First, let M = vl + 1,3—11 (v2 + v* +10°). Multiplying (5.5) by hM then integrating by parts and using
(5.10), the fact that vl is uniformly bounded in L?(0, L) and f? converges to zero in L?(0, L), we get:

L L L
Re{ / i/\p1v2hﬁdx — Kk / vihﬁdm — 1k / vihﬁdm
0 0 0

ke [ L —
(5.61) + 71 h | M *dx — k3 / (v —lv") thx} = o(1).
0 0

(i) Estimation of the first term of (5.61). First, we have

L L L
(5.62) Re{ / i/\p1v2hﬁdx} = —Re{ / plvzh(i)\vl)xd:r} + Re{ / i)\vzplh%(vg +out+ lvﬁ)dzzr}.
0 0 0 1

Next, we need to estimate each term of (5.62). For this, by using equation (5.4) we get:

L L
—Re{/ plvzh(iAvl)xdx} = —Re{/ p1v2h(E+_})daz}
0 0

T L _
(5.63) = 5/)1/ h |v?2dx — Re{/ p1v2hf§dx}.
0 0

In addition, using the fact that v? is uniformly bounded in L?(0,L) and f! converges to zero in H}(0, L), we
obtain:

(5.64) Re{ /OL pvahf_;dx} =o(1).

Inserting (5.64) into (5.63), we get:

L L
1 /
(5.65) —Re{/ plvzh(i/\vl)xdaj} = 5p1/ h |v?2dx + o(1).
0 0
Moreover, using Lemma 5.7 and the first estimate of (5.10), we deduce that:
L Dy —
(5.66) Re{ / i)\v2p1hk—(v% +ovt+ 1v6)d:1:} =o(1).
0 1
Finally, inserting (5.65) and (5.66) into (5.62), we get:
L o 1 L
(5.67) Re{/ i/\p1v2thx} = §p1/ h 0?2 dx + o(1).
0 0

(ii) Estimation of the second and third terms of (5.61). By using the fact that v is uniformly bounded
in L?(0, L) and the first estimate of (5.10), we get:

L L L
Re{kl / vihﬁdm} = Re{kl / v3hvlde + / v3D1(v2 + vt + 1v6)d:1:}
0 0 0

L
(5.68) = Re{k1/ vgf@d:p} +o(1).
0

Also, by using the fact that v2 is uniformly bounded in L?(0, L) and the first estimate of (5.10), we get:
L L L
Re{lkl/ vgthx} :Re{l/ vghv}cd:v—i—lkl/ 02Dy (v2 +u4+1v6)d:c}
0 0 0

L
(5.69) = Re{lkl/ vgi@dx} +0o(1).
0
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(iii) Estimation of the fifth term of (5.61). Using the fact that v. and v are uniformly bounded in L?(0, L),
v! = O(3) and the first estimate of (5.10), we get:

L L
Re{ — 1k3/ (v — ") thx} = Re{ - 1k3/ (v —1ot) h( + i—(v? + vt + lvﬁ))}
0 0 1

L
(5.70) = Re{ — lkg/ Ufchv}c} +o(1).
0

(iv) Main estimate. Inserting (5.67), (5.68), (5.69) and (5.70) into (5.61), we obtain the desired estimate
(5.60). Thus the proof is complete. ]
Lemma 5.10. Under all the above assumptions, we have:

1 110042 k2 3 P24 g 11,3
(5.71) —p2 h [v**da + = h |vs + —v;|*dx + Req k1 vyhvdde » = o(1).

27" Jo 2 Jo k2 0

Proof. Let N = v + D2 v, Multiplying (5.7) by hN then integrating by parts and using (5.10), the fact that

3

v, is uniformly bounded in L?(0,L) and f* converges to zero in L?(0, L), we get:

L L L

— k . _

(5.72) Re{ / iXpov hNdzx + 72/ h |N|*dz + kl/ (vg +v° —1v°) hNdx} = o(1).
0 0 0

(i) Estimation of the first term of (5.72). First, we have:

L L L
— — Doy—
(5.73) Re{/ i)\pgv4hNd:v} = —Re{/ p2v4h(i)\v3)mdx} + Re{/ i/\v4p2hk—2@§d:ﬂ}.
0 0 0 2

Next, we need to estimate each term of (5.73). For this, by using equation (5.6) and then integrating by parts,

we get:
L L L o
—Re{/ p1v*h(idv3),d }— —Re{/ proth(vE + ;’)dx}
0 0
1 L, L L
(5.74) = §p2/ h vt Pda — Re{/ p2v4hf§’dx}.
0 0

In addition, using the fact that v? is uniformly bounded in L2(0, L) and f3 converges to zero in Hg (0, L) (or
in H1(0, L)), we obtain:

L
(5.75) Re{/ pgv‘*hf_gdx} =o(1).
0
Inserting (5.75) into (5.74), we get:
o —— Y
(5.76) —Re{/ pgv4h(i/\v3)xd:1:} = 5p2/ h vt |dz + o(1).
0 0
Moreover, using Lemma 5.6 and the second estimate of (5.10), we deduce that:
L D2—
(5.77) Re{/ i/\v4p2h—U;1} = o(1).
0 k2
Finally, inserting (5.76) and (5.77) into (5.73), we get:
L o 1 L
(5.78) Re{/ i)\pgv4hNd:v} = 5/)2/ h [v*2dx + o(1).
0 0

(ii) Estimation of the third term of (5.72). Using the fact that v}, v3 are uniformly bounded in L?(0, L),
v3 = O(3), v*> = O(%) and the second estimate of (5.10), we get:

A
L . L . Dy—
Re{klf (vg +v* —Iv?) hNdx} = Re{kl / (vg +v° = 1v°) h(@ + k—vg)d:p}
0 0 2
L EE—
(5.79) = Re{kl/ v;hvgdx} +o(1).
0

(iii) Main estimate. Inserting (5.78) and (5.79) into (5.72) we get: the desired estimate (5.71). Thus the
proof is complete. O
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Lemma 5.11. Under all the above assumptions, we have:

1 L 9 ks [* Ds 2\ |2
—pl/ ' |v°| dw—i——/ Bl + == (vS —?) |*da
2 0 2 0 k3

L L
(5.80) +Re{1k1/ v;hvgdxﬂkg/ v;hvgd:p} =o(1).
0 0

Proof. Let T = v5 + f—; (vg — 11)2). Multiplying (5.9) by hT then integrating by parts and using (5.10), the
fact that v2 is uniformly bounded in L?(0,L) and f% converges to zero in L?(0, L), we get:

L _ ke L L
Re{ / iAp1vShTdx + ?3/ h |T|*dx + 1k3/ vihTdx
0 0 0

L
(5.81) + 1k1/ (vg +v° +1v°) thx} = o(1).
0

(i) Estimation of the first term of (5.81). First, we have:

L L L
_ N Dy —
(5.82) Re{/ i/\plvﬁthx} = —Re{/ plth(i)\v5)mdx} —i—Re{/ i/\vﬁplhk—g(vg —lvl)d:v}.
0 3

0 0
Next, we need to estimate each term of (5.82). For this, by using equation (5.8) we get:

L L
—Re{/ plth(iAv5)xdx} = —Re{/ plth(E—l—f_g)dx}
0 0
1 L, L o
(5.83) = 5pl/ h |0 2dx — Re{/ plvﬁhfgdx}.
0 0

Moreover, using the fact that v% is uniformly bounded in L?(0, L) and f® converges to zero in H}(0,L) (or in
HL(0,L)), we obtain:

L
(5.84) Re{/ plu@‘hfgdx} = o(1).
0
Inserting (5.84) into (5.83), we get:
L 1 L
(5.85) —Re{/ plth(i/\v5)xd:1:} = 5p1/ h |08 ?dz + o(1).
0 0
Furthermore, using Lemma 5.8 and the third estimate of (5.10), we deduce that:
L D -
(5.86) Re{/ i/\vﬁplhk—g(vg - lv2)dx} =o(1).
0 3
Finally, inserting (5.85) and (5.86) into (5.82), we get:
L L
= 1 /
(5.87) Re{/ i)\plthTda:} = §p1/ h |v®2dx + o(1).
0 0

(ii) Estimation of the third and fourth terms of (5.81). By using the fact that v} is uniformly bounded
in L?(0, L) and the third estimate of (5.10), we get:

L L L
Re{lkg/ v;thx} = Re{lkg/ vihvdde + l/ vihDg(vs — 1v2)d:17}
0 0 0

L
(5.88) = Re{lkg/ vihﬁdm} +o(1).
0

Using the fact that v}, v2 are uniformly bounded in L?(0, L), v* = O (1),v° = O (5) and the third estimate
of (5.10), we get:
L B L  Da
Re{lkl/ (vg + 0% +1v°) thx} = Re{lkl/ (vg +v° +1v°) h(vg + k—g(vg - 1v2)>}
0 0 3
L [—
(5.89) = Re{lkl/ v;hvg} +o(1).
0

(iii) Main estimate. Inserting (5.87), (5.88) and (5.89) into (5.81) we get: the desired estimate (5.80). Thus
the proof is complete. O
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Lemma 5.12. Under all the above assumptions, we have:

1 a+te L kl a+te L
=p1 / |v2|2dx+/ |v?[2de | + — / |v;|2d:v+/ |v} [2dx
2 0 —e 2 0 B—e
1 a-+te L kz a-+te L
(5.90) —pa / |v4|2dw+/ [v?de | + = / |vi|2d:v+/ [v3 |2da
2 0 —e 2 0 B—e
1 a+te L kS a+te L
=1 / |v6|2dw+/ |00 2dx | + = / |v2|2d:v+/ [v3[2dz | = o(1).
2 0 —e 2 0 B—e

Proof. First, combining Lemma 5.9, Lemma 5.10 and Lemma 5.11, we get:

1 b ki (Y10 Diga 6 |2
=p1 W |*de + — Blvy + — (v2 +v* + 1°) |Pda
0 2 Jo ka

2
1 L ky [F D
(5.91) —pg/ h’|v4|2dx+—2/ Wwd + 220t 2da

I ks [* Ds
—pl/ B [v®|?dx + —/ Wl + == (vS — 10?) [Pdz = o(1).
2 Jo 2 Jo ks

Next, we define the cut-off function 77 € C§°(0, L) by

7=1 on (0,a+e€), 0<7<1, 7=0 on (a+2¢L)
and the cut-off function 7 € C§°(0, L) by

7=0 on (0,6—2¢), 0<n<1, =1 on (8—¢L).

Taking h = z7ij+ (x— L)7) in (5.91). Then using estimates (5.10), (5.13), and (5.18), we get: the desired estimate
(5.90). Thus the proof is complete. (]

Proof of Theorem 5.1 By using (5.13), (5.18) and (5.90), we get: [|Ul[%, = o(1) on (0,L) which is a
contradiction with (5.2). Therefore (H2) holds and so, by [18] and [34], we deduce the exponential stability of
the system (1.1) in the case of three local smooth dampings. The proof is thus complete. O

6. POLYNOMIAL STABILITY: THE CASE OF THREE LOCAL DAMPINGS WITH NON SMOOTH COEFFICIENTS AT
THE INTERFACE

It was proved that, see [22, 24], the stabilization of wave equation with local Kelvin-Voigt damping is greatly
influenced by the smoothness of the damping coefficient and the region where the damping is localized (near
or faraway from the boundary) even in the one-dimensional case. So, in this section, we consider the Bresse
systems (1.1)-(1.2) and (1.1)-(1.3) subject to three local viscoelastic Kelvin-Voigt dampings with non smooth
coefficients at the interface. Using frequency domain approach combined with multiplier techniques and the
construction of a new multiplier function, we establish the polynomial stability of the Cp-semigroup e*4,
j = 1,2. For this purpose, let § # (a;, 8;) C (0,L), 7 = 1,2, 3, be an arbitrary nonempty open subsets of (0, L).
We consider the following stability condition:

3
(6.1) 3 di > 0 such that D; > di > 0 in (as,3;), i = 1,2,3, and m(ai,ﬁi) = (o, B) # 0.
i=1
Our main result in this section can be given by the following theorem:

Theorem 6.1. Assume that condition (6.1) holds. Then, there exists a positive constant ¢ > 0 such that for
all Uy € D(A;), j =1,2, the energy of the system satisfies the following decay rate:

(6.2) E(t) < 0ol a,)-
Referring to [4], (6.2) is verified if the following conditions

(1) R C p(A))
and

(H3) lim sup {% H(i)\ld A Hm{j) } ~0(1)

A—=+00 NeR
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hold.
Condition iR C p(A;) is already proved in Lemma 3.2 and Lemma 3.3.

We will establish (H3) by contradiction. Suppose that there exist a sequence of real numbers ()
[An| = 400 and a sequence of vectors

with

n?

(6.3) U, = (U}L,vg,vi,vﬁ,vg,vgf € D(A;) with [|[Uyll, =1
such that
(6.4) N (MU — AUs) = (FE S22 0 2. 08T =0 inHy, j=1.2.

We will check the condition (H3) by finding a contradiction with (6.3)-(6.4) such as ”U"”Hj = o(1).
Equation (6.4) is detailed as:
1

(6.5) vy —vn = 35
ipI A2 — [kl ((U,ll)w +v3 + lvfl) + D, ((’Ui)m +od + lvg)]w
2
(66) Sk [(0), ~ 2] 15 [(8), ~12] = 2.
3
(6.7) NS — vt = 5
4
(68) ipadard = [ka (2), + Da (o), ], + b1 [(01), + 02 +163] + Dy [(02), +0f +108] = pad2,
5
(6.9) vp —vn = 35
ip1 A0S — k3 ((Ug)m - lvrll) + D3 ((uﬁ)w — lvfl)]w + 1kq [(’U}l)m +v3 + 11),51]
6
(6.10) +1Dy [(v7), + v, +10)] = pl)\—g.

n

From (6.3), (6.5), (6.7) and (6.9), we deduce that:
1 1 1
1y _ 3 _ 5 _
(6.11) o3 = 0G0 2= 0;0). [l =050

For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.

Lemma 6.2. Under all the above assumptions, we have:

o(1) o(1) o(1)
(6.12) 1Dy (03 + 0" +10%) || = ==, 1Dy %t = ==, 105" (v —10%) || = =
and

o(1l o(l o(l .
(6.13) o2 ot 8 = 2 sy = 20 e gy 2 00y ().

Proof. Taking the inner product of (6.4) with U in H;, we get:

Re (N |U]* = A (A4;U,0)),, = =NRe (A4;U,U),,
(6.14) =\? /OL (D1|vZ + v* + WO|? + Dovi|* + Dol — W??) dz = o(1).
Thanks to (6.1), we obtain the desired asymptotic equation (6.12) and (6.13). Thus the proof is complete. [

Remark 6.3. Again, these estimates are crucial for the rest of the prooof and they will be used to prove each
point of the global proof divided in several lemmas.

Lemma 6.4. Under all the above assumptions, we have:

o(1) o(1) o(l) .
(615) HU; + UB + 1U5H = 22 ’ ||’U2H = Tv ||’U2 - lle = A2 mn (auﬁ)'
Proof. First, using equations (6.5), (6.7) and (6.9), we obtain:
fa f? f
(6.16) A(vy + 0%+ 1v?) :—i(vi—i—)\—z—i—v‘lﬁ-ﬁ—i—lvG—i—lﬁ).
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Consequently,
B 8 B fl 3 1f5)2
(6.17) / Nvt +v® 4+ W’ Pde < 2/ [vZ + vt + 105)2dz + 2/ Wcﬂx.
Using the first estimate of (6.13) and the fact that f!, f3, f5 converge to zero in H}(0,L) (or in H}(0,L)) in
(6.17), we deduce:

P 1
(6.18) / Mot +v® + 1 Pde = %
In a similar way, one can prove:
P 1 P 1
6.19 N3 |2de = M and A0S — 1ot Pde = ﬂ.
T )\2 T )\2
The proof is thus complete. 0
Lemma 6.5. Under all the above assumptions, we have:
576 1 576 1 ﬁ*é 1
(6.20) / o' P de = 20, / 2o? | do = 20 / 2o® | de = 20
a+te )‘ a+te )‘ a+te )‘

Proof. First, multiplying equation (6.5) by iAnv! in L?(0, L) and integrating by parts, we get:
L 9 L o L fl o
(6.21) —/ n ’)\vl‘ dzx — z/ Anuolde = z/ pnx\vldaj.
0 0 0

As Al is uniformly bounded in L?(0, L) and f! converges to zero in Hg(0, L), we get: that the term on the
right hand side of (6.21) converges to zero and consequently

L L
(6.22) —/ n\Avlfdx—i/ Anoldr = %
0 0

Moreover, multiplying (6.6) by pflnF in L2(0, L), then integrating by parts we obtain:
L L
z/ Mpwolde + pyt / (k1 (vglc +03 4 105) + D, (vi +ovt 4+ 11)6)) (nvl) dx
0 0 x
L o L o L f2 o
(6.23) —lk3py / (v — ') puide — Ip;? / Ds (v8 — 1v2) nulde = pnvld:v.
0 0 0

Using (6.12), (6.15), the fact that f? converges to zero in L?(0,L) and Av!, vl are uniformly bounded in
L?(0,L) in (6.23), we get:

L
(6.24) z/ Mo*Ttde = ﬂ.
0 A

Finally, using (6.24) in (6.21), we get:

o 2 o(1) pe 2 o(1)
/0 n‘)\v1| dx = 1 /a+e ‘)\v1| dx = v

In a same way, we show:

B—e B—e
/a ‘)\v3|2dxzog\1), /a |)\v5|2dx:0g\1).

+e€ +e€
The proof is thus complete. (I

Now, we introduce new multiplier functions. For this purpose, let § # w. = (o + €, 5 — €).

Lemma 6.6. The solution (u,y, z) of the following system

piN*u A+ k1 (up +y+12), +1ks (2, — lu) —iAl, u = o',
(6.25) P22y + koyza — k1 (ug +y +12) — iXLy y = v’
piN*z 4 ks (zp —lu), — 1k (up +y +12) —idly, 2 = 0
with fully Dirichlet boundary conditions:
(6.26) u(0) =u(L)=y(0)=y(L)=2(0)==2(L) =0

or with Dirichlet-Neumann-Neumann boundary conditions:
(6.27) uw(0)=u(L)=y,(0) =y, (L) =2, (0) =2, (L) =0



STABILIZATION OF NON-SMOOTH TRANSMISSIONS PROBLEMS 25

verifies the following inequality:
L
[ (bl + palaul? + prlack + ko
0

L
(6.28) + kylug +y 4127 + k3|ze — lu|2>dx < C’/ (o' + [* ] + [v° ) da,
0

where C' is a constant independent of n.

Proof. We consider the following Bresse system subject to three local viscous dampings:

prug — k1 (ug +y +12), — lks (2o —1lu) + Lo, uy = 0,
(6.29) P2yt — koYzw + k1 (ue +y +12) + Lo ye = 0,
prae — ks (2o —lu), +1ky (up +y+12) +1o.2¢ = 0

with fully Dirichlet or Dirichlet-Neumann-Neumann boundary conditions. Systems (6.29)-(6.26) and (6.29)-
(6.27) are well posed in the space Hy = (H{(0, L) x L*(0, L))3 and in the space Hy = (H}(0,L) x L?(0, L)) x
(H!(0,L) x L2(0, L))2 respectively. In addition, both are exponentially stable (see [38]). Therefore, following
Huang [18] and Pruss [34], we deduce that the resolvent of the associated operator:

Aaumj : D(.Aauggj) C Hj — Hj

defined by
3 3
D (Aguz,) = (Ho () N H?(Q))" x (Hy ()",
D(Aaux2) = {U € H2 HCAS Hol ﬂHzayvz € Hi mH27ﬁ;yI7Zz S H&,g,g S Hi}
and
u m
i o1t Tk (ug +y +12)0 + lkz (20 — lu) — 1,7
A Yl = /
(Z’U.Cl)j ~ - —1 ~
Y p2 [kazz - kl (ul‘ + ) + 12) - ]]'wey]
z z
z

o1t ks (2o — W)y — by (up + 2 +12) — 1, 5]

is uniformly bounded on the imaginary axis. So, by setting @ = iAu, y = Ay and Z = iAz, we deduce that:

U 0
i i
Y ) -1 0
| = (N — Agus, _
7 ( ;) S
z 0
z =Lyt
P1
This yields:
-2 . -1 -1, —-15 -1
||(’U/7 u,Y,Y, 2, Z)”H] < H (7’)\ - Aauwj) HE(HJ) ||(O’ —v,0,—v%,0, —v )”Hj
P1 P2 P1
L
(6.30) < C/ ([o' ) + [* ] + [v° ) da,
0
where C'is a constant independent of n. Consequently, (6.28) holds. The proof is thus complete. O

Lemma 6.7. Under all the above assumptions, we have:

L L L
(6.31) / |\t|?dr = o(1), / |I\?2dr = o(1), / |IM®2dr = o(1).
0 0 0
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Proof. For clarity of the proof, we divide the proof into several steps.
Step 1. First, multiplying (6.5) by ip; AT, where u is a solution of system (6.25), we get:

L L L lfl
(6.32) —/ pi N avtde — z/ pL uvide = pl/ ——udux.
0 0 0o A

Moreover, multiplying (6.6) by @ and integrating by parts, we obtain:

L L L L L
z/ pl)\ﬂv2dx—/ klﬂmvldx—/ 1k3(—m)v1d:c+/ klﬂmu3dx+/ k1T v° da
0 0 0 0 0
L p2

L L L
(6.33) + / kst v’ de + Dy (v + vt + WO, dr — / 1D3(v8 — lw*)ade = p / %Edm.
0 0 0 0

Now, combining (6.32) and (6.33), we get:

L L L L
/ [P AT + k1T + ks (—100)] v da — / k1,0’ da — / 1k v’ de — / 1k, v°da
0 0 0 0

L L L Zfl f2
(6.34) — [ Di(v}+ 0" + 1°)u,dr + / 1D5 (v} — 1*)udz = —py / < h\ A2> uda.
0 0 0

Step 2. Similarly to Step 1, multiplying (6.7) by ip2 A7 and (6.8) by 7, where y is a solution of system (6.25),
we get:

L L L
/ [p2/\2§ + koYyy — kly] vidr + / kg, 0tde — / 1k g’ dx
0 0 0

L L L z'f3 f4
6.35 — Dovy dx — Dy(v2 + vt + 10O gdr = —ps “ 4+ L) yda.
(6.35) U o Y P ABIL
0 0 0

Step 3. As in Step 1 and Step 2, by multiplying (6.9) by ip1AZ and (6.10) by Z, where z is a solution of system
(6.25), we get:

L L L
/ [pl)\QE + k3Zpe — k1 (IE)} vdr + / lksZolde + / 1k Z, vt dx
0 0 0

L L L
(6.36) —/ 1klzv3dx—/ Ds (v8 — 1v?) Emd:c—l/ Dl(v§+v4+1v6)zdx:_pl/
0 0 0

0

2\
(Z/\ +)\2>zdx.

Step 4. First, combining (6.34), (6.35) and (6.36), we obtain:

L L
/ (01 NT + Ky (U + 7 +12), + k3(Z, — )] v'de + / [02X%Y + kol — k1 (W + 7 +12)] vPda
0 0

L L
+ / [ NZ + k3 (2, — ), — k1 (Uy + 7+ 12)] v°dz — / Dy (v2 +v* + W), dx
0 0

L L L L
(6.37) + / 1D3(v8 — Ww?)adx — / Doy, dx — / Dy (v2 4+ vt + WO gde — / Ds (v — 0*) Zpdx
0 0 0
L L s:rl 2 L 4
—1/ DI(U§+U4+1U6)§dCL'=—p1/ (Zf f )Ud.’[]—pg/ (i-i-f )ydw
0 A 0 A
5 6
—p1/ ( if f )zdz
0 A A2

Combining equation (6.25) and (6.37), multiplying by A2, we get:

L L L B—e
/ |\t 2dx 4 / |\o3 2dx + / |\°2da = z/ (Na\wtdz + V25w + N2 00)da
0 0 0 a—+te

L L L
+ / AD1 (v2 4+ v* + W) Nad — / 1D3(vS — W) N\ude + / ADovi NG, dx
0 0 0

L L L
(6.38) + / Dy (v2 +v* + WO\ yda + / ADs (v§ — W0?) Nz, dx + 1/ Dy (v2 + v + WO \?Zdx
0 0 0

L L L
_Pl/o (ifl)\+f2)ﬂd:v—p2/0 (if3>\+f4)§d:v—p1/0 (if>x+ f9) zda.
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Using estimates (6.20) and the fact that A\*u, Ay and A2z are uniformly bounded in L?(0, L) due to (6.28), we
get:

B—e
(6.39) i / (N2t dr + N gI® 4+ V20 dr = igz
a+te

In addition, using (6.12) and the fact that Au,, Ay, and Az, are uniformly bounded in L?(0, L) due to (6.28).
we get:

L L L
(6.40) / AD; (v2 + v* + 1) €\a,da +/ )\ngi)\ymdx/ ADs (09 — 10*) XZzdz = o(1).
0 0 0

Also, by using (6.12) and the fact that A?u, A%y and A?z are uniformly bounded in L2(0, L) due to (6.28), we
obtain:

L L L
1
(6.41) / 1D3(v8 — W)\ udz + / Dy (v2 +v* + WO\ ydx + l/ Dy (v? +v* + WO\ zde = —O()\ ) )
0 0 0

Moreover, we have:
L

L L
(6.42) —p1/0 (ifl)\—l—fQ)Hd:z:—pg/O (ifg)\+f4)ydar—p1/0 (if°A+ ) zdx = o(1),

since f1, f3, f5 converges to zero in H}(0,L) (or in HL(0,L)), f2, f*, f° converges to zero in L*(0, L), and
A2u, A2y, A2z are uniformly bounded in L?(0, L).
Finally, inserting (6.39) - (6.42) into (6.38), we get: the desired estimate (6.31). Thus the proof is complete. [

Lemma 6.8. Under all the above assumptions, we have:
L L L
(6.43) / [vk[2dz = o(1), / |03 |2d2 = o(1), / |v3|2dz = o(1).
0 0 0
Proof. First, multiplying (6.6) by v! and then integrating by parts, we get:

L L L L
z/ pixvlde + ky / |v;|2d:17 + k1 / (v3 + 105) Ed:z: + / D, (vg +ot + 11)6) Ed:z:
0 0 0 0
L . L o L f2_
(6.44) —1k3/ ( 3—1v1)v1d:c—1/ D3 (v8 — Ww?) vldx = p; v e
0 0 0

Then, using (6.11), (6.12) and the fact that v}, (v —lv') are uniformly bounded in L?*(0, L) due to (6.3), we
obtain:

L L
k1 / (v3 + 105) vldr + / D, (vi +ot 4 11)6) vlde
0 0

L L
(6.45) —1k3/ (03 —1v1)Fdx—1/ Ds (v8 —v?) vldz = o(1).
0 0
As f? converges to zero in L2(0,L) and Av! is uniformly bounded in L2(0, L), we have:
L f2_
(6.46) p1/ pvlda: =o(1).
0

Next, inserting (6.45) and (6.46) into (6.44), we get:

L L
(6.47) z/ pr v?vlde + ky / |vl|2dz = o(1).
0 0

Using Lemma 6.7 and the fact that v? is uniformly bounded in L?(0, L) due to (6.47), we deduce=

L
/ |vl|2dz = o(1).
0

Similarly, one can prove that:
L L
/ |v3|2dx = o(1), / |v3|2dx = o(1).
0 0
Thus, the proof is complete. 0

Proof of Theorem 6.1 Using Lemma 6.7 and Lemma 6.8, we get: that |[U]|3, = o(1). Therefore, we get a
contradiction with (6.3) and consequently (H3) holds. Thus the proof is complete. O
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7. POLYNOMIAL STABILITY: THE CASE OF ONLY ONE LOCAL VISCOELASTIC DAMPING WITH NON SMOOTH

COEFFICIENT AT THE INTERFACE

In control theory, it is important to reduce the number of control such as damping terms. So, this section is
devoted to show the polynomial stability of systems (1.1)-(1.2) and (1.1)-(1.3) subject to only one viscoelastic
Kelvin-Voigt damping with non smooth coefficient at the interface. For this purpose, we consider the following

condition:

(7.1) Dy =Ds=0in (0,L) and  3dy > 0 such that Dy > dy > 0in 0 # (o, 8) C (0, L).

The main result of this section is given by the following theorem:

Theorem 7.1. Assume that condition (7.1) is satisfied. Then, there exists a positive constant ¢ > 0 such that

for all Uy € D(A;), j = 1,2, the energy of system (1.1) satisfies the following decay rate:

(7.2) E(t) < %HUOH%W

Referring to [4], (7.2) is verified if the following conditions

(H1) iR C p(A)

and

= o407, f-ow
hold.

Condition iR C p(A;) is already proved in Lemma 3.2 and Lemma 3.3.

We will establish (H4) by contradiction. Suppose that there exist a sequence of real numbers (A,),,, with

[An| = 400 and a sequence of vectors

(7.3) U, = (v}l,vi,vi,vi,vg,vg)-r € D(A;) with ||[Upnlln, =1

such that

7.4 A CidaUn — AU = (FL 283,74 2.9 50 inHy, j=1,2
n J nrJnrJnrJnrJnrdn J

We will check the condition (H4) by finding a contradiction with (7.3)-(7.4) such as ”U"”Hj = o(1).

Equation (7.4) is detailed as:

(7.5) iApvg — vy = f—i
) il = (), 024, 1 (), —10d] =
(7.7) iXvS — ) = f—i
(79) it = [ba (62), + D (08), ], +ha [(0), + o+ 1) = ol
(7.9) Ay, — vl = i—’;ji
(7.10) ot — ks ((03), — W01)] + Uk [(1), + 03 +15] = plg
From (7.5), (7.7), (7.9) and (7.3), we deduce that:

(r.11) Iobll = 0(50), el =05 Il = OG5

For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.

Lemma 7.2. Under all the above assumptions, we have:

o(1 o(l) .
(712 1028 =2 ana o= 20w (,9).
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Proof. Taking the inner product of (7.4) with U in H;, we get:
L
(7.13) Re (iA||U|* = A (A;UU)),, = —X'Re (AU, Uy, = /\4/ Dslvi?dz = o(1).
’ : 0

Thanks to (7.1), we obtain the desired asymptotic equation (7.12). Thus the proof is complete. 0

Remark 7.3. Again, these estimates are crucial for the rest of the prooof and they will be used to prove each
point of the global proof divided in several lemmas.

Lemma 7.4. Under all the above assumptions, we have:

(7.14) =2 (@),

Proof. Differentiating equation (7.7), we get:
3
IS = vi 4+ 2

AL

B B B |f3|2
/ |/\u§|2dx§2/ |u;*|2dx+2/ ;8 dz.

Using (7.12) and the fact that f3 converges to zero in H}(0, L) (or in H1(0, L) ) in the above equation, we get:
the desired estimate (7.14). Thus the proof is complete. O

and consequently

Let € be a positive constant such that 0 < a + € < § — €. We define the cut-off function 7 by
n(@)=1in(a+epf—¢), 0<n(x) <1, nlx)=0in (0,1)\ (o, f).

Lemma 7.5. Under all the above assumptions, we have:

(7.15) It = 0(1).

Proof. First, multiplying (7.8) by ip; 'nAv? and after integrating by parts, we get:

L L L
(7.16) / n vt 2dz = Re{pgl / koidv? (nul + n v¥)dx + py / DoviX(nud + nv?)dx
0 0 0
L - L f4 .
+p5! / (v} 4 03 + Wd)nidvide — z/ ﬁnv‘lda@}.
0 0
Now, using (7.12), (7.14) and the fact that v* is uniformly bounded in L?(0, L), we get:
L
L 1
(7.17) Re{pgl/ koidv? (vt +n v4)dx} = %
0
Moreover, using (7.12) and the fact that v* is uniformly bounded in L?(0, L), we obtain:
L
= 1
(7.18) Re{pQI/ Dovi\(nut + n'v4)d:1:} = ?.
0

Then, using Young’s inequality and the fact that vl + v3 + 1v® is uniformly bounded in L?(0, L), we get for
€1 >0

L L L
_ 1
Re{pz_1 / ki(vy 4+ v + 1v5)ni)\v4dx} < o / Einlvs +v® + 1°|?dz + e / n| vt 2dz
0 0 0

L
(7.19) < 61/ n| vt |?dz + O(1).
0
Also, using the fact that f* converges to zero in L?(0, L) and v? is uniformly bounded in L?(0, L), we get:
L r4

= o(1)
(7.20) Re{ /0 an"‘dw =5
Finally, inserting (7.17), (7.18), (7.19) and (7.20) into (7.16), we get:

L
(1- 61)/ n| vt 2dz < O(1).
0

Consequently for e; = % , we get the desired estimate (7.15). Thus the proof is complete. O
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Lemma 7.6. Under all the above assumptions, we have:

B—e
(7.21) / P 2dz = o (1).
a+te

Proof. First, multiplying (7.7) by in\v3, we get:

L L . L 3
(7.22) —/ n| 3 2dx —i/ n\vtvdda :/ 277—31)3dx
0 0 o A

Multiplying (7.8) by py Lnv3, we obtain after integrating by parts:

L L
z/ nwtvdde + py 't / (kgvz + ngi) (n/v?’ + nv%) dx
0 0
L - L f4 o
(7.23) +p5" /0 ki (vg + 0% 4+ 1°) pudde = /0 F771)3dgc.

Now, combining (7.22) and (7.23), we get:

L L L
/ n|\?2de = py * / (k2v2 + Davy) (n,v_3 + 77@) dz + py ! / k1 (vg 4+ 0 + W) nudda
0 0 0
L 3_ L f4 _
(7.24) —/ inﬁv?’da: - an?’d:z:.
0 0

Then, using (7.12) and (7.14), [|[v3|| = O(%), the fact that (v} + v® +10°) is uniformly bounded in L?(0, L) and
the fact that f3, f* converge to zero in Hg(0, L) (or in H(0,L)), L?(0, L) respectively, we deduce that:

L
Pyt / (k2”i + DZU;l) (77 V3 + 77”%) dx + p;l/ k1 (v; + 03+ 11)5) nuddx
0 0

(7.25) —/0 —U3d:v—/ )\477U3d$ =o(1).

Finally, inserting (7.25) into (7.24) and using the definition of 7, we deduce:

L B—e
/ n| 3 [2de = o(1) and / |\ |2dz = o(1).
0 et

+e€
The proof is thus complete. 1
Lemma 7.7. Under all the above assumptions, we have:
L L
1 1

(7.26) / nlvkPde = %, / n| vt [Pdx = %

0 0
and

e (1) e o(1)
7.27 2de = 2 / ' 2de = 22
(7.27) e =g [t = %

Proof. For the clarity of the proof, we divide the proof into several steps.
Step 1. Our first aim here is to prove:

L
(7.28) / nvlPdz = o(1).
0
For this sake, multiplying (7.8) by nvl and integrating by parts, we get:

L L L L
- z/ Apovtn vide — z/ Apovinulde + / (k2v2 + Dov)(nul,)dx + / (kou3 4+ Dyv})(n vl)da
0 0 0 0

L L o L . L4
(7.29) —|—/ nk1|vi|2dx+/ nkw%édw—i—/ lklnvf’v;dx:/ pgpnvédx.
0 0 0 0

Now, we need to estimate each term of (7.29):
e Using (7.11) and (7.15), we get:

L
(7.30) —i/ Apavin vldz = o(1).
0
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e Using (7.12) and the fact that Av! is uniformly bounded in L?(0, L), we obtain:

L
(7.31) —i/ Apovinulde = %
0

1
e From (7.6), we remark that nglm is uniformly bounded in L?(0,L). This fact combined with (7.12) and
(7.14) yields:

L ol 1
(7.32) / (ko \o? + Doty (222 ) = 2.
; X\ By
e Using (7.12), (7.14) and the fact that v} is uniformly bounded in L?(0, L), we get:
L
(7.33) / (kav2 + Dovd)(n vl)dz = ( )
0
e Using (7.11) and the fact that v} is uniformly bounded in L?(0, L), we obtain:
L o L o
(7.34) / nklv%}cdx—i—/ lkeynvSvlde = o(1).
0 0
e Using the fact that f* converges to zero in L?(0, L) and v} is uniformly bounded in L?(0, L), we get:
L 4
= o(1)
(7.35) /0 pgpnv}cda@ =7

Finally, inserting equations (7.30)-(7.35) into (7.29) we get: the desired estimate (7.28).
Next, our second aim is to prove:

L
(7.36) /0 D! Pz = o(1).

Multiplying (7.5) by inAv!, we get:

L L Lyl
(7.37) —/ 77|)\vl|2dx—i/ n/\vvad:r:i/ Znvtde.
0 0 0o A

Then, multiplying (7.6) by pflnﬁ and integrating by parts, we get:

L L
i / nvlvide 4 p7t / ky(vl + 0% + 11)5)(77lv_1 + nul)dz
0

0
L o L f2 .
(7.38) - pfl/ ks (v3 — )l = / —nuldz.
0 o A
Combining (7.37) and (7.38), we get:
L L R L o
(7.39) /0 n| wt|?de =p7! /0 Er(vl 4 03 +10%) (7 vl + nol)de — p7t /0 k3 (v2 — Tt )nol

2 M =
/0 (/\4 —i—zﬁ) nuldz.

Finally, using (7.11), (7.28), the fact that (v} + v +1v°), (v2 —lv!) are uniformly bounded in L?(0, L) and f1,
f? converge respectively to zero in H}(0,L), L?(0, L) in the right hand side of the above equation, we deduce
that:

L
/ n| vt [Pdz = o(1).
0
Step 2. Our aim here is to prove:

L
1
(7.40) / nlvkPde = %
0
and

L
(7.41) / n| At |?de = @.
O A
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To prove (7.40), multiplying (7.29) by A, we get:
L L L o L L
- z/ Apovtn Avlde — z/ Apavinvlde + / (ko Av3 + Do) (nul,)dx
0 0 0
L L L L o
(7.42) + / (ka2 + Dadvt)(n vl)dx + / nki Aok > dx + / nki wPvldr
0 0 0

L o L f4 o
+/ lklnx\vf’v}ﬁd:v:/ P2z nvLde.
0 0 A

Now, we need to estimate each term of (7.42) as follows:
e Using (7.15) and (7.36), we get:

L
(7.43) —i/ Apavn Aldz = o(1).
0
e Using (7.12) and the fact that A\v! is uniformly bounded in L?(0, L), we obtain:
L
— 1
(7.44) —i/ Apovindvlde = Q.
0

1
e Using the fact nglm is uniformly bounded in L?(0, L) due to (7.6) combined with (7.12) and (7.14) yields:

(7.45) /OL(kg)\%i + D2A2U§)(T]%)d$ =o(1).

e Using (7.12), (7.14) and the fact that v} is uniformly bounded in L?(0, L), we get:

(7.46) /0 " baAe® 4 Do) (T = Q

e Using (7.28) and the fact that A\v® and \v® are uniformly bounded in L?(0, L), we obtain:

(7.47) /OL nki v vlde + /OL ey vPvlde = o(1).

e Using the fact that f* converges to zero in L?(0, L) and v} is uniformly bounded in L?(0, L), we get:
(7.48) /OL pli—zngda@ = %.

Finally, inserting equations (7.43)-(7.48) into (7.42), we deduce that:

L
1)
1124 :0( '
/On|vx| =2

On the other hand, our target now is to prove (7.41). For this, multiplying (7.39) by A, we get:

L L L
(7.49) / At P de =p;t / k1 (vl 4 03 +10%) () Mol + nhol)de — pi? / lks(v> — vt )pAvl
0 0 0

YA Vs
/0 (/\3 +Zﬁ> nutd.

Using (7.11), (7.36), (7.40), the fact that (vl +v3 +10°), (v2 —lv!) are uniformly bounded in L?(0, L) and the
fact that f!, f2 converge to zero respectively in Hg (0, L), L?(0, L) in the right hand side of the above equation,
we deduce that:

L
/ A Mt 2dz = o(1).
0

Step 3. Our target is to prove:

(7.50) I \jfll =O0().

So, multiplying (7.5) by nv/\, we get:

1
(7.51) V2 = inV/ X! — n\/X%
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Then, integrating (7.51) over (0, L), we get:

t g bl
(7.52) / P Av?[2de < 2/ A vt Pde + 2/ n* —dz.
0 0 0 A
Using (7.41) and the fact that f' converges to zero in H{ (0, L) in the previous equation, we deduce:
g g 0

(7.53) V202 = o(1).

L. n
Next, multiplying (7.6) by —, we get:

plying (7.6) by 7 ves

ol 7 n 2

(7.54) kin—22 = ipinVaw? — kj—= (02 + D) — lks—= (v — Iv?)

Va VA VA Ty

Finally, using (7.53), the fact that v2, v3, (v3 — lv!) are uniformly bounded in L?(0,L) and f? converges to

zero in L2(0, L) in the previous equation, we get: the desired estimate (7.50).
Step 4. Our aim is to prove:

L
12, o)
(7.55) /0 n|v,|“dx = IESYE
and
L
o(1)
(7.56) /o ' *dz = JNEEVPN

To prove (7.55), multiplying (7.29) by A\'*/2, we get:

L L L
- z/ Apovtn N/ 20T dg — z/ A2 ppudn\Y 2T de + / (ko ATY208 4 DoAY 208 (ol ) de
0 0 0

L L L
(7.57) + / (kaAv® + Dodvd)(n AV 20D da + / Nk N2 |0l P de + / nki A3 AY 2l da
0 0 0

0

Next, we need to estimate each term of (7.57) as follows:
e Using (7.15) and (7.41), we get:

L o L f4 _
+/ 1k177/\v5)\1/2v310dx:/ pQFn)\l/Qv}Cdm
0

L
(7.58) —i/ Apav ) A2y de = o(1).
0
e Using (7.12) and v is uniformly bounded in L?(0, L), we obtain:
L
: o a4 yi21, _ o(1)
(7.59) —Z/O A2 povdgA 20l de = SNYEh

e Using (7.12), (7.14) and (7.50), we obtain:

L L L P
(7.60) / (ko AFY203 4 DoAY 204 (ol Yda: :/ (ko A20® + DaA?vl) ("%) =o(1).
0 0

e Using (7.12), (7.14) and (7.40), we get:

8 3 4y \1/20T o(1)
(7.61) / (ko Mv3 + Do) (n AV/201)dx = —

0
e Using (7.40) and the fact that A\v® and \v® are uniformly bounded in L?(0, L), we obtain:
L L
(7.62) / nklx\v?’)\l/dix—i-/ VeynAv® AY20lde = o(1).
0 0
e Using (7.40) and the fact that f* converges to zero in H}(0, L), we get:
L 4
f — o(1
(7.63) / prignN/Pukde = %
0

Finally, inserting equations (7.58)-(7.63) into (7.57), we deduce that:

L
12, _ o)
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On the other side, our aim now is to prove (7.56). For this sake, multiplying (7.39) by AFL2 we get:

L L
(7.64) / A2 ot Pdr =pr / ke (vl 4 0 + 10%) () ANV 2T 4 gAY 2T dg
0 0

[ 5 1y, \141/27T Lrr 1N =
- p1 /0 ks (v, — 1ot )nA vl — /0 <m + ZW) nuldz.
Using (7.11), (7.41), (7.55), the fact that (vl +v3 +10°), (v3 — lv!) are uniformly bounded in L?(0, L) and the

fact that f!, f2 converge to zero respectively in Hg (0, L), L?(0, L) in the right hand side of the above equation,
we deduce that:

L
/ A2 )\t 2dz = o(1).
0

Step 5. Using (7.28), (7.40), (7.55) and the definition of 1, we deduce:
L B—e
1 1
/ nvl|?de = % and / |vk|2da = &.
0 «a

+e A2

Using (7.36), (7.41), (7.56) and the definition of 7, we deduce:
L B—e
1 1
/ nw! Pde = 2 ana / w2z = 24

0 A2 e 22

The proof is thus complete. 1

Lemma 7.8. Under all the above assumptions, we have:

L B—e
(7.65) / nlv2|?dr = o(1) and / |v3|2dx = o(1)
0 a—+te
Proof. First, substituting (7.5) into (7.6), we get:
2 1 1 1 2
(7.66) Moot — k1 (vl +0* + 1), — ks (02 — wt) = py <F + ZF) .
Multiplying (7.66) by nv2 and integrating over (0, L), we get:
L L . Lo, L o
7.67 lk1 + lks nvs|? = — p n\2vlvddr + ky vin vidr + k O i
xr xr x xr x A
0 0 0 0

L L

_ _ 1

— k1 / nv3vidx + 12k3/ nvlvidr + %.
0 0

1
Finally, using (7.14), (7.26), the fact that v> is uniformly bounded in L?(0, L) and ngw is uniformly bounded

in L2(0, L) due to (7.10) in the right hand side of the previous equation, we get: the desired estimate (7.65).
The proof is thus complete. (I

Lemma 7.9. Under all the above assumptions, we have:

B—e
(7.68) / |\®|?dx = o(1).
a+te
Proof. Multiplying (7.9) by in\v®, we get:
L L L f5 o
(7.69) —/ n|)\v5|2dx—i/ nAv5UGd:v=i/ Znvidr.
0 0 0o A

Then, multiplying (7.10) by npl_lv_5 and integrating by parts, we get:
L L P
z/ n\wSvSde + prt / ks(v3 —w)(n v5 + nud)dx
0 0

L o L 46 __
(7.70) +p7! / k1 (vy + 0% + 10°)mudde = / %nvf’da@.
0 0
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Combining (7.69) and (7.70), we get:

L L L
(7.71) / n|\®2da :p;lf kg(vg—1v1)(n’ﬁ+n@dx+p;1/ 1y (vl 4+ 03 + 10°)not
0 0 0

L /46 5\
—/0 (% +Z%> nuide.

Using (7.11), (7.65), the fact that (vl + v +10°), (v —lvt) are uniformly bounded in L?(0, L), f°, f% converge
to zero respectively in H}(0,L) (or in H}(0,L)), L?(0,L) in the right hand side of the above equation, we
deduce:

L
/ n|\v® 2dx = o(1).
0
Finally, using the definition of 1, we get: the desired estimate (7.68). The proof is thus complete. O

Remark 7.10. [t is easy to see that the results of Lemmas 5.9, 5.10, 5.11 still hold here, and consequently one
may got the estimate (5.90) of Lemma 5.12. O

Proof of Theorem 7.1 As we mention in Remark 7.10, the estimate (5.90) is also true here. It follows from
estimates (7.14), (7.21), (7.26), (7.65), (7.68) and (5.90) that ||Uy |3, = o(1) which is a contradiction with (7.3).
Consequently, condition (H4) holds and the energy of smooth solutions of system (1.1) decays polynomially as
t goes to infinity. O

8. LACK OF EXPONENTIAL STABILITY

It was proved that the Bresse system subject to one or two viscous dampings is exponentially stable if and only
if the wave propagate at the same speed (see [38] and [7]). In the case of viscoelastic damping, the situation
is more delicate. In this section, we prove that the Bresse system (1.1)-(1.3) subject to two global viscoelastic
dampings is not exponentially stable even if the waves propagate at same speed. So, we assume that:

(8.1) D;=0 and Dy=Ds=1 in (0,L).
Theorem 8.1. Under hypothesis (8.1), the Bresse system (1.1)-(1.3), is not exponentially stable in the energy
space Ha.
Proof. For the proof of Theorem 8.1, it suffices to show that there exists

e a sequence (\,) C R with liIJIrl [An| = 400, and

n—-+0oo

e a sequence (V,,) C D(Az),

such that (1A, I — A2)V,, is bounded in Hy and liIJIrl V|| = +o00. For the sake of clarity, we skip the index n.
n—-+oo

Let F =(0,0,0, f4,0,0) € Ho with

v/ pok
f4(x):cos($), \ = ATV p2afa 27 n € N.

Lps
We solve the following equations:

(8.2) it —v? =0,

(8.3) iAp1v® =k (vg, + 03 +102) —1ks (v2 — 10') =1 (08 — 1v?) =0,
(8.4) iz —ovt =0,

(8.5) iApovt — kovd 4 ky (v; +0% + 11;5) = pafa,

(8.6) ix® — 0% =0,

(8.7) iAp1v® — ks (v3, —lvg) 4+ W2 + 1k (vg +v° + 10°) = 0.
Eliminating v2, v* and v° in (8.3), (8.5) and (8.7) by (8.2), (8.4) and (8.6), we get:
(8.8) Nprot +ky (vh, + 03+ 103) +1(ks +4)) (02 — ') =0,
(8.9) N pov® + kol — ki (vg + 0% + 10°) = —pa f4,

(8.10) Np1v® + kg (v2, — lvp) —idloy — 1k (v) 4+ v° +10°) = 0.



36 STEPHANE GERBI, CHIRAZ KASSEM, AND ALI WEHBE

This can be solved by the ansatz:
nmx nwx

(8.11) vt = Asin (T) . v> = Bcos (T), v° = C cos (mrx)

L
where A, B and C depend on A are constants to be determined. Notice that ks (%)2 — p2A2 = 0, and inserting
(8.11) in (8.8)-(8.10) we obtain that:

N 2 5 ) 9 nm . nm o
(8.12) ((T) ky — N2py + (ks + M) ) Atk (T) B+ (ky + ks +M)1(T) C=o0,
nm
(8.13) ky (T)A+le+1k10:p2,
2
(8.14) (k1 + ks + i) ] (”%) A+1k B + |:k3 (%) — N2py + 1%1} C=o.
Equivalently,
(20)2 k= N2p1 4 (ks + 012 ki (25) (ka4 ks +i0)1(22) | /A 0
(k1 + ks +iM)1 (22 Wy ks (22)° = A2py + 12k ) \C 0
L L
This implies that:
(kap1 — paks) p3L 2
8.16 A= +0(n2),
(8.16) 7 (kapT — kap1p2 + p212) kan (™)
lerksp? + ((—ky — kb 12) kops + k2p?
(8.17) p_" (kiksps + (ks 23)P1 + )22P2 + k3p7) +0(m),
k1 ((—ksp1 +12) p2 + k2p3?) ko
12 L/ paks
(8.18) C = P Wk O(n™2).

7 ((=ksp1 +12) pa + k2p?) kan
Now, let V;, = (v!, idvt, 03, idvo3, 05, iXv®), where v',v® and v are given by (8.11) and (8.16)-(8.18). It is
easy to check that

1Vill2, = VP2l M3 ~ |BA| ~ [n] — 400 as n — +o0.
On the other hand, using (8.2)-(8.7), we deduce that

|(GAI = A2)Vi |13, = 11(0,0,0, p> f* — iADav2 ,0,iAD303,) I3, < c.

xrx)

Consequently, ||(iXI — A2)V,||3,, is bounded as n tense to +oc. Thus the proof is complete. O

Remark 8.2. By a similar way, we can prove that the Bresse system (1.1)-(1.3) subject to only one viscoelastic

damping is also not exponentially stable even if the waves propagate at same speed. O
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