N

N

Stabilization of non-smooth transmission problem
involving Bresse systems
Stéphane Gerbi, Chiraz Kassem, Ali Wehbe

» To cite this version:

Stéphane Gerbi, Chiraz Kassem, Ali Wehbe. Stabilization of non-smooth transmission problem in-
volving Bresse systems. 2020. hal-02883888v2

HAL Id: hal-02883888
https://hal.science/hal-02883888v2

Preprint submitted on 21 Feb 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02883888v2
https://hal.archives-ouvertes.fr

POLYNOMIAL STABILIZATION OF NON-SMOOTH DIRECT/INDIRECT
ELASTIC/VISCOELASTIC DAMPING PROBLEM INVOLVING BRESSE SYSTEM

STEPHANE GERBI, CHIRAZ KASSEM, AND ALI WEHBE

ABSTRACT. We consider an elastic/viscoelastic problem for the Bresse system with fully Dirichlet or Dirichlet-
Neumann-Neumann boundary conditions. The physical model consists of three wave equations coupled in
certain pattern. The system is damped directly or indirectly by global or local Kelvin-Voigt damping. Ac-
tually, the number of the dampings, their nature of distribution (locally or globally) and the smoothness
of the damping coefficient at the interface play a crucial role in the type of the stabilization of the corre-
sponding semigroup. Indeed, using frequency domain approach combined with multiplier techniques and the
construction of a new multiplier function, we establish different types of energy decay rate (see the table of
stability results at the end). Our results generalize and improve many earlier ones in the literature (see [7])
and in particular some studies done on the Timoshenko system with Kelvin-Voigt damping (see for instance
[9], [23] and [25]).
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1. INTRODUCTION

1.1. The Bresse system with Kelvin-Voigt damping. Viscoelasticity is the property of materials that
exhibit both viscous and elastic characteristics when undergoing deformation. There are several mathemati-
cal models representing physical damping. The most often encountered type of damping in vibration studies
are linear viscous damping and Kelvin-Voigt damping which are special cases of proportional damping. Vis-
cous damping usually models external friction forces such as air resistance acting on the vibrating structures
and is thus called “external damping”, while Kelvin-Voigt damping originates from the internal friction of
the material of the vibrating structures and thus called “internal damping”. The stabilization of conser-
vative evolution systems (wave equation, coupled wave equations, Timoshenko system ...) by viscoelastic
Kelvin-Voigt type damping has attracted the attention of many authors. In particular, it was proved that
the stabilization of wave equation with local Kelvin-Voigt damping is greatly influenced by the smoothness of
the damping coefficient and the region where the damping is localized (near or faraway from the boundary)
even in the one-dimensional case, see [6, 16]. This surprising result initiated the study of an elastic system
with local Kelvin-Voigt damping There are a few number of publications concerning the stabilization of
Bresse or Timoshenko systems with viscoelastic Kelvin-Voigt damping. (see Subsection 1.2 below).
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FIGURE 1. After deformation the particle My of the beam is at the position M.

In this paper, we study the stability of Bresse system with localized non-smooth Kelvin-Voigt damping
coeflicient at the interface and we briefly state results when the Kelvin-Voigt damping coefficients are either
global or localized but smooth at the interface since the tools used for the study of non-smooth coefficient
are used in the same, but much simpler, way when the coefficients act on the totality of the domain or are
smooth enough at the interface. These results generalize and improve many earlier ones in the literature.

The Bresse system is usually considered in studying elastic structures of the arcs type (see [14]). It can
be expressed by the equations of motion:

p1ose = Qi +IN
Py = My —Q
P1W = N, — EQ

where
N =rks(wy —lp) + F3, Q=ki(pz+1+lw)+F, M=k, +F
Fi = Dy (@et + ¢ +lwy),  Fo = Dotpyy, F3 = D3 (wy — L)

and where Fy, F; and F3 are the Kelvin-Voigt dampings. When Fy = F;, = F53 =0, N, @ and M denote the
axial force, the shear force and the bending moment. The functions ¢, 1, and w model the vertical, shear
angle, and longitudinal displacements of the filament. Here p; = pA, ps = pI, k1 = K'GA, ks = EA, ky =
EI, { = R™! where p is the density of the material, E is the modulus of elasticity, G is the shear modulus,
k' is the shear factor, A is the cross-sectional area, I is the second moment of area of the cross-section, and
R is the radius of curvature. see figure 1 reproduces from [7]. The damping coeflicients Dy, Do and D3 are
bounded non negative functions over (0, L).

So we will consider the system of partial differential equations given on (0, L) X (0, +00) by the following form:
p1pw — (k1 (pz + ¥ +Lw) + D1 (@t + 1 + bwy)|e — Lhz (W — bp) — £D3 (way — bpy) = 0,
(1]-) P2¢tt - [k2ww + D2th}x + kl (‘pa: + 'L/) + é'UJ) + Dl (@wt + wt + EIUt) = 07

prwe — [k3 (wy — o) + D3 (Wt — Lpt)]e + Lk (0o + 1 + w) + €Dy (0ot + Pt + Lwy) = 0,
with fully Dirichlet boundary conditions:

(1.2) p(0,) =@ (L) =0(0,)=¢(L)=w(0,)=w(l,)=0 iRy,

or with Dirichlet-Neumann-Neumann boundary conditions:
(13) 50(07) :QP(L,‘) =Yy (07) =Yz (Lv) = Wy (Oa) = Wg (La) =0 in Ry,



in addition to the following initial conditions:

@('70) = %o ()a ’(/)(-,O) = ()7 w(-,O) = Wo ()7
Pt ('70) =1 ()v (n ('70) =11 ()7 wy ('70) =w ()7 in (O,L).

We define the three wave speeds as:

[k [ ko /k3
1 = — Coy = D]
P1 P2

In the absence of the three Kelvin-Voigt damping terms, the system (1.1) is a system of three coupled wave
equations. This system is conservative whereas when at least one of the three Kelvin-Voigt damping is
present, the system is dissipative. The combination of direct damping, that is damping that acts in the
equation involving the unknown itself and indirect damping that acts on another unknown than the one
concerns by the equation, makes this study much delicate.

We note that when R — oo, then £ — 0 and the Bresse model reduces, by neglecting w, to the well-known
Timoshenko beam equations:

p1ew — (k1 (@e + ) + Dy (@ar + U1)]e = 0,

(1.4)

(1.5)
P2t — [k2z + Dothurle + k1 (00 + ) + D1 (@ur +101) =0

with different types of boundary conditions and with initial data.

1.2. Motivation, aims and main results. The stability of elastic Bresse system with different types of
damping (frictional, thermoelastic, Cattaneo, ...) has been intensively studied (see Subsection 1.3), but there
are a few number of papers concerning the stability of Bresse or Timoshenko systems with local viscoelastic
Kelvin-Voigt damping. In fact, in [7], El Arwadi and Youssef studied the theoretical and numerical stability
on a Bresse system with Kelvin-Voigt damping under fully Dirichlet boundary conditions. Using multiplier
techniques, they established an exponential energy decay rate provided that the system is subject to three
global Kelvin-Voigt damping. Later, a numerical scheme based on the finite element method was introduced
to approximate the solution. Zhao et al. in [25], considered a Timoshenko system with Dirichlet-Neumann
boundary conditions. They obtained the exponential stability under certain hypotheses of the smoothness
and structural condition of the coefficients of the system, and obtain the strong asymptotic stability under
weaker hypotheses of the coefficients. Tian and Zhang in [23] considered a Timoshenko system under
fully Dirichlet boundary conditions and with two locally or globally Kelvin-Voigt dampings. First, in the
case when the two Kelvin-Voigt dampings are globally distributed, they showed that the corresponding
semigroup is analytic. On the contrary, they proved that the energy of the system decays exponentially or
polynomially and the decay rate depends on properties of material coefficient function. In [9], Ghader and
Wehbe generalized the results of [25] and [23]. Indeed, they considered the Timoshenko system with only one
locally or globally distributed Kelvin-Voigt damping and subject to fully Dirichlet or to Dirichlet-Neumann
boundary conditions. They established a polynomial energy decay rate of type ¢! for smooth initial data.
Moreover, they proved that the obtained energy decay rate is in some sense optimal. In [19], Maryati et al.
considered the transmission problem of a Timoshenko beam composed by N components, each of them being
either purely elastic, or a Kelvin-Voigt viscoelastic material, or an elastic material inserted with a frictional
damping mechanism. They proved that the energy decay rate depends on the position of each component.
In particular, they proved that the model is exponentially stable if and only if all the elastic components are
connected with one component with frictional damping. Otherwise, only a polynomial energy decay rate is
established. So, the stability of the Bresse system with local viscoelastic Kelvin-Voigt damping is still an
open problem.

The purpose of this paper is to study the Bresse system in the presence of local non-smooth dampings
coefficient at interface and under fully Dirichlet or Dirichlet-Neumann-Neumann boundary conditions. The
system is given by (1.1)-(1.2) or (1.1)-(1.3) with initial data (1.4).

When Dy, Dy, D3 € L*(0, L), using frequency domain approach combined with multiplier techniques

1
and the construction of new multiplier functions, we establish a polynomial stability of type n (see Theorem



4.2). Moreover, in the presence of only one local damping Ds acting on the shear angle displacement
1
(D1 = D3 = 0), we establish a polynomial energy decay estimate of type 7 (see Theorem 5.1).

Finally, in the absence of at least one damping, we prove the lack of uniform stability for the system
(1.1)-(1.3) even with smoothness of damping coefficients. In these cases, we conjecture the optimality of the
obtained decay rate. For clarity, let

0 #w=(a,3) C(0,L).

Here and thereafter, o and 8 will be considered as interfaces.

1.3. Literature concerning the Bresse system. In [17], Liu and Rao considered the Bresse system with
two thermal dissipation laws. They proved an exponential decay rate when the wave speed of the vertical
displacement coincides with the wave speed of longitudinal displacement or of the shear angle displacement.
Otherwise, they showed polynomial decays depending on the boundary conditions. These results are im-
proved by Fatori and Rivera in [8] where they considered the case of one thermal dissipation law globally
distributed on the displacement equation. Wehbe and Najdi in [20] extended and improved the results of [§],
when the thermal dissipation is locally distributed. Wehbe and Youssef in [24] considered an elastic Bresse
system subject to two locally internal dissipation laws. They proved that the system is exponentially stable if
and only if the waves propagate at the same speed. Otherwise, a polynomial decay holds. Alabau et al. in [2]
considered the same system with one globally distributed dissipation law. The authors proved the existence
of polynomial decays with rates that depend on some particular relation between the coefficients. In [10],
Guesmia et al. considered Bresse system with infinite memories acting in the three equations of the system.
They established asymptotic stability results under some conditions on the relaxation functions regardless
the speeds of propagation. These results are improved by Abdallah et al. in [1] where they considered the
Bresse system with infinite memory type control and/or with heat conduction given by Cattaneo’s law acting
in the shear angle displacement. The authors established an exponential energy decay rate when the waves
propagate at same speed. Otherwise, they showed polynomial decays. In [4], Benaissa and Kasmi, considered
the Bresse system with three control of fractional derivative type acting on the boundary conditions. They
established a polynomial decay estimate.

1.4. Organization of the paper. This paper is organized as follows: In Section 2, we prove the well-
posedness of system (1.1) with either the boundary conditions (1.2) or (1.3). Next, in Section 3, we prove
the strong stability of the system in the lack of the compactness of the resolvent of the generator.

In Section 4 when the coefficient functions D, Dy, and D3 are not smooth, we prove the polynomial
stability of type % In section 5, we prove the polynomial energy decay rate of type % for the system in
the case of only one local non-smooth damping D> acting on the shear angle displacement. In Section 6,
under boundary conditions (1.3), we prove the lack of uniform (exponential) stability of the system in the
absence of at least one damping. Finally in Section 7, we will briefly state the analytic stabilization of the
system (1.1) when the three damping coefficient act on the whole spatial domain (0, L) and the exponential

stability when the three damping coefficient are localized on («, 8) and are smooth at the interfaces.

2. WELL-POSEDNESS OF THE PROBLEM

In this part, using a semigroup approach, we establish the well-posedness result for the systems (1.1)-(1.2)
and (1.1)-(1.3). Let (¢, %, w) be a regular solution of system (1.1)-(1.2), its associated energy is given by:

1 L
EO=3{ [ (nle + sl + prlaol® + k1o 0+ ful?) do
0

o 2 2
[ (b loul? + ko o, = ) e}
0

and it is dissipated according to the following law:

(2.1)

L
(22) El (t) = 7/ (D1|§02?t + 1/1t + Kwt|2 + D2|w$t|2 + D3|’th - £¢t|2) dx S 0.
0



Now, we define the following energy spaces:
Hi = (Hg(0,L) x LQ(O,L))?’ and Ho = Hj(0,L) x L*(0,L) x (H}(0,L) x Li(o,L))2,

where

L2(0,L) = {f € L2(0, L) : /L F(@)dz = 0} and HL(0,L) = {f € H'(0,L) : /L F(@)dz = 0}
Both spaces H1 and Hs, are equippgd with the inner product which induces the ener(:gy norm:
U3, =l o% 0%, 0%, 0%, 0%) |,
(2.3) = p "+ o2 [0 o [[o8) 4 e [0l + 0 + 007
ke ||V3]]7 + ks [0S — 0|, G =1,2
here and after || - || denotes the norm of L? (0, L) .

Remark 2.1. In the case of boundary condition (1.2), it is easy to see that expression (2.3) defines a norm
on the energy space Hi. But in the case of boundary condition (1.3) the expression (2.3) define a norm on
the energy space Hy if L # n for all positive integer n. Then, here and after, we assume that there does

4
not exist any n € N such that L = %

Next, we define the linear operator A; in H; by:

when j = 2.

D(A) = { Ue€H|v?vtv8 e HE(0,L), [kl (v}c + 3 —|—€v5) + D, (vg + o0t —|—€116)]9c € L?(0,L),
[kgvi —+ DQ’U;L:IZ € L2(O,L), [k‘g(’Ui — fful) + Dg(’l)g — €U2)]x c L2(0,L)},
D(.Ag) = U € Ho ‘ v? e Hol (O,L) ,’U4,1}6 S Hi (O,L) 7U§‘0,L = ’Ug|07L =0,

(k1 (v + 0% + %) + Dy (02 + 0" + %)) e L*(0,L),
[kyo? + Davd] € L2(0,L), [ka(v? — fo1) + Da(o? — 02)] € Lz<o,L)}

and
(2.4)
vl v?
02 pfl ([k1 (v} 4+ v3 + d) + Dy (v2 + vt + Evﬁ)]ﬂc + Chz(v2 — fvl) + D3 (v8 — €v2))
A4 Y v
ot py " ((kav + Dovl)y — ki (vl + 0% + 0°) — Dy (v2 + v* + (%))
v° G
v° pfl ([k:g,(vg — vh) + D3(v8 — EUQ)]I — lky (UalC + 03 4 Evs) — D1 (v2 + vt + Evﬁ))

for all U = (vl,v2,v3,v4,v5,v6)T € D(A;j). So, if U = ((p,apt,w,zbt,w,wt)T is the state of (1.1)-(1.2) or
(1.1)-(1.3), then the Bresse beam system is transformed into a first order evolution equation on the Hilbert
space H;:
U =AU, j=1,2
(2.5) R
U (O) = Uo(LE),
where .
UO (*T’) = (‘pO (13) > P1 (LE) ad}O (x)a d)l (LE) » Wo (‘T) , W1 (17))

Remark 2.2. It is easy to see that there exists a positive constant co such that for any (p,¥,w) €
(H} (O,L))3 for j =1 and for any (¢, v, w) € H (0,L) x (H} (O,L))2 forj =2,

(2.6) ki llps + 9+ fw® + ke e | + ks e — £p* < e (Ilsossll2 + [l + ||wx||2> :



On the other hand, we can show by a contradiction argument the existence of a positive constant ¢; such
that, for any (¢,v,w) € (Hé (O,L))3 for j =1 and for any (p,v,w) € H (0,L) x (Hi (O,L))2 forj =2,

2 2 2 2 2 2
(2.7) e1 (Ilpell? + 12 + lwall”) < b oo+ 6+ 0] + B [ + K s — €.
Therefore the norm on the energy space H; given in (2.3) is equivalent to the usual norm on H;.

Proposition 2.3. Assume that coefficients functions Dy, Do and D3 are non negative. Then, the operator
A; is m-dissipative in the energy space H;, for j =1,2.

Proof. Let U = (vl, v2, 03, vt v5,116)T € D (A;). By a straightforward calculation, we have:

L
(2.8) Re (A4;U,U),, = _/ (D1 |02 4+ vt 4 5| + Dy |vt]” + Dy |06 — £U2|2> dz.
! 0
As D1 >0, Dy >0 and D3 > 0, we get that A; is dissipative.

Now, we will check the maximality of A;. For this purpose, let F' = (fl, 2,13, 4 f5, fG)T € H;, we have
to prove the existence of U = (vl, v2, 03, vt 0P, ’UG)T € D (A;) unique solution of the equation —A;U = F.

Let (9!, ¢%,¢%) € (HE(0,L))" for j =1 and (¢, 9%, %) € (HE(0,L) x (HL(0,L))2) for j = 2 be a test
function. Writing —A;U and replacing the first, third and fith component of U by — f L —f3, —f5 and now

multiplying the second, the fourth and the sixth equation by respectively (!, ¢3¢, after integrating by
parts, we obtain the following form:

k1 (vi, + 3 4 €v5) oL — lky (vi — Evl) o' = ht,
(2.9) ko303 + k1 (vp + v° + %) ©* = K3,
ks (Ui — €v1) 4,02 4 lky (v; +03+ &15) ©° = hd,
where
h' = puf?e" + Dy (fo + [7 +07) o — {Ds(f7 = £f1)¢",
B = pofio® + Daf2od + Dy (fo+ f2+£f°) ¢°, and
h? = p1fop” + Dy (f* = £f') @5 + 4Dy (fy + 2+ £f°) ¢
Using Lax-Milgram Theorem (see [21]), we deduce that (2.9) admits a unique solution in (Hg (0, L))3 for
j=1landin (H}(0,L) x (HL(0,L))?) for j = 2. Thus, —A;U = F admits an unique solution U € D (A;)
and consequently 0 € p(A;). Then, A; is closed and consequently p(A;) is open set of C (see Theorem
6.7 in [13]). Hence, we easily get R(AI — A;) = H; for sufficiently small A > 0. This, together with the
dissipativeness of A;, imply that D (A;) is dense in H; and that A; is m-dissipative in H; (see Theorems

4.5, 4.6 in [21]). The proof is thus complete.
]

Thanks to Lumer-Phillips Theorem (see [18, 21]), we deduce that A; generates a Cp-semigroup of contraction
et in H; and therefore problem (2.5) is well-posed. We have thus the following result.

Theorem 2.4. For any Uy € H;, problem (2.5) admits a unique weak solution
UeCRy;Hy).
Moreover, if Uy € D (A;j), then
U € C(Ry:iD(A) N O (BiiHy).
3. STRONG STABILITY OF THE SYSTEM

In this part, we use a general criteria of Arendt-Batty in [3] to show the strong stability of the Cp-
semigroup e*4 associated to the Bresse system (1.1) in the absence of the compactness of the resolvent of
A;. Before, we state our main result, we need the following stability condition:

(SSC) There existi € {1,2,3}, dp > 0 and a < § € [0, L] such that D; > dy > 0 on (a, ).



Theorem 3.1. Assume that condition (SSC) holds. Then the Co—semigroup ' is strongly stable in H;,
j=1,2, i.e., for all Uy € H;, the solution of (2.5) satisfies

tgﬂloo HetAj UOHHj =0

For the proof of Theorem 3.1, we need the following two lemmas.
Lemma 3.2. Under the same condition of Theorem 3.1, we have
(3.1) ker ( i\ — A;) = {0}, j=1,2, forall A € R.

Proof. We will prove Lemma 3.2 in the case Dy = D3 = 0 on (0,L) and Dy > dy > 0 on (o, 8) C (0, L).
The other cases are similar to prove.
First, from Proposition 2.3, we claim that 0 € p (A;). We still have to show the result for A € R*. Suppose

that there exist a real number A # 0 and 0 # U = (v, v?, 0%, v*, 07, vﬁ)T € D (A;) such that:
(3.2) AU = iU

Our goal is to find a contradiction by proving that U = 0. Taking the real part of the inner product in #;
of A;U and U, we get:

L
(3.3) Re (AU, U)y,, = —/O D, |u;1|2dz =0.
Since by assumption Dy > dy > 0 on (a, ), it follows from equality (3.3) that:
(3.4) Dyvt =0 in (0,L)and v} =0 in (a,f).
Detailing (3.2) we get:
(3.5) v o= i,
(3.6) k1 (vp + 0% +00°) + lkg (V) — ') = ip1 Ao,
(3.7) vt o= i,
(3.8) (ko3 + Dovl) —ky (vl + 0% +00°) = ippot,
(3.9) v = i,
(3.10) ks (v — o) =ty (vp +0° +0°) = ipi Ao

Next, inserting (3.4) in (3.7) and using the fact that A # 0, we get:

(3.11) v =0 in (a,f).

Moreover, substituting equations (3.5), (3.7) and (3.9) into equations (3.6), (3.8) and (3.10), we get:
pi N2l + ky (v}c + 03 4 €v5)z + lks (vg - Evl) =0,

(3.12) p2 2203 + (kovl +iDa M) — ki (v} +v® + 0°) =0,
p1 A2V + kg (v2 — évl)m — lky (vl 4 v® 4+ 00°) = 0.

Now, we introduce the functions v, for i = 1,..,6 by 0* = v’ . It is easy to see that v* € H'(0, L).
It follows from equations (3.4) and (3.11) that:

(3.13) ?=0"=0 in (a,p)

and consequently system (3.12) will be, after differentiating it with respect to x, given by:
(3.14) pINT + ky (0 +00°) + lhs (0 —£07) = 0 in (a,B),
(3.15) L+ = 0 in (o),
(316) pl/\251\5 + k3 (i}\i — Ei}\l)m — Uk (i)\; + fi)\a) = 0 in (a, ﬁ)



Furthermore, substituting equation (3.15) into (3.14) and (3.16), we get:

(3.17) PN + ks (00— 0') = 0 in (o, f),
(3.18) Lm0 = 0 in (a,B),
(3.19) PN + ks (00— 0Y) = 0 in (o, p).

Differentiating equation (3.17) with respect to z, a straightforward computation with equation (3.19) yields:
pi A (O —0°) =0 in (a,B).
Equivalently
(3.20) oL —° =0 in (a,f).
Hence, from equations (3.18) and (3.20), we get:
(3.21) =0 and U.=0 in (a,f).
Plugging ©° = 0 in (3.17), we get:
(3.22) (p1A* = Pks) 0" = 0.
In order to finish our proof, we have to distinguish two cases:
Case 1: A £ /¢ @
Using equation (3p212) , we deduce that:
'=0 in (o,p).

Setting V = (0',9%,0%,02,0° 55)T. By continuity of 9 on (0, L), we deduce that V(a) = 0. Then system

» Yx )y rx )Y

(3.12) could be given as:

V. = BV, in (0,a)

(3.23) {V(a) - 0
where

0 1 0 0 0 0

—)\2 2 _
Ap1 + ks 0 1 K(]ﬁ—l—kg) 0

kl kl

0 0 0 1 0 0
(324) B = kl kl - )\2p2 0 €k1 0

ko +iADo ko +1iADo ko + iADsq
0 0 0 0 0 1
27 )2
0 é(k’g + kl) ékl 0 I kil A P1 0

ks ks ks

Using ordinary differential equation theory, we deduce that system (3.23) has the unique trivial solution
V =01in (0,«). The same argument as above leads us to prove that V' = 0 on (8, L). Consequently, we
obtain o' = 7% = 7° = 0 on (0, L). It follows that 52 = 7* = 2% = 0 on (0, L), thus U = 0. This gives that
U = C, where C is a constant. Finally, from the boundary condition (1.2) or (1.3), we deduce that U = 0.

k
Case 2: A\ = /¢ /-2,
P1
The fact that 9. = 0 on (, 8), we get 0! = ¢ on (a, 8), where c is a constant. By continuity of ! on (0, L),

we deduce that 9'(a) = ¢. We know also that 9% = 9% =0 on (a, 3) from (3.13) and (3.21). Hence, setting
V(a) = (¢,0,0,0,0,0)T = Vj, we can rewrite system (3.12) on (0, a) under the form:

V, = BV,
V(Ot) = Vo,



where

0 1 0 0 0 0
0 0 0 1 —L(k1 + ks3) 0
kq
0 0 0 1 0 0
B=1o ky ki —Npo 0 kg
ko +ily /53Dy ko +ily /522D, ka +ily /52 Dy
0 0 0 0 0 1
Uks + k1) thy o Ll—k)
Introducing V = (01, 9%, 03, 65’@56)1- and
0 0 1 —L(k1 + ks3)
k1
0 0 1 0 0
~ k1 k1 — A%ps kq
B = 0 -_—
ko +ily /53Dy ko iy [E2ADy ky +ily /52 Dy
0 0 0 0 1
tlks + 1) o Plack)
k3 k3 kg
Then system (3.12) could be given as:
(325) ~V$ = BV? m (Oa Oé),
Vie) = 0.

Using ordinary differential equation theory, we deduce that system (3.25) has the unique trivial solution
V =0in (0, ). This implies that on (0, a), we have 9° = 1% = 0. Consequently, v> = c3 and v° = c5 where
c3 and c5 are constants. But using the fact that v3(0) = v°(0) = 0, we deduce that v*> = v® =0 on (0, a).

Substituting v3 and v® by their values in the second equation of system (3.12), we get that vl = 0. This
yields v! = ¢;, where c; is a constant. But as v*(0) = 0, we get: v! = 0 on (0,). Thus U = 0 on (0, ).
The same argument as above leads us to prove that U = 0 on (8, L) and therefore U = 0 on (0,L). Thus
the proof is complete. |

Lemma 3.3. Under the same condition of Theorem 8.1, ( il — A;),j = 1,2 is surjective for all A € R.

Proof. We will prove Lemma 3.3 in the case D1 = D3 =0 on (0,L) and D2 > dy > 0 on (o, 8) C (0, L) and
the other cases are similar to prove.
Since 0 € p (A;), we still need to show the result for A € R*. For any

F= (fl,fz,f?’,f47f5,f6)T €H;, \ER",
we prove the existence of
U= (vl,v2,037U4,v5,06)T € D(A;j)
solution of the following equation:

(3.26) (iX[—A;))U =F.

Equivalently, we have the following system:

(3.27) it —0? = fl
(3.28) p1 ixv® —ky (vg +v° + €v5)m — Uk (V3 — ') = pif?
(3.29) i -t = f3
(3.30) po iAv* — (kav2 + Dovl), + kg (U; +03 + Kvs) = poft,
(3.31) i’ -8 = 5,
(3.32) p1 ixv® — kg (vi — Evl)x + 0k (vglJ +03+ &15) = pfS.



From (3.27),(3.29) and (3.31), we have:
(3.33) vi= il — Y 0P = i — 3, 8 = i’ — 0.
Inserting (3.33) in (3.28), (3.30) and (3.32), we get:

=Nt — kiprt (vp + 07 + Evs)x — lhypy " (v2 — ') = n',
(3.34) —N20% — 5t (ky +iAD2) V3, + kipy ' (vl 4+ 0P + (0°) = K3,

—A205 — kgpyt (vg — Evl)w + lkypy (v; + 03+ €v5) = h®,
where

W= f2 4 il b= NP = py Dafl,, BT = O aAf.
For all v = (vl,v3,v5)T € (H&(O,L))3 for j=1and v= (vl,v3,v5)T € H(0,L) x H} (0,L)% for j = 2, we
define the linear operator £ by:
—k1pr ! (vp + 0% + 00%) = lhspr ! (05 — ')
Lv=| —pyt(ke +iAD2)v3, + kipy* (v}s + o3+ £v5)
—kspy " (V5 — Evl)x + lhipyt (vh 4+ 0° + 00°)
For clarity, we consider the case j = 1. The proof in the case j = 2 is very similar. Using Lax-Milgram theo-
rem, it is easy to show that £ is an isomorphism from (H2(0, L))3 onto (H~1(0,L))3. Let v = (Ul,v3,v5)T
and h = (—h', —h®, —h5)T, then we transform system (3.34) into the following form:
(3.35) (N2Z — L)v = h.
Since the operator £ is an isomorphism from (H{ (0, L))% onto (H~!(0,L))3 and Z is a compact operator
from (Hg(0,L))® onto (H~1(0,L))3, then using Fredholm’s Alternative theorem, problem (3.35) admits a
unique solution in (Hg (0, L))? if and only if A*Z — L is injective. For that purpose, let o = (o', 7%, 175)T in
ker(A\2Z — £). Then, if we set 92 = iAd', #* = i\o® and 5 = iAi®, we deduce that V = (', 92,33, 0%, 8%)
belongs to D(A;) and it is solution of:
(N — AV = 0.

Using Lemma 3.2, we deduce that 9! = ©3 = #® = 0. This implies that equation (3.35) admits a unique
solution in v = (v!,v3,v%) € (H}(0, L))3 and

—kipy ! (vy + 0%+ 00°) — lhspy ! (v) — ') € L*(0, L),

—py Hkov3 +iADov? — Dof3), + kipy " (vglc + 03 + 61}5) € L*0,L),

—kspy ! (v) — ")+ Chipyt (v) +0° + 0°) € L*(0,L).
By setting v = i\v! — f1, 03 = idd — f3 and v = iMv® — f°, we deduce that V = (v!,v? v3,v%, 07, 0)
belongs to D(A;) and it is the unique solution of equation (3.26) and the proof is thus complete. O

Proof of Theorem 3.1. Following a general criteria of Arendt-Batty in [3], the Cp—semigroup e of con-
tractions is strongly stable if .4, has no pure imaginary eigenvalues and o(A;) N¢R is countable. By Lemma
3.2, the operator A; has no pure imaginary eigenvalues and by Lemma 3.3, R( A — A;) = #H; for all A € R.
Therefore the closed graph theorem of Banach implies that o(A;) NiR = (). Thus, the proof is complete. [

4. POLYNOMIAL STABILITY FOR NON SMOOTH DAMPING COEFFICIENTS AT THE INTERFACE

Before we state our main result, we recall the following results (see [11], [22] for part i), [5] for i) and
[21] for d4).

Theorem 4.1. Let A: D(A) C H — H be an unbounded operator generating a Cy-semigroup of contractions
et on H. Assume that i\ € p(A), for all X € R. Then, the Cy-semigroup e is:
i) Exponentially stable if and only if

lim  { supl|(GA] — A) "' } < +o0.
i { sl = 4 e
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ii) Polynomially stable of order } (I > 0) if and only if

lim {Sup|)\|l|(i/\1 - A)1||L(H)} < +o0.
A=+o0 [ XeR

iii) Analytically stable if and only if

lim {sup [A||(GNT — A)1||£(H)} < +o0.
[=+oc ( AeR

B

It was proved that, see [6, 16], the stabilization of wave equation with local Kelvin-Voigt damping is greatly
influenced by the smoothness of the damping coefficient and the region where the damping is localized (near
or faraway from the boundary) even in the one-dimensional case. So, in this section, we consider the Bresse
systems (1.1)-(1.2) and (1.1)-(1.3) subject to three local viscoelastic Kelvin-Voigt dampings with non smooth
coeflicients at the interface. Using frequency domain approach combined with multiplier techniques and the
construction of a new multiplier function, we establish the polynomial stability of the Cy-semigroup e'4i,
j = 1,2. For this purpose, let 0 # (a;,3;) C (0,L), i = 1,2,3, be an arbitrary nonempty open subsets of
(0, L). We consider the following stability condition:

3
(4.1) 3 dfy > 0 such that D; > dfy > 0 in (s, ), i =1,2,3, and ()(a, 8) = (a, ) # 0.
=1

Our main result in this section can be given by the following theorem:

Theorem 4.2. Assume that condition (4.1) holds. Then, there exists a positive constant ¢ > 0 such that
for all Uy € D(A;), j = 1,2, the energy of the system satisfies the following decay rate:

C
(4.2) E(t) < ¥||U0||%>(Aj)~

Referring to [5], (4.2) is verified if the following conditions

(H1) iR C p(A)
and

. 1. . B
(H3) )\EI-EOO o {A? H(Z/\Id —A)) HL(Hj) } =0
hold.

Condition iR C p(A;) is already proved in Lemma 3.2 and Lemma 3.3.
We will establish (H3) by contradiction. Suppose that there exist a sequence of real numbers (\,),,, with
|[An| = 400 and a sequence of vectors

(4.3) Uy = (v}, 02,03, 04,05,08) T € D(A)) with [|Upls, =1
such that
(4.4) A2 (iMUn — AjUn) = (FL F2, 12, 08 2, 08T =0 in My, j=12.

We will check the condition (H3) by finding a contradiction with (4.3)-(4.4) such as [|Un|l;,, = o(1).
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Equation (4.4) is detailed as:

1

(4.5) iMool — 02 = )\—Z,

n

iPI A VS — [k ((v,ll)gC + 03 + Ev,‘z) + D ((vi)x + ol 4 Kvg)]m

(4.6) —Llks [(vi)x — tv}] — ¢Ds [(vg)x — ] = pl)\—;,
3
(4.7) vy =V = 5,
4
(4.8) ipa v — [ko (vi)@ + Do (vﬁ)x]w + k1 [(vi)x + 03 + ] + Dy [(Ufl)x +up+ )] = P2A%»
5
(4.9) i) — 08 = )\—Z,
ip1 A0S — [ks ((vi)m — év,ll) + D3 ((vf’;)z — évi)]z + lky [(v,lz)x + 03 + Evg]
6
(4.10) +D1 [(vz), +vn +lon] = P15
From (4.3), (4.5), (4.7) and (4.9), we deduce that:
1 _ oL 31— o L 51— oL
(411) o3 = 0G0 2= 0. 13l = OG5

For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.
Lemma 4.3. Under all the above assumptions, we have:

1/2 o(1) 1/2 o(1) 1/2 o(1)
(4.12) 101 (0 + ot + 00) || = ==, 1D, = == 15 (v — 0% = ==

and

o(1)

o(1) o(1) .
(4.13) lv3 + v + 0| = , vzl = ;g = 0% === i (a,f).
A A A
Proof. Taking the inner product of (4.4) with U in H,;, we get:
Re (iN||U||? — A% (A;U, U))y, = —ARe (A;U,U),,
L
(4.14) = \? / (D102 +v* + 0°? 4+ Do|vj|* 4+ Ds[vl — 0??) dz = o(1).
0

Thanks to (4.1), we obtain the desired asymptotic equations (4.12) and (4.13). Thus the proof is complete.
(]

Remark 4.4. These estimates are crucial for the rest of the prooof and they will be used to prove each point
of the global proof divided in several lemmas.

Lemma 4.5. Under all the above assumptions, we have:

o(1)

o(1 o(l) .
(4.15) H’U; + 03 +EU5H = SR ||vg|| = ;2), || 2 — €v1|| = /\2) in (a,ﬁ).
roof. First, using equations (4. .7) an . we obtain:
Proof. First, using equations (4.5), (4.7) and (4.9), we obtai
1 3 5
(4.16) Aoy + 0%+ 00°) = —z’(vi+%+v4+%+€v6+€%).
Consequently,
B B B fl 3 5|2
4.17 Aol 4 0% + ®Pda < 2 v2 4ot + 08 2dx + 2 de.
( ) x x )\4
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Using the first estimate of (4.13) and the fact that f1, f2, f5 converge to zero in H}(0,L) (or in H}(0,L))
in (4.17), we deduce:

B
o(1
(4.18) / Mok 4+ 03 + 0 Pde = %
In a similar way, one can prove:
A 1 A 1

(4.19) / N3 2de = $2) and / N vS — ot ?de = L).

a A a A?
The proof is thus complete. O

Here and after € designates a fixed positive real number such that 0 < a+¢€ < §—¢€ < L. Then, we define
the cut-off function n € C°(R) by:

n=1on [a+efB—¢, 0<n<1, n=0 on (0,L)\ (a,f).

Lemma 4.6. Under all the above assumptions, we have:

B—e B—e B—e
12, o) / g2, _ o1 / 12, _ o)
(4.20) /aJre |Mt| " de = - | M| " do = o) |M°|" do = o

Proof. First, multiplying equation (4.5) by iAnv! in L?(0, L) and integrating by parts, we get:

L 9 L . L fl .
(4.21) —/ n |)\v1} dx — z/ Anvolde = z/ Fn)\vldx.
0 0 0

As M\v! is uniformly bounded in L?(0, L) and f! converges to zero in H}(0, L), we get that the term on the
right hand side of (4.21) converges to zero and consequently

L L
— 1
(4.22) - / n| vt |2 dr — z/ Mpo?vlde = L;.
0 0 A
Moreover, multiplying (4.6) by p; 'nvl in L?(0, L), then integrating by parts we obtain:
L - L .
z/ Mpwolde + ppt / (k1 (vy +v® + 00°) + Dy (v2 + v* + (0F)) (nvl) dx
0 0 x
L o L o L2
(4.23) —Ekg,pfl/ (Ufc — Evl) nultdx — prl/ Ds (vg — sz) nulde = / ﬁnvld:r.
0 0 0

Using (4.12), (4.15), the fact that f? converges to zero in L?(0, L) and Av!, vl are uniformly bounded in
L?(0,L) in (4.23), we get:

L
(4.24) z/ ATl dr = &.
0 A

Finally, using (4.24) in (4.22) and the definiton of 1, we get:
L B—e
1 1
/ 77’)\1)1|2dw:£» / ’)\Ul|2d$:0()~
0 )‘ a+te

In a same way, we show:

P D sy o)
xoof de = 2. / M| dr = 2
A+€’v| T h a+€’v| T h\

The proof is thus complete. O

Now, we introduce new multiplier functions. For this purpose, let § # w. = (a +¢€, 8 — ¢€).
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Lemma 4.7. The solution (u,y, z) of the following system

PN+ k(g +y 4 02), + Ckg (2, — lu) —idL,u = v
(4.25) P22y + koYuw — k1 (ug +y + £2) — il y = 3
P2z + k3 (2, — ), — ki (up +y+02) —idl, 2z = v°

with fully Dirichlet boundary conditions:

(4.26) u(0) =u(L)=y(0) =y (L) =2(0)==2(L)=0
or with Dirichlet-Neumann-Neumann boundary conditions:
(4.27) u(0) =u (L) =y (0) = yz (L) = 2, (0) = 2, (L) = 0

verifies the following inequality:
L
[ (s + s s + bl P
0

L
(4.28) + k1 |ug +y 4 £2)? + ks|ze — £u|2)dx < C’/ (o' + [0 + [0°?) da,
0

where C' is a constant independent of n.

Proof. We consider the following Bresse system subject to three local viscous dampings:

prug — ki (ug +y+02), — ks (2o — lu) + 1, uy = 0,
(429) pP2Ytt — k2ymm + ki (uz +y+ EZ) + ]lweyt = 0,
P12ttt — k3 (Zac - eu)z + lky (ua: +y+ EZ) + Ilwezt = 0

with fully Dirichlet or Dirichlet-Neumann-Neumann boundary conditions. Systems (4.29)-(4.26) and (4.29)-
(4.27) are well posed in the space Hy = (Hg (0, L) x L*(0, L))3 and in the space Hy = (Hg (0, L) x L*(0,L)) x
(H!(0,L) x L2(0, L))2 respectively. In addition, both are exponentially stable (see [24]). Therefore, following
Huang [11] and Pruss [22], we deduce that the resolvent of the associated operator:

Aauzj : D(Aaumj) C Hj — Hj

defined by
3 3
D (Aauzl) = (H(} (Q) N Hz(Q)) X (H(} (Q)) )
D (Agus,) ={U € Hy:u€ HyNH? y,z € H N H? @,y,,2, € Hy,§,Z € H}'}
and
” u
i pl_1 [k1(ug +y + €2)y + Lhs(zp — lu) — 1, 4]
A 7l = ’
auzx; ~ - —1 -
Y P2 [k2yaca: - kl (uz + Yy + gz) - ]lUJey]
Z zZ
Z

pfl [k3(ze — lu)y — Lk (ug + 2+ £2) — 1, 2]
is uniformly bounded on the imaginary axis. So, by setting 4 = i\u, y = iA\y and Z = tAz, we deduce that:

" 0
- —1,1
U Y
Y ( -1 0
~ = Z/\_Aauac-) -1.3
Y ! Y
z 0
z =1yt

P1
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This yields:

-2 . -1 -1 -1 -1
||(u7u7y7y7z7z)||H- S H(l)‘_Aaua:j) |‘£(H_7~)||(O>7’01’077’03707 7’1}5)”]{].
J P1 P2 Pl
L
(4.30) < C/ (o' + [0** + [0°?) da,
0
where C' is a constant independent of n. Consequently, (4.28) holds. The proof is thus complete. ]

Lemma 4.8. Under all the above assumptions, we have:

L L L
(4.31) / |M!2dz = o(1), / |\?[2dz = o(1), / MNP |2dz = o(1).
0 0 0

Proof. For clarity of the proof, we divide the proof into several steps.
Step 1. First, multiplying (4.5) by ip; \@, where u is a solution of system (4.25), we get:

L L L Zfl
(4.32) 7/ pi Tt de — 2/ pL T de = pl/ ——udz.
0 0 0o A

Moreover, multiplying (4.6) by @ and integrating by parts, we obtain:

L L L L L
2/ pl)\ﬂv2dx—/ klﬂmvldm—/ €k3(—€ﬂ)v1dx+/ klﬂxv?’dx—l—/ CkTv°dx
0 0 0 0 0
2

L L L L
(4.33) + / Cksti v de + / Dy (v2 +v* + )i, dr — / (D3 (v8 — tv®)udr = py / %ﬂdax.
0 0 0 0

Now, combining (4.32) and (4.33), we get:

L L L L
/ [P A2 + 1Ty + Lhs(—Cu)] v'dx — / kugvide — / Uk ugv’de — / CksugvPda
0 0

0 0
L L L 'Lfl f2
(434) — / Dy (Ui + vt + £U6)ﬂ$dl' + / (D3 (’Ug - E’UQ)ﬂdl‘ = —p1 / ()\ + )\2) udx.
0 0 0

Step 2. Similarly to Step 1, multiplying (4.7) by ip2A7 and (4.8) by 7, where y is a solution of system
(4.25), we get:

L L L
/ [pg)\zﬂ + kol — k’;@] vidx + / kig,vtde — / lkeygvide
0 0 0
L L Lorifd g
(4.35) — / ngiﬂzdx — / Dy (’0325 Loty Evﬁ)ydz = —po / <)\ + )\2) ydx.
0 0 0

Step 3. As in Step 1 and Step 2, by multiplying (4.9) by ip1A\Z and (4.10) by Z, where z is a solution of
system (4.25), we get:

L L L
/ [p1N*Z + k3Zyy — Chy (02)] vPd + / Cksz vt de + / lkyZ v de
0 0 0

(4.36)

L L L L if5 f6
- / (kyZv3de — / Ds (vg — €v2) Zpdx — ﬁ/ Dy (v? + v + ) zde = —py / (/\ + )\2> zdz.
0 0 0 0
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Step 4. First, combining (4.34), (4.35) and (4.36), we obtain:
L L
/ [0 A2+ Ky (U, + G + €2), + lhs(Z, — (w)| v'de + / [02X%Y + kolpy — k1 (Up +7 + £2)] v3da
0 0
L L
+ / [P N2 + k3 (2, — (1), — Lk (Ty + 7 + €Z)] vOdx — / Dy (v2 + vt + ), dx
0 0

(4.37) + / {D3(v; — fv*Jude — / Dy, dx — / Dy (v} +v* + 05)yde — / Ds (v8 — 0) Zpda
L L /:rl 2 L /:r3 4
¢ i
- 4/0 Dy (v} +v* + to%)zdz = —m/o (‘f\ + ;) Tdx — pz/o (ﬁ - £2> ydzx

L /:¢5 6
AN AR
- P1/0 (A + )\2> Zdx.
Combining equation (4.25) and (4.37), multiplying by A2, we get:
L L L B—c
/ |)\v1|2das—|—/ |\ |2dx +/ |MP2dr = z/ (AT dr + NI 4+ N2 2P de
0 0 0 ate

L L L
+ / AD; (v + vt + (%) N dr — / (D3 (ve — tv*)N*udx + / ADovi Ny, dx
0 0 0

L L L
(4.38) + / Dy (v +o* + () N2ydx + / ADs (v8 — (0?) XZ,dz + £ / Dy (v +v* + w5)\?zda
0 0 0

L
— 1 2\ 77, —
p1/0 (if "N+ f?) udz p2/0

Using estimates (4.20) and the fact that A?u, A%y and A%z are uniformly bounded in L?(0, L) due to (4.28),
we get:

L

L
(if’A+ ) ydx — py / (if°X+ f°) zdz.
0

B—e 1
(4.39) i / (ATt dz + A2PMP + N2\ )da = %
a+te

In addition, using (4.12) and the fact that Au,, Ay, and Az, are uniformly bounded in L?(0, L) due to (4.28).
we get:

L L L
(4.40) / AD; (v + v + O \ade + / )\ngix\ywday/ ADs (vS — tv*) XZpdx = o(1).
0 0 0

Also, by using (4.12) and the fact that \?u, A%y and A%z are uniformly bounded in L?(0, L) due to (4.28),
we obtain:

L L L
1

(4.41) / (D3(vS — Lv*)N2udx + / Dy (v2 +v* + (O N*ydr + z/ Dy (v2 +v* + 0®)\zda = %

0 0 0
Moreover, we have:

L L L
(4.42) —p1 / (z'fl)\ + f2) udx — pa / (if3)\ + f4) ydr — p1 / (ifs)\ + f6) zdx = o(1),
0 0 0

since f1, f3, f° converge to zero in H}(0, L) (or in H}(0, L)), f2, f4, f5 converge to zero in L?(0, L), and
A2u, A%y, A\?z are uniformly bounded in L?(0, L).

Finally, inserting (4.39) - (4.42) into (4.38), we get the desired estimates in (4.31). Thus the proof is
complete. O

Lemma 4.9. Under all the above assumptions, we have:
L L L
(4.43) / |vl2dx = o(1), / [v3|2dx = o(1), / |03 2d2 = o(1).
0 0 0
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Proof. First, multiplying (4.6) by vl and then integrating by parts, we get:

L L L L
z/ pr v vlde + ky / v} |2da + ky / (v* + £0°) vidz + / Dy (v +v* + 0°%) vldae
0 0 0 0
L . L o L f27
(4.44) - Ekg/o (v — ') vlde — E/O Ds (v8 — tv*) vldz = py /0 Fvldx.
Then, using (4.11), (4.12) and the fact that v}, (v3 — ¢v') are uniformly bounded in L?(0, L) due to (4.3),
we obtain:

L L
k1 / (v* + °) vlde + / D, ('Ufj + vt + 0°) vlde
0 0

L L
(4.45) - €k3/ (v3 — o) vlde — E/ Dy (v — tv?) vldz = o(1).
0 0
As f? converges to zero in L2(0, L) and Av! is uniformly bounded in L?(0, L), we have:
L f27
(4.46) p1 ; ﬁvldm =o(1).

Next, inserting (4.45) and (4.46) into (4.44), we get:

L L
(4.47) z/ pr wioldr + k / |vl2dx = o(1).
0 0

Using Lemma 4.8 and the fact that v? is uniformly bounded in L?(0, L) due to (4.47), we deduce:

L
/ [vl|2dz = o(1).
0

Similarly, one can prove that:

L L
/ 1032z = o(1), / 03 [2dz = o(1).
0 0

Thus, the proof is complete. O

Proof of Theorem 4.2. Using Lemma 4.8 and Lemma 4.9, we get that ||Ul|3, = o(1). Therefore, we get a
contradiction with (4.3) and consequently (H3) holds. Thus the proof is complete O

Remark 4.10. It is known that for a single one-dimensional wave equation with damping coefficient D, =
do > 0 on w, the optimal solution decay rate is 1/t>. The new multipliers (one for each equation) we have
used here, defined by system (4.25), do not permit to obtain a decay rate of 1/t> but only 1/t. This may be
due to the coupling effects and we do not know if this decay rate of 1/t is optimal.

5. THE CASE OF ONLY ONE LOCAL VISCOELASTIC DAMPING WITH NON SMOOTH COEFFICIENT AT THE
INTERFACE

In control theory, it is important to reduce the number of control such as damping terms. So, this
section is devoted to show the polynomial stability of systems (1.1)-(1.2) and (1.1)-(1.3) subject to only one
viscoelastic Kelvin-Voigt damping with non smooth coefficient at the interface. For this purpose, we consider
the following condition:

(5.1) Dy =D3=0in (0,L) and 3 dy > 0 such that Dy > do > 0in 0 # (o, 8) C (0,L).
The main result of this section is given by the following theorem:

Theorem 5.1. Assume that condition (5.1) is satisfied. Then, there exists a positive constant ¢ > 0 such
that for all Uy € D(A;), j = 1,2, the energy of system (1.1) satisfies the following decay rate:

C
(5.2) E(t) < 7||U0H2D(Aj)-

Vi
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Referring to [5], (5.2) is verified if the following conditions

(H1) iR Cp(A)
and

i supd AT — A0 _
(1) im s {5 -7, =00
hold.

Condition iR C p(A;) is already proved in Lemma 3.2 and Lemma 3.3.
We will establish (H4) by contradiction. Suppose that there exist a sequence of real numbers (\,),,, with
|[An| = 400 and a sequence of vectors

(5.3) U, = (v, 02,03, v, 05 UG)T € D(A;) with [[Uylly, =1

such that
. T : .
(5.4) M (iMUn — AU = (fh f2 f3 £, ) =0 inHy;, j=1.2
We will check the condition (H4) by finding a contradiction with (5.3)-(5.4) such as [|Un|l4,, = o(1).
Equation (5.4) is detailed as:

(5.5) iApvl — 02 = Q

5. il =k [(01), 4+ 6], 0k (), -~ 0l] = pi
(5.7) iMvS — vt = f’i

(5.8) ipadnty, — [k2 () + Da (vy), ]+ k1 [(v), +op +lvp] = p2fé’
(5.9) idgvd — 08 = fé

(5.10) ipAnvy, = [ks ((v7), = lop)] + k1 [(0n), +oh + 0o)] = pl)\—lﬁl.
Inserting (5.5), (5.7), and (5.9) into (5.6),(5.8) and (5.10) respectively, we get '
(5.11) pIZ0h 4 Ry [(0h), + b+ 003) 4 Ok [(43), — 0] = _iplf% _ plé,
(5.12) paXion + [ky (v5), + Do (vn) ] — ki [(von), + o+ 0o)] = ing - p2/\§’
(5.13) pAZE + [k (0F), — ob)], — thy [(01), + 0} +003] = —ip 2 — py L
From (5.5), (5.7), (5.9) and (5.3), we deduce that: ’ ’
(5.14) o3l = 0(-)s odll = 0(50). el = O(50)

For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.

Lemma 5.2. Under all the above assumptions, we have:

L B
412 o(1) 4,2 o(1)
(5.15) /0 Dslvy|“dx = U /a vy “dx = \
and
L B
) o(1 . o(1
(5.16) /o n\v£|2dx = %, /a \v£|2dx = ;6).
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Proof. Taking the inner product of (5.4) with U in #;, we get:

L
(5.17) Re (iX’||U[]> = M (A;U,U)),, = —X'Re(A;U,U),, = [ Dalvy|Pde =o(1).
I ! 0

Thanks to (5.1), we obtain the desired asymptotic equation (5.15).
Next, differentiating equation (5.7), we get:

I3
F )

B B B |f3|2
/ \Av§|2dx§2/ |v;’=|2dx+2/ ;’8 da.

[e3%

Using (5.15) and the fact that f3 converges to zero in Hg (0, L) (or in H!(0,L) ) in the above equation, we
get the desired estimate (5.16). Thus the proof is complete. O

o3 4
AV, = v, +

and consequently

Remark 5.3. Again, these estimates are crucial for the rest of the proof and they will be used to prove each
point of the global proof divided in several lemmas.

Lemma 5.4. Under all the above assumptions, we have:

L 1 B—e 1
(5.18) / n| v 2dax = o) and / |\ |2dx = o)
0 a+e

A2 Az

Proof. First, multiplying (5.12) by pglnﬁ and integrating by parts, we get:

L L L
/ nAv2de = py t / (k2v2 + Dovy) (n’v3 + nv%) dx + py! / ki (vl + 0% 4 00°) nudda
0 0 0

L fdi L f4 .
(5.19) 7/0 inﬁviadxf/o Fmﬁdw.

Then, using (5.15), (5.16), [[v*|| = O(%) and the fact that f3, f* converge to zero in Hg (0, L) (or in H}(0, L)),
L?(0, L) respectively, we deduce that:

(" 3 N (r3,.73 L A b o(1)
(5.20) P2 /0 (kzvx + D2%) (77 V3 + 77%) dz _/0 ngv dz —/0 A dr = N
Next, inserting (5.20) into (5.19), we obtain:
L L 14,3 5
+0d 44 — 1
/ ngdx:pgl/ kl(vxv—kv)wgdﬁ%,
0 0

Using Cauchy-Shwartz and Young’s inequalities in the above equation, we get:

L L vl 403 + 0o 1 [t o(1
/ n| 3 2de < 2|p51|2/ k%ngdx + 5/ n| A3 |2da + oll)
0 0 0

A2 A3
Consequently,
512
1 [ 300 P N [ A O o(1)
Finally, using the fact that (U; + 03 + &15) is uniformly bounded in L?(0, L) and the definition of 7, we get
the desired estimates in (5.18) and the proof is thus complete. O

Lemma 5.5. Under all the above assumptions, we have:

L B—e
(5.21) [ nleiPde=o(v, [ puiPds=of)
0 o

+e
and
L B—e
(5.22) / n| ! [2dz = o(1), / |M!2dz = o(1).
0 a+e
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Proof. Our first aim here is to prove
L
| otz = o)
0

For this sake, multiplying (5.8) by ng and integrating by parts, we get:
L o L o L L L -
—i [ Apav*nvlde —i | Apovinuldr + / (kov? 4+ Dovt)(nul,)dx + / (kov? 4+ Dovt)(n'vl)dx
0 0 0 0
4

L L o L o L4
(5.23) +/ nk1|vi|2daz+/ nklv?’vid:ﬁ—i—/ fk'mv%}ﬁdw:/ pgvnvédx.
0 0 0 0

Now, we need to estimate each term of (5.23):
e Using (5.14), (5.18) and the fact that f3 converges to zero in H}(0,L) (or H}(0, L)), we get:

L o L . fd o L R L f3 o
(5.24) —i/ Apgvin'vlde = ﬂ'/ Ap2(idv® — S )n'v! :/ paX2v3n/ vl +z‘/ vl = o(1).
0 0 A 0 0o A
e Using (5.15) and the fact that Av! is uniformly bounded in L?(0, L), we obtain:
L
— 1
(5.25) —i/ Apovinulde = %.
0

1
e From (5.6), we remark that le is uniformly bounded in L2(0, L). This fact combined with (5.15) and

(5.16) yields

L o1 1
(5.26) / (koMo + DQ/\’U;L)(U’UWE )dx = M.
o \ )
e Using (5.15), (5.16) and the fact that v} is uniformly bounded in L?(0, L), we get:
L
— 1
(5.27) / (kov2 4 Dovl)(n'vl)dx = %.
0
e Using (5.14) and the fact that v. is uniformly bounded in L?(0, L), we obtain:
L o L o
(5.28) / nkyvivldae +/ CkynvPvlde = o(1).
0 0
e Using the fact that f* converges to zero in L?(0, L) and v} is uniformly bounded in L?(0, L), we get:
L 4
= o(1)
Finally, inserting equations (5.24)-(5.29) into (5.23) and using the definition of 7, we get the desired estimates
in (5.21).

Next, our second aim is to prove
L
/ n| vt Pdz = o(1).
0
For this, multiplying (5.11) by pflnﬁ and integrating by parts, we get:
L L o L o
(5.30) / n\wt2de =p; ! / ky(vl 4 03 + 00 (vl + nol)da — p7t / Cks(vd — ot )not
0 0 0
L /2 1
Y A W s
— /0 (>\4 + "3 nuldz.
So, using (5.14), (5.21), the fact that (v} + v® + €v®), (v3 — fv') are uniformly bounded in L?(0,L) and f1!,

f? converge respectively to zero in H}(0, L), L?(0, L) in the right hand side of the above equation and using
the definition of 1, we get the desird estimates in (5.22). |
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Lemma 5.6. Under all the above assumptions, we have:

L B—e
o(1 o(1
(531) [ aipar =25 [ s = 2
a+te
and
1 p—e 1
(5.32) / n|\wt|?de = §2) / |/\v1|2dx:%.
0 a—+te

Proof. For the clarity of the proof, we divide the proof into several steps:
Step 1. In this step, we will prove

L L L 0(1)
(5.33) 01 / n|AtPde — ky / n|viPdx + (ki + k3)Re / ndTTde § = —o-.
0 0 0

For this sake, multiplying (5.11) by nov! and integrating by parts, we get:

L L L L
01 / n| vt Pdx — ky / nlvl|?de — klRe{ / n'v vldx} + k1Re {/ nvivldm}
0 0 0 0

. g o(1)
(5-34) + f(kl + kg)Re / nv;ﬂdx - 621433 / 7]|U1|2dI = ?
0 0

Now, we need to estimate some terms of (5.34) as follows:
o We get after integrating by parts

L k] L kl L 2
—klRe{/ n'v, vld:r} -5 7 (|[v})?)pdz = 5 [ |v! [2dz.
0 0 0
Using (5.22) in the previous equation, we obtain:
L
1
(5.35) —klRe{/ n'vy, vldm} Lz)'
0 A
e Using (5.16) and (5.22), we deduce that

L
- 1
(536) k1Re {/ nygyld(g} _ 621{33/ 77|’U1|2d.1' _ )(\2)
0 0

Finally, inserting (5.35) and (5.36) in (5.34), we get the desired estimate (5.33).
Step 2. In this step, we will prove

ki ks g 3 ZAVENS g 12
< A > Re{ / (kovy + ngx)nv}m)dx} + (k1 + k:g)/ n|vy|“dx
1 0 0

L
— o(1
(5.37) — (k1 + kg)Re{/O nvzvlda:} = %
ka\ —
In order to prove (5.37), multiplying (5.12) by the multiplier —( 12_ 3)771)915 and integrating by parts, we
1
get:
ki + k: L — ki +Fk o —
_p2( 1; S)Re{/ m%%%dm} _< 1+ 3>Re{/ kgv + ng ) nv;dm}
1 0 0
Iy

g 12 t 31 t 51 o(1)

(5.38) 4+ (k1 +k3) nlvg|“dr + (k1 + ks)Re nuivlde ¢ —0(k1 + k3)Re nuovlde p = YR
0 0 0

I3

21



Next, we need to estimate I, I and I3.
e Integrating by parts I; and then using (5.16), (5.18) and (5.22), we deduce that:

ki +k L — _ o(1
(5.39) L = pg( ! i 3)Re{/0 (77’)\113)\1)1 + n)\vg)\vl) daz} = %

e Integrating by parts I and then using (5.15), (5.16) and (5.21), we get:

L L
— ki +k
I, = (kl 2— k3>Re{ / (kzvg + Dzvi) n/v%da?}dx + ( 12‘ 3)Re{ / (kzvz + ngi)nv}mdx}dx
0 0

1 1

L
— 1
(5.40) = <k1;k3>Re{/ (ko3 +D2v;1)77v}mdx}dx+ %2).
1 0

e By using (5.18) and (5.21), we deduce that

(5.41) I3 = (ki + kg)Re{ /OL nvSvidx} = %)

Finally, inserting (5.39), (5.40), and (5.41) into (5.38), we get the desired estimate (5.37).
Step3. Combining (5.33) and (5.37), we get

L L L
— 1
(542) pl/ ’I7|)\U1|2d.’13 + kg/ 77|Ui\2dw + (k1];|-k3)Re{/ (k‘Q’Ui +D2'Ui) nU;md.I} = %
0 o 1 0

Step 4. In this step, we conclude the proof of the main estimates (5.31) and (5.32). For this aim, multiplying
(5.11) by n (k‘g@—i- ng), we get:

L o . L o .
Re {/ pinAvi) (ky)g’ + D2U§) dx} + k1 Re {/ n (kgv% + ngi) vglmdx}
0 0

(5.43)
b 5 3 vy bos 1 —3 iy o(1)
+k1Re / n (v + (vy) <k2’l}§ + ngé) dx p + CksRe / (02— ') n (kgvg + ngé) dx p = SV
0 0

I

Using the fact that v3 and (v3 — fv') are uniformly bounded in L?(0, L), (5.15) and (5.16), we get:

L L
I = kRe {/ n (03 + 0?) (kr@ + DQE) dw} + tksRe {/ (w5 — ewl) (k@ + DQ@ dm}
0 0
o(1)
Substitute (5.44) in (5.43), we get:

A A A e
(5.45) k1Re /On(kgvg’—&-ng‘,%)v;wdx = —Re /Opln)\v )\(k/‘gvg—l—DQU;‘)da? —l—v.

Now, substitute (5.45) in (5.42), we obtain:

L L L
ki +k = . Dot ol
(5.46) pl/o n|)\v1|2d:c+k3/0 7]|v_i2d:z:( 1k% B)Re{/o pinAviA (kzvf;JrDzvﬁ) d:l?}+)(\2).
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We will now apply Young’s inequality in (5.46). For this sake , let € > 0 be given. We get:

g 12 g 112 1 (ki +ks 2k 2 3 vy
pl/ n|Av| dsc—|—k3/ nlvg|“dr < ( 5 ) / PINA ‘ngi’.-&—ng;l.
0 0 € ki 0

2 L 1
dx +e/ pin| vt Pdx + %
0

—ol)
=23

L

o(1

< e/ pin| vt Pda 4 %
0

Consequently, we have:

’ : o(1)
(1- €)p1/ n|\t?dx + kg/ nlviPde = SV
0 0

1
Finally, it is sufficient to take € = 3 in the previous equation to get the desired estimates in (5.31) and

(5.32). The proof is thus complete. O

Lemma 5.7. Under all the above assumptions, we have:
B—e
(5.47) / 0° 2dz = o(1)
a+te
Proof. Multiplying (5.11) by nv3 and integrating over (0, L), we get:

L L - L o L o
(5.48) (Cky + Ekg)/ nvl? = — p1/ nA\2vtvdde + k1/ van'vidr + k1/ nkvi%dx
0 0 0 0
o(1)

L L
— k1 / nv3vdx + €2k3/ nvtvidz + N
0 0

1
Finally, using (5.16), (5.31), (5.32), the fact that v3 is uniformly bounded in L?(0, L) and Xvim is uniformly

bounded in L?(0, L) due to (5.10) in the right hand side of the previous equation, we get the desired estimate
(5.47). The proof is thus complete. O

Lemma 5.8. Under all the above assumptions, we have:
B—e
(5.49) / WP2dz = o (1).
a+te

Proof. Multiplying (5.13) by np; 'v5, we get:

L L L
(5.50) / n|\P?|2de =p7 ! / ks (v2 — ot (/05 + nud)da + pr ! / Oky (vl + 0% + 0P )pulde
0 0 0

L /16 5\ __
—/0 <§4 +zi\t3) nuddz.

Using (5.14), (5.47), the fact that (vl + v® + fv®), (v3 — fv!) are uniformly bounded in L?(0,L), f°, f°

converge to zero respectively in HE(0,L) (or in H!(0,L)), L?(0,L) in the right hand side of the above
equation, we deduce:

L
/ n|A°2dx = o(1).
0
Finally, using the definition of 7, we get the desired estimate (5.49). The proof is thus complete. ]

Proof of Theorem 5.1 It follows from Lemmas 5.2, 5.4, 5.5, 5.7 and 5.8 that [|Uy|3,; = o(1) on
(a+e, B—¢). So one can use estimate (4.38) with D; = D3 = 0 and Lemma 4.9 to conclude that ||U, ||, = o(1)
on (0, L) which is a contradiction with (5.3). Consequently, condition (H4) holds and the energy of smooth
solutions of system (1.1) decays polynomially as ¢ goes to infinity. O
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6. LACK OF EXPONENTIAL STABILITY

It was proved that the Bresse system subject to one or two viscous dampings is exponentially stable if
and only if the wave propagate at the same speed (see [24] and [1]). In the case of viscoelastic damping, the
situation is more delicate. In this section, we prove that the Bresse system (1.1)-(1.3) subject to two global
viscoelastic dampings is not exponentially stable even if the waves propagate at same speed. So, we assume
that:

(6.1) D=0 and Do=D3y=1 in (0,L).
Theorem 6.1. Under hypothesis (6.1), the Bresse system (1.1)-(1.3), is not exponentially stable in the
enerqgy space Hs.
Proof. For the proof of Theorem 6.1, it suffices to show that there exists

e a sequence (\,) C R with lim |\,| = +oo, and

n——+00

e a sequence (V,,) C D(Ay),

such that (1A, I — A2)V;, is bounded in Hs and lirf V.|| = +o00. For the sake of clarity, we skip the index
n—-+0oo

n. Let F = (0,0,0, f4,0,0) € Hy with

_/nTzT _ nmy/ pako
fa(z) = cos (7L ) , A= I, "€ N.

We solve the following equations:
(6.2) it —v? =0,
(6.3) iAp10® — ki (vg, + V2 + (02) — ks (v3 — tv') — £ (V8 — w?) =0,
(6.4) i — ot =0,
(6.5) iApavt — kv + kg (v; +o3 4 Evs) = pofa,
(6.6) ix® — % =0,
(6.7) iAp10°® — kg (v3, — lvy) + Lv2 + Lhy (vg + v® + (0°) = 0.
Eliminating v?, v* and v® in (6.3), (6.5) and (6.7) by (6.2), (6.4) and (6.6), we get:
(6.8) Np1vt + ky (vh, + 03+ 002) + £ (ks + iX) (v — o) =0,
(6.9) A2 pov® + kov?, — Ky (vh + 0% 4+ £0°) = —pa f?,
(6.10) Np1v® + ks (v2, — tvk) — iMvl — Chy (vh + 0% + %) = 0.
This can be solved by the ansatz:

1 4. (NTX 3 _ (nTx 5 _ (nTT
(6.11) vt = Asin (—L ) , v° = Bcos (—L ) , v>=Ccos ( 7 )

where A, B and C depend on A are constants to be determined. Notice that ko ("—5)2 — p2A? = 0, and
inserting (6.11) in (6.8)-(6.10) we obtain that:

nm 2 9 N 2 nm . nm _
(6.12) ((L) ke — A2py + (ks + i) € ) Atk (T)BJr(kl +k3+m)£(f)c_o,
(6.13) by (%)A+k13+€k10:p2,
2
(6.14) (k1 + ks + M) £ (%) A+l B + [kg (%) — A%y + e%} c=o.
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Equivalently,

(25)% ke — N2p1 + (ks +i0) 2k (25) (ki ks +iN)€(25) ) [A 0
(6.15) k‘l (%) ]61 f[ﬁ B = P2
(k1 + ks +iX) £ (22) Cky ks (%)= N2y + 2k ) \C 0

This implies that:

= +0(n7?),
7 (kapi — kapipz + p2l?) kan (=)

P2 (k1ksp3 + ((—k1 — k) p1 + £2) kapa + k3p7)

6.17 B= +0(n™1,

(6.17) b (o 7 ) o+ R =)
92

(6.18) = ipy L/ pskz O(n2),

_|_
T ((—ksp1 + £2) pa + k2p?) kon

Now, let V,, = (vl, ixvt, v3, i3, v®, i)\v5), where v!,v3 and v® are given by (6.11) and (6.16)-(6.18). It is
easy to check that
IVilla, > /P2l A03|| ~ |BA| ~ |n| = +00 as n — +oo.

On the other hand, using (6.2)-(6.7), we deduce that
| (GIAT — A2)Vy |15, = [1(0,0,0, p* f* — iADov2 ,0,iAD303,) I3, < c.

T

Consequently, ||(iAXI — A2)V,[3,, is bounded as n tends to +oc0. Thus the proof is complete. O

Remark 6.2. By a similar way, we can prove that the Bresse system (1.1)-(1.3) subject to only one vis-
coelastic damping is also not exponentially stable even if the waves propagate at same speed. O

7. ADDITIONAL RESULTS AND SUMMARY

Global Kelvin—Voigt damping : analytic stability. In [12], Huang considered a one-dimensional wave
equation with global Kelvin-Voigt damping and he proved that the semigroup associated to the equation is
not only exponentially stable, but also is analytic. So, it is logic that in the case of three waves equations
with three global dampings, the decay will be also analytic.

In this part, we state the analytic stability of the Bresse systems (1.1)-(1.2) and (1.1)-(1.3) provided that
there exists a positive constant dy such that:

(7.1) Dy, Dy D3 > dg >0 forevery z € (0, L).

tA;

Theorem 7.1. Assume that condition (7.1) holds. Then, the Cy-semigroup €%, for j = 1,2, is analytically

stable.

The proof relies on the characterization of the analytic stability stated in theorem 4.1 and on the same

kind of proof used for the preceding results : we use a contradiction argument and much simpler estimation
to obtain the result. This much simpler proof is left to the reader.
Localized smooth damping : exponential stability. In [15], K. Liu and Z. Liu considered a one-
dimensional wave equation with Kelvin-Voigt damping distributed locally on any subinterval of the region
occupied by the beam. They proved that the semigroup associated with the equation for the transversal
motion of the beam is exponentially stable, although the semigroup associated with the equation for the
longitudinal motion of the beam is not exponentially stable.

And in [16], K. Liu and Z. Liu reconsidered the one-dimensional linear wave equation with the Kelvin-
Voigt damping presented on a subinterval but with smooth transition at the end of the interval. They proved
that the smoothness of the damping coefficient at the interface leads to an exponential stability. They were
the first researchers to suggest that discontinuity of material properties at the interface and the “type” of
the damping can affect the qualitative behavior of the energy decay. The smoothness of the coeflicient at
the interface plays a crucial role in the stabilization of the wave equation. In this part, we generalize these
results on Bresse system.
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So we consider the Bresse systems (1.1)-(1.2) and (1.1)-(1.3) subject to three local viscoelastic Kelvin-
Voigt dampings with smooth coefficients at the interface. We establish uniform (exponential) stability of the
Co-semigroup e*4, j = 1,2. For this purpose, let () # w = (a, 8) C (0, L) be the biggest nonempty open
subset of (0, L) satisfiying:

(7.2) Jdg > 0 such that D; > dg, foralmost every z €w, i =1,2,3.

Theorem 7.2. Assume that condition (7.2) holds. Assume also that Dy, Do, D3 € W1>°(0,L). Then, the
Co-semigroup €' is exponentially stable in Hji, j=1,2, ie., for all Uy € H;, there exist constants M > 1
and 6 > 0 independent of Uy such that:

eV Uoll,, < Me™* |Uolly,,, t>0, j=1,2.
Again, the proof relies on the characterization of the exponential stability stated in theorem 4.1 and on

the same kind of arguments used for the proof of the preceding results : we use a contradiction argument
and simpler estimation to obtain the result. This proof is left to the reader.

The following table summarizes the results of this study:

Regularity of D; | Regularity of Dy | Regularity of Ds Localization Energy decay rate

D; Zdo >0 in (O,L)

L>=(0,L) L>=(0,L) L>=(0,L) PR

Analytic stability

D;>dy>0 inw

wtee(0, L) wtee(0, L) Wwtee(0, L) =123 Exponential stability
3

L>(0,L) L>(0,L) L>(0,L) ﬂ suppD, =w Polynomial of type %
i=1

0 L>(0,L) 0 Dy >dy>0 inw Polynomial of type %
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