N

N

Stationary solutions to Smoluchowski’s coagulation equation
with source
Philippe Laurencot

» To cite this version:

Philippe Laurencot. Stationary solutions to Smoluchowski’s coagulation equation with source. North-
Western European Journal of Mathematics, 2020, 6, pp.137-164. <hal-02882692)

HAL Id: hal-02882692
https://hal.science/hal-02882692v1

Submitted on 27 Jun 2020

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-02882692v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

STATIONARY SOLUTIONS TO SMOLUCHOWSKI’'S COAGULATION
EQUATION WITH SOURCE

PHILIPPE LAURENCOT

ABSTRACT. Existence and non-existence of integrable stationary solutions to Smoluchowski’s coag-
ulation equation with source are investigated when the source term is integrable with an arbitrary
support in (0,00). Besides algebraic upper and lower bounds, a monotonicity condition is required
for the coagulation kernel. Connections between integrability properties of the source and the corre-
sponding stationary solutions are also studied.

1. INTRODUCTION

The coagulation equation with source describes the dynamics of a system of particles, in which
particles interact by pairwise merging, thereby forming larger particles, and new particles are injected
from the outside. Denoting the particle size distribution function of particles with size z € (0, 00) at
time ¢t > 0 by f = f(t,z) > 0, the corresponding evolution equation is

O f(t,x) =Cf(t,z)+ S(z), (t,z) € (0,00)?, (1.1a)
f(0,2) = f™(x), x € (0,00), (1.1b)

where S is a time-independent function accounting for the external supply of particles and the
coagulation mechanism is given by the nonlinear integral operator

)= [ Ko i@ - [ Kenf@ima

for z € (0,00). In (IId), the coagulation kernel K is a non-negative and symmetric function and
K(z,y) = K(y,x) measures the rate of merging of particles with respective sizes x and y. The first
integral on the right hand side of (I.Id) accounts for the formation of particles with size x as a result
of the coagulation of two particles with respective sizes y € (0,x) and x — y, while the second one
describes the disappearance of particles with size x when merging with other particles.

Since the pioneering works [1L[14H1724,26L28], Smoluchowski’s coagulation equation (L.II) without
source (S = 0), originally derived in [22/23], has been extensively studied in the mathematical
literature for various choices of the coagulation kernel K and we refer to the books [2,[5] and the
references therein for a more detailed account. Since the addition of a source term does not change the
mathematical structure of the equation, the well-posedness of Smoluchowski’s coagulation equation
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2 PH. LAURENGOT

with source ([LI]) can be proved in a similar way as that of Smoluchowski’s coagulation equation
[61[10L 20125, 28]. It is however worth emphasizing that the presence of a source drastically changes
the dynamics, as the continuous injection of new particles in the system somewhat balances the
transfer of matter towards larger and larger particles due to coagulation. In particular, convergence
to a stationary state is shown in [5[20,21] for the constant coagulation kernel, a feature which leads to
the question of existence and stability of stationary solutions for other choices of coagulation kernels.
A thorough study of the existence issue is performed in [8] for coagulation kernels satisfying

B (2700 + 270y t0) < K(2,9) < ke (270 4274 () € (0,00)%,  (12)
where (v,a) € R? and ky > k; > 0. Assuming that the source term S is a non-negative bounded

Radon measure on (0, 00) with compact support in [1, L] for some L > 1, the existence of at least
one non-negative measure-valued stationary solution f(dz) to (ILIal) satisfying

/ (27 +27%) f(dz) < o0 (1.3)
0
is shown in [8, Theorem 2.2] when |y 4 2| < 1. In addition,
o0 1 [ee]
| atrtan <o, we i [T ) = . (1.4)
0 0

see [8, Corollary 6.4], so that f(dx) cannot decay too fast for large sizes (observe that the condition
|7 + 2a| < 1 implies that max{y + o, —a} < (1 4 v)/2). Furthermore, if S # 0 and |y + 2a| > 1,
then there is no non-negative measure-valued stationary solution to (LIal) satisfying (L3), see [8|
Theorem 2.4].

The purpose of this note is twofold: on the one hand, for coagulation kernels satisfying (L2]), we
extend the validity of the existence and non-existence results established in [§] to source terms which
are not necessarily compactly supported in (0, 00). We however restrict the analysis to source terms
and stationary solutions which are absolutely continuous with respect to the Lebesgue measure on
(0,00) and, to this end, an additional monotonicity condition is required on the coagulation kernel.
On the other hand, for such source terms, we provide alternative proofs for the existence and non-
existence results established in [8].

We actually begin our analysis with the following observation, already pointed out in [5, Chapter 8].
If K is a coagulation kernel satisfying (L2]) and f is a stationary solution to (ILTal), then fp(z) :=
2’ f(z), v > 0, is a stationary solution to (IIa) with coagulation kernel Ky(z,y) := (zy) ’K(z,y)
and 6 := min{y + «, —a}, and Ky satisfies the growth condition (L2) with (|7 + 2a/,0) instead of
(7, ). Thanks to this observation, we shall assume from now on that there are A > 0 and ky > k1 > 0
such that the coagulation kernel K satisfies

k(2 + ) < K(zy) <k (22 +9Y) . (z,9) € (0,00)°. (1.5)
We supplement (L5 with the following monotonicity condition on K
K(z—y,y) < K(z,y), 0<y<u, (1.6)
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which is known to play an important role in the derivation of uniform integrability estimates such
as LP-estimates, p > 1, see [3,[5,[12,[1§].

Before providing a precise definition of stationary solutions to (I.Tal) along with the statements of
the main results, let us introduce some notation: for m € R, we set X,, := L'((0,00), 2™dx) and
Xom = Xo N X,,, and denote their respective positive cones by X and Xafm. For h € X,,,, we put

M, (h) = / z™h(z) dx, heXn.
0

We now define the notion of weak stationary solutions to the coagulation equation with source
(LIa) to be used in the sequel. Besides the required absolute continuity with respect to the Lebesgue
measure, it is quite similar to [8, Definition 2.1].

Definition 1.1. Let A\ > 0 and consider a coagulation kernel K satisfying (L3) and S € X§. A
stationary solution to the coagulation equation with source (LIa) is a function ¢ € ng ) such that

1 [e.e] [e.e] o0
5[ [ K@ pe@e) duds+ [ 8@ de=o (1.7
o Jo 0
for all ¥ € L*(0,00), where
We now state the existence and non-existence results we establish in this paper.

Theorem 1.2. Let A > 0 and consider a coagulation kernel K satisfying (L3) and S € X

(a) Assume further that K satisfies ([L6) and S € (\,,co1) Xm- If A € [0,1), then there is at
least one stationary solution  to (LIa) such that

I+ A
v € X, O§m<T, 0 & Xain2- (1.9)
In addition, if S € X,,, for some m € (—00,0), then ¢ € X,,.
(b) If A\ > 1 and ¢ is a stationary solution to ([LIal), then p =S = 0.

An alternative formulation of Theorem (b) is that, for A > 1 and S € X, S # 0, there is no
stationary solution to (LIa)) in the sense of Definition [[.1]

Remark 1.3. According to the above mentioned connection between stationary solutions to (ILIal)
for coagulation kernels satisfying (L2) and (L), existence and non-existence results of stationary
solutions to (LIa) for coagulation kernels satisfying (L2) can be deduced from Theorem[I1.2 Indeed,
consider a coagulation kernel K satisfying (L2) and (v —y) ' K(x —y,y) < 27K (z,y) for (z,y) €
(0,00)% and 0 = min{y+a«, —a}. Then, given a source term S € ﬂme[O’l) X, S #0, there is at least
one stationary solution to (LIa) which belongs to X\ for m € [0,(1 +7)/2), but not to X412,
when |y +2al € [0,1) and no such solution when |y +2a| > 1. This is in accordance with the results
established in [§).
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As already mentioned, the outcome of Theorem matches the results obtained in [§] for source
terms which are non-negative bounded Radon measures on (0, c0) with compact support in (0, 00).
We here relax the assumption on the support and obtain directly integrable stationary solutions to
(LIa) when the source term is integrable. Also, the proof of Theorem provided below relies
rather on global integral estimates, while local integral estimates are at the forefront of the analysis
performed in [8]. As a consequence, more precise information on the local behaviour of stationary
solutions is obtained, see [8, Proposition 6.3]. Finally, as already pointed out in [5,[8], the non-
integrability property stated in (L)) is a striking feature of stationary solutions to (LTal) as their
decay at infinity is prescribed solely by the growth of the coagulation kernel and is not sensitive to
the decay at infinity of the source term.

We now describe the contents of this paper. In Section P, we derive properties of stationary
solutions ¢ to (LIa) in the sense of Definition [[I including the non-integrability property ¢ ¢
X@+4x)/2 (Proposition 1) and improved integrability properties of ¢ for small sizes induced by that
of the source term (Proposition [2.2]). We also derive in Proposition 23] upper and lower bounds on
My () and M, (p) in terms of My(S) and M, (S). Though not directly used in the subsequent analysis,
these estimates, in particular (2.3)), provide guidelines for the proof of Theorem [[.2] (a), see Lemma3.3]
and Lemma B.8 Section Bl is devoted to the existence of stationary solutions (Theorem (a))
and combines a dynamical approach and a compactness method, an approach which has already
proved successful to construct self-similar solutions to Smoluchowski’s coagulation equation [6l7./9/19]
and stationary solutions to coagulation-fragmentation equations [7,[I1]. Specifically, given a small
parameter 0 € (0, 1), we consider an approximation of (L) obtained by truncating the source term
(S5 := S1(01/s)) and adding an efflux term —20f. We then show that the associated initial value
problem is well-posed in ng 14 and construct an invariant set Zs, which is non-empty, convex, and
sequentially weakly compact in Xy. Owing to these properties, an application of a consequence of
Tychonov’s fixed point theorem, see [7, Theorem 1.2], ensures the existence of a stationary solution
s to this approximation. A by-product of the construction of the invariant set Zj is the derivation
of estimates which do not depend on the approximation parameter ¢ and ensure that the family
(¢)sc(0,1) lies in a sequentially weakly compact subset of X,. We then show that the corresponding
cluster points of (¢)sc(o,1) as & — 0 are stationary solutions to (LTIal), thereby completing the proof
of Theorem (a). We end up the paper with the non-existence of stationary solutions in the sense
of Definition [[.T], as stated in Theorem (b), which is proved in Section [l

2. PROPERTIES OF STATIONARY SOLUTIONS

Let A > 0 and consider a coagulation kernel K satisfying (LH) and S € X;. We first show that
non-trivial stationary solutions to (ILTal) do not decay too fast for large volumes, a property already
observed in [5, Theorem 8.1] for A = 0 and in [8, Corollary 6.4] for A € [0,1). The proof given
below differs from that in [§] and is closer to that in [5], an additional approximation argument being
needed to handle the unboundedness of K when A € (0,1).

Proposition 2.1. Assume that A € [0,1) and let ¢ be a stationary solution to (LIal). If S # 0, then
0 & Xatny2-
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Proof. We argue by contradiction and assume that ¢ € X(14,)2. Then

J(A) := /OO:B(1+’\/2 (z) da

A
is finite for all A > 0 and

Alim J(A)=0.
Now, let A > 0 and set ¥(z) := min{x, A} for x > 0. We infer from (7)) and the symmetry of K
that
[Toswsw =1 [* [ ey DRG0 da
0 —x
[ ek etet) duds 1)
0o Ja

+§/AOO /AOO K(z,y)p(z)p(y) dydz.

We now study the behaviour of the terms on the right hand side of (2I) as A — oo. First, since
(1+X)/2 € (0,1), it follows from (LH) that, for (x,y) € (0, A)? such that z +y > A,

(z+y— A)K(z,y) < ka(z+y— A) (2 + y)
<ko(z 4y — AN 2 (1 4y — A)IHN/2
+ oz +y — AV (@ 4y — AV
< 2]{22(Iy)(1+>\)/2.
Consequently,

A A
%/0 A_m($+y—A)K(x,y)w($)¢(y) dydz
A A
<t [ @) ela)ely) dyde
A2 A A pA
< ky / /A /2(93?;)(1“’/290(@@0(@/) dydz + ko / / (2y) V20 (2)p(y) dyda

A2Jo
< e Mrany 2 (0) J(A)2) .

Next, using again (IL5) and the property A € [0, 1), we find

//xKa:y z)( dyd:):<k2// (2" + 2y*) o(2)p(y) dyde

< 2k, / / (1) 2 () (y) dyde
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< 2k M40 /2(0) J(A)

nd
g/j/jK(%y)w( w(y) dydx<&/ / 2+ y*) p(2)p(y) dyde
<Ak2/ / 2 p(z)e(y) dyda
o ([T A0l >dx) ([ a0 dyae)

< ky J(A)?.
Gathering the above estimates, we deduce from (2.1]) that

/000 min{z, A}S(z) dz < 2kaM4x)2(9) [J(A/2) + J(A)] + ko J(A)?.

Hence,
lim / min{z, A}S(z) dz =
A—o0 0
which implies that S = 0, and a contradiction. ([

We next show that the behaviour of S for small sizes governs that of stationary solutions.

Proposition 2.2. Let ¢ be a stationary solution to (LIa). If w € C((0,00)) is a non-negative and
non-increasing function and S € L'((0,00),w(x)dz), then ¢ € L'((0,00),w(x)dz). In particular, if
S € X,, for some m € (—0,0), then p € X,,.

Proof. Proposition being obvious when ¢ = 0, we may thus assume that ¢ # 0. Consider
€ (0,1) and set w.(x) := w(z + ¢) for z > 0. Owing to the monotonicity of w, there holds
w(z +¢e) <w(e) for z > 0 and

~Xu.(2,y) =w(r +e) twly+e) —w@+y+e) Zwl@+e) 20,  (z,9) € (0,00)*.
We may then take ¥ = w. in (I.7)) and use the above inequality, the symmetry of K, and (3] to

obtain
| ws@ as==3 [ [T wnE@aemet) de

> /0 ) /0 ) Xu. (7, 9)y 0 (y)p(x) dydz

> k1 My () /oow(a:+5)<p(x) dz .

0
We then let ¢ — 0 in the previous inequality and deduce from Fatou’s lemma that

/Ooow(x)S(:B) dz > k1 My(p) /Ooow(at)cp(x) dx,
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thereby completing the proof, since M,(y) is finite and positive. O

We end up this section with upper and lower bounds on the moments of order zero and A\ of
stationary solutions to (LIal).

Proposition 2.3. Let ¢ be a stationary solution to (LIa). Then

k1Mo () M () < Mo(S) < kaMo(0) Ma(p) - (2:2)
Assume further that A € [0,1) and S € X). Then
2)\ ) 21—)\
—M. <M < — M . 2.
CMAS) < M) < g IS (2.

Proof. First, it follows from (IL7) with the choice ¥ =1 that

M) =3 [ [ Kot dyde.

Combining the above identity with (L) readily gives (2.2)).

Next, the bounds ([Z3) formally follow from (LH) and (L7) with ¥(z) = 2*, > 0. This function
being not bounded, an approximation is needed. Specifically, let A > 0 and set ¥ 4(x) = min{a?*, A*}
for x > 0. We infer from (7)) and the symmetry of K that

00 A A—zx
/0 Da(z)S(x) do = %/0 /0 (2} + v — (2 + )] K(z,9)o(x)e(y) dydx

1 (A A
"3 /0 /A—m [2* + vt = A K (2, 9)p(2)p(y) dyde -

* /OA /AOO K (x,y)p(x)e(y) dyde

+A7/Aoo /Aoo K(z,y)p(z)p(y) dydz.

We now identify the limit as A — oo of each term on the right hand side of (2.4]). We first recall
the following algebraic inequalities

A
22— W @y <

(z+y) , (z,y) €(0,00)7, (2.5)

see [27, Eq. (9)], and
227 (2 ) < (@ + )t <2+ (z,v) € (0,00)?, (2.6)
which are valid due to A € [0,1). We deduce from (LT), (2.5), and (2.6]) that
0 < 1o () Li0,a-0)(y) [2* + 9™ = (2 + )] K (2. y)e(2)e(y)

T (a)ely) < 27N ay) elx) ().

(z +y)*

< ka(zy)
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Since ¢ € X, and
f}i_lglgo Lo,y (2)Lo,a-a)(y) =1, (z,y) € (0,00)?,

Lebesgue’s dominated convergence theorem entails that

A—oo 2

A—zx
lim = / / [z} + v — (z +9)*] K(z,y)e(x)e(y) dyda

=§/0 /0 2yt = (2 +y)] K(z,y)p()e(y) dyde.

Next, by (LH),
0 < Lio.a)(@)Lacan) (y) [2* + 1 — A K(z,y)p(x)0(y)
< ky [zt + v — A (2 + ) p(2)0(y)
< kg (M + ) () p(y) = 2ka(zy) o(x) 0 (y) -

Since ¢ € X, and
f}grolo 1(0,A) (x>1(A—x,A) (y) =0, (l’, y) < (07 00)2 )

we use again Lebesgue’s dominated convergence theorem to obtain

lim //A [+ — A Kz, y)(x)ely) dyde = 0.

A—o00 2

Finally, using once more (I.3]),

0<// (x)( dyd:):<k2// (2t +y7) p(z)e(y) dyda

< 2k, / / (20 o(@)o(y) dyda < 2k M () /A Poly) dy

and

OSAA/OO/OOK@,yxo( o) dys < kot [ [T (4 ) pla)ety) dys
<2k2/ / ) )dyd:):<2k:2MA()/ oy) dy |

A

from which we deduce that

A 00
jim/ / K (2, y)p()p(y) dydz =0,
—00

ggﬁ/ / K (2, y)p(@)e(y) dydz =0,
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recalling that ¢ € X,. Collecting the above information, we may take the limit A — oo in (2.4 and
obtain, since S € X,

M) =5 [ [T+t = 0] Kopele)et) duds. (2.7

Now, we infer from (LH)), (2.3), (2.6), and (2.7)) that
M1 — 22Nk My (0)? < My(S) < 27 ko My ()2,
from which (23] follows. O

3. APPROXIMATION

Throughout this section, we assume that A € [0,1) and that the coagulation kernel K satisfies
(L3) and (T6). Also, let S be a source term satisfying

Se () X5, S#o0. (3.1)
)

me(0,1

Since S € Xp, it follows from a refined version of the de la Vallée-Poussin theorem [4], see [13]
or [2 Theorem 7.1.6], that there is a function ® € C'([0,0)) depending only on S which satisfies
the following properties: ® is convex, ®(0) = ®’(0) = 0, ¢’ is a concave function which is positive
on (0, 00),

O(r)

lim P'(r) = lim =00, (3.2a)
and .

Lo(S) = / B(S(x)) d < 0o (3.2b)

For § € (0,1), we define 0
Ss = S1(0,1/8) € X142~ (3.3)
We shall then prove the existence of a stationary solution to the following approximation of (I.TI)
O f(t,x) =Cf(t,x) + Ss(x) — 20 f(t,x), (t,z) € (0,00)?, (3.4a)
f(0,2) = f™(x), x € (0,00), (3.4b)

which is a coagulation equation with a truncated source term and an additional eflux term. In
(B4al), the coagulation operator Cf is still given by (IL.1d).

Proposition 3.1. There is §g € (0,1) depending only on A, k1, ko, and S such that, for 6 € (0,4d),
there is at least one stationary solution ps € XJH/\ to (B4al) which satisfies the following properties:
for all ¥ € L>(0,00),

% /0 ) /0 ) Xo (2, ) K (2, y)ps(x)ps(y) dyde + /0 h Ss(z)0(x) do = 26 /0 h os(x)d(z) dz,  (3.5)
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the function xo being defined in (IL8), and there are positive constants v1 > 0 and v > 0 depending
only on X\, ki, ko, and S such that

0 < 7 < My(s) < 7o, / O(ps(x)) dz < 7o, (3.6)
0

and, for each u € [0, (14 X\)/2), there is a positive constant v3(p) > 0 depending only on X, kq, ks,
S, and p such that

M, (05) < v3(p) - (3.7)

As in [§], the proof of Proposition Bl relies on a dynamical approach. As already outlined in the
Introduction, it amounts to prove that the coagulation equation with source and efflux terms (3.4)) is
well-posed in an appropriately defined subset of X, which is here chosen to be XOJf 141> and generates
a semi-flow Ws(-, f) on that set endowed with the weak topology of Xy, while leaving invariant a
closed convex and weakly compact subset Z5. We then deduce from an application of Tychonov’s
fixed point theorem, see 7, Theorem 1.2], that the semi-flow Ws has a fixed point in Zj5, which is
obviously a stationary solution to (84al). To set up the stage for the proof of Proposition Bl we
first state the well-posedness of [B.4) in X, ,.

Proposition 3.2. Let § € (0,1). Given f™ € X{,,, there is a unique weak solution fs = Ws(-, f™)
to B.4) satisfying

f(SEC([0,00),XJ), f&(o):flna

f5 S WLOO((OvT)vXO)mLOO((OvT)vXI—I—)\)v T> 07

and

%/000 fs(t, x)d(x) do = %/OOO /OOO xo(z, y) K (x,y) f5(t, ) f5(t,y) dydz .

+ /0 N Ss(x)9(x) dz — 20 /0 ) f5(t, 2)d(x) dz

for all t > 0 and ¥ € L>(0,00). Moreover, if R > 0 and (f;");>1 is a sequence in {h € X,
Myya(h) < R} which converges weakly in Xo to f™, then (Us(-, fi"));>1 converges to Ws(-, f™) in
C(10,T), Xow) for any T > 0, where Xy, denotes the space Xy endowed with its weak topology.

Since the proof of Proposition follows the same lines as that of similar results for coagulation-
fragmentation equations and stronger versions of most of the estimates involved in it are derived in
Sections BIH32l we omit the proof here and refer instead to [2,[5,[7,26] and the references therein.
Let us also mention here that the well-posedness of the discrete coagulation-fragmentation equations
with source and efflux terms is specifically studied in [10}25].

In the following, C' and (C};);>1 denote positive constant depending only on A, ki, ko, and S.
Dependence upon additional parameters will be indicated explicitly. Also, for m € R and = € (0, 00),
we set U, () := 2™ and X 1= Xo,,-
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3.1. Moment estimates. We begin with a bound on the moment of order A which depends, neither
oné € (0,1), nor on t > 0.

Lemma 3.3. There is (> 0 such that, if

. S
M < i [ (39)
then
My(f5(t)) < O, t>0.

Proof. Let t > 0. It follows from (B3.8) that

d

G0 =5 [ [ @K et fo(t.0) dude = My(S5) — 28 (s(0)

Arguing as in [9, Lemma 3.1, Step 1], we infer from (L) and the symmetry of K4 that
3 [ e ) Kt ) st dys
= [ [ el = o Kt ofit) dyds
> kl/o /(; Ty [ZL’ - (ZE + y))\_l} f(s(t,l')f(s(t,y) dydzx
> ky / N / T [ — 20 filt o) fit,y) dyda
0 T
Lo [ 2y dyd
> (120 [ [ PPt dyde

oAl
> 02200 (0.
Consequently, using also (3.3)),
o1
Dangey + L2 < aays).

from which we deduce by the comparison principle that

M)\(f(;(t)) S max{MA(fi"), Ch:l} 5 t 2 0.
Lemma [3.3] then follows, thanks to (3.9). O

The next step is the derivation of two bounds on the moment of order zero, the first one depending
on d € (0,1) but not on ¢ > 0, while the second one depends mildly on ¢ > 0 but not on ¢ € (0,1).
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Lemma 3.4. If

Mo(f™) < M;ESS) : (3.10)
then
Mo(f5(t)) < M;ESS) ,  t>0. (3.11)
In addition,
%/ Mo(f3(s)) M(f5(s)) ds < MO(tfm) +Mp(S), 0. (3.12)
0
Proof. Let t > 0. By (8.8),
4 L[ [Tk dydz = My(Ss) — 20M,
G +5 [ [ Kot ot 9) dude = Mo(Ss) ~ 20M( (1)
which entails, together with (LH]) and (3.3]), that
%Mo(f(s(t)) + 20 Mo(f5(t)) + k1 Mo(f5 (1)) Ma(f5(t)) < Mo(S). (3.13)

It first follows from (3.I3)) that

%Mo(f(;(t)) +20Mo(f5(t)) < Mo(5) -

Hence,

Mo(fs(t)) < ™" Mo(f™) + = 26

from which we deduce ([B.I1]) after using (3.I0). We next integrate (3.13)) with respect to time over
(0,t) and discard the first two non-negative terms in the left hand side of the resulting inequality
divided by ¢ to obtain (3.12). O

M1 o) < e Lt ),

We now derive bounds for moments of order up to (14 \)/2. To this end, we need the following
lemma.

Lemma 3.5. Consider 0 € [0,1/2], m € (0,1), and o € [0, (m +20)/2). If g € L'((1,00),2°dx) is
non-negative almost everywhere in (1,00), then

(/100 =79() dx) 2 = M /100 /100 (2™ +y™ = (x+ )] (xy)’g(2)g(y) dydz,

where
21_7”71'2

2T j@mm)/(m+20-20)
3(1 —m)

k(0,m, o) =
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Proof. We argue as in the proof of [2, Lemma 8.2.14] and define ¢ := 2/(m + 20 — 20) > 0 and
x; :=1%, i > 1. Setting

Timg [ [ e = ) @) g(@) dud 2 0,

Lemma is obviously true if Z = oo. We then assume that Z < oo and observe that

/ / 7 (a4 )™ 2y g(2)g(y) dyda
> (1—m) / / (z + 9)™ ()" g (2)g () dyda
=aem > [ [ e @) v

Ti+1 Ti+1
m)2™" 22%1/ / (zy)"g(x)g(y) dyda

—m)2m? Z ARl £ (3.14)

where

Tit1
Ji = / 2" g(z) dr, i>1.

%

Next, since 0 < 1+ 6, we infer from the Cauchy-Schwarz inequality that

/ 27g(x d:E—X:/IZ+1 dx<Z:B"19J
1
/2, o 1/2
(fo“ =l (mef) |
i=1

Hence,
([ ) (Zx m)Zx;ﬁfJf (3.15)

Owing to the definition of (z;);>; and (,

o0 2
Zx% 220 Z2+1m < Zi(za—z—ze)g(%)@—m)c _ 2(2—m)C7T_

i=1
Combining (3.14) and GBHE) gives
6(1 —m)2m=2 [ [ 2
I>—— 7 d
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as claimed. 0

Thanks to Lemma [B.5, we are now in a position to estimate moments of order m € (0,1). As in
Lemma B4 two estimates are derived, one which depends on ¢ € (0,1) but not on ¢ > 0, the other
one being independent of § € (0,1) with a mild dependence upon ¢ > 0.

Lemma 3.6. Let m € (0,1) and p € [0, (m + \)/2). If

M () < M), (316)
then
M (f5(t)) < M,;(gS) : t>0. (3.17)
Moreover, there is Cigm, ) > 0 such that
%/Ot ([O o fs(s, ) dx)2ds < Cg(m. ) (% + Mm(S)) | (3.18)
Proof. Let t > 0. By (B.8),
d

M) = 5 [ [ X)) ot )0 9) ke = M (55) = 2800, (£5(0). (319

We infer from (LH), the inequality 2* + y* > 2(xy)™?, (z,9) € (0,00)?, and Lemma B3 (with
(0,m,0) = (A/2,m, 1)) that

3] e = @ K it a) () duda
/ / By — (@ )" ()2 f(t ) fi(t ) dyde
/ / 2 g™ — (24 )™ ()2 ot 2) fi(t, ) dyda

>W(/l a2 d )2'

Consequently, along with (3.3]), we obtain

d 1 * ?
— M, (f5(t)) + ol p0) (/1 o f5(t, ) dSC) + 20 M, (f5(t)) < My (S) - (3.20)

A first consequence of (B.20) is that

d

3 M (F5(1)) + 20M (f3(5)) < Min(S)
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After integration, we obtain
. M M
Myn(f5(t)) < €7 My (f) + §§S) (1—e7*") < max {Mm<fm>, "2155)}

and use (3.10) to deduce ([BI7). We next integrate (3.20) with respect to time over (0,¢) and discard
the non-negative contributions of the first and third terms in the left hand side of the resulting
inequality divided by ¢ to obtain (3.I8]). O

We next derive estimates in X; N X;,) which strongly depend on §.

Lemma 3.7. There is Cg > 0 such that, if f* satisfies (3.10) along with

(5 < 2 M (1) < B (3:21)
then
M(50) < S and M (1) < By 20,
Proof. Let t > 0. It first follows from (3.3)) and (3.8]) that
Do (1s(0) + 2633 (fs(0)) = M (55) < M)
Hence,

— in M)\(S) — in (S)
M) < e M) + 1= ) < max ). S
which, together with ([B.21]), readily gives the claimed estimate on M;(fs). We next infer from (I.3]),

B3), and [B.8) that

L fa(Fs(8) + 20My o (f5(0))

dt

K(Ia y)fé(ta ZL’)f(s(t, y) dydI + Ml-l—)\(Sé)

My(S)
)

/0 X14A(7, )
N /OOO X1 (@, y) (2 + yN) f5(t, z) f5(t, y) dyda +
|

|

< 2

(.
1
2 Jo
k
2

= ky X (@, y) f5(t, 2) f5(t, y) dyda +

For (z,y) € (0,00)?, it follows from [2| Lemma 7.4.4] that

1+)\y _I_ l.y

r+y

XA (z,y) = (z+y)™ =2 =y < (1 + )

from which we deduce that

1+2)\ 1+, 14+

y+ax Ty
r+y

(e, y) < (1417
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xl—)\ y)\ o
SN T T e e Y
<Adx*y.
Therefore,
S M (5(0)) + 20017 (f5(1)) < 4haMon (o) M (1)

and we use the just established bound on M (fs(t)) to obtain

MU (0) + 2001 (150) < 2 D5 N (1)

Now, since 2\ € [0, 1 + A), it follows from (B.I1) and Hoélder’s inequality that
Mox(f5(£)) < Mypa(f5 ()2 N My (f5(2)) 0=/ 0+

M(§) -0/
< <%) My (fs(t))?/ Y

Combining the above two inequalities gives

%M“A(fé( ) 4 20Myn(f5(t)) < GG NIV §=G=/AHN pp o (fs(£)) 2V AN
with
My(S
qgl:: (2]{32M>\(S))(1+>‘)/(1_>‘) 02( )

We finally use Young’s inequality to derive

d

T Mia(fs(8) + 20Mun(f5(1)) < 0Mra(f5()) + o~ (22+3-X2)/(1-X)

Hence,

d

EMl-i-)\(f&(t))‘l'éMl-i-)\ f5(t)) < Cgo~BH3=2/0=N

from which we deduce

Mia(fs(t) < e My (f™) + qu)l/(l—x)(l —e)

S maX{MH)\(f ),m .
Combining ([B:21]) with the above inequality completes the proof. O

We end up this section with a lower bound on the moment of order A in the spirit of that established
in Proposition 23] which depends, neither on § € (0, 1), nor on ¢ > 0, provided the former is small
enough.
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Lemma 3.8. There are (g1 > 0 and 0y € (0,1) depending only on A, ki, ks, and S and such that, if
5 €(0,00) and

MA(F") 2 (g = g o §§> (3.22)

then
) = (g >0, t>0.

Proof. Let t > 0. Owing to (3.8]),

d

G0 =5 [ [T @K et fo(t.0) dude = My(S5) — 280 (s(0)

On the one hand, by (LI), (2.5]), and (2.6),
_X)\(xu y)K(ZL’, y) < k2 [I)\ + y)\ - (SL’ + y)A] (']‘)\ + Z/A) < 21_’\14;2(3:?/)’\ ) (LU, y) € (07 00)2 :

On the other hand, it follows from ([B]) and (33)) that there is §; € (0, 1) depending only on S such
that
M, (S5)

M,(S5) > 5

o€ (0, (51) .
Consequently, for § € (0,4;),

d My(5)

MO Us(8) + F5 (MA(fs(2)) =

(3.23)
with
Fs5(2) := 27 k2”4 2602, zeR.

Since Fjy is increasing and maps [0,00) onto [0,00), there is a unique z; > 0 such that Fs(zs) =
M,(S)/2, which is here explicitly given by

\/k‘gM,\( ) + 214352 — 9(1+X) /25
2(1-X)/2;,

5 =

We then infer from ([B:23)) and the comparison principle that
My(fs5(t)) = min{ My(f"), 2},  t>0. (3.24)

: | M 9(A-1)/
(1;1_%25 51— ’\k: 21 Ak2 = Ga,

there is dy € (0,0:) such that z5 > (g for 0 € (0,d). This property, together with (3.22)) and (Bﬂ)
completes the proof.

Moreover, since
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3.2. Uniform integrability. The next step is devoted to uniform integrability estimates.

Lemma 3.9. There is C > 0 such that, if § € (0,00) and f™ satisfies B.22) as well as

| et a < a, (3.25)
0
the function ® being defined in ([B3.2), then

/00 (fs(t,z)) dz < (), t>0.
0

Proof. Since K(x —y,y) < K(x,y) for (z,y) € (0,00)? by (L), it follows from [2, Lemma 8.2.18|
that

To(t) = /0 SOt 2))C st 2) da
<=5 | [ K@) @) - o) o) sle ) duda
5[] Koo e st duda.

By (L), K(x,y) > kiy*, (z,y) € (0,00)2, and the properties of ® guarantee that r®’(r) > ®(r) > 0,
r > 0, so that we further obtain

Jo(t) < - / / K (2, 9)®(f5(t, 7)) fo(t, ) dydz

<-4 / / PO(f5(t,2)) folt, ) dyda

k1

——M0) [ alhita) do.

Hence, owing to (3.9) and Lemma [B.§]

t) < —QC{a/OOO ®(f5(t,2)) dz with Cg:=

We then infer from (3.3), (3:4al), and the non-negativity of &’ that

% OOO O(f5(t,z)) do = /OOO O (f5(t, )0, f5(t, z) dz

5 + /w ((fs(t,2))S3(x) da

min{?ilk‘lqm} € (0.1).

< 2%/ O(fs(t,x)) dx—i—/oofb/f(;tx )S(x) dx. (3.26)
0
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Recalling that the properties of ® implies that
s®'(r) < ®(r) + ®(s), (r,s) € [0,00)?,
®(sr) < max{1, s*}®(r), (r,5) € 0,00)?,
see [2, Proposition 7.1.9 (b) & (d)], we find

/OOO '(f5(t,2))S(x) dz = C{E/OOO @’(fé(t,z))% da
< qﬁl/()ooq’(fa(t,af)) dx+qﬁ|/ooq> (%) da

36@/000¢(f5(t,g; daH——/

Combining the above inequality with (3.2h) and (3.26) leads us to the differential inequality

G [ e ar g [0 ar< 22

from which we deduce that

/000 (f(;(tx))dx<ecﬂt/ B(f(z)) do + =

Smw{ém®umuwd }

Lemma is now a straightforward consequence of (3.25) and the above inequality with (g =

S)/ Gy O
3.3. Proof of Proposition 3.1l We fix § € (0,d) and consider the subset Z5 of Xy, = L(0, c0)
defined by: h € Z;s if and only if h € X satisfies

MM <qp. [ Bh) o < g, (3.27a)

C@ (1 )

S)

M, (h) < Mg‘(gs) : €[0,1), (3.27b)
M, (5)
Ml(h,) S W, M1+)\(h) S 5(44_%% . (3270)

On the one hand, given f € Z5 and t > 0, it follows from Lemma 3.3, Lemma 3.8, and Lemma
that f5(t) = Us(t, f) satisfies (3.27a)) and from Lemma [3.4] and Lemmathat it satisfies (3.270).
Furthermore, Ws(t, f™) satisfies ([3.27d) due to Lemma B.7l Consequently, Us(¢, f*) € Zs for all
t > 0, so that Zj is a positive invariant set for the semi-flow Ws. On the other hand, Zs is non-

empty since gy < (g by B3) and ([B:22). Moreover, owing to the superlinearity (3.2al) of ®, the
Dunford-Pettis theorem ensures that Zs is a closed convex and sequentially weakly compact subset
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of L'(0,00). Since ¥y is a semi-flow on Zs endowed with its weak topology by Proposition 3.2] it
follows from [7, Theorem 1.2] that there is ps € Z5 such that Ws(t, ps) = s for all ¢ > 0; that is,
w5 € Z5 is a stationary solution to ([B.4al). Since Ws(t, ps) = s for all ¢ > 0, we infer from (3.12)
that

b Moo M) < 2088 1 s
for all t > 0. Hence, taking the limit ¢t — oo,
ki Mo (ps) M (ps) < Mo(S),
from which we deduce, thanks to the lower bound for M) (ys) in (3:27),
k1Mo (ps) < Mo(S) - (3.28)
Similarly, for u € (0, (1+ \)/2), it follows from [BI8) with m = (2u+1— X)/2 € (0,1) that

( /1 N s (x) da:)2 < G20 +1—N)/2, ) (M(2u+1—tx>/2(<p5) - Mopir ol S))

for all ¢ > 0. Letting t — oo gives

(/100 ' p5(z) dx)2 < Og((2p 41— N)/2, 1) Migpr1-x)2(S) -

Together with ([B.28]), the above estimate entails that
1 o)
M, (¢s) :/ 2Hps(x) dzv+/ 2Hps(x) do
0 1

< Mo(s) + /Gl (26 + 1 = X)/2, 11) Mgy 3y 2(5)

< ) = ]Z[fé;) @+ 1= /2,1 M1y 2(5) (329)

Collecting the estimates (3.27al), (3.28)), and (3:29) gives (3.6 and (B.7)) and completes the proof of
Proposition 311

4. EXISTENCE

Proof of Theorem|[L.2 (a). Since ® is superlinear at infinity by (B.2al), it follows from (3.8), (B.7),
and the Dunford-Pettis theorem that (¢5)sc(0,50) is relatively sequentially weakly compact in X,. In
turn, this compactness property and ([B.2) imply that (¢s5)sc(,5,) is actually relatively sequentially
weakly compact in X, for any p € [0, (1 + X)/2). Consequently, using a diagonal process, there are
a subsequence (s, );>2 of (©s)se(0,5,) and

pe [ Xi (4.1)
HE0,(143)/2)
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such that, as j — oo,

2

Since A € [0, (1 + A)/2), it readily follows from [@2) that ([(x,y) — vs,(z)es, (y)])j22
weakly to [(z,y) — ¢(2)p(y)] in X x Xox as j — oo. It is then straightforward to pass to the limit
J — oo in the identity (3.5]) satisfied by ¢;, and deduce that ¢ satisfies (7)), thereby completing

the proof of Theorem (a), recalling that the other integrability properties of ¢ listed there follow
from Propositions 2.1 and 2.2 O

: 1+A
s, =@ in X, e {O,—) : (4.2)

converges

5. NON-EXISTENCE
Proof of Theorem[L2 (b). The proof relies on the same device as those of Propositions 21 and 2.3
For A > 0 and z > 0, we set ¥4(z) = min{z, A}. We infer from (L7) and the symmetry of K that
00 1 A rA
| oa@s@ de=5 [ [ @y - A @ o) duda
0 0 -z
A poo
+/ / eK(z,y)p(x)p(y) dyda (5.1)
0o Ja

+§/AOO /Aoo K(z,y)p(z)p(y) dydz.

We are left with identifying the limit as A — oo of each term on the right hand side of (5.1I). We
first infer from (LI that

0 < X0, (®) (a2 (W) (@ +y — A)K(z,y)0(x)p(y)
<kao(z +y — A) (2 + ) p(2)p(y)
< ky (aty + y) p(a)p(y) -
Since p € X1 N X, C XgN X, due to A > 1 and
Jim 1o (@)1a-za(y) =0, (z,y) € (0,00)%,

it follows from Lebesgue’s dominated convergence theorem that

lim / / @y = ARG g)p()e() dude = 0.

A—o00

Next, using once more (L.3)),

o< | ' | oK e)et) dyds <k [ ’ | @) pla)ely) duda

A [e's)
< %, / / P o(@)ely) dyde < 2k My (o) / Pely) dy
0
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and

0< A/Aoo /:o K(z,y)p(z)p(y) dyde < Ak, /AOO /AOO (= +¢*) p(2)p(y) dyda

<k / N / @y + 2y ele)ely) dyde < 2K Mi(p) / Poly) dy,
A A A

from which we deduce that

A—oo

) A [e.e] o0
jlm 5/ / K(z,y)p(x)e(y) dyde =0,

A [
1im/0 /A K (z,y)p(x)p(y) dyde =0,

recalling that ¢ € X,. Collecting the above information, we may take the limit A — oo in (51]) and
conclude that

lim / min{z, A}S(z) dez =0.
0

A—o00

Hence, S = 0 which, together with (2.2]), implies that ¢ = 0 as well. O
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