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Abstract — Adhesively bonded joints are often addressed through Finite Element (FE). However,
analyses based on FE models are computationally expensive, especially when the number of
adherends increases. Simplified approaches are suitable for intensive parametric studies. Firstly, a
resolution approach for a 1D-beam simplified model of bonded joint stress analysis under linear elastic
material is presented. This approach, named the macro-element (ME) technique, is presented and
solved through two different methodologies. Secondly, a new methodology for the formulation of ME
stiffness matrices is presented. This methodology offers the ability to easily take into account for the
modification of simplifying hypotheses while providing the shape of solutions, which reduced then the
computational time. It is illustrated with the 1D-beam ME resolution and compared with the previous
ones. Perfect agreement is shown. Thirdly, a 1D-beam multi-layered ME formulation involving various
local equilibrium equations and constitutive equations is described. It is able to address the stress
analysis of multi-layered structures. It is illustrated on a double lap joint (DLJ) with the presented

method.

Key words: macro-element; multi-layered; ordinary differential equation procedure; analytical models;

stress analysis; aeronautical.
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NOMENCLATURE AND UNITS

A extensional stiffness (N) of adherend j

B extensional and bending coupling stiffness (N.mm) of the adherend j

D; bending stiffness (N.mm?) of the adherend j

E, Young’s modulus (MPa) of the adhesive

E; Young’s modulus (MPa) of the adherend |

G, Coulomb’s modulus (MPa) of the adhesive

G Coulomb’s modulus (MPa) of the adherend j

K ; peel stiffness (MPa/mm) of the adhesive i

Ky, i shear stiffness (MPa/mm) of the adhesive i

k, peel stiffness (MPa/mm) of the spring of the adhesive in the SLJ geometry
k, shear stiffness (MPa/mm) of the spring of the adhesive in the SLJ geometry
ky; peel stiffness (MPa/mm) of the spring of the adhesive i in the DLJ geometry
ki shear stiffness (MPa/mm) of the spring of the adhesive i in the DL geometry
K stiffness matrix

u vector of nodal displacements

F vector of nodal forces

C vector of integration constants

Y vector of differential equations solution

S peel stress (MPa) of the adhesive

S; peel stress (MPa) of the adhesive i

T shear stress (MPa) of the adhesive

T; shear stress (MPa) of the adhesive i

V; shear force (N) of the adherend j in the y direction

N; normal force (N) of the adherend j in the x direction

M; bending moment (N.mm) of the adherend j around the z direction



b width (mm) of the adherends

g thickness (mm) of the adherend |

t thickness (mm) of the adhesive |

j length (mm) of the out-bonded adherend |

L length (mm) of the bonded adherend j

U displacement (mm) of the adherend j in the x direction
Vi displacement (mm) of the adherend j in the y direction
U angular displacement (rad) of the adherend j around the z direction
P(x) characteristic polynomial

A; eigenvalues i

V; eigen vectors i

P basis change matrix

@ direct sum

J; Jordan block i

1) Kronecker delta

det determinant of a matrix

dim dimension of a matrix or vector

ker kernel of a matrix

Re(x) real part of x

Im(x) imaginary part of x

(x,y,2) system of axes

FE Finite Element

ME macro-mlement

ODE ordinary differential equation
SU single lap joint

DL double lap joint



1. Introduction

In the frame of the design of lightweight structures such as aircraft structures, the proper choice of
joining technology is decisive for its life. If the mechanical fastening, including riveting or screwing, is
the joining technology the most used on aircraft structures, adhesive bonding may offer significantly
improved mechanical performance in terms of stiffness, static strength and fatigue strength [1-4]. For
example, according to Higgins, adhesive bonding has been and is used for joining stringers to fuselage
and wing skins, in order to stiffen them against buckling [2]. The Finite Element (FE) method is able to
address the stress analysis of bonded joints. Nevertheless, since analyses based on FE models are
computationally costly, it would be profitable both to restrict them to refined analyses and to develop
for designers simplified approaches, enabling extensive parametric studies. Numerous simplified
stress analyses of bonded joints are available and provide accurate predictions [5—7]. In 1938,
Volkersen published a shear lag model for the prediction of the adhesive shear stress distribution
along the overlap [8]. It was the first stress analysis including the deformation of adherends. The
adhesive layer was simulated as an elastic foundation of shear springs. In 1944, Goland and Reissner
provided the first closed-form solution of distributions of adhesive shear stresses along the overlap for
simply supported balanced joint made of adherends undergoing cylindrically bending [9]. The
approach used by Goland and Reissner involved two steps: (i) analysis of the bonded overlap leading
to integration constants and (ii) analysis of the parts outside the bonded overlap providing the
required boundary conditions. This approach is related to the sandwich-type analysis concept for the
stress analysis of bonded joints. Goland and Reissner took into account the geometrical non-linearity
due to the lag of neutral line to assess the bending moment at both overlap ends, as boundary
conditions for the adhesive stress distributions, through a bending moment factor. The sandwich-type
analysis concept was then employed by other researchers to improve this initial model to take into
different local equilibriums, different constitutive behaviors and various geometries [10-20]
eventually leading to various forms of the bending moment factor. Nevertheless, as function of the set

of initial simplifying hypotheses, it is not always possible to get closed-form solutions of adhesive



stress distribution. Twenty years ago, Mortensen et al. provided then a resolution scheme based on
the numerical integration of first order ordinary differential equations (ODEs) allowing to take account
various boundary conditions, geometries and material behaviors [21-23]. The authors of the present
papers and co-workers have been working on the development of the macro-element (ME) technique
for the simplified stress analysis of bonded, bolted and hybrid (bonded/bolted) joints [24-32].
Dedicated 4-nodes Bonded-bars (BBa) and Bonded-beams (BBe) have been formulated. As for the JE
model, only one BBa or BBe, depending on the chosen kinematics, is sufficient to be representative for
an entire bonded overlap in the frame of a linear elastic analysis (see Fig. 1). When the geometrical or
material properties of the adherends or the adhesive layer vary along the overlap, a mesh is necessary
along the overlap length direction only. The ME technique is inspired by the FE method and differs in
the sense that the interpolation functions are not assumed. Indeed, they take the shape of solutions
of the governing ordinary differential equations (ODEs) system, coming from the constitutive
equations of the adhesive and adherends and from the local equilibrium equations, related to the
simplifying hypotheses. The main work is thus the formulation of the elementary stiffness matrix of
the ME. Once the stiffness matrix of the complete structure is assembled from the elementary
matrices and the boundary conditions are applied, the minimization of the potential energy provides
the solution, in terms of adhesive stress distributions along the overlap, internal forces and
displacements in the adherends. The ME technique can be regarded as mathematical procedure
allowing for the resolution of the system of ODE, under a less restricted application field of simplifying
hypotheses, in terms of geometry, material behaviors, kinematics, boundary conditions and loadings.
In the case of bar kinematics, the closed-form expressions for the stiffness matrix components were
provided [24, 27, 28, 32] as well as the shape of adhesive shear stress, adherend displacements and
forces. The minimization of the potential energy allows then for the assessment of integration
constants. In the case of beam kinematics, if the closed-form expressions for the stiffness matrix
components were not provided, those for the adhesive shear and peel stresses, adherend

displacements and forces were established after a long work [24, 27, 28]. To speed up the formulation



of new MEs under various sets of hypotheses, another approach has been developed, based on the
resolution of the first order ODEs using the exponential matrix. However, the closed-form expressions
for adhesive stresses, adherend displacements and forces are not any more provided, so that a
meshing along the longitudinal axis is required to assess them along the overlap. If the configuration
to be simulated, such as functionally graded or mixed adhesive joints or joints involving non-linear
materials, needs a mesh this drawback does not have any consequence in terms of computational
time. Nevertheless, in the case homogeneous adhesive joints or joints involving linear material
behaviors, the computational time is increased. The objective of this paper is to provide a
methodology to formulate new MEs while providing the shape of solutions for the adhesive peel and
shear stresses, adherend displacements and internal forces. Firstly, the new method is explained and
applied to the original linear elastic 1D-beam model for the stress analysis of a SLJ joint. Secondly, a
ME representing for the layering of n adherends is described. Thirdly, the particular case of double lap

joint (DLJ) is presented.

bonded overlap

adhesive layer ——> neutral axis of adherend 1
""""""""""""""" R‘
‘ . neutral axis of adherend 2
4 ®
& ®

macro-element

Figure 1. Equivalent modelling of a bonded overlap by a macro-element.

2. Linear Elastic 1D-Beam Model
2.1. Overview
The method presented in this article is applied on the formulation of a ME. A ME is a special finite

element developed by Paroissien [24]. It provides the resolution of the bonded overlap system of



governing ODEs. The displacements and forces of both adherends, as well as the adhesive stresses,
are then computed. The simplified linear elastic 1D-beam model is a bonded overlap element using
four nodes. The outer adherends are Euler-Bernoulli laminated beam. According to the classical Finite
Element method, the stiffness matrix of the entire structure K is assembled and the selected boundary
conditions are applied. Then, solving the equation F=KU, where F is the vector of nodal forces and U is
the vector of nodal displacements, leads to the minimization of the potential energy. Using the ME
technigue offers the possibility to simulate complex structures, such as single-lap bonded joints at low

computational costs. The model is based on the following hypotheses:

the adherends are simulated by linear elastic Euler-Bernoulli laminated straight beams with

constant cross-section along the overlap;

- the thickness of the adhesive layer is constant along the overlap;

- the adhesive layer is simulated by an infinite number of linear elastic shear and peel supporting
both adherends interfaces, so that the adhesive stress tensor is reduced to the (in-plane) shear
stress and peel stress components;

- the adhesive stresses are constant through the adhesive thickness.

This model belongs to the classical sandwich-type models [8—-17, 19, 20] for which the adhesive layer

is modelled by a bed of shear and peel springs. It suffers then from the same limitations. As a result,

the adhesive shear stress does not vanish at both overlap ends. Moreover, this model is unable to
predict the actual stress state at the interface between the adherends and the adhesive layer. The
stress state predicted by this model tends to be the one along the adhesive neutral line predicted by

FE analyses [28, 29]. The adherends are modelled as straight beams. The cases where the adherends

are curves are then not supported. Moreover, the cross-section remains constant along the overlap.

To take into account a variation of geometrical and/or material properties of adherends and/or

adhesive, an approach could be to mesh the joint by MEs with homogeneous properties; these

properties vary along the overlap, as it was done for the case of functionally graded adhesive joints

[32]. The Euler-Bernoulli kinematics is not a restriction. The ME could be formulated with a



Timoshenko beam model [32]. Moreover, for thin adherends, both beam models leads to similar linear
elastic predictions [29]. The analysis is geometrically linear. The second order effect on strains is not
taken into account, while the equilibrium is not updated. It is indicated that an approximation of the
geometrical nonlinear, without involving an iterative analysis procedure, is presented in [32]; it is
based on the local equilibrium of adherends by Luo and Tong [19] which allows a coupling between
the bending moment and the normal forces. Besides, in order to take into account the secondary
bending moment on the adhesive stress distributions, it is common to load the sandwich edges with
relevant forces, moments or displacement analytically or numerically computed [14, 17, 24]. Finally, as

related to the 1D kinematics, only in-plane loadings can be considered.
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Figure 2. Free body diagram of two bonded adherends under 1D-beam kinematics.

2.2. Governing equations
The local equilibrium of an isolated portion dx of both adherends (Fig. 2) provides the following set of

six equations:



(dN]

= (=1)/bT
!dV’ (=1)/*1bs  withj=1.2 (1)
v+ 2bT =0

where S and T are respectively the adhesive peel and shear stress, N; and V; are respectively the
normal and shearing force in adherend j, M, are the bending moment in adherend j, b is the width and
g; is the thickness of the adherend j. Note that Eq. (1) refers to the local equilibrium derived and
employed by [9]. The adhesive is considered linear elastic and as raised previously, simulated by an

infinite number of elastic shear and peel springs. The adhesive spring relationships are such as:

— Ga _&ag _&
T—e(uz Uy 291 292) )

S= ?a (v —v2)
where E,, G, are respectively the peel and shear modulus of the adhesive, e is the adhesive thickness,

u;, v, & are respectively the longitudinal displacement, the deflection and the bending angle of the

adherend j.
( ] dzli]'
|N A J dx?
M; = -B d”’ + 02U with j=12 3)
dv;
] 7 ax

where A; is the extensional stiffness, B; the coupling stiffness, D; the bending stiffness. Further details
on these constitutive equations can be found in standard textbooks on composite mechanics [33, 34].

For isotropic materials, the stiffnesses are found under the following shape:

A] = bEje]
Bi=0" with j=12 (4)
bEje}
D; =—1
J 12

2.3. Stiffness matrix

Eqg. (2) can be expressed as:



du]- _ D]'N]'+Bij

o b ith j=1,2 (5)
wit

d?v; _ AjMj+BjN; J ’

dx? Aj

where A; = A;D; — B]-2 is assumed to be not equal to zero. By combining Egs. (1), (2), (3), and (5), the

following differential equation system in terms of adhesive stresses is obtained:

d3T dT

s _ g odar o

dxt 3 ax 4
where:

( __Ggb _Dl Aieq(ei+e) D, Azey(ey+e) B; e B, e
by = S22 (1 4 ) o 22 (14 220200 o (B (o 4 5) = 22 (e +5)

k2=%-%—ﬂ+(ﬁ+&)]

J e L2a, 24, Ay A, (7)
Egb [(e1+e)A (ey+e)A B B
k3 — Za 1 1_ (e 2 4 _1+_2]
e | 24, 24, Ay A,
Egb[A; , A
K, = Eab[AL _2]
4 e la, +A2

By successive differentiations and linear combinations, the system Eq. (6) can be uncoupled as:

(d°S a*s d?s

dx6 - k]_ dx4 + k4_ dxz +S(k2k3 - k1k4) = 0
d (d°T  d*T  d°T ®)
a dx6 - k1 dx4' + k4 dx2 + T(k2k3 - k1k4_) =0

The resolution of the system Eq. (8) leads to the determination of the nodal displacements and forces
as functions of the adhesive stresses and their derivatives. The nodal displacements and forces are the
key parameters for the determination of the ME stiffness matrix. Their computation for each
adherend is fully detailed in [27, 28]. It is shown that the problem depends of 12 integration constants
named ¢; with i €[1,12] written under the following vector form:

C=[c1 € €3 €4 €3 Cg €7 Cg C9 C19 €11 C12]7 (9)
The superscript ‘T’ indicates the transposition. The nodal displacements and forces are computed

from their values at x =0 and x = A as:

10



u; u;(0) Q; —N;(0)

u; u(0) Qj —N,(0)
Uy u,(4) Qx N:(4)
U u,(4A) Q; N,(A)
Vi v1(0) R; —V1(0)
Yy ve(0) | (R R0
U=y, |= vj W | = MC and F = R;{ = Vf W | = NC (10)

gl v,(A) I;z Vo (8)

‘ 6.(0) i —M,(0)
ul e S| | -My(0)
Hk 6’1 (A) Sk M, (A)

! 0,(A) St M, (8)

where Q, R and S respectively refer to the nodal normal forces, shear forces and bending moments. It
is shown that M and N matrix are linearly dependent on the same 12 integration constants listed in Eq.
(9). The ME stiffness matrix can be computed as:

K=N.M"1 (11)

2.4. Methods of resolution
The system Eqg. (8) can be solved in different ways to obtain the expressions for the nodal
displacements and forces. A first way consists in using the differential equation theory (see Appendix
A1l). This method of resolution is useful but it is a heavy process and relies on the ability to uncouple
the final system of equations to get a solution. Another way involves the matrix properties. The matrix
representation is a powerful way for managing complex differential equation systems. Resolutions
from the theory of differential equations can be used with matrix theories. By combining Egs. (2), (3),

and (4), the system in Eq. (1) becomes:
Ly _ (GeD) g, (= Cab)y, 4 (Cabes) sy (Gubes) vy
dx? (eA1 U+ eA, Uz + 2eA, /) dx t 2eA,/ dx

d2u2 Gab61 dvl Gabez dvz
2= up +(—2=2) 2+ (-2 2) 2
dx eAz Az 2eA, ) dx 2eA, /] dx

d*v; ( ) ( ab) v (Gabel) du, n ( Gabel) du, n (Gabef) d?v, N (Gabelez) d?v,
dx* eD, D 2 2eDy / dx 2eDy / dx 4eD; / dx? 4eD, dx?
d*v Eqb Egb Ggbey\ du Ggbey\ du Ggbeiey\ d?v Ggbe?\ d?v

zz(a)vl+(_a)v2+(az) 1+(_a2) 2+(a12) 1+(a2) 2
dx* eD, eD, 2eD, / dx 2eD, / dx 4eD, dx? 4eD, / dx?

Supposing a Y vector and its derivate as:

(12)
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du; du, dv, dv, d?v, d%v, d3v, d3v,|"
Y=[u1 u, v vy 1 2 1 2 1 2 1 2] (13)
dx dx dx dx dx? dx? dx3 dx3

ay _ [du; du, dvy dv, d*u, d*u, d*v, d*v, div; dPv, d'n d4v2]T (14)
dx dx dx dx dx dx? dx? dx? dx? dx3 dx3 dx* dx*

the set of equations in Eq. (12) can be rewritten under the matrix form as:

dy
dx

AY (15)
with A, a square matrix provided in Appendix A2.

A well-known solution of a differential equation with constant coefficients such as Eq. (24) is:

Y(x) = e4*C (16)

where Cis the integration constant (see Eq. (9)).

The power series gives the exponential of a real or complex square matrix M such as:

1
eM = ZkeN;Mk (17)

Most software use a predefined threshold of convergence to determine the exponential of a matrix as
a numerical approximation. Doing so, Egs. (16) and (17) lead to the numerical nodal displacements
and forces to compute Eqg. (10) which provides the stiffness matrix with Eq. (11). The inconvenient
with this method is the numerical approximation aspect. Because of the exponential estimation, it is

impossible to get the exact analytical solution. Therefore, a new method is needed.

3. New method for the ME formulation

3.1. Formulation
The aforementioned method wants to explain the analytical solution of a matrix system of differential
equations. Taking into consideration the system Eq. (15), the matrix A is a squared matrix n x n, with n
= 12. It exists an invertible matrix P such as J = PL.A.P where J is the Jordan normal form [35-40].
According to [41-43], it corresponds to a generalization of the diagonalization procedure where a
diagonalizable matrix is a particular case. Thus, any squared matrix has a Jordan normal form [44].

Therefore, Eq. (15) becomes:

12



9 _ 17 with Z=PlY (18)
dx

which is a differential equation matrix system with constant coefficients. Using the same reasoning as
Eg. (15), the shape of the solution of differential equation with constant coefficient Eq. (18) is:
Z=el*C (19)

By combining with Eq. (18), the final solution is:

Y=P.el*C (20)

3.2. Generation of solution

The exponential part corresponds to the term e"* of Eq. (20). To determinate the J matrix, the Jordan
method (or Jordan normal form) is used. This method relies on eigenvalues and eigenvectors research
problem. The relation Eq. (21), leads to the characteristic polynomial of A where [ is the n x n identity
matrix and A are eigenvalues of A.

P(A) = det(A.I — A) (212)
Using Eq. (77) with Eqg. (21) it provides the same characteristic polynomial expression as Eq. (68). The
geometric multiplicity (mgeo) [57] of each eigenvalue A; gives the number of Jordan blocks thanks to the
dimension (written “dim”) of the kernel (written “ker”) of the transformation (A - A./) such as:

Mgeo = dimker(4 — A;.1) (22)
Appling Eq. (22) to Eq. (68) knowing A; with i = 1...7, the geometric multiplicities are summarized in the

Table 2.

Table 2. Geometric multiplicity (or number of Jordan block) for each eigenvalue of A.

Eigenvalues Geometric multiplicity
A, A2, Az, Ay, As, Ag 1
A7 2

The following formula gives the number of Jordan blocks of size j [45]:

13



2dimker(4 — ;. 1)/ — dimker(4 — ;. 1)/** — dimker(A4 — A;.1)/~1 (23)
Using the relation Eq. (23), the number of Jordan blocks are summarize as:

- one block of size four and one block of size two for P; (1) eigenvalues

- each P,(A) eigenvalues have one block of size one
Then, the general form of the matrix J is provided such as:
] =®;J;(4) (24)
where @ is the direct sum and J is a squared matrix, called the Jordan normal form of A for a given

eigenvalue A;, with the form:

4 1 0 0
0 A =~ 0
Ji=1. 1 . 1 (25)
0 - 0 A
The combination of Eq. (24) with Eq. (25) gives:
Ji :]1(/11) @]1(/12) @]1(/13) @]1(14) @]1(/15) @]1(/16) @]4-(/17) @]2&7) (26)
The matrix J is similar to a block diagonal matrix as:
/1 (A1) 0 0 0 0 0 0 0
0 J1(45) 0 0 0 0 0 0
0 0 J1(A3) 0 0 0 0 0
_ 0 0 0 J1(A4) 0 0 0 0
J= 0 0 0 0 J1(As) 0 0 0 (27)
0 0 0 0 0 Ji(de) O 0
0 0 0 0 0 0 Jo(19) 0
0 0 0 0 0 0 0 Jo(A5)]
The exponential part of Eqg. (20) becomes:
[e/1(A1)-x 0 0 0 0 0 0 0
0 el1(2)x 0 0 0 0 0 0
0 0 eJ1(As)x 0 0 0 0 0
J1(Aa)x 0 0 0 0
e]_x — 0 0 0 e (28)
0 0 0 0 eJ1(4s)x 0 0 0
0 0 0 0 0 eJ1(2e)x 0 0
0 0 0 0 0 0 ela(A7)x 0
0 0 0 0 0 0 0 e]2(2-7)'x_

As explained previously, the Jordan blocks J; corresponding to A; respectively take the shape A./ + N

where N (nilpotent matrix) is defined such as N;j = §; j4+1 (8 is the Kronecker delta) and / is the

14



identity matrix. This form is the Jordan-Chevalley decomposition [46, 47]. Using the nilpotent matrix

properties and Eq. (17), Eq. (28) becomes:

roA

etx 0 0 0 0 00 0 0 0 0
0 elx 0 0 0 0O 00 0 O 0 O
0 0 elx 0 0 0 00 0 O 0 O
0 0 0 eMx 0O 00 0 O 0O
0 0 0 0 et 0 0 0 0 0 0 O
0 0 0 0 0 e** 0 0 0 0 0 O
Xo— 2 .3
/=1 o ¢ 0 0 0 0 1 x % X 00 (29)
2
0 0 0 0 0 001x%00
0 0 0 0 0 0 00 1 x 00
0 0 0 0 0 0 00 0 1 00
0 0 0 0 0 0 00 0 0 1 x
0 0 0 0 0 0 00 0 0 0 1

The resolution of the eigenvector problem Eq. (30) for each P; (1) eigenvalues leads to the set Eq.

(31).
A. Vi = Ai' Vi (30)
Vl = {vll V2,V3, Uy, Vs, vé} (31)

Jordan chains provide the eigenvectors set of each Jordan block [48]. The generalized eigenvector
relation is:

xj=([A—-2D™J.x, with x, €ker(A—2A1.D" (32)
where m is the Jordan block size and j is the vector index. Using the relation Eq. (32), the eigenvector
of a Jordan block of size four and two are respectively:

Vy, = {A3.x4,A%. x4,A. x4, x,} Wwith x, € ker A* (33)
Vs ={A.x,,x,} with x, € ker A2 (34)
The concatenation of those three vector sets leads to the P invertible matrix building as:

pP= [V1'V2'V3] (35)
A transformation from the complex space C to real space R manages complex eigenvalues and
eigenvectors. The transformation is applied for two conjugate complex numbers named respectively
Ay and E For each line j of an eigenvector q; (respectively qr4+1 = Q) linked to an eigenvalue 4

(respectively Agrq = Ag):

15



fi(x) = qjlkelk'x = (q]-'k0 + i.qj'k*)e’lko'x[cos(/lk*.x) + i.sin(A;". x)]

(36)
- . % 0 * P *
fre1(x) = q},kelk'x = (Qj,ko —Lqjk et *[cos(Ay". x) — i.sin(A;". x)]
where:
- Akoand qj,ko are respectively the real part of 4, and qy ;
- A and qjx" are respectively the imaginary part of 4, and gy ;
The transformation gives:
1
gk(x) = E(fk(x) + fk+1(x)) = Re(fk(x)) = Re(fk+1(x)) (37)
1
Ir+1(0) =2 (e () = firr () = Im(fie (1)) = —Im(fie11 (x))
Using Eq. (37) and Eq. (74) in Eq. (29) leads to the following final expression:
e 0 0 0 0 0 00 0 O OO
0 e 0 0 0 0 00 0 O 00O
0 0 e*cos(tx) e**sin(tx) 0 0 00 0 0 00O
0 0 —e*sin(tx) e**cos(t.x) 0 0 00 0 0 00O
0 o0 0 0 e~*cos(tx) e™*sinltx) 0 0 0 0 0 O
0 o0 0 0 —e~*sin(t.x) e“*costx) 0 0 0 0 0 O
el = X2 x
=lo o0 0 0 0 0 1 x = 2 0 o (38
2 6
X2
0 0 0 0 0 0 01 x > 00
0 0 0 0 0 0 00 1 x 00O
0 0 0 0 0 0 00 0 1 00O
0 0 0 0 0 0 00 0 O 1 x
| 0 0 0 0 0 0 00 0 0 0 1]
Relations Eq. (77) and Eq. (30) leads to the following general eigenvector expression:
1
V21
V31 + V34V4
V41
Ak
AkV21
Uk () = | A (31 + V34041) (39)
AkVa1
A5 (V31 + V34041)
AeVar
A (V31 + V34V41)
AiVaq

where:
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(v = (- )
2e4s 5 24,
(G b91 ellk N m)
\v3a = (— _) V34V4 (40)
Vo = %11;1’31 Gzil;el/'ll;(l e”21) Ak”31+/1k”31
L E(l V34)+ 4aeD 1/12(32"'91"34) Akv34

and v, is the eigenvector linked to the eigenvalue A,. Substituting eigenvalue calculated previously and
by using Eq. (37), the last set of vector V; is expressed as:

Vi = {V1(R1):U2 (Rz)'Re(V3(R3)); Im(v3(R3)),Re(v5(R5)),Im(v5(R5))} (41)
The relationships in Eq. (39) and Eq. (41) finally provide the final P matrix by concatenation as:

P =[Vy,Vy, Vsl (42)
The solution generated by this method is used to build the K stiffness matrix. Finally, using Egs. (20),
(38), and (42), the nodal displacements and forces are then obtained with Eqg. (10) leading to the

stiffness matrix with Eq. (11).

3.3. Results
The final matrix computed with the aforementioned method was compared to the one provided by
[27, 28]. Each stiffness matrix component computed with this new method are strictly the same as
those computed with the earlier method [27, 28]. As a result, the use of the ME formulated with the
new method of resolution leads to the same predictions as with the use of the earlier formulation. The
accuracy of the ME model by itself has already been extensively assessed on the case of the Single Lap
Joint in previous published papers [27-30, 49, 50]. Thus, more validations on the linear elastic SLJ case
is not necessary. Therefore, in the next section, the linear elastic DLJ case will be explored with the
presented approach. With this method, it is easier to address solution of ME governing equations and
to keep flexibility on the initial formulation by always using the same resolution technique. The

generation of new ME is then more straightforward.

4. Multi-layered macro-element
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In this section, a formulation of a multi-layered ME is described. This generalized formulation cover
particular cases of SLJ and DLJ. Firstly, the whole formulation is described. Secondly, a particular case,

corresponding to DLJ, is studied.

4.1. Formulation
The basis for the formulation is the same than in the previous section. As a result, the hypotheses and
associated limitations are the same as described in section 2.1. However, there is an additional one: a
linear shear stress variation in the adherend thickness following [16]. This hypothesis will be named
TOM. The ME is made of a total of P adherends (or layers). A total number of P - 1 adhesive layers (or
interfaces) are then involved. Two types of equilibrium are considered at the same time for the ME
formulation. The first one named GR type from [9] and the second named HS type from [10-12]. The
HS type takes into consideration the adhesive thickness in the local equilibrium bending equation
contrary to the GR type. To deal with these two cases, the following function is introduced:
hy; = h; + ph; (43)
where p is the switching condition:

- If p=0, then the equilibrium is under GR type

- If p=1, then the equilibrium is under HS type

and where h; is the half-thickness of the adherend i such as h; = % and h,-' of the half-thickness of the

adhesive j such as h]'- = tz—’ where e; and t; are respectively the thickness of the adherend and the

adhesive. The local equilibrium of an isolated portion dx of a multi-layered element (Fig. 3) provides

the following set of equations:

X
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(dNL

— (T, —TPb =0
<dVl+(Sll S).b=0 with2 <i<P-—1 (45)
dM;
(o t Vit (Timahfyoy + Tihi )b =0
dN
(S —Tp_1b=0
{ZE 4 Sp 1b_o (46)
de

The adhesive is considered linear elastic and as raised previously, simulated by an infinite number of
elastic shear and peel springs. The adhesive spring relations are:

{Si = ky[v; — vi44] @7)

T, = kn,i[ui+1 — U — hiy10i4q — h;6;]
with 1 <i< P-1, where k;; and k;;; are respectively the peel and shear rigidity and h; the half-thickness
of the layer i. For an adherend i, u; is the longitudinal displacement, v; the transversal displacement

and U; the bending angle.
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]:Y1
layer 1 R — >N, +dN,
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: v T,.bdx
: S,.bdx
5;,.bdx
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‘ 4 M+dM,
I N
layeri N, » N+dN,
P“K v s T;.bdx
Vi
5,.bdx
Sp.y.bdx
T..bdx 1 V+dV,
5 1 M +dM,
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|a¥er p N_—. B Rl Y L Np‘l'dN_-.
h:E\\h‘_ L 4
Va

Figure 3. Free body diagram of the 1%, i and P" adherends under 1D-beam kinematics.

The constitutive equations considering a shear stress variation in the thickness are [27, 28]:

R dT,
Ny =Ay— =By ——— H; -
du de daT
My=-B;—+Di—+ K — (48)
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( dul ] dGi dTi—4 _ dTl
N = 4; t d —H; dx Uax
du drT; drT; . .
{M; = —=B;=—L+ D; +K ‘1+Kl-—‘ with2<i<P-1
dx dx
_ dv;
T gy
f _ dup _ dep _ ! dTP 1
Np = Ap dx Bp dx HP dx
dup de dTp_1
1 = — —_ _—
Mp Bp dx+Dde+K i
_ dUp
\ep T odx

where, for 1 <i<P:

H; = 2G; ( l)
H’i -

+L)

26,

(49)

(50)

(51)

(52)

(53)

where A; is the membrane stiffness, B; is the coupling membrane-bending stiffness, D; is the bending

stiffness, G; is the Coulomb’s modulus, and Q" is the matrix of reduced stiffness in the pfh

adherend i. As in the previous section, the system can be written as:

Y _ Ay
dx

with:

_ du dv d?v  d3v]’
Y=lu v — = — —
dx dx dx? dx3

av _ [du dv d?u d?*v d3v d4v]T

dx dx dx dx? dx? dx3 dx*
u=[U Up|
v =[V1 Vp]

ply of the

(54)

(55)
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In the frame of a 1D-beam kinematics, there are three degree of freedom (dof) per node. Therefore,

one ME of P layers has a total of 6(P+1) dof. As a result, A is a square 6(P+1) x 6(P+1) matrix, and Yis a

column vector of size 6(P+1).

4.2 Particular cases

The SU is the particular case of P = 2. If p = 0 for Eq. (43) it leads to GR type. Supposing H; = H; = K; = K;

=0 with 1 <j <P, the set of equations provided by Egs. (44) — (52) is the same than Eq. (1) — (3). The

DL (Fig. 4) is the particular case of P = 3. Assuming p = 0 for Eq. (43), the set of equations provided by

Egs. (44), (45), and (46) becomes:

9

(dN4

Y 5.b=0
dx

dM 1
kd_xl + V1 + lehl,l =0

f%— (T, — T,)b =0

2 4 (51— S2).b=0

B2 4V, + (Tyhdy + Tohd ;)b = 0
(2 -Tb=0

1 5.b=0

B4V, + Tybhl, =0

Eq. (47) becomes:

[51 = k1,1[171 - 172]

Ty = k11,1[u2 —up — hy0; — h191]

lSZ = kya[v, — vs]

Ty = kypplus — up — h363 — hy0,]

where:

(56)

(57)

(58)

(59)
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(kp1 = Fa
’ tl

_ Ggq

kia = N

X (60)

k — Ea2
1,2 t,
G,

k — a2

12 =7~

Assuming H; = H =K =K =0 with 1 <i<PandB; =0, the constitutive equations become, from Egs.

(48), (49), and (50):

(v, = 4 3
N, =44 .
_p i
My =Dq1— (61)
d'l]l
kel dx
d
(N, = 4,52
dé
‘<M2=D2d_x2 (62)
_dv,
\"2 T ax
(N, = 4,94
N3 = A3 Ix
—p., 46
{Ms = D3 == (63)
— dvs
37 ax

Eqg. (55) becomes:

(v — du dv d?v d3v]!
Y=|u v & & v 4y
dx dx dx? dx3

av _ [du dv d?*u d*v d3v d4v]T (64)
dx dx dx dx%? dx? dx3 dx*
lu=[u1 uy us
kv =[v1 V2 V3]
After some simplification, Eqg. (64) becomes:
du1 du2 du3 dl?l d172 dU3 d2v1 dzvz dZV3 d3171 d3172 d3173
Y=|lwwuvvvy —————— —3 2 2 3 3 3
dx dx dx dx dx dx dx° dx® dx® dx° dx° dx (65)
2 2 2 2 2 2 3 3 3 4 4 4 1T
dY_ [du1 duz du3 dU1 d172 dv3du1 duz du3dv1 dvde3dv1 dvde3 dv1 dvz dvg]
dx  ldx dx dx dx dx dx dx? dx® dx? dx? dx? dx? dx’ dx® dx® dx* dx* dxt
Finally, Eqg. (54) becomes:
dy
oAy (66)
dx
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with A, a square matrix provided in Appendix B. Thanks to the aforementioned, the general analytical
solution of the system is determined where the characteristic polynomial is 18™ order. It owns eight
conjugate, four real and six null eigenvalues. Therefore, the nodal displacements and forces are
determined. Then, the stiffness matrix K is computed. The free adherends are modeled as traditional
Euler-Bernoulli laminated beam. For a symmetrical DLJ (Fig. 4), the properties used are listed in the

Table 3. On one side, it is clamped and on the other side, loaded with a force P = 100 N.

TY} v
R L, ,
e
-
@ ] tl P
g{Lb X, U €, | -
S t,
= AN
| b = width ":"
« »a > 8=0
|3 L2
Figure 4. Double lap joint annotation.
Table 3. Double lap joint properties.
Adherend1 | e; =2 mm b=10mm | l; =100mm | E; =70 GPa v, =0.33

Adhesive 1l |ty =250 um | b =10mm | Ly =30 mm | E;; = 2240 MPa | G4, = 800 MPa

Adherend 2 | e, =2 mm b=10mm | l, =100 mm | E; = 70 GPa v, = 0.33

Adhesive2 | t, =250pum | b =10mm | L, =30 mm | E;; = 2240 GPa | G4, = 800 MPa

Adherend 3 | e3 =2 mm b=10mm | I3 =100 mm | E3 = 70 GPa vz = 0.33

A 1D FE models has been built with beam elements for the adherends and spring elements for the
adhesive layer, to be as close as possible to the ME modelling hypothesis. The nodes associated with
beam elements are located at the actual neutral line of adherends. The nodes associated with the
spring elements are located at the actual interfaces of adherends. For each adherend along the
overlap, rigid body elements were used to link the nodes of the neutral lines and to the nodes of the

adherend interface. A scheme of the 1D FE model used is provided in Fig. 5. Beam elements are based
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on degree 3 interpolating functions under the Euler-Bernoulli kinematics. The overlap length of

adherends was then regularly meshed with the number of ME (ng). This parameter has been set to

600. The springs stiffnesses k,; and k,; are directly related to the mesh density along the overlap [51].

For a spring element located at an abscissa x along the overlap, the stiffnesses are computed from the

value of adhesive peel and shear modulus, the adhesive thicknesses t; or t,, the width b and the mesh

L
density — such as:
NBE

(ko (¥) = m(x) ;= b= = m(x) =k

1 (x) = M) = b2 = m(x) by

(67)
ko (x) = m(x) ——b =2 = m(x) —— bk,
ngeg U2 npg ’
ez () = m(x) — b 22 = m(x) —bky; ,
nge U2 NnBg ’
Lifx=0o0rlL
where m(x) = {2 if x=0o0r
1 otherwise
) I, L, 9 l, .
‘I I " e I i
2 ﬂ |
| | | | | I ) A | | L
E i e e ® ._.
8 ‘92/2 ¥ v=0
t; :: e e e 0=0
e;/2
’ . & &
5 L,
y,v
«® &——@ Beam element
L- X, u b = width . .
|:| Rigid body
% Spring element

Figure 5. DLJ - Principle scheme for the 1D FE models.
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The peel and shear stress distribution along the overlap of each adhesive layer are respectively

represented on Fig. 6 and Fig. 7.
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Abscissa along the overlap (mm)
=+==g3--« Shearstress - Presented Method Adhesive 1 Shear stress
=e=y--- Peel stress - Presented Method Adhesive 1 Peel stress

30

Figure 6. DLJ symmetric - Adhesive Peel and Shear stress along the overlap of the adhesive 1 with FE

model.
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Stress distribution of the adhesive 2 (MPa)

seaef3ees Shearstress - Presented Method

meendens Pegl stress - Presented Method
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Abscissa along the overlap (mm)

Adhesive 2 Shear stress

Adhesive 2 Peel stress

25

30

Figure 7. DLJ symmetric - Adhesive Peel and Shear stress along the overlap of the adhesive 2 with FE

model.

As expected, the adhesive stresses are symmetrical with respect to the inner adherend. In magnitude,

the stresses are equal, which are expected results. Fig. 6 and Fig. 7 presents good correlation. The

presented method provide equivalent results than the 1D FE model. The maximum absolute error

observed here is 0.1% along the overlap compared to the range of stress values. For a dissimilar DU

(Fig. 4), the properties used are listed in the Table 4. Boundaries conditions are the same than

previously. The peel and shear stress distribution along the overlap of each adhesive layer are

respectively represented on Fig. 8 and Fig. 9.

Table 4. Dissimilar Double Lap Joint properties.

Adherend 1 | e; = 2 mm b=10mm | l; =100mm | E; = 70 GPa v; = 0.33
Adhesive 1 | t; =250um | b =10mm | Ly =30 mm | E;; = 2240 MPa | G,; = 800 MPa
Adherend2 | e; =25mm | b=10mm | [, =100 mm | E, = 65 GPz v, = 0.33
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Adhesive2 | t, =150pum | b =10mm | L, =30 mm | E;, = 1960 MPa | G4, = 700 MPa
Adherend3 | e3 =15mm | b=10mm | I3 =100mm | E; = 210 GPa vz = 0.33
8

Stress distribution of the adhesive 1 (MPa)

Abscissa along the overlap (mm]

seaefdens Shearstress - Presented Method

=eeyge-s Pegl stress - Presented Method

Adhesive 1 Shear stress

Adhesive 1 Peel stress

Figure 8. DLJ non-symmetric - Adhesive Peel and Shear relative stress error along the overlap of the

adhesive 1 with FE model.
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Stress distribution of the adhesive 2 (MPa)

0 5 10 15 20 25 30

Abscissa along the overlap (mm)

seaeees Shearstress - Presented Method Adhesive 2 Shear stress

=eaenaees Pegl stress - Presented Method Adhesive 2 Peel stress

Figure 9. DLJ non-symmetric - Adhesive Peel and Shear stress along the overlap of the adhesive 2 with
FE model.

As expected, the aforementioned method can deal with non-symmetrical geometry. The Fig. 8 and Fig.

9 presents good correlation. The presented method provide equivalent results than the 1D FE model.

The maximum absolute error observed here is 0.1% along the overlap compared to the range of stress

values.

5. Conclusion

Numerous models based on various sets of simplifying hypotheses exist to provide, at low
computational time, accurate predictions of the mechanical behavior of bonded aircraft structures at
the presizing stage. If closed-form solutions can sometimes be derived, the use of dedicated resolution
schemes is mainly required to solve the system of ODEs coming from the simplifying hypotheses. The
ME technique is one of these dedicated resolution schemes. It is based on the formulation the
stiffness matrix of specific 4-nodes element to model a bonded overlap. The original methodology for

the formulation of ME allows for the providing of the shape of solutions in terms of adherend
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displacements and internal loads [24—-28]. The direct consequence is that only one ME is needed to
model the full length of the bonded overlap and then to obtain the distributions of adherend
displacements and internal forces as well as the adhesive stresses at any abscissa of the overlap.
However, it is difficult with the original method to take into account some variations in the set of
simplifying hypotheses. A second methodology, making use of the exponential matrix, has then been
suggested to quickly formulate the ME stiffness matrix when the simplifying hypotheses are modified
[31, 32]. Nevertheless, the shape of solutions for the adherend displacements and internal force are
not known anymore, so that the results are only available at nodes. It means that a dedicated mesh is
required to post-process the result at any abscissa. In the present paper, a new methodology for the
formulation of ME stiffness matrices is presented. This methodology offers the ability to easily take
into account for the modification of simplifying hypotheses while providing the shape of solutions,
which reduced then the computational time. The system of ODEs is solved using the Jordan form
approach. This methodology is illustrated on the SLJ configuration step by step. The results provided
are the same as those provided by the original approach by in terms of adhesive stresses. The
methodology is then applied to formulate a multi-layered ME involving various local equilibrium
equations and constitutive equations. This multi-layered ME is then illustrated on a DLJ configuration
under a 1D-beam kinematics. In both illustrations, good results with 1D FE models have been
obtained. The aforementioned method is a turnkey method for first order ODEs system with constant
coefficients. On a different ODEs type, it has to be adapted. The use of Euler-Bernoulli beam model to
model the adherends is not a restriction and other beam models, such as Timoshenko one, could be
considered in the frame of this methodology. Finally, the presented research in this paper focus on the
derivation of solution shapes of displacement field, in order to take benefit from the ME technique.
The formulation methodology can be easily applied — and implemented in the computer code — from
various sets of simplified hypotheses, chosen to describe at best the mechanical behavior of the
bonded structure under consideration. This approach can be employed to model structural joining

areas in-plane loaded or considered as mainly in-plane loaded, which exhibit complex geometries.
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These areas can involve fasteners [30]. They can be subjected to a variation of temperature, making
use of the equivalent nodal force approach available in the FE method [32]. Finally, nonlinear material
behaviors can be supported by an analysis based on a dedicated iterative procedure as presented in

[29, 30].
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Appendixes.

A. Single Lap Joint

Al. Differential equation resolution

The system Eq. (8) leads to the following characteristic polynomial:
P(R) = P;(R) * P,(R)

P;(R) =R3 (68)
Pz(R) = R3 + k1R2 + sz + k3

where:
(R= 2
Gb (1 1 e? ez
-2 (e teded)
1 e A1+A2+4—D1+4—D2
__Eb ( 11 ) (69)
27 ¢ \p, "D,
Lk _ EGb? [ 1 1 1 1 (e +ey)?
37 ez |ap, ' AD, ' AD, ' A,D, ' 4D.D,

Looking for root square R of P(R) in Eq. (68) is equivalent to the separated problem P, (R) and P,(R).

P;(R) and P,(R) have respectively 3 null (named R,) and 3 non-null eigenvalues (named Ry, R,, R3).
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Using the first relation from Eq. (69), R; with i € [1,4] provides 6 null (named A,) and 6 non-nul
eigenvalues (named A; with i € [1,6]). Cardan’s method is used to determinate P,(R) eigenvalues of

Eq. (68) by rewriting it as:

P,(R)=R>*+pR' +§ (70)
where:
fR’ = —ﬁ
3
R =22
N k2
{p=—TL+k (71)
A k
A =27§% + 4p3

According to the sign of the Cardan’s discriminant, three specific cases can be distinguished: (i) A > 0,
(i) A = 0 and (iii) 4 < 0. Each case leads to a set {Ry, R,, R3} of eigenvalue of P,(R) and then to the set
{A1, A2, A3, A4, A5, A6} Of eigenvalues of P,(A). In a single lap joint (SLJ) problem, the most common

case is the positive Cardan’s discriminant [13]. The Cardan’s discriminant solutions are:

k
(R:,L =u+v _—T'Z ——31
kq

R§=j.u+f.v=(s+i.t)2—? (72)

R} =j2.u+]_2.v=(s—i.t)2—%

where:
( 3[—q+A/27
u= 2
_ 3|-g-yA/27
V= 2 (73)
j== il
o _ - _ 1 i\/_§
U =J= 2
and where “ j ” refers to the imaginary unit so thati? = —1. Depending on the sign of the

roots {R{, R}, R%}, the six roots {Ry, Ry, R3, R4, Rs, Ry} of the characteristic polynomial can be defined
using Egs. (72) and (73) as:
Ri=+4r R,=-1r Ry3=(s+it) Ry,=(s—it) Rg=—-(s+it) Rg=—(s—it) (74)

Or:

32



Ry =+ir Ry,=—ir R3;=(s+it) R,=(s—it) Rs=—(s+it) Rg=—(s—it) (75)

depending on the sign of R{ in Eq. (72). Therefore, the adhesive shear and peel stress expressions are:

( K eS* sin(t.x) + K,e5* cos(t.x) + Kze 5% sin(t. x)
Skx) = [ +K.e~S¥ T pTX L T p—TX ]
s 5% cos(t.x) + Kse™ + Kge
T(x) = [Kles'x sin(t.x) + K,e** cos(t.x) + Kze ~>* sin(t. x)]
B +K,e 5% cos(t.x) + Kse™ + Kge "™ + K,

(76)

where I?J with j € [1,6] and K; with j € [1,7] are integration constants, which can be expressed as
combinations of ¢; with i € [1,12] from Eg. (9). By combining Egs. (1), (5), and (76), the nodal
displacements and forces are expressed to compute Eq. (10) which provides the stiffness matrix with

Eq. (11).

A2. Matrix representation

The square matrix A used in Eq. (15) is the following:

r 0 0 0 0 1 0 0 0 0 0 0 07
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
a5_1 as'z 0 0 0 0 a5,7 a5,8 0 0 0 0
%61 G2 0 0 0 0 Qg7 Qeg 0 0 0 0
4= 0 0 0 0 0 0 0 0 1 0 0 0 (77)
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 a113 Q114 Q115 Q116 0 0 119 Q1110 0 O
L 0 0 a3 Q24 Qizs5 Q126 O 0 a9 aiz0 0 O]
The components of the matrix A in Eq. (25) are given in Table A-1.
Table A-1. Constant expression of Eq. (77)
_Gb _ Gbey . Gb _ Gbey
B1=oa, |7 T 204, | %01 T Tea, | %77 T 2ea,
. Gb _ Gbe, _Gb _ Gbey
2= 70a | 8T 20, | Y02 e, %68 = " 504,
_ Eb _ Gbey Gbe?
a113 = eD, a115 = 2eD, Ai19 = Kl)l
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Eb Gbe, Gbeje,
a = — a = — a -
11,4 eD, 11,6 2eD, 11,10 4eD,
Eb Gbe, Gbeje,
a =— a =— a =——
12,3 eD, 11,5 2eD, 11,9 4eD,
Eb Gbe, Gbe2
124 =~ | 4116 = — a =
eD, 2eD, | 10T 4ep,
B. Double lap joint matrix coefficients
By combining Egs. (56), (59), (61), and (62), it comes:
d*u bG bG bGgie1\ dw bGgyiez\ dw

21:( al)u1+(_ al)u2+( a11) 1_|_( a12) 2
dx Altl Altl 2A1t1 dx 2A1t1 dx
d*w be,Ggq\ du be,Ggq\ du bE bE be?Ggq\ d?w bee;Ggaq\ d?w

41 — ( 1 al) 1 + (_ 1 al) 2 + (_ ai) Wl + ( al) WZ + ( 1 al) 21 + ( 1€2 al) 22
dx 2t,D; / dx 2t,D; / dx tyDy tiDg 4t,D, / dx 4t1Dq dx
such as:

d?u dw dw

21 —k1u1+k2u2+k3 1+k4,_2
dx d
d4W1 du1 duz 2W2
ot le + k16 + ki;w1 + kygw, + k19 i >+ k2o a2
By combining Egs. (57), (59), (61), (62), and (63), it comes:

d*u bG bG bG bGgieq\ dw bGgqe bGgzey\ dw

22:(_ a1)u1+( CER az) 2+( ) 3+( a11) 1+(_ a1€2 azz) 2
dx Aty Ayt; Aoty Ayt, 2A,t, ) dx 2A,t4 2A,t, ) dx
(bGaze3) dW3

2A2t2 dx
d*w be,Ggy du be,G be,Ggq\ du beyGgo du bE, DE, bE,

42:( 2a1) 1 ( 2Gaz 2a1) 2+(_ zaz) 3+( a1)W1+(_ ai __ az)W2+
dx 2t,D, / dx 2t,D, 2t4D, / dx 2t,D, / dx t1D, t1D, t,D,
(bEaz) Wa 4 (belezGal) d?w, (bezzGal bezzGaz) d?w, (be2e3Ga2) d?wy
t,D,) 3 4t,D, /) dx? 4t,D, ' 4t,D, ) dx2 4t,D, /) dx2
such as:
d2 dw dw
dx = k5u1 + k6u2 + k7U,3 + k8 — + kg 2 + k10 d
a*w, dul duz d? w1 d?w, d?ws
Tt k21 + kzz + k23 o =+ kpaWy + kaswy + kpews + k27 + kg oz T k2o a2

By combining Egs. (58), (59), (63

u3+(—

d2u3
dx?

:(_

bGaz) U, +(bGaz)

bGazez)

2A3t, / dx

sz

), and (64), it comes:

dW3

+ (_ bGa_zes)
2A3t, / dx
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d?ws

d*w besGyy\ du besGyy\ du bE, bE, beyesGyo d?w be?G
4'3 — ( 3 aZ) 2 + (_ 3 aZ) 3 + ( aZ) W2 + (_ az) W3 + ( 2°¢3 az) 2 + ( 3 aZ)
dx 2t,D3 / dx 2t,D3 / dx t,D3 t,D3 4t,D3 dx? 4t,D3

such as:

d?u dw dw
—= = kiiup + kipuz + kiz— =+ kig—>
d4W3 _ k duZ k d'LL3 k k k dZWZ k d2W3
Tt 30, T Ra1 7t RaaWa F RasWs + K3y 5 + K3s
The square matrix A is then expressed as:
0 O 0 0 0 0 1 0 0 o O 0 0 0 0 0 0 0
o0 0 o o O 0 o0 1 0 o 0 0 0 0 0 o0 0 o
0o O 0 0 0 0 0 0 1 o0 O 0 0 0 0 0 0 0
o 0 o o O O o O o0 1 0 o0 o0 O 0 o o0 o0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 o0 0 0
o 0 o o O 0 o0 O 0 0 O 1 0 0 0 o900
k, &, o o O 0 o0 O 0 ks k, 0 0 O 0 o 0 0
ks ks ks O 8 8 0 8 8 ke ko kio 0 g g 0 0 O
k 0 0 k 0
A= 8 k(l)l o 0 0 0 o0 0 0 8 k(lf o 1 0 0 8 8 8
0 o 0 0 0 0 0 0 0 o o 0 0 1 0 00 o0
0 o 0 0 0 0 0 0 0 o o 0 0 0 1 0 0 0
o o o O O 0 o0 0 0 o 5 o 0 0 0 1 00
0 o 0 0 0 0 0 0 0 o o 0 0 0 0 0 1 0
o o o O O 0 o 0O 0 g g o 0 0 0 0o 1
0 0 0 kiz kis 0 ks ke 0 o g o ko ko 0 0 0 0
0 o 0 ku kos kas ky ko kas 0 0 ky; kg ko 0 0 O
[0 0 0 0 ks kaz 0 ky ks 0 0 O O kss ks O 0 Ol

where k; with 1 </ < 35 are constants described previously.
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